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To the Student 


xvi 


As you begin, you may feel anxious about the number of theorems, definitions, 
procedures, and equations. You may wonder if you can learn it all in time. Don’t 
worry, your concerns are normal. This textbook was written with you in mind. If you 
attend class, work hard, and read and study this book, you will build the knowledge 
and skills you need to be successful. Here’s how you can use the book to your 
benefit. 


Read Carefully 


When you get busy, it's easy to skip reading and go right to the problems. Don't ... 
the book has a large number of examples and clear explanations to help you break 
down the mathematics into easy-to-understand steps. Reading will provide you with 
a clearer understanding, beyond simple memorization. Read before class (not after) 
so you can ask questions about anything you didn’t understand. You'll be amazed at 
how much more you'll get out of class if you do this. 


Use the Features 


We use many different methods in the classroom to communicate. Those methods, 
when incorporated into the book, are called “features.” The features serve many 
purposes, from providing timely review of material you learned before (just when 
you need it), to providing organized review sessions to help you prepare for quizzes 
and tests. Take advantage of the features and you will master the material. 

To make this easier, we’ve provided a brief guide to getting the most from this 
book. Refer to the “Prepare for Class,” “Practice,” and “Review” at the front of the 
book. Spend fifteen minutes reviewing the guide and familiarizing yourself with the 
features by flipping to the page numbers provided. Then, as you read, use them. This 
is the best way to make the most of your textbook. 

Please do not hesitate to contact us, through Pearson Education, with any 
questions, suggestions, or comments that would improve this text. We look forward 
to hearing from you, and good luck with all of your studies. 


Best Wishes! 


Michael Sullivan 
Michael Sullivan, III 


The Concepts Through Functions 
Series 


College Algebra, Fifth Edition 


COLLEGE ALGEBRA This text provides an approach to college algebra that introduces functions early 
Sm (Chapter 1). All material is presented through the eyes of a function. So, rather 
NX than have a chapter dedicated to review, the material is presented from a function 


point of view. For example, rather than reviewing the various approaches to solving 
quadratic equations, students are asked to find the zeroes of a quadratic function 
or the x-intercepts of the graph of a quadratic function. This allows for review of 
the concepts, but also requires students to solve equations in the form f(x) — 0, 
which foreshadows solving f'(x) = 0 in calculus. Graphing calculator, Desmos, 
| and GeoGebra usage is provided, but optional. Examples that require graphing 

1 тр technology are marked with Е. Exercises that require graphing technology 

are indicated with B. After completing this text, a student will be prepared for 


trigonometry, finite mathematics, and business calculus. 


Precalculus, A Right Triangle Approach to Trigonometry, 
PRECALCULUS Fifth Edition 


CONCEPTS THROUGH FUNCTIONS 


This text contains all the material in College Algebra, but it also develops the 

| trigonometric functions using a right triangle approach and shows how that 
approach is related to the unit circle approach. Graphing techniques are emphasized, 

including a thorough discussion of polar coordinates, parametric equations, and 
conics using polar coordinates. Graphing calculator, Desmos, and GeoGebra usage 


is provided, but optional. The final chapter provides an introduction to calculus, 
with a discussion of the limit, the derivative, and the integral of a function. After 
completing this text, a student will be prepared for engineering calculus and 


Е А business calculus. 
© Sullivan & Sullivan 


Precalculus, A Unit Circle Approach to Trigonometry, 
PRECALCULUS Fifth Edition 


CONCEPTS THROUGH FUNCTIONS 
a This text contains all the material in College Algebra, but it also develops the 


trigonometric functions using a unit circle approach and shows how that approach 
is related to the right triangle approach. Graphing techniques are emphasized, 
including a thorough discussion of polar coordinates, parametric equations, and 
conics using polar coordinates. Graphing calculator, Desmos, and GeoGebra usage 
is provided, but optional. The final chapter provides an introduction to calculus, 
with a discussion of the limit, the derivative, and the integral of a function. After 
completing this text, a student will be prepared for engineering calculus and 
business calculus. 


© Sullivan & Sullivan 
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and a community college (Michael Sullivan III), we 

are aware of the varied needs of students in this 
course. Such students range from those who have little math- 
ematical background and are fearful of mathematics courses, 
to those with a strong mathematical education and a high 
level of motivation. For some of your students, this will be 
their last course in mathematics, whereas others will further 
their mathematical education. We have written this text with 
both groups in mind. 

As a teacher, and as an author of precalculus, engineer- 
ing calculus, finite mathematics, and business calculus texts, 
Michael Sullivan understands what students must know 
if they are to be focused and successful in upper-level 
math courses. As an instructor and an author of a devel- 
opmental mathematics series, Michael’s son and co-author, 
Michael Sullivan III, understands the trepidations and skills 
that students bring to precalculus. As the father of current 
college students, Michael III realizes that today’s college 
students demand a variety of media to support their educa- 
tion. This text addresses that demand by providing technol- 
ogy, video, and personalized support in MyLab Math that 
enhances understanding without sacrificing math skills. 
Together, we have taken great pains to ensure that the text 
offers solid, student-friendly examples and problems, as 
well as a clear and seamless writing style. 

A tremendous benefit of authoring a successful 
series is the broad-based feedback we receive from teach- 
ers and students. We are sincerely grateful for their sup- 
port. Virtually every change in this edition is the result 
of their thoughtful comments and suggestions. We are 
confident that, building on the success of the first four 
editions and incorporating many of these suggestions, 
we have made Precalculus: Concepts Through Functions, 
A Right Triangle Approach to Trigonometry, 5th Edition, an 
even better tool for learning and teaching. We continue to 
encourage you to share with us your experiences teaching 
from this text. 


| | aving taught at an urban university (Michael Sullivan) 


Features in the Fifth Edition 


A descriptive list of the many special features of this text 
can be found in the pages at the front of the book. This 
list places the features in their proper context, as building 
blocks of an overall learning system that has been carefully 
crafted over the years to help students get the most out 
of the time they put into studying. Please take the time 
to review this and to discuss it with your students at the 
beginning of your course. Our experience is that when 
students utilize these features, they are more successful in 
the course. 
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New to the Fifth Edition 


New Within the Textbook 

All of the exercises and examples in the text have been 
reviewed and analyzed, and we have incorporated feedback 
from users of the text. All time-sensitive problems have 
been updated to the most recent information available. 
Here are the new features of this edition: 


* Challenge Problems—These problems appear in the 
Applications and Extensions part of the section exercises 
and are designed to challenge students. Full solutions are 
in the back of the Annotated Instructor’s Edition and in 
the Instructor’s Solution Manual. 


• “Need to Review?” Feature — We placed reminders in the 
margin for key review topics. The reminders point students 
to the location of the review material in the textbook. 


* Chapter Projects — The projects have been enhanced to 
give students an up-to-the-minute experience. Many of 
these projects require the student to research informa- 
tion online in order to solve problems. 


e Interactive Figure Exercises — We have added this new 
category of exercises that require students to manipu- 
late an interactive figure to solve. The interactive figures 
may be found at bit.ly/S3raFUGB or in the Video & 
Resource Library of MyLab Math. They were created by 
author Michael Sullivan III in GeoGebra. These 
exercises are labeled with the icon ==. 


* Expanded! Retain Your Knowledge Problems — These 
problems, which were new to the previous edition, are 
based on learning research, including a study of precalculus 
students at University of Louisville entitled “Spaced 
retrieval practice increases college students' short- and 
long-term retention of mathematics knowledge" (Hopkins 
et al, 2016). The Retain Your Knowledge problems were 
so well received that we have expanded them in this 
edition. Moreover, while the focus remains to help 
students maintain their skills, many problems were added 
that preview skills required to succeed in subsequent 
sections or in calculus (4X). All answers to Retain Your 
Knowledge problems are given in the back of the text 
and these problems are available in the prebuilt assign- 
ments in the Assignment Manager in MyLab Math. 


* Key to Exercise Types— To help you navigate the 
features of the exercise sets, we've included a key at the 
bottom of the first page of each section's exercises. 


\ 1. Now Work @ 1. Modeling 1. Writing 


fe 1. Graphing Tech Х Calculus Preview 


== 1. Applet-Based 


* Graphing Utility Screen Captures — In several instances 
we have added Desmos and GeoGebra screen captures 
along with the TI-84 Plus CE screen captures. These 
updated screen captures provide alternative ways of 
visualizing concepts and making connections between 
equations, data, and graphs in full color. 

* Diversity, Equity, and Inclusion— Pearson conducted 
an external review of the text's content to determine 
how it could be improved to address issues related to 
diversity, equity, and inclusion. The results of that review 
informed this revision. 


Content Changes 

Chapter F 

e NEW Section F2 Example 9 Testing an Equation for 
Symmetry 

Chapter 1 

e NEW Section 1.1 Objective 1 Describe a Relation 


o NEW Example 1 Describing a Relation demonstrates 
using the Rule of Four to express a relation numerically, 
as a mapping, and graphically given a verbal description. 


• NEW Section 1.2 Example 5 Expending Energy 


Chapter 2 

e Section 2.4 now introduces the concept of concavity for 
a quadratic function. 

e NEW Section 2.4 Example 3 Graphing a Quadratic 

Function Using Its Vertex, Axis, and Intercepts 

* NEW Section 2.4 Example 8 Analyzing the Motion of a 

Projectile (formerly in Section 2.6) 

• NEW Section 2.5 Example 3 Solving an Inequality 


e NEW Section 2.6 Example 4 Fitting a Quadratic Func- 
tion to Data 


Chapter 3 


* Previous Section 3.1 has been revised and split into two 
sections: 


o 3.1 Polynomial Functions 
o 32 Graphing Polynomial Functions; Models 

e NEW Section 3.2 Example 2 Graphing a Polynomial 
Function (a 4th degree polynomial function) 

Chapter 4 

e NEW Section 4.2 Objective: Verify a Function Defined 
by an Equation is an Inverse Function 

Chapter 5 


• NEW Section 5.1 Example 6 Field Width of a Digital 
Lens Reflex Camera Lens 


e Sections 5.6 and 5.7 were reorganized for increased clarity. 
Two new objectives were added to Section 5.7. 


Chapter 6 


e Sections 6.1 and 6.2 were reorganized for increased 
clarity. Four new objectives were added to Section 6.1. 
The objectives in Section 6.2 were reordered. 
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Chapter 8 


e Section 8.3 DeMoivre’s Theorem was rewritten to 
support the exponential form of a complex number. 

o Euler's Formula is introduced to express a complex 
number in exponential form. The exponential form is 
used to compute products and quotients. 

o DeMoivre’s Theorem is expressed using the expo- 
nential form of a complex number. The exponential 
form is used to find complex roots. 


Chapter 10 


e NEW Section 10.5 Example 1 Identifying Proper and 
Improper Rational Expressions 


Appendix A 


e Section A.7 Objective 3 now includes rationalizing the 
numerator. Problems 69—76 provide practice. 


New Within MyLab Math 


e MyLab Exercises — Author Michael Sullivan III reviewed 
all MyLab exercises for this revision and edited them to 
better match the language and approach of the text and 
to make the solutions (within View an Example and Help 
Me Solve This) more student-friendly. 

* Instructional Videos — Every instructional video is new, 
created exclusively for this product! The videos have the 
following features: 

о Author-driven— The authors reviewed every script 
and every video to ensure the approach used in pre- 
senting material and solving problems reflects that in 
the text. In addition, the videos were reviewed by the 
authors for accuracy. Author Michael Sullivan III 
appears in many videos. 

о Objective-based — one video for each objective in the 
book 

о Segmented— videos divided into shorter parts for 
ease of navigation (Introductions, Examples, and 
Summary) 

о Interactive Figures—to help students visualize key 
concepts 

o Handwriting —our research showed that students 
prefer seeing examples worked out by hand 

o High-definition —clearly readable on phones 

9 Accessible —all are close-captioned 

o Various instructors — Featured in the videos are: 

m Author Michael Sullivan HI 

m Sue Glascoe (Mesa Community College) 

m Paulette Haywood-Watson (Stillman College) 
п Brian Macon (Valencia College) 

m Caleb Schroeder (Antelope Valley College) 

* Video Note-Taking Guide— Helps students be active 
learners while watching videos. Written specifically for 
the new Sullivan video program by Kevin Bodden and 
Randy Gallaher at Lewis and Clark Community College. 


XX Preface to the Instructor 


* Video Assignments— These section-level assignments 
consist of short video clips followed by concept check 
and practice exercises. They are especially helpful for 
online classes or “flipped” classes, where some or all 
learning takes place independently. 


* Corequisite Support Resources— Provide all the con- 
tent and assessment resources necessary for students 
and instructors. MyLab Math supports various corequi- 
site support models, including Concurrent (aka just-in- 
time) and Consecutive (aka front-loaded) models. For 
more details, see page xxi or the Corequisite Implemen- 
tation Guide at bit.1y/3ujaY9e. 


* Interactive Figures (formerly titled Guided Visualiza- 
tions) —The suite of Interactive Figures has been expanded 
to support teaching and learning. The figures (created in 
GeoGebra, many by author Michael Sullivan III) 
illustrate key concepts and allow manipulation. They 
have been designed to be used in lecture as well as by 
students independently. 


Move the points so that they all 

lie on the graph of 

f(a) = т (x — 4) (x + 3) (x + 5) (x + 2) 
and do not coincide. 


Correct! 


ч 


One possible solution is 

А = (4,0), В = (—3,0), С = (—5,0), 

D = (—1,0), E = (—2,0) and F = (0,8), 
This works, because for example 4 

is a root of f(x), so f(4) = 0. 


To find the intersection with 
the y-axis, substitute т = 0. 
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* AGeoGebra Graphing Exercises — Gradable graphing 
exercises that help students demonstrate their under- 
standing. They enable students to interact directly with 
the graph in a manner that reflects how students would 
graph on paper. 

* Enhanced Assignments — These section-level assignments 
have three unique properties (and are fully editable). 


(1) They help keep skills fresh with spaced practice of 
previously learned concepts. The spaced practice prob- 
lems are selected from the Retain Your Knowledge 
problems in the textbook. 


(2) They have learning aids strategically turned off for 
some exercises to ensure that students understand how 
to work the exercises independently. 

(3) They contain personalized prerequisite skills exer- 
cises for gaps identified in the chapter-level Skills Check 
Quiz. 


Using the Fifth Edition Effectively with 
Your Syllabus 


To meet the varied needs of diverse syllabi, this text 
contains more content than is likely to be covered in a 


typical precalculus course. As the chart illustrates, this text 
has been organized with flexibility of use in mind. Within a 
given chapter, certain sections are optional (see the details 
that follow the accompanying figure) and can be omitted 
without loss of continuity. 
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Foundations A Prelude to Functions 

Quick coverage of this chapter, which is mainly review 
material, will enable you to get to Chapter 1, Functions and 
Their Graphs, earlier. 


Chapter 1 Functions and Their Graphs 
Perhaps the most important chapter. Sections 1.6 and 1.7 
are optional. 


Chapter 2 Linear and Quadratic Functions 
Topic selection depends on your syllabus. Sections 2.2, 2.6, 
and 2.7 may be omitted without a loss of continuity. 


Chapter 3 Polynomial and Rational Functions 
Topic selection depends on your syllabus. Section 3.6 is 
optional. 


Chapter 4 Exponential and Logarithmic Functions 
Sections 4.1-4.6 follow in sequence. Sections 4.7-4.9 are 
optional. 


Chapter 5 Trigonometric Functions 
The sections follow in sequence. Section 5.8 is optional. 


Chapter 6 Analytic Trigonometry 
Sections 6.2 and 6.7 may be omitted in a brief course. 


Chapter 7 Applications of Trigonometric Functions 
Sections 74 and 75 may be omitted in a brief course. 


Chapter 8 Polar Coordinates; Vectors 
Sections 8.1-8.3 and Sections 8.4-8.7 are independent and 
may be covered separately. 


Chapter 9 Analytic Geometry 

Sections 9.1-9.4 follow in sequence. Sections 9.5, 9.6, 
and 9.7 are independent of each other, but each requires 
Sections 9.1—9.4. 


Chapter 10 Systems of Equations and Inequalities 
Sections 10.2-10.7 may be covered in any order. Section 
10.8 requires Section 10.7 


Chapter 11 Sequences; Induction; the Binomial Theorem 
There are three independent parts: Sections 11.1-11.3, 
Section 11.4, and Section 11.5. 


Chapter 12 Counting and Probability 
The sections follow in sequence. 


Chapter 13 A Preview of Calculus: The Limit, 
Derivative, and Integral of a Function 

If time permits, coverage of this chapter will provide 
your students with a beneficial head-start in calculus. The 
sections follow in sequence. 


Appendix A Review 

This review material may be covered at the start of a 
course or used as a just-in-time review. Specific references 
to this material occur throughout the text to assist in the 
review process. 


Appendix B Graphing Utilities 
Reference is made to these sections at the appropriate 
place in the text. 


MyLab Math Resources for Success 


MyLab Math (pearson.com/mylab/math) is available 
to accompany Pearson’s market-leading text options, 
including this text (access code required). MyLab Math is 
the teaching and learning platform that empowers you to 
reach every student. It combines trusted author content— 
including full eText and online homework with immediate 
feedback— with digital tools and a flexible platform to 
personalize the learning experience and improve results 
for each student. 


NEW! Corequisite Course Support 


This MyLab course supports various corequisite course 
models, including Concurrent (aka just-in-time) and 
Consecutive (aka front-loaded) models. The MyLab 
contains all of these learning and assessment resources to 
support corequisite courses: 


1. Complete Corequisite eText built from Michael Sullivan 
II's developmental mathematics texts. 


2. Instructional videos for each corequisite objective. 
Many of these videos feature Michael Sullivan Ш in the 
classroom. 


3. Assignable algorithmic exercises for each corequisite 
objective. 

4. Worksheets with instruction and exercises for each 
corequisite objective (also available in print). 

5. Activities for selected corequisite objectives. 

6. Study Skills videos for time management, mindset, stress 
management, college transition, and more. 


7 Corequisite Implementation Guide with specific guide- 
lines for using the materials to teach various corequi- 
site models. See bit.1y/3ujaY9e to download this 
guide. 
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To help target instruction on corequisite objectives, MyLab 
includes these pre-made assessments: 


e Pre-Course Quiz addresses key arithmetic and basic 
algebra topics and is designed to be administered prior 
to beginning the course. 


* Skills Check Quiz for each Chapter addresses the 
prerequisite skills needed for each chapter in precalculus. 


* Based on the results of these quizzes, students can 
receive personalized assignments to address objectives 
that are not mastered. This way, students can focus on 
just the topics they need help with. 


Note that the above resources are also designed to 
provide just-in-time help for students in your regular 
(non-corequisite) courses. (We understand that almost all 
students at some point need targeted refreshers on specific 
prerequisite skills.) 


MyLab Math Student Resources 


Each student learns at a different pace. Personalized 
learning pinpoints the precise areas where each student 
needs practice, giving all students the support they need— 
when and where they need it—to be successful. 


Exercises with Immediate Feedback— The exercises in 
MyLab Math reflect the approach and learning style of 
this text, and regenerate algorithmically to give students 
unlimited opportunity for practice and mastery. Most 
exercises include learning aids, such as guided solutions 
and sample problems, and they offer helpful feedback 
when students enter incorrect answers. 


Graph the circle. 
22 +у2+62—-4у-3= 0 


Incorrect. 
Center = (2,0) X 
Radius=5 X 


Hint: Group the terms 
involving z and the terms 
involving y and complete the 
Square of these expressions. 


e NEW! А GeoGebra Exercises are gradable graphing 
exercises that help students demonstrate their under- 
standing. They enable students to interact directly with 
the graph in a manner that reflects how students would 
graph on paper. 

* Setup & Solve exercises require students to first 
describe how they will set up and approach a problem. 
This reinforces conceptual understanding of the process 
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applied in approaching the problem, promotes long 
term retention of the skill, and mirrors what students 
will be expected to do on a test. 


Example: Testing an Equation for Symmetry 


Test y= = 
x' +1 


for symmetry. 


y-axis 
па. 08 
xtd 


Not symmetric 
with respect to the 


Symmetric with 
respect to the 
origin. 


Not symmetric 
with respect to the 
y-axis 


NEW! A Instructional Videos— Every instructional video 
is new, created exclusively for this product by experienced 
instructors (including author Michael Sullivan III). АП 
videos were thoroughly vetted by the authors. See page xix 
for more details. 


NEW! Video Note-Taking Guide— Helps students be 
active learners while watching videos. Written specifically 
for the new Sullivan video program by Kevin Bodden and 
Randy Gallaher at Lewis and Clark Community College. 


Chapter Test Prep videos correspond to each exercise 
in the Chapter Test in the textbook, enabling students to 
effectively prepare for high-stakes testing. These are avail- 
able in MyLab Math. 


Multiplicity 


In this applet, 3 is a zero of multiplicity a and -1 is a zero of multiplicity b. Use the sliders to adjust the values of 
а, b, and c to see how their values affect the graph of the polynomial function. 


f(z) =c- (z - 3*(z 1)" 


M(x) = -1- (z - 3 (2+1) 


A Interactive Figures (formerly titled Guided Visualiza- 
tions) bring mathematical concepts to life, helping stu- 
dents see the concepts through directed explorations and 
purposeful manipulation. These figures, many created 
by author Michael Sullivan III, are assignable in MyLab 
Math and encourage active learning, critical thinking, and 


conceptual understanding. NEW! For this revision, we 
added many more interactive figures (in editable GeoGebra 
format) to the Video & Resource Library. 
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AMindset videos and assignable, open-ended exercises 
foster a growth mindset in students. This material encour- 
ages them to maintain a positive attitude about learning, 
value their own ability to grow, and view mistakes as learn- 
ing opportunities —so often a hurdle for math students. 


Pearson eText — The eText is “reflowable” to adapt to use 
on tablets and smartphones. You can insert your own high- 
lights, notes, and bookmarks. It is also fully accessible using 
screen-readers. Download the Pearson- app to access your 
eText on your smartphone or tablet anytime — even offline. 


NEW! Study Slides — PowerPoint slides designed for study- 
ing! Includes every section of the text. Fully screen-reader 
accessible. 


Student Solutions Manual— Fully worked solutions to odd- 
numbered exercises. Available for download from within 
MyLab Math. 


MyLab Math Instructor Resources 


Your course is unique. So whether you'd like to build your 
own assignments, teach multiple sections, or set prerequisites, 
MyLab gives you the flexibility to easily create your course 
to fit your needs. 


Pre-Built Assignments are designed to make the home- 
work experience as effective as possible for students. АШ of 
these assignments are fully editable. 


e NEW! Enhanced Assignments— These section-level 
assignments have three unique properties: 


(1) They help keep skills fresh with spaced practice of 
previously learned concepts. The spaced practice prob- 
lems are selected from the Retain Your Knowledge 
problems in the textbook. 

(2) They have learning aids strategically turned off for 
some exercises to ensure that students understand how 
to work the exercises independently. 

(3) They contain personalized perquisite skills exercises 
for gaps identified in the chapter-level Skills Check 
Quiz. 


• NEW! Video Assignments — These section-level assign- 
ments consist of short instructional videos followed by 
concept check and skill exercises. They are especially 
helpful for online classes or “flipped” classes, where 
some or all learning takes place independently. 


Learning Catalytics — With. Learning Catalytics™, you'll 
hear from every student when it matters most. You pose 
a variety of questions in class (choosing from pre-loaded 
questions — many written by author Michael Sullivan III— 
or questions of your own making) that help students recall 
ideas, apply concepts, and develop critical-thinking skills. 
Your students respond using their own smartphones, tab- 
lets, or laptops. For specifics on using Learning Catalytics 
for this text, see bit. ly/3uiGOD1. 


Accessibility — Pearson works continuously to ensure 
our products are as accessible as possible to all students. 
Currently we work toward achieving WCAG 2.0 AA for 
our existing products (2.1 AA for future products) and 
Section 508 standards, as expressed in the Pearson Guide- 
lines for Accessible Educational Web Media (https:// 
wps.pearsoned.com/accessibility/). 


Other instructor resources include: 


* NEW! Annotated Instructor's Edition eText— This 
page-for-page eText is available within the Instructor 
Resources section of MyLab Math. 


* Mini Lecture Notes contain additional examples and 
helpful teaching tips for each section of the text. 


* [nstructor Solution Manual contains worked-out solu- 
tions for every exercise in the text. 


* PowerPoint Lecture Slides are fully editable and included 
for each section of the text. 


* TestGen? enables instructors to build, edit, print, and 
administer tests using a computerized bank of questions 
developed to cover all the objectives of the text. Test- 
Gen is algorithmically based, allowing instructors to cre- 
ate multiple but equivalent versions of the same question 
or test with the click of a button. Instructors can also 
modify test bank questions or add new questions. The 
software and test bank are available for download from 
Pearson’s online catalog. 


Preface to the Instructor XXiii 


* Test Bank features printable PDFs containing all of the 
test exercises available in TestGen. 
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Acoustics 
amplifier output, 390 
loudness of sound, 339 


microphones, 20 
whispering gallery, 715—716, 718 


Aerodynamics 
modeling aircraft motion, 620, 697 


Agriculture 


milk production, 384 
number of farm workers, 377 


Air travel 


airline revenue, 856 

bearing of an airplane, 576, 578 

cost of parking at O’Hare International 
Airport, 94 

distance between two moving planes, 
112-113 

height of a helicopter, 615 

height of an airplane, 579, 588, 589 

holding pattern, 470, 529 

parking at O’Hare International Airport, 
94 

radar detection, 630 

range of an airplane, A83 


Archaeology 

age of a fossil, 376 

age of ancient tools, 371 

date of prehistoric man’s death, 390 


Architecture 


height of a statue on a building, 427 

height of Eiffel Tower, 429 

height of One World Trade Center, 
430-431 

Norman window, 185, A21 

parabolic arch, 184 

special window, 185 

vertically circular buildings, 42 


Area 


bending a wire to enclose, 840 
of Bermuda Triangle, A22 
under a curve, 513 
enclosing with a fence, 840 
cost of, 272 
maximizing, 184 
of a lake, approximating, 615 
of Norman window, maximizing, 185 


Astronomy 
angle of elevation of Sun, 577 
Comet Hale-Bopp, 764—765 
distance from Sun 

of Earth, 719 

of Jupiter, 719 


of Mars, 719 

of Mercury, 589, 863, 873 

of Pluto, 719 

of Venus, 590 
distance to the Moon, 578, 588 
Halley's Comet, 747 
height of rock thrown on moon, 46, 48 
limiting magnitude of a telescope, 390 
orbits 

elliptical, 719 

of Mercury, 747 
parallax method, 578 


Aviation 


orbital launches, 778 
sonic boom, 732 


Biology 
bacterial population growth, 369, 376, 
390-391 
of E. coli, 83 
biorhythms, 470 
blood pressure, 470 
cricket chirping and temperature, 186 
endangered species, 325 
estimating age of a tree, 376 
height and head circumference, 309 
insect populations 
of fruit flies, 374-375 
growth of, 376 
invasive species, 378 
rabbit colony growth, 872 
rats, humerus length in, 199 
trout population, 872 


Business 


advertising, 35, 148, 199, 385 
automobile production, 295 
banquet seating, 855 
break-even point, 139 
can production, 270, 284 
car production, 794 
cost function, 140 
costs 
average, 281 
of a can, 273 
of a commodity, 295 
computing, 822 
marginal, 173, 199 
minimizing, 173, 199, 860 
production, 83, 270, 295, 822, A13 
of transporting goods, 95 
variable, of manufacturing dishwashers, 
А81 
depreciation, 890 
of machinery, 140, 390 
straight-line, 140 
discounts, 296 
expenses, computing, A82 


inventory management, 116 
juice production, 794 
managing a meat market, 855—856 
material needed to make a drum, 273 
online purchases, 932 
precision ball bearing manufacture, A13 
production scheduling, 855 
profit, 822 

computing, 822 

maximizing, 853-854, 855, 856 
refunds, 779 
revenues 

airlines, 856 

computing, 811-812 

daily, 173 

digital music, 110 

maximizing, 173, 179-181, 184 

monthly, 173 

price and, 178 

from sale of dishwashers, А81 

sales and, 178 

stadium seating, 891 

of Tesla, 383 

theaters, 780 
sales 

cookie orders, 860 

markup of a new car, A91 

movie theater tickets, 767, 778 

net, 8 

presale orders, 779 

revenues and, 178 
sales commissions, 198, A91 
stocking a store, 935 
transporting goods, 849 
truck manufacture, 848 
wages of a car salesperson, 34 
watch production, А13 


Calculus 

difference quotient, 550 
geometric series, 226 
logistic growth model, 390 
Mean Value Theorem, 84 
Newton’s Method, 258 
Simpson’s Rule, 186 


Carpentry 
pitch, 36 


Chemistry 

chemical reactions, 173 

chlorine decomposition in a pool, 377 
dinitrogen pentoxide decomposition, 377 
Gas Laws, 121 

mixing a solution, 779 

mixing water and antifreeze, A82-A83 
pH, 339 

purity of gold, A83 

salt decomposition in water, 377 
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salt solutions, A83 

sucrose decomposition, 377 
sugar molecules, A83 
volume of a gas, A91 


Combinatorics 
airport codes, 915 
baseball 

game outcomes, 935 

scheduling teams, 935 

teams, 922 
basketball teams, 922 
binary codes, 935 
birthday permutations, 917 922, 933, 935 
blending coffees, A77-A78, A81 
blending teas, А81 
blouse and skirt combinations, 913 
book arrangement, 922 
choosing a team, 935 
choosing seats on a bus, 935 
code formation, 912, 915-916, 921 
combination locks, 922 
committee formation, 919, 921, 922, 935 
flag arrangement, 920, 935 
football teams, 922 
license plate numbers, 922, 935 
lining people up, 916, 921 
mixing candy, A81 
mixing nuts, 778, 849, 860, A81 
multiple-choice test answers, 922 
number formation, 913, 921 
passwords, 922 
selecting objects, 922 
shirt and tie combinations, 913 
stacking boxes, 921 
stock names, 921 
stocking a store and, 935 
telephone numbers, 935 
true/false test answers, 921 
word forming, 920, 922 


Communications 


cellular phones 

cost of phone charges, 139 

data plans, 45, 127-128 

number of smartphone users, 377 
fake news, 195 
spreading of rumors, 325, 340 
touch-tone phones, 566 


Computers and computing 

depreciation of, 140 

graphics, 669, 823 

number of households owning a tablet 
computer, 377 

tablet plan, 94 


Construction 


of a box, 115 

closed, 125 

open, 159, 840 
of a brick staircase, 880, 905 
building an access ramp, 35 
cement mix, A83 


of a circular swimming pool, A21 
of a citrus ladder, 880 
of a coffee can, A83 
of a cylindrical tube, 840 
of enclosures 
maximizing area and, 184 
maximizing area of, 184 
of rectangular field, 184 
of a flashlight, 708 
of a headlight, 708 
of a highway, 579, 589, 605, 615 
of a loading ramp, 588 
of a Norman window, 185, A21 
pitch of a roof, 579 
of a rain gutter, 185, 424—425, 561 
of a road, 36, 430 
of a stadium, 185, 880 
of a TV dish, 708 
weld inspection, 418 
of a wooden deck, A82 


Crime 


forensics, 418 
property crimes, 61 
violent crimes, 61 


Cryptography 
forming codes, 912 
matrices in, 822 


Culture and society 

fake news, 195 

marital status of females, 914 
marital status of males, 914 
marriage problem, 341 

social networking, 378, 384 
spreading of rumors, 325, 340 


Demographics 

birth rate, 173 

life cycle hypothesis, 185 
living at home, 160 

marital status of females, 914 
marital status of males, 914 


Design 

of an awning, 589 

of a ceramic floor, 878 
of a closed box, 273 

of decorative pieces, 430 
Droste Effect, 873 

of fasteners, 856 

of a mosaic, 880, 905 

of a racetrack, 718 

of a searchlight, 708, 763 
of websites, 823 


Direction 
of an aircraft, 663 
of a swimmer, 696 


Distance 


across a pond, 429 
of bicycle riding, 20 


from Chicago to Honolulu, shortest, 514 
height 
of an airplane, 579, 588, 589 
of the Bridge over the Royal Gorge, 588 
of Gibb's Hill Lighthouse, 569 
of Great Pyramid of Cheops, 589, A22 
of a helicopter, 615 
of a mountain, 587 
of Niagara Falls Incline Railway, 578 
of Willis Tower, 578 
from Honolulu to Melbourne, Australia, 
shortest, 514 
of hot-air balloon to intersection, 8 
between John Hancock Center and Willis 
Tower, 578 
to lamp shadow, 732 
of lean of Leaning Tower of Pisa, 588 
length of a ski lift, 587 
to the Moon, 578, 588 
to a plateau, 429 
of a projectile, 442 
range of an airplane, A83 
of ranger from tower, 589 
of rotating beacon, 479 
at sea, 589 
seen from submarine conning tower, A22 
of a ship from shore, 429 
to shore, 496 
sound to measure, A74 
between St. Louis and Oklahoma City, 
588 
stopping, 61, 173 
from Sun 
Bode's Law for, 873 
to Earth, 719 
to Jupiter, 719 
to Mars, 719 
to Mercury, 589, 863, 873 
to Pluto, 719 
to Venus, 590 
between two moving planes, 112-113 
between two moving vehicles, 8, 114 
between two objects, 429 
between two runners, 588 
width of Mississippi River, 578 


Economics 


consumer price index, 367 
demand equation, 198-199 
demand for candy, 120 
economic mobility, 823 
federal debt, per capita, 366 
future value of money, 226 
income taxes, 61, 84 

rate schedules for, 95 
inflation, 366 
IS-LM model, 779 
labor force participation rate, 61 
linear models in, 140, 199 
national debt, 83-84 
poverty rates, 225—226 
poverty threshold, 9 
profit function, 61 
supply and demand, 136-137 139 


Education 


college 
cost of, 366, 822 
funding, 390 
saving for, 890 
spring break, 855 
value of, 160 
GPA and student work, 160 
grade computation, A91 
learning curve, 326, 340 
Markov chains, 862 
nonresident aliens earning doctorate 
degrees, 932 
school loan interest, 822 
video games and grade-point 
average, 147 


Electricity 
alternating (ac) current, 469, 496, 550 
alternating (ac) current circuits, 488 
alternating (ac) current generators, 469 
current in an RC current, 326 
current in an RL circuit, 326, 340 
electrical engineering, 418 
impedance and, A98 
Kirchhoff’s Rules, 780, 794 
nuclear power plant, 731 
parallel circuits, A98 
rates in Florida, 35, 92 
rates in Omaha, A91 
resistance in a circuit, 120, A54, A57 
parallel circuits, 258 
resistance of a wire, 121 
solar energy, 20 
voltage 
foreign, A13 
in United States, A13 


Electronics 

amplifier output, 390 

microphones, 20 

sawtooth curve on an oscilloscope, 561 


Energy 

conservation of, programming 
thermostats, 110 

kinetic, 121 

natural gas cost, 35, 94 

nuclear power plant, 731 

solar, 676, 708 


Engineering 
bridges 
arch, semielliptical, 763 
Golden Gate, 182 
parabolic arch, 199, 708 
semielliptical arch, 718 
suspension, 184, 708 
crushing load, A74 
electrical, 418 
Gateway Arch, 708-709 
lean of Leaning Tower of Pisa, 588 
robotic arm, 686 
weld instruction, 418 


Entertainment 


amphitheater seats, 879 

Drury Lane Theater seats, 879 
Ferris wheel, 470, 512, 529, 580, 590 
fireworks display, 731 

movie membership, 20 

movie theater screens, 513 

movie theater ticket sales, 767, 778 
theater revenues, 780 


Environment 


cooling of air, 880 
endangered species, 325 
hours of daylight, 470, 486—487, 
490, 512 
invasive species, 378 
length of day, 203, 286-287 
oil leak, 295 
pollutant in lake, 872 
predator population, 455 
relative humidity, 326 
wood products, 375 


Exercise and fitness 


duration of exercise, A91 
elliptical trainer, 719, 740 


Finance 


banking 
balancing a checkbook, А13 
comparing bank accounts, 366 
loans and, A81 
college education 
cost of, 366, 822 
funding, 390 
saving for, 890 
value of, 160 
cost 
of car rental, 95 
of college, 366, 822 
of driving a car, 34 
of electricity, 35 
of fencing, 272 
of first-class postage, 96 
fixed, 34 
of landscaping, 794 
of natural gas, 35, 94 
of parking at O’Hare International 
Airport, 94 
of phone charges, 139 
of production, 83 
of RV rental, 200 
of towing a car, 139 
of transatlantic travel, 61 
of transporting goods, 95 
of truck rental, 34 
variable, 34 
cost equation, 34, 120 
cost function, 140 
credit cards 
balance owed on, 832 
debt, 872 
interest on, 366 
minimum payment for, 95 
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credit scores, 148 
depreciation 

of machinery, 390 

straight-line, 135 
financial planning, 779, 794, 795, 846, 848, 

850, 856, А74-А75, A81 

foreign exchange, 296 
income 

annual earnings of young adults, 

766, 862 

discretionary, 160 

life cycle hypothesis, 185 

salary and, 880, 890 

salary increases and, 905 
interest 

compound, 359-360 

on credit cards, 366 

оп a loan, A74 

on school loans, 822 
loans, A81 

car, 872 

deciding among, 367 

interest on, A74 

paying off, 366 

school, interest on, 822 
mortgages 

fees, 95 

interest rates, 366 

payments, 116—117 120, 125 
prices 

McDonald’s, 48 

of U.S. postage stamps, 47 

of wine, 357 
retirement savings, 890 
revenue equation, 120 
rich man’s promise, 891 
salary increases, 890, 905 
saving 

for a car, 366 

for college, 890 

for a home, 890 

for retirement, 905 

savings plans, 366 

sinking fund and, 890 
taxes 

federal withholding for, A91 

income, 139, 296, 309 

luxury, 139 
value of a zero-coupon bond, 363 


Food and nutrition 
“light” foods, A91 
animal nutrition, 856 
blending coffees, 849, 860, А77-А78, A81 
blending teas, A81 
citrus ladders, 880 
cookie orders, 860 
cooling time of a pizza, 376 
fast food 

cost of, 779 

prices of, 780 
Girl Scout cookies, 932 
ice cream, 856 
juice production, 794 
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managing a meat market, 855—856 
milk production, 384 

mixing candy, А81 

mixing nuts, 778, 849, 860, A81 
number of servings, 780, 794 
restaurant management, 779 

time for a beer stein to warm, 377 
wine and price, 357 


Forestry 
wood product classification, 375 


Games 


chess, 891 
winning a lottery, 908, 933, 936-937 


Geography 

of Chicago road system, 629 
distance across a pond, 429 
distance to shore, 496 

first to see rising Sun, 513 

grade of a mountain trail, 615, 831, 841 
inclination of a mountain trail, 575 
land dimensions, 588 

length of a lake, 496 

Lewis and Clark expedition, 513 
radioactive decay, 370-371, 376 
tunnel clearance, 470 

width of a gorge, 429 

width of a river, 425—426, 496 
width of Mississippi River, 578 


Geology 
earthquakes, 340, 763 


Geometry 


angles 
interior, of a polygon, 896 
between two lines, 551 
value of, 579 
area, 181 
of an isosceles right triangle, 60, 419 
of an isosceles triangle, 561 
of an octagon, 560-561 
of a circle, 114 
cross-sectional, of a beam, 61, 69 
of a dodecagon, 551 
of a polygon, 806 
of a rectangle, 60, 114, 125, 159, 562, A12 
of a square, 114 
of a triangle, 120, 419, 806, A12 
central angle of a circle, 419 
circles 
central angle of, 419 
circumference of, 114, A12 
equation of, 806 
inscribing in a cone, 115 
inscribing in a sphere, 114 
radius of, 839 
tradius of, 420 
circumference of a circle, 114, A12 
colinear points, 806 
cones 
volume of, 296 
volume of a right circular cone, 121 


constant of proportionality, 120 
cubes 

length of edge, 240 

volume of, A13 
cylinders, volume of a right circular 

cylinder, 121, 296 

diagonals, of rectangles, 199 
dodecagon, area of, 551 
equation of a circle, 806 
equation of a line, 806 
geometric mean, A91 
hypocycloids and, 760 
lemniscate, 21 
length, of edge of a cube, 240 
limaçon, 21 
octagon, area of, 560—561 
parallelepipeds, volume of, 686 
perimeter 

of a rectangle, 114, 120, 839, A12 

of a square, 114 

of a triangle, A13 
polygons 

area of, 806 

diagonals of, 160 

sum of interior angles of, 896 
Pythagorean Theorem applications, A15 
radius of circles, 839 
rectangles 

area of, 125, 159, 562, A12 

diagonal of, 199 

formula for length and width of, 841 

perimeter of, 120, 839, A12 

vertices of, 199 
right triangles 

angles of, 428 

hypotenuse, 577 

hypotenuse of, 428 
sides of squares, 839 
slope, 34 

of secant line, 83 
spheres, 686 

surface area of, A13 

volume of, 120, A13 
squares, sides of, 839 
surface area 

of a balloon, 295 

of a sphere, A13 
tetrahedrons, volume of, 806 
triangles 

area of, 806, A12 

equilateral, 8, A12, A13 

isosceles, 8, 561, 839,841 

medians, 7 

perimeter of, A13 
unit circles, 419 
vertices of rectangles, 199 
volume 

of a balloon, 295 

of a cone, 115, 296 

of a cube, A13 

of a cylinder, 296 

of a parallelepiped, 686 

of a right circular cone, 121 

of a right circular cylinder, 121 


of a sphere, 120, A13 
of a tetrahedron, 806 


Government 


cost of first-class postage, 96 
federal debt, 366 
Senate committees, 922 
taxes 
federal withholding for, A91 
income, 139, 296, 309 
luxury, 139 


Health 


age versus total cholesterol, 385 

blood alcohol concentration, 335, 
340-341 

blood pressure, 529 

body temperature, 195, A13 

breast cancer, advanced-stage, 383 

classifying blood types, 913 

Covid-19, 383 

expenditures on, 61 

ideal body weight, 309 

lung volume, 454 

spread of a disease, 391 

wound healing, 325, 339 


Home improvement 
installing a vent pipe, 718 
painting a house, 780 
painting a room, 480 


Investment(s) 
allocation of, 780 
annuities 
amount of, 887-888 
tax-sheltered, 890 
in bonds, zero-coupon, 363, 367 
comparing 
of alternatives for, 366 
using different compounding periods, 
360—361 
IRA, comparing, 366 
return on, 366, 855 
in stock 
beta and, 129, 202 
companies listed on exchanges, 921 
portfolios, 914 
prices and, 891 
return on, 366 
time to double or triple, 367 
time to reach goals, 367 


Landscaping 

cost of, 794 

enclosing a garden, A82 
height of a tree, 588 
moving a boulder, 669 
pond enclosure, 199 
stump removal, 668-669 


Law and law enforcement 


drivers stopped by police, by 
age, 392-393 


Leisure and recreation 
bungee jumping, 281 
hot-air balloon, 429 
length of a ski lift, 587 
races 
distance between runners in a 
marathon, 588 
running in, 839 
between tortoise and hare, 839 
RV rental cost, 200 
spring break, 855 


Measurement 


of distance, using sound, A74 
of height of CN Tower, 35 


of height of Mt. Rushnore caricature, 429 


of height of Washington Monument, 430 
ТО tests, А91 

of length of a guy wire, 35 

of length of a lake, 496 

optical, 538 

parallax method, 578 

of rainfall, 676 

of stress of materials, 121 

of temperature, 35, 110 

of width of a river, 496 


Medicine 


ACL recovery, 441 

concentration of a medication, 83 

drug concentration, 272 

lithotripsy, 719 

maternal age and Down syndrome, 147 
pancreatic cancer, advanced-stage, 325 


Meteorology 

height of a cloud, 426 
rainfall measurement, 676 
relative humidity, 326 

wind chill factor, 391 

wind speed computation, 779 


Miscellaneous 


board deflection, 747 

carrying a ladder around a corner, 419, 
479, 529-530 

consecutive integers, 160 

direction for crossing a river, 667 

drafting error, 8 

guy wires, 431 

Old Faithful eruptions, 880 

paper creases, 896 

photography, 430, 441 

reach of a ladder, 429 

reading and interpreting graphs, 69-70 

removing a discontinuity, 274 

sewer bills, A91 

waiting in line, 272 

water leak, 747 


Mixtures 


cement mix, A83 
mixing a solution, 779 
mixing candy, A81 


mixing drugs, 779, 795 
mixing nuts, 778, 849, 860, A81 
mixing water and antifreeze, A82-A83 


Motion 

projectile, 168-169, 172-173, 441, 763 
simulating, 753-754 

uniform, 114, 759, 763, A78-A80, A82 


Motor vehicles 


alcohol and driving, 335, 340-341 
automobile production, 295 
automobile theft and, 932 
braking load, 676, 696 

car loans, 872 

car production, 794 

crankshafts on cars, 589 
depreciation of cars, 341, 357, 393 
highway construction, 589 
manufacturing trucks, 848 
markup of a new car, A91 
mixing water and antifreeze, A82-A83 
piston engines, 429 

runaway car, 178 

saving for a car, 366 

speed of a race car, 496 

speed of a truck, 577 

stopping distance, 309 

weight of a car, 667 


Music 


digital, revenues from, 110 
weight of a piano, 664 


Navigation 
bearing 
of an airplane, 576, 578 
of an object, 576 
of a ship, 578, 606, 615 
charting a course, 667 
distances at sea, 589 
error correction, 606, 615 
finding the correct compass heading, 667 
light from a lighthouse, 575—576, A22 
rescue at sea, 578, 585—586, 588 
speed and direction of an aircraft, 663, 
667 
between St. Louis and Oklahoma City, 
588 
time lost to an error, 588 


Oceanography 


modeling tides, 470 
tides, 490 


Optics 

bending light, 530 

hyperbolic mirrors, 732 

intensity of light, 121 

lensmaker's equation, A57 

light from a lighthouse, 575—576, A22 

measurements, 538 

percentage of light passing through a 
pane of glass, 324 
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photography, 430, 441 
reflecting telescope, 708 


Pets 


animal nutrition, 856 
ownership, 932 


Pharmacy 


drug concentration, 272, 325, 340 
mixing drugs, 779, 795 


Photography 


security cameras, 578 


Physics 
amplifier output, 390 
atmospheric pressure, 325, 339 
bouncing balls, 890, 905 
Brewster's Law, 530 
cooling of a skillet, 390 
Doppler effect, 273 
elevation, weight and, 69 
falling objects, 120 
force 
braking load, 676, 696 
frictional, 578 
gravitational, 281 
incline angle, 676 
muscle, 668 
resultant, 667 
static equilibrium, 668, 669, 696 
of a truck pull, 668 
vectors of, 667 
of wind on a window, 118-119, 121 
gravity 
acceleration due to, 258 
on Earth, 60, 309 
escape velocity and, 747 
force of, 281 
on Jupiter, 61 
harmonic motion 
damped, 616 
simple, 616 
heat loss 
through a wall, 118 
through a window, 125 
heat transfer, 529 
height of a ball, 185 
height of rock thrown on moon, 46, 47, 48 
Hooke's Law, 140 
horsepower, 121 
inclined plane, 428-429 
inclined planes, A65 
inclined ramp, 668 
index of refraction, 530 
intensity of light, 121 
kinetic energy, 121 
loudness of sound, 339 
moment of inertia, 566 
motion of a projectile, 168-169, 172—173, 
441 
Newton's Law, 120 
of Cooling, 371—373, 376 
of Heating, 377 
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object propelled vertically, 159-160, 178 
pendulum motion, 110-111, 886, 890 
period of, 120, 309, A65, A74 
product of inertia, 561 
projectiles 
artillery, 178, 520 
distance, 442 
motion of, 529, 561, 566, 758—760 
rate of change, instantaneous, 961, 964, 
973 
reflections in a mirror, 873 
safe load for a beam, 121 
speed of sound, 195 
spring stiffness, 178 
static friction, 668 
stopping distance, 309 
stress of materials, 121 
stretching a spring, 120 
tension in cables, 664—665, 668 
velocity, instantaneous, 961—963, 964 
vibrating string, 120 
volume of a gas, 120 
weight 
of a boat, 667 
of a car, 667 
elevation and, 69, 121, 125 
of a piano, 664 
supported by a piece of pine, 117-118 


Population 
bacterial, growth of, 369, 376, 
390-391 

birth rate, 173 
of a city 

decline of, 376 

growth of, 376 
of endangered species, 258, 377—378 
as a function of age, 61 
insect 

of fruit flies, 374—375 

growth of, 376, 378 

of mosquitoes, growth of, 376 
population growth, 938, 975 
Shannon’s diversity index, 339 
of a town, growth of, 378 
of United States, 356-357, 384-385 
of world, 357 

growth of, 863, 907 

predicting, 390 


Probability 

assigning, 931 

of automobile theft, 932 

choosing balls at random, 272 

coin toss, 923 

exponential, 325, 339-340 

of Girl Scout cookie type, 932 

of nonresident aliens earning doctorate 
degrees, 932 

of online purchases, 932 

of pet ownership, 932 

Poisson, 325—326 

of shared birthdays, 377 

of unemployment, 935 


of winning a lottery, 908, 933, 936-937 
of YouTube usage, 932 


Psychometrics 
IO tests, А91 


Pyrotechnics 
fireworks display, 731 


Radioactivity 

from Chernobyl, 377 

decay, 370-371, 376, 383-384, 390, 856 
Rutherford's experiment, 732 


Real estate 


apartment rents, 186 
commissions, A91 
cost of land, 615 
housing prices, 284 
appreciation of, 366 
mortgage fees, 95 
valuing a home, 1, 44 


Seismology 


calibrating instruments, 763 
magnitude of an earthquake, 340 


Sequences 


Fibonacci, 872 
triangular numbers, 873 


Speed 

acceleration of spot of light from 
searchlight, 538 

of an aircraft, 663 

radar detection of, 630 

of the current of a stream, 779 

of the current of Aguarico River, 860 

of cyclists, A83 

of lighthouse beacon rotation, 496 

of a moving walkway, A82 

of a sailboat, 645 

of a swimmer, 696 

of a truck, 577 

walking, energy expended and, 65 


Sports 
baseball 
batting orders, 922 
diamond, 8 
games played to completion, 935 
Green Monster, 759 
home runs, 148 
Little League, 8 
scheduling games, 935 
team makeup, 922 
World Series, 922 
basketball 
free-throw shots, 68-69, 579 
granny shots, 68 
team makeup, 922 
bicycling 
distance of bicycle riding, 20 
speed of cyclists, A83 


comparing Olympic heroes, A83 
discus throw, 20 
football 
seats in stadium, 879 
speed of players, A82 
stadium seating, 891 
team makeup, 922 
volume of a football, 718 
golf, 385-386 
bunkers, 520 
motion of a golf ball, 69 
pool shots, 430 
races 
distance between two runners in a 
marathon, 588 
relay runner teams, 935 
running, A83 
shot-put throw, 20 
swimming, speed and direction of a 
swimmer, 696 
tennis, 226, 273 
dimensions of court, A82 


Surveys 
analyzing data from, 910, 913 


Technology 
cellular phones 
cost of phone charges, 139 
data plans, 45, 127-128 
number of smartphone 
users, 377 
constructing a TV dish, 708 
directing a laser beam, 577 
installing cable TV, 115 
laser printers, A82 
laser projection system, 561 
mapping the mind, 500, 572 
microphones, 20 
recording devices, 732 
robotic arm, 686 
satellite dish, 705, 708 
satellite receiver, 740 
social networking, 378, 384 
texting speed, 273 
three-click rule, 823 
touch-tone phones, 566 
website maps, 823 
YouTube usage, 932 


Temperature 
body temperature, 195, A13 
conversion of, 140, 296, 309 
cricket chirping and, 186 
heat loss 

through a wall, 118 

through a window, 125 
measurement of, 35, 110 
modeling average monthly temperature, 

470 

monthly, 489-490 
of a skillet, 390 
time for a beer stein to warm, 377 
wind chill, 95—96, 391 


Tests and testing 
IO tests, A91 


Time 

for a beer stein to warm, 377 

to double or triple an investment, 367 
duration of exercise, A91 

to empty a pool, A83 

to empty a tub, A83 

to empty an oil tanker, A83 

to go from an island to a town, 115 
hours of daylight, 470, 486—487 490, 512 
length of day, 203, 286—287 

for a pizza to cool, 376 

to reach a goal, 366 


to reach an investment goal, 367 
of a trip, 418-419, 430 


Travel 


catching a bus, 758 
catching a train, 758 
de-icing salt, 520 

driving to school, 120 
transatlantic, cost of, 61, 69 


Volume 
of a football, 718 


Weapons 
artillery, 178, 520 
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Weather 


hurricanes, 147 225, 489 

lightning strikes, 728-729, 731 

monthly temperature, 489-490, 
496 


Work 


computing, 696 
constant rate jobs, 860 
moving a wagon, 674—675, 676 
moving an object, 676, 686 
student, GPA and, 160 
unemployment and, 935 
working together to do a 

job, A80, A82 
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Foundations: 


A Prelude to Functions 


What Is My House Worth? 


There are many factors that play a role in the value 
of a home. Everyone knows the golden rule of real 
estate — Location, Location, Location! Aside from 
where a property is located, one must consider the 
size of the home, number of bedrooms, number of 
bathrooms, status of updates within the home, and 
many, many other considerations. 

Zillow (www.zillow.com) developed a model 
(an equation) that is used to approximate the 
value of a home. This approximate value is called 
a Zestimate. According to Zillow, the Zestimate is 
the estimated market value for an individual home. 
Zillow uses available information on the millions 
of homes that have sold around the country to 
arrive at its Zestimate. Mainly, Zillow uses the 
physical attributes of the home, tax assessments, 
and transaction data to arrive at its Zestimate. 
Homeowners are free to report updated home 
facts about their particular property in 


Credit: Rido/123REcom 


order to improve the Zestimate. The accuracy of the Zestimate is dependent upon 
the location of the home. For example, Zestimates in the Chicago area have some 
of the best Zestimates (60.9% of homes sold within 5% of the Zestimate), while 
Zestimates in Cleveland, OH, are only fair (44.296 of the homes sold within 5% of the sale price). 


—Michael Sullivan, III 


Source: https://www. zillow.com 
( M ) — See the Internet-based Chapter Project— 


Outline 


Appendix A reviews skills from Intermediate Algebra. F.1 
F.2 

Here we connect algebra and geometry using the rectangular coordinate system. 

In the 1600s, algebra had developed to the point that René Descartes (1596-1650) F3 

and Pierre de Fermat (1601-1665) were able to use rectangular coordinates to F.4 


translate geometry problems into algebra problems, and vice versa. This enabled 
both geometers and algebraists to gain new insights into their subjects, which 
had been thought to be separate but now were seen as connected. 


The Distance and Midpoint 
Formulas 

Graphs of Equations in Two 
Variables; Intercepts; Symmetry 
Lines 

Circles 

Chapter Project 
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F.1 The Distance and Midpoint Formulas 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Algebra Essentials (Appendix A, Section A.1, e Geometry Essentials (Appendix A, Section A 2, 


pp. A1-A10) 


pp. A14-A19) 


XN Now Work the ‘Are You Prepared?’ problems on page 6. 


OBJECTIVES 1 Use the Distance Formula (p. 3) 


а 
C3, i; 3 | "a 
ut j- p 1- у > 
-4 О 4 Xx 
3 Ё 2 


Figure 2 
Va 
Quadrant Il Quadrant | 
x<0,y>0 x>0,y>0 
CREE E 
X 
Quadrant 11 Quadrant IV 
x<0,y<0 x>0,y<0 
Figure 3 


2 Use the Midpoint Formula (p. 5) 


Rectangular Coordinates 


We locate a point on the real number line by assigning it a single real number, called 
the coordinate of the point. For work in a two-dimensional plane, we locate points by 
using two numbers. 

Begin with two real number lines located in the same plane: one horizontal and 
the other vertical. The horizontal line is called the x-axis, the vertical line the y-axis, 
and the point of intersection the origin O. See Figure 1. Assign coordinates to every 
point on these number lines using a convenient scale. In mathematics, we usually use 
the same scale on each axis, but in applications, different scales appropriate to the 
application may be used. 

The origin O has a value of 0 on both the x-axis and the y-axis. Points on the 
x-axis to the right of O are associated with positive real numbers, and those to the 
left of O are associated with negative real numbers. Points on the y-axis above O 
are associated with positive real numbers, and those below O are associated with 
negative real numbers. In Figure 1, the x-axis and y-axis are labeled as x and y, 
respectively, and an arrow at the end of each axis is used to denote the positive 
direction. 

The coordinate system described here is called a rectangular or Cartesian* 
coordinate system. The x-axis and y-axis lie in a plane called the xy-plane, and the 
x-axis and y-axis are referred to as the coordinate axes. 

Any point P in the xy-plane can be located by using an ordered pair (x, y) of 
real numbers. Let x denote the signed distance of P from the y-axis (signed means 
that if P is to the right of the y-axis, then x > 0, and if P is to the left of the y-axis, 
then x « 0); and let y denote the signed distance of P from the x-axis. The ordered 
pair (x, y), also called the coordinates of P, gives us enough information to locate 
the point P in the plane. 

For example, to locate the point whose coordinates are (—3, 1), go 3 units 
along the x-axis to the left of O and then go straight up 1 unit. We plot this point 
by placing a dot at this location. See Figure 2, in which the points with coordinates 
(—3, 1), (—2, —3), (3, —2), and (3, 2) are plotted. 

The origin has coordinates (0, 0). Any point on the x-axis has coordinates of the 
form (x, 0), and any point on the y-axis has coordinates of the form (0, y). 

If (x, y) are the coordinates of a point P, then x is called the x-coordinate, or 
abscissa, of P, and y is the y-coordinate, or ordinate, of P. We identify the point P by 
its coordinates (x, y) by writing Р = (x, y). Usually, we will simply say “the point 
(x, y)" rather than “the point whose coordinates are (x, y).” 

The coordinate axes partition the xy-plane into four sections called quadrants, 
as shown in Figure 3. In quadrant I, both the x-coordinate and the y-coordinate of 
all points are positive; in quadrant II, x is negative and y is positive; in quadrant III, 
both x and y are negative; and in quadrant IV, x is positive and y is negative. Points 
on the coordinate axes belong to no quadrant. 


\ Now Work PROBLEM 15 


*Named after René Descartes (1596-1650), a French mathematician, philosopher, and theologian. 
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E COMMENT with a graphing utility, you can set the scale on each axis. Once this has been done, you 
~ obtain the viewing rectangle. See Figure 4 for a typical viewing rectangle. You should now read 
Section B.1, The Viewing Rectangle, in Appendix B. 


Figure 4 TI-84 Plus CE Standard Viewing Rectangle п 


1 Use the Distance Formula 


If the same units of measurement (such as inches, centimeters, and so on) are used for 
both the x-axis and y-axis, then all distances in the xy-plane can be measured using 
this unit of measurement. 


| €XAMPLE1 | Finding the Distance Between Two Points 


Find the distance d between the points (1, 3) and (5, 6). 


Solution First plot the points (1, 3) and (5, 6) and connect them with a line segment. See 
Figure 5(a). To find the length d, begin by drawing a horizontal line segment from 
: (1, 3)to(5, 3) апа a vertical line segment from (5, 3) to (5, 6), forming a right triangle, 
> Need to Review? = аз shown in Figure 5(b). One leg of the triangle is of length 4 (since |5 — 1| = 4), 
The Pythagorean ee and the other is of length 3 (since |6 — 3| = 3). By the Pythagorean Theorem, the 
Eo converse are Glen eso square of the distance d that we seek is 


Section A.2, pp. А14-А15. 
d? = 4? +3? = 16 +9 = 25 


а = /25 = 5 

А) (5, 6) Yt (5, 6) 
6b 6b 
ua LE Z d 
3r 3 
L (1,3) (1,3) 4 (5,3) 
| dde NE REESE 

3 6 x 3 6 x 

(a) (b) 
Figure 5 —» 


The distance formula provides a straightforward method for computing the 
distance between two points. 


THEOREM Distance Formula 


The distance between two points P, = (x4, уу) and Р, = (x, y, ), denoted 
by d( P,, Р, ), is 


In Words d(P,, Py) = (о — Y + Or - xi @ 
To compute the distance between 
two points, find the difference 

of the x-coordinates, square її, 
and add this to the square of the 
difference of the y-coordinates. 
The square root of this sum is 

the distance. 


Proof of the Distance Formula Let (х, у, ) denote the coordinates of point Р, and 
let (x,, y; ) denote the coordinates of point Р,. 


* Assume that the line joining P, and P, is neither horizontal nor vertical. Refer to 
Figure 6(a) on the next page. The coordinates of Р, are (x,, y, ). The horizontal 


(continued) 
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distance from P, to P, equals the absolute value of the difference of the 
x-coordinates, | x, — х, |. The vertical distance from Р, to P, equals the absolute 
value of the difference of the y-coordinates, |y, — y,|. See Figure 6(b). 
The distance d(P,, Р, ) is the length of the hypotenuse of the right triangle, so, 
by the Pythagorean Theorem, it follows that 


[d(P,, 5) 2|x; – x^ +y — vl? 
= (х, xj + (ys y)? 
d(P,, P) = V(x, - xy T -y 


Р, Ж (х, y) 


5r P= (py Yo) Yer ар, Р) T 
| | i| 
J |. 2 P3 = (Х„ y) ^ Ш 


Сао | P=) n [35 ~l P= (к, у.) 
> X > X 
x © * 6 
(а) (Ы) 
Figure 6 


e If the line joining Р, and Р, is horizontal, then the y-coordinate of Р, equals 
the y-coordinate of Р,; that is, у, = y,. Refer to Figure 7(a). In this case, the 
distance formula (1) still works, because for y, = y,, it reduces to 


d(P,, P) = NEA ж)” + 0? = NER ү)” = |х — xil 


YA у} 
У - Р, = (х, Yo) 
| Р, = (х, y) a(P,, P) Р, = (%, У) MM d(P,, Р, 
1 * 
I— 1x - xi —» a, и 
1 x 1 э 
х X, X X * 
(a) n 
Figure 7 


e A similar argument holds if the line joining P, and Р, is vertical. See Figure 7(b). 
L| 


| EXAMPLE2 | Using the Distance Formula 


Find the distance d between the points (—4, 5) and (3, 2). 
Solution ^ Using the distance formula (1) reveals that the distance d is 


d = [3 - (CA)? + (2-5)? = 4/72 + (—3)? 
= 449+ 9 = V58 = 7.62 D 


\ Now Work PROBLEMS 19 AND 23 


The distance between two points Р, = (x4, уу) and Р, = (x3, у, ) is never a 
negative number. Also, the distance between two points is 0 only when the points are 
identical—thatis,;whenx, = x,andy, = y;.And,because(x, — ху)” = (x, — x3)? 
апа (y; = у) = (y, = y2)”, it makes no difference whether the distance is 
computed from Р, to Р, or from Р, to Ру; that is,d(P,, Р) = d( P, Р). 

The introduction to this chapter mentioned that rectangular coordinates enable us 
to translate geometry problems into algebra problems, and vice versa. The next example 
shows how algebra (the distance formula) can be used to solve geometry problems. 
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| EXAMPLE 3 | Using Algebra to Solve a Geometry Problem 


Consider the three points A = (—2,1), B = (2,3),andC = (3,1). 
(a) Plot each point and form the triangle ABC. 

(b) Find the length of each side of the triangle. 

(c) Show that the triangle is a right triangle. 

(d) Find the area of the triangle. 


Solution (a) Figure 8 shows the points A, B, C and the triangle ABC. 


(b) To find the length of each side of the triangle, use the distance formula, 
equation (1). 


Va 
— ЖАВ) = ХО Е 58516494 220 SS 
3r E _ 2 EFT = 
nr -— d(B,C) = (3-2? + (1 3) = JI 4 = 45 
їй >. ТОЕТ | кз. qe dt AC) = МЗ—(—20#+(1—1)? = 25+0=5 
-3 3 X 


(c) Ifthe sum of the squares of the lengths of two of the sides equals the square of the 
length of the third side, then the triangle is a right triangle. Looking at Figure 8, 
it seems reasonable to conjecture that the angle at vertex B might be a right 
angle. We shall check to see whether 


Figure 8 


[d(A, В) + [d(B, C) = [d(A, C)? 
Using the results in part (b) yields 
[d(A, B) + (4(B, C) = (245) + (М5) 
= 20 + 5 = 25 = [d( A, C)? 


It follows from the converse of the Pythagorean Theorem that triangle ABC is 
a right triangle. 


(d 


МУ 


Because the right angle is at vertex В, the sides AB апа ВС form the base and 
height of the triangle. Its area is 


Area = j: Base : Height = 5:245 . J5 = 5 square units 
\ Now Work PRoBLEM 33 


2 Use the Midpoint Formula 


Va We now derive a formula for the coordinates of the midpoint of a line segment. 


Let Р, = (х,у) and P, = (x,, y,) be the endpoints of a line segment, and 
su let M — (x, y) be the point on the line segment that is the same distance from 
: P, as it is from P,. See Figure 9. The triangles P, AM and MBP, are congruent. 
[Do you see why? d( Pj, M) = d(M, Р, ) is given; also, ZAP,M = ZBMP,* and 
yr ZP,MA = ZMP,B.So, we have Angle-Side-Angle.] Because triangles P, AM and 
MBP, are congruent, corresponding sides are equal in length. That is, 
У |: 
Ху Xx and у-у= уу 
2X — х1 Xs 2y = у + у 
Figure 9 у = 5 X5 ps yi : Уз 


*A postulate from geometry states that the transversal P,P, forms congruent corresponding angles with 
the parallel line segments P,A and MB. 
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In Words 

To find the midpoint of a line 
segment, average the x-coordinates 
of the endpoints, and average 


the y-coordinates of the 
endpoints. A 


P, = (Xp, y;)is 


THEOREM Midpoint Formula 
The midpoint M = (x, y) of the line segment from Р, = (x, y,) to 


M = (x y) = (458,45) (2) 


| EXAMPLE 4 | Finding the Midpoint of a Line Segment 


Y4 Find the midpoint of the line segment from Р, = (—5, 5) to P, = (3,1). Plot the 
pos |. points Р, апа P, and their midpoint. 
ї (5, 5) 
Solution Use the midpoint formula (2) with x, = —5, y, = 5,x, = 3, and y, = 1. The 
coordinates ( x, y) of the midpoint M are 
P, = (3,1) 
-ut SS _ { nad у а С ОНЕ а 
И == E x 2 2 2 2 
Figure 10 Thatis M — (—1, 3). See Figure 10. -» 


\ Now Work PROBLEM 39 


F.1 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. On the real number line, the origin is assigned the 
number . (р. A4) 

2. If —3 and 5 are the coordinates of two points on the 
real number line, the distance between these points 


is ‚ (pp. A5-A6) 
3. If 3 and 4 are the legs of a right triangle, the hypotenuse is 
‚ (p. A14) 


4. Use the converse of the Pythagorean Theorem to show that 
a triangle whose sides are of lengths 11, 60, and 61 is a right 
triangle. (pp. A14-A15) 


Concepts and Vocabulary 


7. If (x, y) are the coordinates of a point P in the xy-plane, 


then x is called the of P, and y is 
the of P. 

8. The coordinate axes partition the xy-plane into four sections 
called 


9. If three distinct points P, О, and К all lie on a line, and if 
d(P, О) = d(Q, R), then О is called the of the 
line segment from P to R. 

10. True or False The distance between two points is sometimes 
a negative number. 

11. True or False The point ( — 1, 4) lies in quadrant IV of the 
Cartesian plane. 


12. True or False The midpoint of a line segment is found by 
averaging the x-coordinates and averaging the y-coordinates 
of the endpoints. 


1. Writing 


\\ 1. Now Work Q 1. Modeling 


qu 1. Graphing Tech 


5. The area A of a triangle whose base is b and whose altitude 
is his А = ‚ (p. A15) 


6. True or False 'Two triangles are congruent if two angles and 
the included side of one equals two angles and the included 
side of the other. (pp. A16-A17) 


13. Multiple Choice Which of the following statements is true 
for a point ( x, y) that lies in quadrant III? 
(a) Both x and y are positive. 
(b) Both x and y are negative. 
(c) x is positive, and y is negative. 
(d) x is negative, and y is positive. 

14. Multiple Choice Choose the expression that equals the 
distance between two points ( x,, y, ) and ( x;, y; ). 


(a) Vix. — x + On — x» 
Ф) JG; + х1) — (у + у)? 
(с) 4G; = 4)? — (у — у) 
(4) Vix, x +02 + у)” 


Х Calculus Preview == 1. Applet-Based 
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Skill Building 
In Problems 15 and 16, plot each point in the xy-plane. State which quadrant or on what coordinate axis each point lies. 
\ 15. (а) A = (-3, 2) (d) D = (6,5) 16. (a) A = (1, 4) (d) D = (4,1) 
(b) В = (6, 0) (e) Е = (0, –3) (b) В = (-3, –4) (е) Е = (0, 1) 
(с) С = (-2, -2) (0) F = (6, –3) (с) C = (-3, 4) @ F = (-3, 0) 


17. Plot the points(2, 0), (2, —3), (2, 4), (2, 1), апа(2, —1). Describe the set of all points of ће form (2, y), where y is a real number. 
18. Plot the points (0, 3), (1, 3), (—2, 3), (5, 3), and ( —4, 3). Describe the set of all points of the form (х, 3), where x is a real number. 


In Problems 19-32, find the distance d between the points P, and Р,. 


N 19. Y4 20. Y4 21. Yh 22. 
9 2 P, = (-2, 2) 2 " 
СР, = (2, 1) Py = (-2,1) “|p _ Р = (1,1) 17 
P,-(.0 E | me oo edi 
іа 
=2 2 х -2 2 x -2 2x 
AF EIS aij 
М 23. Р, = (3,—4); Р, = (5,4) 24. Р, = (-1,0); Р, = (2,4) 
25. P, = (-7,3); Р, = (4,0) 26. Р, = (2, -3); Р, = (4,2) 
27. Р, = (5,—2); Р, = (6,1) 28. Р, = (—4,—3); Р, = (6,2) 
29. Р, = (—0.2, 0.3); Р, = (2.3, 1.1) 30. P, = (1.2, 2.3); P, = (—0.3, 1.1) 
31. P, = (а, Б); Р, = (0, 0) 32. Р, = (а, а); Р, = (0, 0) 
In Problems 33-38, plot each point and form the triangle ABC. Show that the triangle is a right triangle. Find its area. 
X 33. A = (-2,5); B = (1, 3); C = (—1, 0) 34. A = (-2,5); В = (12,3); C = (10, –11) 
35. А = (—5, 3); В = (6, 0); С = (5, 5) 36. A = (—6, 3); В = (3, –5); С = (-1, 5) 
37. A = (4, –3); В = (0, –3); С = (4,2) 38. А = (4, 3; В = (4,1); С = (2,1) 
In Problems 39-46, find the midpoint of the line segment joining the points Р, and P,. 
N 39, Р, = (3, 4); Р, = (5, 4) 40. Р, = (2, 0); Р, = (2, 4) 
41. Р, = (1, 4); Р, = (8, 0) 42. Р, = (2, –3); Р, = (4, 2) 
43. Р, = (7, –5); Р, = (9,1) 44. Р, = (—4, –3); Р, = (2, 2) 
45. Р, = (a,b; Р, = (0, 0) 46. P, = (а,а); Р, = (0, 0) 


Арріісаїіопѕ апа Ехїепѕіопѕ 


47. If the point (2, 5) is shifted 3 units to the right and 2 units (a) Find the coordinates of the point if A is shifted 3 units to 
down, what are its new coordinates? the left and 4 units down. 
48. If the point (—1, 6) is shifted 2 units to the left and 4 units up, (b) Find the coordinates of the point if A is shifted 2 units to 
what are its new coordinates? the left and 8 units up. 
49. Find all points having an x-coordinate of 3 whose distance 54. Plot the points A = (—1, 8) and M = (2, 3)in the xy-plane. 
from the point (—2, —1) is 13. If M is the midpoint of a line segment AB, find the 
(a) By using the Pythagorean Theorem. coordinates of B. 
(b) By using the distance formula. 55. The midpoint of the line segment from P, to Р, is (—1, 4). 
50. Find all points having a y-coordinate of —6 whose distance ИР, = (—3, 6), what is P7? 
from the point (1, 2) is 17. 56. The midpoint of the line segment from P, to Р, is (5, —4). 
(a) By using the Pythagorean Theorem. If P, = (7, —2), what is P,? 
(b) By using the distance formula. 57. Geometry The medians of a triangle are the line segments 
51. Find all points on the x-axis that are 6 units from the from each vertex to the midpoint of the opposite side (see 
point (4, —3). the figure). Find the lengths of the medians of the triangle 
52. Find all points on the y-axis that are 6 units from the with vertices at A = (0, 0), В = (6, 0), and C = (4, 4). 
point (4, —3). C мый 
53. Suppose that A — (2, 5) are the coordinates of a point in 
the xy-plane. Midpoint 
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58. Geometry An equilateral triangle has three 
sides of equal length. If two vertices of an 
equilateral triangle are (0, 4) and (0, 0) find 
the third vertex. How many of these triangles 
are possible? 


In Problems 59-62, find the length of each side of the triangle 
determined by the three points P,, P,, and P}. State whether the 
triangle is an isosceles triangle, a right triangle, neither of these, or 
both. (An isosceles triangle is one in which at least two of the sides 
are of equal length.) 

59, P, = (2,1); Р, = (-4,1); Р, = (—4, -3) 

60. Р, = (-1,4); Р, = (6,2); Р, = (4, —5) 

61. P, = (—2,—1); Р, = (0, 7); Р, = (3,2) 

62. P, = (7,2); Р, = (—4, 0); Р, = (4, 6) 

63. Baseball A major league baseball “diamond” is actually а 
square 90 feet on a side (see the figure). What is the distance 
directly from home plate to second base (the diagonal of the 
square)? 


2nd base 


— Pitching 
rubber 

1st base 

v4 —— Home plate 


64. Little League Baseball The layout of a Little League playing 
field is a square 60 feet on a side. How far is it directly from 
home plate to second base (the diagonal of the square)? 


Source: 2022 Little League Baseball Official Regulations, 
Playing Rules, and Operating Policies 


65. Baseball Refer to Problem 63. Overlay a rectangular 
coordinate system on a major league baseball diamond so 
that the origin is at home plate, the positive x-axis lies in 
the direction from home plate to first base, and the positive 
y-axis lies in the direction from home plate to third base. 
(a) What are the coordinates of first base, second base, and 
third base? Use feet as the unit of measurement. 

(b) If the right fielder is located at (310, 15) how far is it from 
the right fielder to second base? 

(c) If the center fielder is located at (300, 300), 
how far is it from the center fielder to third 
base? 


66. Little League Baseball Refer to Problem 64. Overlay 
a rectangular coordinate system on a Little League 
baseball diamond so that the origin is at home plate, the 
positive x-axis lies in the direction from home plate to first 
base, and the positive y-axis lies in the direction from home 
plate to third base. 

(a) What are the coordinates of first base, second base, and 
third base? Use feet as the unit of measurement. 

(b) Ifthe right fielder is located at(180, 20), how far is it from 
the right fielder to second base? 

(c) If the center fielder is located at (220, 220), how far is it 
from the center fielder to third base? 


67. Distance Between Moving Objects A Ford Focus car and a 


68. 


69. 


70. 


Freightliner Cascadia truck leave an intersection at the same 
time. The Focus heads east at an average speed of 60 miles 
per hour, while the Cascadia heads south at an average speed 
of 45 miles per hour. Find an expression for their distance 
apart d (in miles) at the end of t hours. 


Distance of a Moving Object from a Fixed Point A hot-air 
balloon, headed due east at an average speed of 15 miles 
per hour and at a constant altitude of 100 feet, passes over 
an intersection (see the figure). Find an expression for 
the distance d (measured in feet) from the balloon to the 
intersection ¢ seconds later. 


Drafting Error When a drafter draws three lines that are to 
intersect at one point, the lines may not intersect as intended 
and subsequently will form an error triangle. If this error 
triangle is long and thin, one estimate for the location of the 
desired point is the midpoint of the shortest side. The figure 
shows one such error triangle. 


VA 
1.7} 
15+ 
(2.6, 1.5) 
r (1.4, 1.3) 
1 j- ij " 
14 2627 X 


(a) Findanestimate for the desired intersection point. 
(b) Find the distance from (1.4, 1.3) to the midpoint found in 
part (a). 

Net Sales The figure illustrates the net sales growth of 
Costco Wholesale Corporation from 2017 through 2021. Use 
the midpoint formula to estimate the net sales of Costco 
Wholesale Corporation in 2019. How does your result 
compare to the reported value of $149.35 billion? 


Source: Costco Wholesale Corporation 2021 Annual Report 


Costco Wholesale Corporation 
200 


100 


БО КУО О ОООО УУ e E I ne eran 


Net Sales ($ billions) 


0 | | | | 
2017 2018 2019 2020 2021 
Үеаг 


71. 


72. 
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Poverty Threshold Poverty thresholds are determined by 
the U.S. Census Bureau. A poverty threshold represents 
the minimum annual household income for a family not 
to be considered poor. In 2013, the poverty threshold for a 
family of four with two children under the age of 18 years 
was $23,624. In 2021, the poverty threshold for a family of 
four with two children under the age of 18 years was $27479. 
Assuming that poverty thresholds increase in a straight-line 
fashion, use the midpoint formula to estimate the poverty 
threshold for a family of four with two children under the 
age of 18 in 2017. How does your result compare to the actual 
poverty threshold in 2017 of $24,858? 


Source: U.S. Census Bureau 


Challenge Problem Geometry Verify that the points 


a “За 


(0, 0), (a, 0), and | =, ——— | аге the vertices of an equilateral 


2° 2 
triangle. Then show that the midpoints of the three sides are 
the vertices of a second equilateral triangle. 


Explaining Concepts: Discussion and Writing 


76. 


Write a paragraph that describes a Cartesian plane. Then 
write a second paragraph that describes how to plot points 
in the Cartesian plane. Your paragraphs should include 


‘Are You Prepared?’ Answers 


73. 


74. 


75. 


Challenge Problem Geometry Find the midpoint of 
each diagonal of a square with side of length s. Draw the 
conclusion that the diagonals of a square intersect at their 
midpoints. 

[Hint: Use (0, 0), (0, 5), (5, 0), and (s, s) as the vertices of 
the square.] 

Challenge Problem Geometry A point P is equidistant 
from (—5, 1) and (4, —4). Find the coordinates of P if its 
y-coordinate is twice its x-coordinate. 

Challenge Problem Geometry For any parallelogram, 
prove that the sum of the squares of the lengths of the sides 
equals the sum of the squares of the lengths of the diagonals. 
[Hint: Use (0, 0), (a, 0), (a + b, c),and (b, c) as the vertices 
of the parallelogram.] 


the terms coordinate axes, ordered pair, coordinates, plot, 
x-coordinate, and y-coordinate. 


1. 0 2.8 3. 5 4. 11? + 60? = 121 + 3600 = 3721 = 61? 5. jh 6. True 


F.2 Graphs of Equations in Two Variables; Intercepts; Symmetry 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Solving Equations (Appendix A, Section A.8, pp. A66-A72) 


\ Now Work the ‘Are You Prepared?’ problems on page 18. 


OBJECTIVES 1 Graph Equations by Plotting Points (p. 9) 
2 Find Intercepts from a Graph (p. 12) 
3 Find Intercepts from an Equation (p. 13) 


4 Test an Equation for Symmetry with Respect to the x-Axis, the y-Axis, 
and the Origin (p. 13) 


5 Know How to Graph Key Equations (p. 16) 


1 Graph Equations by Plotting Points 


An equation in two variables, say x and y, is a statement in which two expressions 
involving x and y are equal. The expressions are called the sides of the equation. 
Since an equation is a statement, it may be true or false, depending on the value of 
the variables. Any values of x and y that result in a true statement are said to satisfy 
the equation. 
For example, the following are all equations in two variables x and y: 
х2 +у2 = 5 2x-y=6 


у = 2х + 5 х? = у 
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The first of these, x? + y? = 5, is satisfied for x = 1, y = 2, since 1? + 2? = 5. 
Other choices of x and y,suchas x = —1, y = —2, also satisfy this equation. It is not 
satisfied for x = 2 and y = 3, since 2? + 32 = 4 + 9 = 13 = 5. 

The graph of an equation in two variables x and y consists of the set of points in 
the xy-plane whose coordinates (x, y) satisfy the equation. 

Graphs play an important role in helping us to visualize the relationships that 
exist between two variables or quantities. Table 1 shows the average price of gasoline 
in the United States for the years 1992—2021. If we plot these data using year as the 
x-coordinate and price as the y-coordinate, and then connect the points (year, price), 
we obtain Figure 11. 


Table 1 Average Price of Gasoline 


Source: U.S. Energy Information Administration 
(https:/www.eia.gov/dnav/pet/pet pri gnd dcus nus a.htm) 
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Figure 11 


| €XAMPLE1 | Determining Whether a Point Is on the Graph of an Equation 


Determine whether the points аге on the graph of the equation 2x — у = 6. 


Solution (а) For the point (2,3), check to see whether x = 2, y = 3 satisfies the 
equation 2x — y = 6. 


2x-y=2-2-3=4-3=126 
The equation is not satisfied, so the point (2, 3)is not on the graph of2x — у = 6. 
(b) For the point (2, —2), 
2х-у=2.2—(—2)=4+2 = 6 


The equation is satisfied, so the point (2, —2) is on the graph of 2x — у = 6. 
J 


\ Now Work PROBLEM 13 
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| EXAMPLE 2 | How to Graph an Equation by Plotting Points 


Graph the equation: y = —2x + 3 


Step-by-Step Solution 


Step 1 Find points (х, y) that Table 2 
satisfy the equation. To determine 
these points, choose values of 

x and use the equation to find 

the corresponding values for y. 
See Table 2. 


Point on Graph 


Step 2 Plot the points found in 


the table as shown in Figure 12(a). a 
Now connect the points to obtain can Г 
the graph of the equation (a line), : 6h 
as shown in Figure 12(b). (-1,5)° Г 
e (0. 3) 
2 b. 
Г olt) 
| | | J 1 5 1 1 7 
-4 -2 
° (2, —1) 
—2 - 
(a) (b) 
Figure 12 y = -2x +3 — 


| EXAMPLE З | Graphing an Equation by Plotting Points 


Graph the equation: y = x? 


Solution ТаЫе 3 provides several points on the graph of у = x?. Plotting these points and 
connecting them with a smooth curve gives the graph (a parabola) shown in Figure 13. 


Table 3 


The graphs of the equations shown in Figures 12 and 13 do not show all points. 
For example, in Figure 12, the point (10, —17) is a part of the graph of y = —2x + 3, 
but it is not shown. Since the graph of у = —2x + 3 can be extended out indefinitely, 
we use arrows to indicate that the pattern shown continues. It is important, when 
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COMMENT Another way to obtain 
the graph of an equation is to use 
a graphing utility. Read Section B.2, 
Using a Graphing Utility to Graph 
Equations, in Appendix B. и 


In Words 

Intercepts are points (ordered pairs). 
An x-intercept or a y-intercept Is 

a number. For example, the point 


(3, 0) is an intercept; the y 


humber 3 is an x-intercept. 


showing a graph, to present enough of the graph so that any viewer of the illustration 
will *see" the rest of it as an obvious continuation of what is actually there. This is 
referred to as a complete graph. 

One way to obtain the complete graph of an equation is to plot enough points 
on the graph for a pattern to become evident. Then these points are connected with 
a smooth curve following the suggested pattern. But how many points are sufficient? 
Sometimes knowledge about the equation tells us. For example, we will learn in the 
next section that if an equation is of the form y = тх + b, then its graph is a line. 
In this case, only two points are needed to obtain the complete graph. 

One purpose of this text is to investigate the properties of equations in order to 
decide whether a graph is complete. Sometimes we shall graph equations by plotting 
points. Shortly, we shall investigate various techniques that will enable us to graph an 
equation without plotting so many points. 

Two techniques that sometimes reduce the number of points required to graph 
an equation involve finding intercepts and checking for symmetry. 


2 Find Intercepts from a Graph 


The points, if any, at which a graph crosses or touches the coordinate axes are called 
the intercepts of the graph. See Figure 14. The x-coordinate of a point at which the 
graph crosses or touches the x-axis is an x-intercept, and the y-coordinate of a point 
at which the graph crosses or touches the y-axis is a y-intercept. 


Graph 
crosses 


y-axis Graph 


crosses 
x-axis 


Graph 
touches 
X-axis 


Intercepts 


Figure 14 


| EXAMPLE 4 | Finding Intercepts from a Graph 


Va 


A 


10,3) Solution 


(0, —3.5) - 


Figure 15 


Find the intercepts of the graph in Figure 15. What are its x-intercepts? What are its 
y-intercepts? 


The intercepts of the graph are the points 


(—3,0), (0,3), (5-0), (o. -3), (0, —3.5), and (4.5, 0) 


The x-intercepts are —3, > and 4.5; the y-intercepts are —3.5, -5, апа 3. 


In Example 4, notice that intercepts are listed as ordered pairs, апа 
the x-intercepts and the y-intercepts are listed as numbers. We use this distinction 
throughout the text. 


\ Now Work PRoBLEM 41(a) 


MA COMMENT For many equations, 
finding intercepts may not be so 
easy. In such cases, a graphing utility 
can be used. Read the first part of 
Appendix B, Section B.3, Using a 
Graphing Utility to Locate Intercepts 
and Check for Symmetry, to find out 
how to locate intercepts using a 
graphing utility. ш 
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3 Find Intercepts from an Equation 


The intercepts of a graph can be found from its equation by using the fact that 
points on the x-axis have y-coordinates equal to 0, and points on the y-axis 


have x-coordinates equal to 0. 


Procedure for Finding Intercepts 


* To find the x-intercept(s), if any, of the graph of an equation, let y 


the equation and solve for x, where x is a real number. 


* To find the y-intercept(s), if any, of the graph of an equation, let x 


the equation and solve for y, where y is a real number. 


0 in 


0 in 


| EXAMPLE 5 | Finding Intercepts from an Equation 


Find the x-intercept(s) and the y-intercept(s) of the graph of y — x? — 4. Then 


Solution 


Credit: Alex Staroseltsev/ 
Shutterstock 


graph y — x? — 4 by plotting points. 


To find the x-intercept(s), let y = 0 and obtain the equation 


x?—4-20 

(x42)x-2)20 

x+2=0 or x-2-20 
х= -—2 or 


х=2 


у = x? —4withy = 0 
Factor. 
Use the Zero-Product Property. 


Solve. 


The equation has two solutions, —2 and 2. The x-intercepts are —2 and 2. 
To find the y-intercept(s), let x = 0 in the equation. 


y = 


The y-intercept is —4. 

Since x? > 0 for all x, we deduce from the equation y = x? — 4 that y > —4 
for all x. This information, the intercepts, and the points from Table 4 enable us to 
graph y = x? — 4. See Figure 16. 


\ Now Work PROBLEM 23 


x?—4 


=02—4=—=——4 


(3, 5) 


Figure 16 у = x? – 4 


4 Test an Equation for Symmetry with Respect 


to the x-Axis, the y-Axis, and the Origin 


Another helpful tool for graphing equations by hand involves symmetry, particularly 
symmetry with respect to the x-axis, the y-axis, and the origin. 
Symmetry often occurs in nature. Consider the picture of the butterfly. Do you 


see the symmetry? 


14 CHAPTER Е Foundations: A Prelude to Functions 


DEFINITION Symmetry with Respect to the x-Axis 


A graph is symmetric with respect to the x-axis if, for every point (x, y) on the 
graph, the point (x, —y) is also on the graph. 


Figure 17 illustrates the definition. Note that when a graph is symmetric with 
Figure 17 Symmetry with respect to respect to the x-axis, the part of the graph above the x-axis is a reflection (or mirror 
the x-axis image) of the part below it, and vice versa. 


| EXAMPLES | Points Symmetric with Respect to the x-Axis 


If a graph is symmetric with respect to the x-axis, and the point (3, 2) is on the graph, 
then the point (3, —2) is also on the graph. _B 


DEFINITION Symmetry with Respect to the y-Axis 


A graph is symmetric with respect to the y-axis if, for every point (x, y) on the 
graph, the point (—x, y) is also on the graph. 


Figure 18 illustrates the definition. When a graph is symmetric with respect to 
Figure 18 Symmetry with respect to the y-axis, the part of the graph to the right of the y-axis is a reflection of the part to 
the y-axis the left of it, and vice versa. 


| EXAMPLE 7 | Points Symmetric with Respect to the y-Axis 


If a graph is symmetric with respect to the y-axis and the point (5, 8) is on the graph, 
then the point (—5, 8) is also on the graph. _B 


DEFINITION Symmetry with Respect to the Origin 


A graph is symmetric with respect to the origin if, for every point (x, y) on the 
graph, the point (—x, —y) is also on the graph. 


Figure 19 illustrates the definition. Symmetry with respect to the origin may be 
viewed in three ways: 


e As a reflection about the y-axis, followed by a reflection about the x-axis 


e Asa projection along a line through the origin so that the distances from the 
Figure 19 Symmetry with respect to origin are equal 
the origin e As half of a complete revolution about the origin 


| EXAMPLES | PLE 8 Points Symmetric with Respect to the Origin 


If a graph is symmetric with respect to the origin, and the point (4, —2) is on the 
graph, then the point ( —4, 2) is also on the graph. 8 


\ Now Work PRoBLEMS 31 АМО 41(b) 


When the graph of an equation is symmetric with respect to a coordinate axis 
or the origin, the number of points that you need to plot in order to see the pattern 
is reduced. For example, if the graph of an equation is symmetric with respect to 
the y-axis, then once points to the right of the y-axis are plotted, an equal number 
of points on the graph can be obtained by reflecting them about the y-axis. Because 


Solution 


of this, 
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before we graph an equation, we should first determine whether it has any 


symmetry. The following tests are used for this purpose. 


Tests for Symmetry 


To test the graph of an equation for symmetry with respect to the 


e x-Axis: Replace y by —y in the equation and simplify. If an equivalent 


equation results, the graph of the equation is symmetric with respect to 
the x-axis. 


e y-Axis: Replace x by —x in the equation and simplify. If an equivalent 


equation results, the graph of the equation is symmetric with respect to 
the y-axis. 

Origin: Replace x by —x and y by —y in the equation and simplify. If an 
equivalent equation results, the graph of the equation is symmetric with 


respect to the origin. 


| EXAMPLES | Testing an Equation for Symmetry 


Test 4x? + 9y? = 36 for symmetry. 


x-Axis: 


y-Axis: 


Origin: 


To test for symmetry with respect to the x-axis, replace y by —y. 
Since 4x? + 9(—y)? = 36 is equivalent to 4x? + 9y? = 36,the graph of 
the equation is symmetric with respect to the x-axis. 
To test for symmetry with respect to the y-axis, replace x by —x. 
Since4(—x)? + 9y? = 36 is equivalent to 4x? + 9y? = 36,the graph of 
the equation is symmetric with respect to the y-axis. 


To test for symmetry with respect to the origin, replace x by —x and y 
by —y. Since 4(—x)? + 9(—y)? = 36 is equivalent to 4x? + 9y? = 36, 
the graph of the equation is symmetric with respect to the origin. _B 


| EXAMPLE 10 | Testing an Equation for Symmetry 


Solution 


Test y = 


x-Axis: 


y-Axis: 


Origin: 


x fof symmetry. 
x? +1 i 
To test for symmetry with respect to the x-axis, replace y by —y. 
X* _ is not equivalent to y = ЖЖ 
x? +1 x? +1' 


equation is not symmetric with respect to the x-axis. 


Since —y = the graph of the 


To test for symmetry with respect to the y-axis, replace x by —x. 
4(=х)2  . 4x2 4x? 
(=x) +1 x? +1 x2 41’ 

of the equation is symmetric with respect to the y-axis. 


Since y = is equivalent to y = the graph 


To test for symmetry with respect to the origin, replace x by —x and y by —y. 


4(—x) 
у= Replace x by —x and y by —y. 
(-x) +1 
4x? . : 
—у = S lify. 
yeu implify 
=. — ОИС ОЕ 
y ad ply y. 


Since the result is not equivalent to the original equation, the graph of 
2 


gd is not symmetric with respect to the origin. 


the equation y — 


тр жы) 
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| Seeing the Concept — 


D Figure 20 shows the graph 


Desmos. 


of 4х? + 9у? = 36 using of y = X using a TI-84 
х°+1 
Do you see the - 
Я Plus CE graphing calculator. Do 
symmetry with respect to | 
you see the symmetry with |—5 5 


the x-axis, the y-axis, and the 


origin? 


* i 
`[ Seeing the Concept 
E 
Figure 21 shows the graph 
4 2 


5 


respect to the y-axis? | 


=5 


Figure 20 4x? + 9y? = 36 Figure 21 y = 


4x? 
x?41 


\ Now Work PROBLEM 61 


5 Know How to Graph Key Equations 


The next three examples use intercepts, symmetry, and point plotting to obtain the 
graphs of key equations. It is important to know the graphs of these key equations 
because we use them later. The first of these is y = x?. 


Graphing the Equation y — x? by Finding Intercepts, Checking for 
Symmetry, and Plotting Points 


Graph the equation y — x? by plotting points. Find any intercepts and check for 
symmetry first. 


Solution First, find the intercepts. When x = 0,then y = 0;and when y = 0,thenx = 0.The 
origin (0, 0) is the only intercept. Now test for symmetry. 
x-Axis: Replace y by —y. Since —у = x?is not equivalent to у = x3, the graph is 
not symmetric with respect to the x-axis. 
y-Axis: Replace x by —x. Since y = (—x)? = —x3is not equivalent to y = x3, the 
graph is not symmetric with respect to the y-axis. 


Origin: Replace x by —x and y by —y. Since -y = (—x)? = —x3 is equivalent to 
(2, 8) y = x? (multiply both sides by —1), the graph is symmetric with respect 
to the origin. 


To graph y = x3, use the equation to obtain several points on the graph. Because 
of the symmetry, we need to locate only points on the graph for which x > 0. See 
Table 5. Since (1, 1) is on the graph, and the graph is symmetric with respect to 
the origin, the point (—1, —1) is also on the graph. Plot the points from Table 5 and 


Figure 22 y = x3 


Lr Hi {24% РЕЧИ use the symmetry. Figure 22 shows the graph. 
6 


Graphing the Equation x = у? 


(a) Graph the equation x = y?. Find any intercepts and check for symmetry first. 


b) Graph x = y*,y > 0. 
( р уу 
(сопііпиеа) 
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Solution (а) The lone intercept is (0, 0). The graph is symmetric with respect to the x-axis. 
(Do you see why? Replace y by — y.) Figure 23(a) shows the graph. 
(b) If we restrict y so that y > 0, the equation x = y?, y > 0, may be written 


equivalently as y = Vx. The portion of the graph of x = y? in quadrant I is 


therefore the graph of y = Vx. See Figure 23(b). 


(9, -3) 


Figure 23 (a) x = y? 


(0, 0 
p^ 


-2 - 5 


(b) y = Vx 


T 
= 
E 
R 
ә 
x 


-— 


f] COMMENT To see the graph ofthe equationx = y? оп а graphing utility, you will often need to graph 


Figure 24 two equations: Y, = Vx and Y, = —Vx. We discuss why in Chapter 1. See Figure 24. ш 


Graphing the Equation у = i 


Graph the equation y — i. First, find any intercepts and check for symmetry. 
x 


Solution ^ Check for intercepts first. If we let x = 0, we obtain 0 in the denominator, which 
Table 6 makes y undefined. We conclude that there is no y-intercept. If we let y — 0, we get 


25 
= ма Qi ES 
N 


|= о|ә мъ = 


10 


were utilized. 


Figure 25 y = i utility. 


х 
Next check for symmetry: 


x-Axis: Replacing y by —y yields—y = n. which is not equivalent to y = =. 
x х 


the equation ы 0, which has no solution. We conclude that there is no x-intercept. 
х 


The graph of у = l does not cross or touch the coordinate axes. 


1 


y-Axis: Replacing x by —x yields у = de —l which is not equivalentto y — L, 

x x 

Origin: Replacing x by —x and y by —y yields —y = 2 which is equivalent to 
x 


y= l The graph is symmetric with respect to the origin. 
х 


Now set up Table 6, listing several points on the graph. Because of the symmetry 
with respect to the origin, we use only positive values of x. From Table 6 we infer that 


if x is a large and positive number, then y = L is a positive number close to 0. We 
also infer that if x is a positive number close to 0, then y = 1 is a large and positive 
number. Armed with this information, we can graph the equation. 

Figure 25 illustrates some of these points and the graph of y = 1. Observe how 


the absence of intercepts and the existence of symmetry with respect to the origin 


8 


Е COMMENT Refer to Example 2 in Appendix B, Section В.З for the graph of y = 1 using a graphing 
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F.2 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. 


Solve the equation 2(x + 3) — 1 = —7. (pp. A66-A69) 


Concepts and Vocabulary 


3. 


The points, if any, at which a graph crosses or touches the 
coordinate axes are called 


. The x-intercepts of the graph of an equation are 


those x-values for which 


. If, for every point (x, y) on the graph of an equation, the 


point (—x, y) is also on the graph, then the graph is 
symmetric with respect to the 


. If the graph of an equation is symmetric with respect to 


the y-axis and —4 is an x-intercept of this graph, then is 
also an x-intercept. 


. If the graph of an equation is symmetric with respect to the 


origin and (3, —4) is a point on the graph, then is 
also a point on the graph. 


. True or False To find the y-intercepts of the graph of an 


equation,let x — 0 and solve for y. 


. True or False 'The y-coordinate of a point at which the graph 


crosses or touches the x-axis is an x-intercept. 


Skill Building 


In Problems 13-18, determine which of the given points are on the graph of the equation. 


М. 13. 


16. 


Equation: y = x4 — Vx 
Points: (0, 0);(1, 1);(2, 4) 
Equation: y? = x +1 
Points: (1, 2); (0, 1);(—1, 0) 


14. Equation: y = x? — 2Vx 
Points: (0, 0);(1, 1);(1, —1) 


17. Equation: x? + y? = 4 
Points: (0, 2);(—2, 2); (V2, 42) 


2. Solve the equation x? — 9 — 0. (pp. A70-A71) 


10. True or False If a graph is symmetric with respect to 


the x-axis, then it cannot be symmetric with respect to 
the y-axis. 


11. Multiple Choice Given that the intercepts of a graph 


are (—4, 0) and (0, 5), choose the statement that is true. 
(a) The y-intercept is —4, and the x-intercept is 5. 

(b) The y-intercepts are —4 and 5. 

(c) The x-intercepts are —4 and 5. 

(d) The x-intercept is —4, and the y-intercept is 5. 


12. Multiple Choice To test whether the graph of an equation 


is symmetric with respect to the origin, replace. — in 
the equation and simplify. If an equivalent equation results, 
then the graph is symmetric with respect to the origin. 


(a) x by x (b) y by —y 
(c) x by —x and y by —y (d) x by —y and y by —x 


15. Equation: y? = x? + 9 
Points: (0, 3);(3, 0);(—3, 0) 


18. Equation: x? + 4y? = 4 
Points: (0, 1); (2, ox(2. 5] 


In Problems 19-30, find the intercepts and graph each equation by plotting points. Be sure to label the intercepts. 


19. 
23. 
27. 


y=x+2 20. у= x-6 
у= х2 – 1 24. у = x? – 9 
2х + Зу = 6 28. 5х + 2y = 10 


21. у = 2x + 8 
25. у = —x? + 4 26. у = 
29. 9x? + 4у = 36 


22. у = Зх – 9 
—х? +1 
30. 4х2 +y = 4 


In Problems 31—40, plot each point. Then plot the point that is symmetric to it with respect to (a) the x-axis; (b) the y-axis; 
(c) the origin. 


31. 
36. 


(3, 4) 
(=1, =1) 


32. (5, 3) 


37. (—3, —4) 38. (4, 0) 


33. (—2, 1) 


34. (4, —2) 
39. (0, —3) 


35. (5, —2) 
40. (—3, 0) 


In Problems 41—52, the graph of an equation is given. (a) Find the intercepts. (b) Indicate whether the graph is symmetric with respect to 
the x-axis, the y-axis, the origin, or none of these. 


Na 


\\ 1. Now Work @ 1. Modeling 


Va 
3r- 


1. Writing 


qu 1. Graphing Tech 


Х Calculus Preview 


== 1. Applet-Based 
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45. YA 46. Yh 
3r 3r 
I l I р Lp dy 
-3 Ё 3x -3 3x 
-3- er 
^ d а B* s 
3 |. 3 m 8 4 
—3 i 3x —3 3x m2 2 = f | 
"PE xd -8 -4 


In Problems 53—56, draw a complete graph so that it has the type of symmetry indicated. 


53. y-axis yh 54. x-axis Y4 55. Origin yk 56. y-axis YA (0, 4) 
L 49, 
Р (5, 3) E (Z 2) - 
0, 2 5 00 TA F (2, 2) 
C40 t w Y Мт. 0) ab at 
5 В 5X x (0, 0) 
- £ 3 | sax 
-5L -4L -2r 
In Problems 57—72, list the intercepts and test for symmetry. 
57. у? = x -- 16 58. у2 =x +9 59. у = Vx 60. у = Ух 
Мов. х?+у-9=0 62. х2 -y-4=0 63. 25x? + 4y? = 100 64. 4х2 + у? = 4 
65. y = x? — 64 66. у = xt – 1 67. у = х? – 2х – 8 68. у = х? +4 
4х х2 – 4 —x3 xt +1 
69. y = ——— 70. y — 741. y = 72. y — 
У = 2 + 16 * 2x dim rm = 2x9 
In Problems 73—76, graph each equation. 
T3. у = x3 74. х = у? 75. у = Vx 76. y = } 
x 


77. If(a, 4) is a point on the graph of y = x? + 3x, what is a? 78. (а, —5) is a point on the graph of y = x? + бх, what is a? 


Mixed Practice In Problems 79-86, (a) find the intercepts of each equation, (b) test each equation for symmetry with respect to the x-axis, 
the y-axis, and the origin, and (c) graph each equation by hand by plotting points. Be sure to label the intercepts on the graph and use any 
symmetry to assist in drawing the graph. 


79. у = x? – 5 80. y = x? – 8 81. x — y? = —9 82. х + у? = 
83. x? + у? = 9 84. x? + y? = 16 85. у = x? — 4x 86. у = x? – x 


Applications and Extensions 


89. If the graph of an equation is symmetric with respect to 
the origin and —4 is an x-intercept of this graph, name 
another x-intercept. 


87. Given that the point (1, 2) is on the graph of an equation that 
is symmetric with respect to the origin, what other point is on 
the graph? 

90. If the graph of an equation is symmetric with respect 
to the x-axis and 2 is a y-intercept of this graph, name 
another y-intercept. 


88. If the graph of an equation is symmetric with respect to 
the y-axis and 6 is an x-intercept of this graph, name 
another x-intercept. 
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91. 


92. 


93. 
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Shot-put Throw The graph below shows the height y, in feet, 
of a shot (metal ball) thrown by a shot-putter after it has 
traveled x feet horizontally. 


(23.2, 34.1) 


Vertical Height (ft) 


(48.7, ON : 


0 5 10 15 20 25 30 35 40 45 50 55 x 
Horizontal Distance (ft) 


(a) What is the height of the shot after it has traveled 10 feet 
horizontally? 

(b) How far has the shot traveled when its height is at a 
maximum? What is the maximum height? 

(c) Identify and interpret the intercepts. 


Discus Throw The graph below shows the height h, in meters, 
of a discus t seconds after it is thrown. 


AB 
© 
T 


(12, 36) 


Time (Seconds) 


(a) What is the height of the discus after 6 seconds? 

(b) When does the discus reach its maximum height? What 
is the maximum height? 

(c) Identify and interpret the intercepts. 


Movie Membership A movie theater offers a monthly 
membership for avid movie lovers. The graph below shows 
the relation between the monthly cost C and the number of 
movies seen т. 


"E NM ETE 288.95), 


(25, 182.45) /° 


Monthly Cost ($) 
a 
e 
T 


0. 19:05) iecit 
А 5) - (12, 19.95): : 

0 | | | | | | mm 
0 5 10 15 20 25 30 35 m 
Number of Movies Seen 


(a) What is the cost of watching 5 movies in a month? 
10 movies? 

(b) Whatis the cost of watching 25 movies in a month? 

(c) Identify and interpret the intercept. 


94. Bicycle Motion Caleb rides home from his friend's house 


on his bicycle. The graph below shows his distance d from his 
house after m minutes. 


(10, 1.5) 


0 | 1 | 
0 5 10 15 20 25 30 т 
Time (minutes) 


(a) How far was Caleb from home after 10 minutes? 
(b) How far was Caleb from home after 20 minutes? 
(c) Identify and interpret the intercepts. 


95. Microphones In studios and on stages, cardioid microphones 


are often preferred for the richness they add to voices and for 
their ability to reduce the level of sound from the sides and 
rear of the microphone. Suppose one such cardioid pattern 
is given by the equation (x? + y? — x)? = x? + у2. 


Credit: Stockyimages/123RF.com 


(a) Find the intercepts of the graph of the equation. 
(b) Test for symmetry with respect to the x-axis, the y-axis, 
and the origin. 


Source: www.notaviva.com 


96. Solar Energy The solar electric generating systems at 


Kramer Junction, California, use parabolic troughs to heat 
a heat-transfer fluid to a high temperature. This fluid is used 
to generate steam that drives a power conversion system to 
produce electricity. For troughs 7.5 feet wide, an equation for 
the cross section is16y? — 120x — 225. 


— Lm 


Credit: U.S. Department of Energy 


(a) Find the intercepts of the graph of the equation. 
(b) Test for symmetry with respect to the x-axis, the y-axis, 
and the origin. 


Source: U.S. Department of Energy 


97. Challenge Problem Lemniscate For a nonzero constant a, find 


the intercepts of the graph of (x? + y? y = а2(х2 — y?). 
Then test for symmetry with respect to the x-axis, the y-axis, 
and the origin. 


Explaining Concepts: Discussion and Writing 


100. 
101. 


102. 


m 99, 


(a) Graph у = Vx?,y = x,y = |х|, and y = (Vx), 
noting which graphs are the same. 

(b) Explain why the graphs of y = Vx? and y = |х| are the 
same. 


(c) Explain why the graphs of y = xand y = (Vx y are not 
the same. 

(d) Explain why the graphs of y = Vx? and y = xare not 
the same. 


Explain what is meant by a complete graph. 


Draw a graph of an equation that contains two x-intercepts; 
at one the graph crosses the x-axis, and at the other the graph 
touches the x-axis. 

Make up an equation with the intercepts (2, 0), (4, 0), and 
(0, 1). Compare your equation with those of other students. 
Comment on any similarities. 


‘Are You Prepared?’ Answers 


98. 


103. 


104. 


105. 
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Challenge Problem Limacon For nonzero constants a and b, 
find the intercepts of the graph of 

(x? + y? — ах)? = P? (x? + у?) 
Then test for symmetry with respect to the x-axis, the y-axis, 
and the origin. 


Draw a graph that contains the points 

(—2, —1), (0,1), (1, 3), and (3, 5) 
Compare your graph with those of other students. Are most 
of the graphs almost straight lines? How many are “curved”? 


Discuss the various ways in which these points might be 
connected. 


An equation is being tested for symmetry with respect to 
the x-axis, the y-axis, and the origin. Explain why, if two of 
these symmetries are present, the remaining one must also 
be present. 


Draw a graph that contains the points (—2, 5), (—1, 3), and 
(0, 2) and is symmetric with respect to the y-axis. Compare 
your graph with those of other students. Comment on any 
similarities. Can a graph contain these points and be symmetric 
with respect to the x-axis? The origin? Why or why not? 


Calculate and Interpret the Slope of a Line (p. 21) 

Graph Lines Given a Point and the Slope (p. 24) 

Find the Equation of a Vertical Line (p. 25) 

Use the Point-Slope Form of a Line; Identify Horizontal Lines (p. 25) 
Use the Slope-Intercept Form of a Line (p. 26) 

Find an Equation of a Line Given Two Points (p. 28) 

Graph Lines Written in General Form Using Intercepts (p. 28) 

Find Equations of Parallel Lines (p. 29) 

Find Equations of Perpendicular Lines (p. 30) 


In this section we study a certain type of equation that contains two variables, called 
a linear equation, and its graph, a line. 


1 Calculate and Interpret the Slope of a Line 


Consider the staircase illustrated in Figure 26. Each step contains exactly the same 


horizontal run and the same vertical rise. The ratio of the rise to the run, called the 


1. (-6; 2. {—3,3} 
OBJECTIVES 1 
2 
3 
4 
5 
6 
7 
8 
9 
Line 
} Rise 
Rn 
Figure 26 


slope, is a numerical measure of the steepness of the staircase. For example, if the 
run is increased and the rise remains the same, the staircase becomes less steep. If 
the run is kept the same but the rise is increased, the staircase becomes more steep. 
This important characteristic of a line is best defined using rectangular coordinates. 
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In Words 
The symbol A is the Greek uppercase 
letter delta. In mathematics, A is 


y 


read "change in,” so N is read 


5 
"change in y divided by 
change in x.” 


DEFINITION Slope 


Let Р = (xip yi and QO = (x5, Yz) be two distinct points: If x; = х„, the 
slope m of the nonvertical line L containing P and Q is defined by the formula 


Ifx, = x,, then L is a vertical line and the slope m of L is undefined (since this 
results in division by 0). 


Figure 27(a) illustrates the slope of a nonvertical line; Figure 27(b) illustrates a 
vertical line. 


YA УА L 


hr P=(X,,Y;) 


xY 


(a) Slope of Lis m= oe X 7 X, 


(b) Slope is undefined; / is vertical 
Figure 27 


As Figure 27(a) illustrates, the slope m of a nonvertical line may be viewed as 
Changeiny _ Ay 
Changeinx Ах 


= Rise — 
Y2 = Yi — Oras wea 22 21 = 
X3 X, Run Ж» — Жү 


т = 


That is, the slope m of а nonvertical line measures the amount у changes when x 
. Ay. 
changes from x, to x,. The expression A- is called the average rate of change of y 
x 
with respect to x. 
Two comments about computing the slope of a nonvertical line may prove 
helpful: 


e Any two distinct points on the line can be used to compute the slope of the line. 
(See Figure 28 for justification.) Since any two distinct points can be used to 
compute the slope of a line, the average rate of change of a line is always the same 
number. 


Figure 28 

Triangles ABC and PQR are 

similar (equal angles), so ratios of 
corresponding sides are proportional. 
Then the slope using P and Qis 


Уг = У _ (В, С) 
X,—X4 (А, C) 


which is the slope using A and B. 


e The slope of a line may be computed from P = (ху, y,) to О = (х,, y,) or 
from Q to P because 


_ Уу Уа 
X4 — X3 
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| €XAMPLE1 | Finding and Interpreting the Slope of a Line Given Two Points 


The slope т of the line containing the points (1, 2) and (5, —3) may be computed as 


т 23-2025 8 ax m-2-C3.5 ..5 
"^B—-1 4 4 UT TYeS3 ^4 4 


For every 4-unit change in x, y will change by —5 units. That is, if x increases 
by 4 units, then y will decrease by 5 units. The average rate of change of y with 


respect to x is E 
4 -5 


\ Now Work PROBLEMS 13 AND 19 


| EXAMPLE2 | Finding the Slopes of Various Lines Containing the Same Point (2, 3) 


Solution 


5 
1" 3 m, undefined 


Figure 29 


Ys = 6x t 


— V= 


Figure 30 


Y; = 2x Y, =x 
NORMAL FLOAT AUTO REAL; RADIAA МР ñ 
2 Ys = ix 


ty 


4 


Compute the slopes of the lines L,, L}, L}, and L, containing the following pairs of 
points. Graph all four lines on the same set of coordinate axes. 

Ly: P = (2,3) О, = (-1, -2) 

La Р = (2,3). Oy = (3, —1) 

ba Р = (23у - О = G, 3) 

Ly: P = (2,3) Q, = (2,5) 


Let m,, т,, m4, and m, denote the slopes of the lines L,, L,, L}, and L,, respectively. 
Then 


m = 2223 = 23 = 3 A rise of 5 divided by а run of 3 
-1-3 —4 

т = зэ т^ 4 
3-3 0 


m = ———— = — Z= 
> 5-2 3 
m, is undefined because x, = x, = 2. 


The graphs of these lines are in Figure 29. E 


Figure 29 illustrates the following facts: 


* When the slope of a line is positive, the line slants upward from left to 
right ( L4 ). 


* When the slope of a line is negative, the line slants downward from left to 
right Л}, 


e When the slope of a line is 0, the line is horizontal ( L4 ). 
* When the slope of a line is undefined, the line is vertical ( L, ). 


| Seeing the Concept 


On the same screen, graph the following equations: 
Y-0 Slope of line is 0. 
Y, = —x Slope of line is 1. 
ү а 

з = =x  Slopeofline is z 


Y, =X Slope of line is 1. 
Y; = 2x Slope of line is 2. 
Ys = 6x Slope of line is 6. 


See Figure 30. | 
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| Seeing the Concept 


Ye = —6x Е On the same screen, graph the following equations: 
Y= —X 
| Ү, =0 Slope of line is 0. 
Ys —— 2X 
Y, = -ix Slope of line is E 


Ee -ix Slope of line is L 


Y, = —x Slope of line is —1. 
Y; = —2x Slope of line is —2. 


Ys = —6x Slope of line is —6. 


Figure 31 See Figure 31. | 


Figures 30 and 31 illustrate that the closer the line is to the vertical position, the 
greater the magnitude of the slope. 


2 Graph Lines Given a Point and the Slope 


Graphing a Line Given a Point and a Slope 


Draw a graph of the line that contains the point (3, 2) and has a slope of: 
3 4 
2 b) -2 

(a) 3 (b) -$ 


Rise 
Run 
of 4 units to the right, there is a vertical change (rise) of 3 units. Start at 
the point (3, 2) and move 4 units to the right and 3 units up, arriving at the 
point (7, 5). Drawing the line through the points ( 7, 5) and (3, 2) gives the graph. 
See Figure 32. 


Solution (а) Slope = 


. The slope 2 means that for every horizontal change (run) 


(b 


wa 


A slope of 
4  —4 _ Rise 


Е 5 5 Run 
means that for every horizontal change of 5 units to the right, there is a 
corresponding vertical change of —4 units (a downward movement). Start at the 
Figure 32 point (3, 2) and move 5 units to the right and then 4 units down, arriving at the 
point (8, —2). Drawing the line through these points gives the graph. See Figure 33. 
Alternatively, consider that 


4 4 _ Rise 


5 —5 Кип 


so for every horizontal change of —5 units (a movement to the left), there is a 
corresponding vertical change of 4 units (upward). This approach leads to the 
point (—2, 6), which is also on the graph of the line in Figure 33. 


Figure 33 E 
\ Now Work PROBLEM 25 
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3 Find the Equation of a Vertical Line 


| EXAMPLE 4 | Graphing a Line 


Graph the equation: x = 3 


Solution To graph x = 3, we find all points (х, y) in the plane for which x = 3. No 
matter what y-coordinate is used, the corresponding x-coordinate always equals 3. 
Consequently, the graph of the equation x = 3 is a vertical line with x-intercept 3 
and an undefined slope. See Figure 34. 


Figure 34 х = 3 B 


Example 4 suggests the following result: 


THEOREM Equation of a Vertical Line 


A vertical line is given by an equation of the form 


є 
| 
a 


where a is the x-intercept. 


жер кы) 


D COMMENT To graph an equation using most graphing utilities, we need to express the equation 
in the form у = {expression in x }. But x = 3 cannot be put in this form. To overcome this, most 
graphing utilities have special commands for drawing vertical lines. DRAW, LINE, PLOT, and VERT are 
among the more common ones. Consult your manual to determine the correct methodology for your 
graphing utility. и 


4 Use the Point-Slope Form of a Line; Identify Horizontal Lines 


Let L be a nonvertical line with slope m that contains the point (x4, у). See 
Figure 35. For any other point ( x, y) on L, we have 
m= 139 or у-у = m(x — x) 
х— X 


Figure 35 THEOREM Point-Slope Form of an Equation of a Line 


An equation of a nonvertical line with slope т that contains the point (x,, y, ) is 


y — yı = т(х—х,) (2) 
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| EXAMPLE 5 | Finding the Point-Slope Form of an Equation of a Line 


Find the point-slope form of an equation of the line with slope 4, containing the 


(2, 6) point (1, 2). 


Rise = 4 Solution An equation of the line with slope 4 that contains the point (1, 2) can be found by 
using the point-slope form with m = 4, x, = l,andy, = 2. 


= 

N 
os 
rr 


"oT у= у, = т(х— ху) 
5 x y-2 = 4(х – 1) m = 4, ху Ly 2 


See Figure 36 for the graph. 


Figure 36 y — 2 = 4(x – 1) \ Now Work PRoBLEM 33 


| EXAMPLES | Finding the Equation of a Horizontal Line 


Find an equation of the horizontal line containing the point (3, 2). 


Solution ^ Because all the y-values are equal on a horizontal line, the slope of a horizontal line 
is 0. To get an equation, use the point-slope form with m = 0, x, = 3, and y, = 2. 


у-у = т(х— x) 


у-2 = 0:(х- 3) m=0,x, =3,y, = 2 
у= 2 = 0 
у= 2 


Figure 37 у = 2 See Figure 37 for the graph. 


Example 6 suggests the following result: 


THEOREM Equation of a Horizontal Line 


A horizontal line is given by an equation of the form 
yh 


where b is the y-intercept. 


5 Use the Slope-Intercept Form of a Line 


Another useful equation of a line is obtained when the slope m and y-intercept b are 
known. Then the point (0, Б) is on the line. Using the point-slope form, equation (2), 
we obtain 


y-b-—m(x—-0) or y=mx+b 


THEOREM Slope-Intercept Form of an Equation of a Line 


An equation of a line with slope m and y-intercept b is 


y=mx+b (3) 


For example, if a line has slope 5 and y-intercept 2, we can write the equation in 
slope-intercept form as 
y=5x+2 
oo! 
slope y-intercept 
\ Now Work PRoBLEMS 53 AND 59 (express answers 
in slope-intercept form) 


=) 
rj 
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Seeing the Concept 


To see the role that the slope m plays, graph the following lines on the 


same screen. 
Nc me 
Y=x+e2 m=1 
Y; =-xX+2 m = —1 
Y, = 3x+2 m=3 
Ys 3x42 m--3 


To see the role of the y-intercept b, graph the following lines on the same 


screen. 


Y = 2x 

Ү = 2х +1 
Y = 2х – 1 
Y, = 2x +4 
Y; = 2x – 4 


© oS Б 


Figure 39 displays the graphs using Desmos. What do you conclude about 
lines of the form y = 2x + b? 


Figure 38 displays the graphs using Desmos. What do you conclude about 
lines of the form y = mx + 2? 


d х а © x — © 
@ у=? @ у= 2х 

-10 - : 
i @ у=?х+1 
@ у=х+2 ; 
у @ y=2-1 
@ у= -х+2 { 
à Q у=2х+4 
@ y=3r+2 i 
i Q y=%-4 
Q у=-—3х+2 i 
^ desmos - desmos 


Figure 38 у = тх + 2 Figure 39 у = 2х + Б 


When the equation of a line is written in slope-intercept form, it is easy to find 
the slope m and y-intercept b of the line. For example, suppose that the equation of 


a line is 
y= -2x4+7 
Compare this equation to у = mx + b. 
y= -2x4+7 
a | 
y=mx+t+b 


The slope of this line is —2 and its y-intercept is 7. 


\ Now Work PROBLEM 79 


| EXAMPLE 7 | Finding the Slope and y-Intercept of a Line 


Find the slope m and y-intercept b of the equation2x + 4y = 8. Graph the equation. 


Solution То find the slope and y-intercept, write the equation in slope-intercept form by 
solving for y. 
2x+4y = 8 
4y = —2x + 8 
y= -5x +2 у = тх + Б 


The coefficient of х, - is the slope, and the constant, 2, is the y-intercept. To graph 


the line with y-intercept 2 and with slope - start at the point (0, 2) and move to 


1 the right 2 units and then down 1 unit to the point (2, 1). Draw the line through these 


Figure 40 y = -5x +2 points. See Figure 40. -» 


\ Now Work PRoBLEM 85 
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6 Find the Equation of a Line Given Two Points 


| EXAMPLE 8 | PLE 8 Finding an Equation of a Line Given Two Points 


Solution 


Figure 41 y = E + H 


Find an equation of the line containing the points (2, 3) and (—4, 5). Graph the line. 


First compute the slope of the line. 


m= Js oh dt "M 2 1 
-4-2 —6 3 Kg = hy 
Use the point (2, 3) and the slope т = EE to get the point-slope form of the 
equation of the line. 
1 
у-3 = 36% 2) y- y, = m(x — xi) 
Continue to get the slope-intercept form. 
1 2 
3 + 
А EC 
y= -ixr = тх +b 
See Figure 41 for the graph. J 


In the solution to Example 8, we could have used the other point, (—4, 5), instead 
of the point (2, 3). The equation that results, when written in slope-intercept form, is 
the equation that we obtained in the example. (Try it for yourself.) 


\ Now Work PROBLEM 45 


7 Graph Lines Written in General Form Using Intercepts 


DEFINITION General Form of an Equation of a Line 


The equation of a line is in general form* when it is written as 
Ax py = C (4) 


where A, B, and C are real numbers and A and B are not both 0. 


If B = 0 in equation (4), then A = 0 and the graph of the equation is a vertical 
line:x = & 
A 


If B = 0 in equation (4), then we can solve the equation for y and write the 
equation in slope-intercept form as we did in Example 7. 

One way to graph a line given in general form is to find its intercepts. Remember, 
the intercepts of the graph of an equation are the points where the graph crosses or 
touches a coordinate axis. 


| EXAMPLES | Graphing an Equation in General Form Using Its Intercepts 


Solution 


Graph the equation 2x + 4y = 8 by finding its intercepts. 


To obtain the x-intercept, let у = 0 in the equation and solve for x. 


2x+4y=8 
2x+4-0=8 Lety=0. 
2x = 8 


x = 4 Divide both sides by 2. 


The x-intercept is 4, and the point (4, 0) is on the graph of the equation. 


(continued) 
*Some texts use the term standard form. 
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To obtain the y-intercept, let x = 0 in the equation and solve for y. 


2x+4y=8 
2-0+4y=8 Letx = 0. 
4y = 8 


у = 2 Divide both sides by 4. 


The y-intercept is 2, and the point (0, 2) is on the graph of the equation. 
Plot the points (4, 0) and (0, 2) and draw the line through the points. See 
Figure 42 2x + 4y = 8 Figure 42. E 


\ Now Work PROBLEM 99 


The equation of every line can be written in general form. For example, a vertical 
line whose equation is 


can be written in the general form 


1-x+0-y ü А = 1.8 = (Сс Ha 


A horizontal line whose equation is 


can be written in the general form 


O-x+1-y=b A=0,B=1,C=b 


Lines that are neither vertical nor horizontal have general equations of the form 
Ах + By=C Az0and B = 0 


Because the equation of every line can be written in general form, any equation 
equivalent to equation (4) is called a linear equation. 


8 Find Equations of Parallel Lines 


When two lines (in a plane) do not intersect (that is, they have no points in common), 
they are parallel. Look at Figure 43. We have drawn two parallel lines and have 
constructed two right triangles by drawing sides parallel to the coordinate axes. 
The right triangles are similar. (Do you see why? Two angles are equal.) Because the 
triangles are similar, the ratios of corresponding sides are equal. 


THEOREM Criteria for Parallel Lines 


Two nonvertical lines are parallel if and only if their slopes are equal and they 


Figure кы have different y-intercepts. 


The use of the phrase “if and only if” in the preceding theorem means that 
actually two statements are being made, one the converse of the other. 


e If two nonvertical lines are parallel, then their slopes are equal and they have 
different y-intercepts. 

e If two nonvertical lines have equal slopes and they have different y-intercepts, 
then they are parallel. 


Showing That Two Lines Are Parallel 
Show that the lines given by the following equations are parallel. 


I4: 2х + Зу = 6 Lj; 4x+ бу = 0 
(continued) 
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Solution То determine whether these lines have equal slopes and different y-intercepts, write 
each equation in slope-intercept form. 


Li: 2x+ 3y = 6 L;: 4х + бу = 0 
Зу = -2x + 6 бу = —4x 
2 2 
= —— 2 = = 
y a + y а^ 
2. : 2. | 
Slope = E. y-intercept = 2 Slope = EET y-intercept = 0 
Because these lines have the same slope, -$ but different y-intercepts, the lines are 
Figure 44 Parallel lines parallel. See Figure 44. E 


| EXAMPLE 11 | Finding a Line That Is Parallel to a Given Line 


Find an equation for the line that contains the point (2, —3) and is parallel to the 
line2x + y = 6. 


Solution Since the two lines are to be parallel, the slope of the line containing the point (2, —3) 
equals the slope of the line 2x + y = 6. Begin by writing the equation of the 
line 2x + у = 6 in slope-intercept form. 
2х+у= 6 
у= 2х + 6 

The slope is —2. Since the line containing the point (2, —3) also has slope —2, 

use the point-slope form to obtain its equation. 
у= yı = m(x — ху) Point-slope form 
y-(-3)2-2(x-2) m 2,xX, = 2, yı 3 


iii y +3 = –2х + 4 Simplify. 
Б: у= 2х +1 Slope-intercept form 
2x+y=1 General form 
This line is parallel to the line 2x + y = 6 and contains the point (2, —3). See 
Figure 45. B 
Figure 45 


\ Now Work PROBLEM 67 


9 Find Equations of Perpendicular Lines 


y When two lines intersect at a right angle (90°), they are perpendicular. See Figure 46. 
The following result gives a condition, in terms of their slopes, for two lines to 
be perpendicular. 


Е THEOREM Criterion for Perpendicular Lines 


Two nonvertical lines are perpendicular if and only if the product of their 


Figure 46 Perpendicular lines : 
slopes is —1. 


Here we prove the “only if” part of the statement: 


If two nonvertical lines are perpendicular, then the product of their slopes 
is —1. 
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YA Proof Let m, and m, denote the slopes of the two lines. There is no loss in generality 

(that is, neither the angle nor the slopes are affected) if we situate the lines so that 

Slope m, they meet at the origin. See Figure 47. The point A = (1, т, ) is on the line having 

slope m,, and the point В = (1, m, ) is on the line having slope m,. (Do you see why 
this must be true?) 

Suppose that the lines are perpendicular. Then triangle OAB is a right triangle. 


| Я 
е nahen As a result of the Pythagorean Theorem, it follows that 
x [d(O, A)? + [d(O, B)? = [d(A, В)Р (5) 
Rise = m, 


Using the distance formula, the squares of these distances are 


[d(O, А)] = (1-0)? + (m, – 0)? = 1+ m2 
[d(O, B =(1- 0)? + (m, – 0)? = 1+ m 
[d(A, B) = (1-1)? + (m, - m) = mj - 2mm; + mj 


Figure 47 


Using these facts in equation (5), we get 
(1+ m$) + (1+ т?) = m? — 2m,m, + mi 
which, upon simplification, can be written as 
mm, = —1 


If the lines are perpendicular, the product of their slopes is —1. п 


In Problem 138, you are asked to prove the “if” part of the theorem: 


If two nonvertical lines have slopes whose product is —1, then the lines are 
perpendicular. 


You may find it easier to remember the condition for two nonvertical lines to be 
perpendicular by observing that the equality тут, = —1means that m, and т, are 
negative reciprocals of each other; that is, 


| EXAMPLE 12 | Finding the Slope of a Line Perpendicular to Another Line 


If a line has slope > any line having slope -i is perpendicular to it. d 


| EXAMPLE 13 | Finding an Equation of a Line Perpendicular to a Given Line 


Find an equation of the line that contains the point (1, —2) and is perpendicular to 
the line x + 3y = 6. Graph the two lines. 


Solution First write the equation of the line x + Зу = 6 inslope-intercept form to find its slope. 


x+3y=6 
3y = -x +6 Proceed to solve for y. 


-ix + 2 Place іп the form y = mx + b. 


y 


(continued) 
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The slope of the line x + 3y = 6is E Any line perpendicular to this line has slope 3. 
Because the point (1, —2) is on the line with slope 3, use the point-slope form of the 
equation of a line. 
у= уу = m(x — xı) Роіпі-51оре form 
у= (-2) = 3(х – 1) n = 3,3; 13 2 
y+2 = 3(х – 1) 


To obtain other forms of the equation, proceed as follows: 


y+2 = 3x —3 Simplify. 


y 
3x-y=5 General form 


Зх — 5  Slope-intercept form 


Figure 48 Figure 48 shows the graphs. B 


\ Now Work PROBLEM 73 


D /N CAUTION Be sure to use a square screen when you use a graphing utility to graph perpendicular 
lines. Otherwise, the angle between the two lines will appear distorted. A discussion of square screens 
is given in Section B.5 of Appendix B. и 


Е.З Assess Your Understanding 


Concepts and Vocabulary 


== 1. Interactive Figure Exercise Exploring Slope Open the 5. True or False The slope of the line2y = 3x + 5153. 
“Slope” interactive figure, which is available in the Video 6. True or False The point (1, 2)is on the line2x + y = 4. 
& Resource Library of MyLab Math (under Interactive | . | 
Figures) or at bit.ly/3raFUGB. 7. Two nonvertical lines have slopes m, апа m,, respectively. 
» " : The lines are parallel if and the 
(a) Be sure the Show Slope box is not checked. Grab are unequal; the lines are perpendicular if 
point B and move it to the point with coordinates (3, 5). Se ne a 
What is the value of the “Rise”? What is the value of the 8. The lines y = 2x + 3 and y = ax + 5 are parallel if 
“Кип”? Select the “Show Slope” box. What is the value а == 
of the slope? 9. The lines у = 2x — 1 and y = ax + 2 are perpendicular if 
(b) Grab point B and move it to the point with coordinates а = 
(4, —3). What is the value of the slope? 10. Multiple ‹ Choice Choose the formula for finding the 
(c) Whatis the value of the slope if the line is horizontal? slope 7 of a nonvertical line that contains the two distinct 


(d) Multiple Choice Which of the following lines have a 


points (ху, y, ) and (x3, у»). 
slope that is negative? Select all that apply. pa = 


(i) The line through (1, 3) and (4, 4) (a) m У» — 2 ‚д у b) m= 2 - Xx; My EX 
(ii) The line through (1, 3) and (4, 2) MI 1 27M 
(iii) The line through (1, 3) and (1, 6) (су эп = х — Xi, ran Wms J= у хе 
(iv) The line through (1, 3) and (—1, 5) yo > Yi X5 — Х| 
(v) The line through (1, 3) and (—1, 0) 11. Multiple Choice Choose the correct statement about the 


(e) Multiple Choice 1f the value of the *run" is positive graph of the line y — —3. 
and remains unchanged, then as the value of the “rise” 
decreases, the slope of the line 
(i) increases (ii) decreases 
(iii) remains unchanged (іу) cannot be determined 


(a) The graph is vertical with x-intercept —3. 
(b) The graph is horizontal with y-intercept —3. 
(c) The graph is vertical with y-intercept —3. 
(d) The graph is horizontal with x-intercept —3. 
2. The slope of a vertical line is ; the slope of a 


horizontal line is 12. Multiple Choice Choose the point-slope equation of 


ao a nonvertical line with slope m that passes through the 
3. For the line 2x + 3y = 6, the x-intercept is and the point (x,, у). 
ае | 5 | (a) y+ y, = mx + x, (b у-у = mx — x, 
4. True or False The equation 3x + 4y = 6 is written in (с) yty, =m(x+x,) (dy-y, = т(х—х\) 
general form. 


AL. Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Skill Building 
In Problems 13-16, (a) find the slope of the line and (b) interpret the slope. 
\ 13. 14. 15. 16. 
A " en 
(72, 1) 2,3) а (1, 1) (-1, 1) - 
(0,0) — La сү үг: qd d.d 
-2 0N * IM EIS -2 d 2* 


In Problems 17—24, plot each pair of points and determine the slope of the line containing the points. Graph the line. 
17. (2, 3); (4, 0) 18. (4, 2); (3, 4) \ 19. (—2, 3); (2, 1) 20. (—1, 1); (2, 3) 
21. (—3, —1); (2, -1) 22. (4,2); (—5, 2) 23. (—1, 2); (-1, -2) 24. (2,05; (2, 2) 
In Problems 25—32, graph the line that contains the point P and has slope m. 


x de Р =(1,2));т =3 26. Р =(2,1);т = 4 27. Р = (2,4); т = -3 28. P = (1,3); m = —Ž 


5 


29. P = (-1,3);m = 0 30. Р = (2, —4); т = 0 31. P = (0, 3); slope undefined 32. P = (—2, 0);slope undefined 


In Problems 33-38, a point оп а line and its slope are given. Find the point-slope form of the equation of the line. 


N 33. P = (1.2m = 3 34. Р =(2,1);т а 35. Р = (2,4);m = -2 
36. Р = (1,3); т = -2 a Р =(—1,3);т = 0 38. P =(2,—4);т = 0 


In Problems 39—44, the slope and a point оп a line are given. Use this information to locate three additional points on the line. Answers may 
vary. [Hint: /t is not necessary to find the equation of the line. See Example 2.] 


39. Slope 4; point (1, 2) 40. Slope 2; point (—2, 3) 41. Slope -3; point (2, —4) 


42. Slope 3: point (—3, 2) 43. Slope —2; point (—2, —3) 44. Slope —1; point (4, 1) 


In Problems 45—52, find an equation of the line L. 


N 45. 


Va 46. УА 
2r (2,1) t C2,1) 2} 
В (0, 0) 
-2 2 X 
-1F L 


3 x 
у= -х 
Lis parallel to y = —x 


y=2x 
L is perpendicular 
toy=2x 


Lis parallel to у= 2x Lis perpendicular 


to y = -xX 
In Problems 53—78, find an equation for the line with the given properties. Express your answer using either the general form or the 
slope-intercept form of the equation of a line, whichever you prefer. 


53. Slope = 3; containing the point (—2, 3) 54. Slope = 2; containing the point (4, —3) 
55. Slope = x containing the point (3, 1) 56. Slope = -2; containing the point (1, —1) 
57. Containing the points (1, 3) and (—1, 2) 58. Containing the points ( —3, 4) and (2, 5) 
N 59. Slope = —3; y-intercept = 3 60. Slope = —2; y-intercept = —2 
61. x-intercept = —4; y-intercept = 4 62. x-intercept = 2; y-intercept = —1 
63. Slope undefined; containing the point (2, 4) 64. Slope undefined; containing the point (3, 8) 
65. Horizontal; containing the point (—3, 2) 66. Vertical; containing the point (4, —5) 
\ 67. Parallel to the line у = 2x; containing the point (—1, 2) 68. Parallel to the line y = —3x; containing the point (—1, 2) 
69. Parallel to the line x — 2y — —5; containing the point (0, 0) 70. Parallel to the line2x — y — —2; containing the point (0, 0) 


71. 


Parallel to the line x — 5; containing the point (4, 2) 


72. 


Parallel to the line y = 5; containing the point(4, 2) 
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N73. 


75. 


77. 


CHAPTER F Foundations: A Prelude to Functions 


Perpendicular to the line y = zx + 4; containing the 
point (1, —2) 


Perpendicular to the line x — 2y — —5; containing the 
point (0, 4) 


Perpendicular to the line x — 8; containing the point (3, 4) 


74. 


76. 


78 


b 


Perpendicular to the line y — 2x — 3; containing the 
point (1, —2) 


Perpendicular to the line 2x + y = 2; containing the 
point ( —3, 0) 


Perpendicular to the line y — 8; containing the point (3, 4) 


In Problems 79—98, find the slope and y-intercept of each line. Graph the line. 


N 79. y = 2x 3 80. у = —3x +4 81. Sy =x-1 82. arty =2 83. y = 5x42 
84. у = 2x + i N85. 24 2y =4 86. x + Зу = 6 87. 2х —3y = 6 88. 3x + 2y = 6 
89. х+у = 1 90. x – у = 91. x = —4 92. y = –1 93. y = 5 
94. х = 95. у- х= 0 96. х + у = 0 97. 2у – 3x = 0 98. Зх + 2у = 0 
In Problems 99-108, (a) find the intercepts of the graph of each equation and (b) graph the equation. 
N 99, 2x + Зу = 6 100. 3x — 2y = 6 101. —4x + 5y = 40 102. 6x — 4y = 24 103. 7x + 2y = 21 
104. 5х + Зу = 18 105. Ix " D =1 106. x — 25 = 4 107. 0.2х — 0.5у = 1 108. —0.3x + 0.4y = 1.2 
109. Find the equation of the x-axis. 110. Find the equation of the y-axis. 


In Problems 111-114, the equations of two lines are given. Determine whether the lines are parallel, perpendicular, or neither. 


111. 


115. 


2х—3 is 
2 


2x +4 


y= 112. y 


y= у = —2х +4 


116. 


113. 


117. 


у= 4х + 5 14. у = -2x + 3 
у= 4х + 2 у= -5х+2 


In Problems 115-118, write an equation of each line. Express your answer using either the general form or the slope-intercept form of the 
= equation of a line, whichever you prefer. 


118. 


Applications and Extensions 


119. 


120. 


121. 


122. 


124. 


Geometry Use slopes to show that the triangle whose 
vertices are (—2, 5), (1, 3), and (—1, 0) is a right triangle. 
Geometry Use slopes to show that the quadrilateral whose 
vertices are(1, —1),(4, 1),(2, 2),and(5, 4)isa parallelogram. 
Geometry Use slopes to show that the quadrilateral whose 
vertices are ( — 1, 0), (2, 3), (1, —2), and (4, 1)15 a rectangle. 
Geometry Use slopes and the distance formula to show 
that the quadrilateral whose vertices are (0, 0), (1, 3),(4, 2), 
and (3, —1) is a square. 

Truck Rentals A truck rental company rents a moving 
truck for one day by charging $39 plus $0.60 per mile. 
Write a linear equation that relates the cost C, in dollars, of 
renting the truck to the number x of miles driven. What is 
the cost of renting the truck if the truck is driven 110 miles? 
230 miles? 


Cost Equation The fixed costs of operating a business are 
the costs incurred regardless of the level of production. 
Fixed costs include rent, fixed salaries, and costs of leasing 
machinery. The variable costs of operating a business are 


125. 


126. 


the costs that change with the level of output. Variable costs 
include raw materials, hourly wages, and electricity. Suppose 
that a manufacturer of jeans has fixed daily costs of $1200 
and variable costs of $20 for each pair of jeans manufactured. 
Write a linear equation that relates the daily cost C, in 
dollars, of manufacturing the jeans to the number x of jeans 
manufactured. What is the cost of manufacturing 400 pairs 
of jeans? 740 pairs? 

Cost of Driving a Car The annual fixed costs of owning a 
small sedan are $4880, assuming the car is completely paid 
for. The cost to drive the car is approximately $0.16 per 
mile. Write a linear equation that relates the cost C and the 
number x of miles driven annually. 


Source: AAA, 2021 


Wages of a Car Salesperson Dontrell receives $525 per week 
for selling new and used cars. He also receives 5% of the 
profit on any sales. Write a linear equation that represents 
Dontrell’s weekly salary S when he has sales that generate a 
profit of x dollars. 


127. 


128. 


129. 


130. 


131. 


Electricity Rates in Florida Florida Power & Light Company 
supplies electricity to residential customers for a monthly 
customer charge of $8.99 plus 11.056 cents per kilowatt-hour 
(kWh) for up to 1000 kilowatt-hours. 


Credit: Dmitry Kalinovsky/Shutterstock 


(a) Write a linear equation that relates the monthly charge 
C, in dollars, to the number x of kilowatt-hours used in 
amonth,0 < x < 1000. 

(b) Graph this equation. 

(c) What is the monthly charge for using 200 kilowatt-hours? 

(d) What is the monthly charge for using 500 kilowatt-hours? 

(e) Interpret the slope of the line. 


Source: Florida Power & Light Company, February 2022 


Natural Gas Rates in Illinois Ameren Illinois supplies 
natural gas to residential customers for a monthly customer 
charge of $18.76 plus 31.935 cents per therm of heat energy. 


(a) Write a linear equation that relates the monthly charge 
С, in dollars, to the number x of therms used in a month. 

(b) What is the monthly charge for using 90 therms? 

(c) What is the monthly charge for using 150 therms? 

(d) Graph the equation. 

(e) Interpret the slope of the line. 


Source: Ameren Illinois, February 2022 


Measuring Temperature The relationship between Celsius (°С) 
and Fahrenheit (°F) degrees of measuring temperature 
is linear. Find a linear equation relating °C and °F if 0°C 
corresponds to 32°F and 100°C corresponds to 212°F. Use 
the equation to find the Celsius measure of 70°F. 


Measuring Temperature The Kelvin (K) scale for measuring 
temperature is obtained by adding 273 to the Celsius 
temperature. 


(a) Write a linear equation relating К and °C. 
(b) Write a linear equation relating K and °F (see Problem 129). 


Access Ramp A wooden access ramp is being built to reach 
a platform that sits 30 inches above the floor. The ramp drops 
2 inches for every 25-inch run. 


y 


Platform 


xy 


(a) Write a linear equation that relates the height y of the 
ramp above the floor to the horizontal distance x from 
the platform. 

(b) Find and interpret the x-intercept of the graph of your 
equation. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 
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(c) Design requirements stipulate that the maximum run 
be 30 feet and that the maximum slope be a drop of 
1 inch for each 12 inches of run. Will this ramp meet the 
requirements? Explain. 

(d) What slopes could be used to obtain the 30-inch rise and 
still meet design requirements? 


Source: www.adaptiveaccess.com/wood_ramps.php 


U.S. Advertising Share A report showed that Internet ads 
accounted for 19% of all U.S. advertisement spending when 
print ads (magazines and newspapers) accounted for 26% 
of the spending. The report further showed that Internet ads 
accounted for 35% of all advertisement spending when print 
ads accounted for 16% of the spending. 


(a) Write a linear equation that relates that percent y of print 
ad spending to the percent x of Internet ad spending. 

(b) Find the intercepts of the graph of your equation. 

(c) Do the intercepts have any meaningful interpretation? 

(d) Predict the percent of print ad spending if Internet ads 
account for 39% of all advertisement spending in the 
United States. 


Source: Marketing Fact Pack 2018. Ad Age Datacenter 


Product Promotion A cereal company finds that the 
number of people who will buy one of its products in 
the first month that the product is introduced is linearly 
related to the amount of money it spends on advertising. 
If it spends $40,000 on advertising, then 100,000 boxes of 
cereal will be sold, and if it spends $60,000, then 200,000 
boxes will be sold. 


(a) Write a linear equation that relates the amount A spent 
on advertising to the number x of boxes the company 
aims to sell. 

(b) How much expenditure on advertising is needed to sell 
300,000 boxes of cereal? 

(c) Interpret the slope. 


The equation 2x — y = C defines a family of lines, one line 
for each value of C. On one set of coordinate axes, graph the 
members of the family when С = —4, С = 0, and C = 2. 
Can you draw a conclusion from the graph about each 
member of the family? 


Challenge Problem Find three numbers a for which the 
lines x + 2y = 5, 2х — 3y + A = 0, and ax + y = 0 do 
not form a triangle. 


Challenge Problem Show that the line containing the points 
(a, b) and (b, a),a = Б, is perpendicular to the line у = x. 
Also show that the midpoint of (a, b) and (b, a) lies on the 
line y = x. 

Challenge Problem Form a triangle using the points (0, 0), 
(a, 0), and (b, c), where а > 0, b > 0, апас > 0. Find the 
point of intersection of the three lines joining the midpoint 
of a side of the triangle to the opposite vertex. 


Challenge Problem Prove that if two nonvertical lines have 
slopes whose product is —1, then the lines are perpendicular. 
[Hint: Refer to Figure 47 and use the converse of the 
Pythagorean Theorem.] 
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Explaining Concepts: Discussion and Writing 


139. Which of the following equations might have the graph 
shown? (More than one answer is possible.) 


(а) 2x+3y=6 be +3y= 6 i 

(c) 3x — 4y = -12 уау 

(e) x- y = -1 ( у=3х—5 * 
(E) y=2x+3  (Myc-i43 


140. Which of the following equations might have the graph 


shown? (More than one answer is possible.) y 

(a) 2x + 3y = 6 (b) 2x -3y = 6 

(с) Зх + 4у = 12 (dx-y-1 Р 
(e) x- y = -1 (f y = -2x- 1 - 


@у=-ух+10 (h y= x44 


141. The figure shows the graph of two parallel lines. Which of the 
following pairs of equations might have such a graph? 


(а) x -2y = 3 (b)x+y=2 y 
x+2y=7 xt y=l 

(с) х- y = -2 (d) х- y = -2 x 
х- у= 1 2x —2y = —4 


(е) x -2y = 2 
х+2у = <1 


142. The figure shows the graph of two perpendicular lines. 
Which of the following pairs of equations might have such a 


graph? 
(а) у – 2x = 2 (b y -2x =0 
yt2x 2-1 2у+х=0 у 
(02y-x-2 (d y -2x = 2 
2y+x=-2 x+2y=-1 
(e) 2x + y = -2 и 
2y + х = -2 


143. mis for Slope The accepted symbol used to denote the slope 
of a line is the letter m. Investigate the origin of this practice. 
Begin by consulting a French dictionary and looking up the 
French word monter. Write a brief essay on your findings. 


F.4 Circles 


144. 


145. 


146. 


147. 


148. 


149. 


150. 


151. 


152. 


153. 


Grade of a Road The term grade is 
used to describe the inclination of 

a road. How is this term related 

to the notion of slope of a line? 

Is a 4% grade very steep? 
Investigate the grades of 

some mountainous roads and 
determine their slopes. Write a 

brief essay on your findings. 


Carpentry Carpenters use the term pitch to describe the 
steepness of staircases and roofs. How is pitch related to 
slope? Investigate typical pitches used for stairs and for roofs. 
Write a brief essay on your findings. 

Can the equation of every line be written in slope-intercept 
form? Why? 

Does every line have exactly one x-intercept and one 
y-intercept? Are there any lines that have no intercepts? 
What can you say about two lines that have equal slopes and 
equal y-intercepts? 

What can you say about two lines with the same x-intercept 
and the same y-intercept? Assume that the x-intercept is 
not 0. 

If two distinct lines have the same slope but different 
x-intercepts, can they have the same y-intercept? 

If two distinct lines have the same y-intercept but different 
slopes, can they have the same x-intercept? 

Which form of the equation of a line do you prefer to use? 
Justify your position with an example that shows that your 
choice is better than another. Have reasons. 

What Went Wrong? A student is asked to find the slope of 
the line joining (—3, 2) and (1, —4). He states that the slope 


is i Is he correct? If not, what went wrong? 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Completing the Square (Appendix A, Section A.4, pp. A40-A41) 


“М. Now Work the ‘Are You Prepared?’ problems on page 40. 


OBJECTIVES 1 Write the Standard Form of the Equation of a Circle (p. 36) 


2 Graph a Circle (p. 38) 


3 Work with the General Form of the Equation of a Circle (p. 39) 


1 Write the Standard Form of the Equation of a Circle 


One advantage of a coordinate system is that it enables us to translate a geometric 
statement into an algebraic statement, and vice versa. Consider, for example, the 
following geometric statement that defines a circle. 


хү 


Figure 49 (x -h? + (у – К)? = г? 


Need to Review? 

The distance formula is 
discussed in Section F.1, 
4 (5,555, 


-i 


Figure 50 Unit circle x? + y? = 1 


SECTION F.4 Circles 37 


DEFINITION Circle 


A circle is a set of points in the xy-plane that are a fixed distance r from a fixed 
point (л, k). The fixed distance r is called the radius, and the fixed point (л, К) 
is called the center of the circle. 


Figure 49 shows the graph of a circle. To find the equation, let ( x, y) represent 
the coordinates of any point on a circle with radius г and center (Л, k). Then the 
distance between the points (x, y) and (Л, k) must always equal r. That is, by the 
distance formula, 


Kx в + (у= Е) = 
or, equivalently, 


x-hy-4(y-kyor 


DEFINITION Standard Form of an Equation of a Circle 


The standard form of an equation of a circle with radius r and center (й, К) is 


(x—-hy + (у – А)? =r (1) 


THEOREM 


The standard form of an equation of a circle of radius r with center at the 
origin (0, 0) is 


х + у? = р? 


DEFINITION Unit Circle 


If the radius r = 1, the circle whose center is at the origin is called the unit 
circle and has the equation 


s oy >l 


See Figure 50. Notice that the graph of the unit circle is symmetric with respect to the 
x-axis, the y-axis, and the origin. 


Solution 


Writing the Standard Form of the Equation of a Circle 


Write the standard form of the equation of the circle with radius 5 and center (—3, 6). 


Substitute the values r = 5, h = —3,andk = 6 into equation (1). 
(x —h)? + (у k} =r? Equation (1) 
[e= = (ж—6у u$ 
(x + 3 + (у – 6)? = 25 


\ Now Work PROBLEM 11 
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2 Graph a Circle 


Graphing a Circle 


Graph the equation: (x + 3)? + (y - 2)? = 16 


Solution The given equation is in the standard form of an equation of a circle. To graph the 
circle, compare the equation to equation (1). The comparison gives information about 
the circle. 


(x 3)! + (y - 2? = 16 
(x = (—3))*+(у—2)* = 42 
1 T 1 

(х= А)? +(у-—К)* =r? 


We see thath = —3,k = 2,andr = 4.The circle hascenter( —3, 2) and radius 4. 
To graph this circle, first plot the center (—3, 2). Since the radius is 4, locate four 
points on the circle by plotting points 4 units to the left, to the right, up, and down 
from the center. These four points are then used as guides to obtain the graph. See 


Figure 51 (x + 3? + (y - 2)? = 16 Figure 51. _в 


\ Now Work PRoBLEMS 29(a) AND (b) 


Finding the Intercepts of a Circle 


Find the intercepts, if any, of the graph of the circle (x + 3)? + (y – 2)? = 16. 


Solution This is the equation graphed in Example 2. To find the x-intercepts, if any, 


let y = 0.Then 
ENER (x + 3)? + (у - 2)? = 16 
The symbol + is read “plus or (x + 3)? +(0—2)? = 16 y=0 
minus.” It means to add and 2 — 
subtract the quantity following (х+3) +4 = 16 киру. 
the + symbol. For example, (x + а)? = 12 Subtract 4 from both sides. 
5/22 2 means 5=2 = зог 
B qe y x+3 = +v12 Square root both sides. 


x = —3 + 2453 Solve for x. 


The x-intercepts are -3 — 243 ~ —6.46 and—3 + 243 ~ 0.46. 
To find the y-intercepts, if any, let x = 0. Then 


(x 4-3)? + (y - 2? = 16 
(04-3)? + (y 2 2)? = 16 х= 0 
9 + (у 2)? = 16 Simplify. 
(y-2)? 27 Subtract 9 from both sides. 
y-2= +47 Square root both sides. 


у= 2 + У7 Solve for y. 


The y-intercepts are 2 — V7 ~ —0.65 and2 + V7 ~ 4.65. _B 


Look back at Figure 51 to verify the approximate locations of the intercepts. 


\ Now Work PRoBLEM 29(c) 


Need to Review? 


Completing the square is 


discussed in App 


endix A, 


С Section A.4, pp. A40-A41. 
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3 Work with the General Form of the Equation of a Circle 


If we eliminate the parentheses from the standard form of the equation of the circle 
given in Example 2, we get 


(х +3)? + (у – 2)2 = 16 
x? + 6х+9 + y? – 4у +4 = 16 


which simplifies to 


x? + у? + 6х – 4у – 3 = 0 
It can be shown that any equation of the form 


x? + у? +ах + by+c=0 


has a graph that is a circle, is a point, or has no graph at all. For example, the graph of 
the equation x? + y? = 015 the single point (0, 0). The equation x? + y? + 5 = 0, 
or x? + y? = —5, has no graph, because sums of squares of real numbers are 
never negative. 


DEFINITION General Form of the Equation of a Circle 


When its graph is a circle, the equation 


is the general form of the equation of a circle. 


\ Now Work PROBLEM 17 


If an equation of a circle is in general form, we use the method of completing 


the square to put the equation in standard form so that we can identify its center 
and radius. 


Solution 
AY 
(-2, 4) 
aL 20.9 
3,3 “Р 
(-2, 2) 
l l l 26 
-3 1x 
Figure 52 (x + 2)? + (y – 3) = 1 


Graphing а Circle Whose Equation Is in General Form 
Graph the equation: x? + y? + 4x – бу + 12 = 0 


Group the terms involving х, group the terms involving у, and put the constant on 
the right side of the equation. The result is 


(х2 + 4x) + (y? — бу) = -12 


Next, complete the square of each expression in parentheses. Remember that any 
number added on the left side of the equation must also be added on the right. 


(x? + 4x+4)+(y? -6y+9) = -124+4+9 
1 


go gg 


(x +2)? + (y -37 = 1 Factor. 


This equation is the standard form of the equation of a circle with radius 1 and 
center (—2, 3). To graph the equation, use the center (—2, 3) and the radius 1. See 
Figure 52. _B 


\ Now Work PROBLEM 33 
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m 


Using a Graphing Utility to Graph a Circle 
Graph the equation: x? + y? = 4 


Solution This is the equation of a circle with center at the origin and radius 2. To graph this 
equation using a graphing utility, begin by solving for y. 
Y, = y4—x? x? + у? = 4 


NORMAL FLOAT AUTO REAL RADIAN МР ü 


у? = 4— x? Subtract x? from both sides. 


y = +V4— x? Square root both sides to solve for y. 


n б There are two equations to graph: first graph Y, = V4 — x? and then graph 
Y, = —v4 — x? on the same square screen. (Your circle will appear oval if you do 
\ not use a square screen.*) See Figure 53. _B 
6215 
esci Overview 


The discussion in Sections ЕЗ and F4 about lines and circles deals with two problems 


Figure 53 x? + y? = 4 7 
that can be generalized as follows: 


e Given an equation, classify it and graph it. 
e Given a graph, or information about a graph, find its equation. 


This text deals with both problems. We shall study various equations, classify 
them, and graph them. 


*The square screen ratio for the TI-84 Plus CE graphing calculator is 8:5. 


F.4 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. To complete the square of x? + 10x, you would 2. Solve the equation: (x — 2)? — 9. (pp. A70-A71) 


(add/subtract) the number . (pp. A40-A41) 


Concepts and Vocabulary 


3. Interactive Figure Exercise Exploring Circles I Open the (f) Leave the value of r set to 3 and the value of h set to —2. 
“Circle” interactive figure, which is available in the Video Change the value of k to —2. What is the equation of 
& Resource Library of MyLab Math (under Interactive the circle? 
Figures) or at bit.ly/3raFUGB. (g) Suppose the equation of a circle is 
(a) Check the box “Equation of the Circle” and uncheck the (x — 5)? +( y+ 7)? = 36 
boxes “Show x-intercepts” and “Show y-intercepts.” Use 
the sliders to set the values of Л and К to 0, and the value What is the center and radius of the circle? 


. EL : ў 
of r to 1. What is the center of the circle? What is the radius s 4. Interactive Figure Exercise Exploring Circles П Open the 


of the circle? at is the equation of the circle? а= à . : : Wt Ў ; : 
Whi q “Circle” interactive figure, which is available in the Video 


(b) es e ана us а & Resource Library of MyLab Math (under Interactive 
1 8 Figures) or at bit.ly/3raFUGB. 


and radius is 3? 


(c) Use the slider to change the value of r from 3 to 5. What (a) Check the boxes “Equation of the Circle,” “Show 
is the equation of the circle whose center is the origin x-intercepts,” and "Show y-intercepts.” Change the value 
and radius is 5? of r to 3 and the value of / to 4. Set the value of k to 0. 

(d) Set the value of r to 3. Change the value of / to 2 and the What is the center of the circle? What is the equation of 
value of k to 1. What is the center of the circle? What is the circle? Are there any y-intercepts? If so, name them. 
the equation of the circle? Are there any x-intercepts? If so, name them. 

(e) Leave the value of r set to 3 and the value of К set to 1. [Note: Pay attention to the distance from the center of 
Change the value of h to —2. What is the center of the the circle to each coordinate axis.] 


circle? What is the equation of the circle? 


мІ. Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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(b) Leave the value of r set to 3 and the value of h set to 4. 6. For a circle, the is the distance from the center to 
Change the value of k to —3. What is the center of any point on the circle. 
the circle? What is the equation of the circle? Are 7. True or False The radius of the circle x2 + y? = 9 


there any y-intercepts? If so, name them. Are there any is 3. 
x-intercepts? If so, name them. 

[Note: Pay attention to the distance from the center of 
the circle to each coordinate axis.] 


8. True or False The circle (x + 3)? + (y— 2)? = 13 has 
center (3, —2). 


(c) Leave the value of r set to 3 and the value of h set to 4. 9. Multiple Choice Choose the equation of a circle with radius 6 
Change the value of k to —4. What is the equation of and center (3, —5). 
the circle? Are there any y-intercepts? If so, name them. (а) (x – 3)? +(у+ 5Y = 6 
Are there any x-intercepts? If so, name them. (b) (x + 3)! + (у – 5)? = 36 
[Note: Pay attention to the distance from the center of (c) (х + 3)? + (у – 5)? = 6 
the circle to each coordinate axis.] (d) (x — 3)? + (y +5) = 36 
(d) Without graphing, how many x-intercepts will the graph 10. Multiple Choice The equation of a circle can be changed 
of (x — 5)? + (y - 3)? = 9 have? from general form to standard from by doing which of the 
(e) Without graphing, how many y-intercepts will the graph following? 
of (x — 5)? + (y — 3)? = 9 have? (a) Completing the squares 
5. True or False Every equation of the form (b) Solving for x 


(c) Solving for y 


x? + у? +ax+by+c=0 (d) Squaring both sides 


has a circle as its graph. 


Skill Building 


In Problems 11-14, find the center and radius of each circle. Write the standard form of the equation. 


NO y 


1. у 13. y (4,2) M. y 


(2, 3) 


| 


(1, 0) X 


In Problems 15—26, write the standard form of the equation and the general form of the equation of each circle of radius т and center ( h, К). 
Graph each circle. 


15. r = 2; (h, k) = (0,0) 16. r = 3 (h, k) = (0, 0) NIZ r= 2; (h, k) = (0, 2) 

18. r = 3; (h, k) = (1, 0) 19. r = 5; (h, k) = (4, —3) 20. r = 4; (h, k) = (2, –3) 
21. r = 4; (h, k) = (-2,1) 22. r = 7; (h, k) = (—5,—2) 23. r = D (h, k) = (5.0) 
24. r = x (h, k) = (o. -i 25. r = “ЛЗ; (h, k) = (5, —1) 26. r = 245; (h, k) = (-3, 2) 


In Problems 27—40, (a) find the center (h, К) and radius r of each circle; (b) graph each circle; (c) find the intercepts, if any. 


27. x? + у? = 28. x? + (y-1)} 21 
\ 29. 2(x —3)? + 2у2 = 8 30. 3(x +1)? + 3(у = 1)? = 6 
31. x? + y? - 2x - 4y – 4 = 0 32. x? + y? + 4x + 2у – 20 = 0 
\ 33. x? + y? 44x - 4y -1— 0 34. x? + y? - бх + 2y +9 = 0 
35. x? + y? - х+2у +1 = 0 36. x? + у +x+y—F=0 
37. 2x? + 2y? — 12x + 8y – 24 = 0 38. 2х2 + 2y? + 8x +7 = 0 
39. 2x? + 8х + 2y? = 0 40. 3x? + 3y? – 12у = 0 


In Problems 41—46, find the standard form of the equation of each circle. 
41. Center at the origin and containing the point (—2, 3) 42. Center (1, 0) and containing the point (—3, 2) 
43. With endpoints of a diameter at (1, 4) and (—3, 2) 44. With endpoints of a diameter at (4, 3) and (0, 1) 
45. Center (2, —4) and circumference 167 46. Center ( —5, 6) and area 497 
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In Problems 47-50, match each graph with the correct equation. 
(b) (x +1)? + (у - 2)? 


(а) (x3) +(y +37 = 9 


4 


(с) (х—1)°+(у+2)? =4 @ (х 3)? + (7-37 =9 


Applications and Extensions 


51. Find an equation of the line containing the centers of the two 


circles 


(x — 4)? +(y +2)? = 25 


and 


(x +1)? + (y — 5)? 
52. Find an equation of the line containing the centers of the two 


circles 


x? + y?—4x+6y+4 


and 


x? + у? + бх+4у+9 = 


53. If a circle of radius 2 rolls along the x-axis in quadrants І 
and II, what is an equation for the path of the center of the 


circle? 


54. A circle of radius 7 rolls along the y-axis in quadrants I and IV. 
Find an equation for the path of the center of the circle. 


55. Find the area of the square in the figure. 


56. Find the area of the blue shaded region in the figure, assuming 


16 


0 


x2 +y? =9 


the quadrilateral inside the circle is a square. 


x2 + y? = 36 


57. Ferris Wheel The original Ferris wheel was built in 1893 by 
Pittsburgh, Pennsylvania bridge builder George W. Ferris. 
The Ferris wheel was originally built for the 1893 World’s 
Fair in Chicago, but it was also later reconstructed for the 


xY 


е 


58. 


59, 


60. 


1904 World’s Fair in St. Louis. It had a maximum height of 
264 feet and a wheel diameter of 250 feet. Find an equation 
for the wheel if the center of the wheel is on the y-axis. 


Source: guinnessworldrecords.com 


Ferris Wheel The High Roller 
observation wheel in Las Vegas 
has a maximum height of 
550 feet and a diameter of 
520 feet, with one full rotation 
taking approximately 30 minutes. 
Find an equation for the wheelifits Credit: Aneese/Shutterstock 
center is on the y-axis. 


Source: Las Vegas Review Journal 

Vertically Circular Building Ee pr sy 
Located in Al Raha, Abu Dhabi, + - NA © Ez 
the headquarters of property ip 

developing company Aldar is a k 
vertically circular building with 
a diameter of 121 meters. The 
tip of the building is 110 meters 
above ground. Find an equation 
for the building's outline if the 
center of the building is on the 
y-axis. 


Credit: Pajor Pawel/Shutterstock 


Vertically Circular Building The Sunrise Kempinski Hotel in 
Beijing, China, is a vertically circular building whose outline 
is described by the equation x? + y? — 78y — 1843 = 0 if 
the center of the building is on the y-axis. If x and y are in 
meters, what is the height of the building? 


Problems 61—68 require the following discussion. 


The tangent line to a circle may be defined as the line that 
intersects the circle in a single point, called the point of tangency. 
See the figure. 


Va 


xY 


In Problems 61—64, find the standard form of the equation of each 
circle. (Refer to the preceding discussion). 


61. 
62. 
63. 
64. 
65. 


66. 


Center (2, 3) and tangent to the x-axis 
Center (—3, 1) and tangent to the y-axis 
Center ( — 1, 3) and tangent to the line y = 2 
Center (4, —2) and tangent to the line x — 1 
Challenge Problem If the equation ofacircleisx? + y? = r? 
and the equation of a tangent line is у = mx + b, show that: 
(a) r2(1+ m?) = b? 
[Hint: The quadratic equation x? + (mx + b)? = r? 
has exactly one solution.] 
ет r? | 


(b) The point of tangency is (2, b 


(c) The tangent line is perpendicular to the line containing 
the center of the circle and the point of tangency. 

Challenge Problem Refer to Problem 65. 

The line x — 2y + 4 = Oistangent to a circle at (0, 2). The 


line y — 2x — 7istangent to the same circle at (3, —1). Find 
the center of the circle. 


Explaining Concepts: Discussion and Writing 


71. 


Which of the following equations might have the graph 
shown? (More than one answer is possible.) 


(а) (x-2) + (y + 3? = 13 yà 

(b) (x 2) + (у – 2) = 8 

(с) (x 2)? + (y - 3 = 13 

(d) (x +2)? + (у – 2) = - 
(e) x? + y? – 4x – 9у = 0 5 


(f) x? + y? + 4x -2y = 0 
(g) x? + y? – 9х – 4у = 0 
(h) x? + y? – 4х – 4у = 4 


67. 


68. 


69. 


70. 


72. 
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Challenge Problem The Greek Method The Greek method 
for finding the equation of the tangent line to a circle uses 
the fact that at any point on a circle, the line containing 
the center and the tangent line are perpendicular. Use this 
method to find an equation of the tangent line to the circle 
x? + у? = 9 at the point (1, 242). 

Challenge Problem Use the Greek method described in 
Problem 67 to find an equation of the tangent line to the 
circle 


x? + у? – 4х + бу+4 = 0 
at the point (3, 2/2 — 3). 


Challenge Problem Тї( x,, y, )апа(х›, y, ) are the endpoints 
of a diameter of a circle, show that an equation of the circle is 


(х= x)(x — х) + (у= у,)(у— у) = 0 
Challenge Problem If x? + y? + dx + ey + f = 0 15 the 
equation of a circle, show that 


+ (2420) 4 f= 0 


is an equation of the tangent line to the circle at the point 
(х0, Yo): 


Which of the following equations might have the graph 
shown? (More than one answer is possible.) 

(а) (x—2)? + у? = 3 yà 

(9 x? +(y-2) = 3 

(d (x +2)? +y? = 4 

(f) x? + y? + 10x – 2у = 1 

(g) x? + y? + 9x + 10 = 0 


(b) (x +2)? + y? 23 
(e) x? + y? + 10х -16 = 0 © 
(h) x? + y? – 9х – 10 = 0 


xy 


73. Explain how the center and radius of a circle can be used to graph the circle. 
74. What Went Wrong? A student stated that the center and radius of the graph whose equation is (x + 3)? + (y — 2)? = 16 


are (3, —2) and 4, respectively. Why is this incorrect? 


‘Are You Prepared?’ Answers 


1. 


add; 25 2. {—1, 5} 
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Chapter Project 


@) Internet-based Project 


І. Determining the Selling Price of a Home Determining how The graph below, called a scatter plot, shows the points 
much to pay for a home is one of the more difficult decisions 
that must be made when purchasing a home. There are many (291.5, 268), (320, 305), . . . , (368, 385) 
factors that play a role in a home’s value. Location, size, 
number of bedrooms, number of bathrooms, lot size, and 
building materials are just a few. Fortunately, the website 


in a Cartesian plane. From the graph, it appears that the data 
follow a linear relation. 


Zillow.com has developed its own formula for predicting the n 
selling price of a home. This => 380+ u^ 
information is a great tool 2 
for predicting the actual sale 5 360r . Е 
price. For example, the data S 340} 
below show the “Zestimate” — = 320. 
the selling price of a home = А 
as predicted by the folks at > 300; o 
Zillow —and the actual selling B gol ed 
: \ price of the home, for homes * 
Credit: Rido/123REcom in Oak Park, Illinois. 300 320 340 360 


Zestimate ($ thousands) 


Zestimate Sale Price 


($ thousands) (6 thousands) 1. Imagine drawing a line through the data that appears 


to fit the data well. Do you believe the slope of the line 
would be positive, negative, or close to zero? Why? 


2. Pick two points from the scatter plot. Treat the Zestimate as 
the value of x, and treat the sale price as the corresponding 
value of y. Find the equation of the line through the two 
points you selected. 


3. Interpret the slope of the line. 


4. Use your equation to predict the selling price of a home 
whose zestimate is $335,000. 

5. Doyoubelieve it would be a good idea to use the equation 
you found in part 2 if the Zestimate were $950,000? Why 
or why not? 


6. Choose a location in which you would like to live. Go to 
zillow.com and randomly select at least ten homes that 
have recently sold. 


(a) Draw a scatter plot of your data. 


(b) Select two points from the scatter plot and find the 
equation of the line through the points. 

(c) Interpret the slope. 

(d) Find a home from the Zillow website that interests 
you under the “Make Me Move" option for which a 


Zestimate is available. Use your equation to predict 
the sale price based on the Zestimate. 


Functions and 


Their Graphs 


Choosing a Data Plan 


When selecting a data plan for a device, most consumers 
choose a service provider first and then select an 
appropriate data plan from that provider. The choice as 
to the type of plan selected depends on your use of the 
device. For example, is online gaming important? Do 
you want to stream audio or video? The mathematics 
learned in this chapter can help you decide what plan is 
best suited to your particular needs. 


@) —See the Internet-based Chapter Project— 


Credit: Igor Kardasov/123RF 


So far, our discussion has focused on techniques for graphing equations containing two 
variables. 


In this chapter, we look at a special type of equation involving two variables called a function. 
This chapter deals with what a function is, how to graph functions, properties of functions, and 
how functions are used in applications. The word function apparently was introduced by René 
Descartes in 1637. For him, a function was simply any positive integral power of a variable x. 
Gottfried Wilhelm Leibniz (1646—1716), who always emphasized the geometric side of 
mathematics, used the word function to denote any quantity associated with a curve, such as 
the coordinates of a point on the curve. Leonhard Euler (1707—1783) used the word to mean 
any equation or formula involving variables and constants. His idea of a function is similar to 
the one most often seen in courses that precede calculus. Later, the use of functions in 
investigating heat flow equations led to a very broad definition that originated with Lejeune 
Dirichlet (1805—1859), which describes a function as a correspondence between two sets. That 
is the definition used in this text. 
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1.1 Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Intervals (Appendix A, Section A.10, pp. A84-A85) * Rationalizing Denominators and Numerators 
Solving Inequalities (Appendix A, Section A.10, (Appendix A, Section A.7 pp. A59-A61) 

pp. A87-A89) 

Evaluating Algebraic Expressions, Domain of a 

Variable (Appendix A, Section A.1, pp. A6-A7) 


v Now Work the 'Are You Prepared?' problems on page 58. 


OBJECTIVES 1 Describe a Relation (p. 46) 
2 Determine Whether a Relation Represents a Function (p. 48) 
3 Use Function Notation; Find the Value of a Function (p. 50) 
4 Find the Difference Quotient of a Function (p. 53) 
5 Find the Domain of a Function Defined by an Equation (p. 54) 
6 Form the Sum, Difference, Product, and Quotient of Two Functions (p. 56) 


1 Describe a Relation 


Often there are situations where one variable is somehow linked to another 
variable. For example, the price of a gallon of gas is linked to the price of a barrel 
of oil. A person can be associated to their telephone number(s). The volume V of a 
sphere depends on its radius r. The force F exerted by an object corresponds to its 
acceleration a. These are examples of a relation, a correspondence between two sets 
called the domain and the range. 


DEFINITION Relation 


A relation is a correspondence between two sets: a set X, called the domain, 
and a set Y, called the range. In a relation, each element from the domain 
corresponds to at least one element from the range. 


Relation 


seu If x is an element of the domain and y is an element of the range, and if a relation 


` | exists from x to y, then we say that у corresponds to x or that у depends on x, and we 
write x — у. It is often helpful to think of x as the input and у as the output of the 
relation. See Figure 1. 

Suppose an astronaut standing on the Moon throws a rock 20 meters up and 
starts a stopwatch as the rock begins to fall back down. The astronaut measures the 
height of the rock at 1, 2, 2.5, 3, 4, and 5 seconds and obtains heights of 19.2, 16.8, 15, 
12.8, 7.2, and 0 meters, respectively. This is an example of a relation expressed verbally. 
The domain of the relation is the set (0, 1, 2, 2.5, 3, 4, 5} and the range of the relation 
is the set (20, 19.2, 16.8, 15, 12.8, 7.2, 0}. 

Table 1 The astronaut could also express this relation numerically, graphically, or 
algebraically. 

Time Height The relation can be expressed numerically using a table of numbers, as in Table 1, 
(in seconds) (in meters) or by using a set of ordered pairs. Using ordered pairs, the relation is 


{(0, 20), (1, 19.2), (2, 16.8), (2.5, 15), (3, 12.8), (4, 7.2), (5, 0)) 


where the first element of each pair denotes the time and the second element denotes 
the height. 

Suppose x represents the number of seconds on the stopwatch and y represents 
the height of the rock in meters. Then the relation can be expressed graphically by 
plotting the points ( x, y). See Figure 2 on the next page. 

The relation can be represented as a mapping by drawing an arrow from an element 
in the domain to the corresponding element in the range. See Figure 3 on the next page. 


2 
Output y, Л 
Y4 


Figure 1 
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УА 
(0, 20) ; : 
_. 204 „1,192 Time Height 
e * (2,169) (in seconds) (in meters) 
5 454 ? , (2.5, 15) 
= e (3, 12.8) 
= 10- 
5 ө (4, 7.2) 
2 54 
(5, 0) 
rim #7 са 
2 4 6 
Time (in seconds) 
Figure 2 Figure 3 
Finally, from physics, the relation can be expressed algebraically using the 
equation 


y = 20 — 0.8x? 


Describing a Relation 
A verbal description of a relation is given below. 


The price of First-Class U.S. postage stamps has changed over the years. To mail a 
letter in 2018, it cost $0.49 for the first part of the year, and $0.50 for the rest of the 
year. In 2019, it cost $0.50 for part of the year, and $0.55 for the rest of the year. In 
2020, it cost $0.55. In 2021, it cost $0.55 for the first part of the year, and $0.58 for the 
rest of the year. 


Using year as input and price as output, 


(a) What is the domain and the range of the relation? 
(b) Express the relation as a set of ordered pairs. 
(c) Express the relation as a mapping. 


(d) Express the relation as a graph. 


Solution Тһе relation establishes a correspondence between the input (year) and the output 
(price of a First-Class U.S. postage stamp). 


(а) The domain of the relation is (2018, 2019, 2020, 2021}. The range of the relation 
is {$0.49, $0.50, $0.55, $0.58}. 


(b) The relation expressed as a set of ordered pairs is {(2018, $0.49), (2018, $0.50), 
(2019, $0.50), (2019, $0.55), (2020, $0.55), (2021, $0.55), (2021, $0.58) }. 


(c) See Figure 4 for the relation expressed as a mapping, using t for year and p for price. 


(d) Figure 5 shows a graph of the relation. 


p4 
0.58 - e 
— 0.56 - 
g ° ° ° 
= 0.54- 
Year, t Price, p iz 
= 0.52} 
Ф 
E —— ү Бор e e 
LJ 
2019 B—— b $0.50 0.48 H 
2020 ————— $0.55 < | | | 
0 t 
2021 B— 5 $0.58 2018 2019 2020 2021 
Time (in years) 
Figure 4 First-Class stamp price Figure 5 First-Class stamp price (2018—2021) N 8 
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2 Determine Whether a Relation Represents a Function 


Specific Heat Look back at the relation involving the height of a rock on the Moon described at 
Substance (J/g°C) the beginning of the section. Notice that each input, time, corresponds to exactly one 


Air 0.128 output, height. Given a time, you could tell the exact height of the rock. But that is 
not the case with the price of stamps. Given the year 2021, you cannot determine the 

m od price of a stamp with certainty. It could be $0.55, or it could be $0.58. 

Graphite omn Consider the mapping of the relation in Figure 6. It shows a correspondence 

Copper D between a substance and its specific heat. Notice that for each substance you can tell 

Water -> 4.18 its specific heat with certainty. 


The relation associating the time to the height of the rock is a function, and the 


Figüre 6 Specificheat of some common relation associating a given substance to its specific heat is a function. But the relation 


Е associating the year to the price of a First-Class postage stamp is not a function. То 
be a function, each input must correspond to exactly one output. 
In Words 
For a function, no input has DEFINITION Function 


more than one output. The 
domain of a function is the set 
of all inputs; the range is the 
set of all outputs. 


Let X and Y be two nonempty sets.* A function from_X into Y is a relation that 
associates with each element of X exactly one element of Y. 


The set X is called the domain of the function. The set Y is called the codomain 
of the function. For each element x in X, the corresponding element y in Y is called 
the value of the function at x, or the image of x. The set of all images of the elements 
in the domain is called the range of the function. See Figure 7. 

Since there may be some elements in Y that are not the image of some x in X, it 
follows that the range of a function may be a proper subset of the codomain Y, as shown 
in Figure 7. 

The idea behind a function is its certainty. If an input is given, we can use the 
function to determine the output. This is not possible if a relation is not a function. 
The requirement of “one output” provides a predictable behavior that is important 
when using mathematics to model or analyze the real world. It allows doctors to know 


Domain 


Codomain un Ў : : : : 
. exactly how much medicine to give a patient, an engineer to determine the material 
Figure to use in construction, a store manager to choose how many units to keep in stock, etc. 
Determining Whether a Relation Given by a Mapping Is a Function 
For each relation, state the domain and range. Then determine whether the relation 
is a function. 
(a) See Figure 8. This relation shows a correspondence between an item on 
McDonald's menu and its price. 
Source: McDonald's Corporation, 2022 
(b) See Figure 9. This relation shows a correspondence between activity level and 
daily calories needed for an individual with a basal metabolic rate (ВМВ) 
of 1975 kilocalories per day (kcal/day). 
(c) See Figure 10. This relation shows a correspondence between gestation period 
(in days) and life expectancy (in years) for five animal species. 
Life 
Activity Daily Gestation Expectancy 
Menu Item Price Level Calories (days) (years) 
Cheeseburger © -———————}>— $1.69 Sedentary -——————-> 2370 122 5 
McChicken e Light "_ ж 2716 201 К 
McNuggets (4pc) -———————»- $1.79 
pb Moderate +> 3061 284 T 
Spicy Chicken 
Sandwich -—— $3.99 Intense | -———————»- 3407 240 20 
Figure 8 Figure 9 Figure 10 
(continued) 


*The sets X and Y will usually be sets of real numbers, in which case a (real) function results. The two sets 
can also be sets of complex numbers, and then we have defined a complex function. In the broad definition 
(proposed by Lejeune Dirichlet), X and Y can be any two sets. 
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Solution (а) The domain of the relation is { Cheeseburger, McChicken, McNuggets (4pc), 
Spicy Chicken Sandwich },and the range of the relation is ($1.69, $1.79, $3.99}. 
The relation in Figure 8 is a function because each element in the domain 
corresponds to exactly one element in the range. 


(b) The domain of the relation is {Sedentary, Light, Moderate, Intense}, and the 
range of the relation is (2370, 2716, 3061, 3407}. The relation in Figure 9 is a 
function because each element in the domain corresponds to exactly one element 
in the range. 


(c) The domain of the relation is {122, 201, 240, 284}, and the range of the relation 
is {5, 8, 12, 15, 20}. The relation in Figure 10 is not a function because there is 
an element in the domain, 240, that corresponds to two elements in the range, 12 
and 20. If a gestation period of 240 days is selected from the domain, a single life 
expectancy cannot be associated with it. D 


When determining whether a relation is a function, it is important to understand 
that it is okay for two (or more) different elements in the domain to correspond to 
the same element in the range, as in Example 2(a). A relation is not a function when 
an element in the domain corresponds to more than one element in the range, as in 
Example 2(с). 
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We may also think of a function as a set of ordered pairs (x, y) in which no 
ordered pairs have the same first element and different second elements. The set of 
all first elements x is the domain of the function, and the set of all second elements 
y is its range. Each element x in the domain corresponds to exactly one element y in 
the range. 


| EXAMPLE3 | Determining Whether a Relation Given by a Set of Ordered Pairs 


Is a Function 


For each relation, state the domain and range. Then determine whether the relation 
is a function. 


(a) {(1, 4), (2, 5), (3, 6), (4, 7) 
(b) 4(L 4), (2, 4), (3, 5), (6, 109} 
(с) {(-3, 9), (—2, 4), (0, 0), (1, 1), (=3, 8)} 


Solution (a) The domain of this relation is (1, 2, 3, 4}, and its range is (4, 5, 6, 7}. This 
relation is a function because there are no ordered pairs with the same first 
element and different second elements. 


(b) The domain of this relation is (1, 2, 3, 6}, and its range is (4, 5, 10}. This relation 
is a function because there are no ordered pairs with the same first element and 
different second elements. 

(c) The domain of this relation is ( —3, —2, 0, 1}, and its range is (0, 1, 4, 8, 9}. 
This relation is not a function because there are two ordered pairs, ( —3, 9) and 
(—3, 8), that have the same first element and different second elements. -» 


In Example 3(b), notice that 1 and 2 in the domain both have the same image 
in the range. This does not violate the definition of a function; two different first 
elements can have the same second element. The definition is violated when two ordered 
pairs have the same first element and different second elements, as in Example 3(c). 
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Up to now we have shown how to identify when a relation is a function for relations 


defined by mappings (Example 2) and ordered pairs (Example 3). But relations can also 
be expressed as equations. 
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It is usually easiest to determine whether an equation, where y depends on x, 
is a function, when the equation is solved for y. If any value of x in the domain 
corresponds to more than one y, the equation does not define a function; otherwise, 
it does define a function. 


| EXAMPLE 4 | Determining Whether an Equation Is a Function 


Determine whether the equation y = 2x — 5 defines y as a function of x. 


Solution Тһе equation tells us to take an input x, multiply it by 2, and then subtract 5. For any 
input x, these operations yield only one output y, so the equation is a function. For 
example, ifx = 1,theny = 2 -1 — 5 = –3. Ех = 3, ћепу = 2.3 – 5 = 1. B 


The graph of the equation у = 2x — 5 isa line with slope 2 and y-intercept —5. 
The function is called a linear function. See Figure 11. 


Determining Whether an Equation Is a Function 


YA Determine whether the equation x? + y? = 1 defines y as a function of x. 
2 H 
Solution To determine whether the equation x? + y? = 1, which defines the unit circle, is a 
(0, 1) function, solve the equation for у. 
x2 + у? = 1 
П L y 2: — y2 
-2 -1 1 2 X y 1—х 
у ж +У1 — x? 

(0,-1) For values of x such that—1 < x < 1, two values of y result. For example, if x = 0, 
then у = +1, so two different outputs result from the same input. This means that 
-2[ the equation x? + y? = 1 does not define a function. See Figure 12. D 


Figure 12 x? + y? =1 
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3 Use Function Notation; Find the Value of a Function 


It is common practice to denote functions by letters such as f, g, F, С, and others. If f 
is a function, then for each number x in the domain, the corresponding number y in 
the range is designated by the symbol f (x), read as “fof x," and we write у = f(x). 
When a function is expressed in this way, we are using function notation. 

We refer to f ( x) as the value of the function fat the number x. For example, the 
function in Example 4 may be written using function notationas y — f(x) — 2x — 5. 
Then f(1) = —3 and f(3) = 1. 

Sometimes it is helpful to think of a function f as a machine that receives as 
input a number from the domain, manipulates it, and outputs a value in the range. 
See Figure 13. 

In Words The restrictions on this input/output machine are as follows: 
If y = f(x), then x is the 


Figure 13 Input/output machine 


* It accepts only numbers from the domain of the function. 


Е | inde ii E on y D For D input, there is exactly one output (which may be repeated for different 
inputs). 
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ÆN CAUTION The notation у = f(x) Figure 14 illustrates some other functions. Notice that in every function, for 
denotes a function Ё It does NOT mean each x in the domain, there is one corresponding value in the range. 
"f times x.” н 


Domain Range Domain Range 
(a) fx) =x? (b) F(x) = 


<I 


х — go) = үх 


Domain Range Domain Range 
(с) g(x) = Nx (9) G(X) =3 
Figure 14 


For a function у = f(x), the variable x is called the independent variable 
because it can be assigned any number from the domain. The variable y is called the 
dependent variable, because its value depends on x. 

Any symbols can be used to represent the independent and dependent variables. 
For example, if fis the cube function, then f can be given by f(x) = x?or f(t) = t? 
or f(z) = z?. All three functions are the same. Each says to cube the independent 
variable to get the output. In practice, the symbols used for the independent and 
dependent variables are based on common usage, such as using ¢ for time and a for 
acceleration. 

The independent variable is also called the argument of the function. Thinking 
of the independent variable as an argument can sometimes make it easier to find 
the value of a function. For example, if f is the function defined by f(x) = х?, then 
f tells us to cube the argument. Then f (2) means to cube 2, f (a) means to cube the 
number a, and f(x + Л) means to cube the quantity x + Л. 


| EXAMPLE 6 | Finding Values of a Function 


For the function f defined by f(x) = 2x? — 3x, evaluate 
(a) f(3) (b) f(x) + fG) (c) 3f(x) (d) f(-x) 
(е) =f (x) (f) f(3x) (g) f(x + 3) (h) f(x +h) 


Solution (а) Substitute 3 for x in the equation for f, f(x) = 2x? — Зх, to get 
f(3)—52.32—-3.3—18-9-—-9 
The image of 3 is 9. 
(b) f(x) + f(3) = (2x? – 3х) -9 = 2x? – 3x + 9 
(c) Multiply the equation for f by 3. 


3f(x) = 3(2x? — 3x) = 6x? — 9x 
(continued) 


52 СНАРТЕК1 Functions and Their Graphs 


Need to Review? 
Squaring a binomial such 

as (x + 3)? is discussed in 

^ Appendix A, Section А.З, р. А27. 


(d) Substitute —x for x in the equation for f and simplify. 


f(-x) = 2(—x)? — 3(—х) = 2x? + Зх Notice the use of parentheses here. 


e) —f(x) = —(2x? — 3x) = -2x? + 3x 
(е) 
f) Substitute 3x for x in the equation for f and simplify. 
q ршу. 
f(3x) = 2(3x)? —3-3x = 2. 9x? — 9x = 18x? — 9х 


(g) Substitute x 4- 3 for x in the equation for f and simplify. 


f(x +3) = 2(x + 3)? — 3(х + 3) 
= 2(x? -6x-9)-3x-9 
= 2x? + 12x -18— 3x — 9 
= 2x? +9x +9 


(h) Substitute x + A for x in the equation for f and simplify. 
f(x + h) = 2(x + h – 3(x + h) 
2(x? + 2xh + h?) — Зх — 3h 
= 2x? + 4xh + 2h? — 3x — 3h B 


Notice in this example that f(x + 3) = f(x) + f(3), f(—x) = —f(x), and 
3f(x) = f(x). 
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Most calculators have special keys that allow you to find the value of certain 
commonly used functions. Examples are keys for the square function f(x) — x?, 


the square root function f(x) — Ух, and the reciprocal function f(x) = E = x71 
х 


| EXAMPLE7 | Finding Values of a Function on a Calculator 


Verify the following results on your calculator. 


(a) f(x) = x? f(1234) = 1234? = 1.522756 


1 1 
F = = F(1.234) = —— ж 0.810372771 
(b) F(x) ^ (1.234) 1234 0.8103727715 
(c) g(x) = Ух | g(1.234) = 41.234 ~ 1.110855526 B 


COMMENT Graphing utilities can be used to evaluate a function. Figure 15 shows the function 
Y, = f(x) = 2x? — 3x evaluated at 3 on a TI-84 Plus CE graphing calculator. Compare this result 
with the solution to Example 6(a). 


as 


NORMAL FLOAT AUTO REAL RADIAN HP NORMAL FLOAT AUTO REAL RADIAN МР (1 


Ploti Plot2  Plot3 


Ё pe о aaa 


Figure 15 Evaluating f(x) = 2x? — 3x forx = 3 Е 


SECTION 1.1 Functions 53 


Implicit Form of a Function 


E COMMENT Many graphing utilities In general, when a function f is defined by an equation in x and y, we say that the 
require the explicit form of а function f is given implicitly. If it is possible to solve the equation for y in terms 
function. =  ofx,then we write y = f(x) and say that the function is given explicitly. For example, 

Implicit Form Explicit Form 
3x+y=5 y= f(x) = -3x + 5 
х2 - у= 6 у= f(x) = x? -6 
4 
ху = 4 yefue- 
х 


SUMMARY 


Important Facts about Functions 


e For each x in the domain of a function f, there is exactly one image f(x) in the range; however, more than one x 
in the domain can have the same image in the range. 

e fis the symbol that we use to denote the function. It is symbolic of the equation (rule) that we use to get from x 
in the domain to f(x) in the range. 
If y = f(x), then x is the independent variable, or the argument of f, and y, or f (x), is the dependent variable, 
or the value of f at x. 


ПА 4 Find the Difference Quotient of a Function 


An important concept in calculus involves using a certain quotient. For a function f, 
the inputs x and x + h, h  O,resultin the values f (x) and f(x + A). The quotient 
of their differences 


fox h)- f(x) f(x h) - f(x) 
(x -h)—-x h 


with h = 0,15 called the difference quotient of f at x. 


DEFINITION Difference Quotient 


The difference quotient of a function f'at x is given by 


fxh) — f(x) h 


5 == (00 (1) 


The difference quotient is used in calculus to define the derivative, which leads to 
applications such as the velocity of an object and optimization of resources. 

When finding a difference quotient, it is necessary to simplify expression (1) so 
that the л in the denominator can be divided out. 


| EXAMPLES | PLE 8 Finding the Difference Quotient of a Function 


Find the difference quotient of each function. 


(a) f(x) = 2x? = 3x 
() foo = 2 


x 
(с) f(x) = Ух (continued) 
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f(x+h)— f(x) _ [2(x + А)? – 3(x + һ)] — [2x? — 3x] 
f(xth) = 2(х+ А)? —3(x + h) 


Solution (а) 


| (x? + 2xh + h?) — 3x — 3h — 2x? + Зх 


= Simplify. 
h 
2x? + Axh + 2h2 — 3h — 2x2 Distribute and combine 
= П like terms. 
= Ахһ + 2h? — 3h Combine like terms. 
h 
— А(4х +2h—3) Factor out h. 
h 
= 4x + 2h – 3 Divide out the factor h. 
4 4 
o) Z8 102 хав Е К+ № = — 
4x —4(x + А) 
= __Х(Х+Л) Subtract. 
h 
a 8X — dx — dh Divide and distribute. 
х(х + h)h 
oo =n Simplify. 
x(x +hyh 
= L9. . Divide out the factor Л. 
x(x +h) 


(c) When a function involves a square root, we rationalize the numerator of 


Need to Review? = expression (1). After simplifying, the h’s divide out. 


Rationalizing Numerators 15 


discussed in Appendix A, 
€ Section A.Z, pp. A60-A61. даюс ло = Ел се х) = МЕЖА 


XX Ах | Vx + А + Ух  Rationalize the 
i h Мх + hx numerator. 


2 2 
PEE (A- BXA + B) = А? — В? 
x x 


h 2 2 
= vx 4h) —(vx 
"rms mum “ы, 


= — I Divide out the factor h. 
Мх + А + Ух B 
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5 Find the Domain of a Function Defined by an Equation 


Often the domain of a function fis not specified; instead, only the equation defining 
the function is given. In such cases, the domain of f'is the largest set of real numbers 
for which the value f ( x) is a real number. The domain of a function fis the same as 
the domain of the variable x in the expression f (x). 
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| EXAMPLES | Finding the Domain of a Function 


Find the domain of each function. 


(a) f(x) = x? + 5x (b) g(x) — Эх 
x?—4 
(с) h(t) = V4— 38 (d) F(x) = oc 
X — 


Solution (а) The function f(x) = x? + 5х says to sum the square of a number and five times 
the number. Since these operations can be performed on any real number, the 
domain of f'is the set of all real numbers. 


In Words (b) The function g(x) — I says to divide 3x by x? — 4. Since division by 0 is 
The ША found in not defined, the denominator x? — 4 cannot be 0, so x cannot equal —2 or 2. The 
EE domain of the function gis {x|x  —2, x = 2]. 

О оу 

notation is read, “The domain (c) The function h(t) = V4 — 3t says to take the square root of 4 — 3t. Since only 


of the function g is the set of all nonnegative numbers have real square roots, the expression under the square 


real numbers x such that x does root (the radicand) must be nonnegative (greater than or equal to zero). That is, 
hot equal —2 and x does not 


equal 2^ y А ri 
—3t > —4 
pm 
~ 3 
The domain of his [r|r < $), or the interval { —oc, а) 


V3x+1 


(d) The function F(x) = 5 2 says to take the square root of 3x + 12 and 
х 


divide the result by x — 5. This requires that 3x + 12 > 0, ѕо x > —4, апа also 
that x — 5 = 0,sox = 5.Combining these two restrictions, the domain of F is 


{x|x 2 —4, x = 5} _ 8 


The following may prove helpful for finding the domain of a function that is 
defined by an equation and whose domain is a subset of the real numbers. 


Finding the Domain of a Function Defined by an Equation 


e Start with the domain as the set of all real numbers. 
e If the equation has a denominator, exclude any numbers for which the 
denominator is zero. 


e Ifthe equation has a radical with an even index, exclude any numbers for 
which the expression inside the radical (the radicand) is negative. That is, 
solve radicand > 0. 
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We express the domain of a function using interval notation, set notation, or 
words, whichever is most convenient. If x is in the domain of a function f, we say 
that fis defined at x, or f (х) exists. If x is not in the domain of f, we say that fis not 


a , then f (0) exists, 
E21. 


defined at x, or f (x) does not exist. For example, if f(x) = 


but f(1) and f (—1) do not exist. (Do you see why?) 

When a function is defined by an equation, it can be difficult to find its range 
unless we also have a graph of the function. So we are usually content to find only 
the domain. 
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When we use functions in applications, the domain may be restricted by physical 
or geometric considerations. For example, the domain of the function f defined by 
f(x) = х2 is the set of all real numbers. However, if f represents the area of a square 
whose sides are of length x, the domain of fis restricted to the positive real numbers, 
since the length of a side can never be 0 or negative. 


Finding the Domain of a Function Used in an Application 
Express the area of a circle as a function of its radius. Find the domain. 
Solution See Figure 16. The formula for the area A of a circle of radius ris A = mr?. Using r 


to represent the independent variable and A to represent the dependent variable, the 
function expressing this relationship is 


A = A(r) = ar? 


In this application, the domain is {r|r > 0}. (Do you see why?) _B 
Figure 16 Circle of radius r 
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6 Form the Sum, Difference, Product, and Quotient 
of Two Functions 


Functions, like numbers, can be added, subtracted, multiplied, and divided. For 
example, if f(x) = x? + 9 and g(x) = 3x + 5, then 


f(x) + g(x) = (x? +: 9) + (3x +5) = x? + 3x + 14 
The new function у = x? + Зх + 14 is called the sum function f + g. Similarly, 
f(x) g(x) = (x? + 9)(3х + 5) = 3x2 + 5x? + 27x + 45 


The new function y = 3x? + 5x? + 27x + 45 15 called the product function f - g. 
The general definitions are given next. 


DEFINITION Sum Function 


Given functions f and g, the sum function is defined by 


(f + g)(x) = f(x) + g(x) 


RECALL The domain of f + g consists of all real numbers x that are in the domains of 


The symbol stands for both f and g. That is, domain of + g = domain of П domain of g. 


intersection. It means the set 


of elements that are common DEFINITION Difference Function 
to both sets. A Е | . . 
Given functions f and g, the difference function is defined by 


C= 2) = TO s 


The domain of f — g consists of all real numbers x that are in the domains of 
both f and g. That is, domain of f — g = domain of П domain of g. 


DEFINITION Product Function 


Given functions f and g, the product function is defined by 
(Fg) = f(x): g(x) 


The domain of f - g consists of all real numbers x that are in the domains of 
both f and g. That is, domain of · g = domain of f N domain of g. 
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DEFINITION Quotient Function 


Given functions f and g, the quotient function is defined by 


The domain of f consists of all real numbers x for which g(x) = 0 that are also 
& 


in the domains of both f апа g. That is, 


f 


domain of — = {x|g(x) = 0} domain of f n domain of g 
8 


| EXAMPLE 11 | Operations on Functions 


Let f and g be two functions defined as 


=_= _ x 
P= and g(x) = = 


Find the following functions, and determine the domain. 


G-gsu0 OF-A © F-a) @ [2 


Solution Тһе domain of fis {x|x = —2} and the domain of g is (x|x = 1). 


(а) (f + g(x) = f(x) + g(x) = 


1 х 
219g pod 


x—1 x(x + 2) 
(x4-2)x-—-1) (*¥ + 2)(x -1) 


x—14 x? + 2х x? -3x—1 


(x42)x-1)  (x-2)Xx-1) 


The domain of f 4- g consists of all real numbers x that are in the domains of 
both f and g. The domain of + g is(x|x = —2, x = 1]. 


1 x 
x42 x-1 


(b) (f - g)(x) = f(x) - glx) = 


x—1 x(x + 2) 
(x+2)(x-1) (x +2)(x -1) 


x—1—x?-—2x —x?—x-—1 x? x41 


(х+2)(х—1) _ (х+2)(х—1) (x + 2)(x — 1) 


The domain of f — g consists of all real numbers x that are in the domains of 
both f and g. The domain of f — g is(x|x = —2, x = 1]. 
1 x x 


GO GU wo) o [Os Ыз те mc 


The domain of f - g consists of all real numbers x that are in the domains of 
both f and g. The domain of f · g is(x|x = —2, x = 1]. 


1 
8 g(x) X x+2 x x(x +2) 


x—1 (continued) 
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f 


The domain of — consists of all real numbers x for which g(x) = 0 that are also 

in the domains of both f and g. Since g(x) = 0 when x = 0, exclude 0 as well 

as —2 and 1 from the domain. The domain of f is{x|x = —2, x = 0, х = 1}. 
8 


-B 
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In calculus, it is sometimes helpful to view a complicated function as the sum, 
difference, product, or quotient of simpler functions. For example, 


F(x) = x? + Vx is the sum of f(x) = x? and g(x) = Vx. 
x?—1 


H = 
(x) KP 1 


is the quotient of f(x) = x? — 1 and g(x) = x? +1. 


SUMMARY 


Function A relation between two sets of real numbers so that each number x in the 
first set, the domain, corresponds to exactly one number y in the second set. 
A set of ordered pairs (x, y) or (x, f(x)) in which no first element is paired 
with two different second elements. 
The range is the set of y-values of the function that are the images of 
the x-values in the domain. 
A function f may be defined implicitly by an equation involving x and y or 
explicitly by writing y = f(x). 


Unspecified domain If a function fis defined by an equation and no domain is specified, then the 
domain is the largest set of real numbers for which f ( x) is a real number. 


Function notation у = f(x) 
fis a symbol for the function. 
x is the independent variable, or argument. 
y is the dependent variable. 
f (x)is the value of the function at x. 


1.1 Assess Your Understanding 


‘Are You Pre pa red?' Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The inequality —1 < x < 3 can be written in interval 4. Solve the inequality: 3 — 2x > 5. Graph the solution set. 
notation as . (pp. A84-A85) (pp. A87-A89) 

2. If x = —2, the value of the expression 3x? — 5x + D 5. To rationalize the denominator of mE multiply the 
5 (PP. A6 AT) 5 d denominator b Е A59-A61 

3. The domain of the variable in the expression ~— 3 оаа оао ынша _____ MEANS 
is ‚ (р. А7) х +4 6. A quotient is considered rationalized if its denominator has 

no ‚ (pp. A59-A61) 
Concepts and Vocabulary 

7. For a function y = f(x), ће variable x is 10. True or False The domain of f consists of the numbers x that 
the variable, and the variable y is . . 8 
the variable. are in the domains of both f and g. 

8. Multiple Choice The set of all images of the elements in the 11. True or False Every relation is a function. 
domain of a function is called the : 12. Four ways of expressing a relation are ; 
(a) range (b) domain (с) solution set (d) function , ‚апа 

9. Multiple Choice The independent variable is sometimes 13. True or False If no domain is specified for a function f, then 
referred to as the of the function. the domain of fis the set of real numbers. 
(a) range (Б) value (c) argument (d) definition 14. True or False If x is in the domain of a function f, we say that 


fis not defined at x, or f (x) does not exist. 


AL. Now Work [*] 1. Modeling 1. Writing re 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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f(x +h) – f(x). 


15. The expression ~~ — is called the 16. When written as у = f(x), a function is said to be defined 
of f. 


Skill Building 


In Problems 17 and 16, a relation expressed verbally is given. 
(а) What is the domain and the range of the relation? | (b) Express the relation using a mapping. (с) Express the relation as а set of ordered pairs. 


\ 17. The density of a gas under constant pressure depends on 18. A researcher wants to investigate how weight depends on 
temperature. Holding pressure constant at 14.5 pounds height among adult males in Europe. She visits five regions in 
per square inch, a chemist measures the density of an Europe and determines the average heights in those regions 
oxygen sample at temperatures of 0, 22, 40, 70, and 100°C to be 1.80, 1.78, 1.77 1.77 and 1.80 meters. The corresponding 
and obtains densities of 1.411, 1.305, 1.229, 1.121, and average weights are 87.1, 86.9, 83.0, 84.1, and 86.4 kg, 
1.031 kg/m?, respectively. respectively. 

In Problems 19-30, find the domain and range of each relation. Then determine whether the relation represents a function. 

v 19. Person Birthday 20. Father Daughter 

Elvis = Jan. 8 Bob -— Beth 
Colleen Diane 
Kaleigh —————-—- Маг. 15 Darius —————^- Ітапі 
Marissa —-————>~ Sept. 17 Chuck ————~ Marcia 
21. Hours Worked Salary 22. Level of Education Average Weekly Income 
20 Hours P— $200 Less than high school ————————»- $619 
$300 High school graduate —7———————7- $781 
30 Hours ————3»- $350 Some college —————————————P»- $877 
40 Hours —————-- $425 Bachelor's degree ——~——————-> $1305 
Master's degree ———————————P»- $1545 
Professional degree —————————»- $1893 
Doctoral degree ——————————34»- $1885 


\ 23. {(2, 6), (—3, 6), (4, 9), (2, 10)} 24. {(—2, 5), (CL 3), (3,7), (4,12)} 25. {(1, 3), (2, 3), (3, 3), (4, 3)} 
26. {(0, —2), (1, 3), (2,3), (3,7)} 27. {(3, 3), (3,5), (0, D, (—4, 6)} 28. {(—4, 4), (—3, 3), (-2, 2), (-1, 1), (—4, 0)} 
29. ((—1, 8), (0, 3), (2, -1), (4, 3)} 30. {(—2, 16), (—1, 4), (0, 3), (1,4)} 


In Problems 31-42, determine whether the equation defines y as a function of x. 


31. у = 2х2 —3х + 4 32. y = x? day 34. y = |x| 
X 
35. x? = 8 – y? 36. y = +v1 — 2x 37, ; = y? 38. х + у? = 1 
39. у = Ух 40. у = е 41. |у = 2x 4 3 42, x? — 4y? = 
x 


In Problems 43-50, find the following for each function: 
(а) f(00) (6) fll) (c) f(-D (d) fi)  (e-foo Ф +1) (8) f(2x) (h) f(x +h) 


2 _ 
N дз, f(x) = 3x2 422-4 44. f(x) = 2x! кх 1 45. f(x) = — 46. f(xy = 21 
x1 x44 
47. f(x) = |x] +4 48. f(x) = Nx? + х 49, f(x) = 2^*1 50. f(x) = 1— — 
3x – 5 (x + 2) 
In Problems 51—70, find the domain of each function. 
x+1 x? 
51. f(x) = —5х +4 52. f(x) = x? +2 53. f(x) = 2x14 8 54. f(x) = Рр] 
X 2x x—2 х +4 
E = ae .h = 7. Е = И" ee 
\ S5. Bie) x? — 16 36: A x2 — 4 5 (x) 34x 58. Өх) x? — 4x 


60 


59. h(x) = V3x — 12 


63. f(x) = 


67. f(x) = ¥5x — 4 
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60. G(x) = v1- x 


d 64. f(x) = —= 


vx —4 —х—2 


68. g(t) = —? + АЛ? + 71 


= 
CNET ЖИ B ta o WEE 
ео а шулат 
ipt cc =. 66. nity = 2+3 

3 = 21 pl 


| 1 
Ma = stt 
2 t? — 5t — 14 


р 
70. N(p) = 1—2 —— 
0. NG) = у — 98 


In Problems 71—80, for the given functions f and g, find the following. For parts (a)—(d), also find the domain. 


(a) Cf + g)(x) (b) Cf = g)(x) 


(e) Cf + 8)(3) (f Cf — 8X4) 


\ 71. f(x) = 3x + 4; g(x) = 2x - 3 


73. f(x) = x — 1; 


g(x) = 2x? 


75. f(x) = Ух; g(x) = 3x – 5 


77. f(x) = 1+ 1. g(x) = 1 
x x 


79. f(x) = 


81. Given f(x) = 3x + 1and(f + g)(x) = 6 — Lx, 


Х In Problems 83-98, find the difference quotient of f; that is, fin 


М. 83. f(x) = 4x 43 


2x +3, 
Sx = 2” 3x 


2 


find the function g. 


(c) (f g(x) @ [£o 
8 
(8) (f 80) w [£o 
72. f(x) = 2х +1; g(x) = 3x -2 
74. f(x) = 2x? + 3; g(x) = 4x? +1 
76. f(x) = |х; g(x) = х 
78. f(x) = Ух - 1; g(x) = м4 – х 
80. f(x) = Jx FI; g(x) = 2 
82. Given f(x) = 1 and (^ oo = a 1 , find the function g. 
x g x?—x 


84. f(x) = —3x +1 


87. f(x) = х2 -x+4 88. f(x) = 3x? – 2х +6 
_ _2x | 5x 
MR IE 92. f(x) = | 
95. f(x) = | 96. f(x) = 1 
x? x? +1 


Applications and Extensions 


99, 


100. 


101. 


102. 


103. 


104. 


\ 105. 


If f(x) = x? — 2x + 3, find the value(s) of x so 
that f(x) = 11. 


If f(x) = 2x — 3. find the value(s) of x so 
7 
that = ——. 
а= 
If f(x) = 2x3 + Ax? + 4x — 5and f(2) = 5,what is the 


value of A? 


If f(x) = 3x? — Bx + A and f(—1) = 12, what is the 
value of B? 

If f(x) = Эх +8 and f(0) = 2, what is the value 

2х – А 

of A? 

If f(x) = as and f(2) = 2 what is the value 
of B? 

Geometry Express the area A of a rectangle as a function of 


the length x if the length of the rectangle is twice its width. 


ger 


h = 0, for each function. Be sure to simplify. 


h 
85. f(x) = x? - 4 86. f(x) = 3x? +2 
= 5 BEN! 
89. fix) = 7 90. f(x) = ——; 
93. f(x) = vx - 2 94. f(x) = ух +1 
97 f(x) = NA— x 98. f(x) = — 5 
XE 


106. 


107. 


108. 


109. 


Geometry Express the area A of an isosceles right triangle 
as a function of the length x of one of the two equal sides. 


Constructing Functions Express the gross wages G of a 
person who earns $16 per hour as a function of the number 
x of hours worked. 


Constructing Functions Ann, а commissioned salesperson, 
earns $100 base pay plus $10 per item sold. Express her 
gross salary G as a function of the number x of items sold. 


Effect of Gravity on Earth Ifa rock falls from a height of 
20 meters on Earth, the height Н (in meters) after x seconds 
is approximately 


Н(х) = 20 — 4.9х2 


(a) What is the height of the rock when x = 1 second? 
When x = 1.1 seconds? When x = 1.2 seconds? 
When is the height of the rock 15 meters? When is it 
10 meters? When is it 5 meters? 


When does the rock strike the ground? 


(b) 
(с) 


110. 


111. 


112. 


113. 


114. 


Effect of Gravity on Jupiter If a rock falls from a height 
of 20 meters on the planet Jupiter, its height H (in meters) 
after x seconds is approximately 


H(x) = 20 — 13x? 


(a) What is the height of the rock when x — 1 second? 
When x — 1.1 seconds? When x — 1.2 seconds? 

(b) When is the height of the rock 15 meters? When is 
it 10 meters? When is it 5 meters? 

(c) When does the rock strike the ground? 


Credit: NASA 


Cost of Transatlantic Travel A Boeing 747 jet crosses the 
Atlantic Ocean (3000 miles) with an airspeed of 500 miles 
per hour. The cost C (in dollars) per passenger is given by 


C(x) = 100 + + 36,000 
10 Xx 


where x is the ground speed (airspeed + wind). 

(a) What is the cost per passenger for quiescent (no wind) 
conditions? 

(b) What is the cost per passenger with a head wind of 
50 miles per hour? 

(c) What is the cost per passenger with a tail wind of 
100 miles per hour? 

(d) What is the cost per passenger with a head wind of 
100 miles per hour? 


Cross-sectional Area The cross-sectional area of a beam 
cut from a log with radius 1 foot is given by the function 
A(x) = 4xv1 — x? , where x represents the length, in feet, 
of half the base of the beam. See the figure. Determine the 
cross-sectional area of the beam if the length of half the base 
of the beam is as follows: 
(a) One-third of a foot 
(b) One-half of a foot 
(c) Two-thirds of a foot 


A(x) = 4x — x? 


© 


Economics The participation rate is the number of people in 
the labor force divided by the civilian population (excludes 
military). Let L(x) represent the size of the labor force in 
year x, and P(x) represent the civilian population in year х. 
Determine a function that represents the participation rate R 
as a function of x. 


Crimes Suppose that V(x) represents the number of 
violent crimes committed in year x and Р(х) represents 
the number of property crimes committed in year x. 
Determine a function 7 that represents the combined 
total of violent crimes and property crimes in year x. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


SECTION 1.1 Functions 61 


Health Care Suppose that P(x) represents the percentage 
of income spent on health care in year x and / ( x) represents 
income in year x. Find a function H that represents total 
health care expenditures in year x. 


Income Tax Suppose that /(х) represents the income of 
an individual in year x before taxes and T(x) represents 
the individual's tax bill in year x. Find a function N that 
represents the individual's net income (income after taxes) 
in year x. 

Profit Function Suppose that the revenue R, in dollars, 
from selling x smartphones, in hundreds, is 


R(x) = —1.22x? + 220x 

The cost C,in dollars, of selling x smartphones, in hundreds, 
is C(x) = 0.05x? — 2x? + 65x + 500. 
(a) Find the profit function, P(x) — R(x) — C(x). 
(b) Find the profit ifx = 15 hundred smartphones аге sold. 
(c) Interpret P(15). 
Population as a Function of Age The function 

P = P(a) = 0.025a? — 6.212a + 359.571 


represents the population P (in millions) of Americans who 
are at least a years old in 2018. 

(a) Identify the dependent and independent variables. 

(b) Evaluate P(20). Explain the meaning of P(20). 

(c) Evaluate P(0). Explain the meaning of P(0). 


Source: U.S. Census Bureau 


Stopping Distance When the driver of a vehicle observes 
an impediment, the total stopping distance involves both 
the reaction distance R (the distance the vehicle travels 
while the foot of the driver is moved to the brake pedal) 
and the braking distance B (the distance the vehicle 
travels once the brakes are applied). For a car traveling 
at a speed of v miles per hour, the reaction distance R, 
in feet, can be estimated by R(v) = 2.2v. Suppose 
that the braking distance B, in feet, for a car is given 
by B(v) = 0.05v? + 0.4v — 15. 

(a) Find the stopping distance function 

D(v) = R(v) + Biv) 


(b) Find the stopping distance if the car is traveling at a 
speed of 60 mph. 


(c) Interpret D(60). 
Some functions f have the property that 
f(a t b) = fla) + f(b) 


for all real numbers a and b. Which of the following functions 
have this property? 
(a) h(x) = 2x 


(b) g(x) = x? 
(с) F(x) = 5x -2 (d) G(x) = i 


Challenge Problem Find the difference quotient of the 
function f(x) = Vx. 


[Hint: Factor using a? — b? = (a — b)(a? + ab + b?) 


witha = Vx + h and b = Xx] 


Challenge Problem If = + И 
х — 


| = 3x? — 2, find /(1). 


x?--1 


Challenge Problem Find the domain of f (x) = Tax 1 
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Explaining Concepts: Discussion and Writing 


x^—1 


124. A the f ti = х—1 а = 
re e functions f(x) x and g(x) ad 


the same? Explain. 


125. Find a function H that multiplies a number x by 3 and then 
subtracts the cube of x and divides the result by your age. 


126. Investigate when, historically, the use of the function notation 
y = f(x) first appeared. 


‘Are You Prepared?’ Answers 


1. (-1, 3) 2. 215 3. [(x|x = —4} 4. {x|x < -1] 1.0 1 5. 45 +2 6. radicals 


1.2 The Graph of a Function 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Graphs of Equations (Foundations, Section Е2, * Intercepts (Foundations, Section E2, pp. 12-13) 
pp. 9-12) 


v Now Work the 'Are You Prepared?' problems on page 66. 


OBJECTIVES 1 Identify the Graph of a Function (p. 62) 
2 Obtain Information from or about the Graph of a Function (p. 63) 


In applications, a graph can more clearly demonstrate the relationship between two 
variables. Consider the average gasoline price data and corresponding graph provided 
in Table 2 and Figure 17. 


Table 2 


Year Price Year Price Year Price 


4.50 po 
4.00 |- 
3.50 - 
3.00 f- 
2.50 j- 
2.00 |- 
1.50 |- 
1.00% 
0.50 
0.00 1 


Price (dollars per gallon) 


2008 - 

1 

1 

1 

1 

1 
2020 - 
2022 — 


Year 


Source: U.S. Energy Information Administration Figure 17 Average retail price of gasoline (2019 dollars) 


We can see from the graph that the price of gasoline (adjusted for inflation) 
stayed roughly the same from 1992 to 1999 and was increasing from 2002 to 2008. 
The graph also shows that the lowest price occurred in 1998. 

Look again at Figure 17. The graph shows that for each date on the horizontal axis, 
there is only one price on the vertical axis. The graph represents a function, although 
a rule for getting from date to price is not given. 

When a function is defined by an equation in x and y, the graph of the function 
is the graph of the equation; that is, it is the set of points (x, y) in the xy-plane that 
satisfy the equation. 


l Identify the Graph of a Function 


Not every collection of points in the xy-plane represents the graph of a function. 
Remember, for a function, each number x in the domain has exactly one image y in 
the range. This means that the graph of a function cannot contain two points with the 
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same x-coordinate and different y-coordinates. Therefore, the graph of a function 
must satisfy the following vertical-line test. 


In Words 

If any vertical line intersects a THEOREM Vertical-Line Test 

graph at more than one point, 

the graph is not the graph of a A set of points in the xy-plane is the graph of a function if and only if every 
function. y vertical line intersects the graph in at most one point. 


Identifying the Graph of a Function 


Which of the graphs in Figure 18 are graphs of functions? 


Y4 
6 


H1 


-3 
(a) у= х2 (b) у= х3 (с) х= у? (а) x? +y? =1 
Figure 18 
Solution The graphs in Figures 18(a) and 18(b) are graphs of functions, because every vertical 
line intersects each graph in at most one point. The graphs in Figures 18(с) and 18(d) 
are not graphs of functions, because there is a vertical line that intersects each graph 


in more than one point. Notice in Figure 18(c) that the input 1 corresponds to two 
outputs, —1 and 1. This is why the graph does not represent a function. B 


\ Now Work PROBLEMS 15 AND 17 


2 Obtain Information from or about the Graph of a Function 


If (x, y) is a point on the graph of a function f, then y is the value of f at x; that is, 
y = f(x). Alsoif y = f(x),then(x, y)isa point on the graph of f. For example, if 
(—2, 7) is on the graph of f, then f(—2) = 7, andif f (5) = 8, then the point (5, 8) 
is on the graph of y — f(x). 


| EXAMPLE 2 | Obtaining Information from the Graph of a Function 


Let f be the function whose graph is given in Figure 19. 
(a) What are f (—5), f(0), and f(3)? 

ISI: (b) What is the domain of f? 

(c) What is the range of f? 


(d) List the intercepts. (Recall that these are the points, if any, where the graph 
crosses or touches the coordinate axes.) 


(e) How many times does the line y — 2 intersect the graph? 
(f) For what values of x does f(x) = —8? 


(g) For what values of x is f(x) > 0? 


(a) Since (—5, 8) is on the graph of f, the y-coordinate is the value of f at the 
x-coordinate —5; that is, f(—5) = 8.Inasimilar way, when x = 0,theny = —4, 


so f(0) = —4. When x = 3, then y = 4,so f(3) = 4. 
(continued) 
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(b) To determine the domain of f, notice that the points on the graph of f have 
x-coordinates between —7 and 3, inclusive; and for each number x between —7 and 
3, there is a point (x, f(x)) on the graph. The domain of f is {x|—7 € x < 3} 
or the interval [—7, 3]. 


(c) The points on the graph all have y-coordinates between —8 and 8, inclusive; and 
for each number y, there is at least one number x in the domain. The range of f 
is{y|—8 € y < 8}or the interval [—8, 8]. 


(d) The intercepts are the points (0, —4), (—6, 0), (—2, 0), and (2, 0). 


(e) Draw the horizontal line y — 2 on the graph in Figure 19. Notice that the line 
intersects the graph three times. 


(f) Since (—7, —8) and (1, —8) are the only points on the graph for which 


It means the set of elements (g) To determine where f(x) > 0,look at Figure 19 and determine the x-values from 
that are in either of two —7 to 3 for which the y-coordinate is positive. This occurs on (—6, —2) U (2, 3]. 
vec y Using inequality notation, f(x) > Ofor—6 < x < -2012« x € 3. B 


When the graph of a function is given, its domain may be viewed as the shadow 
created by the graph on the x-axis by vertical beams of light. Its range can be viewed 
as the shadow created by the graph on the y-axis by horizontal beams of light. Try 
this technique with the graph given in Figure 19. 


The Zeros of a Function 


If f(r) = 0 for a real number r, then r is called a real zero of f. For example, the 
zeros of the function f(x) = x? — 4 are —2 and 2 since f(—2) = 0 and f (2) = 0. 
We can identify the zeros of a function from its graph. To see how, we must remember 
that у = f(x) means that the point (x, y) is on the graph of f. So, if r is a zero of 
f,then f(r) = 0, which means the point (r, 0) is on the graph of f. That is, r is an 
x-intercept. We conclude that the x-intercepts of the graph of a function are also 
the zeros of the function. 


| EXAMPLE З | Finding the Zeros of a Function from Its Graph 


Find the zeros of the function f whose graph is shown in Figure 19 on the previous page. 


Solution Тһе zeros of a function are the x-intercepts of the graph of the function. Because 
the x-intercepts of the function shown in Figure 19 are —6, —2, and 2, the zeros of 
f are —6, —2, and 2. B 


\ Now Work PROBLEM 11 


| EXAMPLE 4 | Obtaining Information about the Graph of a Function 


x+1 


Consider the function: f(x) = 2 


(a) Find the domain of f. 

(b) Is the point (1. 3 on the graph of f? 

(c) If x = 2, what is f(x)? What point is on the graph of f? 
(d) If f(x) — 2, what is x? What point is on the graph of f? 


(e) What are the x-intercepts of the graph of f (if any)? What corresponding point(s) 
are on the graph of f? 


(f) What are the zeros of f (if any)? 
(continued) 
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Solution (а) The domain of f is { х|х = —2}. 
(b) When x = 1, then 
+1 2 xx 


ET = 
ie С. Phe 


The point (1. 2) is on the graph of f; the point (1. 3 is not. 


(c) If x = 2, then 


241 3 
IO 312-4 


The point p =) is on the graph of f. 


(d) If f(x) = 2, then 


NOTE In Example 4, —2 is not in the х+1_ f(x) = 2 

domain of f, so x + 2 is not zero and we x+2 

can multiply both sides of the equation x+1 = 2(х +2) Multiply both sides by x + 2. 
byx + 2. = x+1=2x4+4 Distribute. 


x = —3 Solve for x. 
If f(x) = 2, then x = —3. The point (—3, 2) is on the graph of f. 
(e) The x-intercepts of the graph of f are the real solutions of the equation f(x) = 0 
that are in the domain of f. 
x+1 
x+2 
x+1=0 Multiply both sides by x + 2. 


= 0 


x —1 Subtract 1 from both sides. 
The only real solution of the equation f(x) = Li = 0isx = —1, so —1 is 
b d = 


the only x-intercept. Since f(—1) = 0, the point (—1, 0) is on the graph of f. 
(f) Because —1 is an x-intercept of the graph of f,—1 is a zero of f. D 


\ Now Work PROBLEM 27 


| EXAMPLES | Energy Expended 


For an individual walking, the energy expended E in terms of speed v can be 
approximated by 


E(v) = x + 0.0053v 


where £ has units of cal/min/kg and v has units of m/min. 

(a) Find the energy expended for a speed of v = 40 m/min. 

(b) Find the energy expended for a speed ofv — 70 m/min. 

(c) Find the energy expended for a speed of v = 100 m/min. 
D (d) Graph the function E = E(v), 0 < v < 200. 


(e) Create a TABLE with TblStart = 1 and АТЫ = 1. Which value of v minimizes 
the energy expended? 


Source: Ralston, H. J. Int. Z. Angew. Physiol. Einschl. Arbeitsphysiol. (1958) 17: 277 


Solution (а) The energy expended for a walking speed of v = 40 meters per minute is 


E(40) = — + 0.0053 - 40 = 0.94 cal/min/kg 


(continued) 
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(b) The energy expended for a walking speed of v = 70 meters per minute is 


E(70) = z + 0.0053. 70 ~ 0.79 cal/min/kg 


(c) The energy expended for a walking speed of v = 100 meters per minute is 


E(100) = — + 0.0053 - 100 = 0.82 cal/min/kg 


(d) See Figure 20 for the graph of E = E(v) оп a TI-84 Plus CE. 


(e) With the function E = E(v)in Ү,, we create Table 3. Scroll down to find a value 
of v for which Y, is smallest. Table 4 shows that a walking speed of v = 74 meters 
per minute minimizes the expended energy at about 0.784 cal/min/kg. 


(gt 


Table 3 Table 4 


NORMAL FLOAT AUTO REAL RADIAN MP | Ш нокия. FLOAT AUTO REAL RADIAN MP 
am v 


E — — "Hif 


NORMAL FLOAT AUTO REAL RADIAN МР 
PRESS Ф TO EDIT FUNCTION 
Y V 


к чо со ш лсо о) 


Y¥18297X+. 0053X Y1=. 784091891892 


Figure 20 Ev) = e + 0.0053v 


\ Now Work PROBLEM 35 


SUMMARY 


e Graph of a Function The set of points (х, y) in the xy-plane that satisfy the equation у = f(x). 


e Vertical-Line Test A set of points in the xy-plane is the graph of a function if and only if every vertical line 
intersects the graph in at most one point. 


1.2 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. The intercepts of the equation x? + 4y? = 16 are 2. True or False The point (—2, —6) is on the graph of the 
(pp. 12-13) equation x = 2y — 2. (pp. 9-12) 


Concepts and Vocabulary 


3. A set of points in the xy-plane is the graph of a function if 8. True or False The y-intercept of the graph of the function 
and only if every line intersects the graph in at y — f(x), whose domain is all real numbers, is f (0). 
most one point. 9. Multiple Choice If a function is defined by an equation in x 
4. If the point (5, —3) is a point on the graph of f, then and y, then the set of points (х, y) in the xy-plane that satisfy 
f ys ; the equation is called the : 
5. Find a so that the point (—1, 2) is on the graph of (a) domain of the function (b) range of the function 
f(x) = ax? + 4. (c) graph of the function (d) relation of the function 
6. True or False Every graph represents a function. 10. Multiple Choice The graph of a function y = f(x) can have 
7. True or False 'The graph of a function y — f(x) always more than one of which type of intercept? 
crosses the y-axis. (a) x-intercept (b) y-intercept (с) both (d) neither 


NT: Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Skill Building 
N 11. Use the given graph of the function f to answer parts (а)—(о). 12. Use the given graph of the function f to answer parts (а)—(о). 
^| ea " 


4[ (5, 3) 


4 2d 

(0,0 -2- 

(2, -2) 
(-6, -3) 

(a) Find f(0) and f(—6). (a) Find f (0) and f(6). 
(b) Find f (6) and f (11). (b) Find f (2) and f(—2). 
(c) Is f (3) positive or negative? (c) Is f (3) positive or negative? 
(d) Is f (—4) positive or negative? (d) Is f (—1) positive or negative? 
(e) For what values of x is f(x) = 0? (e) For what values of x is f(x) = 0? 
(f) For what values of x is f(x) » 0? (f) For what values of x is f(x) « 0? 
(g) What is the domain of f? (g) What is the domain of f ? 
(h) What is the range of f? (h) What is the range of f? 
(i) What are the x-intercepts? (i) What are the x-intercepts? 
(j) What is the y-intercept? (j) What is the y-intercept? 
(k) How often does the line y = i intersect the graph? (k) How often does the line y = —1 intersect the graph? 


(1) How often does the line x = 1 intersect the graph? 
(m) For what value of x does f(x) = 3? 

(n) For what value of x does f(x) = —2? 

(о) What are the zeros of f? 


(I) How often does the line x = 5 intersect the graph? 
(m) For what values of x does f(x) — 3? 

(n) For what values of x does f(x) = —2? 

(o) What are the zeros of f? 


In Problems 13—24, determine whether or not the graph is that of a function by using the vertical-line test. In either case, use the graph to find: 


(a) The domain and range (b) The intercepts, if any (c) Any symmetry with respect to the x-axis, the y-axis, or the origin 
13. Va 14. Va N 15; Va 
3r 3r 
jt] NEM S | p p E 
-3 l= 3x -3 E 3x x 
—3 LL —3 = 
N 1 YA 18. Y4 20. 
3L 3r 4 (4, 3) 
‚ү, | is LIII Li, 
-3 Ё 3X =8 3x zii 4X 
-3r -3rF -4 
21. y. 22. Y4 23. y 24. 
a 3F 0,2 ар 9 
В < Cil @ : 
= 3 L -3 L 3x 3- 
= H LI 
-3L —3r =} 3x 
—3 - 
(2, —3) і | 
-3 
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In Problems 25-30, answer the questions about each function. 
25. f(x) = 3x7 - x - 2 


(a) Is the point (1, 2) on the graph of f? 

(b) If x = —2, what is f(x)? What point is on the graph 
of f? 

(c) If f(x) = —2, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f. 

(f) List the y-intercept, if there is one, of the graph of f. 

(g) What are the zeros of f, if any? 


26. f(x) = —3x? + 5x 


(a) Is the point ( —1, 2) on the graph of f? 

(b) If x — —2, what is f( x)? What point is on the graph 
of f? 

(c) If f(x) = —2, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f. 

(f) List the y-intercept, if there is one, of the graph of f. 

(g) What are the zeros of f, if any? 


N23 fp = EZ 


x—6 
(a) Is the point (3, 14) on the graph of f? 
(b) I£ x = 4, what is f(x)? What point is on the graph of f? 
(c) If f(x) = 2, what is x? What point(s) are on the graph 
of f? 
(d) What is the domain of f? 
(e) List the x-intercepts, if any, of the graph of f. 
(f) List the y-intercept, if there is one, of the graph of f. 
(g) What are the zeros of f, if any? 


Applications and Extensions 


31. 


32. 


The graphs of two functions, f and g, are illustrated. Use the 
graphs to determine each value in parts (a)-(f). 


(а) (f + g)(2) 
(с) Cf — 8X6) 


(e) Cf - g)(2) 


(b) Cf + g)(4) 
(d) (5 — f)(6) 
б [£i 

8 
Granny Shots The last playerin the NBA to use an underhand 
foul shot (a *granny" shot) was Hall of Fame forward Rick 
Barry, who retired in 1980. Barry believes that current NBA 
players could increase their free-throw percentage if they 
were to use an underhand shot. Since underhand shots are 
released from a lower position, the angle of the shot must 
be increased. If a player shoots an underhand foul shot, 


28. f(x) = 


29. f(x) = 


30. 


33. 


x? + 2 
х +4 


(а) Is the point | T i on the graph of f? 
(b) Ifx = 0, what is f(x)? What point is on the graph of f? 
(c) If f(x) = 2 what is x? What point(s) are on the graph 


of f? 
(d) What is the domain of f? 
(e) List the x-intercepts, if any, of the graph of f. 
(f) List the y-intercept, if there is one, of the graph of f. 
(g) What are the zeros of f, if any? 


12x^ 
x? +1 
(a) Is the point (—1, 6) on the graph of f? 
(b) I£ x = 3, what is f(x)? What point is on the graph of f? 
(c) If f(x) = 1, what is x? What point(s) are on the graph 
of f? 
(d) What is the domain of f? 
(e) List the x-intercepts, if any, of the graph of f. 
(f) List the y-intercept, if there is one, of the graph of f. 
(g) What are the zeros of f, if any? 


2x 
x—2 


Р(х) = 


(а) Is the point | 2 -2) on the graph of f? 


(b) Ifx = 4, what is f(x)? What point is on the graph of f? 

(c) If f(x) = 1, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f. 

(f) List the y-intercept, if there is one, of the graph of f. 

(g) What are the zeros of f, if any? 


releasing the ball at a 70-degree angle from a position 3.5 feet 

above the floor, then the path of the ball can be modeled by 

136x? 

v2 
height of the ball above the floor, x is the forward distance 
of the ball in front of the foul line, and v is the initial velocity 
with which the ball is shot in feet per second. 

(a) The center of the hoop is 10 feet above the floor and 
15 feet in front of the foul line. Determine the initial 
velocity with which the ball must be shot for the ball to 
go through the hoop. 

(b) Write the function for the path of the ball using the 
velocity found in part (a). 

(c) Determine the height of the ball after it has traveled 
9 feet in front of the foul line. 

(d) Find additional points and graph the path of the 
basketball. 


Source: The Physics of Foul Shots, Discover, Vol. 21, No. 10, 
October 2000 


Free-throw Shots According to physicist Peter Brancazio, 
the key to a successful foul shot in basketball lies in the arc 
of the shot. Brancazio determined the optimal angle of the 
arc from the free-throw line to be 45 degrees. The arc also 
depends on the velocity with which the ball is shot. If a player 


the function h(x) = — + 2.7x + 3.5, where h is the 


34 


b 


\ 35. 


shoots a foul shot, releasing the ball at a 45-degree angle 
from a position 6 feet above the floor, then the path of the 
ball can be modeled by the function 

44x? 
= 


h(x) = +x+6 

where h is the height of the ball above the floor, x is the 

forward distance of the ball in front of the foul line, and v 

is the initial velocity with which the ball is shot in feet per 

second. Suppose a player shoots a ball with an initial velocity 
of 28 feet per second. 

(a) Find the height of the ball after it has traveled 8 feet in 
front of the foul line. 

(b) Find the height of the ball after it has traveled 12 feet in 
front of the foul line. 

(c) Find additional points and graph the path of the 
basketball. 

(d) The center of the hoop is located 10 feet above the 
floor and 15 feet in front of the foul line. Will the ball go 
through the hoop? Why or why not? If not, with what 
initial velocity must the ball be shot in order for the ball 
to go through the hoop? 

Source: The Physics of Foul Shots, Discover, Vol. 21, No. 10, 

October 2000 

Cross-sectional Area The cross-sectional area of a beam 

cut from a log with radius 1 foot is given by the function 

A(x) = 4xv1 — x?, where x represents the length, in feet, 

of half the base of the beam. See the figure. 

(a) Find the domain of A. 

(b) Use a graphing utility to graph the function A — A(x). 

(c Create a TABLE with Ax) = ial —х? 


TblStart = Oand ATbl = 0.1 = 

for 0 € x < 1. Which value / Yer! 

of x maximizes the cross- ©) 

sectional area? What should 

be the length of the base of N /) 
X 


the beam to maximize the 
cross-sectional area? 


Motion of a Golf Ball 
A. golf ball is hit with LI 
an initial velocity of 
130 feet per second at an 
inclination of 45? to the 
horizontal. In physics, it 
is established that the 
height A of the golf ball 
is given by the function 


—32x? 
130? 

where x is the horizontal 

distance that the golf ball 

has traveled. 

(a) Determine the height 
of the golf ball after it has traveled 100 feet. 

(b) What is the height after it has traveled 300 feet? 

(c) What is (500)? Interpret this value. 

(d) How far was the golf ball hit? 

(e) Use a graphing utility to graph the function Л = A(x). 

(f) Use a graphing utility to determine the distance that the 
ball has traveled when the height of the ball is 90 feet. 

(g) Create a TABLE with TblStart = 0 and АТЫ = 25. 
To the nearest 25 feet, how far does the ball travel 
before it reaches a maximum height? What is the maximum 
height? 


h(x) = 


+ x 


Credit: Exactostock-1557/Superstock 
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(h) Adjust the value of АТЫ until you determine the 
distance, to within 1 foot, that the ball travels before it 
reaches its maximum height. 


Effect of Elevation on Weight If an object weighs т pounds 
at sea level, then its weight W (in pounds) at a height of 
h miles above sea level is given approximately by 


2 
W(h) = Д 4000 | 


4000 + h 


(a) If Amy weighs 120 pounds at sea level, how much will 
she weigh on Pikes Peak, which is 14,110 feet above sea 
level? 

(b) Use a graphing utility to graph the function W = W(h). 
Use m — 120 pounds. 

(c) Create a TABLE with TblStart = 0 and АТЫ = 0.5 
to see how the weight W varies as Л changes from 0 
to 5 miles. 

(d) At what height will Amy weigh 119.95 pounds? 

(e) Does your answer to part (d) seem reasonable? Explain. 

Cost of Transatlantic Travel A Boeing 747 jet crosses the 

Atlantic Ocean (3000 miles) with an airspeed of 500 miles 

per hour. The cost C (in dollars) per passenger is given by 


C(x) = 100 + ^+ 36000 
10 x 


where x is the groundspeed (airspeed + wind). 

(a) What is the cost when the groundspeed is 480 miles per 
hour? 600 miles per hour? 

(b) Find the domain of C. 

(c) Use a graphing utility to graph the functionC = C(x). 

(d) Create a TABLE with TblStart = 0 and АТЫ = 50. 

(e) To the nearest 50 miles per hour, what groundspeed 
minimizes the cost per passenger? 


Reading and Interpreting Graphs Let C be the function 

whose graph is given below. This graph represents the cost C 

of manufacturing q computers in a day. 

(a) Find C(0). Interpret this value. 

(b) Find C(10). Interpret this value. 

(c) Find C(50). Interpret this value. 

(d) What is the domain of C? What does this domain imply 
in terms of daily production? 

(e) Describe the shape of the graph. 

The point (30, 32 000) is called an inflection point. 

Describe the behavior of the graph around the 

inflection point. 


СА 
150 000 - 
= (80, 150 000) 
кеј 
E 
$ 100000 - 
8 
© 
б 
50 000 F (50, 51 000) 
(30, 32 000) 
(10,19 000) 
(0, 5000) l | l П ji l | l a 
10 20 30 40 50 60 70 80 q 
Number of computers 
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39. Reading and Interpreting Graphs Let C be the function 40. Challenge Problem Suppose f(x) = x? — 4х + с and 
whose graph is given below. This graph represents the cost C f(x) : | 
of using g gigabytes of data in a month for а data-only plan. B(x) = E 4. Find f(3)ifg( -2) = 5. 
(a) Find C(0). Interpret this value. 
(b) Find C(5). Interpret this value. 
(c) Find C(15). Interpret this value. 
(d) What is the domain of C? What does this domain imply 
in terms of the number of gigabytes? 
(e) Describe the shape of the graph. 


41. Challenge Problem Suppose f(x) = Ух +2 and 
g(x) = х? + п. If f(g(5) = 4, what is the value 
of g(n)? 


СА 
300 - (30, 300) 
са Ё 
© 
® Г (15, 150) 
© 4100F 
(0, 50) а (5, 50) 
| КЫЗ АЗЕ ШЕ) БЕР МЕР ТЫЗ ИШЕ ШЕ Ер М А мы ШИ ШШ > 
0 10 20 30 g 


Gigabytes 


Explaining Concepts: Discussion and Writing 


42. Describe how you would find the domain and range of a function if you were given its graph. How would your strategy change if 
you were given the equation defining the function instead of its graph? 


43. How many x-intercepts can the graph of a function have? How many y-intercepts can the graph of a function have? Explain why. 
44. Is a graph that consists of a single point the graph of a function? Can you write the equation of such a function? 
45. Match each of the following functions with the graph that best describes the situation. 

(a) The cost of building a house as a function of its square footage 

(b) The height of an egg dropped from a 300-foot building as a function of time 

(c) The height of a human as a function of time 

(d) The demand for Big Macs as a function of price 

(e) The height of a child on a swing as a function of time 


| vv VA | | 
X X 
(I) 


xY 
х 


x 
(I) (1) (V) v 


46. Match each of the following functions with the graph that best describes the situation. 
(a) The temperature of a bowl of soup as a function of time 
(b) The number of hours of daylight per day over a 2-year period 
(c) The population of Florida as a function of time 
(d) The distance traveled by a car going at a constant velocity as a function of time 
(e) The height of a golf ball hit with a 7-iron as a function of time 


| KA | | 
x X X 
) (1) ( 


() (11 Ill IV) (V) 


xY 
xY 
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47. Consider the following scenario: Barbara decides to take 50. The graph below represents the speed v (in miles per hour) 
a walk. She leaves home, walks 2 blocks in 5 minutes at a of Michael's car as a function of time t (in minutes). 
constant speed, and realizes that she forgot to lock the door. 
So Barbara runs home in 1 minute. While at her doorstep, it 
takes her 1 minute to find her keys and lock the door. Barbara (7, 50) (7.4, 50) 
walks 5 blocks in 15 minutes and then decides to jog home. It 
takes her 7 minutes to get home. Draw a graph of Barbara's (2, 30) 
distance from home (in blocks) as a function of time. 


v(t) À 


(4, 30) @, 39) 


48. Consider the following scenario: Jayne enjoys riding her bicycle 


through the woods. At the forest preserve, she gets on her > 
bicycle and rides up a 2000-foot incline in 10 minutes. She then Venet Pm PM : 
travels down the incline in 3 minutes. The next 5000 feet is level 

terrain, and she covers the distance in 20 minutes. She rests for (a) Over what interval of time was Michael traveling fastest? 
15 minutes. Jayne then travels 10,000 feet in 30 minutes. Draw a (b) Over what interval(s) of time was Michael's speed zero? 
graph of Jayne's distance traveled (in feet) as a function of time. (c) What was Michael's speed between 0 and 2 minutes? 


(d) What was Michael's speed between 4.2 and 6 minutes? 
(e) What was Michael's speed between 7 and 7.4 minutes? 
(f) When was Michael's speed constant? 


49. The graph below represents the distance d (in miles) that 
Kevin was from home as a function of time ft (in hours). 
Answer the questions by referring to the graph. In parts (a)-(g), 


how many hours elapsed and how far was Kevin from home 51. Graph a function whose domain is 
during the times listed? {x|-3 € x € 8, x = 5} 
a(t) and whose range is 
23) (25,3) {yl-1 <y <2, y = 0} 


(3.9, 2.8) 


What point(s) in the rectangle -3 < x < 8 -1z y x2 
cannot be on the graph? Compare your graph with those of 
other students. What differences do you see? 


52. Is there a function whose graph is symmetric with respect to 
(2.8, 0) (3, 0) (3,0 t the x-axis? Explain. 


53. Explain why the vertical-line test works. 


(a) From: = 0tot = 2 (b) Fromt = 2tot = 2.5 
(c) Fromt = 2.5tot = 2.8 (d) Fromt = 2.8tot = 3 
(e) From: = 3tot = 3.9 (f) Fromt = 3.9tot = 42 
(g) From: = 4.2tot = 5.3 

(h) What is the farthest distance that Kevin was from home? 
(i) How many times did Kevin return home? 


‘Are You Prepared?’ Answers 
1. (—4, 0), (4, 0), (0, —2), (0, 2) 2. False 


1.3 Properties of Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Intervals (Appendix A, Section A.10, pp. А84-А85) e Point-Slope Form of a Line (Foundations, Section ЕЗ, 
* Intercepts (Foundations, Section E2, pp. 12-13) pp. 25-26) 
* Slope of a Line (Foundations, Section ЕЗ, pp. 21-24) * Symmetry (Foundations, Section E2, pp. 13-16) 


м, Now Work the ‘Are You Prepared?’ problems on page 80. 


OBJECTIVES 1 Identify Even and Odd Functions from a Graph (p. 72) 
2 Identify Even and Odd Functions from an Equation (p. 73) 


3 Use a Graph to Determine Where a Function Is Increasing, 
Decreasing, or Constant (p. 73) 


4 Use a Graph to Locate Local Maxima and Local Minima (p. 75) 
5 Use a Graph to Locate the Absolute Maximum and the Absolute Minimum (p. 76) 


te 6 Use a Graphing Utility to Approximate Local Maxima and Local Minima and to 
Determine Where a Function Is Increasing or Decreasing (p. 78) 


7 Find the Average Rate of Change of a Function (p. 78) 
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To obtain the graph of a function y = f(x), it is often helpful to know properties of 
the function and the impact of these properties on the graph of the function. 


1 Identify Even and Odd Functions from a Graph 


The words even and odd, when discussing a function f, describe the symmetry of the 
graph of the function. 

A function f is even if and only if, whenever the point (x, y) is on the graph of f, 
the point (—x, y) is also on the graph. Using function notation, we define an even 
function as follows: 


DEFINITION Even Function 


A function f is even if, for every number x in its domain, the number —x is also 
in the domain and 


fx) = f(x) 


For the even function shown in Figure 21(a), notice that f(x,) = f(—x,) and 


that f(x.) = /(—х,). 


A function f is odd if and only if, whenever the point (x, y) is on the graph of f, 
the point (—x, —y) is also on the graph. Using function notation, we define an odd 
function as follows: 


(a) Even function 


DEFINITION Odd Function 


A function f is odd if, for every number x in its domain, the number —х is also 
in the domain and 


f(—x) = -f(x) 


For the odd function shown in Figure 21(b), notice that f(x,) = —f(—x,), 
which is equivalent to f(—x,) = —f(x,), and that f(x,) = —f(—x,), which is 
equivalent to f(—x,) = —f(x,). 

Refer to the tests for symmetry on page 15. The results below follow. 


(b) Odd function 


Figure 21 


THEOREM Graphs of Even and Odd Functions 


e A function is even if and only if its graph is symmetric with respect to the 
y-axis. 

e A function is odd if and only if its graph is symmetric with respect to the 
origin. 


Identifying Even and Odd Functions from a Graph 


Determine whether each graph given in Figure 22 is the graph of an even function, 
an odd function, or a function that is neither even nor odd. 


y y YA 


xy 
xy 
E 


Figure 22 (a) (b) (c) 
(continued) 
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Solution (а) The graph in Figure 22(a) is that of an even function, because the graph is 
symmetric with respect to the y-axis. 


(b) The function whose graph is given in Figure 22(b) is neither even nor odd, 
because the graph is neither symmetric with respect to the y-axis nor symmetric 
with respect to the origin. 


(c) The function whose graph is given in Figure 22(c) is odd, because its graph is 


symmetric with respect to the origin. B 


\ Now Work pRoBLemMs 25(a), (b), AND (d) 


2 Identify Even and Odd Functions from an Equation 


| EXAMPLE 2 | Identifying Even and Odd Functions Algebraically 


Determine whether each of the following functions is even, odd, or neither. Then 
determine whether the graph is symmetric with respect to the y-axis, with respect to 
the origin, or neither. 


(a) f(x) = x? – 5 (b) g(x) = x?-1 
(c) A(x) = 5x? – x (d) F(x) = |x| 
Solution (а) To determine whether f is even,odd, or neither, replace x by —xin f(x) = x? — 5. 
f(-x) = (-xy -5 = x? - 5 = f(x) 


Since f(—x) = f(x), the function is even, and the graph of f is symmetric with 
respect to the y-axis. 


(b 


— 


Replace x by —x in g(x) = x? — 1. 


g(=x) = (=x) -1 = =x? — 1 


Since g(—x) = g(x) апа g(—x) = —-g(x) = —(x? — 1) = —x? + 1, the 
function is neither even nor odd. The graph of g is not symmetric with respect to 
the y-axis, nor is it symmetric with respect to the origin. 


(c) Replace x by —x in h(x) = 5x? — x. 


h(—x) = 5(-х)? — (=x) = —5x? + x = —(5x? — x) = —h(x) 


Since h(—x) = —h(x), his an odd function, and the graph of Л is symmetric 
with respect to the origin. 


(d) Replace x by —x in F(x) = |x|. 


F(—x) = |-x| = |—1|-|х] = |x] = F(x) 


Since F(—x) = F(x), F is an even function, and the graph of F is symmetric 
with respect to the y-axis. B 


\ Now Work PROBLEM 37 


3 Use a Graph to Determine Where a Function Is Increasing, 
Decreasing, or Constant 
Consider the graph given in Figure 23 on the next page. If you look from left to right 
along the graph of the function, you will notice that parts of the graph are going up, 


parts are going down, and parts are horizontal. In such cases, the function is described 
as increasing, decreasing, от constant, respectively. 
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(—4, -2) 
Figure 23 
In Words 
* Ifa function is increasing, then 
as the values of x get bigger, the DEFINITIONS Increasing Function, Decreasing Function, 
values of the function also get Constant Function 
bigger. 
* Ifa function is decreasing, then e A function f is increasing on an interval / if, for any choice of x, and x, in J, 
as the values of x get bigger, the with x, < хә, them f (x1) x2 


values of the function get smaller. 
* Ifa function is constant, then 
as the values of x get bigger, 


e A function f is decreasing on an interval / if, for any choice of x, and x; in J, 
withoc ee лу Шеп р(х) (00): 


the values of the function e A function f is constant on an interval / if, for all choices of x in J, the values 
remain unchanged. y of f (x) are equal. 
. Figure 24 illustrates the definitions. The graph of an increasing function goes up 
“Need to Review? _ from left to right, the graph of a decreasing function goes down from left to right, and 
Interval Notation is discussed the graph of a constant function remains at a fixed height. The interval / on which 
С in Appendix A, Section A.10, a function is increasing, decreasing, or constant may be open, closed, or half-open/ 
í pp. A84-A85. half-closed depending on whether the endpoints of the interval satisfy the required 


inequality or not. 


YA Va 
| | 
| | 
Ho) ifia) 
> > e e je 
X X Хү Xo X 
Figure 24 (a) For x, <x, in /, (b) For x, < xz in /, (c) For all x in /, the values of 
f(x) < F(X 9); f(x) > f(x 2); fare equal; f is constant on /. 
fis increasing on /. fis decreasing on /. 


| EXAMPLE 3 | Determining Where a Function Is Increasing, Decreasing, or Constant 


from Its Graph 


Determine the values of x for which the function in Figure 25 is increasing. Where is 
it decreasing? Where is it constant? 


Solution 


When determining where a function is increasing, where it is decreasing, and where 
it is constant, we report the largest interval(s) involving the independent variable x 
that satisfy the definition. 

The function whose graph is given in Figure 25 is decreasing on the interval 
[—6, —4] because for any choice of x, and x, in the interval for which x, < x5, we 
have f(x,) > f(x, ). For example,—6 is included in the interval where f is decreasing 
because if x is any number for which -6 < x < —4, then f(—6) > f(x). 


(continued) 


(-4, —2) 
Figure 25 


{М CAUTION Describe the behavior 
of a graph in terms of its x-values. 
Do not say the graph in Figure 25 is 
increasing from the point (—4, —2) 
to the point (0, 4). Rather, say it is 
increasing on the interval[—4, O]. m 


NOTE "Maxima" is the plural of 
"maximum"; "minima" is the plural of 
"minimum." ш 


EXAMPLE 4 


Figure 27 
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Similarly, f is increasing on the interval [—4, 0] because for any choice of x, 
and x, in the interval for which x, < x,, we have f(x,) < f(x). 

Finally, the function f is constant on the interval [0, 3] and is decreasing on the 
interval [3, 6]. B 


\ Now Work PRoBLEMS 13, 15, 17, AND 25(c) 


4 Use a Graph to Locate Local Maxima and Local Minima 


Suppose f is a function defined on an open interval / containing c. If the value of f 
at c is greater than or equal to the other values of f on J, then f has а local maximum 
at c.* See Figure 26(a). 

If the value of f at c is less than or equal to the other values of f on Z, then f has a 
local minimum at c. See Figure 26(b). 


Yr y 
i (c, Т(С)) fi) 
| | (c, fo) 
| | 
| | = 
C x C X 
1—4 1—4 
(а) f has a local maximum аїс. (b) f has a local minimum at c. 


Figure 26 Local maximum and local minimum 


DEFINITIONS Local Maximum/Minimum 


Let f be a function defined on some interval / and let c be a number in /. 


e A function f has a local maximum at c if there is an open interval in 7 
containing cso that f (c) > f(x)forall xin this open interval. The number 
f (c)is called a local maximum value of f. 


e A function f has a local minimum at c if there is an open interval in J 
containing c sothat f(c) € f(x)forall xin this open interval. The number 
f (c)is called a local minimum value of f. 


If f has a local maximum at c, then the value of f at c is greater than or equal to 
the values of f near c. If f has a local minimum at c, then the value of f at c is less than 
or equal to the values of f near c. The word local is used to suggest that it is only near c, 
not necessarily over the entire domain, that the value f (c) has these properties. 


Finding Local Maxima and Local Minima from the Graph of a Function 
and Determining where the Function Is Increasing, Decreasing, 
or Constant 


Figure 27 shows the graph of a function f. 


(a) At what numbers x, if any, does f have a local maximum? List the local maximum 
value(s). 


(b) At what numbers x, if any, does f have a local minimum? List the local minimum 
value(s). 


(c) Find the intervals on which f is increasing. Find the intervals on which f is 


decreasing. . 
(continued) 
*Some texts use the term relative instead of local. 
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Dor (V, fv) 


v b 
Domain: [a, b] 

For all x in [a, b], f(x) = f (u) 
For all x in [a, b], f(x) = f (v) 


Absolute maximum: f (u) 
Absolute minimum: f (v) 


Figure 28 


x 


Solution 


The domain of f is the set of real numbers. 


(a) f has a local maximum at 1, since for all x close to 1, we have f(x) < f(1).The 
local maximum value is f(1) = 2. 


(b) f has local minima at — 1 and at 3. The local minimum values are f(—1) = 1 and 


f(3) = 0. 


(c) The function whose graph is given in Figure 27 on the previous page is increasing on 
the intervals [—1, 1] and [3, оо), or for — 1 < x < 1and x > 3. The function is 
decreasing on the intervals (—oo, —1]and[1, 3], orforx € —land1 < x < 3. 


Z\ CAUTION The y-value is the local maximum value or local minimum value, and it occurs at 
some number x. For example, in Figure 27, we say f has a local maximum at 1 and the local maximum 
value is 2. » 


\ Now Work PROBLEMS 19 AND 21 


5 Use a Graph to Locate the Absolute Maximum 
and the Absolute Minimum 


Look at the graph of the function f given in Figure 28. The domain of f is the closed 
interval [ а, b]. Also, the largest value of f is f (и) and the smallest value of f is f (v). 
These are called, respectively, the absolute maximum and the absolute minimum 
of f on [a, b]. 


DEFINITIONS Absolute Maximum and Absolute Minimum 


Let f be a function defined on some interval /. 
e If there is a number u in / for which f (u) > f(x)forall xin Z, then f has 
an absolute maximum at u, and the number f (u)is the absolute maximum 
of f on I. 


e If there is a number v in / for which f(v) € f(x) for all x in J, then f has 
an absolute minimum at v, and the number f (v) is the absolute minimum 
of f on I. 


The absolute maximum and absolute minimum of a function f are sometimes 
called the absolute extrema or the extreme values of f on /. 

The absolute maximum or absolute minimum of a function f may not exist. Let's 
look at some examples. 


Finding the Absolute Maximum and the Absolute Minimum from the 
Graph of a Function 


For the graph of each function y = f(x) in Figure 29, find the absolute maximum 
and the absolute minimum, if they exist. Also, find any local maxima or local minima. 


YA YA УА 


Figure 29 


(continued) 


xY 


Solution 


Æ CAUTION А function may have 
an absolute maximum or an absolute 
minimum at an endpoint but not a local 
maximum or a local minimum. Why? 
Local maxima and local minima are found 
over some open interval I, and an open 
interval cannot be created around an 
endpoint. ш 
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(a) The function f whose graph is given in Figure 29(a) has the closed interval [0, 5] 
as its domain. The largest value of f is f(3) = 6, the absolute maximum. The 
smallest value of f is f(0) = 1, the absolute minimum. The function has a local 
maximum value of 6 at x = 3 and alocal minimum value of 4 at x = 4. 


(b) The function f whose graph is given in Figure 29(b) has domain 
[x|l € x € 5, x = 3}. Note that we exclude 3 from the domain because of 
the “hole” at(3, 1). The largest value of f on its domain is f (5) = 3, the absolute 
maximum. There is no absolute minimum. Do you see why? As you trace the 
graph, getting closer to the point (3, 1), there is no single smallest value. [As 
soon as you claim a smallest value, we can trace closer to (3, 1) and get a smaller 
value!] The function has no local maxima or minima. 


(c) The function f whose graph is given in Figure 29(c) has the interval [0, 5] as its 
domain. The absolute maximum of f is f (5) = 4. The absolute minimum is 1. 
Notice that the absolute minimum occurs at any number in the interval [1, 2]. 
The function has a local minimum value of 1 at every x in the interval [1, 2], but 
it has no local maximum. 


(d) The function f given in Figure 29(d) has the interval [0, oo) as its domain. The 
function has no absolute maximum; the absolute minimum is f(0) — 0. The 
function has no local maxima or local minima. 


(e) The function f in Figure 29(e) has domain {x|1 < x < 5, x = 2]. The function 
has no absolute maximum and no absolute minimum. Do you see why? The function 
has a local maximum value of 3at x = 4, but no local minimum value. D 


In calculus, there is a theorem with conditions that guarantee a function will have 
an absolute maximum and an absolute minimum. 


THEOREM Extreme Value Theorem 


If a function f is continuous* on a closed interval [a, b], then f has an absolute 
maximum and an absolute minimum on [a, b]. 


The absolute maximum (minimum) can be found by selecting the largest 
(smallest) value of f from the following list: 


e The values of f at any local maxima or local minima of f in [a, b]. 
e The value of f at each endpoint of [a, b]—that is, f(a) and f(b). 


For example, the graph of the function f given in Figure 29(a) is continuous on 
the closed interval [0, 5]. The Extreme Value Theorem guarantees that f has extreme 
values on [0, 5]. To find them, we list 


e The value of f at the local extrema: f(3) = 6, f(4) = 4 
* The value of f at the endpoints: f(0) = 1, f(5) = 5 


The largest of these, 6, is the absolute maximum; the smallest of these, 1, is the 
absolute minimum. 

Notice that absolute extrema may occur at the endpoints of a function defined 
on a closed interval. However, local extrema cannot occur at an endpoint because 
an open interval cannot be constructed around the endpoint. So, in Figure 29(b), for 
example, f (1) = 2 is not a local maximum. 


\ Now Work PROBLEM 49 


*Although a precise definition requires calculus, we'll agree for now that a function is continuous if its 
graph has no gaps or holes and can be traced without lifting the pencil from the paper. 
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Б 


6 Use a Graphing Utility to Approximate Local Maxima and Local 
Minima and to Determine Where a Function Is Increasing or 
Decreasing 


To locate the exact value at which a function f has a local maximum or a local 
minimum usually requires calculus. However, a graphing utility may be used to 
approximate these values using the MAXIMUM and MINIMUM features. 


Using a Graphing Utility to Approximate Local Maxima and Minima and 


Solution 


Figure 30 


In Words 

The symbol A is the Greek 
capital letter delta and 15 read 
“change in." 


4 


to Determine Where a Function Is Increasing or Decreasing 


(a) Use a graphing utility to graph f(x) = бх? — 12x + 5 for -2 < x < 2. 
Approximate where f has a local maximum and where f has a local minimum. 


(b) Determine where f is increasing and where it is decreasing. 


(a) Graphing utilities have a feature that finds the maximum or minimum point of 
a graph within a given interval. Graph the function f for -2 < x < 2. Using 
MAXIMUM on a TI-84 Plus CE, we find that the local maximum value is 11.53 
and that it occurs atx = —0.82, rounded to two decimal places. See Figure 30(a). 
Using MINIMUM, we find that the local minimum value is —1.53 and that it 
occurs at x — 0.82, rounded to two decimal places. See Figure 30(b). Figure 30(c) 
shows the two extrema in Desmos. 


NORHAL FLOAT AUTO REAL RADIAN HP ñ 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 
CALC MAXIMUM 


CALC MINIMUM 
30 30 


ДЕБЕ. 


=2 2 2 2 


2 


= 
Maximum =i0 Hinimum -iü (0.816, -1.532) 
570160962 №=11.531973 WC 81649536 


(a) Local maximum (b) Local minimum 


y271.531973 


(c) Local extrema 


(b) Looking at Figure 30, we see that f is increasing on the intervals [—2, —0.82] 
and [0.82, 2], or for -2 € x < —0.82 and 0.82 < x < 2. And f is decreasing 
on the interval [—0.82, 0.82], or for -0.82 < x < 0.82. _в 


` Now Work PROBLEM 57 


7 Find the Average Rate of Change of a Function 


In Foundations, Section E3, we said that the slope of a line can be interpreted as the 
average rate of change. To find the average rate of change of a function between any 
two points on its graph, calculate the slope of the line containing the two points. 


DEFINITION Average Rate of Change 


Suppose f is a function whose domain is an interval /. If a and b, a = b, are 
in J, the average rate of change of f from a to b is defined as 


Average rate of change — Ay = аА 2 = Ь 
Ax b—a 


(1) 
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The symbol Ay in equation (1) is the “change in y,” and Ax is the “change in x.” 
The average rate of change of f is the change in y divided by the change in x. 


| EXAMPLE7 | Finding the Average Rate of Change 


Find the average rate of change of f(x) = 3x?: 


(a) From 1 to 3 (b) From 1 to 5 (c) From 1 to 7 
Solution (а) The average rate of change of f(x) = 3x? from 1 to 3 is 


Ay | fG)- fA) 27-3 24 _ 1 
И Ах 3-1 3-1 2 


160 - 


(b) The average rate of change of f(x) — 3x? from 1 to 5 is 


Ay | fO)-I0D 5-3 72. 


(7, 147) 


120l- Average rate = = = 18 
of change = 24 Ax 5-1 5—1 4 
sl: ET (c) The average rate of change of f (x) = 3x? from 1 to 7 is 
5, 75 
- ii Ay |f(D)-fü) 147-3. 144 __ ,, 


Average rate Ave 7—1 Tj 6 _B 


40 + of change = 18 


3,27) Average rate See Figure 31 for a graph of f(x) = 3x?. The function f is increasing on 


of change = 12 А : Е 
Cp upon eu ч the interval [0, oo). The fact that the average rate of change is positive for 
(0, 0) 2 4 6 i any ху, X5, X, = x5, in the interval [1, 7] indicates that f is increasing on 
Figure31 f(x) = 3x? 1<х& 7. 


\ Now Work PROBLEM 65 


The Secant Line 


The average rate of change of a function has an important geometric interpretation. 
Look at the graph of у = f(x) in Figure 32. Two points are labeled on the graph: 
(a, f (a)) and (b, f (b)). The line containing these two points is called a secant line; 
its slope is 


_ РФ) – f(a) 
sec b-a 
y4 у= fix) 


Secant line 


(b, f(b)) 
f(b) — fla) 


(a, f(a)) 


Figure 32 Secant line 


THEOREM Slope of a Secant Line 


The average rate of change of a function from a to b equals the slope of the 
secant line containing the two points (a, f (a)) and(b, f (b)) onits graph. 


80 CHAPTER 1 Functions and Their Graphs 


| EXAMPLE 8 | РГЕ 8 Finding an Equation of a Secant Line 


Suppose that g(x) = 3x? — 2x + 3. 
(a) Find the average rate of change of g from —2 to 1. 
(b) Find an equation of the secant line containing (—2, g(—2)) and(1, g(1)). 


D (с) Using a graphing utility, draw the graph of g and the secant line obtained in 
part (b) on the same screen. 


ee 


Solution (а) The average rate of change of g(x) = 3x? — 2x + 3 from —2 to 1 is 


Average rate of change = §(1) -= g(-2) 
1 — (-2) 
m Bist "о уь у = 
: g(-2) = 3(-2)? - 2(-2) +3 = 19 
15 
= —— = =5 
3 


(b) The slope of the secant line containing (—2, g(—2)) = (—2, 19) 


and (1, g(1)) = (1, 4) is m,,, = —5. Use the point-slope form to find an 


24 equation of the secant line. 
у— yi = Moog (X — x) Point-slope form of a secant line 
y— 19 = —-5(x —(-2) x, =—2,у, = #(—2) = 19, т = —5 
y—19 = —5x — 10 Distribute. 
mum 1 | li y--5x49 Slope-intercept form of the secant line 


e (c) Figure 33 shows the graph of g along with the secant line y = —5x + 9 on a 


Figure 33 Graph of g and the 
TI-84 Plus CE. _ 8 


secant line 


\ Now Work PROBLEM 71 


1.3 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The interval (2,5) can be written as the inequality 4. Write the point-slope form of the line with slope 5 containing 
- (pp. A84-A85) the point (3, —2). (pp. 25-26) 
2. The slope of the line containing the points (—2, 3) 5. The intercepts of the graph of y = x? — 9 are 
and (3, 8) is . (pp. 21-24) (pp. 12-13) 


3. Test the equation у = 5x? — 1 for symmetry with respect to 
the x-axis, the y-axis, and the origin. (pp. 13-16) 


Concepts and Vocabulary 


6. A function f is on an interval Z if, for any 10. True or False Even functions have graphs that are symmetric 
choice of x, and x; in Z, with x, < x,,then f(x,) < f(x;). with respect to the origin. 

7. A(n) function f is one for which f(—x) — f(x)for 11. Multiple Choice An odd function is symmetric with respect 
every x and —x in the domain of f; a(n) function f to 
is one for which f(—x) = —f(x) for every x and —x in the (a) the x-axis (b) the y-axis 
domain of f. (c) the origin (d) the line y = x 

8. True or False A function f is decreasing on an interval / 12. Multiple Choice А function that is continuous on the 
if, for any choice of x, and x, in Z, with x, < x;, then interval is guaranteed to have both an absolute 
fo)» Р(х). maximum and an absolute minimum. 

9. True or False А function f has a local minimum at c if there (a) (a, b) (b) (a, b] (c) [а, b) (d) [a, b] 


is an open interval / containing c so that f (c) < f(x) forall 
x in this open interval. 


NT: Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Skill Building 
In Problems 13-24, use the graph on the right of the function f. 7 
A 
Ў 13. Is f increasing on the interval [—8, —2]? 10 (2, 10) 


14. Is f decreasing on the interval [—8, —4]? 
М 15. Is f increasing on the interval [—2, 6]? 

16. Is f decreasing on the interval [2, 5]? 
v 17. List the interval(s) on which f is increasing. 


10 x 
18. List the interval(s) on which f is decreasing. 
N 19. Is there a local maximum at 2? If yes, what is it? (—8, —4) —6 F 
20. Is there a local maximum at 5? If yes, what is it? 
М. 21. List the number(s) at which f has a local maximum. What аге the local maximum values? 
22. List the number(s) at which f has a local minimum. What are the local minimum values? 
23. Find the absolute minimum of f on [—10, 7]. 
24. Find the absolute maximum of f on [—10, 7]. 
In Problems 25-32, the graph of a function is given. Use the graph to find: 
(a) The intercepts, if any 
(b) The domain and range 
(c) The intervals on which the function is increasing, decreasing, or constant 
(d) Whether the function is even, odd, or neither 
hi 25. 26. (3.3) YA (3, 3) 28. YA 
3r 3L 
(0, 2) | 
|| ] ЕРЕ Lo l, 1 і 
-3 (-10| (1,0) 3% 3x -3 (1,0) 3X* 


In Problems 33-36, the graph of a function f is given. Use the graph to find: 
(a) The numbers, if any, at which f has a local maximum. What are the local maximum values? 
(b) The numbers, if any, at which f has a local minimum. What are the local minimum values? 


34. YA 35. 


In Problems 37-48, determine algebraically whether each function is even, odd, or neither. 


\ 37. f(x) = 4x3 38. f(x) = 2x4 — x? 39. g(x) = 10 — x? 40. h(x) = 3x? + 5 
41. F(x) = Ах 42. G(x) = Vx 43. f(x) = х + Ixl 44. f(x) = 2x? +1 
= 1 oll 00 —x? _ 2x 
45. g(x) = сав 46. h(x) = 1 47. h(x) = 321—9 48. F(x) = A 
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In Problems 49-56, for each graph of a function у = f (x), find the absolute maximum and the absolute minimum, if they exist. Identify 
any local maximum values or local minimum values. 


49. 


УА 50. 
(1,4) 
“| (3,3) 
24 
@7) 
6.1) 
> > 
EE- à 


xY 


places. 
57. f(x) = x? - 3x + 2 [-2, 2] 
59. f(x) = x? - x? [-2, 2] 
61. f(x) = —0.2x? — 0.6x? + 4x — 6 [—6, 4] 
63. f(x) = 0.25x^ + 0.3x? — 0.9x? +3 [-3, 2] 


М. 65. 


67. 


69. 


N 71. 


73. 


75. 


Find the average rate of change of f(x) = —2x? + 4: 
(a) From 0102 (b) From1to3 (c) From1to4 


Find the average rate of change of g(x) = x? — 4x + 7: 
(a) From —3 to—2 (b) From-1to1 (c) From1to3 


f(x) = 5х -2 
(a) Find the average rate of change from 1 to 3. 


(b) Find an equation of the secant line containing (1, f(1)) 
and (3, f(3)). 


g(x) = x? —2 

(a) Find the average rate of change from —2 to 1. 

(b) Find an equation of the secant line 
containing (—2, g(—2)) and (1, g(1)). 


h(x) = x? —2x 


(a) Find the average rate of change from 2 to 4. 
(b) Find an equation of the secant line containing (2, h(2)) 
and (4, h(4)). 


Mixed Practice g(x) — x? — 27x 


(a) Determine whether g is even, odd, or neither. 
(b) There is a local minimum value of —54 at 3. Determine 
the local maximum value. 


58. 
60. 
62. 


64. 


66. 


68. 


70. 


72. 


74. 


76. 


Y4 52. I 
(3, 4) 


In Problems 57—64, use a graphing utility to graph each function over the indicated interval and approximate any local maximum 
= values and local minimum values. Determine where the function is increasing and where it is decreasing. Round answers to two decimal 


f(x) = x? —3х2+5 [-1, 3] 

f(x) = x4 — x? [-2, 2] 

f(x) = -0.4x3 + 0.6х2 + 3x — 2 [-4, 5] 
f(x) = -04x* — 0.5x? + 0.8x? —2 [-3, 2] 


Find the average rate of change of f(x) = —x? + 1: 
(а) From 0102 (b) From1to3 (c) From—1 tol 


Find the average rate of change of h(x) = x? — 2x + 3: 
(a) From—1tol (b) From0to2 (c) From2to5 


f(x) = -4x +1 


(a) Find the average rate of change from 2 to 5. 
(b) Find an equation of the secant line containing (2, f(2)) 
and (5, f (5)). 


gx)-2x*-c1 

(a) Find the average rate of change from —1 to 2. 

(b) Find an equation of the secant line 
containing (—1, g(—1)) and (2, g(2)). 


h(x) = —2x? +x 


(a) Find the average rate of change from 0 to 3. 
(b) Find an equation of the secant line containing (0, A(0)) 
and (3, A(3)). 


Mixed Practice f(x) = —x? + 12x 


(a) Determine whether f is even, odd, or neither. 
(b) There is a local maximum value of 16 at 2. Determine the 
local minimum value. 


Applications and Extensions 


же 77. 


== 78. 


79. 


80. 


Interactive Figure Exercise Exploring the Slope of the 
Secant Line Open the “Secant” interactive figure, which is 
available in the Video & Resource Library of MyLab Math 
(under Interactive Figures) or at bit.ly/3raFUGB. 


(a) The polynomial function shown in blue has a local 
maximum of 3 at x = —1. Move Point B to (—1, 3). 
[Note: You may grab the coordinates of Point B and 
move them around if you are having a difficult time 
reading the coordinates.] Move Point A so that the 
x-coordinate of Point A is less than x = —1. That is, 
move Point A to the left of Point B. What is the sign of 
the slope of the secant line for any value of x < —1? 

I. Positive II. Negative 
Ш. Zero IV. Cannot be determined 

(b) Is the polynomial function shown in blue increasing or 
decreasing on the interval (—oo, —1]? 

(c) If a function is increasing on the interval (—oo, —1], 
then for any x « —1, the slope of the secant line, 

= [ою = fly will be 

x —(-1) 

negative, zero). 

Leave Point B at (—1, 3). Move Point A so that the 

x-coordinate is near x = 1 (but less thanx = 1).That is, 

move Point A to the right of Point B. What is the sign of 
the slope of the secant line? 
I. Positive II. Negative 

Ш. Zero IV. Cannot be determined 

Is the polynomial function shown in blue increasing or 

decreasing on the interval [—1, 1]? 

If a function is decreasing on the interval [—1, 1], 

then for any —1 « x < 1, the slope of the secant line, 

_ f(x) -fOD 

С £20 

negative, zero). 

Leave Point B at (—1, 3). Now move Point A toward 

(—1, 3). What value does the slope of the secant line 

approach? 


oe (positive, 


(d) 


(e) 
(f) 


Meee , will be (positive, 


(g) 


Interactive Figure Exercise Exploring the Slope of the 
Secant Line Open the “Secant” interactive figure, which is 
available in the Video & Resource Library of MyLab Math 
(under Interactive Figures) or at bit.ly/3raFUGB. 

(a) Move Point A to (—2, —1) and Point B to (—1, 3). 
What is the slope of the secant line? 

(b) Grab Point B and move it toward Point A. As Point B 
approaches Point A (but remains to the right of Point A), 
to the nearest integer, what does the value of the slope 
of the secant line approach? 

F(x) = =x + 8x? +9 

(a) Determine whether F is even, odd, or neither. 

(b) There is a local maximum value of 25 at x = 2. Finda 

second local maximum value. 

Suppose the area of the region enclosed by the graph of F 

and the x-axis between x = 0 and x = 3 is 50.4 square 

units. Using the result from (a), determine the area of the 
region enclosed by the graph of F and the x-axis between 

x = —3andx = 0. 

G(x) = —x* + 32x? + 144 

(a) Determine whether G is even, odd, or neither. 


(b) There is a local maximum value of 400 at x = 4. Finda 
second local maximum value. 


(c) 


х 


83. 


84. 


81. 
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(c) Suppose the area of the region enclosed by the graph 
of G and the x-axis between x = 0 and x = 6 is 
1612.8 square units. Using the result from (a), determine 
the area of the region enclosed by the graph of G and the 
x-axis between x = —6 and x = 0. 


Minimum Average Cost The average cost per hour in dollars, 
C, of producing x riding lawn mowers can be modeled by the 
function 

C(x) = 0.3x? 4 


21x — 251 + 


2500 
x 


(a) Use a graphing utility to graph C = C(x). 

(b) Determine the number of riding lawn mowers to 
produce in order to minimize average cost. 

(c) What is the minimum average cost? 


. Medicine Concentration The concentration C of a 


medication in the bloodstream ¢ hours after being 
administered is modeled by the function 


C(t) = —0.002t^ + 0.0391? — 0.28512 + 0.766; + 0.085 


(a) After how many hours will the concentration be 
highest? 

(b) A woman nursing a child must wait until the 
concentration is below 0.5 before feeding the child. After 
taking the medication, how long must she wait before 
feeding her child? 


E. coli Growth A strain of E. coli Beu 397-recA441 is 
placed into a nutrient broth at 30? Celsius and allowed to grow. 
The data shown in the table are collected. The 
population is measured in grams and the time in hours. Since 
population P depends on time t, and each input corresponds 
to exactly one output, we can say that population is a function 
of time, so P (t) represents the population at time t. 


Time 
(hours), t 


Population 
(grams), P 


(a) Find the average rate of change of the population from 
0 to 2.5 hours. 

(b) Find the average rate of change of the population from 
4.5 to 6 hours. 

(c) What is happening to the average rate of change as time 
passes? 


National Debt The size of the total debt owed by the 
United States federal government continues to grow. In fact, 
according to the Department of the Treasury, the debt per 
person living in the United States is approximately $90,575. 
The data on the next page represent the U.S. debt for the 
years 2007-2021. Since the debt D depends on the year y, and 
each input corresponds to exactly one output, the debt is a 
function of the year. So D( y) represents the debt for each 
year y. 


(continued) 
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Year Debt (billions of dollars) 


9008 
10,025 
11,910 
13,562 
14,790 
16,066 
16,738 
17,824 
18,151 
19,573 
20,245 
21,516 
22,719 
26,945 
28,427 


Source: www.treasurydirect.gov 


(a) Plot the points (2007, 9008), (2008, 10 025), and so on. 

(b) Draw a line segment from the point (2007, 9008) to 
(2012, 16 066). What does the slope of this line segment 
represent? 

(c) Find the average rate of change of the debt from 2010 
to 2012. 

(d) Find the average rate of change of the debt from 2013 
to 2015. 

(e) Find the average rate of change of the debt from 2019 
to 2021. 

(f) What appears to be happening to the average rate of 
change as time passes? 


85. For the function f(x) — x?, compute the average rate 

of change: 

(a) From0to1 (b) From0toO0.5 (с) From 0 to 0.1 

(d) From 0 to 0.01 (e) From 0 to 0.001 

(f) Use a graphing utility to graph each of the secant lines 
along with f. 

(g) What do you think is happening to the secant lines? 

(h) What is happening to the slopes of the secant lines? Is 
there some number that they are getting closer to? What 
is that number? 


as 


86. For the function f(x) = x?, compute the average rate of 

change: 

(a) From 1102 (b) From 1to1.5 (c) From1to1.1 

(d) From 1 to 1.01 (e) From 1 to 1.001 

(£) Use a graphing utility to graph each of the secant lines 
along with f. 

(g) What do you think is happening to the secant lines? 

(h) What is happening to the slopes of the secant lines? Is 
there some number that they are getting closer to? What 
is that number? 


Be 


Explaining Concepts: Discussion and Writing 


98. Draw the graph of a function that has the following 
properties: domain: all real numbers; range: all real numbers; 
intercepts: (0, —3) and (3, 0); a local maximum value of —2 
at —1; a local minimum value of —6 at 2. Compare your graph 
with those of others. Comment on any differences. 


Problems 87-94 require the following discussion of a secant line. 
The slope of the secant line containing the two points (x, f(x)) 
and (x + h, f(x + h)) on the graph of a function у = f(x) may 
be given as 


|Ofix c h)- f(x) f(x h)- f(x) 


m 11590) 


ое Ce Sse h 


(a) Express the slope of the secant line of each function in terms 
of x and h. Be sure to simplify your answer. 
(b) Find т... for h = 0.5, 0.1, and 0.01 at x = 1. What value 
does M. approach as h approaches 0? 
(c) Find an equation for the secant line at x = 1 with h = 0.01. 
(d) Use a graphing utility to graph f and the secant line found in 
part (c) in the same viewing window. 
87. f(x) = 2x +5 88. f(x) = —3x + 2 
89. f(x) = x? + 2x 90. f(x) = 2x? +x 
91. f(x) = 2x? - 3x + 1 92. f(x) = —x? + 3x - 2 


93. f(x) = ^ ол. го) = 2 


ѕес 


4X 95. Challenge Problem Mean Value Theorem Suppose 


f(x) = x? + 2x? — x + 6. From calculus, the Mean Value 
Theorem guarantees that there is at least one number in the 
open interval (—1, 2) at which the value of the derivative of f, 
given by f'(x) = 3x? + 4x — 1, is equal to the average rate 
of change of f on the interval. Find all such numbers x in the 
interval. 


96. Challenge Problem If f is an odd function, determine 
whether g(x) = -f(-i) is even, odd, or neither. 


97. Challenge Problem Economics When Ronald Reagan 
was running for president in 1979, an economist named 
Arthur Laffer approached him with an idea to increase tax 
revenues to the federal government while lowering tax rates. 
[Note: This idea became a foundational element of supply- 
side economics.] 


(a) Laffer suggested there is a revenue function R = R(t), 
where R is tax revenue and t is the tax rate (as a 
percent),0 < t < 100. What is R(0)? What is R(100)? 
Why? 

(b) At the time Reagan was running for office the highest 
marginal tax rate was 70%. Draw a continuous function, 
R = R(t), on the interval [0, 100]. Be sure your graph 
supports Laffer’s position that federal tax revenue can 
increase with a decrease in the highest marginal tax rate. 
[Hint: Before the Economic Recovery Tax Act of 1981, 
the highest personal income tax was 70%.] 

(c) What theorem from this section is being utilized? 


99. Redo Problem 98 with the following additional information: 
increasing on (—oo, —1], [2, оо); decreasing on [—1, 2]. 
Again compare your graph with others and comment on any 


differences. 


100. Suppose that a friend of yours does not understand the 


101. 


D 102 


е 


idea of increasing and decreasing functions. Provide ап 
explanation, complete with graphs, that clarifies the idea. 
Can a function be both even and odd? Explain. 

Using a graphing utility, graph у = 5 on the interval [—3, 3]. 
Use MAXIMUM to find the local maximum values on 


[—3, 3]. Comment on the result provided by the graphing 
utility. 


‘Are You Prepared?’ Answers 


1.2«x«5 


(0, 0) 
| I 


on 


2. 1 
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103. 


104. 


105. 


3. symmetric with respect to the y-axis 


A function f has a positive average rate of change on the 
interval [ 2, 5]. Is f increasing on [2, 5]? Explain. 

Show that a constant function f(x) = b has an average 
rate of change of 0. Compute the average rate of change of 
у = v4 — x? on the interval [ —2, 2]. Explain how this can 
happen. 

How many x-intercepts can a function defined on an 
interval have if it is increasing on that interval? Explain. 


4. у +2 = 5(х – 3) 5. (—3, 0), (3, 0), (0, –9) 


1.4 Library of Functions; Piecewise-defined Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Intercepts (Foundations, Section E2, pp. 12-13) 


N Now Work the ‘Are You Prepared?’ problems on page 92. 


Graphs of Key Equations (Foundations, Section E2, 
Example 3, p. 11; Examples 11-13, pp. 16-17) 


OBJECTIVES 1 Graph the Functions Listed in the Library of Functions (p. 85) 
2 Analyze a Piecewise-defined Function (p. 90) 


(6.3 
AK» 


В properties: 
|} jj | | „ 


-2 


Figure 34 y = f(x) = vx 


- 5 10 X 


Properties of f(x) = Vx 


1 Graph the Functions Listed in the Library of Functions 


Figure 34 shows the graph of y = vx. Based on the vertical-line test,y = f(x) = Vx 
is a function, called the square root function. From the graph, we have the following 


* The domain and the range of f(x) — Ух are the set of nonnegative real 


numbers. 


The x-intercept of the graph of f(x) = Vx is 0. The y-intercept of the 


graph of f(x) = Xx is also 0. 


f(x) = Ух is neither even nor odd. 
f(x) = Vx is increasing on the interval [0, оо). 
f(x) = Vx has an absolute minimum of 0 at x = 0. 


| EXAMPLE 1 | Graphing the Cube Root Function 


(a) Determine whether f(x) — Ax is even, odd, or neither. State whether the graph 
of f is symmetric with respect to the y-axis, symmetric with respect to the origin, 


or neither. 


(b) Find the intercepts, if any, of the graph of f(x) = Xx. 
(c) Graph f(x) = Vx. 


Solution (а) Because 


/(—х) 


f(x) 


the cube root function is odd. The graph of f is symmetric with respect to the 


origin. 


(continued) 
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(b) The y-intercept is /(0) = V0 = 0. The x-intercept is found by solving the 
equation f(x) = 0. 


Рх) = 0 у(х) = Vx 


Vx = 0 Cube both sides of the equation. 
x=0 


The x-intercept is also 0. 


(c) Use the function to form Table 5 and obtain some points on the graph. 
Because of the symmetry with respect to the origin, we find only points (x, y) 


for which x > 0. Figure 35 shows the graph of f(x) = x. 


Table 5 


Figure 35 Cube root function B 


From the results of Example 1 and Figure 35, we have the following properties 
of the cube root function. 


Properties of the Cube Root Function f(x) = Ух 
e The domain and the range of f(x) = 3/x are the set of all real numbers. 


e The x-intercept of the graph of f(x) = Xx is 0. The y-intercept of the 
graph of f(x) = Wx is also 0. 


e f(x) = Vx is odd. The graph is symmetric with respect to the origin. 
ef = Ax is increasing on the interval ( —oo, oo). 


e f(x) = Vx does not have any local minima or any local maxima. 


| EXAMPLE 2 | Graphing the Absolute Value Function 


(a) Determine whether f(x) = |х| is even, odd, or neither. State whether the graph 
of f is symmetric with respect to the y-axis, symmetric with respect to the origin, 
or neither. 


(b) Determine the intercepts, if any, of the graph of f(x) = |х|. 
(c) Graph f(x) = |х|. 


Solution (а) Because 
fC-x) =|—х| 
=|х| = f(x) 


the absolute value function is even. The graph of f is symmetric with respect to 
the y-axis. 


b) The y-intercept is f(0) = |0| = 0. The x-intercept is found by solving the 
y p р у. 8 
equation f(x) = |x| = 0. The x-intercept is 0. 
(continued) 


| Seeing the Concept 


Г 


В Старр У = |х| оп a square screen and 


compare what you see with Figure 36. 
Note that some graphing utilities use 


abs( x) for absolute value. | 


X 


Figure 38 Identity function 
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(c) Use the function to form Table 6 and obtain some points on the graph. Because 
of the symmetry with respect to the y-axis, we only need to find points (x, y) for 
which x > 0. Figure 36 shows the graph of f(x) = |x|. 


Table 6 


x y=f(x)=|x| (х,у) 


L> 
=з -2 -1 1 2 3X 
EN 


Figure 36 Absolute value function — 


From Example 2 and Figure 36, we have the following properties of the absolute 
value function. 


Properties of the Absolute Value Function f(x) = |x| 
• The domain of f(x) = |x| is the set of all real numbers. The range of f 
is (y|y 2 0}. 
* The x-intercept of the graph of f (x) = |x| is 0. The y-intercept of the graph 
оО = xis а50 0: 


• f(x) = |х|1 even. The graph is symmetric with respect to the y-axis. 


f(x) = |x| 1s decreasing on the interval (—oo, 0]. It is increasing on the 
interval [0, со). 


f(x) = |x| has an absolute minimum of 0 at x = 0. 


Below is a list of the key functions that we have discussed. In going through this list, 
pay special attention to the properties of each function, particularly to the domain of 
each function and to the shape of each graph. Knowing these graphs, along with key 
points on each graph, lays the foundation for further graphing techniques. 


Constant Function 


Wie) = bb b is a real number 


See Figure 37. 

The domain of a constant function is the set of all real numbers; its range is the 
set consisting of a single number b. Its graph is a horizontal line whose y-intercept 
is b. The constant function is an even function. 


Identity Function 


See Figure 38. 

The domain and the range of the identity function are the set of all real 
numbers. Its graph is a line with slope 1 and y-intercept 0. The line consists of all 
points for which the x-coordinate equals the y-coordinate. The identity function 
is an odd function and is increasing over its domain. Note that the graph bisects 
quadrants I and III. 
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Square Function 


Ta) 2a 


See Figure 39. 

The domain of the square function is the set of all real numbers; its range is the 
set of nonnegative real numbers. The graph of the square function is a parabola whose 
intercept is at (0, 0). The square function is an even function that is decreasing on the 
interval ( —oo, 0] and increasing on the interval [0, оо). 


See Figure 40. 

The domain and the range of the cube function are the set of all real numbers. 
The intercept of the graph is at (0, 0). The cube function is odd and is increasing on 
Figure 40 Cube function the interval (—oo, oo). 


o 
a 
с 
Ф 
= 
Ф 
J 
o 
o 
e 
Tl 
с 
5 
o 
= 
o 
3 


fO S WE 


See Figure 41. 

The domain and the range of the square root function are the set of nonnegative 
real numbers. The intercept of the graph is at (0, 0). The square root function is 
YA fx)= Sk ^ neither even nor odd and is increasing on the interval [0, oo). 


See Figure 42. 

(-8, -2) The domain and the range of the cube root function are the set of all real numbers. 
The intercept of the graph is at (0, 0). The cube root function is an odd function that 
is increasing on the interval ( —oo, оо). 


Reciprocal Function 


21 


Refer to Example 13, page 17, for a discussion of the equation y = LN See 
Figure 43. * 

The domain and the range of the reciprocal function are the set of all nonzero 
Figure 43 Reciprocal function real numbers. The graph has no intercepts. The reciprocal function is an odd function 
and is decreasing on the intervals ( —co, 0) and (0, оо). 


YA f(x) =|х| 


Absolute Value Function 


fs) = |x] 


| 
M 
n 
TS 
m 


-3 0,0) 3x 
Figure 44 Absolute value function See Figure 44. 
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The domain of the absolute value function is the set of all real numbers; its 
range is the set of nonnegative real numbers. The intercept of the graph is at (0, 0). 
If x > 0, then f(x) = x, and the graph of f is part of the line y = x; if x < 0, 
then f(x) = —x, and the graph of f is part of the line у = —x. The absolute value 
function is an even function; it is decreasing on the interval (—oo, 0] and increasing 
on the interval [0, оо). 

The notation int(x) stands for the greatest integer less than or equal to x. For 
example, 


int(1)— 1 int(2.5) = 2 ту | =0 int(-7) =f {tes =3З 


юрке 


DEFINITION Greatest Integer Function 


| 
E 


f(x) — int(x) — greatest integer less than or equal to x* 


We obtain the graph of f(x) — int(x) by plotting several points. See Table 7. 
For values of x, —1 € x < 0, the value of f(x) = int(x) is —1; for values of x, 
0 < x < 1, the value of f is 0. See Figure 45 for the graph. 

The domain of the greatest integer function is the set of all real numbers; its 
range is the set of integers. The y-intercept of the graph is 0. The x-intercepts lie in 
the interval [0, 1). The greatest integer function is neither even nor odd. It is constant 
on every interval of the form [k, k + 1), for К an integer. In Figure 45, a solid dot 
indicates, for example, that atx = 1the value of f is f(1) = 1; ап open circle is used 
to show that the value of f is not Oat x = 1. 

DS Although a precise definition requires calculus, in a rough sense, a function is 
continuous if its graph has no gaps or holes and can be traced without lifting the pencil 
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YA from the paper on which the graph is drawn. A function is discontinuous if its graph 

ег = has gaps or holes and cannot be traced without lifting the pencil from the paper. 
2L eo The greatest integer function is also called a step function. At x = 0, 
TU LoT e x = +1,x = +2, and so on, this function is discontinuous because, at integer 
“Жел 2 x values, the graph suddenly “steps” from one value to another without taking on 
es. L any of the intermediate values. For example, to the immediate left of x — 3, the 
-3- y-coordinates of the points on the graph are 2, and at x — 3 and to the immediate 


: right of x — 3, the y-coordinates of the points on the graph are 3. 
Figure 45 Greatest integer function 


E 


І COMMENT When graphing a function using a graphing utility, typically you can choose either 
connected mode, in which points plotted on the screen are connected making the graph appear 
continuous, or dot mode, in which only the points plotted appear. When graphing the greatest integer 
function with a graphing utility, it may be necessary to be in dot mode. This is to prevent the utility 
from "connecting the dots" when f (x) changes from one integer value to the next. However, some 
utilities will display the gaps even when in "connected" mode. See Figure 46. и 


е 
r3 T€ | 5 Ez] 
d @ f(x) = floo(x) Fa] 
= ИИ 

= Ер 
=2 6 —2r 4 ++ +—+- 46 | =] TEST teme Hi a 
—2 =0 x: RB223»BEEERERR 
(a) TI-83 Plus, connected mode (b) TI-83 Plus, dot mode (c) TI-84 Plus CE (d) Desmos 


Figure A6 ОИ The functions discussed so far are basic. Whenever you encounter one of them, 


you should see a mental picture of its graph. For example, if you encounter the 
function f(x) = x?, you should see in your mind’s eye a picture of a parabola. 


\ Now Work PROBLEMS 11 THROUGH 18 


*Some texts use the notation f(x) = [x] or call the greatest integer function the 
“floor function" and use the notation f(x) = |x]. 
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Figure 47 Absolute value function 


Solution 


2 Analyze a Piecewise-defined Function 


Sometimes a function is defined using different equations on different parts of its 
domain. For example, the absolute value function f(x) = |x| is actually defined 
by two equations: f(x) = xif x > Oand f(x) = —x if x < 0. See Figure 47. For 
convenience, these equations are generally combined into one expression as 


x Их > 0 
—x ifx «0 


f(x) = |x| = | 


When a function is defined by different equations on different parts of its domain, it 
is called a piecewise-defined function. 


| EXAMPLE З | Analyzing a Piecewise-defined Function 


A piecewise-defined function f is defined as 


fa) —-2x ifx <0 
X = 
Vx ifx >0 


(a) Find f(—4), f(0),and f(4). 

(b) Find the domain of f. 

(c) Locate any intercepts. 

(d) Graph f. 

(e) Use the graph to find the range of f. 


(a) When evaluating a piecewise-defined function, we first must identify which 


(b) 


(c 


— 


equation should be used in the evaluation. We do this by identifying in which 
part of the domain the value for the independent variable lies. 


e To find f(—4), observe that -4 < 0sox = —4 lies in the domain of the first 
equation. This means that when x = —4, the equation for f is f(x) = —2x. 
Then 


f(-4) = -2(-4) = 8 
* To find f (0), observe that when x = 0, the equation for f is f(x) = Vx. 
Then 
f(0) = V0 = 0 
* To find f(4), observe that when x = 4, the equation for f is f(x) = Vx. 
Then 
f(4) = 4422 
The domain of the first equation of the function f is the set of all negative real 
numbers, {x|x < 0}, or(—oo, 0) in interval notation. The domain of the second 
equation of the function f is the set of all nonnegative real numbers, ( x|x > 0}, 
or [0, oo) in interval notation. The domain of the function is the union of the 
domains of the individual equations. Since 


(=, 0) U [0, со) == (— оо, оо) 
the domain of 15 the set of all real numbers. 


The y-intercept of the graph of the function is f (0). Because the equation for f 
when x = Ois f(x) = Ух, the y-intercept is f (0) = 40 = 0. 

The x-intercepts of the graph of a function are the real solutions to the 
equation f(x) = 0. To find the x-intercepts of f, solve f(x) = 0 for each 
equation of the function, and then determine which values of x, if any, satisfy the 
domain of the equation. 


fíx)20 x«0 fíx)20 x20 
—2x = 0 Мх —0 


x —0 x=0 (continued) 


~ 
> 


Figure 48 
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The result on the left (x = 0) is discarded because it does not satisfy the 
condition x < 0. The result on the right (x = 0) is obtained under the condition 
x > 0, so 015 an x-intercept. The only intercept is (0, 0). 


(d) To graph f, graph each equation over its domain. First graph the line y = —2x 


(е) 


and keep only the part for which x < 0. Then graph the square root function 
у = Vx for x > 0. See Figure 48. 


From the graph, we conclude that the range of f is the set of nonnegative real 
numbers, or the interval [0, oc). E 


| EXAMPLE 4 | Analyzing a Piecewise-defined Function 


A piecewise-defined function f is defined as 


Solution 


(a) 
(b) 
(c) 
(d) 
(е) 


(а) 


(b) 


(с) 


—2x +1 if -3<x<1 


f(x) = 2 ifx = 1 
x? ifx >1 
Find the domain of f. 
Locate any intercepts. 
Graph f. 
Use the graph to find the range of f. 
To find f (—2), observethat -3 < —2 < 1, so when x = —2, the equation for f 


is given by f(x) = —2x + 1. Then 
f(—2) = -2(-2)+1=5 f(x)=-2x+1 if -3<x<1 
To find f (1), observe that when x = 1, the equation for f is f(x) = 2. So, 
fA) = 2 f(x) =2 if x=1 
When x = 2, the equation for f is f(x) = x?. Then 
f(2)=27 = 4 үх) = х2 if x»1 


The domain of f is the union of the domains of each equation in the piecewise- 
defined function. So the domain of f is [—3, 1) U {1} U (1, со) = [—3, оо). 
The domain of f is [—3, oo) in interval notation, or {x|x > —3j in set notation. 


The y-intercept of the graph of the function is f (0). Because the equation for f 
when x = 0 is f(x) = —2x + 1, the y-intercept is f(0) = —2-0+1=1. 
The x-intercepts of the graph of a function f are the real solutions of the 
equation f(x) = 0. To find the x-intercepts of f, solve f(x) = 0 for each 
equation of the function, and then determine which values of x, if any, are in 
the domain of the equation. 


f@=0 3x2 <1 f(x) = 0 x=1 fíx)20 x>1 
-2x +1 = 0 2 = 0 x2 = 0 
—2x = —1 No solution х = 0 
1 
х= 2 
2 


The first potential x-intercept, х = 3 satisfies the condition —3 < x « 1, 
sox = ; is an x-intercept. The second potential x-intercept, x — 0, does not 
satisfy the condition x > 1, so we discard it. The only x-intercept is T The 


intercepts are (0, 1) and (5. о). (continued) 
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(d) To graph f, first graph the line y = —2x + 1 and keep only the part for 
which —3 < x « 1. When x = 1, f(x) = 2,so plot the point (1, 2). Finally, 
graph the parabola y = x? and keep only the part for which x > 1.See Figure 49. 
Notice we use open circles at the points (1, —1) and (1, 1) to indicate these 
points are not part of the graph. 


(e) From the graph, we conclude that the range of f is(y|y > —1}, or the interval 


\ Now Work PROBLEM 31 


Figure 49 


@ | €XAMPLE5 | Cost of Electricity 


In the winter of 2022, Florida Power and Light supplied electricity to residences in 
Florida for a monthly customer charge of $8.99 plus 6.68¢ per kilowatt-hour (kWh) 
for the first 1000 kWh supplied in the month and 7.68¢ per kWh for all usage over 
1000 kWh in the month. 


(a) What is the charge for using 500 kWh in a month? 
(b) What is the charge for using 1500 kWh in a month? 


(c) If C is the monthly charge for x kWh, develop a model relating the monthly 
charge and kilowatt-hours used. That is, express C as a function of x. 


Source: Florida Power and Light 


Solution (а) For 500 kWh, the charge is $8.99 plus (6.68¢ = $0.0668 ) per kWh. That is, 
Charge = $8.99 + $0.0668 - 500 = $42.39 


(b) For 1500 kWh, the charge is $8.99 plus 6.68¢ per kWh for the first 1000 kWh plus 
7.68¢ per kWh for the 500 kWh in excess of 1000. That is, 


Charge = $8.99 + $0.0668 - 1000 + $0.0768 - 500 = $114.19 


(c) Let x represent the number of kilowatt-hours used. If 0 < x < 1000, then the 
monthly charge C (in dollars) can be found by multiplying x times $0.0668 and 
adding the monthly customer charge of $8.99. So if0 < x < 1000, then 

C(x) — 0.0668x 4- 8.99 
YA For x > 1000, the charge is 0.0668 - 1000 + 8.99 + 0.0768(x — 1000), since 
140 - (x — 1000) equals the usage in excess of 1000 kWh, which costs $0.0768 per kWh. 
120l (1500, 114.19) That is, if х > 1000, then 
8 100 + C(x) = 0.0668 · 1000 + 8.99 + 0.0768(x — 1000) 
€ sol (10007579) = 66.8 + 8.99 + 0.0768x — 76.80 
S eok — 0.0768x — 1.01 
e 
40 - 500, 42.39) The rule for computing C follows two equations: 
20 TF (0, 8.99 if0 < x < 
| | ) а ge 0.0668x + 8.99 wo < x < 1000 тем 
500 1000 1500 X 0.0768x — 1.01 if x > 1000 
Usage (kWh) See Figure 50 for the graph. Note that the two graphs are both lines, but they have 
Figure 50 different slopes (rates) and intersect at the point (1000, 75.79). _в 


1.4 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Graph y = Vx. (pp. 16-17) 2. Graphy = 1 (pp. 16-17) 3. Find the intercepts of the equation у = x? — 8. (pp. 12-13) 
х 


AL. Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Concepts and Vocabulary 


4. The function f(x) = x? is decreasing on the interval 


. When functions are defined by more than one equation, they 
are called functions. 


. True or False The cube function is odd and is increasing on 
the interval ( —oo, оо). 


. True or False 'The cube root function is odd and is decreasing 
on the interval ( — co, оо). 


. True or False The domain and the range of the reciprocal 
function are the set of all real numbers. 


Skill Building 


In Problems 11—18, match each graph to its function. 


B. Identity function 
Е Reciprocal function 


Xn. 


A. Constant function 
E. Square root function 


NaL 


ANGIS: N 16. 


C. Square function 
G. Absolute value function 


N. 


NN. 


9. Multiple Choice Which of the following functions has a 
graph that is symmetric about the y-axis? 


1 
(а) у= Ух W y= ©y=x @My == 
10. Multiple Choice Consider the following function. 
3x —2 if x<2 
f(x)=4%x7+5 if 2<x< 10 
3 if x > 10 


Which expression(s) should be used to find the y-intercept? 
(а) 3x — 2 (b) x? + 5 (с) 3 (d) all three 


D. Cube function 
H. Cube root function 


N18. ME 


TN 


In Problems 19—26, graph each function. Be sure to label three points on the graph. 


19. f(x) = х 20. f(x) = x? 21. f(x) = x3 22. f(x) = Vx 
23. f(x) = - 24. f(x) = |x| 25. f(x) = Ух 26. f(x) = 3 
=x? ifx < 0 —3x ifx < —1 
27. If f(x) 214 ifx = 0 find: 28. If f(x) = 10 ifx — —1 find: 
3х-2 ifx>0 2x2 +1 idíx»-1 
(a) /(—3) (b) f(0) (с) f(3) (a) f(—2) (b) f(-1) (c) f(0) 
1 = 3 1 i 
wre ee м 30. If f(x) 217 ЕЕ OW nd 
x—1 if 1<х<5 3x -2 if 1<х<4 
(a) f (-2) (b) f(0) (с) fA) (d) f(3) (a) f(-1) (b) f(0) (с) fA) (d) f(3) 


In Problems 31—42: 


(a) Find the domain of each function. (b) Locate any intercepts. 


(c) Graph each function. 


(d) Based on the graph, find the range. 


2x ifx #0 3x ifx =0 —2x +3 ifx«1 
N 1. = 2. = e = 
кы E ifx = 0 ыы n ifx = 0 ын т ifx > 1 
| x+3 if -2<x<1 2x+5 if -3<x<0 
х+3 ifx « —2 . i 
34. f(x) = 2 з ifx>2 35. f(x) = 45 ifx =1 36. f(x) = 4-3 ifx = 0 
See diste c -x+2 ifx>1 —5х ifx > 0 
ity ifx <0 E ifx «0 Ix} if -2«x«0 
a fn 2 ifx 0 3 f(x) = үх id pon = | if р 
* х2 Ух ifx>0 iis 
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x2 
gr #—3<х<1 
40. f(x) = ici 4l. FS aed 
Ух ifx > 1 7 


In Problems 43—46, the graph of a piecewise-defined function is given. Write a definition for each function. 


43. 44. 


YA Yh 
2- 2- 
(2, 1) (2, 1) 
(-1, 1) - LF e 
l | П Ly | l | ie 
-2 (0, 0) 2x =2 ZU 0) 2x 
L m 
47. If f(x) = int(2x), find 
(a) f(1.7) (b) f(2.8) (c) f(—3.6) 
Applications and Extensions 
(x-1P #0<5<2 
49. (a) Graph = 
ta) Graph Gr) —2x+10 if2zx 6 


(b) Find the domain of f. 
(c) Find the absolute maximum and the absolute minimum, 
if they exist. 


51. Tablet Service A monthly tablet plan costs $34.99. It 
includes 3 gigabytes of data and charges $15 per gigabyte 
for additional gigabytes. The following function is used to 


compute the monthly cost for a subscriber. 


34.9 if0<x <3 
C(x) = ; 
| 15x – 10.01 if x3 
Compute the monthly cost for each of the following gigabytes 
of use. 
(a) 2 (b) 5 (c) 13 


Cost of Natural Gas In October 2021, Spire, Inc. had the 
following rate schedule for natural gas usage in single-family 


residences. 

Monthly service charge $22.00 

Natural gas cost 
First 50 therms $0.24863/therm 
Over 50 therms $0.30123/therm 


(a) What is the charge for using 20 therms in a month? 

(b) What is the charge for using 100 therms in a month? 

(c) Develop a function that models the monthly charge C 
for x therms of gas. 

(d) Graph the function found in part (c). 


Source: Spire, Inc. 


if O<x<2 3x +5 if -3<x<0 
if 2<x<5 42. f(x) 215 if O<x<2 
if x >5 x?+1 if x>2 
45. Va 46. Уһ 
2 (0, 2) 
(2, 2) 
(1, 1) L 
= a 
(71,1) (1,0) (1,1) 
| | | | df П jt. 
-2 (0,0) (2,0) x -2 2 x 
48. If f(x) = int( =) find 
р = z) 
(a) f(1.2) (b) f(1.6) (с) f(—1.8) 
—x 4*1 if-2zx«0 
50. (a) Graph f(x) = 12 if x20 
Хх +1 if 0 <х< 2 


52 


54. 


(b) Find the domain of f. 
(c) Find the absolute maximum and the absolute minimum, 
if they exist. 


Parking at O'Hare International Airport The short-term (no 
more than 24 hours) parking fee F (in dollars) for parking x 
hours on a weekday at O'Hare International Airport's main 
parking garage can be modeled by the function 


2—3int(1— x) if0<x<4 
Е(х) = 12-9 1103-х) if4<x<9 
74 if9 < x < 24 


Determine the fee for parking in the short-term parking 
garage for 

(a) 2 hours (b) 7 hours 

(c) 15 hours (d) 8 hours and 24 minutes 


Source: O’Hare International Airport 


Cost of Natural Gas In February 2022, Nicor Gas had 
the following rate schedule for natural gas usage in small 
businesses. 


Monthly customer charge $90.00 
Distribution charge 
1st 150 therms $0.1201/therm 
Next 4850 therms $0.0549/therm 
Over 5000 therms $0.0482/therm 
Gas supply charge $0.55/therm 


(a) What is the charge for using 1000 therms in a month? 

(b) What is the charge for using 6000 therms in a month? 

(c) Develop a function that models the monthly charge C 
for x therms of gas. 

(d) Graph the function found in part (c). 


Source: Nicor Gas 
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55. Federal Income Tax Two 2022 Tax Rate Schedules are given in the accompanying table. If x equals taxable income апа у equals 
w the tax due, construct a function y = f(x) for Schedule X. 


2022 Tax Rate Schedules 


Schedule Y-1 — Married Filing Jointly or Qualified Widow(er) 


Schedule X—Single 


If Taxable 
Income is 


$10,275 
$41,775 
$89,075 
$170,050 
$215,950 
$539,900 


56. 


57. 


58. 


59. 


The Tax is 
This 
Amount 

$0 

$1027.50 
$4807.50 
$15,213.50 
$34,647.50 
$49,335.50 
$162,718.00 


Of the 
Excess 
Over 


$0 
$10,275 
$41,775 
$89,075 
$170,050 
$215,950 
$539,900 


Plus 
This % 
10% 
12% 
22% 
24% 
32% 
35% 
37% 


But Not 
Over 
$10,275 
$41,775 
$89,075 
$170,050 
$215,950 
$539,900 


Over 


$0 


Federal Income Tax Refer to the 2022 tax rate schedules. If 
x equals taxable income and y equals the tax due, construct 
a function у = f(x) for Schedule Y-1. 


Cost of Transporting Goods A trucking company transports 
goods between Chicago and New York, a distance of 
960 miles. The company’s policy is to charge, for each pound, 
$0.50 per mile for the first 100 miles, $0.40 per mile for the 
next 300 miles, $0.25 per mile for the next 400 miles, and no 
charge for the remaining 160 miles. 


(a) Graph the relationship between the per-pound cost of 
transportation in dollars and mileage over the entire 
960-mile route. 

(b) Find the cost as a function of mileage for hauls between 
100 and 400 miles from Chicago. 

(c) Find the cost as a function of mileage for hauls between 
400 and 800 miles from Chicago. 


Car Rental Costs An economy car rented in Florida from 
Enterprise® on a weekly basis costs $185 per week. Extra 
days cost $37 per day until the day rate exceeds the weekly 
rate, in which case the weekly rate applies. Also, any part of 
a day used counts as a full day. Find the cost C of renting 
an economy car as a function of the number of days used x, 
where 7 < x < 14. Graph this function. 


Mortgage Fees Fannie Mae charges a loan-level price 
adjustment (LLPA) on all mortgages, which represents a fee 
homebuyers seeking a loan must pay. The rate paid depends 
on the credit score of the borrower, the amount borrowed, 
and the loan-to-value (LTV) ratio. The LTV ratio is the ratio 
of amount borrowed to appraised value of the home. For 
example, a homebuyer who wishes to borrow $250,000 with 
a credit score of 730 and an LTV ratio of 80% will pay 0.7596 
(0.0075) of $250,000, or $1875. The table shows the LLPA 
for various credit scores and an LTV ratio of 80%. 


Loan-Level 
Price Adjustment Rate 


Credit Score 
< 659 
660-679 
680-699 
700-719 
720-739 
>740 


Source: Fannie Mae 


If Taxable 
Income is 
Over 


$20,550 
$83,550 
$178,150 
$340,100 
$431,900 
$647,850 


60. 


61. 


The Tax is 
This 
Amount 

$0 
$2055.00 
$9615.00 
$30,427.00 
$69,295.00 
$98,671.00 
$174,253.50 


Plus 
This % 


But Not 
Over 
$20,550 
$83,550 
$178,150 
$340,100 
$431,900 
$647,850 


$0 $0 
$20,550 
$83,550 
$178,150 
$340,100 
$431,900 


$647,850 


(a) Construct a functionC = C(s), where Cis the loan-level 
price adjustment (LLPA) and s is the credit score of an 
individual who wishes to borrow $300,000 with an 
80% LTV ratio. 

(b) What is the LLPA on a $300,000 loan with an 8096 LTV 
ratio for a borrower whose credit score is 725? 

(c) What is the LLPA on a $300,000 loan with an 8096 LTV 
ratio for a borrower whose credit score is 670? 


Minimum Payments for Credit Cards Holders of credit cards 
issued by banks, department stores, oil companies, and so 
on receive bills each month that state minimum amounts 
that must be paid by a certain due date. The minimum due 
depends on the total amount owed. One such credit card 
company uses the following rules: For a bill of less than $10, 
the entire amount is due. For a bill of at least $10 but less 
than $500, the minimum due is $10. A minimum of $30 is due 
on a bill of at least $500 but less than $1000, a minimum of 
$50 is due on a bill of at least $1000 but less than $1500, and 
a minimum of $70 is due on bills of $1500 or more. Find the 
function f that describes the minimum payment due on a bill 
of x dollars. Graph f. 


Wind Chill The wind chill factor represents the air 
temperature at a standard wind speed that would produce 
the same heat loss as the given temperature and wind speed. 
One formula for computing the equivalent temperature is 


t 0<v<1.79 
(10.45 + 10Vv — v)(33 - г) 


22.04 
33 — 1.5958(33 — t) 


1.79 € v < 20 
v > 20 


where v represents the wind speed (in meters per second) 
and t represents the air temperature (°C). Compute the wind 
chill for the following: 


(a) An air temperature of 10°C and a wind speed of 1 meter 
per second (m/sec) 

(b) An air temperature of 10°С and a wind speed 
of 5 m/sec 

(c) An air temperature of 10°С and a wind speed 
of 15 m/sec 

(d) An air temperature of 10°C and a wind speed of 25 m/sec 

(e) Explain the physical meaning of the equation 
corresponding to 0 < v < 1.79. 

(f) Explain the physical meaning of the equation 
corresponding to v > 20. 
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63. 


64. 
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. Wind Chill Redo Problem 61(a)-(d) for an air temperature 


of —10°C. 

First-Class Mail In 2022 the U.S. Postal Service charged 
$1.16 postage for certain First-Class mail retail flats (such as 
an 8.5” by 11” envelope) weighing up to 1 ounce, plus $0.20 
for each additional ounce up to 13 ounces. First-Class rates 
do not apply to flats weighing more than 13 ounces. Develop 
a model that relates C, the First-Class postage charged, for a 
flat weighing x ounces. Graph the function. 

Source: United States Postal Service 

Challenge Problem Pool Depth Develop a model for the 
depth of the swimming pool shown as a function of the 
distance from the wall on the left. 


Explaining Concepts: Discussion and Writing 


67. 


68. 


69. 


70. 


m Problems 66—73, use a graphing utility. 
66. 


Exploration Graph y — x?. Then on the same screen 
graph y = x? + 2, followed by y = x? + 4, followed 
by y — x? — 2. What pattern do you observe? Can you 
predict the graph of y = x? — 4? Of y = x? + 5? 
Exploration Graph y — x?. Then on the same screen 
graph y = (x — 2), followed by у = (х – 4)? , followed 
by y = (x + 2)?. What pattern do you observe? Can you 
predict the graph of y = (x + 4»? ?Of y = (х— 5)27 
Exploration Graph у = |х|. Then on the same screen 
graph у = 2|x|, followed by у = 4|x|, followed by y = zixl. 
What pattern do you observe? Can you predict the graph of 
ys Axi? Of y = 51х12 


Exploration Graph у = x?. Then on the same screen graph 
y = —x?. Now try у = |х| and y = —|x|. What do you 
conclude? 

Exploration Graph y = Vx. Then on the same screen 
graph y = V—x. Now try y = 2x + 1and y = 2(—x) + 1. 
What do you conclude? 


‘Are You Prepared?’ Answers 


1. y, 2. YA 
[ (4, 2) MAWUE 
2 (1,1) 
L а 29 ^ 
00 4 x е L 


65. 


71. 


72. 


73. 


74. 


75. 


— 8 ft> < 8 ft> <—16 ft ————— жє 6 ft > 


m 


Challenge Problem Find the sum function (f + g)(x) if 


3 ft 


2x 43  ifx «2 
по = ifx >2 
апа 
{у= —4x -1 ifx <0 
e xw bxc 


Exploration Graph y — x?. Then on the same screen 
graph y = (x — 1)? + 2. Could you have predicted the 
result? 

Exploration Graph y = x?, y = x^,andy = x^onthesame 
screen. What do you notice is the same about each graph? 
What do you notice is different? 

Exploration Graph y = x?, y = x?,andy = x7onthesame 
screen. What do you notice is the same about each graph? 
What do you notice is different? 


Consider the equation 
у=}! 
0 

Is this a function? What is its domain? What is its range? What 


is its y-intercept, if any? What are its x-intercepts, if any? Is it 
even, odd, or neither? How would you describe its graph? 


if x is rational 
if x is irrational 


Define some functions that pass through (0,0) and 
(1, 1) and are increasing for x > 0. Begin your list with 
у = Vx, y = x, and y = х2. Can you propose a general 
result about such functions? 


3. (0, —8), (2, 0) 


1.5 Graphing Techniques: Transformations 


OBJECTIVES 1 Graph Functions Using Vertical and Horizontal Shifts (p. 97) 
2 Graph Functions Using Compressions and Stretches (p. 101) 
3 Graph Functions Using Reflections About the x-Axis and the y-Axis (p. 103) 


At this stage, you should be able to quickly graph any of the functions 


yea у=х? gee pany у= Ух y-i y = |x| 


with key points plotted. If necessary, review the previous section, Figures 38 through 44. 
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Sometimes we are asked to graph a function that is “almost” like one that we 
already know how to graph. In this section, we develop techniques for graphing such 
functions. Collectively, these techniques are referred to as transformations. 


1 Graph Functions Using Vertical and Horizontal Shifts 


| €XAMPLE1 | Vertical Shift Up 


Use the graph of f(x) = x? to obtain the graph of g(x) = x? + 3. Find the domain 
and range of g. 


Solution The function g(x) = x? + 3 is basically a square function. In fact, notice 
that g(x) = f(x) + 3. Create a table of values to obtain some points on the graphs 
of f and g. For example, when x = 0, then y = f (0) = 0 and y = g(0) = 3. 
When x = 1,then y = f(1) = 1and y = g(1) = 4. Table 8 lists these and a few 
other points on each graph. Notice that each y-coordinate of a point on the graph 
of g is 3 units larger than the y-coordinate of the corresponding point on the graph 
of f. We conclude that the graph of g is identical to that of f, except that it is shifted 
vertically up 3 units. See Figure 51. 


Table 8 


(71, 1 
| | 1 


-3 (00 3 X 
Figure 51 
The domain of g is all real numbers, or (—оо, oo). The range of g is [3, оо). J 


| EXAMPLE2 | Vertical Shift Down 


Use the graph of f(x) = x? to obtain the graph of g(x) = x? — 4. Find the domain 
and range of g. 


Solution The function g(x) = x? — 4 is basically a square function. Table 9 lists some points 
on the graphs of f and g. Notice that each y-coordinate of g is 4 units less than the 
corresponding y-coordinate of f. Also notice that g(x) = f(x) — 4. 

To obtain the graph of g from the graph of f, subtract 4 from each y-coordinate 
on the graph of f. The graph of g is identical to that of f except that it is shifted 
down 4 units. See Figure 52. 


Table 9 
(-2, 4) 


Down 
4 units 


Figure 52 


The domain of g is all real numbers, от (—оо, oo). The range of g is |—4, оо). -» 
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A vertical shift affects only the range of a function, not the domain. For example, 
the range of f(x) = x? is [0, oo). In Example 1 the range of g(x) = f(x) + 3 
is [3, оо), whereas in Example 2 the range of g(x) = f(x) — 4 is [—4, oo). 
The domain for all three functions is all real numbers. 


[ Exploration 


ta On the same screen, graph each of the following functions: 


Yo 2x Ү,=х°+2 Үз = x? -2 


Figure 53 illustrates the graphs using Desmos. You should have observed a general pattern. 
With Y, = x? on the screen, the graph of Y; = x? + 2 is identical to that of Y; = x2, except that it is 
shifted vertically up 2 units. The graph of Y = x? —2 is identical to that of Y, = x, except that it is 
shifted vertically down 2 units. 


We are led to the following conclusions: 


In Words Vertical Shifts 

For | = : )*kk ae on P e Jfa positive real number kis added to the output of a function y = f(x),the 
each y-coordinate on the graph o hot th тапс = ids h of fshif icall 
л юше xr "e e new function y = f(x) + kis the graph of f shifted vertically 
k units. р mp А . 

Fory = f(x) — k, k > 0, subtract e Ifapositive real number kis subtracted from the output of a function y = f (x), 
k from each y-coordinate to the graph of the new function y = f(x) — kis the graph of f shifted vertically 
shift the graph down k units. y down К units. 


\ Now Work PROBLEM 41 


Horizontal Shift to the Right 


Use the graph of f(x) = Vx to obtain the graph of g(x) = Vx — 2. Find the 
domain and range of g. 


Solution Тһе function g(x) = Vx — 2 is basically a square root function. Table 10 lists some 
points on the graphs of f and g. Note that when f(x) = 0, then x = 0, but 
when g(x) = 0, ћепх = 2.Also, when f(x) = 2,thenx = 4,but when g(x) = 2, 
then x = 6. The x-coordinates on the graph of g are 2 units larger than the 
corresponding x-coordinates on the graph of f for any given y-coordinate. Also 
notice that g(x) = f(x — 2). We conclude that the graph of g is identical to that of f, 
except that it is shifted horizontally 2 units to the right. See Figure 54. 


Table 10 Ys 
5- А А 
L Right 2 units у= үх 
у= Vx-2 
L І І jó 
(0, 0) (2, 0) 9 x 
Right 2 units 
Figure 54 


The domain of g is [2, oo) and the range of g is [0, оо). -» 
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Horizontal Shift to the Left 


Use the graph of f(x) = Vx to obtain the graph of g(x) = Vx + 4. Find the 
domain and range of g. 


Solution The function g(x) = Vx + 4 is basically a square root function. Table 11 lists some 
points on the graphs of f and g. Note that when f(x) = 0, then x = 0, but when 
g(x) = 0, then x = —4. Also, when f(x) = 2, then x = 4, but when g(x) = 2, 
then x = 0. The x-coordinates on the graph of g are 4 units smaller than the 
corresponding x-coordinates on the graph of f for any given y-coordinate. Also 
notice that g(x) = f(x + 4). We conclude that the graph of g is identical to that 
of f, except that it is shifted horizontally 4 units to the left. See Figure 55. 


Table 11 


| Left 4 units y=Vx4+4 


(0, 0) 
Left 4 units 
Figure 55 


The domain of g is [—4, oo) and the range of g is [0, оо). B 
\ Now Work PRoBLEM 45 


A horizontal shift affects only the domain of a function, not the range. For example, 
the domain of f(x) = Vx is[0, оо). In Example 3 the domain of g(x) = f(x — 2) 
is [2, oo), whereas in Example 4 the domain of g(x) = f(x + 4) is[—4, оо). The 
range for all three functions is [0, оо). 


Exploration 
I| On the same screen, graph each of the following functions: 


Ү, = x? Y, = (x — 3)? Үз = (x - 2» 


Figure 56 illustrates the graphs using Desmos. 


O Q QH 


ma i 


Figure 56 


You should have observed the following pattern. With the graph of Y, = x? (in black) on the screen, the 
graph of Y, = (x — 3)? shown in red is identical to that of Y, = x?, except that it is shifted horizontally to 
the right 3 units. The graph of Y = (x + 2)? shown in blue is identical to that of Y, = x2, except that it 


is shifted horizontally to the left 2 units. | 
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We are led to the following conclusions: 


In Words Horizontal Shifts 
Рогу = f(x—h),h>0, 

ада һ to each x-coordinate on 
the graph of y = f(x) to shift 


e If the argument x of a function f is replaced by x — h, h > 0, the graph 
of the new function y = f(x — Л) is the graph of f shifted horizontally 


the graph right h units. right л units. 

Рогу = f(x +h), h » 0, e If the argument x of a function f is replaced by x + h, h > 0, the graph 
subtract h from each x-coordinate of the new function y = f(x + h) is the graph of f shifted horizontally 
on the graph of y = f(x) to left h units. 

shift the graph left h units. A 


Observe the distinction between vertical and horizontal shifts. The graph 
of f(x) = x? + 2is obtained by shifting the graph vertically because we evaluate the cube 
function first and then add 2. The graph of g(x) = (x + 2 )3 is obtained by shifting the 
graph of у = x? horizontally because we add 2 to x before we evaluate the cube function. 

Another way to think of the distinction is to note where the shift occurs. If the 
shift occurs outside the basic function, as is the case with f(x) = x? + 2, then there 
is a vertical shift. If the shift occurs inside the basic function, as is the case 
with f(x) = (x + 2). then there is a horizontal shift. 

The graph of a function can be moved anywhere in the coordinate plane by 
combining vertical and horizontal shifts. 


| €XAMPLE5 | Combining Vertical and Horizontal Shifts 


Graph the function f(x) = |x + 3| — 5. Find the domain and range of f. 


Solution We graph f in steps. First, note that f is basically an absolute value function, so 
begin with the graph of y — |x| as shown in Figure 57(a). Next, to get the graph 
of y = |х + 3|, shift the graph of y = |x| horizontally 3 units to the left. 
See Figure 57(b). Finally, to get the graph of y = |x + 3| — 5, shift the graph 
of y = |x + 3| vertically down 5 units. See Figure 57(c). 


zi — — —— c3-9' E 
y Replace x by x + 3; у=|х+3 Subtract 5; Ncc 
(a) Horizontal shift (b) Vertical shift y=|x+ 3] 
left 3 units down 5 units (c) 
Figure 57 
The domain of f is all real numbers, or (— оо, oo). The range of f is[—5, oo). -» 


Note the points plotted on each graph in Figure 57. Using key points can be 
helpful in keeping track of the transformations that have been made. 

In Example 5, if the vertical shift had been done first, followed by the horizontal 
shift, the final graph would have been the same. Try it for yourself. 


\ Now Work PROBLEMS 47 AND 71 


SECTION 1.5 Graphing Techniques: Transformations 101 


2 Graph Functions Using Compressions and Stretches 


| EXAMPLES | Vertical Stretch 


Use the graph of f(x) = Vx to obtain the graph of g(x) = 2x. 


Solution То see the relationship between the graphs of f and g, we list points on each graph, as 
shown in Table 12. For each x, the y-coordinate of a point on the graph of g is 2 times 
as large as the corresponding y-coordinate on the graph of f.That is,g(x) = 2f (x). 
The graph of f(x) = Xx is vertically stretched by a factor of 2 to obtain the graph 
of g(x) = 2x. For example, (1, 1) is on the graph of f, but (1, 2) is on the graph 
of g. See Figure 58. 


Table 12 


LI INT. 1L DL p pL pL p p] lg] y, 
(0, 0) | 1) 5 10 x 
Figure 58 —» 


| EXAMPLE7 | Vertical Compression 


Use the graph of f(x) — |x| to obtain the graph of g(x) — slat. 


Solution For each x, the y-coordinate of a point on the graph of g is 5 as large as the 
corresponding y-coordinate on the graph of f. That is, g(x) = 5 f(x). The graph 
of f(x) = |x| is vertically compressed by a factor of ; to obtain the graph 


ofg(x) — A x|. For example, (2, 2) is on the graph of f, but (2, 1) is on the graph of g. 
See Table 13 and Figure 59. 


Table 13 


Figure 59 


In Words Vertical Compression or Stretch 
Fory = af (x), a > 0, the factor If a function y = f(x) is multiplied by a positive number a, then the graph of 
a is "outside" the function, so 


o e the new function y = af (x)is obtained by multiplying each y-coordinate of 


Multiply each y-coordinate on лл r= pur 
the graph of y = f(x) by a. e If0 < a < 1, a vertical compression by a factor of a results. 


* Ifa > 1,a vertical stretch by a factor of a results. 


\ Now Work PROBLEM 49 
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What happens if the argument x of a function y = f(x) is multiplied by a 
positive number a, creating a new function у = f (ax)? To find the answer, look at 
the following Exploration. 


| Exploration 


AD On the same screen, graph each of the following functions: 


ү = х) = УХ = f(2x)=V2K v 5х) ee (E 


Create a table of values to explore the relation between the x- and y-coordinates of each function. 

Result You should have obtained the graphs and tables in Figure 60. Note that 
(1,1),(4,2), and (9,3) are points on the graph of Y, — Ух. Also, (0.5, 1), (2, 2), and (4.5, 3) 
are points on the graph of Y; — V2x. For a given y-coordinate, the x-coordinate on the graph 


of Y, is 1 of the x-coordinate on Y,. 


ее ө + 
5 


1 1 14142180 0.70710678 


45 24213208 
8 2,8284271 


9 8 


2 


23284211 — 14142136 


3 
4 


42420407 — 2.1213203 


в 


1 


L5 


2 


3 


Б. 18 4.2426407 


Figure 60 
We conclude that the graph of Y; — Vx is obtained by multiplying the x-coordinate of each point on the graph 
of Y, = Vx by 5. The graph of Y, = V2x is the graph of Y, = Vx compressed horizontally. 

Look again at the table in Figure 60. Notice that (1, 1), (4, 2), and (9, 3) are points on the graph 
of Y, = Ух. Also notice that (2, 1), (8, 2), and (18, 3) are points on the graph of Y, = JE For a given 
y-coordinate, the x-coordinate on the graph of Y, is 2 times the x-coordinate on Y;. We conclude that the 


graph of Y — E is obtained by multiplying the x-coordinate of each point on the graph of Y, = Ух by 2. 


The graph of Y = E is the graph of Y, = Vx stretched horizontally. | 


Based on the Exploration, we have the following result: 


In Words Horizontal Compression or Stretch 
Fory = f(ax), a > 0, the 

factor a is “inside” the function, 
so it affects the x-coordinates. 
Multiply each x-coordinate on the 


graph of y = F(x) by =. y 


If the argument of a function y = f(x) is multiplied by a positive number a, 
then the graph of the new function у = f (ax)is obtained by multiplying each 


x-coordinate of the graph of y — f(x)by L 
* Ifa > 1,a horizontal compression by a factor of - results. 


e If0 < a < 1, a horizontal stretch by a factor of 1 results. 


| EXAMPLE 8 | PLE 8 Graphing Using Stretches and Compressions 


The graph of y = f(x) is given in Figure 61 on the next page. Use this graph to find the 
graphs of 


(a) y = 2f(x) (b) у = f(3x) 


(continued) 
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Solution (а) Because the 2 is “outside” the function f, the graph of у = 2f (x) is obtained by 
multiplying each y-coordinate of y = f(x) by 2.See Figure 62. 

(b) Because the 3 is “inside” the function f, the graph of y = f (3x) is obtained from 

the graph of y = f(x) by multiplying each x-coordinate of y = f(x) by L. See 


Figure 63. 
VA 
YA 
з 
' G3 Hgo) g 
YA 1 
7,1) (5.1) 1h 


xY 


ir y-f(x) | | т т 3m X 
T дт ЗТ отр T 3m -4L 
| | | x 2 2 2 mA 2T 
E "y St 3m xX -1r Y 3 
—1F (2x, -1) —2} (3T, -2) 
2 


ЖЕ cut 
? ($71) 
Figure 61 y — f(x) Figure 62 у = 2f(x); Vertical Figure 63 y = f (3x); Horizontal 
stretch by a factor of 2 compression by a factor ofi B 


\ Now Work PRoBLEMs 65(e) AND (g) 


3 Graph Functions Using Reflections About the x-Axis 
and the y-Axis 


| EXAMPLES | Reflection About the x-Axis 


Graph the function f(x) = —x?. Find the domain and range of f. 


Solution Note that f is basically a square function, so begin with the graph of y = x?, as 
shown in black in Figure 64. For each point (x, y) on the graph of y — x?, the 
point (x, —y) is on the graph of y = —x?, as indicated in Table 14. Draw the graph 
of y — —x? by reflecting the graph of y — x? about the x-axis. See Figure 64. 


Table 14 


Figure 64 


The domain of f is all real numbers, or (оо, оо). The range of f is (—oo, 0]. D 


Reflection About the x-Axis 


When a function f is multiplied by -1, the graph of the new function у = —f(x) 
is the reflection about the x-axis of the graph of the function f. 


\ Now Work PROBLEM 51 
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Reflection About the y-Axis 


Graph the function f(x) = V—x. Find the domain and range of f. 


Solution То graph f(x) = V—x, begin with the graph of y = Vx, as shown in black in 
Figure 65. For each point (x, y) on the graph of y = Vx, the point (—x, y) is on the 
graph of y = V—x,as listed in Table 15. Obtain the graph of y = V—x by reflecting 
the graph of y = Vx about the y-axis. See Figure 65. 


Table 15 Y4 


Figure 65 
The domain of f is (—oo, 0]. The range of f is the set of all nonnegative real numbers, 
or[0, oo). -» 
In Words 
Fory = —f(x), multiply 
each y-coordinate on the Reflection About the y-Axis 
hof y = f(x) by —1. : Я А 
~ Е к nu When the graph of the function f is known, the graph of the new function 
each x-coordinate by —1. n y = f(—x)is the reflection about the y-axis of the graph of the function f. 


SUMMARY OF GRAPHING TECHNIQUES 


Each graphing technique has a different effect on the graph of a function. Compressions and stretches change the proportions 
of a graph, and reflections change the orientation, but not its proportions. Vertical and horizontal shifts change the location 
of the graph, without changing its proportions or orientation. 


To Graph: Draw the Graph of f and: Functional Change to f(x) 
Vertical shifts 

у = f(x) ke ko Shift the graph of f up k units. Add k to f(x). 

V= TO R kn Shift the graph of f down k units. Subtract k from f(x). 
Horizontal shifts 

wE E II Sv Shift the graph of f to the left Л units. Replace x by x + h. 

у= (C=, Л > wv Shift the graph of f to the right h units. Replace x by x — Л. 
Compressing or stretching 


y=af(x), а> 0 Multiply each y-coordinate of y = f(x) bya. Multiply f ( x) by a. 
Stretch the graph of f vertically ifa > 1. 
Compress the graph of f vertically if0 < a < 1. 


у = f(ax), а> 0 Multiply each x-coordinate of y = f(x) by E Replace x by ax. 
a 


Stretch the graph of f horizontally if0 < a « 1. 
Compress the graph of f horizontally ifa > 1. 


Reflection about the x-axis 

y = —f(x) Reflect the graph of f about the x-axis. Multiply f (x) by —1. 
Reflection about the y-axis 

y = f(-x) Reflect the graph of f about the y-axis. Replace x by —x. 
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| EXAMPLE 11 | Determining the Function Obtained from a Series of Transformations 


Find the function that is finally graphed after the following sequence of transformations 
are applied to the graph of y = |х|. 

1. Shift left 2 units 

2. Shift up 3 units 

3. Reflect about the y-axis 


Solution 1. Shift left 2 units: Replace x by x + 2. у = |х + 2| 
2. Shift up 3 units: Add 3. y= |х+ 21+ 3 
3. Reflect about the y-axis: Replace x by—x. у = |-х + 2] + 3 8 


\ Now Work PROBLEM 33 


| EXAMPLE 12 | Using Graphing Techniques 


Graph the function f(x) = 5 + 1. Find the domain and range of f. 
bad — 


Solution It is helpful to write f as f(x) = 3- —— + 1. Now use the following steps to 
E= 
obtain the graph of f. 
HINT: Although the order in which 1 


transformations are performed canbe STEP 1: y = = Reciprocal function 


altered, consider using the following * 
order for consistency: "REN: БЕГИ : , М 
3 Horizontal shit STEP 2: y = ТУ Replace x by x — 2; horizontal shift to the right 2 units. 
2. Reflections 
3. Compressions and stretches STEP 3: y = 3. lL a= Multiply by 3; vertical stretch by a factor of 3. 
4. Vertical shift Xx x—2 

STEP 4: у = T +1 Add 1; vertical shift up 1 unit. 

X — 
See Figure 66. 


VA 
4 = 
EUM 
B 3 
/ 3) 43) 
m QUAM edu ALE 
| LI 1 | [X L 11 1 | | 
4 [ 4х Д X д 
(71,1) \ H 
—4 К 
__— ————- 
Replace x by x — 2; i Multiply by 3; Е Ааа 1; E 
(а) y=— Horizontal shift b) y2— Vertical stretch с) y=— Vertical shift (d у=— +1 
" right 2 units (Ы у=: ©) У=;55 up 1 unit х-2 


Figure 66 


The domain of y = 1 is {x| x = 0] and its range is {y| у = 0}. Because we 
X 


shifted right 2 units and up 1 unit to obtain f, the domain of f is [x| x = 2} and its 
range is {y| у = 1). -» 


Z* 1. Interactive Figure Exercise 
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Other orderings of the steps shown in Example 12 would also result in the graph 
of f. For example, try this one: 


STEP 1: y = L Reciprocal function 

STEP 2: у = 3. L = 2 Multiply by 3; vertical stretch by a factor of 3. 

STEP 3: у = x 2 2 Replace x by x — 2; horizontal shift to the right 2 units. 
STEP 4: у = E 3 2 +1 Add 1; vertical shift up 1 unit. 


| EXAMPLE 13 | Using Graphing Techniques 


Graph the function f(x) = v1 — x + 2. Find the domain and range of f. 


Solution Begin by rewriting f(x) as f(x) = V1 — x +2 = /—х + 1 + 2. Now use the 


following steps. 

$ТЕР 1: y = Vx 

STEP 2: у = Vx +1 

STEP 3: y = /—х+1 = vl -x 
$ТЕР4: y = Ух 42 


Square root function 


Replace x by x 4- 1; horizontal shift to the left 1 unit. 


Replace x by —x; reflect about the y-axis. 


Add 2; vertical shift up 2 units. 


See Figure 67 
УА YA Va 
5r Br (73,4) 5 
F 62 C323F Ue 3 
(0,1) 4 (0, 1) [*(.2 
| ЖИН ЧЫЙ | | | | | | | | Il, L | | I J н нак SS qe L | | LI НИШ ge qp I 
—5 (-1,0) b 5 m L (1, 0) 5X =p L 5 x 
(а) у= үх Replace xby x+ 1; (b) y=Vx+1 Replace xby —x; (с) у= V—x+1 Add2; (d у=у1—х+2 
Horizontal shift Reflect = Ү1—х Vertical shift 
left 1 unit about y-axis up 2 units 
Figure 67 
The domain of f is (—oo, 1] and the range is [2, оо). D 


, Now Work PRoBLEM 57 


1.5 Assess Your Understanding 


Concepts and Vocabulary 


Exploring Vertical 

Transformations Open the “Horizontal and Vertical 

Transformations" interactive figure, which is available 

in the Video & Resource Library of MyLab Math (under 

Interactive Figures) or at bit.ly/3raFUGB. 

(a) Use the drop-down menu to select the absolute value 
(|x|) function. The basic function f(x) = |x|is drawn in 


other functions available in the drop-down menu. Based 

on what you observe, conclude if a positive real number 

k is added to the outputs of a function y — f(x), the 

graph of the new function g(x) — f(x) 4 k is the 

graph of f shifted (horizontally/vertically) 
(up/down/left/right) k units. 

(b) Use the drop-down menu to select the square root ( Vx ) 


NT: Now Work 


a dashed-blue line with three key points labeled. Now, 
use the slider labeled К to slowly increase the value of К 
from 0 to 3. As you do this, notice the form of the function 
g(x) = f(x — h) + k labeled in green. Repeat this for 


1. Writing 


Q 1. Modeling 


fe 1. Graphing Tech 


function. The basic function f(x) = Vx is drawn in a 
dashed-blue line with three key points labeled. Now, use 
the slider labeled k to slowly decrease the value of k from 
0 to —3. As you do this, notice the form of the function 


Х Calculus Preview == 1. Applet-Based 


g(x) = f(x — h) + k labeled in green. Repeat this for 
other functions available in the drop-down menu. Based 
on what you observe, conclude if a positive real number 
kis subtracted from the outputs of a function y = f(x), 
the graph of the new function g(x) = f(x) — k is the 
graph of f shifted (horizontally/vertically) 
(up/down/left/right) k units. 

(c) If y = f(x) is some function whose graph contains the 
point (2, 4), the graph of y = f(x) + 2 would contain 
the point — —  . Express your answer as an ordered 
pair. 

(d) If y = f(x) is some function whose graph contains the 
point (3, 2), the graph of y = f(x) — 7 would contain 
the point ______. Express your answer as an ordered 
pair. 

. Interactive Figure Exercise Exploring Horizontal 

Transformations Open the “Horizontal and Vertical 

Transformations” interactive figure, which is available 

in the Video & Resource Library of MyLab Math (under 

Interactive Figures) or at bit.ly/3raFUGB. 

(a) Use the drop-down menu to select the absolute value 
(|x|) function. The basic function f(x) = |x| is drawn in 
a dashed-blue line with three key points labeled. Now, 
use the slider labeled Л to slowly increase the value of Л 
from 0 to 4. As you do this, notice the form of the function 
g(x) = f(x — h) + k labeled in green. Repeat this for 
other functions available in the drop-down menu. Based 
on what you observe, conclude if the argument x of a 
function is replaced by x — h, h > 0, the graph of the 
new function g(x) = f(x — h)isthe graph of f shifted 


(horizontally/vertically) (up/down/ 

left/right) л units. 
(b) Use the drop-down menu to select the absolute value 
(|x|) function. The basic function f(x) = |x| is drawn 


in blue with three key points labeled. Now, use the 
slider labeled h to slowly decrease the value of h from 
0 to —4. As you do this, notice the form of the function 
g(x) = f(x — А) + К labeled in green. Repeat this 
for other functions available in the drop-down menu. 
Based on what you observe, conclude if the argument x 
of a function is replaced by x + h, h > 0, the graph 
of the new function g(x) = f(x + h) is the graph 
of f shifted (horizontally/vertically) 
(up/down/left/right) / units. 

(c) If y = f(x) is some function whose graph contains the 
point (3, 4), the graph of y — f(x — 3) would contain 
the point _______. Express your answer as an ordered 
pair. 

(d) If y = f(x) is some function whose graph contains the 
point (3, 2), the graph of y = f(x + 4) would contain 
the point ________. Express your answer as an ordered 
pair. 

. Interactive Figure Exercise Exploring Vertical Compressions 

and Stretches Open the “Vertical Compressions and 

Stretches” interactive figure, which is available in the Video 

& Resource Library of MyLab Math (under Interactive 

Figures) or at bit.ly/3raFUGB. 

(a) Use the drop-down menu to select the absolute value 
(|x|) function. The basic function f(x) = |x| 15 drawn in a 
dashed-blue line with three key points labeled. Set the slider 
labeled a to 1. Now, use the slider labeled a to slowly increase 
the value of a from 1 to 3. As you do this, notice the form of 
the function g(x) = af (x) and the behavior of the graph of 
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the function g(x) = af (x)shown in green. Repeat this for 
other functions available in the drop-down menu. Based on 
what you observe, conclude when the right side of a function 
у = f(x)ismultipled byapositivenumbera > 1,the graph 
of the new function is obtained by multiplying each 
y-coordinate on the graph of y = f(x) by 
The new graph is a (horizontally/vertically) 
(stretched/compressed) version of the graph 
of y = f(x). 

(b) Use the drop-down menu to select the absolute value 
(|x|) function. The basic function f(x) = |x| is drawn 
in a dashed-blue line with three key points labeled. Set 
the slider labeled a to 1. Now, use the slider labeled a to 
slowly decrease the value of a from 1 to 0.2. As you do 
this, notice the form of the function g(x) = af (х) and 
the behavior of the graph of the function g(x) = af (x) 
shown in green. Repeat this for other functions available 
in the drop-down menu. Based on what you observe, 
conclude when the right side of a function y — f(x) is 
multiplied by a positive number 0 « a < 1, the graph 
of the new function is obtained by multiplying each 
y-coordinate оп the graph of y = f(x) by... 
The new graph is a (horizontally/vertically) 

(stretched/compressed) version of the graph 
of y — f(x). 

(c) If y — f(x) is some function whose graph contains 
the point (2, 4), the graph of y = 3f (x) would contain 
the point — — — .Express your answer as an ordered 
pair. 

(d) If y = f(x) is some function whose graph contains the 


point (5, 12), the graph of y — HIS would contain 


the point _________. Express your answer as an ordered 
pair. 


4. Interactive Figure Exercise Exploring Horizontal Compressions 


and Stretches Open the “Horizontal Compressions and 

Stretches” interactive figure, which is available in the Video & 

Resource Library of MyLab Math (under Interactive Figures) 

or at bit.ly/3raFUGB. 

(a) Use the drop-down menu to select the square root ( Vx ) 
function. The basic function f(x) = Vx is drawn in a 
dashed-blue line with four key points labeled. Set the 
slider labeled a to 1. Now, use the slider labeled a to 
slowly increase the value of a from 1 to 3. Carefully 
note the values of the x-coordinates on the graph of 
g (drawn in green) compared to the x-coordinates on 
the graph of f. For example, when a = 2, compare the 
x-coordinates on the two graphs. Also, notice the form 
of the function g(x) = f(ax). Repeat this for other 
functions available in the drop-down menu. Based 
on what you observe, conclude if the argument x of a 
function y = f(x) is multiplied by a positive number 
a > 1,then the graph of the new function y = f(ax) is 
obtained by multiplying each x-coordinate of y = f(x) 


by _____. The new graph is a (horizontal/ 
vertical)... (stretch/compression) of the graph 
of y = f(x). 


(b) Use the drop-down menu to select the square root ( Vx ) 
function. The basic function f(x) = Ух is drawn in a 
dashed-blue line with three key points labeled. Set the 
slider labeled a to 1. Now, use the slider labeled a to slowly 
decrease the value of a from 1 to 0.2. Carefully note the 
values of the x-coordinates on the graph of g (drawn in 

(continued) 
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(c) 


(d) 


green) compared to the x-coordinates on the graph of f. 
For example, when a = 0.5, compare the x-coordinates 
on the two graphs. Also, notice the form of the function 
g(x) = f(ax). Repeat this for other functions available 
in the drop-down menu. Based on what you observe, 
conclude if the argument x of a function y = f(x) 
is multiplied by a positive number 0 < a < 1, then 
the graph of the new function y = f(ax) is obtained 
by multiplying each x-coordinate of y = f(x) by 

. The new graph is a (horizontal/ 
vertical) (stretch/compression) of the graph 


of y = f(x). 


If y = f(x) is some function whose graph contains the 
point (12, 5), the graph of у = f(3x) would contain 
the point . Express your answer as an ordered 
рап. 

If y = f(x) is some function whose graph contains the 


point (3, 2), the graph of y = f | zx) would contain the 


9 


. Suppose the graph of a function f is known. Then the graph 


of y — f(x — 2)isobtained by a shift of the 
graph of f to the a distance of 2 units. 


Suppose the graph of a function f is known. Then the graph 
of y = f(—x)isareflection about the -axis of the 
graph of the function y — f(x). 


. True or False The graph of y — 1800 is the graph of 


y — g(x) vertically stretched by a factor of 3. 


. True or False The graph of y = —f(x) is the reflection 


. 


about the x-axis of the graph of y = f(x). 


Multiple Choice Which function has a graph that is the 
graph of y = Vx shifted down 3 units? 


(a) y=vx+3 (b) у= Vx —3 
(о) у= Ух +3 (d) y = Vx - 3 


10. Multiple Choice Which function has a graph that is the 


17. 


21. 


point . Express your answer as an ordered 
pair. 
Skill Building 
In Problems 11—22, match each graph to one of the following functions: 
А. y=x? +2 D. y = -|x| + 2 
B. у= =x? +2 E. у= (х - 2) 
C у= |х| + 2 Е у= -(х +2)? 
п. YA 12. Yh 
3r 3H 
Loly L I | ]-x- 
3X = R 3 Х 
16. YA 
5 = 
Ll, р 
3x 
111 Lol oly 
—3 3X 
—1F 
20. YA 
3 - 
jui L Lp | {фу 
4X —-3 A 3x 
—3 H 


graph of y = f(x) horizontally stretched by a factor of 4? 


1 
(a) y = /(4х) () y= f(2x) 
© у = 470) () y = ifa) 
y=|x-2| Ј y--2x? 
у=—х+2 К. y = 2|x| 
y = 2x? L. y = —2|x 
14. VA 
3 
L i, 
3x 
1 Le 
=3 3x 
VA 18. YA 
3r 8r 
Log їй. ми 
-3 3x cic rese ү Lime ү pps 
—6 C 6x 
ЕЛЕ 
Va 22. 
4H 
bit | МЛ, | Ly 
=i E 4x 29 { ay 
—4r —3r 


In Problems 23-32, write the function whose graph is the graph of y = x? but is: 


23. Shifted to the right 4 units 

25. Shifted up 4 units 

27. Reflected about the y-axis 

29. Vertically stretched by a factor of 5 


31. Horizontally compressed by a factor of 


24. 
26. 
28. 
30. 


32. 


Shifted to the left 4 units 
Shifted down 4 units 
Reflected about the x-axis 


Horizontally stretched by a factor of 4 


Vertically compressed by a factor of n 
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In Problems 33-36, find the function that is finally graphed after each of the following transformations is applied to the graph of y = Vx 
in the order stated. 


be 


35. 


37. 


39. 


(1) Shift up 2 units 
(2) Reflect about the x-axis 
(3) Reflect about the y-axis 


(1) Vertical stretch by a factor of 3 
(2) Shift up 4 units 
(3) Shift left 5 units 


If (3, 6) is a point on the graph of y = f(x), which of the 
following points must be on the graph of y — —f (x)? 
(a) (6, 3) (b) (6, —3) 
(с) (3, —6) (d) (—3, 6) 
If (1, 3) is a point on the graph of y = f(x), which of the 
following points must be on the graph of y = 2f(x)? 
(a) (1, 3) (b) (2,3) 
1 
© (1, 6) « (5.3) 


34. 


36. 


38. 


40. 


(1) Reflect about the x-axis 
(2) Shift right 3 units 

(3) Shift down 2 units 

(1) Shift up 2 units 

(2) Reflect about the y-axis 
(3) Shift left 3 units 


If (3, 6) is a point on the graph of y = f(x), which of the 
following points must be on the graph of y — f(—x)? 

(a) (6, 3) (b) (6, —3) 

(c) (3, —6) (d) (—3, 6) 


If (4, 2) is a point on the graph of y = f(x), which of the 
following points must be on the graph of y = f (2x)? 

(a) (4, 1) (b) (8, 2) 

(c) (2, 2) (d) (4, 4) 


In Problems 41—64, graph each function using the techniques of shifting, compressing, stretching, and/or reflecting. Start with the graph of 
the basic function (for example, y — x?) and show all the steps. Be sure to show at least three key points. Find the domain and the range 


of each function. 
Noah $0) =x? 31 42, f(x) 2 x2 +4 
\ 45. h(x) = Ve 4 2 46. h(x) = Vx +1 
N 49. g(x) = 4x 50. g(x) = j^ 

53. f(x) = 2(x +1) -3 54. f(x) = 3x -2)? +1 
\ 57, h(x) = Vox - 2 58. h(x) = 442 

x 
61. g(x) = 2|1 — x| 62. g(x) = 4V2 – x 


43. g(x) = V3x 44. g(x) = jie 
Ns. fx) =(x-1) +2 48. f(x) = (x + 2 - 3 
NSL f(x) = -x 52. f(x) = —Vx 
55. р(х) = 24x —241 56. g(x) = 3x + 11 3 
59. f(x) = -(x - 1) = 1 60. f(x) = —4Vx — 1 
63. h(x) = i 64. h(x) = Vx - 14.3 


In Problems 65-68, the graph of a function f is illustrated. Use the graph of f as the first step toward graphing each of the following functions: 
(d) H(x) = fix c1) -2 


(a) 


(e) Q(x) = ifo 


\ 65. 


F(x) = f(x) +3 (b) G(x) = f(x 4+ 2) 


(f g(x) = f(-x) 


VA 66. У 
4 AL 
(02, G2 


(с) P(x) = -f 


x) 


(g) h(x) = f(2x) 


67. 


Mixed Practice Іп Problems 69-76, complete the square of each quadratic expression. Then graph each function using graphing techniques. 
(If necessary, refer to Appendix A, Section A.4 to review completing the square.) 


69. f(x) = x? + 2x 


70. f(x) = x? — 6x 


73. f(x) = 2x? — 12x +19 74. f(x) = 3X? + 6x +1 


Applications and Extensions 


77. 


Suppose that the x-intercepts of the graph of у = f(x) 
are —5 and 3. 

(a) What are the x-intercepts of the graphofy = f(x + 2)? 
(b) What are the x-intercepts of the graph of y = f(x — 2)? 
(c) What are the x-intercepts of the graph of y = 4f(x)? 
(d) What are the x-intercepts of the graph of y = f(—x)? 


‚71. f(x) = х2 - 8x +1 
75. f(x) = —3x? — 12x — 17 


78. 


72. f(x) = х? + 4х + 2 
76. f(x) = —2x? — 12x — 13 


Suppose that the x-intercepts of the graph of y = f(x) 
are —8 and 1. 

(a) What are the x-intercepts ofthe graphof y = f(x + 4)? 
(b) What are the x-intercepts of the graph of y = f(x — 3)? 
(c) What are the x-intercepts of the graph of y = 2f (x)? 
(d) What are the x-intercepts of the graph of y = f(—x)? 
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79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 
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Suppose that the function у = f(x) is increasing on the 
interval [—1, 5]. 
(a) Over what interval is the graph of y = f(x + 2) 


increasing? 

(b) Over what interval is the graph of y — f(x — 5) 
increasing? 

(c) Is the graph of y = —f(x) increasing, decreasing, or 


neither on the interval [—1, 5]? 
(d) Is the graph of y = f(—x) increasing, decreasing, or 
neither on the interval [—5, 1]? 
Suppose that the function y — f(x) is decreasing on the 
interval [—2, 7]. 
(a) Over what interval is the graph of y = f(x + 2) 


decreasing? 

(b) Over what interval is the graph of y — f(x — 5) 
decreasing? 

(c) Is the graph of y = —f(x) increasing, decreasing, or 


neither on the interval [—2, 7]? 

(d) Is the graph of y = f(—x) increasing, decreasing, or 
neither on the interval [—7, 2]? 

The graph of a function f is illustrated in the figure. 

(a) Graph у = |f (x)|. (b) Graph y = f(|xp). 


(1, 1) 


The graph of a function f is illustrated in the figure. 
(a) Graph у = | f(x). (b) Graph y = f(|xp). 


УА 


(1, 1) 


N 


єї,—) [0—7 


—-2rT 


Suppose (1, 3) is a point on the graph of y = f(x). 


(a) What point is on the graph of y = f(x + 3) — 5? 
(b) What point is on the graph of y = —2f(x — 2) + 1? 
(c) What point is on the graph of y — f(2x 4- 3)? 


Suppose ( —3, 5) is a point on the graph of y — g(x). 


(a) What point is on the graph of y = g(x + 1) — 3? 
(b) What point is on the graph of y = —3g(x — 4) + 3? 
(c) What point is on the graph of y = g(3x + 9)? 


Graph the following functions using transformations. 

(a) f(x) = int(—x) (b) g(x) = -int(x) 

Graph the following functions using transformations. 

(a) f(x) — int(x — 1) (b) g(x) — int(1 — x) 

(a) Graph f(x) — |x — 3| — 3using transformations. 

(b) Find the area of the region that is bounded by f and the 
x-axis and lies below the x-axis. 

(a) Graph f(x) = —2|x — 4| + 4 using transformations. 

(b) Find the area of the region that is bounded by f and the 
x-axis and lies above the x-axis. 


Thermostat Control Energy conservation experts estimate 
that homeowners can save 5% to 10% on winter heating bills 
by programming their thermostats 5 to 10 degrees lower while 
sleeping. In the graph in the next column, the temperature Т 


90. 


91. 


E 92. 


(in degrees Fahrenheit) of a home is given as a function of 
time г (in hours after midnight) over a 24-hour period. 

T 
80 
76 
72 
68 
64 
60 


(21,72) 


Temperature (°F ) 


L1. 1 4 1-1 1 
4 8 12 16 20 24 t 
Time (hours after midnight) 


(a) At what temperature is the thermostat set during 
daytime hours? At what temperature is the thermostat 
set overnight? 

(b) The homeowner reprograms the thermostat to 
y — T(t) — 2. Explain how this affects the temperature 
in the house. Graph this new function. 

(с) The homeowner reprograms the thermostat to 
y = T(t + 1). Explain how this affects the temperature 
in the house. Graph this new function. 


Source: Roger Albright, 547 Ways to Be Fuel Smart, 2000 


Digital Music Revenues The total worldwide digital music 
revenues R,in billions of dollars, for the years 2012 through 
2018 can be modeled by the function 


R(x) = 0.18x? — 0.11x + 5.47 


where x is the number of years after 2012. 

(a) Find R(0), R(3), and R(5) and explain what each value 
represents. 

(b) Findr(x) = R(x — 2). 

(с) Find r(2), r(5) and r(7) and explain what each value 
represents. 

(d) In the model r = r(x), what does x represent? 

(e) Would there be an advantage in using the model r when 
estimating the projected revenues for a given year 
instead of the model R? 


Source: IFPI Global Music Report 2019 


Temperature Measurements The relationship between 
the Celsius (°C) and Fahrenheit (°F) scales for measuring 
temperature is given by the equation 

Е = 2С +32 


The relationship between the Celsius (°C) and Kelvin (K) 
scales is К = C + 273. Graph the equation F = 2с + 32 


using degrees Fahrenheit on the y-axis and degrees Celsius 
on the x-axis. Use the techniques introduced in this section 
to obtain the graph showing the relationship between Kelvin 
and Fahrenheit temperatures. 


Period of a Pendulum The period 7 (in seconds) of a simple 
pendulum is a function of its length / (in feet) defined by the 


equation 
T= эл 
& 


where g ~ 32.2 feet per second per second is the acceleration 
due to gravity. 

(a) Use a graphing utility to graph the function T = T(J). 
(b) Now graph the functionsT = T(/ +1), T = Т(1+ 2), 


dT = Т(1+3). 
us кае) (continued) 


93. 


94. 
95. 
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(c) Discuss how adding to the length / changes the period 7: 

(d) Now graph the functions T = T(21), T = T(3I), and 
T = T(Al). 

(e) Discuss how multiplying the length / by factors of 2, 3, 
and 4 changes the period Т. 

The equation y — (x — c)? defines a family of parabolas, one 

parabola for each value of c. On one set of coordinate axes, graph 

the members of the family forc = 0, c = 3, апас = —2. 


Repeat Problem 93 for the family of parabolas y = x? + c. 


Challenge Problem If a function f is increasing on 
the intervals [—3,3] and [11,19] and decreasing on 


Explaining Concepts: Discussion and Writing 


97. 


98. 


Suppose that the graph of a function f is known. Explain 
how the graph of y = 4f (x) differs from the graph of 
y = f(4x). 

Suppose that the graph of a function f is known. Explain 
how the graph of y = f(x) — 2 differs from the graph of 
y = fix - 2). 


. The area under the curve y = Vx bounded from below 


by the x-axis and on the right by x — 4 is — square units. 


96. 


100. 


101. 
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the interval [3, 11], determine the interval(s) on which 
g(x) = —3f(2x — 5) is increasing. 
Challenge Problem In statistics, the standard normal 
1 | x? 
сех Р 
Ут ОРО 
This function сап be transformed to describe апу 
general normal distribution with mean, и, and standard 
deviation, o. A general normal density function is 


density function is given by f(x) = 


2 
given by f(x) = = 7 exp a . Describe the 


transformations needed to get from the graph of the standard 
normal function to the graph of a general normal function. 


Using the ideas presented in this section, what do you think is 
the area under the curve of y = V—x bounded from below 
by the x-axis and on the left by x = —4? Justify your answer. 


Explain how the range of the function f (x) = x? compares 
to the range of g(x) = f(x) +k. 


Explain how the domain of g(x) = Vx compares to the 
domain of g(x — К), where k > 0. 


1.6 Building Mathematical Models from Verbal Descriptions 


OBJECTIVE 1 Build and Analyze Functions (p. 111) 


ue 


1 Build and Analyze Functions 


Real-world problems often result in mathematical models that involve functions. These 
functions need to be constructed or built based on the information given. In building 
functions, we must be able to translate the verbal description into the language of 
mathematics. This is done by assigning symbols to represent the independent and 
dependent variables and then by finding the function or rule that relates these variables. 


| ЕХАМРІЕ1 | Finding the Distance from the Origin to a Point оп a Graph 


Let P = (x, y) bea point on the graph of y = x? — 1. 


Need to Review? 


The distance formula is covered 
in Foundations, Section F.1, 


[р 5=5) 


(c) What is difx = 1? 


(a) Graph f. Express the distance d from P to the origin О as a function of x. 
(b) What is dif x = 0? 


(d) What is dif x = 2 


D (e) Use a graphing utility to graph the functiond = d(x), x > 0. Rounding to two 
Б decimal places, find the value(s) of x at which d has a local minimum. [This gives 


the point(s) on the graph of у = x? — 1 closest to the origin. ] 


Solution 


Figure 68 y = x? - 1 


(a) Figure 68 illustrates the graph of y — x? — 1. The distance d from P to O is 


d = 4(x-0) +(y- 
Since P is a point on the graph of y = x? — 1, substitute x? — 1 for y. Then 
d(x) = Nx? + (x? — 1)? 
The distance d is expressed as a function of x. 
(b) If x = 0, the distance d is 
d(0) = Vo4 


= yx? + у? 


NN сезүү 


0?+1=Vl=1 (continued) 
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(c) Ifx = 1, the distance d is 


4(1) = vl4 —-174+1=1 


(d) Ifx = n, the distance d is 


/з\_ үзү (лү — JE 1.4.8 
(2) = (22) 02) +1 47211= 5 


NORMAL FLOAT AUTO REAL RADIAN HP ñ 
CALC MINIMUM 
2 


g (e) Figure 69 shows the graph of Y, = Vx* — x? + 1. Using the MINIMUM feature 
on a TI-84 Plus СЕ, we find that when x ~ 0.71 the value of d is smallest. The 
local minimum value is d ~ 0.87 rounded to two decimal places. Since d(x) is 


uu 2 even, it follows by symmetry that when x ғ —0.71, the value of d is the same 
RENE as local minimum value. Since (+0.71)? — 1 ~ —0.50, the points (—0.71, —0.50) 
Figure 69 d(x) = /x^— х? + 1 and (0.71, —0.50) on the graph of у = x? — 1 are closest to the origin. D 
\\ Now Work PRoBLEM 1 
E Area of a Rectangle 
30r A rectangle has one corner in quadrant I on the graph of y — 25 — x?, another at the 


origin, a third on the positive y-axis, and the fourth on the positive x-axis. See Figure 70. 
(a) Express the area A of the rectangle as a function of x. 
(b) What is the domain of A? 
re (c) Graph A = A(x). 
(d) For what value of x is the area A largest? 


K1 234 

(0, 0) 
Figure 70 Solution (а) The area A of the rectangle is A = xy, where у = 25 — х2. Substituting this 
expression for y, we obtain A(x) = x(25 — x?) = 25x — x?. 


(b) Since (x, y) is in quadrant I, we have x > 0. Also, y = 25 — x? > 0, which 
implies that x? < 25,so—5 < x < 5.Combining these restrictions, the domain 
of Ais{x|0 < x < 5}, or(0, 5) using interval notation. 

М (c) See Figure 71 for the graph of A = A(x) оп а TI-84 Plus СЕ. 


(d) Using MAXIMUM, we find that the maximum area is 48.11 square units at 
x = 2.89 units, each rounded to two decimal places. See Figure 72. 


NORMAL FLOAT AUTO REAL RADIAN HP ñ ñ 


50 


NORMAL FLOAT AUTO REAL RADIAN MP 
CALC MAXIMUM 


00 5 0 


Y:48.112522 


Figure 71 A(x) = 25x — x3 Figure 72 — 
\ Now Work PROBLEM 7 


Close Call? 


Suppose two planes flying at the same altitude are headed toward each other. One 
plane is flying due south at a groundspeed of 400 miles per hour and is 600 miles from 
the potential intersection point of the planes. The other plane is flying due west with 
a groundspeed of 250 miles per hour and is 400 miles from the potential intersection 
point of the planes. See Figure 73. 


600 miles 


Plane 
J 250 mph (a) Build a model that expresses the distance d between the planes as a function of 
ha "E time f. 
400 miles ^ g (b) Use a graphing utility to graph d = d(t). How close do the planes соте to each 
Figure 73 other? At what time are the planes closest? 


(continued) 


SECTION 1.6 Building Mathematical Models from Verbal Descriptions 113 


Solution (a) Refer to Figure 73 on the previous page. The distance d between the two planes 
is the hypotenuse of a right triangle. At any time f, the length of the north/south 


500 


—50 


(a) the model 


NORHAL FLOAT AUTO REAL RADIAN HP ПП 
CALC MINIMUM 


5 = Figure 74(Ъ). 
ШИ Y=21.199958 = ( 
(0) 
Figure 74 \ Now Work PRoBLEM 19 


1.6 Assess Your Understanding 


Applications and Extensions 


N 1. Let P = (x, y) bea point on the graph of y = x? — 8. 
(a) Express the distance d from P to the origin as a function 
of x. 
(b) Whatisdifx — 0? 
(c) Whatisdifx — 1? 
Ko (d) Use a graphing utility to graphd = d(x). 
(e) For what values of x is d smallest? 


2. Let P = (x, y) bea point on the graph of y = x? — 8. 
(a) Express the distance d from P to the point (0, —1) asa 
function of x. 
(b) Whatisdifx — 0? 
(c) Whatisdifx — —1? 
re (d) Use a graphing utility to graphd = d(x). 
(e) For what values of x is d smallest? 
3. Let P = (x, y) bea point on the graph of у = Vx. 


(a) Express the distance d from P to the point (1, 0) as a 
function of x. 
ra (b) Use a graphing utility to graphd = d(x). 
(c) For what values of x is d smallest? 
(d) What is the smallest distance? 


4. Let P = (x, y) be a point on the graph of y = 2 
x 


(a) Express the distance d from P to the origin as a function 
of x. 
re (b) Use a graphing utility to graphd = d(x). 
(c) For what values of x is d smallest? 
(d) What is the smallest distance? 


5. 


Мт. 


NOR FLOAT AUTO REAL RADIA! Р 
leg of the triangle is 600 — 400г. At any time t, the length of the east/west leg of 


the triangle is 400 — 250r. Use the Pythagorean Theorem to find that the square 
of the distance between the two planes is 


d? = (600 — 400r)? + (400 — 250г)? 


Therefore, the distance between the two planes as a function of time is given by 


d(t) = 40600 — 400г)? + (400 — 250г)? 


б (b) Figure 74(a) shows the graph ofd = d(t) ona TI-84 Plus CE. Using MINIMUM, 
7 the minimum distance between the planes is 21.20 miles, and the time at which 
the planes are closest is after 1.53 hours, each rounded to two decimal places. See 


-» 


A right triangle 

has one vertex 

on the graph of 

Y= xe 0; 

at (x, y), another 

at the origin, and the 
third on the positive 
y-axis at (0, y), as 

shown in the figure. 
Express the area A of the 
triangle as a function of x. 


. A right triangle has one vertex on the graph of 


y = 9 – х2, х > 0, аї(х, y), another at the origin, and the 
third on the positive x-axis at ( x, 0). Express the area A of 
the triangle as a function of x. 


A rectangle has one corner 

in quadrant I on the graph of 

y = 16 — x?, another at the 

origin, a third on the positive 

y-axis, and the fourth on the 

positive x-axis. See the figure. 

(a) Express the area A of the 
rectangle as a function of x. 

(b) What is the domain of A? 


1 
(0, 0) 


te (c) Graph A = A(x). For what value of x is A largest? 


(d) What is the largest area? 


NI: Now Work @ 1. Modeling 1. Writing та 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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8. 


10. 


п. 


14. 


. A rectangle is inscribed in a 
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A rectangle is inscribed in a y 
semicircle of radius 2. See the yo - xà 


figure. Let P — (x, y) be the 
point in quadrant I that is a 
vertex of the rectangle and is 
on the circle. 


(a) Express the area A of the rectangle as a function 
of x. 

(b) Express the perimeter p of the rectangle as a function 
of x. 

(c) Graph A — A(x). For what value of x is A largest? 

(d) Graph p — p(x). For what value of x is p largest? 

(e) What is the largest area? What is the largest perimeter? 


circle of radius 2. See the figure. 
Let P = (x, y) be the point in 
quadrant I that is a vertex of the 
rectangle and is on the circle. 


(a) Express the area A of the 
rectangle as a function of x. 

(b) Express the perimeter p of the 
rectangle as a function of x. 

(c) Graph A — A(x). For what value of x is A largest? 

(d) Graph p — p(x). For what value of x is p largest? 


х? +у2=4 


A circle of radius r is inscribed іп a square. 
See the figure. 


(a) Express the area A of the square 
as a function of the radius r of the 
circle. 

(b) Express the perimeter p of the square as a function 


of r. 
| 4x 


10m 
| 10 — 4x 
square. 
(b) What is the domain of A? 
(c) Graph A = A(x). For what value of x is A smallest? 


Geometry A wire 10 meters long is to 
be cut into two pieces. One piece will be 
shaped as a square, and the other piece 
will be shaped as a circle. See the figure. 
(a) Express the total area A enclosed 
by the pieces of wire as a function 
of the length x of a side of the 


. Geometry A wire 10 meters long is to be cut into two pieces. 


One piece will be shaped as an equilateral triangle, and the 
other piece will be shaped as a circle. 


(a) Express the total area A enclosed by the pieces of wire 
as a function of the length x of a side of the equilateral 
triangle. 

(b) What is the domain of A? 

(c) Graph A = A(x). For what value of x is A smallest? 


. Geometry A wire of length x is bent into the shape of 


a circle. 


(a) Express the circumference C of the circle as a function 
of x. 

(b) Express the area A of the circle as a function of x. 

Geometry A wire of length x is bent into the shape of 

a square. 

(a) Express the perimeter p of the square as a function 
of x. 

(b) Express the area A of the square as a function of x. 


15. 


16. 


17. 


18. 


\ 19. 


Geometry A semicircle of radius r is 
inscribed in a rectangle so that the diameter 
of the semicircle is the length of the rectangle. 
See the figure. 


У 


(a) Express the area А of the rectangle as a function of the 
radius r of the semicircle. 

(b) Express the perimeter p of the rectangle as a function 
of r. 


Geometry An equilateral triangle is 
inscribed in a circle of radius r. See the 
figure. Express the circumference C of the 
circle as a function of the length x of a side of 
the triangle. 


< 


2 
Hint: First show that r? = 
Geometry An equilateral triangle is inscribed in a circle of 
radius r. See the figure in Problem 16. Express the area A 
within the circle, but outside the triangle, as a function of the 
length x of a side of the triangle. 


Uniform Motion Two cars leave an intersection at the same 
time. One is headed south at a constant speed of 30 miles 
per hour, and the other is headed west at a constant speed of 
40 miles per hour (see the figure). Build a model that expresses 
the distance d between the cars as a function of the time t. 
[Hint: At? = 0, the cars leave the intersection.] 


ш 


Uniform Motion Two cars аге approaching an intersection. 
One is 2 miles south of the intersection and is moving at a 
constant speed of 30 miles per hour. At the same time, the 
other car is 3 miles east of the intersection and is moving at 
a constant speed of 40 miles per hour. 
(a) Build a model that expresses the distance d between the 
cars as a function of time t. 
[Hint: At t = 0, the cars are 2 miles south and 3 miles 
east of the intersection, respectively.] 
(b) Use a graphing utility to graphd — d(t). For what value 
of t is d smallest? 


. Inscribing a Cylinder in a Sphere Inscribe a right circular 


cylinder of height Л and radius r in a sphere of fixed radius К. 
See the figure. Express the volume V of the cylinder as a 
function of h. [Hint: V = тг?Л. Note also the right triangle.] 


r 


k—=— 


Sphere 


21. 


22. 


23. 
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Inscribing a Cylinder in a Cone Inscribe a right circular 
cylinder of height Л and radius r in a cone of fixed radius R 
and fixed height H. See the figure. Express the volume V of 
the cylinder as a function of r. 

[Hint: V = zr?h. Note also the similar triangles. ] 


Cone 


Installing Cable TV MetroMedia Cable is asked to provide 
service to a customer whose house is located 2 miles from 
the road along which the cable is buried. The nearest 
connection box for the cable is located 5 miles down the 
road. See the figure. 


(a) If the installation cost is $500 per mile along the road 
and $700 per mile off the road, build a model that 
expresses the total cost C of installation as a function of 
the distance x (in miles) from the connection box to the 
point where the cable installation turns off the road. Find 
the domain of C = C(x). 

(b) Compute the cost if x = 1 mile. 

(c) Compute the cost if x — 3 miles. 

(d) Graph the functionC — C(x). Use TRACE to see how 
the cost C varies as x changes from 0 to 5. 

(e) What value of x results in the least cost? 

Time Required to Go from an Island to a Town An island 

is 2 miles from the nearest point P on a straight shoreline. A 

town is 12 miles down the shore from P. See the figure. 


„ы э» е 


24. 


25. 


26. 
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(a) If a person can row a boat at an average speed of 
3 miles per hour and the same person can walk 5 miles 
per hour, build a model that expresses the time T that 
it takes to go from the island to town as a function of 
the distance x from P to where the person lands the 
boat. 

(b) What is the domain of T? 

(c) How long will it take to travel from the island to town if 
the person lands the boat 4 miles from P? 

(d) How long will it take if the person lands the boat 8 miles 
from P? 


Constructing an Open Box An open box with a square base 

is required to have a volume of 10 cubic feet. 

(a) Express the amount A of material used to make such 
a box as a function of the length x of a side of the 
square base. 

(b) How much material is required for such a box with a 
base 1 foot by 1 foot? 

(c) How much material is required for such a box with a 
base 2 feet by 2 feet? 

(d) Use a graphing utility to graph A — A(x). For what 
value of x is A smallest? 

(e) What is the least amount of material needed? 

Constructing an Open Box An open box with a square base 

is to be made from a square piece of cardboard 24 inches on 

a side by cutting out a square from each corner and turning 

up the sides. See the figure. 


4 in. 


К 24 in. >| 


(a) Express the volume V of the box as a function of 
the length x of the side of the square cut from each 
corner. 

(b) What is the volume if a 3-inch square is cut out? 

(c) What is the volume if a 10-inch square is cut out? 

(d) Graph V = V(x). For what value of x is V largest? 

(e) What is the largest volume? 


Challenge Problem Filling a Conical Tank Water is poured 
into a container in the shape of a right circular cone with 
radius 4 feet and height 16 feet. See the figure. Express the 
volume V of the water in the cone as a function of the height 
h of the water. 


116 CHAPTER 1 Functions and Their Graphs 


27. Challenge Problem Inventory Management A retailer buys (a) Express the total yearly cost C as a function of the 
600 USB Flash Drives per year from a distributor. The retailer number x of drives in each shipment. 
wants to determine how many drives to order, x, per shipment te (b) Use a graphing utility to determine the minimum yearly 
so that her inventory is exhausted just as the next shipment cost and the number of drives per order that yields the 
arrives. The processing fee is $15 per shipment, the yearly minimum cost. 


storage cost is $1.60x, and each drive costs the retailer $4.85. 


1.7 Building Mathematical Models Using Variation 


OBJECTIVES 1 Construct a Model Using Direct Variation (p. 116) 
2 Construct a Model Using Inverse Variation (p. 117) 
3 Construct a Model Using Joint Variation or Combined Variation (p. 118) 


% When a mathematical model is developed for a real-world problem, it often involves 
y relationships between quantities that are expressed in terms of proportionality: 


Force is proportional to acceleration. 


When an ideal gas is held at a constant temperature, pressure and volume are 
inversely proportional. 


The force of attraction between two heavenly bodies is inversely proportional to 
the square of the distance between them. 


Revenue is directly proportional to sales. 


Each of the preceding statements illustrates the idea of variation, or how one quantity 
varies in relation to another quantity. Quantities may vary directly, inversely, or jointly. 


1 Construct a Model Using Direct Variation 


DEFINITION 


Let x and y denote two quantities. Then y varies directly with x, or y is directly 
proportional to x, if there is a nonzero number К such that 


uem eet 


The number К is called the constant of proportionality. 


The graph in Figure 75 illustrates the relationship between y and x if y varies 


directly with x and k > 0, x > 0.Note that the constant of proportionality is, in fact, 
the slope of the line. 


x 


If two quantities vary directly, then knowing the value of each quantity in one 


Figure 75 y = кх; К> 0,x >0 instance enables us to write a formula that is true in all cases. 


Mortgage Payments 


The monthly payment p on a mortgage varies directly with the amount borrowed B. 
If the monthly payment on a 30-year mortgage is $6.65 for every $1000 borrowed, 
find a formula that relates the monthly payment p to the amount borrowed B for 
a mortgage with these terms. Then find the monthly payment p when the amount 


borrowed B is $120,000. 


(continued) 
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Solution Because p varies directly with B, we know that 
р = kB 


for some constant К. Because р = 6.65 when В = 1000, it follows that 


P4 6.65 = k(1000) 
800 L k = 0.00665 Solve for k 
t L (120, 798) . 
= 600 Since р = КВ, 
= p = 0.006658 The Model 
= 400 
3 200 In particular, when В = $120,000, 
Amount borrowed (000's) Figure 76 illustrates the relationship between the monthly payment p and the amount 
Figure 76 borrowed B. —» 
\ Now Work PRoBLEMS 5 AND 23 
2 Construct a Model Using Inverse Variation 
YA 
DEFINITION 
Let x and y denote two quantities. Then y varies inversely with x, or y is inversely 
proportional to x, if there is a nonzero constant k such that 
k 
У 
" х 
X 
k 


Figure 77 у= ао The graph in Figure 77 illustrates the relationship between у and х if у varies 


inversely with x and k > 0,x > 0. 


Maximum Weight That Can Be Supported by a Piece of Pine 


See Figure 78. The maximum weight W that can be safely supported by a 2-inch 
by 4-inch piece of pine varies inversely with its length /. Experiments indicate 
that the maximum weight that a 10-foot-long 2-by-4 piece of pine can support is 
500 pounds. Write a general formula relating the maximum weight W (in pounds) 
to length / (in feet). Find the maximum weight W that can be safely supported by 
a length of 25 feet. 


Solution Because W varies inversely with /, we know that 


k 
W=- 
І 


for some constant k. Because W = 500 when/ = 10, we have 


k 
500 = — 
10 

k = 5000 


Figure 78 (continued) 


118 CHAPTER 1 Functions and Their Graphs 


Since W = 3 
600 F 
500} (10, 500) y= 2900 T The Model 
400 F 
300 F In particular, the maximum weight W that can be safely supported by a piece of pine 
200 25 feet in length is 

(25, 200) 
100r 
W = ш. 200 pounds 
1 1 1 1 1 a 25 

0 5 10 15 20 25 | 

Figure 79 w = 2000 Figure 79 illustrates the relationship between the weight W and the length /. _B 


І 
\ Now Work PRoBLEM 33 


3 Construct a Model Using Joint Variation or 
Combined Variation 
When a variable quantity Q is proportional to the product of two or more other 
variables, we say that О varies jointly with these quantities. Finally, combinations 
of direct and/or inverse variation may occur. This is usually referred to as combined 
variation. 


Loss of Heat Through a Wall 


The loss of heat through a wall varies jointly with the area of the wall and the 
difference between the inside and outside temperatures and varies inversely with 
the thickness of the wall. Write an equation that relates these quantities. 


Solution Begin by assigning symbols to represent the quantities: 


L — Heatloss T — Temperature difference 
A — Area of wall d — Thickness of wall 
Then 
AT 
L = k— 
d 
where k is the constant of proportionality. -B 


In direct or inverse variation, the quantities that vary may be raised to powers. 
For example, in the early seventeenth century, Johannes Kepler (1571-1630) 
discovered that the square of the period of revolution 7' of a planet around the Sun 
varies directly with the cube of its mean distance a from the Sun. That is, T? = ka?, 
where k is the constant of proportionality. 


| EXAMPLE 4 | Force of the Wind on a Window 


The force F of the wind on a flat surface positioned at a right angle to the direction 
of the wind varies jointly with the area A of the surface and the square of the speed 
v of the wind. A wind of 30 miles per hour blowing on a window measuring 4 feet by 
5 feet has a force of 150 pounds. See Figure 80 on the next page. What force does a 
wind of 50 miles per hour exert on a window measuring 3 feet by 4 feet? 


Solution Since F varies jointly with A and v?, we have 


F = kAv? 
(continued) 


Figure 80 


Since F = kAv?, 


k = — 
120 


F = — Av? 
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where k is the constant of proportionality. We are told that F = 150 when 
А = 4.5 = 20andv = 30.Then 


150 = k(20)(900) F = kAv?, F = 150, A = 20, v = 30 


1 The Model 


~ 120 


For a wind of 50 miles per hour blowing on a window whose area is A = 3-4 = 
12 square feet, the force F is 


\ Now Work PRoBLEM 41 


1.7 Assess Your Understanding 


Concepts and Vocabulary 


1. 


2. 


3. 


If x and y are two quantities, then y is directly proportional 
to x if there is a nonzero number К such that 


True or False ЇЇ y varies directly with x, then y = E where 
k is a constant. і 


Multiple Choice Which equation represents a joint variation 
model? 
5xz 


(дф y = = 


(а) у = 5x (b) y = 5xzw @y=2 x 


Skill Building 


In Problems 5—16, write a general formula to describe each variation. 


Ns. 


11. 


13. 


15. 


NI Now Work 


. A varies directly with х2; 


. Fvaries inversely with d?; 


y varies directly with x, y = 2 when x = 10 


А = 4r whenx = 2 


Е = 10whend = 5 


z varies directly with the sum of Һе squares of x and y;z = 5 
when x = 3andy = 4 


M varies directly with the square of d and inversely with the 
square root of х; М = 24 when x = 9andd = 4 


The square of T varies directly with the cube of a and 
inversely with the square of d; T = 2 when a = 2 and 
а= 4 


@ 1. Modeling 


10. 


14. 


16. 


1. Writing he 1. Graphing Tech 


. у varies directly with t; 


. V varies directly with x?; 


1 
= ——(12)(2500) = 250 pounds 
120 B 
. Multiple Choice Choose the best description for the model 


КА ue. 
y = ~, if k is a nonzero constant. 
2 


(а) у varies jointly with x and z. 

(b) y is inversely proportional to x and z. 

(с) у varies directly with x and inversely with z. 

(d) y is directly proportional to z and inversely proportional 
to x. 


v = 16 whent = 2 


V = 367 whenx = 3 


y varies inversely with Ух; у = 4 whenx = 9 


. T varies jointly with the cube root of x and the square of d; 


Т = 18 when x = 8andd = 3 


z varies directly with the sum of the cube of x and the square 
of y; z = 1whenx = 2andy = 3 


The cube of z varies directly with the sum of the squares of x 
andy; z = 2whenx = 9andy = 4 
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Applications and Extensions 


In Problems 17-22, write an equation that relates the quantities. 


17. 


18. 


19. 


20. 


21. 


22. 


24. 


25. 


26. 


Geometry The volume V of a sphere varies directly with 
the cube of its radius r. The constant of proportionality 
is am 
3 

Geometry The square of the length of the hypotenuse c 
of a right triangle varies jointly with the sum of the squares of 
the lengths of its legs a and b. The constant of proportionality 
is 1. 

Geometry The area A of a triangle varies jointly with 
the lengths of the base b and the height л. The constant of 


proportionality is 2 


Geometry The perimeter p of a rectangle varies jointly with 
the sum of the lengths of its sides / and w. The constant of 
proportionality is 2. 

Physics: Newton's Law The force F (in newtons) of attraction 
between two bodies varies jointly with their masses т and M 
(in kilograms) and inversely with the square of the distance 
d (in meters) between them. The constant of proportionality 
isG = 6.67 x 107". 


Physics: Simple Pendulum The period of a pendulum is the 

time required for one oscillation; the pendulum is usually 

referred to as simple when the angle made to the vertical is 

less than 5°. The period T of a simple pendulum (in seconds) 

varies directly with the square root of its length L (in feet). 
2n 


432 


The constant of proportionality is 


. Mortgage Payments The monthly payment p on a mortgage 


varies directly with the amount borrowed B. If the monthly 
payment on a 30-year mortgage is $6.49 for every $1000 
borrowed, find a linear equation that relates the monthly 
payment p to the amount borrowed B for a mortgage with 
the same terms. Then find the monthly payment p when the 
amount borrowed B is $145,000. 


Mortgage Payments The monthly payment p on a mortgage 
varies directly with the amount borrowed B. If the monthly 
payment on a 15-year mortgage is $8.99 for every $1000 
borrowed, find a linear equation that relates the monthly 
payment p to the amount borrowed B for a mortgage with 
the same terms. Then find the monthly payment p when the 
amount borrowed B is $175,000. 


Physics: Falling Objects The distance s that an object 
falls is directly proportional to the square of the time t of 
the fall. If an object falls 16 feet in 1 second, how far will 
it fall in 3 seconds? How long will it take an object to fall 
64 feet? 


Physics: Falling Objects The velocity v of a falling object 
is directly proportional to the time t of the fall. If, after 
2 seconds, the velocity of the object is 64 feet per second, 
what will its velocity be after 3 seconds? 


27. 


28. 


29. 


30. 


31. 


32. 


N 3. 


Physics: Stretching a Spring The elongation £ of a spring 
balance varies directly with the applied weight W (see the 
боше). ШЕ = 3whenW = 20,find E whenW = 15. 


Physics: Vibrating String The rate of vibration of a string 
under constant tension varies inversely with the length 
of the string. If a string is 48 inches long and vibrates 
256 times per second, what is the length of a string that vibrates 
576 times per second? 


Revenue Equation At the corner Shell station, the revenue R 
varies directly with the number g of gallons of gasoline sold. 
If the revenue is $47.40 when the number of gallons sold is 
12, find a linear equation that relates revenue R to the number g 
of gallons of gasoline. Then find the revenue R when the number 
of gallons of gasoline sold is 10.5. 


Cost Equation The cost C of roasted almonds varies directly 
with the number A of pounds of almonds purchased. If the 
cost is $23.75 when the number of pounds of roasted almonds 
purchased is 5, find a linear equation that relates the cost C 
to the number A of pounds of almonds purchased. Then find 
the cost C when the number of pounds of almonds purchased 
is 3.5. 


Demand Suppose that the demand D for candy at the movie 

theater is inversely related to the price p. 

(a) When the price of candy is $2.75 per bag, the theater sells 
156 bags of candy. Express the demand for candy in terms 
of its price. 

(b) Determine the number of bags of candy that will be sold 
if the price is raised to $3 a bag. 


Driving to School The time ¢ that it takes to get to school 

varies inversely with your average speed s. 

(a) Suppose that it takes you 40 minutes to get to school 
when your average speed is 30 miles per hour. Express 
the driving time to school in terms of average speed. 

(b) Suppose that your average speed to school is 40 miles per 
hour. How long will it take you to get to school? 


Pressure The volume of a gas V held at a constant temperature 
in a closed container varies inversely with its pressure P. If 
the volume of a gas is 600 cubic centimeters (ст? ) when 
the pressure is 150 millimeters of mercury (mm Hg), find the 
volume when the pressure is 200 mm Hg. 


. Resistance The current i in a circuit is inversely proportional to its 


resistance Z measured in ohms. Suppose that when the current in 
a circuit is 30 amperes, the resistance is 8 ohms. Find the current 
in the same circuit when the resistance is 10 ohms. 


35. 


36. 


37. 


38. 


39. 


40. 


Weight The weight of an object above the surface of Earth 
varies inversely with the square of the distance from the 
center of Earth. If Maria weighs 125 pounds when she is on 
the surface of Earth (3960 miles from the center), determine 
Maria’s weight when she is at the top of Denali (3.8 miles 
from the surface of Earth). 


Weight of a Body The weight of a body above the surface of 
Earth varies inversely with the square of the distance from 
the center of Earth. If a certain body weighs 55 pounds when 
it is 3960 miles from the center of Earth, how much will it 
weigh when it is 3965 miles from the center? 

Geometry The volume V of a right circular cylinder varies 
jointly with the square of its radius r and its height h. The 
constant of proportionality is 7. See the figure. Write an 


equation for V. 
h 


Geometry The volume V of a right circular cone varies 
jointly with the square of its radius r and its height h. The 


constant of proportionality is T See the figure. Write an 


| 


equation for V. 


Intensity of Light The intensity 7 of light (measured in 
foot-candles) varies inversely with the square of the distance 
from the bulb. Suppose that the intensity of a 100-watt light 
bulb at a distance of 2 meters is 0.075 foot-candle. Determine 
the intensity of the bulb at a distance of 5 meters. 


Force of the Wind on a Window The force exerted by 
the wind on a plane surface varies jointly with the area 
of the surface and the square of the velocity of the wind. 
If the force on an area of 20 square feet is 11 pounds when 


Explaining Concepts: Discussion and Writing 


47. 


48. 


In the early seventeenth century, Johannes Kepler discovered 
that the square of the period T of the revolution of a planet 
around the Sun varies directly with the cube of its mean 
distance a from the Sun. Research this law and Kepler's other 
two laws. Write a brief paper about these laws and Kepler’s 
place in history. 


Using a situation that has not been discussed in the text, 
write a real-world problem that you think involves two 
variables that vary directly. Exchange your problem with 
another student’s to solve and critique. 
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42. 


44. 


45. 


46. 


49. 


50. 


the wind velocity is 22 miles per hour, find the force on a 
surface area of 47.125 square feet when the wind velocity is 
36.5 miles per hour. 


Horsepower The horsepower (hp) that a shaft can safely 
transmit varies jointly with its speed (in revolutions 
per minute, rpm) and the cube of its diameter. If a shaft of 
a certain material 2 inches in diameter can transmit 36 hp 
at 75 rpm, what diameter must the shaft have in order to 
transmit 45 hp at 125 rpm? 


Chemistry: Gas Laws The volume V of an ideal gas varies 
directly with the temperature T and inversely with the 
pressure P. Write an equation relating V, T, and P using 
k as the constant of proportionality. If a cylinder contains 
oxygen at a temperature of 300 K and a pressure of 
15 atmospheres in a volume of 100 liters, what is the constant 
of proportionality k? If a piston is lowered into the cylinder, 
decreasing the volume occupied by the gas to 80 liters and 
raising the temperature to 310 K, what is the gas pressure? 


. Physics: Kinetic Energy The kinetic energy K of a moving 


object varies jointly with its mass т and the square of its 
velocity v. If an object weighing 25 kilograms and moving 
with a velocity of 10 meters per second has a kinetic energy 
of 1250 joules, find its kinetic energy when the velocity is 
15 meters per second. 


Electrical Resistance of a Wire The electrical resistance 
of a wire varies directly with the length of the wire and 
inversely with the square of the diameter of the wire. If 
a wire 432 feet long and 4 millimeters in diameter has a 
resistance of 1.24 ohms, find the length of a wire of the same 
material whose resistance is 1.44 ohms and whose diameter 
is 3 millimeters. 


Measuring the Stress of Materials The stress in the material 
of a pipe subject to internal pressure varies jointly with 
the internal pressure and the internal diameter of the pipe 
and inversely with the thickness of the pipe. The stress is 
100 pounds per square inch when the diameter is 5 inches, 
the thickness is 0.75 inch, and the internal pressure is 
25 pounds per square inch. Find the stress when the internal 
pressure is 40 pounds per square inch if the diameter is 
8 inches and the thickness is 0.50 inch. 


Safe Load for a Beam The maximum safe load for a 
horizontal rectangular beam varies jointly with the width of 
the beam and the square of the thickness of the beam and 
inversely with its length. If an 8-foot beam will support up 
to 750 pounds when the beam is 4 inches wide and 2 inches 
thick, what is the maximum safe load in a similar beam 
10 feet long, 6 inches wide, and 2 inches thick? 


Using a situation that has not been discussed in the text, 
write a real-world problem that you think involves two 
variables that vary inversely. Exchange your problem with 
another student's to solve and critique. 


Using a situation that has not been discussed in the text, 
write a real-world problem that you think involves three 
variables that vary jointly. Exchange your problem with 
another student's to solve and critique. 
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Library of Functions 


Constant function (p. 87) Identity function (p. 87) Square function (p. 88) 
f(x) =b f(x) = х f(x) = x? 
The graph is a horizontal line with The graph is a line with slope 1 and The graph is a parabola with 
y-intercept b. y-intercept 0. intercept at (0, 0) 
y Ya 
f(x) = b (72, 4) 4 (2, 4) 
(0, b) 
X (71, 1) 1,1) 
Ld | po eh 
-4 (ИЛ 4x 
Cube function (p. 88) Square root function (p. 88) Cube root function (p. 88) 
f(x) = x8 f(x) = Ух f(x) = Vx 


(-8, -2) 


Reciprocal function (p. 88) Absolute value function (p. 88) Greatest integer function (p. 89) 
f(x) = 1 f(x) = |x| f(x) = int(x) 
х 
YA Va 
2- 4r e-o 
- e= 
L 2- eo 
n» а үр ИИ 
1 1 1 
T2 eo 2 4 X 


NI 

= fr 
| 

2 

T 
rile 
xy 

| 

оо 

ГТ 


Things їо Know 
Function (pp. 48-50) 


A relation between two nonempty sets so that each element x in the first set, 
the domain, has corresponding to it exactly one element y in the second set. The 
range is the set of images of the elements in the domain. 


A function can also be described as a set of ordered pairs ( x, y) in which no first 
element is paired with two different second elements. 


Function notation (pp. 50—53) e y= f(x) 


f is a symbol for the function. 


x is the argument, or independent variable. 
* yisthe dependent variable. 


* f(x)isthe value of the function at x. 


A function f may be defined implicitly by an equation involving x and y or 
explicitly by writing y = f(x). 


Difference quotient of f (р. 53) 


Domain (pp. 54-56) 


Vertical-line test (p. 63) 


Even function f (p. 72) 
Odd function f (p. 72) 


Increasing function (p. 74) 


Decreasing function (p. 74) 


Constant function (p. 74) 


Local maximum (p. 75) 


Local minimum (p. 75) 


Absolute maximum and absolute 


minimum (p. 76) 


Average rate of change of a 


function (pp. 78-79) 
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If unspecified, the domain of a function f defined by an equation is the largest set of 
real numbers for which f(x) is a real number. 


A set of points in the xy-plane is the graph of a function if and only if every vertical 
line intersects the graph in at most one point. 


/(—х) = f(x) for every x in the domain (—x must also be in the domain). 

f(—x) = —f(x) for every x in the domain (—x must also be in the domain). 

A function f is increasing on an interval / if, for any choice of x, and x, in J, 

with x, < x,,then f(x,) < f(x,). 

A function f is decreasing on an interval / if, for any choice of x, and x, in J, 

with x, < x;,then Р(х) > f(x;). 

A function f is constant on an interval J if, for all choices of x in J, the values of f (x) 
are equal. 


A function f, defined on some interval Z, has a local maximum at c if there is an open 
interval in J containing c so that f (c) > f(x), for all x in this open interval. The local 
maximum value is f (c). 


A function f, defined on some interval Z, has a local minimum at c if there is an open 
interval in J containing c so that f (c) < f(x), for all x in this open interval. The local 
minimum value is f (с). 

Let f denote a function defined on some interval Z. 


e Ifthere is a number u in / for which f(u) > f(x) for all x in J, then f has an 
absolute maximum at и, and the number f (и) is the absolute maximum of f on J. 


e [fthere is a number v in / for which f(v) € f(x), for all x in Z, then f has an 
absolute minimum at v, and the number f(v) 15 the absolute minimum of f on J. 


The average rate of change of f from a to b is 
Ay Р) fa) р 


Ах b—a 
Direct variation (p. 116) у = Кх,К = 0 
Inverse variation (р. 117) y= x К = 0 
Objectives 
Section You should be able to... Examples Review Exercises 
11 1 Describe a relation (р. 46) 1 1 
2 Determine whether a relation represents a function (p. 48) 2-5 2-5 
3 Use function notation; find the value of a function (p. 50) 6,7 6-8, 43 
4 Find the difference quotient of a function (p. 53) 8 18 
5 Find the domain of a function defined by an equation (p. 54) 9,10 9-14 
6 Form the sum, difference, product, and quotient of two 11 15-17 
functions (p. 56) 
12 1 Identify the graph of a function (p. 62) 1 31,32 
2 Obtain information from or about the graph of a 2-4 19(a)-(e), 20(a), 
function (p. 63) 20(e), 20(g) 
13 1 Identify even and odd functions from a graph (p. 72) 1 20(f) 
2 Identify even and odd functions from an equation (p. 73) 2 21-24 
3 Use a graph to determine where a function is increasing, 3 20(b) 
decreasing, or constant (p. 73) 
4 Use a graph to locate local maxima and local minima (p. 75) 4 20(c) 
5 Use a graph to locate the absolute maximum and the absolute 5 20(d) 


minimum (p. 76) 


(continued) 
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Section You should be able to... Examples Review Exercises 
6 Use a graphing utility to approximate local maxima and local 6 25, 26, 44(d), 45(b) 
minima and to determine where a function is increasing or 
decreasing (p. 78) 


7 Find the average rate of change of a function (p. 78) 78 27-30 
14 1 Graph the functions listed in the library of functions (p. 85) 1,2 33, 34 
2 Analyze a piecewise-defined function (p. 90) 3-5 41,42 
1.5 1 Graph functions using vertical and horizontal shifts (р. 97) 1-5, 11-13 19(f), 35, 37-40 
2 Graph functions using compressions and stretches (p. 101) 6-8,12 19(g), 36, 40 
3 Graph functions using reflections about the x-axis and the 9,10, 13 19(h), 36, 38, 40 
y-axis (p. 103) 
16 1 Build and analyze functions (p. 111) 1-3 44, 45 
L7 1 Construct a model using direct variation (p. 116) 1 46 
2 Construct a model using inverse variation (p. 117) 2 47 
3 Construct a model using joint or combined variation (p. 118) 3,4 48 


Review Exercises 


1. While shopping online for AA batteries, Masoud found that he could order a pack of 8 batteries for $6.30, a pack of 16 for $13.99, 
a pack of 20 for $12.32, or a pack of 24 for $13.99. Define a relation using number of batteries as input and price as output. 
(a) What is the domain and range of the relation? 
(b) Express the relation as a set of ordered pairs. 
(c) Express the relation as a mapping. 
(d) Express the relation as a graph. 


In Problems 2-5, find the domain and range of each relation. Then determine whether the relation represents a function. 
2. {(-1, 0), (2, 3), (4,0)} 3. {(4, —1), (2,1), (4,2)р 4(х-1) +у =4 Sy =|-4x-5)-3 


In Problems 6-8, find the following for each function: 


(a) f(2) (b) f(—2) (с) f(—x) (d) —f(x) (е) f(x —2) (f) f (2x) 
6. f(x) = —— - T fix) = М —4 8. f(x) = S 4 


In Problems 9-14, find the domain of each function. 


9. f(x) = —; 10. f(x) = .2- x 11. g(x) = E 
х? – 9 х 
Ух +1 х 
12. = — — A 1 . — AUI e 14. = 
OO =r eR STON т oe) EE 
In Problems 15-17 find f + g, f — g, f - g, and Las each pair of functions. State the domain of each of these functions. 
8 
E . E — 3,2 ; = _x+1, _ 1 
15. f(x) 22— x; g(x) 23x +1 16. f(x) = 3x? +x +1; g(x) = 3x 17. f(x) = D g(x) == 
x— x 


ао б) р 


18. Find the difference quotient of f(x) = —2x? + x + 1; that is, fin Г = 0. 
19. Consider the graph of the function f shown. УА 
(a) Find the domain and the range of f. 4 


(b) List the intercepts. 8,3) 


(с) Find f(—2). 
(d) For what value of x does f(x) = —3? 


(e) Solve f(x) > 0. ч - 
(f) Graph y = f(x — 3). 
С 1 
(g) Graph y = f(x) 
(h) Graph y = —/(х). 
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20. Use the graph of the function f shown below to find: 37. h(x) = vx -1 38. f(x) = vl—x 
39. h(x) = (x-1) +2 40. g(x) = —2(x + 2) -8 


In Problems 41 and 42: 

(a) Find the domain of each function. 

(b) Locate any intercepts. 

(c) Graph each function. 

(d) Based on the graph, find the range. 
3x if -2 <x<1 
x+1 ifx>1 


41. f(x) = 
(a) The domain and the range of f. 
(b) Theintervals on which f is increasing, decreasing, or constant. x Н) 
(с) The local minimum values апа local maximum values. : ТЕ 

Е ЖАН 42. f(x) = 11 ifx = 0 
(d) The absolute maximum and absolute minimum. 3 if 0 
(e) Whether the graph is symmetric with respect to the x-axis, Ж, 


the y-axis, the origin, or none of these. 43. A function f is defined by 
(f) Whether the function is even, odd, or neither. A 
. : xc 
(g) The intercepts, if any. f(x) = ox? 
(h) What are the zeros of f, if any? 
If f(1) = 4, find A. 
In Problems 21-24, determine (algebraically) whether the given 44. Constructing a Closed Box A closed box with a square base 
function is even, odd, or neither. є is required to have a volume of 10 cubic feet. 
Е 4+ x2 (a) Build a model that expresses the amount А of material 
21. f(x) = х? — 4x 22. g(x) = 14 x4 used to make such a box as a function of the length x of 
" a side of the square base. 
23. G(x) 21- x + x? 24. f(x) — 12x (b) How much material is required for a base 1 foot by 
1 foot? 
pn Problems 25 and 26, use a graphing utility to graph each function (c) How much material is required for a base 2 feet by 
over the indicated interval. Approximate any local maximum 2 feet? 
values and local minimum values. Determine where the function is 5 (d) Graph A = A(x). For what value of x is A smallest? 
increasing and where it is decreasing. 45. Areaofa Rectangle A rectangle has one vertex in quadrant I 
25. f(x) = 2x3 —5x4+1 (-3, 3) on the graph of у = 10 — x?, another at the origin, one on 
оза — сүз _ the positive x-axis, апа one on the positive y-axis. 
л. ыи (a) Express the area А of the rectangle as a function of x. 
27. Find the average rate of change of f(x) = 8x? — x: fe (b) Find the largest area A that can be enclosed by the 
(a) From 1102 (b) From 0 to 1 (c) From 2 to 4 rectangle. 


46. Mortgage Payments The monthly payment p on a mortgage 
varies directly with the amount B borrowed. If the monthly 
payment on a 30-year mortgage is $854.00 when $130,000 
is borrowed, find a model that relates the monthly payment 
p to the amount B borrowed for a mortgage with the same 
terms. Then find the monthly payment p when the amount 

from 2 to 3. borrowed is $165,000. 


In Problems 28 and 29, find the average rate of change from 2 to 3 
for each function f. Be sure to simplify. 


28. f(x) = 2 — 5x 29. f(x) = 3x — Ax? 


30. If f(x) = Зх — 4х2, find an equation of the secant line of f 


47. Weight of a Body The weight of a body varies inversely 
with the square of its distance from the center of Earth. 
Assuming that the radius of Earth is 3960 miles, how much 
would a man weigh at an altitude of 1 mile above Earth's 

surface if he weighs 200 pounds on Earth's surface? 

n d A X 48. Heat Loss The amount of heat transferred per hour 

through a glass window varies jointly with the surface area 

of the window and the difference in temperature between 


the areas separated by the glass. A window with a surface 
area of 75 square feet loses 135 BTU per hour when the 


In Problems 31 and 32, is the graph shown that of a function? 
31. YA 32. y 


In Problems 33 and 34, graph each function. Be sure to label at temperature difference is 40°F. How much heat is lost per 
least three points. hour for a similar window with a surface area of 12 square 
33. f(x) = |x| 34. f(x) = Ух feet when the temperature difference is 35°F? 


In Problems 35—40, graph each function using the techniques of 
shifting, compressing or stretching, and reflections. Identify any 
intercepts of the graph. State the domain and, based on the graph, 
find the range. 


35. F(x) = |х| - 4 36. g(x) = —2|х| 
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The Cha 
Chapter Test Test Prep exercise 


pter Test Prep Videos include step-by-step solutions to all chapter test 


s. These videos are available in MyLab™ Math. 


1. Find the domain and range of each relation. Then determine te 6. Graph the function f(x) = —x^ + 2x3 + 4x? — 2 on the 


whether each relation represents a function. 
(a) {(2, 5), (4, 6), (6, 7), (8, 8)} 
(b) (0, 3), (4, —2), (—3, 5), CL, 7)} 


(c) 
ПЕ 
-4 
(d) YR 
6r 
4r- 
2 
жй йылы [ры аа 
= =p yg d 
—2r 


In Problems 2-4, find the domain of each function and evaluate 
each function at x = —1. 


2. f(x) = V4 – 5х 


г х0 
3. Эз er 2 
d 
TTE NER UA, NE 
е EET 


5. Consider the graph of the function f below. 


(-5, -3) -4- (3, -3 


(a) Find the domain and the range of f. 

(b) List the intercepts. 

(c) Find f(1). 

(d) For what value(s) of x does f(x) = —3? 
(e) Solve f(x) « 0. 


10. 


11. 


. A community skating rink is in the shape of a rectangle with 


13. 


14. 


. Consider the function g( x) — | 


interval (—5, 5) using a graphing utility. Then approximate 
any local maximum values and local minimum values 
rounded to two decimal places. Determine where the 
function is increasing and where it is decreasing. 


2х+1 ifx«-1 
x—4 ifx > 1 

(a) Graph the function. 

(b) List the intercepts. 

(c) Find g(—5). 

(d) Find g(2). 


. For the function f(x) = 3x? — 3x + 4, 


(a) Find the average rate of change of f from 3 to 4. 
(b) Find an equation of the secant line from 3 to 4. 


. For the functions f(x) = 2x? + 1andg(x) = 3x — 2, find 


the following and simplify. 

(а) (f — g)(x) 

(b) Cf - g)(x) 

(с) f(x +h) – f(x) 

Graph each function using the techniques of shifting, 
compressing or stretching, and reflecting. Start with the graph 
of the basic function and show all the steps. 

(a) A(x) = -2(x + 1)? +3 

(b) g(x) =|x+ 4) +2 

Find the difference quotient of f(x) = x? — 3x. 


semicircles attached at the ends. The length of the rectangle 

is 20 feet less than twice the width. The thickness of the ice 

is 2 inches. 

(a) Build a model that expresses the ice volume V as a 
function of the width, x. 

(b) How much ice is in the rink if the width is 90 feet? 


Q e 
Q QO 


(D 


Determine if the function f(x) = —x? — 7 is even, odd, or 
neither. 
The resistance (in ohms) of a circular conductor varies 


directly with the length of the conductor and inversely with 
the square of the radius of the conductor. If 50 feet of wire 
with a radius of 6 x 10-3 inch has a resistance of 10 ohms, 
what would be the resistance of 100 feet of the same wire if 
the radius were increased to 7 x 10? inch? 


Chapter Projects 


@) Internet-based Project 


1. 


Choosing a Data Plan Collect information from your family, 
friends, or consumer agencies such as Consumer Reports. 
Then decide on a service provider, choosing the company 
that you feel offers the best service. Once you have selected a 
service provider, research the various types of individual plans 
offered by the company by visiting the provider’s website. 
Many cellular providers offer family plans that include 
unlimited talk, text, and data. However, once a data cap has 
been reached, service may be slowed, which prevents media 
from being streamed. So, many customers still purchase 


Credit: Igor Kardasov/123RF 
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data-only plans for devices such as tablets or laptops. The 
monthly cost is primarily determined by the amount of data 
used and the number of data-only devices. 


1. Suppose you expect to use 10 gigabytes of data for a 
single tablet. What would be the monthly cost of each 
plan you are considering? 


2. Suppose you expect to use 30 gigabytes of data and want 
a personal hotspot, but you still have only a single tablet. 
What would be the monthly cost of each plan you are 
considering? 

3. Suppose you expect to use 20 gigabytes of data with three 
tablets sharing the data. What would be the monthly cost 
of each plan you are considering? 

4. Suppose you expect to use 20 gigabytes of data with a 
single tablet and a personal hotspot. What would be the 
monthly cost of each plan you are considering? 

5. Build a model that describes the monthly cost C, in 
dollars, as a function of the number g of data gigabytes 
used, assuming a single tablet and a personal hotspot for 
each plan you are considering. 

6. Graph each function from Problem 5. 


7. Basedon your particular usage, which plan is best for you? 


8. Now, develop an Excel spreadsheet to analyze the various plans you are considering. Suppose you want a plan that offers 
50 gigabytes of shared data and costs $60 per month. Additional gigabytes of data cost $15 per gigabyte, extra tablets can be added 
to the plan for $10 each per month, and each hotspot or laptop costs $20 per month. Because these data plans have a cost 
structure based on piecewise-defined functions, we need an “if/then” statement within Excel to analyze the cost of the plan. 
Use the accompanying Excel spreadsheet as a guide in developing your spreadsheet. Enter into your spreadsheet a variety of 
possible amounts of data and various numbers of additional tablets, laptops, and hotspots. 


Monthly fee 
Allotted data per month (GB) 
Data used (GB) 


Monthly cost of hotspot or laptop 
Number of hotspots or laptops 
Monthly cost of additional tablet 
10 |Number of additional tablets 


1 
2 
3 

M | 
5 |Cost per additional GB of data 
6 
7 
9 


Total Cost 


=IF(B4<B3,B2,B2+B5*( 


B4-B3)) 


=В8*В7+В10*В9 


=B12+B13 


Source: Excel © 2022 Microsoft Corporation. Used with Permission from Microsoft. 


9. Write a paragraph supporting the choice in plans that best meets your needs. 


10. How are “if/then” loops similar to a piecewise-defined function? 
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The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 


П. Project at Motorola: Wireless Internet Service Use functions and their graphs to analyze the total cost of various wireless Internet 
service plans. 


Ш. Cost of Cable When government regulations and customer preference influence the path of a new cable line, the Pythagorean 
Theorem can be used to assess the cost of installation. 


IV. Oil Spill Functions are used to analyze the size and spread of an oil spill from a leaking tanker. 


Linear and Quadratic 


Functions 


The Beta of a Stock 


Investing in the stock market can be rewarding and fun, 
but how does one go about selecting which stocks to 
purchase? Financial investment firms hire thousands of 
analysts who track individual stocks (equities) and assess 
the value of the underlying company. One measure the 
analysts consider is the beta of the stock. Beta measures 
the relative risk of an individual company’s equity to that of 
a market basket of stocks, such as the Standard & Poor's 500. 
But how is beta computed? 


( q ) — See the Internet-based Chapter Project I— 


Credit: Andriy Popov/123RF.com 


Outline 


Up to now, our discussion has focused on equations and functions and their graphs. We 2.1 Properties of Linear Functions 
graphed equations by plotting points, using intercepts, and testing for symmetry. We learned and Linear Models 

to identify whether a relation represents a function, and we discussed properties of functions, 2.2 Building Linear Models from Data 
such as domain/range, increasing/decreasing, even/odd, and average rate of change. Using this 2.3 Quadratic Functions and Their 


information, we developed a library of functions and analyzed piecewise-defined functions. 
Finally, we used transformations to graph new functions from the graphs of the familiar 
functions listed in the library of functions. 


Zeros 
2.4 Properties of Quadratic Functions 
2.5 Inequalities Involving Quadratic 


Functions 
2.6 Building Quadratic Models from 
Now we begin looking at classes of functions. This chapter focuses on linear and quadratic Verbal Descriptions and from Data 
functions, their properties, and their applications. 2.7 Complex Zeros of a Quadratic 
Function 


2.8 Equations and Inequalities 
Involving the Absolute Value 
Function 
Chapter Review 
Chapter Test 
Cumulative Review 
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2.1 Properties of Linear Functions and Linear Models 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Lines (Foundations, Section ЕЗ, pp. 21-32) * The Graph of a Function (Section 1.2, pp. 62-66) 
Solve Linear Equations (Appendix A, Section A.8, * Properties of Functions (Section 1.3, pp. 72-80) 
pp. А67-А69) 

Functions (Section 1.1, pp. 46-58) 


N Now Work the ‘Are You Prepared?’ problems on page 137. 


OBJECTIVES 1 Graph Linear Functions (p. 130) 
2 Use Average Rate of Change to Identify Linear Functions (p. 130) 
3 Determine Whether a Linear Function Is Increasing, Decreasing, or Constant (p. 133) 
4 Find the Zero of a Linear Function (p. 134) 
5 Build Linear Models from Verbal Descriptions (p. 134) 


1 Graph Linear Functions 


In Foundations, Section F.3, we discussed lines. In particular, for nonvertical lines we 
developed the slope-intercept form of the equation of a line, y = mx + b. When 
the slope-intercept form of a line is written using function notation, the result is a 
linear function. 


DEFINITION Linear Function 


A linear function is a function of the form 


The graph of a linear function is a line with slope т and y-intercept b. Its 
domain is the set of all real numbers. 


Functions that are not linear are said to be nonlinear. 


| ЕХАМРІЕ1 | Graphing a Linear Function 


Graph the linear function f(x) = —3x + 7. Whatare the domain and the range of f? 


Solution This is a linear function with slope m = —3 and y-intercept b = 7. То graph this 
function, plot the point (0, 7), the y-intercept, and use the slope to find an additional 
point by moving right 1 unit and down 3 units. See Figure 1. The domain and the range 
of f are each the set of all real numbers. N 


Alternatively, an additional point can be found by evaluating the function at 
somex = 0.Forx = L f(1) = —3 -1 + 7 = 4,sothe point(1, 4) lies on the graph. 


\ Now Work PRoBLEMS 13(a) AND (b) 
Figure 1 f(x) = -3x +7 


2 Use Average Rate of Change to Identify Linear Functions 


Look at Table 1 on the next page, which shows several values of the independent 
variable x and corresponding values of the dependent variable y for the function 
f(x) = —3x + 7. Notice that as the value of the independent variable x increases 
by 1, the value of the dependent variable y decreases by 3. That is, the average rate 
of change of y with respect to x is a constant, —3. 
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Table 1 


y = f(X) = -3x +7 Average Rate of Change = IM 


It is not a coincidence that the average rate of change of the linear function 


f(x) = —3x + Tis the slope of the linear function. That is, 25 = т = —3. The 
following theorem states this fact. ii 


THEOREM Average Rate of Change of a Linear Function 


Linear functions have a constant average rate of change. That is, the average 
rate of change of a linear function f(x) = mx + bis 


Proof The average rate of change of f(x) = mx + b from x, to xj, x, = Xp, is 


Ay Р(х) = f(x) _ (mx, b) — (mx, + b) 


Ax X4 — X1 X4 — X 
mx, — mx m(x,—x 
OS | _ ma% D i z 
Hg, ey x. = X 


Based on the theorem just proved, the average rate of change of the function 


g(x) = -2x + 518-2. 


\ Now Work PRoBLEM 13 (с) 


As it turns out, only linear functions have a constant average rate of change. 
Because of this, the average rate of change can be used to determine whether a 
function is linear. This is especially useful if the function is defined by a data set. 


6 | EXAMPLE2 | Using the Average Rate of Change to Identify Linear Functions 


(a) A strain of E. coli known as Beu 397-recA441 is placed into a Petri dish at 
30° Celsius and allowed to grow. The data shown in Table 2 on the next page 
are collected. The population is measured in grams and the time in hours. Plot the 
ordered pairs (x, y)in the Cartesian plane, and use the average rate of change to 


determine whether the function is linear. | 
(continued) 
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Time Population 
(hours), x (grams), y 


Solution 


YA 

«04r e 

Е 

S 

c 

5 0.3 р ° 

© 

2 02 ° 

£ e 

ле ° 
| l | l | ew 
0 1 2 3 4 5 x 
Time (hours) 
Figure 2 


(b) The data in Table 3 represent the maximum number of heartbeats that a healthy 
individual of different ages should have during a 15-second interval of time 
while exercising. Plot the ordered pairs ( x, y)in the Cartesian plane, and use the 
average rate of change to determine whether the function is linear. 


Table 3 


Maximum Number 

Age, x of Heartbeats, y (x, y) 
(20, 50) 
(30, 47.5) 
(40, 45) 
(50, 42.5) 
(60, 40) 
(70, 37.5) 


Source: American Heart Association 


Compute the average rate of change of each function. If the average rate of change 
is constant, the function is linear. If the average rate of change is not constant, the 
function is nonlinear. 


(a) Figure 2 shows the points listed in Table 2 plotted in the Cartesian plane. Note 
that it is impossible to draw a straight line that contains all the points. Table 4 
displays the average rate of change of the population. 


Table 4 


Time (hours), x Population (grams), y Average Rate of Change — — 


(07122 = ОШО 


Tcu = 0.03 


0.04 


0.06 


0.07 


Because the average rate of change is not constant, the function is not linear. 
In fact, because the average rate of change is increasing as the value of the 
independent variable increases, the function is increasing at an increasing rate. 
So not only is the population increasing over time, but it is also growing more 
rapidly as time passes. 


(b) On the next page, Figure 3 shows the points from Table 3 plotted in the Cartesian 
plane, and Table 5 displays the average rate of change of the maximum number 
of heartbeats. The average rate of change of the heartbeat data is constant, 
— 0.25 beat per year, so the function is linear, and the points in Figure 3 lie on a line. 


(continued) 
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Yt Table 5 Maximum Number Ay 
Age, x of Heartbeats, y Average Rate of Change = zum 
50 re. 
e 
g hot 
Е 45 "s 
3" ET 
`e 
w 
э 
40 - LN 
"i 
Thy 
| l l | | * 
20 30 40 50 60 70 X 
Age 
Figure 3 


м, Now Work PRoBLEM 27 


3 Determine Whether a Linear Function Is Increasing, 
Decreasing, or Constant 


When the slope m of a linear function is positive (m > 0), the line slants upward 
from left to right. When the slope m of a linear function is negative (m < 0), the 
line slants downward from left to right. When the slope m of a linear function is zero 
(т = 0), the line is horizontal. 


THEOREM Increasing, Decreasing, and Constant Linear Functions 


A linear function f(x) = mx + bis increasing over its domain if its slope, m, is 
positive. It is decreasing over its domain if its slope, m, is negative. It is constant 
over its domain if its slope, m, is zero. 


| EXAMPLE 3 | Determining Whether a Linear Function Is Increasing, Decreasing, or 


Constant 

Determine whether the following linear functions are increasing, decreasing, or 
constant. 

(a) f(x) = 5x - 2 (b) g(x) = -2x + 8 

(c) s(t) = 2, = (d h(z) = 7 


Solution (а) The linear function f(x) = 5x — 2 has slope 5, which is positive. The function f 
is increasing on the interval ( —oo, оо). 


(b) The linear function g(x) = —2x + 8 has slope —2, which is negative. The 
function g is decreasing on the interval (—oo, оо). 


(c) The linear function s(t) = å — 4 has slope З, which is positive. The function 5 
is increasing on the interval ( —oo, оо). 


(d) The linear function Л can be written as h(z) = 0z + 7. Because the slope is 0, 
the function Л is constant on the interval (—оо, оо). E 


\ Now Work PROBLEM 13(d) 
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4 Find the Zero of a Linear Function 


Recall from Section 1.2 that a real number r is a zero of a function f if f(r) = 0. 
So, to find the zeros of a function y = f(x), solve the equation f(x) = 0. The 
solution(s) represent the zero(s) of f. Any linear function f(x) = mx + b has 
exactly one zero provided that т = 0, since, if m = 0, the equation mx + b = 0 
has exactly one solution. In other words, a linear function has exactly one zero if it is 
increasing or decreasing. 


| EXAMPLE 4 | Finding the Zero of a Linear Function 


(a) Does f(x) = -у^ + 2 have a zero? 

(b) If it does, find the zero. 

(c) Use the zero along with the y-intercept to graph f. 
(d) Solve f(x) » 0. 


Solution (а) The linear function f is decreasing (do you see why?), so it has one zero. 


(b) Solve the equation f(x) = 0 to find the zero. 


Р(х) = 0 
1 1 
—=х-+2== 0 — 
2 fO) ae +2 
-is — —2  Subtract 2 from each side of the equation. 


х= 4 Multiply both sides of the equation by —2. 


v/check f(4) = -3(4) oai 


The zero of f is 4. 


(c) The y-intercept is 2, so the point (0, 2) is on the graph of the function. The zero 
of f is 4, so the x-intercept is 4 and the point (4, 0) is on the graph. See Figure 4 
for the graph of f. 


(d) From Figure 4, notice that f(x) > 0 (above the x-axis) whenx < 4. Alternatively, 


Figure 4 f(x) = —1х +2 


2 solve the inequality. 
1 il 
-5**2 > 0 f(x) > 0, where f(x) = -2x + 2 
-у^ > —2 Subtract 2 from both sides. 


| 1 | < —2-(-2) Multiply both sides by —2. Change the 
direction of the inequality. 


x<4 Simplify. B 


\ Now Work PROBLEM 21 


5 Build Linear Models from Verbal Descriptions 


When the average rate of change of a function is constant, a linear function can 
model the relation between the two variables. For example, if a recycling company 
pays $0.52 per pound for aluminum cans, then the relation between the price p paid 
and the pounds recycled x can be modeled as the linear function p(x) = 0.52x, with 
0.52 dollar 


1 = А 
ааш 1 pound 
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In Words ae Modeling with a Linear Function 

A constant rate of cha nge involving If the average rate of change of a function is a constant m, a linear function f 

dm E. indicates a linear y can be used to model the relation between the two variables as follows: 
unction. 


f(x) = тх+Ь 


where b is the value of f at 0; that isb = /(0). 


| €XAMPLE5 | Straight-line Depreciation 


Book value is the value of an asset that a company uses to create its balance sheet. 
Some companies depreciate assets using straight-line depreciation so that the 
value of the asset declines by a fixed amount each year. The amount of the decline 
depends on the useful life that the company assigns to the asset. Suppose a company 
just purchased a fleet of new cars for its sales force at a cost of $31,500 per car. 
The company chooses to depreciate each vehicle using the straight-line method 


$31,500 
7 


over 7 years. This means that each car will depreciate by = $4500 per year. 


(a) Write a linear function that expresses the book value V of each car as a function 
of its age, x, in years. 


(b) Graph the linear function. 
(c) What is the book value of each car after 3 years? 
(d) Interpret the slope. 
(е) When will the book value of each car be $9000? 
Solution (a) If we let V(x) represent the value of each car after x years, then V (0) represents 


the original value of each car, so V(0) — $31,500. The y-intercept of the linear 
function is $31,500. Because each car depreciates by $4500 per year, the slope of 


VA the linear function is —4500 dollars per year. The linear function that represents 


31,500 
27,000 
22,500 
18,000 


13,500 


Book value ($) 


9000 


4500 


Figure 5 


the book value V of each car after x years is 
V(x) = —4500x + 31,500 
(b) Figure 5 shows the graph of V. 
(c) The book value of each car after 3 years is 


V(3) = —4500 - 3 + 31,500 
= $18,000 


(d) Since the slope of V(x) = —4500x + 31,500 is —4500 dollars per year, the 
average rate of change of the book value is —$4500 / year. So for each additional 


1 2 3 4 5 6 7x 


Age of vehicle (years) year that passes, the book value of the car decreases by $4500. 
V(x) = —4500x + 31,500 (е) To find when the book value will be $9000, solve the equation 
V(x) = 9000 
—4500x + 31,500 = 9000 
—4500x = —22,500 Subtract 31,500 from both sides. 
—22,500 
— 222,500 _ 5 - А B | 
X —1500 Divide both sides by —4500 
Each car will have a book value of $9000 when it is 5 years old. N 


\ Now Work PROBLEM 53 
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| ЕХАМРІЕ б | Supply and Demand 


The quantity supplied of a good is the amount of a product that a company is willing 
to make available for sale at a given price. The quantity demanded of a good is 
the amount of a product that consumers are willing to purchase at a given price p. 
Suppose that the quantity supplied, S, and the quantity demanded, D, of smartphones 
each day are given by the following functions: 


Solution 


S(p) = 15р — 900 
D(p) = —3.75p + 2850 


where p is the price (in dollars) of the smartphone. 


(a) The equilibrium price of a product is defined as the price at which quantity 


(b 


— 


(c) 


(a) 


(b 


na 


supplied equals quantity demanded. That is, the equilibrium price is the price at 
which S(p) = D(p). Find the equilibrium price of smartphones. What is the 
equilibrium quantity, the amount demanded (or supplied) at the equilibrium 
price? 


Determine the prices for which quantity supplied is greater than quantity 
demanded. That is, solve the inequality S(p) » D(p). 


Graph 5 = S(p)and D = D(p),and label the equilibrium point, the point of 
intersection of 5 and D. 


To find the equilibrium price, solve the equation $(р) = D(p). 
15p — 900 = —3.75p + 2850 S(p) = 15p — 900; 

D(p) = —3.75p + 2850 

15р = —3.75p + 3750 Ааа 900 to both sides. 


18.75p — 3750 Add 3.75p to both sides. 
p — 200 Divide both sides by 18.75. 


The equilibrium price is $200 per smartphone. To find the equilibrium quantity, 
evaluate either S( p) or D(p)at p — 200. 


$(200) = 15 · 200 — 900 = 2100 


The equilibrium quantity is 2100 smartphones. At a price of $200 per phone, the 
company will produce and sell 2100 phones each day and have no shortages or 
excess inventory. 


The inequality S(p) > D(p)is 


15p — 900 > —3.75p +2850 S(p) > D(p) 
15p > —3.75p + 3750 Add 900 to both sides. 
18.75p » 3750 Add 3.75p to both sides. 
p > 200 Divide both sides by 18.75. 


If the company charges more than $200 per phone, quantity supplied will 
exceed quantity demanded. In this case the company will have excess phones 
in inventory. 


(c) Figure 6 on the next page shows the graphs of S = S( p) and D = D(p) with 


the equilibrium point labeled. 


(continued) 
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Figure 6 Supply and demand functions 


200 
Price ($) 


N Now Work PROBLEM 47 


2.1 Assess Your Understanding 


‘Are You Pre ра red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Graph у = 3x — 1. (pp. 26-27) 
2. Find the slope of the line joining the points (2,5) 
and (—1, 3). (pp. 21-24) 


3. Find the average rate of change of f(x) = —4x + 3, from 2 
to 4. (pp. 78-79) 


Concepts and Vocabulary 


7. For the graph of the linear function f(x) = mx + b, т is 
the and b is the 


8. If the slope т of the graph of a linear function is 
the function is increasing over its domain. 


9. True or False 'The slope of a nonvertical line is the average 
rate of change of the linear function. 


10. True or False The average rate of change of f(x) = 2x + 8 
is 8. 


Skill Building 


In Problems 13—20, a linear function is given. 
(a) Find the slope and y-intercept of each function. 
(b) Use the slope and y-intercept to graph each function. 
(c) What is the average rate of change of each function? 


4. Solve: 60x — 900 = —15x + 2850. (pp. A67-A69) 
5. If f(x) = 7.5x + 15, find f( —2). (pp. 50-52) 


6. True or False The function f(x) — 25 + 15 is increasing 


on the interval (—oo, oo). (pp. 73-75) 


11. Multiple Choice What is the only type of function that 
has a constant average rate of change? 
(a) linear function (b) quadratic function 


(c) step function (d) absolute value function 


12. Multiple Choice A car has 12,500 miles on its odometer. 
Say the car is driven an average of 40 miles per day. 
Choose the model that expresses the number of miles N 
that will be on its odometer after x days. 

(a) N(x) = —40x + 12,500 (b) N(x) = 40x — 12,500 
(с) N(x) = 12,500x + 40 (d) N(x) = 40x + 12,500 


(d) Determine whether each function is increasing, decreasing, or constant. 


N fom x3 14. g(x) = 5x — 4 
I7 f(x) Ix —3 18. h(x) = ES +4 


15. h(x) = —3x +4 16. p(x) = -x + 6 


19. F(x) = 4 20. G(x) = —2 


In Problems 21-26, (a) find the zero of each linear function and (b) graph each function using the zero and y-intercept. 


\ 21. g(x) = 2x - 8 


24. f(x) = —6x + 12 


\\ 1. Now Work @ 1. Modeling 


22. р(х) = 3x + 12 


25. Н(х) = - +4 


1. Writing he 1. Graphing Tech 


23. f(x) = —5x + 10 


26. G(x) = ix —4 


Zz 1. Applet-Based 


Х Calculus Preview 
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In Problems 27-34, determine whether each function is linear or nonlinear. If it is linear, determine the slope. 


N 27. 


Applications and Extensions 


35. Suppose that f(x) = 4x — 1andg(x) = —2х +5. 39. In parts (a) and (b), use the figure below. 
(a) Solve f(x) = 0. (b) Solve f(x) > 0. 
(c) Solve f(x) = g(x). (d) Solve f(x) € g(x). у = f) Yh 


(e) Graph y = f(x) апау = g(x)and label the point that у= 90) 


represents the solution to the equation f(x) = g(x). 
36. Suppose that f(x) = 3x + 5and g(x) = —2x + 15. 
(a) Solve f(x) = 0. (b) Solve f(x) < 0. 
(c) Solve f(x) = g(x). (d) Solve f(x) > g(x). 
(e) Graph y = f(x) апау = g(x)and label the point that 
represents the solution to the equation f(x) = g(x). 


37. In parts (a)-(f), use the figure below. (a) Solve the equation: f(x) = g(x). 
(b) Solve the inequality: f(x) > g(x). 


Va 


40. In parts (a) and (b), use the figure below. 


yi у= fü) 


x 
у= 90) 
(a) Solve f(x) = 50. (b) Solve f(x) = 80. 
(c) Solve f(x) = 0. (d) Solve f(x) > 50. (a) Solve the equation: f(x) = g(x). 
(e) Solve f(x) < 80. (f) SolveO < f(x) < 80. (b) Solve the inequality: f(x) € g(x). 
38. In parts (a)-(f), use the figure below. 41. In parts (a) and (b), use the figure below. 
у= 90) M 


(—15, 60) 


(5, 12) 


(a) Solve g(x) = 20. (b) Solve g(x) — 60. 
(c) Solve g( x) = 0. (d) Solve g(x) > 20. (a) Solve the equation: f(x) — g(x). 
(e) Solve g(x) < 60. (f) Solve0 < g(x) < 60. (b) Solve the inequality: g(x) € f(x) « A(x). 


42. In parts (a) and (b), use the figure below. 


YA 


(a) Solve the equation: f(x) = g(x). 
(b) Solve the inequality: g(x) < f(x) < h(x). 


43. Getting Towed The cost С, in dollars, to tow a car is modeled 


by the function C(x) = 2.5x + 85, where x is the number 

of miles towed. 

(a) What is the cost of towing a car 40 miles? 

(b) If the cost of towing a car is $245, how many miles was it 
towed? 

(c) Suppose that you have only $150. What is the maximum 
number of miles that you can be towed? 

(d) What is the domain of C? 


44. Phone Charges The monthly cost C, in dollars, for calls from 


the United States to Germany on a certain wireless plan is 

modeled by the function C(x) = 0.26x + 5, where x is the 

number of minutes used. 

(a) What is the cost if you talk on the phone for 50 minutes? 

(b) Suppose that your monthly bill is $21.64. How many 
minutes did you use the phone? 

(c) Suppose that you budget $50 per month for calls to 
Germany. What is the maximum number of minutes that 
you can talk? 

(d) What is the domain of C if there are 30 days in the 
month? 


45. Forensic Science The relationship between the height H of an 


adult male and the length x of the humerus, in centimeters, can 

be modeled by the linear function H(x) = 2.89x + 78.10. 

(a) If incomplete skeletal remains of an adult male include 
a humerus measuring 371 centimeters, approximate the 
height of this male to the nearest tenth. 

(b) If an adult male is 175.3 centimeters tall, approximate the 
length of the humerus to the nearest tenth. 


46. Forensic Science The relationship between the height H of an 


adult female and the length x of the femur, in centimeters, can 

be modeled by the linear function H(x) — 2.47x 4- 54.10. 

(a) If incomplete skeletal remains of an adult female include 
a femur measuring 46.8 centimeters, approximate the 
height of this female to the nearest tenth. 

(b) If an adult female is 152.4 centimeters tall, approximate 
the length of the femur to the nearest tenth. 


N 47. Supply and Demand Suppose that the quantity supplied S 


and the quantity demanded D of T-shirts at a concert are 
given by the following functions: 


S(p) = —600 + 50р 
D(p) = 1200 — 25р 


where p is the price of a T-shirt. 
(a) Find the equilibrium price for T-shirts at this concert. 
What is the equilibrium quantity? 
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(b) Determine the prices for which quantity demanded is 
greater than quantity supplied. 

(c) What do you think will eventually happen to the price 
of T-shirts if quantity demanded is greater than quantity 
supplied? 

48. Supply and Demand Suppose that the quantity supplied S 
and the quantity demanded D of hot dogs at a baseball game 
are given by the following functions: 


S(p) = —2000 + 3000p 
D(p) = 10,000 — 1000р 


where p is the price of a hot dog. 

(a) Find the equilibrium price for hot dogs at the baseball 
game. What is the equilibrium quantity? 

(b) Determine the prices for which quantity demanded is 
less than quantity supplied. 

(c) What do you think will eventually happen to the price 
of hot dogs if quantity demanded is less than quantity 
supplied? 

49. Taxes The function T(x) = 0.12(x — 10,275) + 1027.50 
represents the tax bill T of a single person whose adjusted 
gross income is x dollars for income over $10,275 but not 
over $41,775, in 2022. 


Source: Internal Revenue Service 


(a) What is the domain of this linear function? 

(b) What is a single filer's tax bill if adjusted gross income 
is $20,000? 

(c) Which variable is independent and which is dependent? 

(d) Graph the linear function over the domain specified in 
part (a). 

(e) What is a single filer's adjusted gross income if the tax 
bill is $3088.50? 


50. Luxury Tax Teams in the National Basketball Association 
that exceed a given payroll threshold must pay a luxury tax 
on the amount above the threshold. For a team that exceeds 
the payroll threshold by an amount of at least $10 million 
but less than $15 million for the first time, the linear function 
T(x) = 2.5(x — 10) + 16.25 describes the luxury tax Т for 
the payroll excess x (in millions of dollars). 


Source: slamonline.com 

(a) What is the domain of this linear function? 

(b) What is the luxury tax for a team that exceeds the payroll 
threshold by $14 million? 

(c) Graph the linear function. 

(d) If a team must pay a luxury tax of $22.5 million, by how 
much did they exceed the payroll threshold? 


The point at which a company's profits equal zero is called 

the company's break-even point. For Problems 51 and 52, 

let R represent a company's revenue, let C represent the 

company's costs, and let x represent the number of units 

produced and sold each day. 

(a) Find the firm's break-even point; that is, find x so that 
R= С. 

(b) Solve the inequality R(x) > C(x) to find the units that 
represent a profit for the company. 


51. R(x) = 8x 

C(x) = 4.5x + 17,500 
52. R(x) = 12x 

C(x) = 10x + 15,000 
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53. 


54. 


55; 


56. 


57. 


Exp 


61. 
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Straight-line Depreciation Suppose that a company has just 

purchased a new computer for $3000. The company chooses 

to depreciate the computer using the straight-line method 

over 3 years. 

(a) Write a linear model that expresses the book value V of 
the computer as a function of its age x. 

(b) What is the domain of the function found in part (a)? 

(c) Graph the linear function. 

(d) What is the book value of the computer after 2 years? 

(e) When will the computer have a book value of $2000? 


Straight-line Depreciation Suppose that a company has just 

purchased a new machine for its manufacturing facility for 

$120,000. The company chooses to depreciate the machine 

using the straight-line method over 10 years. 

(a) Write a linear model that expresses the book value V of 
the machine as a function of its age x. 

(b) What is the domain of the function found in part (a)? 

(c) Graph the linear function. 

(d) What is the book value of the machine after 4 years? 

(e) When will the machine have a book value of $72,000? 


Cost Function The simplest cost function C is a linear 

cost function, C(x) = mx + b, where the y-intercept b 

represents the fixed costs of operating a business and the 

slope m represents the cost of each item produced. Suppose 

that a small bicycle manufacturer has daily fixed costs of 

$1800, and each bicycle costs $90 to manufacture. 

(a) Write a linear model that expresses the cost C of 
manufacturing x bicycles in a day. 

(b) Graph the model. 

(c) What is the cost of manufacturing 14 bicycles in a day? 

(d) How many bicycles could be manufactured for $3780? 


Cost Function Refer to Problem 55. Suppose that the 

landlord of the building increases the bicycle manufacturer’s 

rent by $100 per month. 

(a) Assuming that the manufacturer is open for business 
20 days per month, what are the new daily fixed costs? 

(b) Write a linear model that expresses the cost C of 
manufacturing x bicycles in a day with the higher rent. 

(c) Graph the model. 

(d) What is the cost of manufacturing 14 bicycles in a day? 

(e) How many bicycles can be manufactured for $3780? 


Hooke's Law According to Hooke’s Law, a linear relationship 
exists between the distance that a spring stretches and 
the force stretching it. Suppose a weight of 0.5 kilograms 
causes a spring to stretch 2.75 centimeters and a weight of 
1.2 kilograms causes the same spring to stretch 6.6 centimeters. 


laining Concepts: Discussion and Writing 


Which functions might have the graph shown? (More than 
one answer is possible.) y 

(а) f(x) = 2x -7 
(b) g(x) = —3х + 4 
(с) Н(х) = 5 

(d) F(x) = 3x + 4 


хү 


(е) G(x) = 5х +2 


58. 


59. 


60. 


62. 


(a) Find a linear model that relates the distance 4 of the 
stretch and the weight w. 

(b) What stretch is caused by a weight of 2.4 kilograms? 

(c) What weight causes a stretch of 19.8 centimeters? 


Hooke’s Law The distance d between the bottom of a 

suspended spring and a countertop is a linear function of the 

weight w attached to the bottom of the spring. The bottom of 

the spring is 9 inches from the countertop when the attached 

weight is 1.5 pounds and 5 inches from the countertop when 

the attached weight is 2.5 pounds. 

(a) Find a linear model that relates the distance d from the 
countertop and the weight w. 

(b) Find the distance between the bottom of the spring and 
the countertop if no weight is attached. 

(c) What is the smallest weight that will make the bottom of 
the spring reach the countertop? (Ignore the thickness of 
the weight.) 


Mixed Practice Building a Linear Model from Data The 
following data represent the various combinations of soda and 
hot dogs that Yolanda can buy at a baseball game with $60. 


Soda, s 


Hot Dogs, h 
20 0 
15 B 
10 6 
Б 9 


(a) Plot the ordered pairs (s, л) in a Cartesian plane. 

(b) Show that the number Л of hot dogs purchased is a linear 
function of the number s of sodas purchased. 

(c) Determine the linear function that describes the relation 
between s and Л. 

(d) What is the domain of the linear function? 

(e) Graph the linear function in the graph drawn in part (a). 

(f) Interpret the slope. 

(g) Interpret the intercepts. 


Challenge Problem Temperature Conversion The 
linear function F(C) — 2C + 32 converts degrees 


Celsius to degrees Fahrenheit, and the linear function 


R(F) = F + 459.67 converts degrees Fahrenheit to degrees 
Rankine. Find a linear function that converts degrees 
Rankine to degrees Celsius. 


Which functions might have the graph shown? (More than 
one answer is possible.) 


(a) f(x) = 3x41 y 
(b) g(x) = -2x + 3 
(с) H(x) = 3 


(d) F(x) = —4х—1 


yx 


(e) G(x) = -2x +3 


63. Under what circumstances is a linear function f(x) = mx + b odd? Can a linear function ever be even? 


64. Explain how the graph of f(x) = mx + b can be used to solve mx + b > 0. 
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Retain Your Knowledge 


Problems 65—74 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


65. Graph x? — 4x + y? + 10у — 7 = 0. 7l. Find the x-intercept(s) and y-intercepts(s) of the 
graph of 4x? + 9y = 72. 
66. If f(x) = 2x + B and f (5) = 8, whatis the value of B? 
| =o . Find the domain of f(x) = < 
67. Find the average rate of change of f(x) = 3x? — 5x from 


1to3. .Suppose f(x) = x? — 3x + 7. Find an equation 


xf Abu of the secant line containing the points (—1, f(—1)) 
68. Graph g(x) — m and (2, f (2)). 


Vx +1 if x>0 


KR . Graph f(x) = x? — 8x? + 13x — 2 over the 

In Problems 69—70, complete the square for each quadratic interval [—2, 8] using a graphing utility. Then, approximate 

function. any local maximum values and local minimum values, and 
69. f(x) = x? – 10x +7 determine where f is increasing and where f is decreasing. 

Round answers to two decimal places. 


70. g(x) = 3x? + 15x + 13 


‘Are You Prepared?’ Answers 


Pm 
WIN 
ө 
| 
D 


4. {50} 5. 0 6. True 


2.2 Building Linear Models from Data 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Rectangular Coordinates (Foundations, Section ЕЛ1, e Functions (Section 1.1, pp. 48-53) 
p. 2) e Lines (Foundations, Section E3, pp. 21-32) 


AN Now Work the ‘Are You Prepared?’ problems on page 145. 


OBJECTIVES 1 Draw and Interpret Scatter Plots (p. 141) 
2 Distinguish Between Linear and Nonlinear Relations (p. 142) 
n 3 Use a Graphing Utility to Find the Line of Best Fit (p. 144) 


1 Draw and Interpret Scatter Plots 


In Section 2.1, we built linear models from verbal descriptions. Linear models can 
also be constructed by fitting a linear function to data that can be represented as 
ordered pairs. The first step is to plot the ordered pairs using rectangular coordinates. 
The resulting graph is a scatter plot. 


| EXAMPLE 1 | Drawing and Interpreting a Scatter Plot 


In baseball, the on-base percentage for a team represents the percentage of time that 
the players safely reach base. The data given in Table 6 on the next page represent 
the number of runs scored y and the on-base percentage x for teams in the National 
League during the 2021 regular baseball season. 


(a) Draw a scatter plot of the data, treating on-base percentage as the independent 
variable. 


o (b) Use a graphing utility to draw a scatter plot. 


(c) Describe what happens to runs scored as the on-base percentage increases. 
(continued) 
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Table 6 


On-Base Runs 
Percentage, x Scored, y 


Arizona (30.9, 679) 
Atlanta (SS), ZOO) 
Chicago Cubs (Si.2, 7105)) 
Cincinnati (32.8, 786) 
Colorado (ЭШ VEL 
LA Dodgers (33.0, 830) 
Miami (29.8, 623) 
Milwaukee (FS 38)) 
NY Mets (31.4, 636) 
Philadelphia (31.8, 734) 
Pittsburgh (30.9, 609) 
San Diego (92918729) 
San Francisco (32.9, 804) 
St. Louis (31.3, 706) 
Washington (ЗЗА) 


Source: espn.com 


Solution (a) To draw a scatter plot, plot the ordered pairs listed in Table 6, with the on-base 
percentage as the x-coordinate and the runs scored as the y-coordinate. See 
Figure 7(a). Notice that the points in the scatter plot are not connected. 


m 


D (b) Figure 7(b) shows a scatter plot using a TI-84 Plus CE graphing calculator. 


(c) The scatter plots show that as the on-base percentage increases, the number of 
runs scored also increases. 


Runs Scored versus On-Base Percentage 


YA in the National League, 2021 
850 
° 
800! š zv 
E е о 
= п 
E 650 |- nnn ` A A ОСОО NM EE n ü 
a mg 
600 (3 " = = 
[d а а " 
M 1 П П 1 П П 1 L > 29.5 . ШР :34 
0 X | 550 
29.5 30.0 30.5 31.0 31.5 320 32.5 33.0 33.5 340 
On-Base Percentage (b) TI-84 Plus CE 
(a) 
Figure 7 
\ Now Work PRoBLEM 11(a) -B 


2 Distinguish Between Linear and Nonlinear Relations 


Notice that the points in Figure 7 do not follow a perfect linear relation. However, 
the data exhibit a linear pattern. There are numerous possible explanations why 
the data are not perfectly linear, but one easy explanation is the fact that other 
variables besides on-base percentage (such as number of home runs hit) play a role 
in determining runs scored. 

Scatter plots are used to help us to see the type of relation that exists between 
two variables. In this text, we discuss a variety of different relations that may exist 
between two variables. For now, we concentrate on distinguishing between linear and 
nonlinear relations. See Figure 8 on the next page. 
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(a) Linear (b) Linear (c) Nonlinear (d) Nonlinear (e) Nonlinear 


y=mx+b,m>0 y=mx+b,m<0 
Figure 8 


| EXAMPLE 2 | Distinguishing Between Linear and Nonlinear Relations 


Determine whether the relation between the two variables in each scatter plot in 
Figure 9 is linear or nonlinear. 


(a) (b) (c) (d) 
Figure 9 


Solution (а) Linear (b) Nonlinear (c) Nonlinear (d) Nonlinear . 9 


\ Now Work PROBLEM 5 


Figure 8(a) or (b). We might want to model the data by finding an equation of a line 
that relates the two variables. One way to obtain a model for such data is to draw a 
line through two points on the scatter plot and determine an equation of the line. 


| EXAMPLE 3 | Finding a Model for Linearly Related Data 


Use the data in Table 6 from Example 1. 


-— Suppose that the scatter plot of a set of data indicate a linear relationship, as in 


(a) Select two points and find an equation of the line containing the points. 
(b) Graph the line on the scatter plot obtained in Example 1(a). 


Solution (а) Select two points, say (29.8, 623) and (32.9, 804). The slope of the line joining 
the points (29.8, 623) and (32.9, 804) is 

m = 904—623 181 

32.9 — 29.8 3.1 


An equation of the line with slope 58.4 and containing the point (32.9, 804) is 
found using the point-slope form with m = 58.4, x, = 32.9, and у, = 804. 


z 58.4 


у= yı = m(x — ху) Point-slope form of a line 
y — 804 = 58.4(x — 32.9) x, = 32.9, y, = 804, m = 58.4 
y — 804 = 58.4x — 1921.36 


y = 58.4x — 1117.36 The Model 
(continued) 
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(b) Figure 10 shows the scatter plot with the graph of the line found in part (a). 


Runs Scored versus On-Base Percentage 
YA in the National League, 2021 


Runs Scored 


| | 1 П П П П 1 П > 

X 

29.5 300 30.5 310 31.5 320 325 330 33.5 34.0 
On-Base Percentage 


Figure 10 y — 58.4x — 1117.36 8 


^, Rework Example 3 using two other points. Graph the line on the scatter plot obtained 
in Figure 7. 


\ Now Work PRoBLEMS 11(b) Амо (с) 


= 
tj 


3 Use a Graphing Utility to Find the Line of Best Fit 


The model obtained in Example 3 depends on the selection of points, which varies 
from person to person. So, the model that we found might be different from the model 
you found. Although the model in Example 3 appears to fit the data well, there may 
be a model that “fits the data better.” Do you think your model fits the data better? 
Is there a line of best fit? As it turns out, there is a method for finding a model that 
best fits linearly related data (called the line of best fit).* 


| EXAMPLE 4 | Finding the Line of Best Fit for Linearly Related Data 


Use the data in Table 6 from Example 1. 


(a) Use a graphing utility to find the line of best fit that models the relation between 
on-base percentage and runs scored. 


(b) Graph the line of best fit on the scatter plot obtained in Example 1(b). 
(c) Interpret the slope. 


(d) Use the line of best fit to predict the number of runs a team will score if its 
on-base percentage is 32.5. 


Solution (a) Graphing utilities contain built-in programs that find the line of best fit for a 
collection of points in a scatter plot. Executing the LINear REGression program 
on a TI-84 Plus CE provides the results shown in Figure 11. This output shows the 


NORMAL FLOAT AUTO REAL RADIAN MP ПП 


equation у = ax + b, where ais the slope of the line and b is the y-intercept. The 
ov M line of best fit that relates on-base percentage to runs scored may be expressed 
Ь= -858.3133533 as the line 
г2=0, 5646373406 
da d y — 49.69x — 858.31 The Model 
(continued) 


Figure 11 Linear regression *We do not discuss the underlying mathematics of lines of best fit in this text. 
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NORMAL FLOAT AUTO REAL RADIAN MP Гү (b) Figure 12 shows the graph of the line of best fit, along with the scatter plot. 


(c) The slope of the line of best fit is 49.69, which means that, for every 1 percent 
increase in the on-base percentage, runs scored increase by 49.69, on average. 


(d) Letting x = 32.5 in the equation of the line of best fit, we obtain 


bod | TETWET y — 49.69 . 32.5 — 858.31 z 757 runs _8 
550 


Figure 12 у = 49.69х — 858.31 
\ Now Work PRoBLEMS 11(d) Амо (f) 


Does the line of best fit appear to be a good fit? In other words, does it appear 
to describe accurately the relation between on-base percentage and runs scored? 

And just how “good” is this line of best fit? Look again at Figure 11. The last line 
ofoutputisr = 0.751. This number, called the correlation coefficient,7,—1 < r < 1, 
is a measure of the strength of the linear relation that exists between two variables. 
The closer |r| is to 1, the more nearly perfect the linear relationship is. If r is close 
to 0, there is little or no linear relationship between the variables. A negative value 
of r,r < 0, indicates that as x increases, y decreases; a positive value of r,r > 0, 
indicates that as x increases, y does also. The data given in Table 6, which have a 
correlation coefficient of 0.751, indicate a linear relationship with positive slope. 


2.2 Assess Your Understanding 


‘Are You Pre ра red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. Plot the points (1, 5), (2, 6), (3, 9), (1, 12) in the Cartesian 2. Find an equation of the line containing the points (1, 4) and 


plane. Is the relation {(1, 5), (2, 6), (3, 9), (1, 12)} a (3, 8). (р. 28) 
function? Why? (pp. 2 and 48-50) 


Concepts and Vocabulary 


3. A is used to help us to see what type of relation, 4. True or False The correlation coefficient is a measure of the 
if any, may exist between two variables. strength of a linear relation between two variables and must 
lie between —1 and 1, inclusive. 


Skill Building 


In Problems 5-10, examine each scatter plot and determine whether the relation is linear or nonlinear. 


N 5. y, 6. y, КА оғма FLOAT AUTO REAL RADIAN мг гу 
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8. 


NORMAL FLOAT AUTO REAL RADIAN HP ñ 


55 


9. 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 


25 


10. 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 


35 


In Problems 11—16: 


T 


(a) Draw a scatter plot. 


(b) Select two points from the scatter plot, and find an equation of the line containing the points selected. 


(c) Graph the line found in part (b) on the scatter plot. 
(d) Use a graphing utility to find the line of best fit. 
(e) What is the correlation coefficient r? 


(f) Use a graphing utility to draw the scatter plot and graph the line of best fit on it. 


17 —15 —14 —10 


JAG @ 7 @ S 27x73 5 7 9 n 13 13. Г ® —{ EE, 
4 6 7 10 12 14 16 ylo236 ® т у ЕШ ИШЕ 


Applications and Extensions 


17. 


Candy The following data represent the weight (in grams) 
of various candy bars and the corresponding number of 
calories. 


15. [REIR 
y | 100 120 


130 140 


16.1 ЕЕРЕЕ 
у | 10 12 13 13 18 


18. Tornadoes The following data represent the width (in yards) 


and length (in miles) of various tornadoes. 


SS 


Hershey's Milk Chocolate? 44.28 


Nestle's Crunch? 
Butterfinger® 


Baby Ruth® 
Almond Joy® 
Twix® (with caramel) 


Snickers® 
Heath® 


44.84 
61.30 
66.45 
47.33 
58.00 
61.12 
39.52 


ay = 3 
Candy Bar Weight, x Calories, y 
230 


230 
270 
280 
220 
280 
280 
210 


Source: Megan Pocius, student at Joliet Junior College 


200 
350 
180 
300 
500 
400 
500 
800 
100 

50 
700 
600 

Source: NOAA 


25 
4.8 
2.0 
25 
5.8 
4.5 
8.0 
8.0 
3.4 
0.5 
9.0 
5 


(a) Draw a scatter plot of the data, treating weight as the 
independent variable. 

(b) What type of relation appears to exist between the 
weight of a candy bar and the number of calories? 

(c) Select two points and find a linear model that contains 
the points. 

(d) Graph the line on the scatter plot drawn in part (a). 

(e) Use the linear model to predict the number of calories 
in a candy bar that weighs 62.3 grams. 

(f) Interpret the slope of the line found in part (c). 


(a) Draw a scatter plot of the data, treating width as the 
independent variable. 

(b) What type of relation appears to exist between the width 
and the length of tornadoes? 

(c) Select two points and find a linear model that contains 
the points. 

(d) Graph the line on the scatter plot drawn in part (a). 

(e) Use the linear model to predict the length of a tornado 
that has a width of 450 yards. 

(f) Interpret the slope of the line found in part (c). 


19. 


20. 


Video Games апа Grade-Point Average Professor Grant 
Alexander wanted to find a linear model that relates the 
number Л of hours a student plays video games each week 
to the cumulative grade-point average G of the student. 
He randomly selected 10 full-time students at his college 
and asked each student to disclose the number of hours 
spent playing video games and the student’s cumulative 
grade-point average. 


Hours of Video Games 
per Week, h 


Grade-point 
Average, G 


0 
0 
2 
3 
3 
5 
8 
8 
0 
2 


= =à 


(a) Explain why the number of hours spent playing video 
games is the independent variable and cumulative 
grade-point average is the dependent variable. 

(b) Use a graphing utility to draw a scatter plot. 

(c) Use a graphing utility to find the line of best fit that 
models the relation between number of hours of video 
game playing each week and grade-point average. 
Express the model using function notation. 

(d) Interpret the slope of the line of best fit. 

(e) Predict the grade-point average of a student who plays 
video games for 8 hours each week. 

(f) How many hours of video game playing do you think a 
student plays whose grade-point average is 2.40? 


Hurricanes The data at the top of the next column represent 
the atmospheric pressure p (in millibars) and the wind speed w 
(in knots) measured during various tropical systems in the 
Atlantic Ocean. 

(a) Use a graphing utility to draw a scatter plot of the 
data, treating atmospheric pressure as the independent 
variable. 

(b) Use a graphing utility to find the line of best fit that 
models the relation between atmospheric pressure 
and wind speed. Express the model using function 
notation. 

(c) Interpret the slope. 

(d) Predict the wind speed ofa tropical storm if the atmospheric 
pressure measures 990 millibars. 

(e) What is the atmospheric pressure of a hurricane if the 
wind speed is 85 knots? 
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Atmospheric Pressure 
(millibars), p 


Wind Speed 
(knots), w 


Source: National Hurricane Center 


21. Age versus Down Syndrome A biologist would like to 


know how the age of a mother affects the incidence 
of Down syndrome. The following data represent 
the age of the mother and the incidence of Down syndrome 
per 1000 pregnancies. Draw a scatter plot treating age of 
the mother as the independent variable. Would it make 
sense to find the line of best fit for these data? Why or 
why not? 


Incidence of Down 


Age of Mother, x Syndrome, y 


Source: Hook, E.B., Journal of the American 
Medical Association, 249, 2034-2038, 1983. 
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22. U.S. Advertising The following data represent the 
percentages of U.S. advertising spending for Internet ads, п, 
and magazine ads, m, over time. 


Source: Marketing Fact Pack 2018. The Ad Age 
Datacenter 


(a) Draw a scatter plot of the data, treating percentage of 
spending on Internet ads as the independent variable. 
Does the relation appear to be linear? 

(b) Use a graphing utility to find the line of best fit that 
models the relation between the percentages of spending 
on Internet ads and magazine ads. Express the model 
using function notation. 

(c) What is the correlation coefficient? Does the 
correlation coefficient support your conclusion from 
part (a)? 

(d) Interpret the slope of the line of best fit. 

(e) What is the domain of the function? 

(f) Predict the percentage of spending on magazine ads when 
Internet ads account for 26.0% of ad spending. 


23. Mixed Practice Home Runs In the sport of baseball or softball, 
a traditional home run occurs when a batted ball travels over 
a fence in the field of play on a fly (that is, without hitting 
the ground). A baseball analyst wishes to find a function that 
relates the distance, d, of a home run and the speed, s, of the 
ball off the bat. Consider the data shown in the next column. 
Note: These data do not consider “inside the park” home runs. 
(a) Does the relation defined by the set of orders pairs (s, d) 
represent a function? 
(b) Draw a scatter plot of the data, treating speed off bat as 
the independent variable. 
te (c) Using a graphing utility, find the line of best fit that 
models the relation between the speed off the bat and 
the distance of the home run? 
(d) Interpret the slope. 
(e) Express the relationship found in part (c), using function 
notation. 
(f) What is the domain of the function? 
(g) Predict the home run distance if the speed of the ball off 
the bat is 103 miles per hour. 


as 


Explaining Concepts: Discussion and Writing 


25. Find the line of best fit for the ordered pairs (1, 5) and (3, 8). 
What is the correlation coefficient for these data? Why is this 
result reasonable? 


26. What does a correlation coefficient of 0 imply? 


Speed Off Bat 


Home Run Distance 
(feet), d 


Source: Statcast 


24. Mixed Practice Credit Scores A Fair Isaacs Corporation 
(FICO) score is used to determine a person’s creditworthiness. 
An economist wishes to find a function that relates the 
interest rate (in percent) of a 36-month auto loan, J, to a 
person’s FICO score, s. Consider the following data. 


Credit Score,s Interest Rate (percent), / 


Source: myfico.com 


(a) Does the relation defined by the set of ordered pairs 
(s, Г) represent a function? 
(b) Draw a scatter plot of the data. 
te (c) Using a graphing utility, find the line of best fit that 
models the relation between FICO score and interest 
rate. 
(d) Interpret the slope. 
(e) Express the relationship found in part (c) using function 
notation. 
(f) Ifa person has a FICO score of 718, predict the interest 
rate. 


27. Explain why it does not make sense to interpret the 
y-intercept in Problem 17 

28. Refer to Problem 19. Solve С(Л) = 0 and provide an 
interpretation of this result. Find G(0) and provide an 
interpretation of this result. 
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Retain Your Knowledge 


Problems 29-38 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


29. Find an equation for the line containing the points ( — 1, 5) 34. Solve. Write the answer in interval notation. 
and (3, —3). Write the equation using either the general 5(2x + 7) — 6x > 10 — 3(x + 9) 
form or the slope-intercept form, whichever you prefer. 

Qu 30. Use a graphing utility to: 
(a) Graph f(x) = —2(x — 4»? +7. fix) 
(b) Find the local maximum or local minimum value. 


35. Determine algebraically whether the function 


x? 
5 — 2x? 


is even, odd, or neither. 


36. Find the x-intercept(s) and y-intercept(s) of the graph 


31. For f(x) = 5x — 8 and g(x) = x? — 3x + 4, of 3x — 8y = 6. 


find (g = f)(x). Х 37. Rationalize the numerator: É = Зн 1, x > —1,* = 35 


32. Find a function whose graph is the graph of y = x?, but х —35 
shifted to the left 3 units and shifted down 4 units. A 38. Write 4x + 3(2 + x), x > —2, as a single 


1/2 
33. Solve: x? — 4x = 3 _ (2 +x) i 
quotient in which only positive exponents appear. 


‘Are You Prepared?’ Answers 


Not a function because the 2. у = 2х +2 
input, 1, corresponds to two 
different outputs. 


2.3 Quadratic Functions and Their Zeros 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Zero-Product Property (Appendix A, Section A.1, p. A4) * Completing the Square (Appendix A, Section A.4, 
Factoring Polynomials (Appendix A, Section A.4, pp. A40-A41) 
pp. A33-A40) * The Graph of a Function (Section 1.2, pp. 62-66) 

* Square Roots (Appendix A, Section A.7 pp. A57-A59) Zeros of a Function (Section 1.2, pp. 64-65) 


v. Now Work the 'Are You Prepared?' problems on page 158. 


OBJECTIVES 1 Find the Zeros of a Quadratic Function by Factoring (p. 150) 
2 Find the Zeros of a Quadratic Function Using the Square Root Method (p. 151) 
3 Find the Zeros of a Quadratic Function by Completing the Square (p. 152) 
4 Find the Zeros of a Quadratic Function Using the Quadratic Formula (p. 153) 
5 Find the Point of Intersection of Two Functions (p. 156) 
6 Solve Equations That Are Quadratic in Form (p. 156) 


Quadratic Functions 
Here are some examples of quadratic functions: 
1 2 


F(x) = 3х2 — 5х +1 g(x) = —6x? +1 Н(х) = ax a 


DEFINITION Quadratic Function 
A quadratic function is a function of the form 


f(x) = ax? + bx + c 


where a, b, and с are real numbers and a = 0. The domain of a quadratic 
function consists of all real numbers. 
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In other words, a quadratic function is a function defined by a second-degree 
polynomial in one variable. 

Recall that solving the equation f(x) = 0 is equivalent to finding the zeros of f 
and is also equivalent to finding the x-intercepts of the graph of y = f (x). So, finding 
the zeros, or x-intercepts of the graph, of a quadratic function f(x) = ax? + bx + с 
requires solving the equation ax? + bx + c = 0. These types of equations are called 
quadratic equations. 

Examples of quadratic equations are 


| er NI sx? + Sx = 0 


DEFINITION Quadratic Equation 


A quadratic equation is an equation equivalent to one of the form 
ах? + bx+c=0 (1) 


where a, b, and c are real numbers and a = 0. 


A quadratic equation written in the form ax? + bx + c = 0 is in standard form. 

Sometimes a quadratic equation is called a second-degree equation because, 
when it is in standard form, the left side is a polynomial of degree 2. Four methods 
of solving quadratic equations are presented: factoring, the square root method, 
completing the square, and the quadratic formula. 


1 Find the Zeros of a Quadratic Function by Factoring 


When a quadratic equation is written in standard form, ax? + bx + c = 0, it may 
be possible to factor the expression on the left side as the product of two first-degree 
polynomials. Then the Zero-Product Property may be used to set each factor equal 
to 0, and the resulting linear equations may be solved to obtain the exact solutions 
of the quadratic equation. 


| EXAMPLE 1 | Finding the Zeros of a Quadratic Function by Factoring 


Find the zeros of f(x) = 6x? + 13x — 5. List any x-intercepts of the graph of f. 


Solution To find the zeros of a function f, solve the equation f(x) = 0. 


f(x)=0 
6x2 + 13x -5=0 f(x) = 6x? + 13x — 5 
(2x + 5)(3x —1) = 0 Factor. 

2x -5—0 ог 3x—1- 0 Zero-Product Property 

2х = – or 3x —1 

5 1 

X——— Or x = = 

2 3 


5 5 ie 5 ї „1 1 1 
*=-3:4(-3] = 6-3) *1(-2)-5 | x= 3:703) = 43) +1305) -5 
75 65 s = A 19. 4 
2 2 379 
= 0 = 0 


The zeros of f(x) = 6x? + 13x — 5 аге - апа E The x-intercepts of the graph of 


f(x) = 6x? + 13x — 5are 3 and 3 


8 
\ Now Work PROBLEMS 13 AND 19 
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Sometimes, the quadratic expression factors into two linear equations with the 
same solution. When this happens, the quadratic equation is said to have a repeated 
solution. This solution is called a root of multiplicity 2, or a double root. 


| EXAMPLE 2 | Finding the Zeros of a Quadratic Function by Factoring 


Find the zeros of f(x) = x? — 6x + 9. List any x-intercepts of the graph of f. 


Solution To find the zeros of a function f, solve the equation f(x) = 0. 


Pe) = 0 
х°—6х+9=0 f(x) = х2 —6х+9 
(x —3)(x —3) = 0 Factor. 
х-3 = 0 or х- 3 = 0  Zero-Product Property 
х=3 or х= 3 


The check is left to you. The only zero of f(x) = x? — бх + 9 is 3. The only 
x-intercept of the graph of f(x) = x? — бх + 9 is 3. а | 


\ Now Work PROBLEM 25 


2 Find the Zeros of a Quadratic Function Using 
the Square Root Method 
To solve the quadratic equation 
psp (2) 
where p > 0 is a positive number, proceed as in the earlier examples: 


Put in standard form. 


Factor (over the real numbers). 


(x - Jp 


p 
)(х + Vp) = 
Jp or x= 


The result follows: 


Using statement (3) to solve a quadratic equation is called the Square Root Method. 
Note that if p > 0, the equation x? = p has two solutions, x = ./p and x = —./p. 
Usually these solutions are abbreviated as х = +,/p, which is read as “x equals plus 
or minus the square root of p.” For example, the two solutions of the equation 


х? = 4 


аге 


ог, since V4 = 2, 


| EXAMPLE 3 | Finding the Zeros of a Quadratic Function Using 


the Square Root Method 
Find the zeros of each function. 
(а) f(x) = x? — 12 (b) g(x) = (x – 2)! - 16 


List any x-intercepts of the graph. 
(continued) 
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Solution (a) To find the zeros of a function f, solve the equation f(x) = 0. 


f(x) = 0 
x? – 12 = 0 f(x) = x? = 12 
x? = 12 Add 12 to both sides. 
х= + v12 Use the Square Root Method. 
x = +243 412 = V4-3 = V4. V3 = 243 


The zeros of f(x) = x? — 12 are —2V3 and 2V3. The x-intercepts of the graph 
of f(x) = x? — 12 are —24/3 and 24/3. 


(b) To find the zeros of a function g, solve the equation g(x) = 0. 


g(x)-0 
(x — 2)? -16=0 g(x) = (x — 2)? – 16 
(x —2)? = 16 Add 16 to both sides. 
x— 2 = + V16 Use the Square Root Method. 
х-2=+4 
х-2 = 4 ог х-2 = -4 
х= 6 or x = –2 


The zeros of g(x) = (x — 2)? — 16 are —2 and 6. The x-intercepts of the graph 
of g(x) = (x — 2)? — 16 are —2 and 6. J 


\ Now Work PROBLEM 29 


3 Find the Zeros of a Quadratic Function 
by Completing the Square 


The next example illustrates how the procedure of completing the square can be used 
to find the zeros of a quadratic function. 


| EXAMPLE 4 | Finding the Zeros of a Quadratic Function by Completing the Square 


Find the zeros of f(x) = x? + 5x + 4 by completing the square. List any x-intercepts 
of the graph of f. 


Solution To find the zeros of a function f, solve the equation f(x) = 0. 
f(x) =0 
x?4+5x+4=0 f(x) = х2 +5x+4 
Always begin by writing the equation with the constant on the right side. 


x? + 5х +4= 0 
x? + 5x = –4 
Since the coefficient of x? is 1, complete the square on the left side by adding 
5 . 5) = 5, Of course, in an equation, whatever is added to the left side must 


also be added to the right side. Therefore, add = to both sides. 
4 (continued) 


NOTE There is no loss in generality to 
assume that a > 0, since if a < 0 we 
can multiply both sides by —1 to obtain 
an equivalent equation with a positive 
leading coefficient. H 
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25 25 25 


2745 = = –4 + = == ides. 
X^ ӘХ ae 4 p 4 Add 4 to both sides 
51^. 9 DN 
E + >) ES Factor; simplify. 
5 9 
х + э = “үз Use the Square Root Method. 
5 3 
х+5 = += 
2 2 
5 3 
х= = 1 = 
2 2 
pea ДЕ эшш ог T N 
2 2 2 2 
The check is left to you. The zeros of f(x) = x? + 5x + 4 are —4 and —1. The 
x-intercepts of the graph of f(x) = x? + 5x + 4 are -4 and - 1. _B 


^, The zeros of the function in Example 4 can also be obtained by factoring. Rework 
Example 4 using factoring. 


NOTE If the coefficient of the square term is not 1, divide through by the coefficient of the 
square term before attempting to complete the square. For example, to find the zeros of 
f(x) = 2x? — 8x — 5 by completing the square, solve 2x? — 8x — 5 = 0. Start by dividing both 
sides of the equation by 2 and obtain 


х2 —4х— 2 =й ш 
2: 


\ Now Work PROBLEM 33 


4 Find the Zeros of a Quadratic Function Using 
the Quadratic Formula 


The method of completing the square can be used to obtain a general formula for 
solving the quadratic equation 


ax? + bx +c = 0, а = 0 
As in Example 4, begin by rearranging the terms as 

ax? + bx = —c, а> 0 
Since a > 0, divide both sides by a to get 


b с 
x? + 7x = -- 
а а 


Now the coefficient of х2 is 1. То complete the square on the left side, add the square 


of; the coefficient of x; that is, add 


to each side. Then 


iden ЖЕ В 


а 4a? 4a? а 
(s ES b | |. b?—4ac b? c b? Дас _ b? — 4ac (4) 
2a 4а? 4а? 4a? 4a? 4а? 
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Provided that b? — 4ac > 0, the Square Root Method can be used to get 


2 _ 
х + b = ob |Р” — 4ac The square root of a quotient equals 
2a 4a? 


the quotient of the square roots. 


Jb? — 
x cr b = і b dac Also, v4a? =2asincea > 0. 
2a 2a 
Jb? = 
x= b + b 4ас Ааа b to both sides. 
2a 2a 2a 
—b + Xb? — 
х = = 2 Bat Combine the quotients on the right. 
a 


What if b? — 4ac is negative? Then equation (4) states that the left expression 
(a real number squared) equals the right expression (a negative number). Since 
this occurrence is impossible for real numbers, the quadratic equation has no real 
solution if b? — 4ac < 0.* 


THEOREM Quadratic Formula 
Consider the quadratic equation 
ax? + bx + c = 0, а = 0 


If b? — 4ас < 0, this equation has по real solution. 
If b? — 4ac > 0, the real solution(s) of this equation is (are) given by the 
quadratic formula: 


r= —b+ vb? — 4ac 
2a 


The quantity b? — 4ac is called the discriminant of the quadratic equation 
because its value tells whether the equation has real solutions and how many 
solutions to expect. The discriminant also tells how many real zeros, or x-intercepts, 
the quadratic function f(x) = ax? + bx + c will have. 


Discriminant of a Quadratic Equation 


For a quadratic equation ax? + bx + c = О: 
e Ifb? — 4ac > 0,there are two unequal real solutions. Therefore, the graph 
of f(x) = ax? + bx + cwill have two distinct x-intercepts. 
e [f b? — Дас = 0, there is a repeated real solution, a root of multiplicity 2. 
Therefore, the graph of f(x) = ax? + bx + c will have one x-intercept, 
at which the graph touches the x-axis. 


* If b? — 4ac « О, there is no real solution. Therefore, the graph of 
f(x) = ax? + bx + c will have no x-intercept. 


To find the number and nature of the zeros of a quadratic function, evaluate the 
discriminant first. 


Finding the Zeros of a Quadratic Function Using 
the Quadratic Formula 


Find the real zeros, if any, of the function f (x) = 3x? — 5x + 1.List any x-intercepts 
of the graph of f. 


Solution To find the real zeros, solve the equation f(x) = 0. 


fix) = 0 


лл Lae aa (continued) 


*Ifb? — дас < 0,the quadratic function will have complex zeros. The complex zeros of a quadratic 
function will be discussed in Section 2.7 
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Compare 3x? — 5x +1 = Otoax? + bx + c = Oto find a, b, and c. 


3x?— 5x -1-— 0 
ax? -bx -c—- 0, a=3,b=-5,c=1 


With a = 3, b = —5,andc = 1, evaluate the discriminant b? — 4ac. 
b? — Дас = (-5)? — 4-3-1 = 25—12 = 13 


Since b? — 4ac > 0, there аге two unequal real solutions. Use the quadratic formula 
witha = 3,b = —5,c = 1, апар? — 4ac = 13. 


—b + Vb? — 4ac —(—5) + V13 _ 5 + 413 


A == = 


2а 2(3) Е 6 
The real zeros of f(x) = 3x? — 5x + lare 5 - B and 5 EXBme x-intercepts 
of the graph of f(x) = 3x? — 5x + 1 are 2 =з апа? кыз, 
— 


| EXAMPLES | Finding the Zeros of a Quadratic Function Using 


the Quadratic Formula 


Find the real zeros, if any, of the function f(x) = 3x? — 4x + 2. List any x-intercepts 
of the graph. 


Solution To find the real zeros, solve the equation f(x) = 0. 
f(x) = 0 


3х2 – 4х 4+2 = 0 f(x) = 3х2 – 4х +2 
ах? + bx + с = 0 Compare to standard form. 


Because а = 3, b = —4,andc = 2, the discriminant is 

b? — 4ac = (-4)* — 4.3.2 = 16 – 24 = —8 
Since b? — 4ac < 0, the equation has no real solution. Therefore, the function 
f(x) = 3x? — 4x + 2 has no real zeros. The graph of f(x) = 3x? — 4x + 2 has no 


x-intercept. E 


\ Now Work PROBLEMS 43 AND 45 


SUMMARY 


Finding the Zeros, or x-intercepts of the Graph, of a Quadratic Function 


STEP 1: Given that f(x) = ax? + bx + c, write the equation ах? + bx +c = 0. 
Step 2: Identify a, b, and c. 
STEP 3: Evaluate the discriminant, b? — 4ac. 


STEP 4: • If the discriminant is negative, the equation has no real solution, so the function has no real zeros. The 
graph of the function has no x-intercepts. 

* If the discriminant is nonnegative (greater than or equal to zero), determine whether the left side can be 
factored. If you can easily spot factors, use the factoring method to solve the equation. Otherwise, use the 
quadratic formula or the method of completing the square. The solution(s) to the equation is(are) the real 
zero(s) of the function. The solution(s) also represent(s) the x-intercept(s) of the graph of the function. 
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5 Find the Point of Intersection of Two Functions 


Often, knowing where two functions are equal to each other will be of interest. 
For example, if R = R(x) represents the revenue for selling x units of a good, and 
С = C(x) represents the cost of manufacturing x units of a good, then knowing the 
number of goods for which revenue equals cost might be important. Finding this 
requires solving the equation R(x) = C(x). 

If f and g are two functions, each solution to the equation f(x) = g(x) has a 
geometric interpretation — it represents the x-coordinate of each point where the 
graphs of y = f(x)and y = g(x) intersect. 


| EXAMPLE7 | Finding the Points of Intersection of the Graphs of Two Functions 


If f(x) = x? + 5x – 3andg(x) = 2x + 1, solve f(x) = g(x). At what point(s) 
do the graphs of the two functions intersect? 


Solution f(x) = g(x) 
x24+5x—3=2x+1 f(x) = х2 4+ 5x – 3; р(х) = 2x41 
х? + 3х - 4 = 0 Put in standard form. 
(x + 4)(x-1)=0 Factor. 
x+4=0 or х-1= 0 Zero-Product Property 
x =-4 or x= 1 


The x-coordinates of the points of intersection are —4 and 1. To find the y-coordinates 
of the points of intersection, evaluate either f orgat x — —4and x — 1.Itis easier 
to evaluate g. 


g(x)—-2x-41 g(x) = 2х +1 
x = —4: р(—4) = 2(—4) +1 х= : (1) = 201) +1 
The graphs of the two functions intersect at the points (—4, —7) and (1, 3). J 


EM Check: Figure 13 shows the graphs of f and g using Desmos. Each intersection point 
has been selected, verifying the points (—4, —7) and (1, 3). 


+ ж. г» о < 
Q ersa ) 
@ a(x) =2х+1 
Ө сё) ^ 
A Latet 
o 0» 
“шы 


Figure 13 Desmos 
Source: https://www.desmos.com/calculator/bgpoicrcyw 


\ Now Work PROBLEM 55 


6 Solve Equations That Are Quadratic in Form 


So far, this section has been dedicated to finding zeros of a quadratic function 
f(x) = ax? + bx + с by solving the equation ax? + bx + с = 0. This same 
approach often can be used to find the zeros of a function that can be transformed 
into a quadratic equation with an appropriate substitution. 

For example, the function f(x) = x* + x? — 12 is not a quadratic function. 
However, letting и = x? in the equation x^ + x? — 12 = 0 gives the quadratic 
equation u? + и — 12 = 0, which can be solved for и. Then, in turn, use u = x? to 
find x. 
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In general, if an appropriate substitution и transforms an equation into one of 
the form 
аи? + bu + c = 0, а = 0 


the original equation is called an equation of the quadratic type or an equation 
quadratic in form. 

The difficulty of solving such an equation lies in the determination that the 
equation is, in fact, quadratic in form. After you are told an equation is quadratic in 
form, it is easy enough to see it, but some practice is needed to be able to recognize 
these equations on your own. 


| EXAMPLES | PLE 8 Finding the Real Zeros of a Function 


Find the real zeros of the function f(x) = (x + 2)? +11(x + 2) — 12. Find any 
x-intercepts of the graph of f. 


Solution To find the real zeros, solve the equation f(x) = 0. 
f(x) = 0 
Са 09 Т2): 10 =0 f(x)=(x +2? +11(x+2)-12 
For this equation, letu = x + 2. Thenu? = (x + 2)’, and the original equation 


(х + 2)°+11(х+2)—12=0 


becomes 
u2+1iu—12=0 Letu- x42. 
(и + 12)(u—1) = 0 Factor. 
u = —12 ог и = 1 Solve. 


To solve for x, useu = x + 2, to obtain 


x+2=-12 or x+2=1 
х= —14 x=-1 


The real zeros of f are —14 and —1. The x-intercepts of the graph of f are —14 
and —1. D 


| EXAMPLE9 | Finding the Real Zeros of a Function 


Find the real zeros of g(x) = x + 2Vx — 3. Find any x-intercepts of the graph of g. 


Solution To find the real zeros, solve the equation g(x) = 0. 


g(x) = 0 
x+2V¥x-3=0 g(x) =x+2Vx-3 


For the equation x + 2Vx — 3 = 0, let и = Vx. Then и? = x, and the original 
equation 


x +2Vx —-3 = 0 
becomes 


и?+2и—3 = 0 Letu = vx. 
(и + 3)(и – 1) = 0 Factor. 


и = —3 ог и = 1 Solve. 
(continued) 
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To solve for x, use u = Vx to obtain Vx = —3 or Vx = 1. The first of these, 
Vx = —3, has no real solution, since the square root of a real number is never 
negative. The second опе, Ух = 1, has the solution x = 1. 


V check: gx)2x-24x – 3 
801) =1+ 24/1 -3=1+2-3 = 0 


The only real zero of the function is 1. The only x-intercept of the graph of the 
function is 1. а | 


\ Now Work PROBLEMS 59 AND 71 


2.3 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. (a) Factor: x? — 5x — 6 (pp. A36-A37) 4. To complete the square of x? + 6x, (add/subtract) 
(b) Factor: 2x? — x — 3 (pp. A38-A39) . (pp. A40-A41) 
2. Simplify: V8? — 4-2 - 3 (pp. A57-A59) 5. If f(4) = 10, what point is on the graph of f? (pp. 62—64) 


3. Solve:(x — 3)(3х + 5) = 0(p. A4) 6. 15 —3 a zero of f(x) = x? + 4x + 3? (pp. 64-66) 


Concepts and Vocabulary 


7. When a quadratic equation has a repeated solution, it is 


called a(n) TOOt GEA TOOL OF 10. State the quadratic formula. 
Sy, 11. True or False If x? = pandp > 0,thenx = Jp. 
8. The quantity b? — 4ac is called the of a 12. Multiple Choice ^ quadratic equation is sometimes called 
quadratic equation. If it is , the equation has a—— equation. 
no real solution. (a) first-degree (b) second-degree 
9. How many real zeros can a quadratic function have? (c) third-degree (d) fourth-degree 
Skill Building 
In Problems 13-26, find the zeros of each quadratic function by factoring. What are the x-intercepts of the graph of the function? 
NIS FG) = x? = 9x 14. f(x) = x? + 4x 15. g(x) = x? — 25 16. G(x) = x? — 9 
17. F(x) = x2? +x-6 18. Н(х) = x? + 7x + 6 N 19. g(x) = 2x2 —5х—3 20. f(x) = 3x? + 5x - 2 
21. P(x) = 3x? — 48 22. H(x) = 2x? — 50 23. g(x) = x(x + 8) + 12 24. f(x) = x(x — 4) — 12 
М 25. G(x) = 4x2 + 9 — 12x 26. F(x) = 25x? + 16 — 40x 


In Problems 27-32, find the zeros of each quadratic function using the Square Root Method. What are the x-intercepts of the graph of the 
function? 


27. f(x) 2 x2 - 8 28. g(x) = x? — 18 \ 29. g(x) = (х—1)°—4 
30. G(x) = (x +2)? -1 31. F(x) = (2x + 3)? — 32 32. g(x) = (3x — 2)? — 75 


In Problems 33-38, find the zeros of each quadratic function by completing the square. What are the x-intercepts of the graph of the function? 


33 f(x) = a? ар 8 34. f(x) = x? - 6x - 9 35. g(x) = xt - 58-5 
36. g(x) = х? + E 37. F(x) = 3 + х 5 38. G(x) = 2x? = 3x = 1 


In Problems 39—52, find the real zeros, if any, of each quadratic function using the quadratic formula. What are the x-intercepts, if any, of 
the graph of the function? 


39. f(x) = х? - 4x + 2 40. f(x) = x? + 4х -2 41. g(x) = x? — 4x — 1 42. g(x) = x? + 6x +1 

N 8B. F(x) = 2x2? -5x +3 44. g(x) = 2x? + 5x + 3 Җ 45. Р(х) = 4x? -x +2 46. H(x) = 4x2 +x+1 
47. f(x) = 4x? —1 + 2x 48. f(x) = 2x? — 1 + 2x 49. G(x) = 2x(x +2) – 3 50. F(x) = 3x(x -2) - 1 
51. P(x) = 9x? — бх + 1 52. g(x) = 4x? + 20x + 25 


AL. Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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In Problems 53-58, solve f(x) = g(x). What are the points of intersection of the graphs of the two functions? 


53. f(x) = x? + 6x + 3 54. f(x) = x2 - Ax 43 М. 85, f(x) = -2x? 41 
gx)-3 gx)-3 g(x) = 3х+2 

56. f(x) = 3x? – 7 57. f(x) = x? —x4+1 58. f(x) = x? + 5x – 3 
g(x) = 10х +1 g(x) = 2x? – Зх — 14 g(x) = 2х2 + 7x — 27 


In Problems 59-76, find the real zeros of each function. What are the x-intercepts of the graph of the function? 


N 59, P(x) = x4 — 6x? — 16 60. H(x) = x4 — 3x2 - 4 61. f(x) = x4 5х2 44 
62. f(x) = x* — 10x? + 24 63. G(x) = 3x4 — 2x? —1 64. F(x) = 2x4 — 5x2 —12 
65. g(x) = x6 + 7x3 – 8 66. g(x) = x6 — 7x? — 8 67. G(x) = (x + 2? + 7(x + 2) + 12 
68. f(x) = (2x + 5)? —(2x + 5) - 6 69. f(x) = (3x + 4) — 6(3x +4) +9 70. H(x) = (2— x) + (2- x) - 20 
N 7L P(x) = 200 £1? —5(x 4-3. 72. Hi) = 30 x) 4501 —x) +2 73. G(x) = x — Ax 
74. f(x) = x + 84x 75. g(x) = x + Vx — 20 76. f(x) = x - x - 2 


Mixed Practice In Problems 77—88, find the real zeros of each quadratic function using any method you wish. What are the x-intercepts, 
if any, of the graph of the function? 


77. f(x) = x? —50 78. f(x) = x? — 20 
81. G(x) = 10x? — 19x — 15 82. f(x) = 6x? + 7x — 20 
85. G(x) = x + Ух - 5 86. F(x) = 333 - Кх -1 


79. g(x) = 16x? – 8x41 
83. Р(х) = 6х2 -x —2 
87. f(x) = х2 - x — 4 


80. F(x) = 4x? —12x + 9 
84. H(x) = 6x2 -x -2 
88. g(x) = х2 - x — 1 


Mixed Practice In Problems 89—94, (a) graph each function using transformations, (b) find the real zeros of each function, and (c) label 
the x-intercepts on the graph of the function. 


89. g(x) = (x — 1)? — 4 
92. h(x) = 3x — 2)? — 12 


90. F(x) = (x + 3)2 – 9 
93. H(x) = -3x -3? + 6 


91. f(x) = 2(x + 4? - 8 
94. f(x) = -2(x + 1) +12 


Mixed Practice In Problems 95-100, solve f(x) = g(x). What are the points of intersection of the graphs of the two functions? 
95. f(x) = 5x(x — 1) 96. f(x) = 10х(х + 2) 97. f(x) = 3(x? — 4) 


g(x) = —7x2 +2 g(x) = —3х + 5 g(x) = 3x? + 2x + 4 
3x Э 2х 3 
98. = 4(x2 +1 99. = — 100. = — 
8. f(x) ie E І 9. f(x) "EN ME, uic x41 
g(x) = 4x* — 3x — а —5 (х) = 2х +18 
х2 +3х +2 Н х2 —2х—3 


101. Mixed Practice Suppose that f(x) = x? + 5x — 14 
and g(x) = x? + 3x — 4. 

(a) Find the zeros of (f + g)(x). 

(b) Find the zeros of (f — g)(x). 


(c) Find the zeros of (f - g)(x). 


102. Mixed Practice Suppose that f(x) — x? — 3x — 18 
andg(x) = x? + 2x — 3. 
(a) Find the zeros of (f + g)(x). 
(b) Find the zeros of (f — g)(x). 
(c) Find the zeros of ( f - g)(x). 


Applications and Extensions 


103. Dimensions of a Window The function A(x) = x(x 4- 2) 
describes the area A of the opening of a rectangular window 


and turning up the edges. The volume V of the box is 
V(x) = (x — 2)*. Find the dimensions of the sheet metal 


104. 


105. 


in which the length is 2 feet more than the width, x. Find the 
dimensions of the window if the area of the opening is to be 
143 square feet by solving A(x) — 143. 


Dimensions of a Window The function A(x) = x(x +1) 
describes the area А of the opening of a rectangular window 
in which the length is 1 centimeter more than the width, x. 
Find the dimensions of the window if the area of the opening 
is to be 306 square centimeters by solving A(x) — 306. 


Constructing a Box An open box is to be constructed from 
a square sheet of sheet metal with dimensions x feet by 
x feet by removing a square of side 1 foot from each corner 


106. 


107. 


needed to make a box that will hold 4 cubic feet by solving 
the equation V(x) — 4. 
Constructing a Box Rework Problem 105 if the box needs to 
hold 16 cubic feet. 


Physics A ball is thrown vertically upward from the top of 

a building 96 feet tall with an initial velocity of 80 feet per 

second. The distance s (in feet) of the ball from the ground 

after t seconds is s(t) = 96 + 80t — 162. 

(a) After how many seconds does the ball strike the ground? 

(b) After how many seconds will the ball pass the top of the 
building on its way down? 
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108. Physics An object is propelled vertically upward with an 
initial velocity of 20 meters per second. The distance s (in 
meters) of the object from the ground after t seconds is 
s(t) = 4.912 4 20t. 

(a) When will the object be 15 meters above the ground? 
(b) When will it strike the ground? 
(c) Will the object reach a height of 100 meters? 


109. Consecutive Integers The sum S of the consecutive integers 


1, 2, 3,...,nis given by the function $(n) = Qna +1). 


Determine the number of consecutive integers, starting 
with 1, that must be added to get a sum of 210. 


110. Geometry The number of diagonals D of a polygon with 


n sides is given by the function D(n) = Qna — 3), 


Determine the number of sides a polygon with 65 diagonals 
will have. Is there a polygon with 80 diagonals? 


Student Working A study found that a student's GPA, g, is 
related to the number of hours worked each week, h, by the 
function g(h) = —0.0006h? + 0.015h + 3.04. Estimate 
the number of hours worked each week for a student with a 
GPA of 2.97 Round to the nearest whole hour. 


College Value The difference, d,in median earnings, in $10005, 
between high school graduates and college graduates can be 
approximated by d(x) = —0.012x? + 0.828x + 15.750, 
where x is the number of years after 1980. Based on this 
model, estimate to the nearest year when the difference in 
median earnings was $25,000. 


111. 


112. 


Source: Current Population Survey 


113. Discretionary Income Individuals are able to save money 
when their discretionary income (income after all bills 
are paid) exceeds their consumption. Suppose the model, 


Discussion and Writing 


121. Which of the following pairs of equations are equivalent? 


Explain. 

(a) х2 = 9; x 23 

(b) x = V9; x =3 

(с) (x —1)(x —2) = (x —1?;x-22 x-1 


122. Describe four methods you might use to find the zeros of 
a quadratic function. State your preferred method. Explain 
why you chose it. 


123. Explain the benefits of evaluating the discriminant of a 
quadratic equation before attempting to solve it. 


Retain Your Knowledge 


114. 


115. 


116. 
117. 


118. 


119. 


120. 


124. 


125. 


126. 


y(a) = —25a? + 2400a — 30,700, represents the average 
discretionary income for an individual who is a years old. 
If the consumption model for an individual is given by 
y(a) — 160a 4- 7840, at what age is the individual able to 
start saving money? Round to the nearest year. 

Living at Home A study found that Millennials are more 
likely to live at home than GenXers at the same age. 
The model Р(х) = 0.003x? — 0.034x + 8.086 gives the 
approximate percentage of 25-to-35-year-olds living in their 
parents' home, x years after 1960. Use the model to estimate 
when the percentage of 25-to-35-year-olds living in their 
parents’ home was 10%. Round to the nearest year. 

Data: Pew Research Center 


Show that the sum of the roots of a quadratic equation is — E 
a 


Show that the product of the roots of a quadratic equation is e 
a 


Find k such that the function f(x) = kx? + x + k = Ohas 


a repeated real zero. 


Find К such that the function f(x) = x? — kx + 4 = 0 has 
a repeated real zero. 


Challenge Problem Show that the real zeros of the 
function f (x) = ax? + bx + care the negatives of the real 
zeros of the function g(x) = ax? — bx + c. Assume that 
b? — Аас > 0. 


Challenge Problem Show that the real zeros of the function 
f(x) = ax? + bx + с are the reciprocals of the real 
zeros of the function g(x) = cx? + bx + a. Assume that 
b? — 4ac > 0. 


Create three quadratic functions, one having two distinct real 
zeros, one having no real zeros, and one having exactly one 
real zero. 


The word quadratic seems to imply four (quad), yet a 
quadratic equation is an equation that involves a polynomial 
of degree 2. Investigate the origin of the term quadratic as 
it is used in the expression quadratic equation. Write a brief 
essay on your findings. 


How many times can the graphs of two different quadratic 
functions intersect? 


Problems 127-130 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


127. Use transformations to graph f(x) = —|x| + 4. 


128. State the domain and range of the relation that follows, 
and then determine whether the relation represents a 
function. 


10-3, 2), (=1, 4), (1, 4), (3, 2)} 


‘Are You Prepared?’ Answers 


1. (a) (x — 6)(x + 1) (b) (2x — 3)(x + 1) 


2. 2410 


129. 


130. 


Find the midpoint of the line segment joining the points 
P, = (-10, 4) and P, = (2, -1). 


If a graph is symmetric with respect to the y-axis, and if 
the point (—1, 4) is on the graph of f, then the point 
is also on the graph. 


4. add; 9 5. (4, 10) 6. Yes 
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2.4 Properties of Quadratic Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Intercepts (Foundations, Section E2, pp. 12-13) * Completing the Square (Appendix A, Section A.4, 


pp. A40-A41) 
e Graphing Techniques: Transformations (Section 1.5, Solving Equations (Appendix A, Section A.8, 
pp. 96-106) pp. A66-A72) 


М, Now Work the ‘Are You Prepared?’ problems on page 170. 


OBJECTIVES 1 Graph a Quadratic Function Using Transformations (p. 162) 
2 Identify the Vertex and Axis of Symmetry of a Parabola (p. 164) 
3 Graph a Quadratic Function Using Its Vertex, Axis, and Intercepts (p. 164) 
4 Find a Quadratic Function Given Its Vertex and One Other Point (p. 167) 
5 Find the Maximum or Minimum Value of a Quadratic Function (p. 168) 


Many applications require a knowledge of quadratic functions. For example, suppose 
that Texas Instruments collects the data shown in Table 7 which relate the number of 
calculators sold x to the price p (in dollars) per calculator. Since the price of a product 
determines the quantity that will be purchased, we treat price as the independent 
variable. The relationship between the number x of calculators sold and the price p 
per calculator is given by the linear equation 


x = 21,000 — 150p 


Table 7 Price p per Calculator Number of 


(in dollars) Calculators, x 


12,000 
11,250 


10,500 
9,750 
9,000 
8,250 
7,500 


Then the revenue R derived from selling x calculators at the price p per calculator 
is equal to the unit selling price p of the calculator times the number x of units 
actually sold. That is, 


R=xp 
R(p) = (21,000 — 150p)p х = 21,000 — 150p 
= —150p? + 21,000p 
So the revenue R is a quadratic function of the price p. Figure 14 on the next page 


illustrates the graph of this revenue function, whose domain is 0 < p < 140, since 
both x and p must be nonnegative. 
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Figure 15 Path of a cannonball 


Axis of Vertex is 
symmetry highest point 
Vertex is Axis of 
lowest point symmetry 
(a) Concave up (b) Concave down 
a>0 а<0 


Figure 18 Graphs of a quadratic 
function, f(x) = ax? + bx + с,а = 0 


^ 
^ 


R 
800,000 
700,000 | 
600,000 |- 
500,000 === 
400,000 


1 1 1 1 | 1 | 1 | j- 
0 14 28 42 56 70 84 98 112 126 140 p 
Price p per calculator (dollars) 


Figure 14 R(p) = —150p? + 21,000p 


Revenue (dollars) 


A quadratic function also models the motion of a projectile. Based on Newton’s 
Second Law of Motion (force equals mass times acceleration, F = ma),itcan be shown 
that, ignoring air resistance, the path of a projectile propelled upward at an inclination 
to the horizontal is the graph of a quadratic function. See Figure 15 for an illustration. 


Graph a Quadratic Function Using Transformations 
Figure 16 shows the graph of three functions of the form f(x) = ax?, a > 0, for 


a = l,a = 2 and а = 3. Figure 17 shows the graphs of f(x) = ax? for a < 0. 


Notice that these graphs are reflections about the x-axis of the graphs in Figure 16. 
The graphs in Figures 16 and 17 are typical of the graphs of all quadratic functions, 
which are called parabolas. 


NORMAL FLOAT AUTO REAL RADIAN MP ñ NORMAL FLOAT AUTO REAL RADIAN MP ñ 


Figure 16 y = ax?,a > 0 Figure 17 y = ax?,a < 0 
Two conclusions can be drawn about the graph of f(x) = ax?. 


* As |а| increases, the graph is vertically stretched (becomes “taller”), and as |а| 
gets closer to zero, the graph is vertically compressed (becomes “shorter”). 


• Ifa > 0,the graph opens “up,” and if a < 0, the graph opens “down.” 
Refer to Figure 18, where two parabolas are pictured. 


e The parabola on the left opens up. We describe this by saying the graph is concave 
up. Notice that the graph has a lowest point, where there is an absolute minimum. 


e The parabola on the right opens down. We describe this by saying the graph is 
concave down. Notice the graph has a highest point, where there is an absolute 
maximum. 


The lowest or highest point of a parabola is called the vertex. The vertical line 
passing through the vertex in each parabola is called the axis of symmetry (usually 
abbreviated to axis) of the parabola. The axis of a parabola can be used to find 
additional points on the parabola. 

The parabolas shown in Figure 18 are the graphs of a quadratic function 
f(x) = ax? + bx + c, a = 0. Notice that the coordinate axes are not included in 
the figure. Depending on the numbers a, b, and c, the axes could be placed anywhere. 
The important fact is that the shape of the graph of a quadratic function will look like 
one of the parabolas in Figure 18. 


SECTION 2.4 Properties of Quadratic Functions 


163 


In the following example, techniques from Section 1.5 are used to graph a 
quadratic function f(x) = ax? + bx + c, а = 0. The method of completing the 


square is used to write the function f in th 


е form f(x) = а(х — h} + К. 


Solution 


Need to Review? 
Completing the square is 
discussed in Appendix A, 
Section A.4, pp. A40-A41. 


(a) y=x 
Figure 19 


2 


Graphing a Quadratic Function Using Transformations 


Graph the function f(x) = 2x? + 8x 4+ 5. Find the vertex and axis of symmetry. 


Recall that to complete the square, the co 
out 2 on the right-hand side. 


f(x) = 2x? + 8х + 5 
= 2(х? + 4х) + 5 
= 2(х2 + 4х +4) +5 – 8 
= 2(х +2) –3 


efficient of х? must equal 1. So we factor 


Factor out the 2 from 2x? + 8x. 


Complete the square of x? + 4x by 
adding 4. Notice that the factor of 2 
requires that 8 be added and subtracted. 


The graph of f can be obtained from the graph of у = x? using transformations as 
shown in Figure 19. Now compare this graph to the graph in Figure 18(a). The graph 
of f (x) = 2x? + 8x + 515 a parabola that is concave up and has its vertex (lowest 


point) at (—2, —3). Its axis of symmetry is ће line x = —2. 
m AY Axis of Ya 
-3 r3 symmetry 3 - 
Le t х=—2 | 
П Lol П 1 > 1 П [2p па 
(—2, 0) x 3 (—2, 0) |. Ж. 
L (73, —1) 
cH -3} -3- 
Replace х Multiply Subtract 3; Vertex 
рух + 2; by 2; Shiftdown (—2, —3) 
Shift left _ 2 Vertical _ 2 3 units. = 2. 
splen] ф)у=+2% к (e) у= 2+2) (9) y-2(-2?-3 


\ Now Work PROBLEM 37 


-B 


The method used in Example 1 can be used to graph any quadratic function 


f(x) = ax? + bx + c, a = 0, аз follows: 


f(x) 


ax? + bx + c 


= a(x? + Py) +c Factor out a from ax? + bx. 
a 2 
b р? p? Complete the square by adding : m 
= a(x? + х + Е: a- 798" р 
а 4а? 4a? the parentheses, and subtracting a - da 
by b? d 
= a(x + =| ш кай Factor; simplify. 
| Ь | 4ac — b? b? 4a b?  4ac- b? 
= а|х + + c E E 
2a 4a 4a 4a 4a 4a 
These results lead to the following conclusion: 
DEFINITION Vertex Form of a Quadratic Function 
Suppose f is the quadratic function f(x) = ax? + bx + c. If f is written as 
f(x) = а(х - В)? +k а) 


Ь 


where h = —— апа К = 4ac — a 
2a 


4a 
vertex form. 


9 
, then the quadratic function f is in 
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The graph of f(x) = a(x — h)? +k is the parabola y = ax? shifted 
horizontally Л units (replace x by x — Л) and vertically k units (add k). The vertex of 
the parabola is (Л, k), and the function is concave up if a > 0 апа is concave down 
ifa < 0.The axis of symmetry is the vertical line x = Л. 

For example, compare equation (1) with the solution given in Example 1. 


f(x) =2(x+2) -3 
= 2(x — (-2))? + (-3) 
Т t Ї 
=а(х- hy + К 


Because а = 2 > 0, the graph is concave up. Also, because h = —2 and k = —3, 
its vertex is (—2, —3), the lowest point on the graph. 


2 Identify the Vertex and Axis of Symmetry of a Parabola 


We do not need to complete the square to identify the vertex of a parabola. It is 


usually easier to obtain the vertex by remembering that its x-coordinate ish = — 2. 


a 
The y-coordinate k is then found by evaluating f at -2 Thatis,k = f (-2). 
a a 


Properties of the Graph of a Quadratic Function (a Parabola) 


f(x) ax? + bx + c а = 0 


ЕЕ в 
а =| d | 
e Axis of symmetry: the vertical line x = ES 
a 


e A parabola is concave up ifa > 0; the vertex is the minimum point. 
* A parabola is concave down ifa « 0;the vertex is the maximum point. 


| EXAMPLE 2 | Locating the Vertex of a Parabola Without Graphing 


Without graphing, locate the vertex and axis of symmetry of the parabola defined 


by f(x) = —3x? + 6x + 1. Is it concave up or concave down? 
Solution For this quadratic function,a = —3, b = 6,andc = 1. 
The x-coordinate of the vertex is 
2a 2(—3) 


The y-coordinate of the vertex is 


pa Á(-z)- ee mes РЕТ 
a 
The vertex is located at the point (1, 4). The axis of symmetry is the line x = 1. 
Because а = —3 < 0, the parabola is concave down. J 


\ Now Work PRoBLEM 45(а) 


3 Graph a Quadratic Function Using Its Vertex, Axis, 
and Intercepts 


The location of the vertex and intercepts, along with knowledge of whether 
the graph is concave up or concave down, is usually enough information to graph 
the function f(x) = ax? + bx+c,a = 0. 


* The y-intercept is the value of f at x = 0; that is, the y-intercept is f(0) = с. 
e The x-intercepts, if there are any, are found by solving the quadratic equation 


ax? + bx +c = 0 
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A quadratic equation has two, one, or no real solutions, depending on whether the 
discriminant b? — 4ac is positive, 0, or negative. 


The x-Intercepts of a Quadratic Function 


e Ifthe discriminant b? — 4ac > 0, the graph of f(x) = ах? + bx + chas 
two distinct x-intercepts so it crosses the x-axis in two places. 


e Ifthe discriminant b? — 4ac = 0, the graph of f(x) = ах? + bx + c has 
one x-intercept so it touches the x-axis at its vertex. 


e Ifthe discriminant b? — 4ac < 0, the graph of f(x) = ах? + bx + chas 
no x-intercepts so it does not cross or touch the x-axis. 


Figure 20 illustrates these possibilities for parabolas that are concave up. 
NOTE If the vertex lies in Quadrants | 
or Il and the parabola is concave up, 
then the graph of the quadratic function Axis of symmetry Axis of symmetry Ахіѕ of symmetry 
has no x-intercepts. Similarly, if the x=- yea xe 
eee 2a 2a 2a 
vertex lies in Quadrants 111 or IV and 


the parabola is concave down, then the n M У} 
graph of the quadratic function has no 
x-intercepts. a 
on > > 
x-intercept E X intercept ч x-intercept T b у b x 
b (2 Cx) artia) 
a Fa 
2. Eu = 2 
Figure 20 (a) b*-4ac>0 (b) 5*-4ac-0 (c) b*-4ac<0 
f(x) = ах? + bx +¢,a>0 Two x-intercepts One x-intercept No x-intercepts 


How to Graph a Quadratic Function by Hand Using Its Properties 


Graph f(x) = —x? + 6x — 5 using its properties. Find the domain and the range 
of f. Determine where f is increasing and where it is decreasing. Determine where 
f(x) > Oand where f(x) < 0. 


Step-by-Step-Solution 


Step 1: Determine whether For f(x) = —x? + 6x — 5, note that a = —1, b = 6, and с = —5. Because 
the graph of f is concave up а = —1 < 0, the parabola is concave down. 
or concave down. 


Step 2: Determine the vertex The x-coordinate of the vertex is 
and axis of symmetry of the graph b 6 
of f. 2a 2(=1) 


The y-coordinate of the vertex is 
k = f(3) = -37+6-3-5=-9418-5=4 


The vertex is (3, 4). The axis of symmetry is x = 3. 


Step 3: Determine the intercepts The y-intercept is f(0) = —5.The x-intercepts are found by solving f(x) = 0. This 
of the graph of f. results in the equation —x? + бх — 5 = 0, which we can solve by factoring: 
—x? +6x-5=0 
—(x—1)(x—5) = 0 Factor. 
х-1= 0 or х- 5 = 0 Use the Zero-Product Property. 
х= 1 or х= 5 


The x-intercepts аге 1 and 5. (continued) 
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Step 4: Use the information in The graph is illustrated in Figure 21. Notice that we used the y-intercept and the axis 
Steps 1 through 3 to graph f. of symmetry, x = 3, to obtain the additional point (6, —5) on the graph. 
Axis of symmetry The domain of f is the set of all real numbers. Based on the graph, the range 
y 
4 (3, 4) 


and decreasing on the interval [3, оо). 
Note that f(x) > 0 where the graph of f is above the x-axis, and f(x) < 0 


А х= 3 of f is the interval (—oo, 4]. The function f is increasing оп the interval (— оо, 3] 
L (5, 0) where the graph of f is below the x-axis. So, f (x) > 0 on the interval (1, 5) or for 


: x 1< х < 5,and f(x) < Oontheinterval(—oo, 1) (5, co)orforx < 1, x > 5. g 
A, Graph the function in Example 3 by completing the square and using transformations. 
0 = (6,-5) Which method do you prefer? 


\ Now Work PRoBLEMS 29 and 45(b)-(f) 


If the graph of a quadratic function has only one x-intercept or no x-intercepts, 


Figure 21 f(x) = -x? + 6x — 5 it is usually necessary to plot an additional point to obtain the graph. 


| EXAMPLE 4 | Graphing a Quadratic Function Using Its Vertex, Axis, and Intercepts 


(a) Graph f(x) = x? — 6x + 9 by determining whether the parabola is concave 
up or concave down and by finding its vertex, axis of symmetry, y-intercept, 
and x-intercepts, if any. 

(b) Find the domain and the range of f. 

(c) Determine where f is increasing and where it is decreasing. 

(d) Determine where f(x) > 0 and where f(x) « 0. 


Solution (a) For f(x) = x? — 6x + 9,a = 1, b = —6,andc = 9.Becausea = 1 > 0, ће 
parabola is concave up. The x-coordinate of the vertex is 


Axis of symmetry h = -— = -— = 3 
VA х=З 2a 2-1 


The y-coordinate of the vertex is 


К = f(3) = 32 -6.3+9 = 0 
(6, 9) 
The vertex is (3, 0). The axis of symmetry is the line x = 3. The y-intercept 


is Р(0) = 9. Since the vertex (3, 0) lies on the x-axis, the graph touches the x-axis 
at the x-intercept. By using the axis of symmetry and the y-intercept at (0, 9), we 
can locate the additional point (6, 9) on the graph. See Figure 22. 


(b 


wa 


The domain of f is the set of all real numbers. Based on the graph, the range 


Ld of f is the interval [0, co). 


6 > 
80) И (c) The function f is decreasing on the interval (—оо, 3] and increasing on the 
Figure 22 f(x) = х? - 6x +9 interval [3, oo). 
(d) The graph of f is above the x-axis everywhere except at the vertex (3, 0). 


So, f(x) > 0 on (—оо, 3) О (3, оо) or for x < 3, x > 3, and f(x) is never 
negative. B 


\ Now Work PROBLEM 51 


| EXAMPLE 5 | Graphing a Quadratic Function Using Its Vertex, Axis, and Intercepts 


(a) Graph f(x) = 2x? + x +1 by determining whether the graph is concave 
up or concave down and by finding its vertex, axis of symmetry, y-intercept, 
and x-intercepts, if any. 

(b) Find the domain and the range of f. 

(c) Determine where f is increasing and where it is decreasing. 


(d) Determine where f(x) > 0 and where f(x) < 0. 
(continued) 
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Solution (a) For f(x) = 2x? +x+1, we have a = 2, = 1, and с = 1. Because 
a = 2 > 0, the parabola is concave up. The x-coordinate of the vertex is 


NOTE In Example 5, since the vertex b 1 
lies in Quadrant II and the parabola is h= == j 
concave up, we can conclude that the a 
graph of the quadratic function has no The y-coordinate of the vertex is 
x-intercepts. L| 1 1 1 7 
i) nk Herd 
f 4 16 а 4 - 8 
Axis of У { 
m The vertex is | -5 2). The axis of symmetry is the line x = - 4. The y-intercept 
is f(0) = 1. The x-intercept(s), if any, satisfy the equation 2x? + x + 1 = 0. 
The discriminant b? — 4ac = 1? — 4.2.1 = —7 < 0. This equation has no 


real solutions, which means the graph has no x-intercepts. Use the point (0, 1) 


and the axis of symmetry x — d to locate the additional point (-5, 1) оп Ше 
graph. See Figure 23. 


(b) The domain of f is the set of all real numbers. Based on the graph, the range 


of f is the interval p оо). 


Figure 23 f(x) = 2x? + x +1 


(с) The function f is decreasing оп the interval (о, -1] and is increasing on the 
interval E со}. 
4 


(а 


— 


The graph of f is always above the x-axis. So, f(x) > 0 on the interval (—oo, оо) 
or for all real numbers x. 8 


\ Now Work PROBLEM 55 


4 Find a Quadratic Function Given Its Vertex and One Other Point 


If the vertex (Л, k) and one additional point on the graph of a quadratic 
function f(x) = ax? + bx + с, a = 0, are known, then the vertex form of f, 


f(x) = a(x- й)? +k (2) 


can be used to obtain the quadratic function. 


| EXAMPLE 6 | Finding the Quadratic Function Given Its Vertex and One Other Point 


Determine the quadratic function whose vertex is (1, —5) and whose y-intercept 
is —3. The graph of the parabola is shown in Figure 24. 


Yh Solution The vertexis(1, —5),so/ = landk = — 5. Substitute these values into equation (2). 


f(x) = a(x — h +k Equation (2) 
f(x) = а(х-1)2 -5 h=1,k =-5 


To determine the value of a, use the fact that f(0) = —3 (the y-intercept). 


f(x) = a(x —-1)? -5 
-3 = a(0—1)* —5 x =0,y = f(0) = -3 
—-3=a-—5 

Figure 24 f(x) = 2x? - 4x - 3 a=2 


(continued) 
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The quadratic function we seek is 


f(x) = a(x —h) +k 22(x-1? —5 = 2x? - Ax – 8 


B Check: Figure 25 shows the graph of Y, = 2x? — 4x — 3 using a TI-84 Plus СЕ. шу 


-» __——у——4 \ Now Work PRoBLEM 61 
E: 5 Find the Maximum or Minimum Value of a Quadratic Function 
Figure 25 Y, = 2x? — 4x — З The graph of a quadratic function 


f(x) = ax? + bx c а = 0 


2. r-z. The vertex is the highest point on the 
a a 


graphifa < 0 and the lowest point on the graph ifa > 0. If the vertex is the highest 


is a parabola with vertex (- 


point (a < 0), then f (-2) is the maximum value of f. If the vertex is the lowest 
a 


-2) is the minimum value of f. 
а 


point(a > 0), then / 


Finding the Maximum or Minimum Value of a Quadratic Function 
Determine whether the quadratic function 

f(x) = х®—4х—5 
has a maximum or a minimum value. Then find the maximum or minimum value. 


Solution For f(x) = x? — 4x — 5,a = 1,b = —4,andc = —5. Because a > 0, the graph 
of f is concave up, which means the vertex is a minimum point. The minimum occurs at 


2a, 2.1 2 
а= 1,Б ==—4 
The minimum value of f is 
b 
= | = f(2) =2?-4.2-5=4-8-5=-9 
f(-z]- fa P 


\ Now Work PROBLEM 69 


| ЕХАМРІЕ 8 | PLE 8 Analyzing the Motion of a Projectile 


A projectile is fired from a cliff 500 feet above the water at an inclination of 45° to 
the horizontal, with a muzzle velocity of 400 feet per second. From physics, the 
height Л of the projectile above the water can be modeled by 


—32x? 


Wx) = 71902 


+ x + 500 


where x is the horizontal distance of the projectile from the base of the cliff. See 
Figure 26. 


Figure 26 (continued) 
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H Е . | (a) Find the maximum height of the projectile. 
1510 пса (b) How far from the base of the cliff will the projectile strike the water? 


Note 


Solution (a) The height of the projectile is given by the quadratic function 


—32x? —1 
h = — 500 = 2 500 
(x) 4002 +x+ 5000" +x + 


We are looking for the maximum value of h. Because a < 0, the vertex is the 
maximum point and occurs at 


P! C NES 1 — = 5000 овда 
Credit: GL Archive/ 2a Bum 1 2 
Alamy Stock Photo 5000 
atherine Johnson (1918-2020) . К ООО 
was an aerospace technologist The maximum height of the projectile is 
and mathematician. Her work 
Ui analyst projectie motion and h(2500) = ——1—.25002 + 2500 + 500 = —1250 + 2500 + 500 = 1750 ft 


flight paths for NASA was critical to 5000 
the success of space missions. 

When NASA used computers (for 
the first time) to calculate John Glenn's 
1962 orbit around Earth, Johnson 


(b) The projectile strikes the water when the height Л is zero. To find the distance x 
traveled, solve the equation 


verified the results generated by the 1 
computer by hand. h(x) = —— x? +x + 500 = 0 
Mrs. Johnson was portrayed in the 5000 
2016 film Hidden Figures that tells MEM . ; T 
the story of a team of female, Black The discriminant of this quadratic equation is 
mathematicians during the early years 
of the United States space program. b? — Дас = 1? — 4. =1 . 500 = 1.4 
5000 
a. е Then 
Seeing the Concept БАЈ —4ас -1+ v14 
Dn Use a graphing utility to graph к= 2а m zT 
ho = zd x? +x + 500 5000 
2090 x яш —458 or x e 5458 
0 < x € 5500 
Nse tner appropriate commanes to Ine Discard the negative solution. The projectile strikes the water about 5458 feet 
the maximum height of the projectile and А 
from the base of the cliff. -» 


the distance from the base of the cliff to 
where it strikes the water. Compare your 


results with those obtained in Example 8. 
| м, Now Work PRoBLEM 87 


SUMMARY 
Steps for Graphing a Quadratic Function f(x) = ax? + bx + с, а = 0 


Option 1 


STEP 1: Complete the square in x to write the quadratic function in the vertex form f(x) = a(x — nj 3p 


STEP 2: Graph the function using transformations. 


Option 2 


STEP 1: Determine whether the parabola is concave up (a > 0) or concave down (a < 0). 

STEP 2: Find the vertex (-2. (=). 
2а 2а b 

STEP 3: Find the axis of symmetry, x = no 
a 


(continued) 
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STEP 4: 


ST 
ST 


1. 


2. 


3. 


7. 
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Find the y-intercept, f (0), and the x-intercepts, if any. 


e Ifb? — Дас > 0, the graph of the quadratic function has two x-intercepts, which are found by 


solving the equation ax? + bx + c = 0. 


e If 5b? — Дас = 0, Е is the x-intercept. 
a 


e [f b? — Дас < 0, there are no x-intercepts. 
EP 5: 


EP 6: Plot the points and draw the graph. 


2.4 Assess Your Understanding 


Find the intercepts of the equation y — x? — 9. 
(pp. 12-13) 

Find the real solutions of the equation 2x? + 7x — 4 = 0. 
(рр. A70-A71) 


To complete the square of x? — 5x, add the number 
. (pp. A40-A41) 


Concepts and Vocabulary 


Interactive Figure Exercise Exploring the Graph of the 

Quadratic Function Open the “Quadratic Functions” 

interactive figure, which is available in the Video & 

Resource Library of MyLab Math (under Sullivan Guided 

Visualizations) or at bit.ly/3raFUGB. 

(a) Set the values of a, h, and k as follows: a = 2, 
h = 3,k = —4. What is the equation of the quadratic 
function? 

(b) Set the values of a, h, and k as follows: a = 2, 
h = 1,k = —3. What is the vertex of the graph of the 
quadratic function? Express your answer as an ordered 
pair. 

(с) Set h to —1 and k to 1. Adjust the slider for a so that 
it scrolls from a = —3 to a = 3. When the value of 
а < 0, the graph of the quadratic function is concave 


(d) Use the interactive figure to determine the quadratic 
function whose vertex is (1, —3) and contains the point 
(2, —6). 


. Interactive Figure Exercise Exploring the Discriminant Open 


the “Discriminant” interactive figure, which is available 

in the Video & Resource Library of MyLab Math (under 

Sullivan Guided Visualizations) or at bit.ly/3raFUGB. Be 

sure to check the “Discriminant” box. 

(a) Set the value of a to —1, b to —1, and c to 2. How many 
x-intercepts does the graph of the quadratic function 
have? 

(b) Set the value of a to —1, b to —1, and c to 2. Determine 
the value of the discriminant. 

(c) Set the value of a to 4, b to 4, and c to 1. How many 
x-intercepts does the graph of the quadratic function 
have? 

(d) Set the value of a to 4, b to 4, and c to 1. Determine the 
value of the discriminant. 


Q 1. Modeling 1. Writing 


Find an additional point using the y-intercept and the axis of symmetry. 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


4. To graph у = (x — 4)?, shift the graph of у = x? to the 


5. 


15. 


16. 


qu 1. Graphing Tech 


a distance of units. (pp. 97-100) 


Find the discriminant of 2x? — 5x — 8 = 0. Then identify 
the number of real solutions of the equation. (p. 154) 


. Complete the square of 3x? 4 7x. Factor the new 


expression. (pp. A40-A41) 


(e) Set the value of a to —2, b to 2, and c to — 1. How many 
x-intercepts does the graph of the quadratic function 
have? 

(f) Set the value of a to —2, b to 2, and c to — 1. Determine 
the value of the discriminant. 

(g) Suppose the value of the discriminant of a quadratic 
function is 8. How many x-intercepts will the graph of 
the quadratic function have? 


. The graph of a quadratic function is called a(n) 


. The vertical line passing through the vertex of a parabola is 


called the 


. The x-coordinate of the vertex of 


f(x) = ax? + bx 4 0, is 


с,а 


. True or False The graph of f(x) = 2x? + 3x — 4 is 


concave up. 


. True or False The y-coordinate of the vertex 


of f(x) = —x? + Ax + Sis f (2). 


. True or False If the discriminant b? — 4ac = 0, the graph 


of f(x) = ax? + bx + c, a = 0, touches the x-axis at its 
vertex. 


Multiple Choice If b? — 4ac > 0, which conclusion can be 
made about the graph of f(x) = ax? + bx + c, a = 0? 
(a) The graph has two distinct x-intercepts. 

(b) The graph has no x-intercepts. 

(c) The graph has three distinct x-intercepts. 

(d) The graph has one x-intercept. 

Multiple Choice If the graph of f(x) = ax? + bx + c, 
а = 0, has a maximum value at its vertex, which condition 
must be true? 


b b 
(а) – 5 > 0 (b) -5- «0 
(0 a > 0 (d) a <0 


A Calculus Preview == 1. Applet-Based 
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Skill Building 
In Problems 17-24, match each graph to one the following functions. 
17. f(x) = x?-1 18. f(x) = -x? — 1 19. f(x) = x? -2x +1 20. f(x) = x? + 2х +1 
21. f(x) = x? - 2x + 2 22. f(x) = x? + 2x 23. f(x) = x? = 2x 24. f(x) = x? + 2х + 2 
A. yi B. у, C. Ji D. yi 
3- 2- il 3r 
Р F | (71. 1) 
| = 5 —2 2 x - 
= БЕРЕ. Г (0, —1) = ук+ 
/ al m" a Fi 
(-1,0) ELM 
E yi Е Y4 H. yi 
1H | 2L 
Ж [mo 3$* ү " 
Г 1,—1) 
—2L 2 


In Problems 25—32, (a) find the vertex and axis of symmetry of each quadratic function. (b) Determine whether the graph is concave ир or 
concave down. (c) Graph the quadratic function. 


25. f(x) = (x — 3)? -2 26. f(x) = —(x + 4? - 1 27. f(x) = —2(x — 3)? +5 28. f(x) = 3x - 1)? – 4 
2 
\ 29. f(x) = 2(x-6)? +3 30. f(x) = е $41) -3 31. f(x) (x 2) Н 32. f(x) = —(х + 5)? 


In Problems 33—44, graph the function f by starting with the graph оўу = x? and using transformations (shifting, compressing, stretching, 
and/or reflecting). 


[Hint: If necessary, write f in the form f(x) = a(x — hy + k.] 


33. f(x) — pe 34. f(x) = 2x? +4 35. f(x) = (x + 2)? -2 36. f(x) = (x — 3)? — 10 
\ з, f(x) =x? + 4х + 2 38. f(x) = x? – 6x - 1 39. f(x) = 2x? – 4х +1 40. f(x) = 3x? + 6x 
41. f(x) = =x? — 2x 42. f(x) = 2x? + 6x + 2 43. f(x) = ie 1x-1 44. f(x) — 22 + Éx —1 


In Problems 45—60, (a) find the vertex and the axis of symmetry of each quadratic function, and determine whether the graph is concave ир 
or concave down. (b) Find the y-intercept and the x-intercepts, if any. (c) Use parts (a) and (b) to graph the function. (d) Find the domain 


and the range of the quadratic function. (e) Determine where the quadratic function is increasing and where it is decreasing. (f) Determine 
where f(x) > 0 and where f (x) « 0. 


v 45. f(x) = x? + 2х 46. f(x) = x? — 4x 47. f(x) = —x? — 6x 48. f(x) = —x? + 4x 
49. f(x) = x? + 2х - 8 50. f(x) = x? — 2x - 3 N 5L fi) = x2? +2x +1 52. f(x) = x? + 6x + 9 
53. f(x) = 2x? - x +2 54. f(x) = 4x? - 2x + 1 N 55. f(x) = —2x? +2x -3 56. f(x) = —3x? + 3x - 2 
57. f(x) = 3x? + 6x +2 58. f(x) = 2x? + 5х +3 59. f(x) = —4x? — 6x +2 60. f(x) = 3x? — 8x +2 


In Problems 61-66, determine the quadratic function whose graph is given. 


М 61. YA 62. Y4 63. Vertex: (-3,5) Ya 


Vertex: (-1, —2) 
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64. VA 65. 
4- Vertex: (2, 3) 


66. y 
Vertex: (—2, 6) 6 


—4 | Vertex: (1, -3) 


In Problems 67-74, determine, without graphing, whether the given quadratic function has a maximum value or a minimum value, and 
then find the value. 


67. f(x) = 3x? + 24x 68. f(x) = —2x? + 12x X 69. f(x) = 2x? + 12x — 3 70. f(x) = 4x? – 8x +3 


71. f(x) = —x? + 6x— 1 72. f(x) = —2x? + 8x +3 73. f(x) = —5x? + 20x + 3 74. f(x) = Ax? — 4x 


Applications and Extensions 


75. The graph of the function f (x) = ax? + bx + c has vertex 76. The graph of the function f (x) = ax? + bx + c has vertex 
at (0, 2) and passes through the point (1, 8). Find a, b, at (1, 4) and passes through the point (—1, —8). Find a, b, 
and c. and c. 


In Problems 77-82, for the given functions f and g: 
(a) Graph f and g on the same Cartesian plane. 
(b) Solve f (x) — g(x). 
(c) Use the result of part (b) to label the points of intersection of the graphs of f and g. 
(d) Shade the region for which f (x) > g(x); that is, the region below f and above g. 


T. f(x) 22x -  g(x) = x? - 4 78. f(x) = -2x — 1; g(x) = х? - 9 


Il 
| 
= 
N 
| 


79. f(x) = —x? + 4; g(x) = —2х+1 80. f(x) 9; g(x) = 2х +1 


Il 
| 
м 
| 


81. f(x) = —x? + 55 g(x) = x? +3x-4 82. f(x) 24 7x—-6; g(x) = x +х- 6 


For Problems 83 and 84, use the fact that a quadratic function of the form f (x) = ax? + bx + c with b? — 4ac > 0 may also be written 
in the form f(x) = a(x — r, )(x — r, ), where r, and r, are the x-intercepts of the graph of the quadratic function. 


83. (a) Find quadratic functions whose x-intercepts are —3 84. (a) Find quadratic functions whose x-intercepts are —5 
and 1 witha Та 2; а 2; a 35 and 3 with a 1; a 2;a 2; а S. 
(b) How does the value of a affect the intercepts? (b) How does the value of a affect the intercepts? 
(c) How does the value of a affect the axis of symmetry? (c) How does the value of a affect the axis of symmetry? 
(d) How does the value of a affect the vertex? (d) How does the value of a affect the vertex? 
(e) Compare the x-coordinate of the vertex with the (e) Compare the x-coordinate of the vertex with the 
midpoint of the x-intercepts. What might you conclude? midpoint of the x-intercepts. What might you conclude? 
85. Suppose that f(x) = x? + 4x — 21. N 87. Analyzing the Motion of a Projectile A projectile is fired 
(a) What is the vertex of f? from a cliff 200 feet above the water at an inclination of 45° 
(b) What are the x-intercepts of the graph of f? to the horizontal, with a muzzle velocity of 50 feet per second. 
(c) Solve f(x) = —21 for x. What points are on the graph The height Л of the projectile above the water is modeled by 
of f? 
(d) Use the information obtained in parts (a)-(c) to h(x) = S + x + 200 
graph f(x) = x? + 4x — 21. 50 
86. Suppose that f(x) = x? + 2x — 8. where x is the horizontal distance of the projectile from the 
(a) What is the vertex of f? face of the cliff. 
(b) What are the x-intercepts of the graph of f? (a) At what horizontal distance from the face of the cliff is 
(с) Solve f(x) = —8 for x. What points are on the graph the height of the projectile a maximum? 
of f? (b) Find the maximum height of the projectile. 
(d) Use the information obtained in parts (a)-(c) to (c) At what horizontal distance from the face of the cliff will 


graph f(x) = x2 + 2x — 8. the projectile strike the water? 


тиры) 
Fj 


88. 


89. 


90. 


91. 


92. 


93. 


(d) Use a graphing utility to graph the function Л, 
0 < x < 200. 

(e) Use a graphing utility to verify the solutions found in 
parts (b) and (c). 

(f) When the height of the projectile is 100 feet above the 
water, how far is it from the cliff? 


Analyzing the Motion of a Projectile A projectile is fired 

at an inclination of 45? to the horizontal, with a muzzle 

velocity of 100 feet per second. The height Л of the projectile 

is modeled by 

-32x? 
WO = тод 

where x is the horizontal distance of the projectile from the 

firing point. 

(a) At what horizontal distance from the firing point is the 
height of the projectile a maximum? 

(b) Find the maximum height of the projectile. 

(c) At what horizontal distance from the firing point will the 
projectile strike the ground? 

(d) Use a graphing utility to graph the function h, 
0 < x < 350. 

(e) Use a graphing utility to verify the results obtained in 
parts (b) and (c). 

(f) When the height of the projectile is 50 feet above the 
ground, how far has it traveled horizontally? 


Ta 


Maximizing Revenue Suppose that the manufacturer of 
a gas clothes dryer has found that when the unit price is p 
dollars, the revenue R (in dollars) is 


R(p) = —4р? + 4000р 


What unit price p maximizes revenue? What is the maximum 
revenue? 


Maximizing Revenue A lawn mower manufacturer has 
found that the revenue, in dollars, from sales of zero-turn 
mowers is a function of the unit price p, in dollars, that it 
charges. If the revenue R is 


R(p) = EI + 2900р 


what unit price р should be charged to maximize revenue? 
What is the maximum revenue? 


Minimizing Marginal Cost The marginal cost of a product can 
be thought of as the cost of producing one additional unit of 
output. For example, if the marginal cost of producing the 50th 
product is $6.20, it costs $6.20 to increase production from 49 to 
50 units of output. Suppose the marginal cost C (in dollars) to 
produce x thousand digital music players is given by the function 
C(x) = x? — 140x + 7400 
(a) How many players should be produced to minimize the 
marginal cost? 
(b) What is the minimum marginal cost? 
Minimizing Marginal Cost (See Problem 91.) The marginal 
cost C (in dollars) of manufacturing x smartphones (in 
thousands) is given by 
C(x) = 5x? — 200x + 4000 
(a) How many smartphones should be manufactured to 
minimize the marginal cost? 
(b) What is the minimum marginal cost? 
Business The monthly revenue R achieved by selling x 
wristwatches is R(x) — 75x — 0.2x?. The monthly cost C 
of selling x wristwatches is 


C(x) — 32x 4- 1750 


94. 


95. 


96. 


97. 


98. 


99, 


100. 


101. 
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(a) How many wristwatches must the firm sell to maximize 
revenue? What is the maximum revenue? 

(b) Profit is given as P(x) — R(x) — C(x). What is the 
profit function? 

(c) How many wristwatches must the firm sell to maximize 
profit? What is the maximum profit? 

(d) Provide a reasonable explanation as to why the answers 
found in parts (a) and (c) differ. Explain why a quadratic 
function is a reasonable model for revenue. 


Business The daily revenue R achieved by selling x boxes of 

candy is R(x) = 9.5x — 0.04x?. The daily cost C of selling x 

boxes of candy is C(x) — 1.25x 4- 250. 

(a) How many boxes of candy must the firm sell to maximize 
revenue? What is the maximum revenue? 

(b) Profit is given as P(x) — R(x) — C(x). What is the 
profit function? 

(c) How many boxes of candy must the firm sell to maximize 
profit? What is the maximum profit? 

(d) Provide a reasonable explanation as to why the answers 
found in parts (a) and (c) differ. Explain why a quadratic 
function is a reasonable model for revenue. 


Stopping Distance An accepted relationship between 

stopping distance d (in feet), and the speed v of a car 

(in mph), isd(v) = 1.1v + 0.06v? on dry, level concrete. 

(a) How many feet will it take a car traveling 45 mph to stop 
on dry, level concrete? 

(b) If an accident occurs 200 feet ahead of you, what is the 
maximum speed you can be traveling to avoid being 
involved? 

Birth Rate In the United States, the birth rate B for females 

who are not married (births per 1000 unmarried women) for 

women whose age is a is modeled by the function 


B(a) = —0.33a? + 19.17a — 213.37 


(a) What is the age of unmarried women with the highest 
birth rate? 

(b) What is the highest birth rate of unmarried women? 

(c) Evaluate and interpret B(40). 


Source: National Vital Statistics Reports, 1/31/2018 
Chemical Reactions A self-catalytic chemical reaction results 
in the formation of a compound that causes the formation 
ratio to increase. If the reaction rate V is modeled by 

V(x) = kx(a — x), О<х<а 
where К is a positive constant, a is the initial amount of the 


compound, and x is the variable amount of the compound, 
for what value of x is the reaction rate a maximum? 

Mixed Practice Find the distance from the vertex of the 
parabola f(x) = 2(x — 3)? + 5 to the center of the circle 
(х + 3)2 + (у= 1)? = 4. 

Mixed Practice Find the distance from the vertex of the 
parabola g(x) = —3x? + 6x + 1 to the center of the circle 
x? + y? + 10x + 8y + 32 = 0. 

Challenge Problem Let f(x) = ax? + bx + c, where a, b, 
and с are odd integers. If x is an integer, show that f ( x) must 
be an odd integer. 

[Hint: x is either an even integer or an odd integer.] 


Challenge Problem Find the point on the line y = x that is 
closest to the point (3, 1). 
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102. 


Х 103. 
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Challenge Problem Find the point on the line y = x + 1 
that is closest to the point (4, 1). 


Challenge Problem Increasing/Decreasing Function Test 
Suppose f(x) = x? — 7x? — 5x + 35. From calculus, the 
derivative of f is given by f'(x) = 3x? — 14x — 5. The 
function f is increasing where f'(x) > 0 and decreasing 
where f'(x) « 0. The numbers at the endpoints must be 
tested separately to determine if they should be included 
in the interval describing where a function is increasing and 
decreasing. Because polynomials are continuous over its 


Explaining Concepts: Discussion and Writing 


105. 


106. 


107. 


108. 


Retain Your Knowledge 


Make up a quadratic function that is concave down and has 
only one x-intercept. Compare yours with others in the class. 
What are the similarities? What are the differences? 

On one set of coordinate axes, graph the family of parabolas 
f(x) = x? +2x+4+c for c= -3, c=0, апа с = 1. 
Describe the characteristics of a member of this family. 
On one set of coordinate axes, graph the family of parabolas 
f(x) = x? + bx +1 for b = —4, b = 0, and b = 4. 
Describe the general characteristics of this family. 


State the circumstances that cause the graph of a quadratic 
function f(x) = ax? + bx + c to have no x-intercepts. 


Х 104. 


109. 


110. 


111. 


112. 


domain, all endpoints are included in the interval describing 
increasing/decreasing. Determine where f is increasing and 
where f is decreasing. 


Challenge Problem Test for Concavity Suppose 
f(x) = 3x* — 8x? + 6x + 1. From calculus, the second 
derivative of f is given by f"(x) — 36x? — 48x. The 
function f is concave up where f"(x) > 0 and concave 
down where f"(x) « 0. Determine where f is concave up 
and where f is concave down. 


Why is the graph of a quadratic function concave up if 
a > Oand concave down ifa < 0? 


Can a quadratic function have a range of ( — oo, oo)? Justify 
your answer. 


What are the possibilities for the number of times 
the graphs of two different quadratic functions 
intersect? 


In your own words, explain why the graph of a quadratic 
function will have no x-intercepts if the vertex lies in 
Quadrants III or IV and the parabola is concave down. 


Problems 113—122 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


113. 


114. 


115. 


Determine whether x? + 4y? = 16 is symmetric with 
respect to the x-axis, the y-axis, and/or the origin. 


Solve the inequality 27 — x > 5x + 3. Write the solution 
in both set notation and interval notation. 


Find the center and radius of the circle 
x? + y? – 10x + 4у + 20 = 0 


. Find the function whose graph is the graph of у = Vx, but 
reflected about the y-axis. 


. Find an equation of the line that contains the point 
(14, —3) and is parallel to the line 5x + 7y = 35. Write 
the equation in slope-intercept form. 


‘Are You Prepared?’ Answers 


1. 


(0, —9), (—3, 0), (3,0) 2; [-4 1 


118. 


119. 
120. 


A 121. 


Х 122. 


4. right;4 5. 89; two real solutions 


State the domain and range of the relation given below. 
Is the relation a function? 


{(5, 73), (4, 24), (3, —5), (2, 
If f (x) 3x? — 25x + 28, find f (7). 


Ifg(x) = 2х—8, find g( 3x + 12), 


3 


6), (1, –7)} 


Write + 8x(3x + 5)? asa single quotient 


EL РЕ 
(Зх + 5)? 
with positive exponents. 


If f(x) = x? + 5x, find and simplify 
f(x) — fco) 


х= E 


7 49 


6. 3| x? 
x +35 + 
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2.5 Inequalities Involving Quadratic Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Solve Inequalities (Appendix A, Section A.10, * Use Interval Notation (Appendix A, Section A.10, 
pp. A87-A89) pp. А84-А85) 


\ Now Work the ‘Are You Prepared?’ problems on page 177. 


OBJECTIVE 1 Solve Inequalities Involving a Quadratic Function (p. 175) 


1 Solve Inequalities Involving a Quadratic Function 
In this section we solve inequalities that involve quadratic functions. 


• To solve the inequality 
ax? +bx+c>0 а=0 


graph the quadratic function f(x) = ах? + bx + с, and, from the graph, 
determine where the function is above the x-axis—that is, where f(x) > 0. 


* To solve the inequality 


ax? + bx -c«0 а = 0 


graph the quadratic function f(x) = ах? + bx + c, and, from the graph, 
determine where the function is below the x-axis—that is, where f(x) < 0. 


e If the inequality is not strict (< or >), include the x-intercepts, if any, in the 
solution. 


| EXAMPLE 1 | Solving an Inequality 


Solve the inequality x? — 4x — 12 € O and graph the solution set. 


aL Solution Graph the function f(x) = x? — 4x — 12. 
| e y-intercept: f(0) = —12 Evaluate f at 0. 
C2, 0) L (6, 0) * x-intercepts (if any): х2 – 4х – 12 = 0 Solve f(x) = 0. 
A | 8x (х= 6)(x +2) = 0 Еасїог. 
х-6= 0 or х+2=0 Use the Zero-Product 
x = 6б or х= —2 Property. 


The y-intercept is — 12; the x-intercepts are —2 and 6. 


=16 (2, -16) The vertex is at x - E 2. Because f(2) = —16, the vertex 


| 2а 2 
Figure 27 f(x) = x? - 4x - 12 is (2, —16). 


See Figure 27 for the graph. 


———À The graph is below the x-axis for —2 < x < 6. Because the original inequality is 
=4 2 0 2 4 6 mg * not strict, the solution includes the x-intercepts. The solution set is {x|—2 < x < 6}or, 
Figure 28 using interval notation, [—2, 6]. See Figure 28 for the graph of the solution set. J 


\ Now Work PROBLEM 9 
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| EXAMPLE2 | Solving an Inequality 


Solve the inequality 2x? > x + 10 and graph the solution set. 


Solution — Option 1 Rearrange the inequality so that 0 is on the right side. 


2x? > x 4- 10 
2x? —x —10»0 Subtract x + 10 from both sides. 


This inequality is equivalent to the original inequality. 


Next graph the function f(x) = 2x? — x — 10 to find where f(x) > 0. 


Ya 
4L • y-intercept: f(0) = —10 Evaluate f at 0. 
L : e x-intercepts (if any): 2x? — x — 10 = 0 Solve f(x) = 0. 
— L 5,0 
ee (0 (2x —5)(x +2) = 0 Еасїог. 
—4 L 4 x 
| 2x —5—0 or x+2=0 Use the Zero-Product 
ш 5 Property. 
Ё х= 2 or х=—2 
- 2 
L The y-intercept is — 10; the x-intercepts are —2 and 2. 
1, —10.125 Ў = 
PG ) The vertex is at x 2 1 L Because (1) = —10.125, the vertex 
- 2a 4 4 4 
Figure 29 f(x) = 2x? — x – 10 is (5, -10.125]. See Figure 29 for the graph. 
The graph is above the x-axis (f(x) > 0) left of x = —2 and right of x = >. 
Because the inequality is strict, the solution set is {x | x«-20rx > 2] Or, using 
interval notation, (оо, —2) U (2. оо). 
Option 2 If f(x) = 2x? and g(x) = x + 10, then the inequality to be solved is 
f(x) > g(x). Graph the functions f(x) = 2x? and g(x) = x + 10. See Figure 30. 
The graphs intersect where f(x) = g(x). Then 
g(x) ^ x t 10 
5:25) 
2 2х2 = х +10 f(x) = g(x) 
F 2x? - х- 10 = 0 
L (2х— 5)(х +2) = 0 Factor. 
F f(x) = 2x? 
L 2x-5=0 ог x+2=0 Use the Zero-Product 
Е Property. 
5 
L х= or x=-2 
a 2 
Ш ај he x 
—4 -2 2 4 x 
Figure 30 The graphs intersect at the points (—2, 8) and (3. 2. Then f(x) » g(x) on the 
Lr interval (—oo, —2) U (3. оо}, where the graph of f is above the graph of g. 
-4 -2 0 2 4 
Figure 31 See Figure 31 for the graph of the solution set. _B 


\ Now Work PROBLEMS 5 AND 13 
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| EXAMPLE 3 | Solving an Inequality 


Solve the inequality x? + x + 1 > 0 and graph the solution set. 


Solution The graph of the function f(x) = x? + x +1 has y-intercept 1. There are no 
1 3) 


x-intercepts (Do you know why? Check the discriminant.). The vertex is (-5. Ay 


2 1 "NS ў Since a > 0, the parabola is concave up and lies above the x-axis for all real numbers x. 
C13) So x? + x + 1 > Ofor all real numbers. See Figure 32. 
Figure 32 f(x) = x? - x +1 See Figure 33 for the graph of the solution set ( —oo, оо). B 
ee 
=4 -2 0 2 4 
Figure 33 \ Now Work PRoBLEM 17 


2.5 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. Solve the inequality -3x — 2 < 7. (pp. A87-A89) 2. Write (—2, 7] using inequality notation. (pp. А84-А85) 
Skill Building 


In Problems 3-6, use the figure to solve each inequality. 


3. Y, 4. 6. 
3r 
E у= fx) 
(—2, 0) (2, 0) 
| | > 
—3 3 X 
L > 
L 4 x 
у= gx) 
(a) f(x) > 0 (a) g(x) < 0 (a) g(x) 2 f(x) (a) f(x) < g(x) 
(b) f(x) < 0 (b) g(x) = 0 (b) f(x) > g(x) (b) f(x) > g(x) 
In Problems 7-22, solve each inequality. 
7. x?—3x – 10 < 0 8. x? + 3х –- 10 > 0 “9:027 de 10. x? + 8x > 0 
1. x? -9 <0 12. x? -1«0 NB. x? +x > 12 14. x? + 7x < —12 
15. 2х2 < 5x +3 16. 6x? < 6 + 5х Млъх?—х+1<0 18.3? +2x+4>0 
19. 4x? + 9 < бх 20. 25x? + 16 « 40x 21. 6(x? — 1) » 5x 22. 2(2x? — 3x) > —9 
Mixed Practice In Problems 23—30, use the given functions f and g. 
(a) Solve f (x) = 0. (b) Solve g(x) = 0. (c) Solve f(x) = g(x). (d) Solve f(x) > 0. 
(e) Solve g(x) < 0. (f) Solve f(x) > g(x). (в) Solve f(x) > 1. 
23. f(x) = x? -1 24. f(x) = =x? +3 25. f(x) = —x? +1 26. f(x) = —x? +4 
g(x) = 3x43 g(x) = -3x +3 g(x) = 4х +1 g(x) = —х—2 
27. f(x) = x? - 4 28. f(x) = x? - 2x +1 29. f(x) = x? -x-2 30. f(x) = —x? -x +1 
g(x) = —х? +4 g(x) = —х? +1 8(х)= a +x =2 g(x) = —x? +x + 6 
Applications and Extensions 
31. What is the domain of the function f(x) = Vx? — 16? 32. What is the domain of the function f(x) = Vx — 3х2? 


NA: Now Work @ 1. Modeling 1. Writing 0 1. Graphing Tech Ds Calculus Preview == 1. Applet-Based 
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33. Physics A ball is 37. Artillery A projectile fired from the point (0, 0) at an angle 

thrown vertically - to the positive x-axis has a trajectory given by 

upward with an initial B Бл үү xy? 

velocity of 80 feet per _ y el qq £2) 

second. The distance where 

s (in feet) of the ball X — horizontal distance in meters 

from the ground 96 ft y — height in meters 

after t o . s = 80t — 161° | v = initial muzzle velocity in meters per second (m/s) 

s(t) = 80t — 16/2. ] NUM 

(аў Atwhbattime? g — acceleration ue to gravity — 9.81 meters per second 
will the ball strike | squared (m/s?) 
the ground? ГЫШ >= c > 0 is а constant determined by the angle of elevation. 


(b) For what time t is 
the ball more than 
96 feet above the 
ground? 


A howitzer fires an artillery round with a muzzle velocity 

of 897 m/s. 

(a) If the round must clear a hill 200 meters high at a 
distance of 2000 meters in front of the howitzer, what 
values of c are permitted in the trajectory equation? 

(b) If the goal in part (a) is to hit a target on the ground 
75 kilometers away, is it possible to do so? If so, for 
what values of c? If not, what is the maximum distance 
the round will travel? 


34. Physics A ball is thrown vertically upward with an initial 
velocity of 96 feet per second. The distance s (in feet) of the 
ball from the ground after t seconds is s(t) = 96t — 1612. 
(a) At what time ¢ will the ball strike the ground? 

(b) For what times t is the ball more than 128 feet above the 


ground? 
Source: www.answers.com 
35. Revenue Suppose that the manufacturer of a gas clothes 


dryer has found that when the unit price is p dollars, the 
revenue R (in dollars) is 


R(p) = —4p? + 4000p 


38. Challenge Problem Runaway Car Using Hooke’s Law, we 
can show that the work W done in compressing a spring a 


distance of x feet from its at-rest position is W = 1 kx?, 


where К is a stiffness constant depending on the spring. It can 


(a) At what prices p is r eyenue zero? also be shown that the work done by a body in motion before 
(b) For what range of prices will revenue exceed $800,000? . ew W 2 wh ТЕ: 
t t t = — = t 
36. Revenue The John Deere company has found that the НИИ 2g T qne c 


revenue from sales of heavy-duty tractors is a function of the object (inIb),g = acceleration due to gravity (32.2 ft/s? ), 
the unit price p, in dollars, that it charges. The revenue R, in and v — object's velocity (in ft/s). A parking garage has a 
dollars, is given by spring shock absorber at the end of a ramp to stop runaway 


cars. The spring has a stiffness constant k = 9450 lb/ft and 
must be able to stop a 4000-Ib car traveling at 25 mph. What 
is the least compression required of the spring? Express your 
answer using feet to the nearest tenth. 


R(p) = EL + 1900р 


(a) At what prices р is revenue zero? 


(b) For what range of prices will revenue exceed $1,200,000? 
Source: www.sciforums.com 


Explaining Concepts: Discussion and Writing 


Explain why the inequality x? — х + 1 < 0 has the empty 
set as the solution set. 


39. Show that the inequality(x — 4)? < 0 has exactly one solution. 42 


40. Show that the inequality ( x — 2 )? > Ohas one real number 


that is not a solution. 43. Explain the circumstances under which the x-intercepts of 


the graph of a quadratic function are included in the solution 
set of a quadratic inequality. 


41. Explain why the inequality x? + x +1 > 0 has all real 
numbers as the solution set. 


Retain Your Knowledge 


Problems 44-53 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


; | 2 _ 
44. Find the domain of (х) = v10 — 2x. 49. Find the intercepts of the graph of y — Ах n 


x4 
45. Determine algebraically whether f (x) — TUE л even, " 1 
odd, or neither. х? + 9 In Problems 50 and 51, if f (x) = x? + 2x — Tandg(x) = 3x — 4, 


find: 
50. (g — f)(x) 
S1. (f - g)(x) 
Х 52. Find the difference quotient of f: f(x) = 3x? — 5x 


46. Suppose f(x) — 25 — 6. 


(a) Find the intercepts of the graph of f. 
(b) Graph f. 


. Write a general formula to describe the variation: d varies j а 
directly with 5 d = 203 whent = 3.5. /Х 53. Simplify: 5x4 (2х + 7) — 8x5 (2x + TY 


8 
. Find the zeros of f(x) = x? + 6x — 8. (2x + 7) 
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‘Are You Prepared?’ Answers 


1. > -3 —3, 2—2<x<7 111 
{x|x } or ( oo) x = 0 B aX 


2.6 Building Quadratic Models from Verbal Descriptions and 
from Data 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Problem Solving (Appendix A, Section A.9, * Building Linear Models from Data (Section 2.2, 
pp. A75-A80) pp. 141-145) 


b Now Work the 'Are You Prepared?' problems on page 184. 


OBJECTIVES 1 Build Quadratic Models from Verbal Descriptions (p. 179) 
2 Build Quadratic Models from Data (p. 182) 


In this section, we first discuss models that lead to a quadratic function from verbal 
descriptions. Then we fit a quadratic function to data, which is another form of 
modeling. 

When a quadratic function models a problem, the properties of the graph of the 
function can provide important information about the model. In particular, we can 
determine the maximum or minimum value of the function. The fact that the graph 
of a quadratic function has a maximum or minimum value enables us to answer 
questions involving optimization — that is, finding the maximum or minimum values 
in models. 


1 Build Quadratic Models from Verbal Descriptions 


In economics, revenue R, in dollars, is defined as the amount of money received from 
the sale of an item and is equal to the unit selling price р, in dollars, of the item times 
the number x of units actually sold. That is, 

К = хр 


The Law of Demand states that р and x are inversely related: As one increases, 
the other decreases. The equation that relates p and x is called a demand equation. 
When a demand equation is linear, the revenue model is a quadratic function. 


| EXAMPLE 1 | Maximizing Revenue 


The marketing department at Texas Instruments has found that when certain 
calculators are sold at a price of p dollars per unit, the number x of calculators sold 
is given by the demand equation 


x = 21,000 — 150p 
(a) Find a model that expresses the revenue Ё as a function of the price р. 
(b) What is the domain of R? Assume revenue is nonnegative. 
(c) What unit price should be used to maximize revenue? 
(d) If this price is charged, what is the maximum revenue? 
(е) How many units are sold at this price? 
(f) Graph R. 
(g) What price should Texas Instruments charge to collect at least $675,000 in revenue? 


(continued) 
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Solution 


(a) The revenue is R = xp, where x = 21,000 — 150p. 


К = xp = (21,000 — 150р)р = —150p? + 21,000p The Model 


(b) Because x represents the number of calculators sold, we have x > 0, 


so 21,000 — 150p > 0. Solving this linear inequality gives p < 140. Also 
from А = (21,000 — 150p)p, since А is assumed to be nonnegative 
and 21,000 — 150p > 0, it follows that р > 0. Combining these inequalities 
gives the domain of А, which is {p|0 < p < 140}. 


The function R is a quadratic function witha = —150, b = 21,000, andc = 0. 
Because a < 0, the vertex is the highest point on the parabola. The revenue R is 
a maximum when the price p is 

p= —2 = – 222000 = $70.00 


2a 1 2(—150) 


а = —150,Ь = 21,000 


(а) The maximum revenue R is 


(f) 


Revenue (dollars) 


Fig 


(g) 


R(70) = —150 - 70? + 21,000 - 70 = $735,000 


The number of calculators sold is given by the demand equation x = 21,000 — 150p. 
At a price of p — $70, 


x — 21,000 — 150 - 70 — 10,500 


calculators are sold. 


To graph R, plot the intercepts (0, 0) and (140, 0) and the vertex (70, 735 000). 
See Figure 34 for the graph. 


Ry 
800,000 


700,000 нин 
600,000 |} 

500,000 |- 
400,000 |- 


100,000 f uec uc eres Nero 

1 1 1 1 1 I 1 I 1 геа 

(0, 0) 14 28 42 56 70 84 98 112 126 140 р 
Price per Calculator (dollars) 


(70, 735 000) 


ure 34 


Graph R = 675,000 and R(p) = —150p? + 21,000p on the same Cartesian 
plane. See Figure 35 on the next page. We find where the graphs intersect by solving 


675,000 = —150p? + 21,000p 
150p? — 21,000p + 675,000 = 0 Add 150p? — 21,000p to both sides. 
p? — 140p + 4500 = 0 Divide both sides by 150. 
(р — 50)(p — 90) = 0 Factor. 
р = 50 or р= 90 Use the Zero-Product Property. 


The graphs intersect at (50, 675 000) and (90, 675 000). Based on the graph in 
Figure 35, Texas Instruments should charge between $50 and $90 to earn at least 
$675,000 in revenue. 

(continued) 
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=— (70, 735 000) 


600,000 К 
500,000 Hee СУЫ ОТЕМ С AARC On ЗЫ КЕЧИНЕ И ЕЕ ОЕК a, esaet Fyn 
400,000 |... aa 
300,000 |- 
200,000 |. 
100,000 | 7... 


Revenue (dollars) 


[Еке чет “се э“ NN | l | = 
(0,0) 14 28 42 56 70 84 98 112 126 140 p 
Price per Calculator (dollars) 


Figure 35 D 


\ Now Work PROBLEM 3 


| EXAMPLE 2 | Maximizing the Area Enclosed by a Fence 


A farmer has 2000 yards of fence to enclose a rectangular field. What are the 
dimensions of the rectangle that encloses the most area? 


Solution Figure 36 illustrates the situation. The available fence represents the perimeter of the 
rectangle. If x is the length and w is the width, then 


2x + 2w = 2000 (1) 


The area A of the rectangle is 


А = xw 


Figure 36 To express A in terms of a single variable, solve equation (1) for w and substitute 
the result in A = xw. Then A involves only the variable x. [You could also solve 
equation (1) for x and express A in terms of w alone. Try it!] 


2x + 2w = 2000 
2w = 2000 — 2x 
2000 — 2x 
w = S&A 


= 1000 — x 
2 


Then the area A is 


(500, 250 000) 
A = хи = x(1000 — x) = —x? + 1000x 


Now, A is a quadratic function of x. 


500 1000 x 


Figure 37 shows the graph of A(x) = —x? + 1000x. Because a < 0, the vertex 


Figure 37 A(x) = —x? + 1000x is a maximum point on the graph of A. The maximum value occurs at 


е b _ 1000 _ 500 
2a 2(-1) 


The maximum value of A is 


А(-2) = A(500) = —5002 + 1000 - 500 = 250,000 + 500,000 = 250,000 
a 


The largest rectangle that can be enclosed by 2000 yards of fence has an area 
of 250,000 square yards. Its dimensions are 500 yards by 500 yards. _в 


\ Now Work PROBLEM 7 
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The Golden Gate Bridge 


The Golden Gate Bridge, a suspension bridge, spans the entrance to San Francisco Bay. 
Its 746-foot-tall towers are 4200 feet apart. The bridge is suspended from two huge cables 
more than 3 feet in diameter; the 90-foot-wide roadway is 220 feet above the water. The 
cables are parabolic in shape* and touch the road surface at the center of the bridge. Find 
the height of the cable above the road at a distance of 1000 feet from the center. 


Solution ^ Begin by choosing the coordinate axes so that the x-axis coincides with the road surface 
and the origin coincides with the center of the bridge. See Figure 38. As a result, the 
746-foot towers will be vertical (height 746 — 220 = 526 feet above the road) and 
located 2100 feet from the center. Also, the cable has the shape of a parabola that is 
concave up. The parabola extends from the towers and has its vertex at (0, 0). This choice 
of the axes results in the equation of the parabola having the form y = ax*,a > 0. 
Note that the points (—2100, 526) and (2100, 526) are on the graph. 


(—2100, 526) Yh (2100, 526) 


à P 


—1000— 


Figure 38 I— — 100 ——-+—— 2100 — —4 


Use these facts to find the value of ain y — ax?. 


y = ax? 
526 =a-21002 x = 2100, y = 526 
_ 526 
~ 2100? 
The equation of the parabola is 
_ 526 E 
Y = 23100? 
When x = 1000, the height of the cable is 
526 
= - 10002 z 119.3 feet 
У = 21007 = 
The cable is 119.3 feet above the road at a distance of 1000 feet from the center of 
the bridge. _B 


\ Now Work PROBLEM 11 


2 Build Quadratic Models from Data 


In Section 2.2, we found the line of best fit for data that appeared to be linearly 
related. But data may also follow a nonlinear relation. Figures 39(a) and (b) show 
scatter plots of data that follow a quadratic relation. 


€ 


y=ax +bx+ca>0 у= аж? + bx-ca«0 
Figure 39 (a) (b) 


*A cable suspended from two towers is in the shape of a catenary, but when a horizontal roadway is 
suspended from the cable, the cable takes the shape of a parabola. 
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| EXAMPLE 4 | Fitting a Quadratic Function to Data 


Table 8 The data in Table 8 represent the average annual expenditures for consumers of 


i in 2020. 
Average Annual еи 


Expenditures (in (a) Use a graphing utility to draw a scatter plot of the data, treating age as the 
Age, x thousands of dollars), E independent variable. Comment on the type of relation that exists between age 
and average annual expenditures. 


(b) Use a graphing utility to find the quadratic function of best fit that models the 
relation between age and average annual expenditures. 

(c) Use the model found in part (b) to approximate the age at which the expenditures 
is greatest. 


(d) Use the model found in part (b) to approximate the highest average annual 
expenditure. 


(e) Use a graphing utility to draw the quadratic function of best fit on the scatter 


Source: Consumer Expenditure Survey, 1 
September 2021 plot. 


Solution (a) Figure 40 shows the scatter plot on a TI-84 Plus CE graphing calculator. It appears 
the data follow a quadratic relation, witha < 0. 


(b) Use the QUADratic REGression program to obtain the results shown in 
Figure 41. The output shows the equation у = ах? + bx + c. The quadratic 
function of best fit that models the relation between age and average annual 
expenditures is 


E(x) = —0.0512x? + 4.9122x — 42.7945 The Model 


where x represents age and F represents average annual expenditure in thousands 
of dollars. 

(c) Based on the quadratic function of best fit, the age of consumers with the greatest 
expenditures is 


b _ 4.9122 
2a 2(—0.0512) 


& 48.0 years 


(d) Evaluate the function E(x)atx — 48.0. 
E(48.0) = —0.0512 - 48.0? + 4.9122 - 48.0 — 42.7945 ғ 75.0 


According to the model, 48.0-year-olds have the greatest expenditures. On 
average, a 48.0-year-old spends about $75,000 annually. 


(e) Figure 42 shows the graph of the quadratic function found in part (b) drawn on 
the scatter plot. 


NORMAL FLOAT AUTO REAL RADIAN МР (1 NORMAL FLOAT AUTO REAL RADIAN МР П NORMAL FLOAT AUTO REAL RADIAN МР fl 


80 80 
о a y=ax?+bx+c 

a=-0. 0512358085 

b=4, 912231509 


^ á с= -42. 79447604 
в о 
15. + © TP А? 80 15. А 
30 30 
Figure 40 TI-84 Plus CE Figure 41 Quadratic regression Figure 42 
E(x) = —0.0512х° + 4.9122x — 42.7945 
-B 


Look again at Figure 41. Notice that the output given by the graphing calculator 
does not include r, the correlation coefficient. Recall that the correlation coefficient 
is a measure of the strength of a linear relation that exists between two variables. The 
graphing calculator does not provide an indication of how well the function fits the 
data in terms of r, since a quadratic function is not linear. 


\ Now Work PROBLEM 17 
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CHAPTER 2 Linear and Quadratic Functions 


2.6 Assess Your Understanding 


4 


1. 


Translate the following sentence into a mathematical 
equation: The area A of a circle equals the product of the 
square of its radius r and the constant т. (p. A76) 


Applications and Extensions 


\ з. 


Мз. 


Maximizing Revenue The price p (in dollars) and the 
quantity x sold of a certain product satisfy the demand equation 
x = —6p + 600 

(a) Find a model that expresses the revenue R as a function 
of p. (Remember, R = xp.) 

(b) What is the domain of R? Assume R is nonnegative. 

(c) What price p maximizes the revenue? 

(d) What is the maximum revenue? 

(e) How many units are sold at this price? 

(f) Graph R. 

(g) What price should the company charge to earn at least 
$12,600 in revenue? 


. Maximizing Revenue The price p (in dollars) and the 


quantity x sold of a certain product satisfy the demand equation 
x — —3p 4- 360 

(a) Find a model that expresses the revenue R as a function 
of p. 

(b) What is the domain of R? Assume R is nonnegative. 

(c) What price p maximizes the revenue? 

(d) What is the maximum revenue? 

(e) How many units are sold at this price? 

(f) Graph R. 

(g) What price should the company charge to earn at least 
$9600 in revenue? 


. Maximizing Revenue The price p (in dollars) and the 


quantity x sold of a certain product satisfy the demand equation 
x = —5p + 100 

(a) Find a model that expresses the revenue R as a function 
of p. 

(b) What is the domain of R? Assume R is nonnegative. 

(c) What price p maximizes the revenue? 

(d) What is the maximum revenue? 

(e) How many units are sold at this price? 

(f) Graph R. 

(g) What price should the company charge to earn at least 
$480 in revenue? 


. Maximizing Revenue The price p (in dollars) and the 


quantity x sold of a certain product satisfy the demand equation 
x — —20p 4- 500 

(a) Find a model that expresses the revenue R as a function 
of p. 

(b) What is the domain of R? Assume R is nonnegative. 

(c) What price p maximizes the revenue? 

(d) What is the maximum revenue? 

(e) How many units are sold at this price? 

(f) Graph R. 

(g) What price should the company charge to earn at least 
$3000 in revenue? 


Now Work Q 1. Modeling 1. Writing 


fe 2. 


мо 


10. 
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H 


12. 


fe 1. Graphing Tech 


Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


Use a graphing utility to find the line of best fit for the 
following data: (pp. 144-145) 


Enclosing a Rectangular Field David has 400 yards of 

fencing and wishes to enclose a rectangular area. 

(a) Express the area A of the rectangle as a function of the 
width w of the rectangle. 

(b) For what value of w is the area largest? 

(c) What is the maximum area? 


. Enclosing a Rectangular Field Beth has 3000 feet of fencing 


available to enclose a rectangular field. 

(a) Express the area A of the rectangle as a function of x, 
where x is the length of the rectangle. 

(b) For what value of x is the area largest? 

(c) What is the maximum area? 


. Enclosing the Most Area with a Fence A farmer with 


4000 meters of fencing wants to enclose a rectangular plot 
that borders on a river. If the farmer does not fence the side 
along the river, what is the largest area that can be enclosed? 
(See the figure.) 


Enclosing the Most Area with a Fence A farmer with 
2000 meters of fencing wants to enclose a rectangular plot 
that borders on a straight highway. If the farmer does not 
fence the side along the highway, what is the largest area that 
can be enclosed? 


Suspension Bridge A suspension bridge with weight uniformly 
distributed along its length has twin towers that extend 
75 meters above the road surface and are 400 meters apart. The 
cables are parabolic in shape and are suspended from the tops 
of the towers. The cables touch the road surface at the center of 
the bridge. Find the height of the cables at a point 100 meters 
from the center. (Assume that the road is level.) 


Architecture A parabolic arch has a span of 120 feet and 
a maximum height of 25 feet. Choose suitable rectangular 
coordinate axes and find the equation of the parabola. Then 
calculate the height of the arch at points 10 feet, 20 feet, and 
40 feet from the center. 


A Calculus Preview Zr 1. Applet-Based 
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13. Constructing Rain Gutters A rain gutter is to be made of mN Life Cycle Hypothesis An individual’s income varies with 


14. 


15. 


16. 


aluminum sheets that are 12 inches wide by turning up the 

edges 90*. See the figure. 

(a) What depth will provide maximum cross-sectional area 
and allow the most water to flow? 

(b) What depths will allow at least 16 square inches of water 
to flow? 


Norman Windows A Norman window has the shape of a 
rectangle surmounted by a semicircle of diameter equal to 
the width of the rectangle. See the figure. If the perimeter of 
the window is 20 feet, what dimensions will admit the most 
light (maximize the area)? 


Credit: Geno EJ Sajko Photography/ 
Shutterstock 


Constructing a Stadium A track-and-field playing area is in 
the shape of a rectangle with semicircles at each end. See the 
figure. The inside perimeter of the track is to be 1500 meters. 
What should the dimensions of the rectangle be so that the 
area of the rectangle is a maximum? 


Architecture A special window has the shape of a rectangle 
surmounted by an equilateral triangle. See the figure. If the 
perimeter of the window is 16 feet, what dimensions will 
admit the most light? 


[Hint: Area of an equilateral triangle — УЗ м, where x is 
the length of a side of the triangle.] 


218. 


age. The following table shows the median weekly income 7 
of different age groups within the United States for 2021. 
For each age group, let the class midpoint represent the 
independent variable, x. For the class “65 years and older,” 
we will assume that the class midpoint is 69.5. 


Median 
Income, / 


Class 
Midpoint, x 


16-19 years 
20-24 years 
25-34 years 
35—44 years 
45-54 years 
55—64 years 
65 years and older 


Source: Bureau of Labor Statistics 


(a) Use a graphing utility to draw a scatter plot of the data. 
Comment on the type of relation that may exist between 
the two variables. 

(b) Use a graphing utility to find the quadratic function of 
best fit that models the relation between age and median 
income. 

(c) Use the function found in part (b) to determine the 
age at which an individual can expect to earn the most 
income. 

(d) Use the function found in part (b) to predict the peak 
weekly income earned. 

(e) With a graphing utility, graph the quadratic function of 
best fit on the scatter plot 


Height of a Ball A [ Distance,x Height, h 


shot-putter throws a 
ball at an inclination 
of 45° to the horizontal. 
The data in the table 
represent the height 
of the ball Л, in feet, 
at the instant that it 
has traveled x feet 
horizontally. 

(a) Use a graphing 
utility to draw a 
scatter plot of the 
data. Comment 
on the type of 
relation that may exist between the two variables. 

(b) Use a graphing utility to find the quadratic function of 
best fit that models the relation between distance and 
height. 

(с) Use the function found in part (b) to determine how far 
the ball will travel before it reaches its maximum height. 

(d) Use the function found in part (b) to find the maximum 
height of the ball. 

(e) With a graphing utility, graph the quadratic function of 
best fit on the scatter plot. 
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20. 


te 19. Mixed Practice Which Model? The following data 


represent the square footage and rents (dollars per month) 
for apartments in the La Jolla area of San Diego, California. 


Square Footage, x 


Rent per Month, R 


Source: apartments.com 


(a) Using a graphing utility, draw a scatter plot of the data 
treating square footage as the independent variable. 
What type of relation appears to exist between square 
footage and rent? 

(b) Based on your response to part (a), find either a linear 
or a quadratic model that describes the relation between 
square footage and rent. 

(c) Use your model to predict the rent for an apartment in 
San Diego that is 875 square feet. 


Mixed Practice Which Model? A cricket makes a chirping 
noise by sliding its wings together rapidly. Perhaps you have 
noticed that the number of chirps seems to increase with 
the temperature. The following data list the temperature (in 
degrees Fahrenheit) and the number of chirps per second for 
the striped ground cricket. 


A \ Temperature (°F), x Chirps per Second, C 


Source: Pierce, George W. The Songs of Insects. Cambridge, 
MA: Harvard University Press, 1949, pp. 12-21 


(a) Using a graphing utility, draw a scatter plot of the data, 
treating temperature as the independent variable. What 
type of relation appears to exist between temperature 
and chirps per second? 

(b) Based on your response to part (a), find either a linear 
or a quadratic model that best describes the relation 
between temperature and chirps per second. 

(c) Use your model to predict the chirps per second if the 
temperature is 80°F. 


Explaining Concepts: Discussion and Writing 


27. Refer to Example 1 in this section. Notice that if the price 


charged for the calculators is $0 or $140, then the revenue is $0. 


Ш 21. 


Ж 22. 


Х 23. 


А 24. 


Ж 25. 


Х 26. 


Mixed Practice Which Model? The following data represent 
the birth rate (births per 1000 population) for females whose 
age is a, in 2019. 


Source: National Vital Statistics 
Reports, 2021 


(a) Using a graphing utility, draw a scatter plot of the data, 
treating age as the independent variable. What type of 
relation appears to exist between age and birth rate? 

(b) Based on your response to part (a), find either a linear ora 
quadratic model that describes the relation between age and 
birth rate. 

(c) Use your model to predict the birth rate for 35-year-old 
women. 

Challenge Problem Simpson's Rule The figure shows 

the graph of y = ax? + bx + c. Suppose that the points 

(—h, уо), (0, уу), and (Л, y, ) are on the graph. It can be 

shown that the area enclosed by the parabola, the x-axis, and 

thelines x = —h and x = his 


Area — A ah? + 6c) 


Show that this area may also be given by 


h 
Area = 3 (Vo + 4у + y2) 
Va 
(h, Yo) 
(0, у) Г 
(=h, Yo) | 
1 1 
=h h x 
Challenge Problem Use the result obtained in Problem 22 
to find the area enclosed by f(x) = —5x? + 8, the x-axis, 
and the lines x = —landx = 1. 


Challenge Problem Use the result obtained in Problem 22 
to find the area enclosed by f(x) = 2x? + 8, the x-axis, and 
the lines x = —2 and x = 2. 


Challenge Problem Use the result obtained in Problem 22 


to find the area enclosed by f(x) = x? + 3x + 5, the x-axis, 
and the lines x — —4 and x — 4. 
Challenge Problem Use the result obtained in Problem 22 
to find the area enclosed by f(x) = —x? + x + 4, the x-axis, 
and the lines x = —1 and x = 1. 


It is easy to explain why revenue would be $0 if the price charged 
were $0, but how can revenue be $0 if the price charged is $140? 
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Retain Your Knowledge 


Problems 28-37 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


28. Find the distance between the points Р, = (4, —7) 35. Find the function that is finally graphed after all three of 
and P, — (—1, 5). the following transformations are applied to the graph of 


29. Find the equation of the circle with center (—6, 0) and f(x) = V9 – х2: 
radius r = v7. (1) Shift left 3 units 


30. Solve:5x? + 8x – 3 = 0 | 
г , ; (2) Vertical stretch by a factor of 2 
31. Find the x-intercept and y-intercept of the 


graph of 5x + 7y = 140. (3) Shift down 4 units 
32. Solve:3|2x — 1| + 5 > 26 Х 36. Find the difference quotient of f: f(x) = 
33. Find the quotient and remainder: и 
x? — 7x? + 19x — 15 is divided by x — 3 
5x — 1 
x? — 16x 


3 
—1 


/Х 37. Factor completely: 
A(x DG = 7)? + 5(х + D'i - 7)4 


34, Find the domain of f(x) = 


‘Are You Prepared?’ Answers 
1. А = or? 2. у = 1.7826х + 4.0652 


2.7 Complex Zeros of a Quadratic Function* 


PREPARING FOR THIS SECTION Before getting started, review the following: 


• Real numbers (Appendix A, Section A.1, pp. A3-A4) * Complex numbers (Appendix A, Section A.11, 
рр. A92-A97) 


AN Now Work the ‘Are You Prepared?’ problems on page 190. 


OBJECTIVE 1 Find the Complex Zeros of a Quadratic Function (p. 187) 


1 Find the Complex Zeros of a Quadratic Function 


For a function f, the solutions of the equation f(x) = 0 are called the zeros of f. 
When we are working in the real number system, these zeros are called real zeros 
of f. When we are working in the complex number system, these zeros are called 
complex zeros of f. 


| EXAMPLE 1 | Finding Complex Zeros of a Quadratic Function 


Find the complex zeros of each of the following quadratic functions. Graph each 
function and label the intercepts. 


(a) f(x) = x? - 4 (b) g(x) = x? +9 
Solution (а) То find the complex zeros of f(x) = x? — 4,solve the equation f(x) = 0. 
f(x) = 0 
х2 -4= 0 Рх) = х2 —4 
х? = 4 Add 4 to both sides. 
х= +У4 Use the Square Root Method. 
х= +2 


The complex zeros of f are —2 and 2. Because the zeros are real numbers, 
the x-intercepts of the graph of f are —2 and 2. Figure 43 shows the graph of 
f(x) = x? — 4 with the intercepts labeled. 


Figure 43 f(x) = x2 - 4 (continued) 


*This section is optional and may be omitted without loss of continuity. 
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Figure 44 g(x) = x? - 9 


(b) To find the complex zeros of g(x) = x? + 9, solve the equation g(x) = 0. 


g(x) = 0 
х2 +9 = 0 g(x) = х2 +9 
x? = —9 Subtract 9 from both sides. 
X = +У—-9  Usethe Square Root Method. 
x = +31 


The complex zeros of g are —3i and 3i. Because neither of the zeros is a real 
number, there are no x-intercepts for the graph of g. Figure 44 shows the graph 
of g(x) = x? + 9. D 


\ Now Work PROBLEM 9 
Next, the quadratic formula is restated for use in the complex number system. 


THEOREM Quadratic Formula 


In the complex number system, the solutions of the quadratic equation 
ax? + bx + c = 0, where a, b, and с are real numbers and a = 0, are given 


by the formula 
= —b + Vb? — 4ac 
x= 2 (1) 
a 


In the complex number system, a quadratic equation has either one solution or 
two solutions. 


| EXAMPLE 2 | Finding Complex Zeros of a Quadratic Function 


Solution 


(-3, -7) 8 


Figure 45 f(x) = x? + 6x + 2 


Find the complex zeros of each of the following quadratic functions. Graph each 
function and label the intercepts. 


(a) f(x) = x? -- 6x -2 (b) g(x) = x? – 4х +8 


(a) To find the complex zeros of f(x) = x? + бх + 2, solve the equation f(x) = 0. 
f(x) = 0 
x? + 6х +2 = 0 f(x) = x2 + 6x42 
Неге а = 1,Ь = 6,c = 2, and b? — 4ac = 6? — 4(1)(2) = 28. Using 


equation (1), 


—6 + V28 _ -64247 _ _уу уут 


2d) 2 


The complex zeros of f are —3 — V7 ~ —5.65 and —3 + V7 = —0.35. 
Because the zeros are real numbers, the x-intercepts of the graph of f are also 
—3 — V7 я —5.65 and —3 + V7 e —0.35. Figure 45 shows the graph of 
f(x) = x? + бх + 2 with the x-intercepts labeled. 


(b 


a 


To find the complex zeros of g(x) = x? — 4x + 8, solve the equation g(x) = 0. 


g(x) = 0 
x? —4x+8=0 g(x) = х2 – 4х +8 


Herea = 1, b = —4, c = 8,andb? — 4ас = (—4)? — 4(1)(8) = —16. Using 
equation (1), 
_ —(-4)+ 4-16 _ 4 


x= = = — = 2 + 21 
2(1) 2 


| 
T 
= 


(continued) 
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Vv Check: 


24-395 g(2 + 2i) = (2 + 2i) — 4(2 + 2i)+8=4+ 8% +42—-8—%®Ы+8 
=4-4=0 
= 3) 62 = дї) = (2 ру А00 00) 458 =4— 844 = 2 + 8 ee 


The complex zeros of f are 2 — 2i and 2 + 2i. Because neither of the zeros is 
a real number, the graph of g has no x-intercepts. Figure 46 shows the graph of 
L g(x) = х? — 4x + 8. E 


\ Now Work PRoBLEM 15 
Figure 46 g(x) = x? – 4x +8 

The discriminant b? — 4ac still serves as a way to determine the character of the 
solutions of a quadratic equation. 


Character of the Solutions of a Quadratic Equation 
In the complex number system, consider a quadratic equation 
ax? + bx + c = 0 with real coefficients. 
e [f b? — Дас > 0, the equation has two unequal real solutions. 
e [f b? — 4ac = 0, the equation has a repeated real solution, a double root. 


e [f b? — 4ac < 0,the equation has two complex solutions that are not real. 
The complex solutions are conjugates of each other. 


The third conclusion in the display is a consequence of the fact that if 


b? — 4ac = —N < 0, then the solutions are 
xu rib dae. SD EWEN арон b NC 
2a 2a 2a 2a 2a 
and 


-b — Vb? —4ac | -b— М-М _ -b-VNi _ -b VN 
2a 2a 2a 2a 2a 


which are conjugates of each other. 
Therefore, when b? — 4ac « 0, the zeros of the quadratic function 
f(x) = ax? + bx + c will be conjugates of each other. 


| EXAMPLES | Determining the Character of the Solutions of a Quadratic Equation 


Without solving, determine the character of the solutions of each equation. 


(a) 3х2 + 4x 5 = 0 (b) 2x? + 4х+1= 0 (с) 9х2 – 6х +1 = 0 


Solution (a) Here a = 3, b = 4, and с = 5, so b? — 4ac = 16 — 4(3)(5) = —44. The 
solutions are two complex numbers that are not real and are conjugates of each 
other. 


(b) Herea = 2, b = 4,andc = 1,so b? — 4ac = 16 — 8 = 8. The solutions are 
two unequal real numbers. 


(c) Here a = 9, b = —6, and c = 1, so b? — 4ac = 36 — 4(9)(1) = 0. a 
solution is a repeated real number that is, a double root. 


\ Now Work PROBLEM 25 
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2.7 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Name the integers and the rational numbers in the set 4. The conjugate of 2 + Siis . (pp. A92-A97) 
{-3, 0, V2, E т}. (рр. A3-A4) 5. True or False АП real numbers are complex numbers. 
5 (рр. A92-A97) 
2. True or False Rational numbers and irrational numbers are JEI 
in the set of real numbers. (pp. A3-A4) 6V—-81=_ (pp. A92-A97) 
3. (2 + 1)(3 – 4i) = (рр. A92-A97) 


Concepts and Vocabulary 


7. 1£2 — 3i isa zero of a quadratic function with real coefficients, 8. True or False Consider the quadratic function 
then is also a zero. f(x) = ax? + bx + c. I£ b? — 4ac > 0, then the graph of f 
will have two unequal x-intercepts. 


Skill Building 
In Problems 9—24, find the complex zeros of each quadratic function. Graph each function and label the intercepts. 
No у(х) m x? 44 10. f(x) = x2 9 11. f(x) = x? — 16 12. f(x) = x? + 25 
13. f(x) x 6х 418. M. f(x) x? 44x48 N 15. f(x) = x? — 6x +10 16. f(x) = х2 -2x +5 
17. f(x) = x? —4x +1 18. f(x) = x? + 6x - 1 19. f(x) = 2x? + 2x +1 20. f(x) = 3x? + 6x + 4 
21. f(x) = x? - x +1 22. f(x) = х2 - x - 1 23. f(x) = —2x? + 8x +1 24. f(x) = —3x? + 6x +1 


In Problems 25—30, without solving, determine the character of the solutions of each equation in the complex number system. 
N 25, 3x3? -3x 4 = 0 26. 2х2 - 4x +1=0 27. 2x? + 3x —4 = 0 
28. x? + 2x +6 = 0 29. 9x? – 125 +4 = 0 30. 4х2 + 12x +9 = 0 


Mixed Practice In Problems 31-34, find all complex zeros of each function. 
31. f(t) = tt — 16 32. С(у) = y^ - 81 33. F(x) = x6 — 9x? + 8 34. P(z) = zê + 28z3 + 27 


Retain Your Knowledge 


Problems 35-38 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


x + 2 


35. Let f(x) = Е and g(x) = Y 
х x 


+1 
36. Use the relation whose graph is shown to the right to answer the following questions. 
(a) Find the domain and the range. 
(b) Find the intercepts, if any. 
(c) Find any symmetry with respect to the x-axis, the y-axis, or the origin. 
(d) Determine whether the relation is a function. 


Find(g — f)(x), and determine its domain. 


37. Use a graphing utility to graph f(x) = x^ — 9x? over the interval (—4, 4). 
“| Approximate any local maximum values and any local minimum values. Determine 
where f is increasing and where it is decreasing. Round answers to two decimal places. 


38. y varies inversely with x?. If y = 24 when x = 5, write the general formula to describe 
the variation. 


‘Are You Prepared?’ Answers 


1. Integers: {—3, 0}; rational numbers: {—3, 0, $} 2. True 3. 10 — 5i 4. 2— 5i 5. True 6. 9i 
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2.8 Equations and Inequalities Involving 
the Absolute Value Function 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Graph Inequalities (Appendix A, Section A.1, * Interval Notation; Solving Inequalities (Appendix A, 
pp. A4-A5) Section A.10, pp. A84-A89) 
* Solving Equations (Appendix A, Section A.8, Absolute Value Function (Section 1.4, pp. 86-88) 
pp. A66-A72) Graphing Techniques: Transformations (Section 1.5, 
pp. 97-106) 


\ Now Work the ‘Are You Prepared?’ problems on page 193. 


OBJECTIVES 1 Solve Absolute Value Equations (p. 191) 
2 Solve Absolute Value Inequalities (p. 192) 


1 Solve Absolute Value Equations 


Recall that on the real number line, the absolute value of a equals the distance from 
the origin to the point whose coordinate is a. For example, there are two points whose 
distance from the origin is 5 units, —5 and 5. See Figure 47. Thus the equation |x| = 5 
will have the solution set {—5, 5}. 


5 units 5 units 
A 


p d$ ү py [p p ү у 3 
-6 -5 =3 0 3 


Figure 47 |x|=5 


л = 
Y 


The equation |u|= a leads to two equations depending on whether и is 
nonnegative (greater than or equal to zero) or negative. 


Ки < 0 Ки > 0 
jul =a jul =a 
—u-a |u| = —u whenu < 0 и = а |u| = u whenu > 0 


u = —a Multiply both sides by —1. 


This leads to the following result. 


THEOREM Equations Involving Absolute Value 


Ifais a positive real number and if u is any algebraic expression, then 


|и| = a isequivalentto и = а or 


Solving an Equation That Involves Absolute Value 
Solve the equation: |x + 2| = 5 


Solution Тһе equation follows the form of equation (1), where и = x + 2. There are two 


possibilities: 
Y4 

3 f(x) = x + 2l х+2=5 or х+2=—5 

x—3 х=—7 
Ё The solution set is {—7, 3}. -B 
To visualize the solution, graph f(x) = |x + 2| and g(x) = 5. See Figure 48. 
=g Box 27 2 AX The x-coordinates of the points of intersection are —7 and 3, the solutions of the 

—2} equation f(x) = g(x). 


Figure 48 \ Now Work PRoBLEMS 13(a) AND 19 
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f(x) = Ix] Equation (1) requires that a be a positive number. Ifa = 0, equation (1) becomes 
|u| = 0, which is equivalent to u = 0. If ais less than zero, the equation has по real 
solution. To see why, consider the equation |x| = —2. Figure 49 shows the graphs 
of f(x) = |x| and g(x) = —2. Notice that the graphs do not intersect, which 
implies that the equation |x| = —2 has no solution. The solution set is the empty 
set,@or{ }. 


C === 2 Solve Absolute Value Inequalities 


Let’s look at an inequality involving absolute value. Once again, the graph of the 
absolute value function makes it easier to visualize the results of the algebra. 


| EXAMPLE 2 | Solving an Inequality That Involves Absolute Value 


Solve the inequality: |x| < 4 


Figure 49 


Solution Тһе solution is the set of all points whose coordinate x is a distance less than 4 units 
from the origin. See Figure 50 for an illustration. 


Less than 4 units Because any x between —4 and 4 satisfies the condition |x| < 4, the solution set 
m from origin ————>| consists of all numbers x for which -4 < x < 4—that is, all x in the interval (—4, 4). 
J 


-5 -4 -3 -2 -1 0 1 2 3 4 


Figure 50 |x| <4 To visualize the results of Example 2, graph f(x) = |x| and g(x) = 4. See 


Figure 51. When solving f(x) < g(x), look for all x-coordinates such that the graph of 
f (x) is below the graph of g(x). From the graph, notice that the graph of f(x) = |x| 
is below the graph of g(x) = 4 for all x between —4 and 4. Therefore, the solution set 
consists of all x for which -4 < x < 4—that is, all x in the interval (—4, 4). 

The results of Example 2 lead to the following: 


f(x) = Ixl 


6 
(7-44 r (4,4) 


| | 
-6-4  .4L 4 6x THEOREM Inequalities Involving Absolute Value 


Figure 51 If ais any positive number and if u is any algebraic expression, then 


e |u| <a is equivalent to -a<u<a 


e |u| < а is equivalent to -a<u<a 


In other words, |u| < а 15 equivalent to —a < uandu < a. 


| EXAMPLE3 | Solving an Inequality Involving Absolute Value 


Solve the inequality |2x + 4| < 3, and graph the solution set. 


Solution 2x+ 4) <3 This follows the form of statement (3); 
the expression u = 2x + 4 is inside 
the absolute value bars. 


—3« 2x+4 <3 Use statement (3). 
—3— 4< 2x+4-4 €3-—4 Subtract 4 from each part. 
—7< 2x < -1 Simplify. 
7 2 —1 

= < > < 3 Divide each part by 2. 

-7 < x < E Simplify. 
e! 
то -i ES -i 0 2 1 The solution set is {| d <x< -5]-- that is, all x in the interval |-2, 1 
Figure 52 |2x + 4| <3 See Figure 52 for a graph of the solution set. -B 


\ Now Work PRoBLEMS 13(b) AND 49 
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| EXAMPLE 4 | Solving an Inequality Involving Absolute Value 


Solve the inequality: |x| > 3 


Solution Тһе solution is the set of all points whose coordinate x is a distance greater than 
3 units from the origin. Figure 53 illustrates the situation. 


LLL у, Any x less than —3 or greater than 3 satisfies the condition |x| > 3. Consequently, 

-5 -4-3-2-1 0 1 2 3 4 the solution set consists of all numbers x for which x < —30r x > 3—that is, all x in 
Figure 53 |x| > З the intervals (— oo, —3) U (3, oo). E 
f(x) = Ixl To visualize these results, graph f(x) = |x| and g(x) = 3. See Figure 54. When 


solving f(x) > g(x), look for all x-coordinates such that the graph of f is above the 
graph of g. From the graph, notice that the graph of f(x) = |x|is above the graph 
(—3, 3) of g(x) = 3 for all x less than —3 or all x greater than 3. Therefore, the solution set 
consists of all x for which x < —3 or x > 3. Using interval notation, the solution 
А is (—oo, —3) U (3, oo). 

x The results of Example 4 lead to the following: 


{| | | J | L1 
-4 -2 | 2 
-2r 

Figure 54 THEOREM Inequalities Involving Absolute Value 


If ais any positive number and и is any algebraic expression, then 


Need to Review? 


= z Е 
The symbol U stands for the e |u| > a isequivalentto u < —a or u>a 
union of two sets. Refer to 
^ page А2 if necessary. 


| €XAMPLE 5 | Solving an Inequality Involving Absolute Value 


Solve the inequality |2x — 5| > 3, and graph the solution set. 


e ju| > а isequivalentto u € —a or ua 


Solution [2x — 5| > 3 This follows the form of statement (4); the expression 
u — 2x — 5isinside the absolute value bars. 
2x 5 < –3 ог 2х-5>3 Use statement (4). 
2x —54-5«-345 or 2x—545» 3-5  Add5to each part. 
2x « 2 Or 2x >8 Simplify. 
= < = or x > ï Divide each part by 2. 
x< 1 or x>4 Simplify. 


——— a л ш. The solution set is {x|x < 1огх > 4}. Using interval notation, the solution 
-2 -1 0 1234567 is (оо, 1) U (4, oo). 
Figure 55 |2x -5| > 3 See Figure 55 for a graph of the solution set. 8 


{М CAUTION А соттоп error to be avoided is to attempt to write the solution x < lorx > 4 


as 1 >x > 4, which is incorrect, since there are no numbers x for which 1 > x and x > 4. 
Another common error is to “mix” the symbols and write1 < x > 4, which makes no sense. н 


\ Now Work PRoBLEMS 13(c) AND 53 


2.8 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Graph the inequality x > —2. (pp. A4-A5) 4. Solve3x — 2 > 7. (pp. А87-А88) 

2. Use a real number line to define |а|. (p. A5) 5. Solve —1 < 2x + 5 < 13. (pp. A88-A89) 

3. Solve 4x — 3 = 9. (pp. A67-A69) 6. Use transformations to graph the function f(x) = |x — 3]. 
(pp. 97-100) 


^, 1. Now Work Q 1. Modeling 1. Writing ra 1. Graphing Tech /& Calculus Preview “=: 1. Applet-Based 
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Concepts and Vocabulary 


7. The solution set of the equation |x| = 5 is { 1 11. Multiple Choice Which of the following pairs of inequalities 
8. The solution set of the inequality |x| < 5 is is equivalent to |х| > 4? 
{xl " (а) x > —4andx < 4 (b) x < —4andx < 4 
ee А | (с) x >—4orx > 4 (4) x < -4orx > 4 
9. True or False The equation |x| = —2 has no solution. 


10. True or False The inequality |x| > —2 has the set of real 


< —5 b <0 
numbers as its solution set. (a) |x| (b) |x| 


(c) |x| > 0 (d) |x| > 0 


Skill Building 


In Problems 13-16, use the graphs of the functions given to solve each problem. 


\ эз. f(x) = |х + 3; g(x) = 6 Ух) = 1+3 14. f(x) = |x — 2; g(x) = 2 Уһ f(x) = Ix— 21 
(a) f(x) = g(x) 8- (a) f(x) = g(x) 
(b) f(x) € g(x) (b) f(x) € g(x) 
(с) f(x) > g(x) g(x) =6 (c) f(x) > g(x) 


12. Multiple Choice Which of the following has no solution? 


rittiiii1 NA [от 
-12 -8 -4 4 x 


15. f(x) = [2х - Ц; g(x) = 5 f(x) = I2x — 11 16. f(x) = |2х + Ц; g(x) = 7 
(а) f(x) = g(x) (a) f(x) = g(x) 
(b) f(x) > g(x) ж: (b) f(x) > g(x) 
(с) f(x) < g(x) (с) f(x) < g(x) 


In Problems 17-44, find the real solutions, if any, of each equation. 


17. |3x| = 15 18. |3x| — 12 N 19, (2x 4 3 = 5 20. [3x — 1 = 
21. |1 — 4t] + 8 = 13 22, |1- 22] +6 = 9 23. |-2x| = 18| 24. —x| = 11 
8 à 
25. |-2|1x = 4 26. |3ix = 9 27.5|х| =3 28. 1х1 = 
2 x 1 1 

30. aps =2 зо. |z-z|-1 з1.|и—2| = —— 32. |2 — v| = —1 

3^5 2°3 E. H 
33:5 —|4х| = 4 34. 5 — 25 = 35. |x? — 9| = 36. |x? — 16| = 0 
37. |x? — 2x| = 3 38. |x? + x| = 12 39. |x? +х- 1 = 1 40. |x? + 3x 2 2 2 

z— =2 42. a =i 43. |x? + 3x| = |x? — 2x| 44. |x? — 2x| = |x? + 6x1 


In Problems 45-78, solve each inequality. Express your answer using set notation or interval notation. Graph the solution set. 


45. |2x| < 8 46. |3х| < 15 47. \7х| > 42 48. |2x| > 6 

Ў 49; [x—2| 42 <3 50. |х +4 -3« 5 51. 13. 2] < 4 52. |2и + 5| < 7 

NS. Dx 3 x3 54. |3x + 4| > 2 55. |1 — 4x| - 7 < —2 56. |1 — 2x] — 4 < —1 
57. |5 — 2x] > 7 58. |2 —3x| > 1 59. |—4х| +|—5| < 1 60. |-x|-14| € 2 
61. ]-2x| > | -- 3| 62. |-x-2/ 21 63. —3/2x — 5| > —21 64. —|1 — 2x| > -3 
65. |9x| « —5 66. |3x| > 0 67. |5x| > —1 68. |6x| < —2 
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2x +3 5 1 
– = 1 70. 3 — 1 l 
| 3 z| $ lx+i <3 
E ET 74. -JE—B > o 
3 6 
1 2x — 3 1 
77.5 =>, = 78. | j^! 
+ |x | 2 2 +3 


Applications and Extensions 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


Body Temperature “Normal” human body temperature 
is 98.6°F. If a temperature x that differs from normal by at 
least 1.5? is considered unhealthy, write the condition for an 
unhealthy temperature x as an inequality involving an 
absolute value, and solve for x. 


am 


p s 
QUU 


Credit: Nancy R. Cohen/Getty Images 


Tolerance Specifications for a rod in an internal combustion 
engine call for a length of 5.375 inches. Lengths within 
0.0025 inch of this length are acceptable. Express this situation 
as an inequality involving an absolute value. Use x as the 
actual rod length and solve for x. 


Fake News A Pew Research Center poll found that 64% of 
adult Americans believe that fake news is causing confusion 
about basic facts of current issues and events. Suppose that 
the researchers are 99% confident that the result from the 
pollis off by fewer than 3.9 percentage points from the actual 
percentage x of adult Americans who feel this way. Express 
this situation as an inequality involving absolute value, then 
solve the inequality for x to determine the interval in which 
the actual percentage is likely to fall. [Note: In statistics, this 
interval is called a 99% confidence interval.] 


Speed of Sound According to data from the Hill Aerospace 
Museum (Hill Air Force Base, Utah), the speed of sound 
varies depending on altitude, barometric pressure, and 
temperature. For example, at 20,000 feet, 13.75 inches of 
mercury, and —12.3°F, the speed of sound is about 707 miles 
per hour, but the speed can vary from this result by as much 
as 55 miles per hour as conditions change. 

(a) Using x for the speed of sound, express this situation as 

an inequality involving an absolute value. 
(b) Solve for x to find an interval for the speed of sound. 


Express the fact that x differs from 3 by less than К аз ап 
inequality involving an absolute value. Solve for x. 
Express the fact that x differs from —4 by less than 1 as an 
inequality involving an absolute value. Solve for x. 
Express the fact that x differs from —3 by more than 2 as an 
inequality involving an absolute value. Solve for x. 
Express the fact that x differs from 2 by more than 3 as an 
inequality involving an absolute value. Solve for x. 


In Problems 87-92, find a and b. 
87. If|x — 1] < 3, ћепа< x + 4 < b. 


88. 


If|x + 21 < 5, Шепа < х - 2 < b. 


71. |8 — 4x| € –13 


75. | 


89. 
90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 
100. 
101. 


2 


102. 
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72. |7x + 4| < —9 


3x —7 
5 


5—2x 
>4 
| 5 


76. >| > 8 


If | x + 4| 
If | x — 3| 


< 2,thena < 2x — 3 < b. 
< Lthena < 3x + 1 < b. 


l <p, 


If|x — 2| < < 
x — 10 


7, thena < 


Wixcd =o thee €t ch 
x45 


Prove the triangle inequality |a + b| < |a| + |b]. 


[Hint: Expand |a + b|? = (a + by), and use the fact 
thata < |а|.] 


Prove that |a — b| > |а| — |Ы. 
[Hint: Apply the triangle inequality from Problem 93 to 
[а] = (а — b) + Ы.) 


Mixed Practice If f(x) = —3|5x — 2| and g(x) = —9, 
solve: 


(a) f(x) = g(x) 

(b) f(x) > g(x) 

(с) f(x) € g(x) 

Mixed Practice If f (x) = —2|2x — 3| and g(x) = —12, 
solve: 

(a) f(x) — 
(b) f(x) > g(x) 


(с) f(x) < g(x) 

Mixed Practice If f(x) = |-3x + 2| and g(x) = x + 10, 
solve: 

(a) f(x) = g(x) 

(b) f(x) > g(x) 

(c) f(x) < g(x) 

Mixed Practice If f(x) = |4x — 3| and g(x) = x + 2, 
solve: 

(a) f(x) = g(x) 

(b) f(x) > g(x) 
(с) f(x) € g(x) 


g(x) 


Challenge Problem Solve |3x — |2x + 1|| = 4. 
Challenge Problem Solve |x + |3х — 2|| = 2. 
Challenge Problem If|2x — 5| = x + 13and|4 — 3y| = 2, 


what is the largest possible value of fs 


Challenge Problem Solve | 1 + 
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Explaining Concepts: Discussion and Writing 


103. The equation |x| = —2 has no solution. Explain why. 105. The inequality |x| > 0 has as its solution set {x|x = 0}. 
104. The inequality |x| > —0.5 has all real numbers as solutions. Explain why. 


Explain why. 


Retain Your Knowledge 


Problems 106—109 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


106. Let f(x) = |2x — 7|. Evaluate f (—4). 

107. Solve the inequality 2(x + 4) + x < 4(x + 2). Express the solution using interval — (-2,4) 
notation. Graph the solution set. 

108. Multiply (5 — i)(3 + 2i). Write the answer in the form a + bi. 


109. Use the graph of the function to the right to find: 
(a) The intercepts, if any. 
(b) The domain and range. 
(c) The intervals on which the function is increasing, decreasing, or constant. 
(d) Whether the function is even, odd, or neither. 


‘Are You Prepared?’ Answers 


1. ——— E————À—- 2. The distance from the origin to a is |а| for any real number a. 
—4 =2 0 
3. {3} 4.x >3 5.—3«x«4 6. 


Chapter Review 


Things to Know 


Linear function (p. 130) 
f(x) = mx +b Average rate of change = m 


Graph is a line with slope m and y-intercept b. 
Quadratic function (pp. 149, 164-165) 


f(x) = ах? + bx +c, = 0 Graph is a parabola that is concave up ifa > 0 and is concave down ifa « 0. 
Vertex:(-2, f(-2)] 
2a 2a 
Axis of symmetry: x = Б. 
2а 


y-intercept: f (0) 
x-intercept(s): If any, found by finding the real solutions of the equation 
ax? +bx+c=0 


Quadratic equation and quadratic formula 


—b + Vb? — 
The real solutions of the equation ax? + bx + c = 0, а = 0, аге given by x = Be - ай , provided b? — 4ac > 0. 
a 
If b? — 4ac « 0, there are no real solutions. (p. 154) 
—b + Vb? — 
In the complex number system, the solutions of the equation ax? + bx + c = 0, а = 0, аге given by x = = tac. (p. 188) 


2a 


Discriminant (pp. 155 and 189) 


If b? — 4ac > 0, there are two distinct real solutions. 


If b? — 4ac = О, there is one repeated real solution. 
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If b? — 4ac < 0, there are no real solutions, but there are two distinct complex solutions that are not real; the complex 
solutions are conjugates of each other. 


Absolute value 


If |u| = a, a > 0,thenu = —a oru = a. (p.191) 

If |u| < a, a > 0, ћеп-а € u < а. (p.192) 

If |u| 2 a, a > 0, ћепи € —a oru > a. (р. 193) 
Objectives 


Section 
21 


You should be able to... 


Graph linear functions (p. 130) 


2 Use average rate of change to identify linear functions (p. 130) 


3 
4 
5 
6 
y 
2 
3 
4 
5 
Y 
1 
2 
1 
1 
2 


Determine whether a linear function is increasing, decreasing, or 
constant (p. 133) 


Find the zero of a linear function (p. 134) 

Build linear models from verbal descriptions (p. 134) 
Draw and interpret scatter plots (p. 141) 

Distinguish between linear and nonlinear relations (p. 142) 
Use a graphing utility to find the line of best fit (p. 144) 
Find the zeros of a quadratic function by factoring (p. 150) 


Find the zeros of a quadratic function using the Square Root Method 
(p. 151) 
Find the zeros of a quadratic function by completing the square (p. 152) 


Find the zeros of a quadratic function using the quadratic formula (p. 153) 
Find the point of intersection of two functions (p. 156) 

Solve equations that are quadratic in form (p. 156) 

Graph a quadratic function using transformations (p. 162) 

Identify the vertex and axis of symmetry of a parabola (p. 164) 

Graph a quadratic function using its vertex, axis, and intercepts (p. 164) 
Find a quadratic function given its vertex and one other point (p. 167) 
Find the maximum or minimum value of a quadratic function (p. 168) 
Solve inequalities involving a quadratic function (p. 175) 

Build quadratic models from verbal descriptions (p. 179) 

Build quadratic models from data (p. 182) 

Find the complex zeros of a quadratic function (p. 187) 

Solve absolute value equations (p. 191) 


Solve absolute value inequalities (p. 192) 


Example(s) 


1 


Review Exercises 


1(a)-3(a), 
1(b)-3(b), 4 


5,6 
1(e)-3(e) 


4 

44 

51(a), 52(a), 53(a) 
51(b), 52(b), 53(a) 
52(c) 

7,8, 10 

9 


7-12 
7-12 

13,14 

15-18 

19-21 

22-26 
22-26 

30,31 
27-29, 47-49 
32, 33, 45(f) 
45, 46, 48-50 
53 

34-37 

38, 39 

40-43 


Review Exercises 


In Problems 1-3: 
(a) Determine the slope and y-intercept of each linear function. 
(b) Graph each function. Label the intercepts. 
(c) Determine the domain and the range of each function. 


(d) Determine the average rate of change of each function. 
(e) Determine whether the function is increasing, decreasing, or 
constant. 


1. f(x) = 2x – 5 3. G(x) = 4 4. Find the zero and y-intercept of f(x) = 2x + 14. 


2. A(x) = ty — 6 
: Use the zero and y-intercept to graph f. 
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In Problems 5 and 6, determine whether the function is linear or nonlinear. If the function is linear, determine the equation that defines 


y = f(x). 


In Problems 7-12, find the zeros of each quadratic function. What are the x-intercepts of the graph of the function? 


7. f(x) = x? +x- 72 8. Р(х) = 6x? — 13x — 5 9. g(x) = (x —3)? —4 
10. h(x) = 9x? + 6x +1 11. G(x) = 2x? — 4x — 1 12. f(x) = -2x? - x +1 
In Problems 13 and 14, solve f(x) = g(x). Graph each function and label the intersection points. 

13. f(x) = (x — 3}; g(x) = 16 14. f(x) = x? + 4x 5; g(x) = 4x- 1 
In Problems 15—18, find the real zeros of each function. What are the x-intercepts of the graph of the function? 

15. f(x) = x4 — 5x2 +4 16. F(x) = (x — 3? — 2(x — 3) — 48 

2 
17. h(x) = 3x — 13Jx — 10 18. f(x) = (i) = 41) =12 
x x 


In Problems 19-21, graph each function using transformations (shifting, compressing, stretching, and reflection). 
19. f(x) = (x—2)? 42 20. f(x) = —(x — 4)? 21. f(x) = 2(x - 1? +4 


In Problems 22-26, (a) graph each quadratic function by determining whether its graph is concave up or concave down and by finding its 
vertex, axis of symmetry, y-intercept, and x-intercepts, if any. (b) Determine the domain and the range of the function. (c) Determine where 
the function is increasing and where it is decreasing. 


22. f(x) = (x -2) +2 23. f(x) = pe - 16 24. f(x) = —Ax? + 4x 
25. f(x) = ух? +3х +1 26. f(x) = 3x? + 4x - 1 


In Problems 27-29, determine whether the given quadratic function has a maximum value or a minimum value, and then find the value. 
27. f(x) = 3х2 — 6x +4 28. f(x) = =x? + 8x – 4 29. f(x) = —3x? + 12x + 4 


In Problems 30 and 31, determine the quadratic function for which: 
30. Vertex is (2, —4); y-intercept is —16 31. Vertex is ( —1, 2); contains the point (1, 6) 


In Problems 32 and 33, solve each quadratic inequality. 
32. x? + 6x — 16 < 0 33. 3x? > 14x + 5 


In Problems 34—37 find the complex zeros of each quadratic function. Graph each function and label the intercepts. 


34. f(x) = x? +8 35. g(x) = x? + 2x — 4 36. р(х) = —2x? + 4x – 3 37. f(x) = Ax? + 4x + 3 
In Problems 38 and 39, solve each absolute value equation. 
38. |2x + 32 7 39. |2 —3x,/+2=9 


In Problems 40-43, solve each absolute value inequality. Express your answer using set-builder notation or interval notation. Graph 
the solution set. 
1 


40. |3x + 4| <5 41. 2x —5| > 9 42.2 +12 – 3х| < 4 43. 1 |2 —3x| < -4 
44. Sales Commissions ВШ has just been offered a sales position (d) Determine the sales required of Bill for his salary to 
e for a computer company. His salary would be $25,000 per exceed $150,000. 


year plus 1% of his total annual sales. 
(a) Find a linear function that relates Bill's annual salary, S, 
to his total annual sales, x. 
(b) If Bill's total annual sales were $1,000,000, what would x = 1500 — 10р 
Bill's salary be? (a) Find a model that expresses the revenue R as a function 
(c) What would Bill have to sell to earn $100,000? of the price p. 


45. Demand Equation The price p (in dollars) and the quantity 
x sold of a certain product obey the demand equation 


(b) What is the domain of К? 

(c) What unit price should be used to maximize revenue? 

(d) If this price is charged, what is the maximum 
revenue? 

(e) How many units are sold at this price? 

(f) What price should be charged to collect at least $56,000 
in revenue? 


46. Geometry The diagonal of a rectangle measures 10 inches. 
Qo If the length is 2 inches more than the width, find the 
dimensions of the rectangle. 


47. Minimizing Marginal Cost Callaway Golf Company has 
determined that the marginal cost C of manufacturing 
x golf clubs may be expressed by the quadratic function 


C(x) — 4.9x? — 617.4x 4- 19,600 


(a) How many clubs should be manufactured to minimize 
the marginal cost? 
(b) At this level of production, what is the marginal cost? 


48. Landscaping A landscape engineer has 200 feet of border 
to enclose a rectangular pond. What dimensions will result 
in the largest pond? 


49. Geometry A rectangle has one vertex on the line 
y = 10 — x, х > 0, another at the origin, one on the positive 
x-axis, and one on the positive y-axis. Find the largest area A 
that can be enclosed by the rectangle. 


50. Parabolic Arch Bridge A horizontal bridge is in the shape of 
a parabolic arch. Given the information shown in the figure, 
what is the height h of the arch 2 feet from shore? 


51. Developing a Linear Model from Data The following data 
represent the price p and quantity demanded per day q of 
24-in. OLED monitors. 


Price (dollars), | Quantity Demanded, q 


(a) Plot the ordered pairs ( p, q) in a Cartesian plane. 

(b) Show that quantity demanded q is a linear function of 
price p. 

(c) Determine the linear function that describes the relation 
between p and q. 

(d) What is the implied domain of the linear function? 

(e) Graph the linear function in the Cartesian plane drawn 
in part (a). 

(f) Interpret the slope. 

(g) Interpret the values of the intercepts. 


52. Bone Length Research performed at NASA, led by 
Dr. Emily R. Morey-Holton, measured the lengths of the right 
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humerus and right tibia in 11 rats that were sent to space on 
Spacelab Life Sciences 2. The following data were collected. 


Right Humerus RightTibia 
(mm), y 


(mm), x 


Source: NASA Life Sciences Data Archive 


(a) Draw a scatter plot of the data, treating length of the 
right humerus as the independent variable. 

(b) Based on the scatter plot, do you think that there is a 
linear relation between the length of the right humerus 
and the length of the right tibia? 

(c) If the two variables appear to be linearly related, use a 
graphing utility to find the line of best fit that models the 
relation between length of the right humerus and length 
of the right tibia. 

(d) Predict the length of the right tibia on a rat whose right 
humerus is 26.5 mm. 


53. Advertising A small manufacturing firm collected the 
following data on advertising expenditures A (in thousands 
of dollars) and total revenue R (in thousands of dollars). 


Total Revenue 
($1000s) 


Advertising 
Expenditures ($1000s) 


(a) Draw a scatter plot of the data. Comment on the type of 
relation that may exist between the two variables. 

te (b) Use a graphing utility to find the quadratic function of 
best fit that models the relation between advertising 
expenditures and total revenue. Use this model to 
determine the optimal level of advertising. 

(c) Use the model to predict the total revenue when the 
optimal level of advertising is spent. 

(d) Use a graphing utility to draw a scatter plot of the data, 
and then graph the quadratic function of best fit on the 
scatter plot. 
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CHAPTER 
Test Prep The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Chapter Test VIDEOS 


exercises. These videos are available in MyLab™ Math. 


1. For the linear function f(x) = —4x + 3: 11. Determine whether f(x) = —2x?+12x+3 has a 
(a) Find the slope and y-intercept. maximum or a minimum value. Then find the maximum or 
(b) Determine whether f is increasing, decreasing, or minimum value. 

constant. 2 
Д : = EE 
O Orph 12. Bue X 10x + 24 > 0 | 

2. Determine whether the given function is linear or nonlinear. ГЫ па ne corn piece GO) A) = AA ч аш S. 

Ifit is linear, determine the equation that defines y = f(x). 14. Solve: |3x + 1| = 8 


In Problems 15 and 16, solve each absolute value inequality. Express 
your answer using set-builder notation or interval notation. Graph 
the solution set. 
x3 
4 
17. RV Rental The weekly rental cost of a 20-foot recreational 

G vehicle is $129.50 plus $0.15 per mile. 

Source: westernrv.com 

(a) Find a linear model that expresses the cost C as a 

function of miles driven m. 

(b) What is the rental cost if 860 miles are driven? 

З) = 3x2 2x18 (с) How many miles were driven if the rental cost is 


$213.80? 
4. G(x) = —2x? + 4х +1 
18. The price p (in dollars) and the quantity x sold of a certain 


15. | EE 16. (22 Bi 24S 3 


In Problems 3 and 4, find the zeros of each quadratic function. 


5. Given that f(x) = x? + 3x and g(x) = 5x + 3, solve product obey the demand equation p = EI 4- 1000. 


f(x) = g(x). Graph each function and label the points of 0 
intersection. (a) Find a model that expresses the revenue R as a function 
6. Find the real zeros of f(x) = (x — ie Ae SiGe Sy) nib of x. 


(b) What is the revenue if 400 units are sold? 


= 2 à Я 
1 шй р ооо олоо (с) What quantity x maximizes revenue? What is the 


In Problems 8 and 9: maximum revenue? 
(a) Determine whether the graph is concave up or concave (d) What price should the company charge to maximize 
down. revenue? 
(b) Determine the vertex of the graph of the quadratic 19. Consider these two datasets: 
function. 
(c) Determine the axis of symmetry of the graph of the Set A 
quadratic function. 
(d) Determine the intercepts of the graph of the quadratic жойы. 0 9 1 2 2 
function. 5 2 1 8 —12 —10 
(e) Use the information in parts (а)—(4) to graph the quadratic 
function. Set B 
(f) Based on the graph, determine the domain and the range 
А 7 х |=2 —1 0 0 1 2 
of the quadratic function. 
(g) Based on the graph, determine where the function is 10 4 2 5 10 32 


increasing and where it is decreasing. А 
Опе data set follows a linear pattern, and one data set follows 
8. f(x) = 3x? — 12x + 4 9. g(x) = -2x* + 4x - 5 a quadratic relation. 

10. Determine the quadratic function for the given graph. (a) Draw a scatter plot of each data set. Determine 
which is linear and which is quadratic. For the linear 
data, indicate whether the relation shows a positive or 
a negative slope. For the quadratic relation, indicate 
whether the quadratic function of best fit will be concave 
up or concave down. 

Ш (b) For the linear data set, find the line of best fit. 

~ (c) For the quadratic data set, find the quadratic function of 
best fit. 
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6. Graph the equation x? + 


. Find the distance between the points Р = (—1, 3) and 


Q — (4, —2). Find the midpoint of the line segment 
POLO 


. Which of the following points are on the graph of 


у = х? – 3х + 1? 


(а) (-2, -1) (b) (2, 3) (с) (3, 1) 


. Solve the inequality 5x + 3 > 0 and graph the solution set. 
. Find the equation of the line containing the points (—1, 4) 


and (2, —2). Express your answer in slope-intercept form, 
and graph the line. 


. Find the equation of the line perpendicular to the line 


y = 2x + 1 and containing the point (3, 5). Express your 
answer in slope-intercept form, and graph the line. 


у? – 4х + 8у – 5 = 0. 


7. Determine whether the following relation represents а 


10. 


11. 


hunetions{ ЭЗ) а) 


. For the function f defined by f(x) = x? — 4х + 1, evaluate: 


(a) f(2) (b) f(x) + f(2) 
(с) f(—x) (d) —f(x) 
(e) f(x + 2) с аис 
. Find the domain of h(z) = 32 — 1 
6z = 7 


Determine whether the following graph is the graph of a 
function. 


хү 


x 
ce 


Consider the function f(x) = 


(a) Is the point (1. j on the graph of f? 

(b) If x = —2, what is f (x)? What point is on the graph 
of f? 

(c) If f(x) = 2, what is x? What point is on the graph 
of f? 


Г 


15. 


. 15 ће function f(x) = 


D 13. 


Cumulative Review 201 


even, odd, or neither? 


Eo 
2x +1 
Approximate the local maxima and the local minima of 
f(x) = x? — 5x +1 on (—4, 4). Determine where the 
function is increasing and where it is decreasing. 


ЕРО) = Зх Sand g(x) = 2х 1 


(a) Solve f(x) = g(x). 
(b) Solve f(x) > g(x). 
For the graph of the function f, 


xy 


(a) Find the domain and the range of f. 
(b) Find the intercepts. 


(c) Is the graph of f symmetric with respect to the x-axis, the 
y-axis, or the origin? 

(d) Find f(2). 

(e) For what value(s) of x is f(x) = 3? 

(f) Solve f(x) « 0. 

(g) Graph y = f(x) + 2. 

(h) Graph y = f(—x). 

(i) Graph y = 2f(x). 

(j) Is f even, odd, or neither? 


(k) Find the interval(s) on which f is increasing. 
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Chapter Projects 


Credit: Andriy Popov/123RF.com 


@) Internet-based Project 


1. 


The Beta of a Stock You want to invest in the stock market 
but are not sure which stock to purchase. Information is the 
key to making an informed investment decision. One piece 
of information that many stock analysts use is the beta of 
the stock. Go to Wikipedia (http://en.wikipedia.org/wiki/ 
Beta (finance)) and research what beta measures and what it 
represents. 


1. 


Approximating the beta of a stock. Choose a well-known 
company such as Google or Coca-Cola. Go to a website 
such as Yahoo! Finance (http://finance.yahoo.com/) and 
find the weekly closing price of the company's stock for 
the past year. Then find the closing price of the Standard 
& Poor's 500 (S&P500) for the same time period. To get 
the historical prices in Yahoo! Finance, select the price 
graph, choose Basic Chart, then scroll down and select 
Historical Prices. Choose the appropriate time period and 
select Weekly. Finally, select Download to Spreadsheet. 
Repeat this for the S&P500, and copy the data into 
the same spreadsheet. Finally, rearrange the data in 
chronological order. Be sure to expand the selection 
to sort all the data. Now, using the adjusted close price, 
compute the percentage change in price for each week 
Р, – 


В Р, 
using the formula % change = °. For example, 


if week 1 price is in cell D1 and week 2 price is in 
D2 — D1 


cell D2, then % change = 
D1 


S&P500 data. 


. Repeat this for the 


Using Excel to draw a scatter plot. Treat the percentage 
change in the S&P500 as the independent variable and the 
percentage change in the stock you chose as the dependent 
variable. The easiest way to draw a scatter plot in Excel 
is to place the two columns of data next to each other 
(for example, have the percentage change in the S&P500 
in column F and the percentage change in the stock you 
chose in column G). Then highlight the data and select the 
Scatter Chart icon under Insert. Comment on the type of 
relation that appears to exist between the two variables. 


Finding beta. To find beta requires that we find the line 
of best fit using least-squares regression. The easiest 
approach is to click inside the scatter plot. Across the 
top of the screen you will see an option entitled *Chart 
Layouts." Select the option with a line drawn on the 
scatter plot and fx labeled on the graph. The line of best fit 
appears on the scatter plot. See an example given below. 


y = 0.9046x + 0.0024 А2 = 0.4887 
ө Series 1 == Linear (series 1) 


The line of best fit for this datais y = 0.9046x + 0.0024. 
You may click on Chart Title or either axis title and insert 
the appropriate names. The beta is the slope of the line of 
best fit, 0.9046. We interpret this by saying, “If the S&P500 
increases by 1%, then this stock will increase by 0.9%, 
on average.” Find the beta of your stock and provide an 
interpretation. NOTE: Another way to use Excel to find 
the line of best fit requires using the Data Analysis Tool 
Pack under Add-ins. 


The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 


П. Cannons A battery commander uses the weight of a missile, its initial velocity, and the position of its gun to determine where the 


missile will travel. 


function. 


Ш. First and Second Differences Finite differences provide a numerical method that is used to estimate the graph of an unknown 


IV. CBL Experiment Computer simulation is used to study the physical properties of a bouncing ball. 


Polynomial апа 


Rational Functions 


Day Length 


Day length is the length of time each day from the moment 
the upper limb of the sun’s disk appears above the horizon 
during sunrise to the moment when the upper limb disappears 
below the horizon during sunset. The length of a day depends 
on the day of the year as well as the latitude of the location. 
Latitude gives the location of a point on Earth north or south of 
the equator. In the Internet Project at the end of this chapter, 
we use information from the chapter to investigate the 
relation between day length and latitude for a specific day 
of the year. 


Q — See the Internet-based Chapter Project I— 


Ss == 52 
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Credit: Giancarlo Liguori/Shutterstock 


Outline 


In Chapter 1, we began our discussion of functions. We defined domain, range, and independent 3.1 Polynomial Functions 
and dependent variables, found the value of a function, and graphed functions. We continued our 3,2 Тһе Graph of a Polynomial 


study of functions by listing properties of functions, such as being even or odd, and created a Function; Models 

library of functions, naming and graphing key functions and listing their properties. 3.3 TheRealZeros of a Polynomial 
In Chapter 2, we discussed linear functions and quadratic functions, which belong to the Function 

class:of polynomial functions: 3.4 Complex Zeros; Fundamental 


Theorem of Algebra 
3.5 Properties of Rational Functions 


In this chapter, we look at two general classes of functions, polynomial functions and rational 3.6 The Graph of a Rational Function 
functions, and examine their properties. Polynomial functions are arguably the simplest 3.7 Polynomial and Rational 
functions in algebra. They are often used to approximate other, more complicated functions. Inequalities 
Rational functions are ratios of polynomial functions. Chapter Review 

Chapter Test 


Cumulative Review 
Chapter Projects 
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3.1 Polynomial Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


• Polynomials (Appendix A, Section A.3, pp. A23-A31) e Graphing Techniques: Transformations (Section 1.5, 
* Obtain Information from or about the Graph of a pp. 96-106) 
Function (Section 1.2, pp. 63-66) Intercepts (Foundations, Section E2, pp. 12-13) 
Library of Functions (Section 1.4, pp. 85-89) 


\ Now Work the ‘Are You Prepared?’ problems on page 216. 


OBJECTIVES 1 Identify Polynomial Functions and Their Degree (p. 204) 
2 Graph Polynomial Functions Using Transformations (p. 208) 
3 Identify the Real Zeros of a Polynomial Function and Their Multiplicity (p. 209) 


1 Identify Polynomial Functions and Their Degree 


In Chapter 2, we studied the linear function f(x) = mx + b, which can be written as 
f(x) = ax + a) 
and ће quadratic function f(x) = ax? + bx + c, а = 0, which can be written as 
f(x) = ах? +a,x +a, а, = 0 


Both of these functions are examples of a polynomial function. 


DEFINITION Polynomial Function 


A polynomial function in one variable is a function of the form 
f(x) = a,x" + a, 4x"! +++ + арх + ay (1) 


where a,, 4, ,,....4,, ag are constants, called the coefficients of the 
polynomial, n > 0 is an integer, and x is a variable. Ifa, = 0, it is called the 
leading coefficient, and л is the degree of the polynomial. 

The domain of a polynomial function is the set of all real numbers. 


In Words The monomials that make up a polynomial function are called its terms. 
А polynomial function is a If a, = 0, a,x" is called the leading term; a, is called the constant term. If all of the 
Гр пареа A coefficients are 0, the polynomial is called the zero polynomial, which has no degree. 
Polynomial functions are usually written in standard form, beginning with the 
nonzero term of highest degree and continuing with terms in descending order 
according to degree. If a power of x is missing, it is because its coefficient is zero. 
Polynomial functions are among the simplest in algebra. They are easy to 
evaluate: only addition and repeated multiplication are required. Because of this, 
they are often used to approximate other, more complicated functions. In this section, 
we investigate properties of this important class of functions. 


| EXAMPLE 1 | Identifying Polynomial Functions 


Determine which of the following are polynomial functions. For those that are, state 
the degree; for those that are not, state why not. Write each polynomial function in 
standard form, and then identify the leading term and the constant term. 


(a) p(x) 2 5x3 — De —9 (b) f(x) = x + 2 —3x*(c) g(x) = vx 


x?—2 
x?^—1 


(d) h(x) = (e) G(x) 8 (f) H(x) = —-2x?(x — 1)? 


(continued) 
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Solution (a) p is a polynomial function of degree 3, and it is in standard form. The leading 
term is 5x3, and the constant term is —9. 


(b) fisa polynomial function of degree 4. Its standard form is f(x) = —3x^ + x + 2. 


The leading term is —3x^, and the constant term is 2. 
1 


(c) gis not a polynomial function because g(x) = Vx = x2, so the variable x is 
raised to the : power, which is not a nonnegative integer. 


(d) his not a polynomial function. It is the ratio of two distinct polynomials, and the 
polynomial in the denominator is of positive degree. 

(e) G is a nonzero constant polynomial function, so it is of degree 0. The polynomial 
is in standard form. The leading term and constant term are both 8. 

(f H(x) = —2x*(x — 1) = —2x3(x? — 2x +1) = —2x5 + 4x4 — 2x3. So, Н 
is a polynomial function of degree 5. The leading term is -2x?. Since no constant 
term is shown, the constant term is 0. E 


Do you see a way to find the degree of H, in part (f), without multiplying it out? 
\ Now Work PRoBLEMS 17 AND 21 
We have discussed in detail polynomial functions of degrees 0, 1, and 2. See 
Table 1 for a summary of properties of the graphs of these polynomial functions. 
Table 1 
Degree 


No degree f) = 0 Zero function The x-axis 
0 f G0) = Gy Gh em 0) Constant function Horizontal line with y-intercept a; 


1 Jj (32) = Cesk Cy, Ch se Linear function Nonvertical, nonhorizontal line with 
slope a, and y-intercept a, 


HC) = Gp se Oe +E ny Ca 2 O Quadratic function Parabola: graph is concave up ifa, > 0; 
graph is concave down if a, < 0 


If you take a course in calculus, you will learn that the graph of every polynomial 
function is both smooth and continuous. By smooth, we mean that the graph contains 
no sharp corners or cusps; by continuous, we mean that the graph has no gaps or holes 
and can be drawn without lifting your pencil from the paper. See Figures 1(a) and (b). 


УА УА 
Cusp 
Corner Hole 
Gap 

> 
X X 

Figure 1 (a) Graph of a polynomial function: (b) Cannot be the graph of a 

smooth, continuous polynomial function 


Power Functions 


Polynomial functions of degree n,n > 0, that have only one term are called power 


functions. 
In Words — DEFINITION Power Function 
A power function is defined 
by a single monomial. A A power function of degree n is a monomial function of the form 


T x)= ах" (2) 


where a is a real number,a = 0, and n > 015 an integer. 
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Figure 2 


RECALL 

Infinity, oo, is not a real number, 

but a symbol used to indicate 
unboundedness in the positive 
direction. 

Similarly, — со is a symbol used to 
indicate unboundedness in the 
negative direction. A 


Table 2 


Examples of power functions are 


f(x) = Зх f(x) = —5x? f(x) = 88 f(x) = EI 
degree 1 degree 2 degree 3 degree 4 


The graph of a power function of degree 1, f(x) = ax,isaline with slope a that 
passes through the origin. The graph of a power function of degree 2, f(x) — ax?, 
is a parabola with vertex at the origin. The parabola is concave up if a 0 and is 
concave down ifa « 0. 

If we know how to graph a power function of the form f(x) = х", а compression, 
a stretch, or, perhaps, a reflection about the x-axis gives us the graph of g( x) — ax". 
Consequently, we concentrate on graphing power functions of the form f(x) — x". 

We begin with power functions of even degree of the form f(x) = х", п > 2 
and n even. The domain of f is the set of all real numbers, and the range is the set 
of nonnegative real numbers. Such a power function is an even function. (Do you 
see why?) Its graph is symmetric with respect to the y-axis. The graph of a power 
function f(x) = x", n even, always contains the origin (0, 0) and the points (—1, 1) 
апа (1, 1). 

Ип = 2, Һе graph is the familiar parabola у = x? that is concave up, with vertex 
at the origin. If n > 4, the graph of f(x) = x", n even, will be closer to the x-axis 
than the parabola y = x? if—1 < х < 1, x = 0, and farther from the x-axis than 
the parabola у = х? if x < —1 or if x > 1. Figure 2(a) illustrates this conclusion. 
Figure 2(b) shows the graphs of y = х* and y = x? for further comparison. 

f(x) & x" 


п2 4 
n even 


Va 


[99] 
*Y 


(a) (b) 


Figure 2 shows that as п increases, the graph of f(x) = x", n > 2 and n even, 
tends to flatten out near the origin and is steeper when x is far from 0. For large n, 
it may appear that the graph coincides with the x-axis near the origin, but it does 
not; the graph actually touches the x-axis only at the origin. Also, for large n, it may 
appear that for x < —1 or for x > 1 the graph is vertical, but it is not; it is only 
increasing very rapidly in these intervals. If the graphs were enlarged many times, 
these distinctions would be clear. 

Figure 2 also shows that as x becomes unbounded in the negative direction, 
X — —oo, Or as x becomes unbounded in the positive direction, x — oo, the 
power function f(x) — x", n even, becomes unbounded in the positive direction, 
f(x) — оо. See Table 2. 


Ss x = —10,000 x = —100,000 x —^ —o | x = 10,000 x = 100,000 x — oo 


We define the behavior of the graph of a function for large values of x, either 
positive or negative, as its end behavior. 


Figure 3 


| > 
-3 3 X 
Figure 4 
| 1 
E 3 x 
(71,1) 
Figure 5 


@ 


ee 
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Seeing the Concept 
Graph Y, = x^, ў = x®, and Y = x?? using the viewing rectangle —2 < x < 2,—4 < y < 16. Then 
graph each again using the viewing rectangle —1 < x < 1,0 < y < 1. See Figure 3. TRACE along one 
of the graphs to confirm that for x close to 0 the graph is above the x-axis and that for x > 0 the graph 


is increasing. 
NORMAL FLOAT AUTO REAL RADIAN MP ff) NORMAL FLOAT AUTO REAL RADIAN MP ff] 
1 


=x? 


(a) (b) 


Properties of Power Functions, f(x) = x", nls a Positive Even Integer 
e fisan even function, so its graph is symmetric with respect to the y-axis. 


e The domain is the set of all real numbers. The range is the set of nonnegative 
real numbers. 


* The graph always contains the points (—1, 1), (0, 0), and (1, 1). 


e As the exponent n increases in magnitude, the graph is steeper 
when x < —lorx > 1; but for x near the origin, the graph tends to flatten 
out and lie closer to the x-axis. 


e End behavior: 
e Asx — –оо, f(x) = х" — оо. 


e Asx — oo, f(x) = x" — оо. 


Now consider the power functions f(x) = x", n > 3andn odd. The domain and 
the range of fare the set of real numbers. Such a power function is an odd function. 
(Do you see why?) Its graph is symmetric with respect to the origin. The graph 
of a power function f(x) = x", n odd, always contains the origin (0, 0) and the 
points (—1, —1) and (1, 1). 

The power function f (x) — x?isthe cube function. Its graph is shown in Figure 4 
(in black). If n > 5,the graph of f(x) = x",n odd, will be closer to the x-axis than 
thatofy = x3if—1 < x < land farther from the x-axis than that of y = x?ifx < —1ог 
ifx > 1. Figure 4 illustrates this fact. Figure 5 shows the graphs of y = x° andy = x? 
for further comparison. 

It appears that each graph in Figure 5 coincides with the x-axis near the origin, 
but it does not. Each graph actually crosses the x-axis at the origin. Also, it appears 
that as x increases, the graphs become vertical, but they do not; each graph is just 
increasing very rapidly. 

Figures 4 and 5 show the end behavior of the power function f(x) = x", n odd. 
As x becomes unbounded in the negative direction, x — —oo, the power function 
becomes unbounded in the negative direction, that is f(x) — —oo. But, as x becomes 
unbounded in the positive direction, x — oo, the power function becomes unbounded 
in the positive direction, that is, f(x) — oc. 


| Seeing the Concept 


M Graph Y, = x3, Y; = x’, and Y = x1! using the viewing rectangle —2 < x < 2, –16 < y < 16. Then 


graph each again using the viewing rectangle -1 < x < 1, —1 < y < 1. See Figure 6. TRACE along one 
of the graphs to confirm that the graph is increasing and crosses the x-axis at the origin. 
(continued) 
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NORMAL FLOAT AUTO REAL RADIAN MP ñ NORMAL FLOAT AUTO REAL RADIAN MP ñ 
1 


fcx 


— Үз = yl 


Figure 6 (а) (b) 
То summarize: 


Properties of Power Functions, f(x) = x", nls a Positive Odd Integer 
e fis an odd function, so its graph is symmetric with respect to the origin. 
* The domain and the range are the set of all real numbers. 
e The graph always contains the points (—1, —1), (0, 0), and (1, 1). 


* As the exponent n increases in magnitude, the graph is steeper 
whenx < —1lorx > 1; but for x near the origin, the graph tends to flatten 
out and lie closer to the x-axis. 


* End behavior: 
e As x — —oo, f(x) = x" — —oo. 


e Asx > oo, f(x) = x" — oo. 


2 Graph Polynomial Functions Using Transformations 


The methods of shifting, compression, stretching, and reflection studied in Section 1.5, 
when used with the facts just presented, enable us to graph polynomial functions that 
are transformations of power functions. 


Graphing a Polynomial Function Using Transformations 
Graph: f(x) = 1— x? 


Solution Itis helpful to rewrite fas f(x) = —x? + 1. Figure 7 shows the required steps. 


y 
2 
FB СЕ 
(71,1) (1,0) 
П 1 1 »- 
x -2 -2 2 x 
———— =2 
Multiply by —1; 
reflect 
about x-axis 
Figure 7 (а) у= х° (b) у= -xë (с) y=-x°+1=1-x" B 


Graphing a Polynomial Function Using Transformations 


Graph: f(x) = jo ed 


(continued) 
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Solution Figure 8 shows the required steps. 
AY Va 
=. 2 2 (>: 
0, 1 2, 1 IND 1 
| И | l An (0.5) (2.5) 
=2 (1,0) 2 X =2 (1,0) 2 X 
-2r -2r -2r 
Replace x by x — 1; Multiply by i : 
shift right 1 unit vertical compression by 
| a factor of 1 А 
Figure 8 (a) у= х* (b у= (х= 1)* (с) у= 5(x- 1) B 


\ Now Work PROBLEMS 29 AND 35 


3 Identify the Real Zeros of a Polynomial Function 
and Their Multiplicity 
Figure 9 shows the graph of a polynomial function with four x-intercepts. Notice 
that at the x-intercepts, the graph must either cross the x-axis or touch the x-axis. 
Consequently, between consecutive x-intercepts the graph is either above the x-axis 
or below the x-axis. 


xy 


Crosses 
X-axis 


Crosses 
X-axis 


~<— Below —>| 
X-axis 


Figure 9 Graph of a polynomial function 

If a polynomial function f is factored completely, it is easy to locate the x-intercepts 
of the graph by solving the equation f(x) = 0 using the Zero-Product Property. For 
example,if f(x) = (x — 1 (x + 3), then the solutions of the equation 


f(x) = (х – 1)2(х +3) = 0 


are 1 апа —3. That is, (1) = 0 апа f(—3) = 0 and –1 and 3 are the x-intercepts 


of the graph of f. 
Recall that if fis a function and r is a real number for which f(r) = 0, then ris 


called a real zero of f. 


The following statements are equivalent: 
* risarealzero of a polynomial function f. 
* risan x-intercept of the graph of f. 
e x — risa factor of f. 
e risa real solution to the equation f(x) = 0. 


So the real zeros of a polynomial function are the x-intercepts of its graph, and 
they are found by solving the equation f(x) = 0. 
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Solution 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 


40 


Figure 10 
f(x) = (х + 3)(X — 2)(х - 5) 


Finding a Polynomial Function from Its Real Zeros 


(a) Find a polynomial function of degree 3 whose real zeros are —3, 2, and 5. 


re (b) Use a graphing utility to graph the polynomial found in part (a) to verify your 
result. 


(a) If ris a real zero of a polynomial function f, then x — r is a factor of f. This 
means that x — (—3) = x + 3, x — 2, and x — 5 are factors of f. As a result, any 
polynomial function of the form 


Р(х) = a(x + 3)(x — 2)(x — 5) 


where a is a nonzero real number, qualifies. The value of a causes a stretch, 
compression, or reflection, but it does not affect the x-intercepts of the graph. 
Do you know why? 


fe (b) We choose to graph f witha = 1. Then 


f(x) = (x + 3)(x — 2)(х — 5) 


Figure 10 shows the graph of f. Notice that the x-intercepts are —3, 2,апа 5. _Ю 


| Seeing the Concept 


fe Graph the function found in Example 4 fora = 2 anda = —1. Does the value of a affect the real zeros 


of f? How does the value of a affect the graph of f? | 


\ Now Work PROBLEM 43 


If, when fis factored, the factor x — r occurs more than once, ris called a repeated, 
or multiple, real zero of f. More precisely, we have the following definition. 


DEFINITION Real Zero of Multiplicity m 
myi- 


If (x — r)” is a factor of a polynomial f and (x — r)”™ is not a factor of f, 
then r is called a real zero of multiplicity m of f.* 


| ЕХАМРІЕ 5 | Identifying Real Zeros and Their Multiplicities 


In Words 
The multiplicity of a real zero is 


the number of times its 
corresponding factor occurs. y 


For the polynomial 


f(x) = S5x?(x + 2)(x — 1) 


• Oisarealzero of multiplicity 2 because the exponent on the factor х is 2. 
e —2is areal zero of multiplicity 1 because the exponent on the factor x + 2 is 1. 


° i is a real zero of multiplicity 4 because the exponent on the factor x — E is 4. 
—-» 
\ Now Work PRoBLEM 61(a) 


Suppose that it is possible to completely factor a polynomial function and, as 
a result, locate all the x-intercepts of its graph (the real zeros of the function). 
These x-intercepts then divide the x-axis into open intervals and, on each interval, the 
graph of the polynomial is either above or below the x-axis over the entire interval. 
Let's look at an example. 


*Some texts use the terms multiple root and root of multiplicity m. 
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| EXAMPLES | Graphing a Polynomial Function Using Its x-Intercepts 


Solution 


(1, 74) 


Figure 11 f(x) = (x +1)*(x - 2) 


Consider the polynomial function: f(x) = (x + 1)°(х—2) 


(a) Find the x- and y-intercepts of the graph of f. 


(b) Use the x-intercepts to find the intervals on which the graph of f is above 
the x-axis and the intervals on which the graph of f is below the x-axis. 


(c) Locate other points on the graph, and connect the points with a smooth, 
continuous curve. 


(a) The y-intercept is f(0) = (0 + 1)?(0 — 2) = -2. 
The x-intercepts satisfy the equation 
f(x) = (х +1) (4-2) = 0 
from which we find 
(х+1)2=0 or x-2-0 


x=-1 or x=2 
The x-intercepts are —1 and 2. 


(b) The two x-intercepts divide the x-axis into three intervals: 
[09 1) (—1,2) (2, оо) 
Since the graph of f crosses or touches the x-axis only at x = —1 and х = 2, 
it follows that the graph of f is either above the x-axis [f(x) > 0] or below 
the x-axis [f (x) < 0] on each of these three intervals. To see where the graph 
lies, we need only pick a number in each interval, evaluate f at the number, 


and see whether the value is positive (above the x-axis) or negative (below 
the x-axis). See Table 3. 


(c) In constructing Table 3, we obtained three additional points on the graph: 
(—2, —4), (1, —4) and (3, 16). Figure 11 shows these points, the intercepts, and 
a smooth, continuous curve (the graph of f) connecting them. 


Table 3 


Interval (=5%, =) (=1,2) (2, оо) 
> Number chosen —2 1 3 
x Value of f f(—2) = —4 f(1) = —4 С) = 16 
Location of graph Below x-axis Below x-axis Above x-axis 
Point on graph (=2, =й) (4, =) (3, 16) 
—» 
Look again at Table 3. Since the graph of f(x) = (x + 1)2 (х — 2) is below 
the x-axis on both sides of —1, the graph of f touches the x-axis at x — —1, a real 


zero of multiplicity 2. Since the graph of f is below the x-axis for x < 2 and above 
the x-axis for x > 2, the graph of f crosses the x-axis atx = 2,areal zero of multiplicity 1. 


SUMMARY 
If r Is a Real Zero of Even Multiplicity 


e Numerically: The sign of f (x) does not change from one side to the other side of r. 
e Graphically: The graph of f touches the x-axis at r. 


If r Is a Real Zero of Odd Multiplicity 


e Numerically: The sign of f(x) changes from one side to the other side of r. 


e Graphically: The graph of f crosses the x-axis at r. 


\ Now Work PRoBLEM 61(b) 
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Turning Points 


Look again at Figure 11. We cannot be sure how low the graph actually goes 


between x = —landx = 2.But we do know that somewhere in the interval(—1, 2) 

the graph of f must change direction (from decreasing to increasing). The points 
“ Need to Review? Sat which a graph of a function changes direction are called turning points.* Each 
^ Local maximum and local minimum turning point results in either a local maximum or a local minimum of f. The following 
С аге discussed in Section 1.3, theorem from calculus tells us the maximum number of turning points that the graph 
Ф [у% 75—/©. of a polynomial function can have. 


THEOREM Turning Points 


e If fis a polynomial function of degree n, then the graph of f has at most n — 1 
turning points. 

e Ifthe graph of a polynomial function f has n — 1 turning points, then the 
degree of f'is at least n. 


Based on the first bullet of the theorem, a polynomial function of degree 5 will 
have at most 5 — 1 — 4 turning points. Based on the second bullet of the theorem, 
if the graph of a polynomial function has three turning points, then the degree of the 
function must be at least 4. 


( Exploration 


(^ graphing utility can be used to locate the turning points of a graph. Graph Y, = (x + 1)(х — 2). 
Use MINIMUM to find the location of the turning point for O < x < 2. See Figure 12. The turning 
point is (1, —4). 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 
CALC MINIMUM 


K 
zb 


#21 yzy 


Figure 12 Y, = (x - 1? (x - 2) 


\ Now Work PRoBLEM 61(c) 


Identifying the Graph of a Polynomial Function 


Which graphs in Figure 13 could be the graph of a polynomial function? For those 
that could, list the real zeros and state the least degree the polynomial can have. For 
those that could not, say why not. 


Va 
"PA 
| | nea = 
-2 | 2 x x 
-2r 
(a) (b) (c) (d) 
Figure 13 


(continued) 


A *Graphing utilities can be used to approximate turning points. For most polynomials, calculus is needed 
to find the exact turning points. 


Solution 


In Words 


The end behavior of the graph of a 


polynomial function resembles 
that of its leading term. 


й 
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(a) The graph in Figure 13(a) cannot be the graph of a polynomial function 
because there is a gap at x = —1. The graph of a polynomial function is always 
continuous —no gaps or holes. (Refer back to Figure 1.) 


(b) The graph in Figure 13(b) could be the graph of a polynomial function because 
the graph is smooth and continuous. It has three real zeros: —2, 1, and 2. Since the 
graph has two turning points, the degree of the polynomial function must be at 
least 3. 

(c) The graph in Figure 13(c) cannot be the graph of a polynomial function because 
it has a corner at x = 1. The graph of a polynomial function is smooth. 

(d) The graph in Figure 13(d) could be the graph of a polynomial function. It has 
two real zeros: —2 and 1. Since the graph has three turning points, the degree of 
the polynomial function is at least 4. D 


\ Now Work PROBLEM 73 


End Behavior 
Take one last look at Figure 11. For large values of x, either positive or negative, the 
graph of f(x) = (x + 1)?(x — 2) resembles the graph of y = x3. To see why, 
write fin the form 

3 2 | 


f(x) = (24-2) = х3 38-2 = 341-3. 2 
х 


For large values of х, either positive or negative, the terms = and = are close 
to 0. So for large values of x, m B 


f(x) = x? – 3х - 2 = x3 1-5-2) х 


THEOREM End Behavior of the Graph of a Polynomial Function 


The end behavior of the graph of the polynomial function 


f(x) = a,x" ta, ax" 3 +--+ ах +ау а, = 0 


is the same as that of the graph of the power function 


= n 


For example, the end behavior of the graph of the polynomial function 
f(x) = —2x? + 5x? + x— 4 


is the same as that of the graph of the power function y = —2x?. We can see that the 
graphs “behave” similarly by considering Table 4 and Figure 14. 


Table 4 


175 


Spy 2 = 
1,494 —2,000 Y; 2x? + + x — 4 


—1,949,904 —2,000,000 
—248,749,504 —250,000,000 
1,000 —1,994,999,004 –—2,000,000,000 


Figure 14 
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In calculus, limits are used to convey the idea of end behavior. There the 
symbolism lim f(x) = —oo, read “the limit as x approaches infinity of f ( x) equals 


negative infinity," means that f(x) — —ooas x — oc. 

Look back at Figures 2 and 4. Based on the preceding theorem and the discussion 
on power functions, the end behavior of a polynomial function can be only one of 
four types. See Figure 15. 


asx> =% |, as X > oo m у, 85499 BAKO, 
p» »- > = 
x x x x 
fix) —o fix) > оо fü) -o fix) > —% 
as х — —00 as X — co as X > — 00 as X > 00 
(a) (b) (c) (d) 
n> 2 even; a, > 0 n= 2 even; a, < 0 n > 3 odd; a, > 0 n> 3 odd; a, < 0 


Figure 15 End behavior of f(x) = a,x" + a, 4X" 1 +--+ ах + а 


\ Now Work PRoBLEM 61(d) 


EXAMPLE 8 Identifying the Graph of a Polynomial Function 
Which graph in Figure 16 could be the graph of 


f(x) = x4 + ax? + bx? — 5х – 6 


where a > 0,b > 0? 


y y y y 
LAL ar x AU BA x 
(a) (b) (c) (d) 


Figure 16 


Solution The y-intercept of f is f(0) = —6. We can eliminate the graph in Figure 16(a), 
whose y-intercept is positive. 

We now look at end behavior. For large values of x, the graph of f will behave like 
the graph of у = х“. This eliminates the graph in Figure 16(d), whose end behavior 
is like the graph of y = —x*. 

We are not able to solve f(x) = 0 to find the x-intercepts of f,so we move on to 
investigate the turning points of each graph. Since f is of degree 4, the graph of f has 
at most 3 turning points. We eliminate the graph in Figure 16(c) because that graph 
has 5 turning points. 

Only the graph in Figure 16(b) could be the graph of 


f(x) = x4 + ax? + bx? — 5x — 6 


wherea > 0, b > 0. -» 
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| EXAMPLES | Finding a Polynomial Function from a Graph 


Find a polynomial function whose graph is shown in Figure 17 (use the smallest 
degree possible). 


| I 
-3 (-2,0) (0,0) 


Figure 17 


Solution The x-intercepts are —2, 0, and 2. Therefore, the polynomial must have the factors 
(x + 2), x, and (x — 2), respectively. There are three turning points, so the degree 
of the polynomial must be at least 4. The graph touches the x-axis at x = —2, so —2 
has an even multiplicity. The graph crosses the x-axis at x = 0 and x = 2, so 0 
and 2 have odd multiplicities. Using the smallest degree possible (1 for odd multiplicity 
and 2 for even multiplicity), we write 


f(x) = ах(х + 2) (x — 2) 


All that remains is to find the leading coefficient, a. From Figure 17, the point (—1, 6) 


is on the graph of f. 
6 = a(—1)(-1 + 2)*(-1- 2) 
6 = 3a 
2=a 


The polynomial function f(x) = 2х(х + 2)* (x — 2) has the graph in Figure 17. 


v/ Check: Graph Y, = 2x(x + 2)! (x — 2) using a graphing utility to verify this 
result. D 


\ Now Work PROBLEMS 77 AND 81 


SUMMARY 


Graph of a Polynomial Function f(x) = a,x" +a, x"! +- +ax +a a, = 0 


The domain of a polynomial function is the set of all real numbers. 
Degree of the polynomial function f: п 

y-intercept: f (0) = а, 

Graph is smooth and continuous. 

Maximum number of turning points: п — 1 

Ata real zero of even multiplicity: The graph of f touches the x-axis. 
At a real zero of odd multiplicity: The graph of f crosses the x-axis. 
Between real zeros, the graph of fis either above or below the x-axis. 


End behavior: For large | x|, that is, for large values of x, either positive or negative, the graph of f resembles the 
graph of y — a,x". 
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3.1 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The intercepts of the graph of 9x? + 4y = 36 are 
(pp. 12-13) 
2. Is the expression 4x3 — 3.6x? — V2 a polynomial? If so, 


what is its degree? (рр. A24-A25) 
3. To graph y — x? — 4, you would shift the graph of y — x? 
a distance of units. (pp. 97-98) 


4. True or False The x-intercepts of the graph of a function 
y = f(x) are the real solutions of the equation f(x) = 0. 


(p. 64) 


5. Multiple Choice The cube function f(x) — x?is 
(a) even (b) odd (c) neither 
The graph of the cube function 
(a) has no symmetry 
(b) is symmetric about the y-axis 
(c) is symmetric about the origin 
(d) is symmetric about the line y — x (pp. 72-73) 


Concepts and Vocabulary 


== 6. Interactive Figure Exercise Exploring Multiplicity Open (d) Keep the value of c at 1. Set the value of a to 3 and b 


AL. Now Work 


the “Multiplicity” interactive figure, which is available 

in the Video & Resource Library of MyLab Math (under 

Interactive Figures) or at bit.ly/3raFUGB. 

(a) Use the slider to set a to 1, b to 2, and c to 1. What are the 

zeros of f? 

(b) (i) Leave a set to 1, » to 2, and c to 1. Note the behavior 
of the graph of the polynomial function near each 
Zero. 

(ii) Leave the slider for b at 2 and c at 1. Now use the 
slider to change a from 1 to 2 to 3 to 4. As you do this, 
notice the behavior of the graph of the polynomial 
function at x — 3. 

(iii) Set the slider for a to 1 and c to 1. Now use the slider 
to change b from 1 to 2 to 3 to 4. As you do this, 


to 1. What is the degree of the polynomial? How many 
turning points does the graph have? 

(e) Keep the value of c at 1. Set the value of a to 3 and b 
to 3. What is the degree of the polynomial? How many 
turning points does the graph have? 

(f) If f is a polynomial of degree п, then f has at most 

turning points. 

(g) If f is a polynomial of degree 5, then f could have 4, 

, or 0 turning points. 

(h) True or False If f is a polynomial of degree 4, then f 
could have 2 turning points. 


. The graph of every polynomial function is both 


and 


. Multiple Choice 1f r is a real zero of even multiplicity of a 


: ; А 9 
Ms d ped GE ihe rapi о шере и polynomial function f, then the graph of f the x-axis 
: ` M at r. 
(iv) Based on the results from parts (i)- (iii), if the zero (a) crosses (b) touches © avoids 


of a polynomial function is of even multiplicity, the 
graph of the function will (cross/touch/avoid) 
the x-axis at the zero. If the zero of a polynomial 
function is of odd multiplicity, the graph of the 
function will (cross/touch/avoid) the x-axis 
at the zero. 

(c) Use the slider to set a to 1 and b to 2. Use the slider to 
change c from —2 to —1 to 1 to 2. Note the behavior of 
the graph near each x-intercept. 

True or False The value of c affects the behavior of the 
graph near each x-intercept. 


. Interactive Figure Exercise Exploring Turning Points Open 

the “Multiplicity” interactive figure, which is available in the 

Video & Resource Library of MyLab Math (under Interactive 

Figures) or at bit.ly/3raFUGB. 

(a) Set the value of c to 1. Set the value of a to 1 and b 
to 1. What is the degree of the polynomial? How many 
turning points does the graph have? 

(b) Keep the value of c at 1. Set the value of a to 2 and b 
to 1. What is the degree of the polynomial? How many 
turning points does the graph have? 

(c) Keep the value of c at 1. Set the value of a to 2 and b 
to 2. What is the degree of the polynomial? How many 
turning points does the graph have? 


@ 1. Modeling 1. Writing 


10. 


11. 


13. 


14. 


15. 


16. 


e 1. Graphing Tech 


The graphs of power functions of the form f(x) = x", where 
n is an even integer, always contain the points ; 
‚апа 


If r is a real solution of the equation f(x) = 0, list three 
equivalent statements regarding f and r. 


. The points at which a graph changes direction (from 


increasing to decreasing or decreasing to increasing) are 
called : 

Thegraphofthefunction f(x) = 3x^ — x? + 5x? – 2х — 7 
resembles the graph of for large values 
of |x]. 

If f(x) = —2x° + x? — 5x? + then f(x) —> as 
x — —oo,and f(x) > asx — оо. 

Multiple Choice The of a real zero is the number of 
times its corresponding factor occurs. 

(a) degree (b) multiplicity (с) turning point (4) limit 
Multiple Choice The graph of y = 5x6 — 3x4 + 2x — 9 
has at most how many turning points? 
(a) —9 (b) 14 (c) 6 


(d) 5 


/Х Calculus Preview == 1. Applet-Based 
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Skill Building 


In Problems 17-28, determine which functions are polynomial functions. For those that are, state the degree. For those that are not, state 
why not. Write each polynomial in standard form. Then identify the leading term and the constant term. 


N 17 f(x) = 4x + x? 18. f(x) = 5x? + 4x4 19. g(x) — ; ue 
20. h(x) = 3 - 2« Non гореть РИТМ 
x 


23. g(x) = х2/5 — x15 +2 24. h(x) = Vx(Vx — 1) 25. F(x) = 5x^ — nx? 4 : 


x? —5 
x 


26. F(x) — 27. G(x) = 2(x = 1? (x? + 1) 28. G(x) = —3x?(x + 2) 


In Problems 29-42, use transformations of the graph of y — x^ or y — x?to graph each function. 


N 29. f(x) = (х+1)* 30. f(x) = (x - 2)? 31. f(x) = x5 —3 32. f(x) = xt +2 


ix fix Is 34, f(x) = 3x5 N35. f(x) = —x5 36. f(x) = —x^ 


37. f(x) 2 (x 1) +2 38. f(x) = (x +2)* - 3 39. f(x) = 2(x - D* +1 40. f(x) = jo —1?5-2 


41. f(x) 24—(x - 2? 42. f(x) = 3 – (x + 2)! 


In Problems 43—50, find a polynomial function whose real zeros and degree are given. Answers will vary depending on the choice of the 
leading coefficient. 


43. Zeros: —1, 1,3; degree 3 
46. Zeros: —4, 0,2; degree 3 


49. Zeros: — 1, multiplicity 1; 3, multiplicity 2; degree 3 


44. Zeros: —2, 2, 3; degree 3 
47. Zeros: —5, —2, 3,5; degree 4 


45. Zeros: —5, 0,6; degree 3 
48. Zeros: —3, —1, 2, 5; degree 4 


50. Zeros: —2, multiplicity 2; 4, multiplicity 1; degree 3 


In Problems 51—60, find a polynomial function with the given real zeros whose graph contains the given point. 


51. Zeros: -2, 3, 5 
Degree 3 
Point: (2, 36) 


54. Zeros: -5, —1, 2, 6 
Degree 4 


Point:(2, 15) 


52. Zeros: —2, 0, 2 
Degree 3 
Point: (—4, 16) 


55. Zeros: —3, 1, 4 
Degree 3 
y-intercept: 36 


53. Zeros: —2, 0, 1, 3 
Degree 4 


Point:(—=, -63) 
2 
56. Zeros: —4, —1, 2 


Degree 3 
y-intercept: 16 


57. Zeros: — 1 (multiplicity 2), 1 (multiplicity 2); Degree 4; Point: ( —2, 45) 

58. Zeros: 0 (multiplicity 1), —1 (multiplicity 2), 3 (multiplicity 2); Degree 5; Point: (1, —48) 

59. Zeros: —5 (multiplicity 2), 2 (multiplicity 1), 4 (multiplicity 1); degree 4; contains the point (3, 128) 
60. Zeros: —4 (multiplicity 1), 0 (multiplicity 3), 2 (multiplicity 1); degree 5; contains the point ( —2, 64) 


In Problems 61—72, for each polynomial function: 
(a) List each real zero and its multiplicity. 
(b) Determine whether the graph crosses or touches the x-axis at each x-intercept. 
(c) Determine the maximum number of turning points on the graph. 
(d) Determine the end behavior; that is, find the power function that the graph of f resembles for large values of | x|. 


62. f(x) = 4(x + Ax + 3» 63. f(x) = 7(х? + Ay (x — 5»? 


65. f(x) = 2(х | aK _ 4)? 


68. f(x) = (x + 43) (x = 954 


N 6L f(x) = 3(x — DG + 3)? 


2 
64. f(x) = 2(x — 3)(х? + 4)? 66. f(x) = (s - i (x — 1» 


67. f(x) = (x — 5) (х + 4)? 69. f(x) — iQ +9) (x2? +7) 


70. f(x) = —2(х? + ay 71. f(x) = -2x?(x? — 2) 72. f(x) = 4x(x? — 3) 
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In Problems 73-76, identify which of the graphs could be the graph of a polynomial function. For those that could, list the real zeros and 
state the least degree the polynomial can have. For those that could not, state why not. 


\ 73. 


N. 


N 81. 


76. Va 


І І X 
—4 > 
X 
In Problems 77-80, find a polynomial function that might have the given graph. (More than one answer may be possible.) 
y 78. y 79. УА 80. Va 
2b 2L 
x 
In Problems 81-84, write a polynomial function whose graph is shown (use the smallest degree possible). 
82. y 
14 
(3, 8) 
| LL, 
=6 6X 
LIII rri is: 
= 6 X x 
10 


85. 


86. 


87. 


A 


Mixed Practice G(x) = (x + 3) (x — 2) 

(a) Identify the x-intercepts of the graph of G. 

(b) What are the x-intercepts of the graph 
of y = G(x + 3)? 

Mixed Practice h(x) = (x + 2)(x — 4» 

(a) Identify the x-intercepts of the graph of h. 

(b) What are the x-intercepts of the graph 
of y = h(x — 2)? 

Mixed Practice Consider the function f (x) = 2x? — 3x? + 4. 

(a) Determine the maximum number of turning points on 
the graph of f. 

(b) Graph f using a graphing utility with window settings 
[—5, 5, 1, —10, 10, 1]. Verify that the graph has the 
maximum number of turning points found in part (a). 

(c) Determine the end behavior of f; that is, find the power 
function that the graph of f resembles for large values 
of | x]. 

(d) Based on the results of parts (b) and (c), explain why the 
graph of f will not have any additional turning points off 
the viewing window. 

(e) The function f is increasing where its derivative 
f'(x) = 6x? — 6x > 0. Use the derivative to 
determine the intervals for which f is increasing. 
Because polynomials are continuous over their domain, 
all endpoints are included in the interval describing 
increasing/decreasing. However, in general, the numbers 
at the endpoints must be tested separately to determine 


if they should be included in the interval describing 
where a function is increasing or decreasing. 

(f) Use a graphing utility to determine the intervals for which 
f is increasing to confirm your results from part (e). 


88. Mixed Practice Consider the function f (x) = —x+ + 2x? + 3. 

(a) Determine the maximum number of turning points on 
the graph of f. 

te (b) Graph f using a graphing utility with window settings 
[—5, 5, 1, —10, 10, 1]. Verify that the graph has the 
maximum number of turning points found in part (a). 

(c) Determine the end behavior of f; that is, find the power 
function that the graph of f resembles for large values 
of | x]. 

(d) Based on the results of parts (b) and (c), explain why the 
graph of f will not have any additional turning points off 
the viewing window. 

A (e) The function f is decreasing where its derivative 
f'(x) = —4x? + 4x < 0. Use the derivative to 
determine the intervals for which f is decreasing. 
Because polynomials are continuous over their domain, 
all endpoints are included in the interval describing 
increasing/decreasing. However, in general, the numbers 
at the endpoints must be tested separately to determine 
if they should be included in the interval describing 
where a function is increasing or decreasing. 

(f) Use a graphing utility to determine the intervals for which 
f is decreasing to confirm your results from part (e). 
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89. Challenge Problem Find the real zeros of 
f(x) = 3(x2 – 1)(х2 + 4x + 3)? 
and their multiplicity. 


Explaining Concepts: Discussion and Writing 

91. Can the graph of a polynomial function have no y-intercept? 
Can it have no x-intercepts? Explain. 
92. The illustration shows the graph of a polynomial function. 
y 


xY 


(a) Is the degree of the polynomial even or odd? 

(b) Is the leading coefficient positive or negative? 

(c) Is the function even, odd, or neither? 

(d) Why is x? necessarily a factor of the polynomial? 

(e) What is the minimum degree of the polynomial? 

(f) Formulate five different polynomials whose graphs 
could look like the one shown. Compare yours to those 
of other students. What similarities do you see? What 
differences? 


Which of the following statements are true regarding the graph 
of the polynomial function f(x) = x? + bx? + cx + d? 
(Give reasons for your conclusions.) 

(a) It intersects the y-axis in one and only one point. 

(b) It intersects the x-axis in at most three points. 

(c) It intersects the x-axis at least once. 

(d) For |х| very large, it behaves like the graph of y = x?. 
(e) It is symmetric with respect to the origin. 


90. 


94. 


95. 


96. 


97. 


98. 


SECTION 3.1 Polynomial Functions 219 


Challenge Problem Determine the power function that 
resembles the end behavior of 


3 
g(x) = —4x? (4 — 5x)? (2x — 3) (x + 1) 


The graph of a polynomial function is always smooth and 
continuous. Name a function studied earlier that is smooth 
but not continuous. Name one that is continuous but not 
smooth. 


Make up two polynomial functions, not of the same degree, 
with the following characteristics: crosses the x-axis at —2, 
touches the x-axis at 1, and is above the x-axis between —2 
and 1. Give your polynomials to a classmate and ask for a 
written critique. 


Make up a polynomial function that has the following 
characteristics: crosses the x-axis at —1 and 4, touches 
the x-axis at 0 and 2, and is above the x-axis between 0 
and 2. Give your polynomial to a classmate and ask for a 
written critique. 


Write a few paragraphs that provide a general strategy for 
graphing a polynomial function. Be sure to mention the 
following: degree, intercepts, end behavior, and turning 
points. 


Design a polynomial function with the following 
characteristics: degree 6; four distinct real zeros, one of 
multiplicity 3; y-intercept 3; behaves like у = —5х° for 
large values of | x|. Is this polynomial unique? Compare your 
polynomial with those of other students. What terms will be 
the same as everyone else’s? Add some more characteristics, 
such as symmetry or naming the real zeros. How does this 
modify the polynomial? 


(f) It passes through the origin. 


Retain Your Knowledge 


Problems 99-107 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


99, Find an equation of the line that contains the point (2, —3) and is perpendicular to the line 5x — 2y = 6. 
x-3 


100. Find the domain of the function A(x) = А 
х + 5 


101. Use the quadratic formula to find the real zeros of the function f(x) = 4x? + 8x — 3. 
102. Solve:]5x —3| = 7 


4X103. Determine whether the function f(x) = —3x + 2 is increasing, decreasing, or constant. 
104. Find the function that is finally graphed if the graph of f(x) = x? is shifted left 2 units and up 5 units. 


/Х105. Find the difference quotient of f(x) = -2x +2. 


106. The midpoint of a line segment is (3, —5) and one endpoint is (—2, 4). Find the other endpoint. 


107. Find the quotient and remainder if 4х3 — 7x? + 5is divided by x? — 1. 


‘Are You Prepared?’ Answers 


1. (—2, 0), (2, 0), (0, 9) 2. Yes;3 3. Down; 4 4. True 5. b;c 
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3.2 Graphing Polynomial Functions; Models 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Local Maxima and Local Minima (Section 1.3, e Intercepts (Foundations, Section E2, pp. 12-13) 
pp. 75-78) * Build Quadratic Models from Data (Section 2.6, 
Using a Graphing Utility to Approximate Local pp. 182-183) 
Maxima and Local Minima (Section 1.3, p. 78) e Polynomials (Appendix A, Section А.З, pp. A23-A31) 


М Now Work the ‘Are You Prepared?’ problems on page 224. 


OBJECTIVES 1 Graph a Polynomial Function (p. 220) 
nm 2 Graph a Polynomial Function Using a Graphing Utility (p. 222) 
6 3 Build Cubic Models from Data (p. 223) 


1 Graph a Polynomial Function 


| EXAMPLE 1 | Graphing a Polynomial Function 


Graph the polynomial function f(x) = (2x + 1)(x — з? 


Step-by-Step Solution Expand the polynomial: 
Step 1 Determine the end f(x) = (2x + 1)(х — 3)? 
behavior of the graph of the _ А а 
function. = (2x + 1)(x? — бх + 9) Multiply out (x — 3)*. 
= 2x3 — 12x? + 18x + x? — 6x + 9 Multiply. 
= 2x? — 11x? + 12x + 9 Combine like terms. 


The polynomial function f is of degree 3. The graph of f resembles the graph 
of y = 2x? for large values of | x|. 


Step 2 Find the x- and y-intercepts The y-intercept is f (0) = 9. To find the x-intercepts, solve f(x) = 0. 
of the graph of the function. 


f(x) = 0 

(2x + 1)(х – 3)? = 0 
2x+1=0 ог (х- 3)? = 0 
х= -5 or х= 3 


The x-intercepts аге E and 3. 


Step 3 Determine the real 
zeros of the function and their 
multiplicity. Use this information 
to determine whether the graph 


аш touches the x-axis at the graph of f touches the x-axis at x = 3. 
each x-intercept. 


The real zeros of f are -2 and 3. The zero -1 is a real zero of multiplicity 1, so the 


graph of f'crosses the x-axis at x — — a The zero 3 is a real zero of multiplicity 2, so 


Step 4 Determine the maximum Because the polynomial function is of degree 3 (Step 1), the graph of the function 
number of turning points on the has at most 3 — 1 — 2 turning points. 
graph of the function. 


(continued) 
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Step 5 Put all the information Figure 18(a) illustrates the information obtained from Steps 1 through 4. We 
from Steps 1 through 4 together evaluate fat —1, 1, and 4 to help establish the scale on the y-axis. 

to obtain the graph of f. To help We find that f(—1) = —16, f(1) = 12, and f(4) = 9, so we plot the 
establish the y-axis scale, find points ( — 1, —16), (1, 12), and (4, 9). The graph of fis given in Figure 18(b). 


additional points on the graph on 
each side of any x-intercept. 


VA 
End behavior: 
40r Resembles 
30+ y=2r 
The graph y -intercept: 9 
crosses the 20L 
x-axis at 
1 (—1,0)10 
X— =з. ( 2! 0) (0, 9) (3, 0) 
1 | 1 1 1 Е В 
—10 - 
The graph 
=20 F touches the 
End behavior: f —30 - in at 
Resembles x=3. 
у= 2e -40 
Figure 18 (a) (b) f(x) = (2x + 1) (x-3)2 B 


SUMMARY 
Steps for Graphing a Polynomial Function 


SrEP 1: Determine the end behavior of the graph of the function. 
STEP2: Find the x- and y-intercepts of the graph of the function. 


STEP 3: Determine the real zeros of the function and their multiplicity. Use this information to determine 
whether the graph crosses or touches the x-axis at each x-intercept. 


SrEP 4: Determine the maximum number of turning points on the graph of the function. 


STEP 5: Use the information in Steps 1 through 4 to draw a complete graph of the function. To help establish 
the y-axis scale, find additional points on the graph on each side of any x-intercept. 


| EXAMPLE 2 | Graphing a Polynomial Function 


Graph the polynomial function f(x) = (x — 2)(x + 3)? (x — 5). 


Solution  Srep1: f(x) = (x? — 7x + 10)(x + 3)? Multiply (x — 2)(x — 5). 


= (х2 —7x--10)(x? + бх + 9) Multiply (x + 3)’. 
= x^ — x? — 23x? — 3x + 90 Multiply. 


The polynomial function is of degree 4. The graph of f behaves like y = x4 
for large values of | x|. So, f(x) — oo as x — —oo and as x — oc. 


STEP 2: Тһе y-interceptis f (0) = 90.The x-intercepts are found by solving f (x) = 0. 
Using the Zero-Product Property solve x-2=0,x+3= 0, 
and x — 5 = 0. The x-intercepts are 2, —3, and 5. 


STEP 3: The real zeros of the function are 2, —3, and 5. The zeros 2 and 5 each have 
multiplicity 1,so the graph of f crosses the x-axis at 2 and 5. The zero —3 has 
multiplicity 2, so the graph of f touches the x-axis at —3. 


STEP 4: The graph of fhas at most n — 1 = 4 — 1 = 3 turning points. 


(continued) 
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End behavior: 


End behavior: 
J^ Resembles y = x 


Resembles y = x 
400 - 


(6, 324) 


(S, 0) 
6 X 


-6 (-3, 0) 


-100 + (3, -72) 


Figure 19 
f(x) = (х—2)(х +3)%(х 5) 


Step-by-Step Solution 


Step 1 Determine the end 
behavior of the graph of the 
function. 


STEP 5: To help establish the y-scale, evaluate fat —5, —1, 3, and 6. 
f(—5) = 280 f(—-1) = 72 f(3) = —72 /(6) = 324 


Plot the additional points (—5, 280), (—1, 72), (3, —72), and (6,324). Then 
connect the points with a smooth curve as shown in Figure 19. _B 


\ Now Work PROBLEM 5 


2 Graph a Polynomial Function Using a Graphing Utility 


For polynomial functions that have noninteger coefficients and for polynomials that 
are not easily factored, we use a graphing utility early in the analysis. This is because 
the information that can be obtained from algebraic analysis is limited. 


Graphing a Polynomial Function Using a Graphing Utility 
Analyze the graph of the polynomial function 
f(x) x? + 2.48x? — 4.3155x + 2.484406 


The polynomial function f is of degree 3. The graph of f behaves like y = x? for large 
values of | x|. 


Step 2. Graph the function using a 
graphing utility. 


See Figure 20 for the graph of f using a TI-84 Plus CE. 


Figure 20 Y, = x? + 2.48x? — 4.3155x + 2.484406 


Step 3 Use the graphing utility to 
approximate the x- and y-intercepts 
of the graph. 


Step 4 Usethe graphing utility to 
create a TABLE to find points on the 
graph around each x-intercept. 


The y-intercept is f(0) = 2.484406. 

Since it is not readily apparent how to factor f, use a graphing utility's ZERO 
(or ROOT or SOLVE) feature and determine the x-intercept is —3.79, rounded to 
two decimal places. 


Table 5 below shows values of x on each side of the x-intercept using a TI-84 Plus CE. The 
points ( —4, —4.57) and (—2, 13.04), rounded to two decimal places, are on the graph. 


ү:8Х2+2, 482-4. 3155Х+2, 4844 


(continued) 


Step 5 Approximate the turning 
points of the graph. 


SECTION 3.2 Graphing Polynomial Functions; Models 223 


From the graph of f shown in Figure 20, we see that fhas two turning points. Using 
MAXIMUM reveals one turning point is at ( —2.28, 13.36), rounded to two decimal 
places. Using MINIMUM shows that the other turning point is at (0.63, 1), rounded 
to two decimal places. 


Step 6 Use the information 

in Steps 1 through 5 to draw a 
complete graph of the function by 
hand. 


Figure 21 


Step 7 From the graph, find the 
range of the polynomial function. 


Figure 21 shows a graph of f drawn by hand using the information in Steps 1 through 5. 


YA End behavior: 


L zys 
(2.28, 13.36) C Resembles y = x 


(-2, 13.04) 


(0, 2.484406) 


End behavior: 
Resembles у= x? 


The range of fis the set of all real numbers. 


Step 8 Use the graph to determine 
where the function Is increasing and 
where it 15 decreasing. 


SUMMARY 
Steps for Using a Graphing Utility to Analyze the Graph of a Polynomial Function 


STEP 1: 
STEP 2: 
STEP 3: 
STEP 4: 
STEP 5: 
STEP 6: 
STEP 7: 
STEP 8: 


Based on the graph, f is increasing on the intervals (—oo, —2.28] and [0.63, оо). 


Also, f is decreasing on the interval [ —2.28, 0.63]. = 


Determine the end behavior of the graph of the function. 

Graph the function using a graphing utility. 

Use the graphing utility to approximate the x- and y-intercepts of the graph. 

Use the graphing utility to create a TABLE to find points on the graph around each x-intercept. 
Approximate the turning points of the graph. 

Use the information in Steps 1 through 5 to draw a complete graph of the function by hand. 
From the graph, find the range of the polynomial function. 

Use the graph to determine where the function is increasing and where it is decreasing. 


\ Now Work PROBLEM 23 


@ 3 Build Cubic Models from Data 


Figure 22 Cubic relation 


In Section 2.2 we found the line of best fit from data, and in Section 2.4 we found the 
quadratic function of best fit. It is also possible to find other polynomial functions of 
best fit. However, most statisticians do not recommend finding polynomials of best 
fit of degree higher than 3. 

Data that follow a cubic relation should look like Figure 22(a) or (b). 


у= ах? + bx? + сх+ а> 0 у= ах + bx + сх+ йа < 0 
(а) (b) 
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Е | EXAMPLE 4 | A Cubic Function of Best Fit 


The data in Table 6 represent the weekly cost C (in thousands of dollars) of 
printing x thousand textbooks. 


(a) Draw a scatter plot of the data using x as the independent variable and C as the 
dependent variable. Comment on the type of relation that may exist between the 
two variables x and C. 


Number of (b) Using a graphing utility, find the cubic function of best fit C = C(x) that models 
Textbooks, x Cost, C the relation between number of textbooks and cost. 
(thousands) ($1000s) 


(c) Graph the cubic function of best fit on your scatter plot. 


(d) Use the function found in part (b) to predict the cost of printing 22 thousand 
textbooks per week. 


Solution 


(a) Figure 23 shows the scatter plot. A cubic relation may exist between the two 
variables. 


(b) Upon executing the CUBIC REGression program on a TI-84 Plus CE, 
we obtain the results shown in Figure 24. The output shows the 
equation y = ax? + bx? + cx + d.The cubic function of best fit to the data 
isC(x) = 0.0155x? — 0.5951x? + 9.1502x + 98.4327. 


(c) Figure 25 shows the graph of the cubic function of best fit on the scatter plot on 
a TI-84 Plus CE, and Figure 26 shows the result using Desmos. 


NORMAL FLOAT AUTO REAL RADIAN МР ñ NORMAL FLOAT AUTO REAL RADIAN MP f 


250 250 
п з=ах3+Ьх?+сх+а 
n a-.0154590051 
о 500 Ь= -,5951424724 
о с=9.150171681 
9=98.43272255 


EL DE LLL LLL 30 —2s 


Figure 23 Figure 24 Figure 25 


+ 


(d) Evaluate the function C(x) at x = 22. 
C(22) = 0.0155 . 223 — 0.5951 - 22? + 9.1502 - 22 + 98.4327 ~ 176.8 


The model predicts that the cost of printing 22 thousand textbooks in a week 
will be 176.8 thousand dollars—that is, $176,800. -» 


Figure 26 \ Now Work PRoBLEM 43 


3.2 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What are the intercepts of у = 5х + 10? (pp. 12-13) fy 4. Use a graphing utility to find the quadratic function of best 
fit for the data below. (pp. 182—183) 


2. Determine the leading term of 3 + 2x — 7x3. (p. A24) 


Aa: Use a graphing utility to approximate (rounded to two 2 25 B 3.5 a 
decimal places) any local maximum values and local у 3.08 3.42 3.65 3.82 3.6 

minimum values of f(x) = x? — 2x? — 4х + 5, for 

—3 < x € 3. (p.78) 


AL. Now Work @ 1. Modeling 1. Writing 9 1. Graphing Tech A Calculus Preview == 1. Applet-Based 


Skill Building 
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In Problems 5—22, graph each polynomial function by following Steps 1 through 5 on page 221. 


N 5. f(x) = x?(x — 3) 6. f(x) = x(x + 2)? 7. f(x) = (x + 4 (1— x) 
8. f(x) = (x DG + 3)? 9. f(x) = —2(х + 2)(х — 2)° 10. f(x) Lo к Ax — 1) 
П. f(x) = (x + 1Y(x — 2)(x + 4) 12. f(x) = (x — (x + 4)(х — 3) 13. f(x) = x(1— xY(2 — x) 
14. f(x) = (3 — х)(2 + xXx + 1) 15. f(x) = (x - 1» (x — 2)? 16. f(x) = (x — 4 (x + 2)? 
17. f(x) = —2(x — 1)? (x? — 16) 18. f(x) = (x + 1? (x — 3) 19. f(x) = 5x(x? — 4)(х +3) 
20. f(x) = (x — 2)! (x + 2)(x + 4) 21. f(x) = x?(x — 2)(x? + 3) 22. f(x) = x2(x? + 1)(х + 4) 


\23. f(x) = x? + 0.2x? — 1.5876x — 0.31752 
25. f(x) = x? + 2.56x? — 3.31x + 0.89 
27. f(x) = x* — 2.5x? + 0.5625 
29. f(x) = 2x4 — ax? + 45x — 4 


fe In Problems 23-30, use a graphing utility to graph each polynomial function f. Follow Steps 1 through 8 on page 223. 


24. f(x) = x? — 0.8x? — 4.6656x + 3.73248 
26. f(x) = x? — 2.91x? — 7.668x — 3.8151 
28. f(x) = x^ — 18.5x? + 50.2619 

30. f(x) = —1.2х* 03x? = 3x42 


Mixed Practice In Problems 31—42, graph each polynomial function f by following Steps 1 through 5 on page 221. 


31. f(x) = 4x — x? 32. f(x) = x — x? 33. f(x) = x? + x? — 12x 
34. f(x) = x? + 2x? — 8x 35. f(x) = 2х* + 12x? — 8x? — 48x 36. f(x) = 4x? + 10x? — 4x — 10 
37. f(x) 2—x—-x* + x? x? 38. f(x) = —x? + 5x4 + 4x? — 20x? 39. f(x) = 15x? + 80x^ + 80x? 
40. f(x) = 3х6 + 6x5 — 12x4 — 24x3 41. f(x) = De = 22 — Sx + 20 42. f(x) Ух? PIS 6x +15 
Applications and Extensions 
М 43. Hurricanes In 2012, Hurricane Sandy struck the East (Jj (b) Use a graphing utility to find the cubic function of 

Coast of the United States, killing 147 people and causing t best fit that models the relation between decade and 

an estimated $75 billion in damage. With a gale diameter of number of major hurricanes. 

about 1000 miles, it was the largest ever to form over the (c) Use the model found in part (b) to predict the number of 

Atlantic Basin. The accompanying data represent the major hurricanes that struck the Atlantic Basin between 

number of major hurricane strikes in the Atlantic Basin 1961 and 1970. 

(category 3, 4, or 5) each decade from 1921 to 2010. (d) With a graphing utility, draw a scatter plot of the data 
and then graph the cubic function of best fit on the 
scatter plot. 

(e) Concern has risen about the increase in the number and 


Major Hurricanes Striking 
Decade, x Atlantic Basin, H 


19217193071 
1931-1940, 2 
1941—1950, 3 
1951-1960, 4 
1961-1970, 5 
1971-1980, 6 
1981-1990, 7 
1991-2000, 8 
2001-2010, 9 
2011-2020, 10 


Source: National Oceanic & Atmospheric 
Administration 


(a) Draw a scatter plot of the data. Comment on the type of 
relation that may exist between the two variables. 


D 44. 


intensity of hurricanes, but some scientists believe this is 
just a natural fluctuation that could last another decade 
or two. Use your model to predict the number of major 
hurricanes that will strike the Atlantic Basin between 2021 
and 2030. Is your result reasonable? What does this result 
suggest about the reliability of using a model to predict an 
event outside the domain of the data? 


Poverty Rates The data on the next page represent the 


(a) 


(b) 


(c) 


percentage of families with children in the United States 
whose income is below the poverty level. 


With a graphing utility, draw a scatter plot of the data. 
Comment on the type of relation that appears to exist 
between the two variables. 

Decide on a function of best fit to these data (linear, 
quadratic, or cubic), and use this function to predict the 
percentage of U.S. families with children that were below 
the poverty level in 2021 (t = 16). 

Draw the function of best fit on the scatter plot drawn in 


part (a). 
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Year, t Poverty Level, p 

2014, 9 

2015, 10 
2016, 11 
2017, 12 
2018, 13 
2019, 14 
2020, 15 


Percent below 
Poverty Level, p 


Year, t 
2006, 1 
2007, 2 
2008, 3 
2009, 4 
2010, 5 
2011, 6 
2012, 7 
2013, 8 
Source: U.S. Census Bureau 
45. Temperature The following data represent the temperature 


T (Fahrenheit) in Kansas City, Missouri, x hours after 
midnight on March 18, 2018. 


| Hours after Midnight, х Temperature (°F), Т 


Source: The Weather Underground 


(a) Draw ascatter plot of the data. Comment on the type of 
relation that may exist between the two variables. 

(b) Find the average rate of change in temperature from 
9 aM to 12 noon. 

(c) What is the average rate of change in temperature from 
3 PM to 9 РМ? 

AD (d) Decide on a function of best fit to these data (linear, 
quadratic, or cubic) and use this function to predict the 
temperature at 5 PM. 

(e) With a graphing utility, draw a scatter plot of the data 
and then graph the function of best fit on the scatter plot. 

(f) Interpret the y-intercept. 


46. Future Value of Money Suppose that you make deposits 
of $500 at the beginning of every year into an Individual 
Retirement Account (IRA), earning interest r (expressed as 
a decimal). At the beginning of the first year, the value of the 
account will be $500; at the beginning of the second year, the 
value of the account, will be 


$500 + $500r + $500 = 500r + 1000 


(a) Verify that the value of the account at the beginning of 
the third year is T(r) = 500r? + 1500r + 1500. 

(b) The account value at the beginning of the fourth year 
is F(r) = 500r? + 2000r? + 3000r + 2000. If the 
annual rate of interest is 5% = 0.05, what will be the 
value of the account at the beginning of the fourth 
year? 

. Challenge Problem A Geometric Series In calculus, you 
will learn that certain functions can be approximated by 
polynomial functions. We will explore one such function now. 


GBA 


(a) Using a graphing utility, create a table of values with 


Е |. 1 
и = Pu 


Y, = g(x) =1+x+x? + x. 


for —1 < x < 1 and ATbl = 0.1. 
(b) Using a graphing utility, create a table of values with 


B |. 1 
fy = f= 


Y, = g(x) = 1+x +x? +x + x* 


for—1 < x < 1 and АТЫ = 0.1. 
(c) Using a graphing utility, create a table of values with 


Y, = fo) = 1 
1-x 
Y, = ga(x) 2 1 4- x - x? x? + x* + x5 


for-1 < x < 1 and АТЫ = 0.1. 

(d) What do you notice about the values of the function as 
more terms are added to the polynomial? Are there some 
values of x for which the approximations are better? 


and 


and 


and 


48. Challenge Problem Tennis Anyone? Assume that the 
probability of winning a point on serve or return is treated 
as constant throughout the match. Further suppose that x is 
the probability that the better player in a match wins a set. 
(a) The probability Р, that the better player wins а 
best-of-three match is P4(x) = x?[1 + 2(1 — x)]. 
Suppose the probability that the better player wins a 
set is 0.6. What is the probability that this player wins a 
best-of-three match? 

(b) The probability P; that the better player wins a 
best-of-five match is 


Р;(х) x4 30 -3)46(0-3)]1 


Suppose the probability that the better player wins a 
set is 0.6. What is the probability that this player wins a 
best-of-five match? 
(D (c) The difference between the probability of winning and 
losing is known as the win advantage. For a best-of-n 
match, the win advantage is 


P,—-(1-P,)= 2P,-1 


The edge, E,is defined as the difference in win advantage 
between a best-of-five and best-of-three match. That is, 


Е = (2P; — 1) - (2P; —1) = 2(Р; — P4) 


Edge as a function of win probability of a set x is 


E(x) = 2x? {х[1 + 331 - x) + 60 - х)? ] - (1+ 20 — х))} 


Graph E = E(x)for0.5 < x < 1. 

(d) Find the probability of winning a set x that maximizes 
the edge. What is the maximum edge? 

(e) Explain the meaning of E(0.5). 

(f) Explain the meaning of E(1). 
Source: Stephanie Kovalchik, *Grand Slams Are 
Short-Changing Women's Tennis," Significance, October 
2015. 


49. Challenge Problem Suppose f(x) = —ax?(x — b)(x + с)?, 
where0 < а < р < c. 
(a) Graph f. 
(b) In what interval(s) is there a local maximum value? 
(c) Which numbers yield a local minimum value? 
(d) Where is f(x) « 0? 
(e) Where is f(—x — 4) < 0? 
(f) Is f increasing, decreasing, or neither on (—oo, —c]? 
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Retain Your Knowledge 


Problems 50-59 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 
50. Solve 213х — 1| + 4 > 10. 54. Given f(x) = 2x? — 7x + 1, find t(-3). 


51. Determine the function that is graphed if the graph of 55. Find the domain of f(x) = -94x — 4 +1. 


fox) Vx is reflected about the x-axis and then vertically 


compressed by a factor off. 


. Find the vertex of the graph of f(x) = —2x? + 7x — 3. 


. The strain on a solid object varies directly with the external 
tension force acting on the solid and inversely with the 
cross-sectional area. If a certain steel rod has a strain of 150 
when the force is 1.47 x 104 N and the cross-sectional area 
is 4.9 x 10-4 m?, find the strain for a similar rod with a 
cross-sectional area of 8.75 x 10-3 m? and a tension force 


X56. 


57. 


. Determine if the function g(x) = 


Find the average rate of change of f(x) = x? + 4x — 3 
from —2 to 1. 
Find the center and radius of the circle 
x? + 4х + у? – 2у = 11 
3 


Vx 
P NES 


is even, odd, or 
х 


neither. 


. How long will it take $5000 to grow to $7500 at a simple 


of 2.45 x 105 N interest rate of 8%? 


‘Are You Prepared?’ Answers 


1. (0, 10), (—2, 0) 2. —7x3 3. Local maximum value 6.48 at x = —0.67; local minimum value —3 atx = 2 
4. у = —0.337x? + 2.311x — 0.216 


3.3 The Real Zeros of a Polynomial Function 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Evaluating Functions (Section 1.1, pp. 50-53) 

Factoring Polynomials (Appendix A, Section A.4, 

pp. A33-A40) ° 
* Synthetic Division (Appendix A, Section A.5, pp. A43-A45) 


e Polynomial Division (Appendix A, Section А.З, 
рр. A28-A31) 

Zeros of a Quadratic Function (Section 2.3, 

pp. 150-155) 


\ Now Work the ‘Are You Prepared?’ problems оп page 238. 


OBJECTIVES 1 Use the Remainder and Factor Theorems (p. 228) 


2 Use Descartes’ Rule of Signs to Determine the Number of Positive and the Number 
of Negative Real Zeros of a Polynomial Function (p. 230) 


3 Use the Rational Zeros Theorem to List the Potential Rational Zeros of a 
Polynomial Function (p. 231) 


Find the Real Zeros of a Polynomial Function (p. 232) 
Solve Polynomial Equations (p. 234) 

Use the Theorem for Bounds on Zeros (р. 235) 

Use the Intermediate Value Theorem (p. 236) 


мо л fh 


In Section 3.1, we were able to identify the real zeros of a polynomial function because 
either the polynomial function was in factored form or it could be easily factored. But 
how do we find the real zeros of a polynomial function if it is not factored or cannot 
be easily factored? 

Recall that if r is a real zero of a polynomial function f, then f(r) = 0, r is 
an x-intercept of the graph of f, x — r is a factor of f, and r is a solution of the 
equation f(x) = 0. For example, if x — 4 is a factor of f, then 4 is a real zero of f, 
and 4 is a solution to the equation f(x) = 0. For polynomial functions, we have 
seen the importance of the real zeros for graphing. In most cases, however, the real 
zeros of a polynomial function are difficult to find using algebraic methods. No nice 
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formulas like the quadratic formula are available to help us find zeros for polynomials 
of degree 3 or higher. Formulas do exist for solving any third- or fourth-degree 
polynomial equation, but they are somewhat complicated. No general formulas exist 
for polynomial equations of degree 5 or higher. Refer to the Historical Feature at the 
end of this section for more information. 


1 Use the Remainder and Factor Theorems 


When one polynomial (the dividend) is divided by another (the divisor), a quotient 
polynomial and a remainder are obtained. The remainder is either the zero polynomial 
or a polynomial whose degree is less than the degree of the divisor. To check, verify that 


(Quotient )( Divisor) + Remainder = Dividend 


This checking routine is the basis for a famous theorem called the division 
algorithm* for polynomials, which we now state without proof. 


THEOREM Division Algorithm for Polynomials 


If f (x) and g(x) denote polynomial functions and if g ( x) is a polynomial whose 
degree is greater than zero, then there are unique polynomial functions q(x) 
and r( x) for which 


Tee 


ME) E IU ou Оа о (А) А) 


СЕ 8G) 1 гот t 


dividend quotient divisor remainder 


where r(x) is either the zero polynomial or a polynomial of degree less than 
that of g(x). 


In equation (1), f(x) is the dividend, g(x) is the divisor, q(x) is the quotient, 
and r(x) is the remainder. 
If the divisor g(x) is a first-degree polynomial of the form 


g(x) = х= с careal number 


then the remainder r(x) is either the zero polynomial or a polynomial of degree 0. 
As a result, for such divisors, the remainder is some number, say R, and we may write 


f(x) = (х= с)д(х) +R (2) 


This equation is an identity in x and is true for all real numbers х. Suppose that x = с. 
Then equation (2) becomes 


f(c) =(e-—c)q(c)+ К 


= 
Substitute f(c) for R in equation (2) to obtain 
f(x) = (x — c)q(x) + f(c) (3) 


which proves the Remainder Theorem. 


REMAINDER THEOREM 


Suppose f is a polynomial function. If f(x) is divided by x — c, then the 
remainder is f (с). 


| EXAMPLE 1 | Using the Remainder Theorem 


Find the remainder when f(x) = x? — 4x? — 5is divided by 


RES кене (continued) 


*A systematic process in which certain steps are repeated a finite number of times is called an algorithm. 
For example, polynomial division is an algorithm. 
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Solution (a) Either polynomial division or synthetic division could be used, but it is easier to 
use the Remainder Theorem, which states that the remainder is f(3). 


f(3) = 33 — 4.32 — 5 = 27 — 36 – 5 = -14 
The remainder is —14. 


5 COMMENT A grapking utility prowdes (b) To find the remainder when f(x) is divided by x + 2 = x — (—2), find f(—2). 


another way to find the value of a 


function using the eVALUEate feature. f(=2) = (2)? еу — 5 = -8 — 16 — 5 = —29 
Consult your manual for details. Then 
check the results of Example 1. a The remainder is —29. -—» 


Compare the method used in Example 1(a) with the method used in Example 1 of 
Appendix A, Section A.5. Which method do you prefer? 

An important and useful consequence of the Remainder Theorem is the Factor 
Theorem. 


FACTOR THEOREM 
Suppose fis a polynomial function. Then x — c is a factor of f (x) if and only 
и (е) = 0. 


The Factor Theorem actually consists of two separate statements: 


e If f(c) = 0, then x — cis a factor of f(x). 
e If x — cisa factor of f(x), then f(c) = 0. 


The proof requires two parts. 


Proof 
1. Suppose that f(c) = 0. Then, by equation (3), we have 
f(x) = (x - с)д(х) 
for some polynomial q(x). That is, x — c is a factor of f(x). 


2. Suppose that x — c is a factor of f(x). Then there is a polynomial function q 
for which 


f(x) = (x - с)д(х) 
Replacing x by c, we find that 
f(c) = (с—с)а(с) = 0: 4(с) = 0 
This completes the proof. п 


One use of the Factor Theorem is to determine whether a polynomial has а 
particular factor. 


| EXAMPLE 2 | Using the Factor Theorem 


Use the Factor Theorem to determine whether the function 
f(x) = 2x3 – х? + 2х – 3 
has the factor 
(a) x — 1 (b) x -2 
Solution Тһе Factor Theorem states that if f(c) = 0, then x — c is a factor. 
(a) Because x — 1 is of the form x — c withc = 1, find the value of f(1). 
fd) =2-12-174+2-1-3=2-14+2-3=0 


By the Factor Theorem, x — 1 is a factor of f (x). 
(continued) 
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(b) To test the factor x + 2, first write it in the form x — c. Since x + 2 = x — (-2), 
find the value of f ( —2). Using synthetic division, 


zm 4.3.9 
—4 16 =24 
2 —5 12 -27 


Because /(—2) = —27 = 0, conclude from the Factor Theorem 
that x — (—2) = x + 2 is not a factor of f(x). D 
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From Example 2(a), x — 1 is a factor of f. To write fin factored form, divide f 
by x — 1. 


12 -1 2 -3 
2l. .3 
2 13 0 


The quotient is q(x) = 2x? + x + 3 with a remainder of 0, as expected. Write f in 
factored form as 
f(x) = 2x3 — x2 42x 3 = (x - 1) (2x? + x + 3) 


But how many real zeros can a polynomial function have? In counting the zeros 
of a polynomial, count each zero as many times as its multiplicity. 


THEOREM Number of Real Zeros 


A polynomial function cannot have more real zeros than its degree. 


Proof The proof is based on the Factor Theorem. If r is a real zero of a polynomial 
function f, then f(r) = 0, and x — r is a factor of f(x). Each real zero corresponds to 
a factor of degree 1. Because f cannot have more first-degree factors than its degree, 
the result follows. и 


2 Use Descartes’ Rule of Signs to Determine the Number 
of Positive and the Number of Negative Real Zeros of a 
Polynomial Function 
Descartes’ Rule of Signs provides information about the number and location of the 
real zeros of a polynomial function written in standard form (omitting terms with 
a 0 coefficient). It uses the number of variations in the sign of the coefficients of f ( x) 
and f (—x). 

For example, the following polynomial function has two variations in the signs 

of the coefficients. 


f(x) = —3x? + 4x4 + 3x? – 2x - 1 
WF 


ы Ж 
-to+ + їо – 
Replacing x by —х gives 
fx) = -3(-x)’ + 4(-х)* + 3(-х)? – 2(-x)-1 


= 3х7 + 4x44 3х2 -2x —1 
м7 


+10 – 
which has one variation in sign. 
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THEOREM Descartes’ Rule of Signs 
Suppose fis a polynomial function written in standard form. 


e The number of positive real zeros of f either equals the number of variations 
in the sign of the nonzero coefficients of f(x) or else equals that number 
less an even integer. 

e The number of negative real zeros of f either equals the number of variations 
in the sign of the nonzero coefficients of f(—x) or else equals that number 
less an even integer. 


We do not prove Descartes’ Rule of Signs. Let’s see how it is used. 


| EXAMPLE 3 | Using the Number of Real Zeros Theorem and Descartes’ Rule of Signs 


Discuss the real zeros of f(x) = 3x7 — 4x4 + 3x3 + 2x? — x — 3. 


Solution ^ Because the polynomial is of degree 7, by the Number of Real Zeros Theorem there 
are at most seven real zeros. Since there are three variations in the sign of the nonzero 
coefficients of f ( x), by Descartes’ Rule of Signs we expect either three positive real 
Zeros or one positive real zero. 

To continue, look at f (—x). 


/(—х) = —3x7 — 4x4 — 3x? -2x? - x - 3 


There are two variations in sign, so we expect either two negative real zeros or no 
negative real zeros. Equivalently, we now know that the graph of f has either three 
positive x-intercepts or one positive x-intercept and two negative x-intercepts or no 
negative x-intercepts. N 
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3 Use the Rational Zeros Theorem to List the Potential Rational 
Zeros of a Polynomial Function 


The next result, called the Rational Zeros Theorem, provides information about the 
rational zeros of a polynomial with integer coefficients. 


THEOREM Rational Zeros Theorem 


Let f be a polynomial function of degree 1 or higher of the form 


where each coefficient is an integer. If P in lowest terms, is a rational zero of f, 


then p must be a factor of a), and q must be a factor of a,,. 


| EXAMPLE4 | Listing Potential Rational Zeros 


List the potential rational zeros of 
f(x) = 2x? + 11x? — 7x — 6 


Solution ^ Because f has integer coefficients, the Rational Zeros Theorem may be used. First, list 
all the integers p that are factors of the constant term a, = —6 and all the integers q 
that are factors of the leading coefficient a, = 2. 


р: 1+2, + 3, + 6 Factors of —6 
q: 1, 2 Factors of 2 


(continued) 
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NOTE We can conclude that 5, for 
example, is not a zero of f because it 
is not in the list of potential rational 
zeros. However, —1 is only a possible 
rational zero. That Is, it may or may not 
be a zero. 


Now form all possible ratios P, 
р. 1222326 1 2 3 6 
q p "q ay X2 2 2 2 
which simplify to 
eee РЗ 9 
q 2 2 


If fhas a rational zero, it will be found in this list of 12 possibilities. 
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—» 


Be sure that you understand what the Rational Zeros Theorem says: For a 
polynomial with integer coefficients, if there is a rational zero, it is one of those listed. 
It may be the case that the function does not have any rational zeros. 

Polynomial division, synthetic division, or substitution can be used to test each 
potential rational zero to determine whether it is indeed a zero. To make the work 


easier, integers are usually tested 


first. 


4 Find the Real Zeros of a Polynomial Function 


| ЕХАМРІЕ 5 | Finding the Real Zeros of а Polynomial Function 


Find the real zeros of the polynomial function f(x) = 2x? + 11x? — 7x — 6. 


Step-by-Step Solution 


Step 1 Use the degree of the 
polynomial to determine the 
maximum number of zeros. 


Write f in factored form. 


Since fis a polynomial of degree 3, there are at most three real zeros. 


Step 2 Use Descartes’ Rule of 
Signs to determine the possible 
number of positive real zeros and 
negative real zeros. 


By Descartes’ Rule of Signs, there is one positive real zero. Also, because 


f(—x) = -2x? + 11x? + 7x — 6 


there are two negative real zeros or no negative real zeros. 


Step З Ifthe polynomial has 
integer coefficients, use the 
Rational Zeros Theorem to identify 
the rational numbers that are 
potential zeros. Use substitution, 
synthetic division, or polynomial 
division to determine whether each 
potential rational zero 15 a zero. If it 
is, factor the polynomial function. 
Repeat Step 3 until all the rational 
zeros of the polynomial function 
have been identified, or until the 
function can be factored. 


List the potential rational zeros obtained in Example 4: 


1 3 


1, 


2, 


3, 


6, 


From the list, test 1 first using synthetic divison. 


guo 


12 11 -7 -6 


2 


2.- 13 


13 
6 


6 
0 


Since f (1) = 0, 1is a zero of f and x — 1 is a factor of f. So, 


f(x) = 2x2 + 11x? — 7x — 6 = (x — 1)(2x? + 13x + 6) 


Now any solution of the equation 2x? + 13x + 6 = 0 is also a zero of f. The 
equation 2x? + 13x + 6 = 0 is called a depressed equation of f. Because any 
solution to the equation 2x? + 13x + 6 = 0 is a zero of f, work with the depressed 


equation to find the remaining zeros of f. 


The depressed equation 2x? + 13x + 6 = 0 can be factored. 


2x? + 13х -6 = (2x + 1)(x 4-6) = 0 
2х +1= 0 


The zeros of f are —6, ES and 1. 


Or 


х+6=0 
х= —6 


(continued) 
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The factored form of fis: 
f(x) = 2x? + 11x? — 7x — 6 = (x — 1)(2x? + 13x + 6) 
= (x —1)(2x + 1)(x + 6) _в 


Notice in Example 5 that all three zeros of f are in the list of potential rational zeros 
and agree with what was expected from Descartes’ Rule of Signs. 


SUMMARY 


Steps for Finding the Real Zeros of a Polynomial Function 


STEP 1: Use the degree of the polynomial to determine the maximum number of real zeros. 
STEP 2: Use Descartes’ Rule of Signs to determine the possible number of positive real zeros and negative real zeros. 


STEP 3: © If the polynomial has integer coefficients, use the Rational Zeros Theorem to identify those rational 
numbers that potentially could be zeros. 
Use substitution, synthetic division, or polynomial division to test each potential rational zero. Each time 
a zero is obtained, a factor is found. Repeat Step 3 on the depressed equation. 
When searching for the zeros, use factoring techniques already known when possible. 


| €XAMPLEG6 | Finding the Real Zeros of a Polynomial Function 


Find the real zeros of f(x) = x? — 7x* + 19x? — 37x? + 60x — 36. Write f in 
factored form. 


Solution STEP 1: Because f is a polynomial of degree 5, there are at most five real zeros. 


STEP 2: By Descartes' Rule of Signs, there are five, three, or one positive real zeros. 
There are no negative real zeros because 


f(—x) = —x? — 7x4 — 19x? — 37x? — 60x — 36 


has no sign variation. 


STEP 3: Because the leading coefficient a; = 1 and there are no negative real zeros, 
the potential rational zeros are limited to the positive integers 1, 2, 3, 4, 6, 9, 12, 18, 
and 36 (the positive factors of the constant term, 36). Test the potential rational 
Zero 1 first, using synthetic division. 


11 -7 19 -37 60 —36 
1-6 13 -24 36 
1-6 13 —4 36 0 


The remainder is f(1) = 0, so 1 is a zero and х — 1 is a factor of f. Use the entries 
in the bottom row of the synthetic division to begin factoring f. 


f(x) = x5 — 7x4 + 19x3 — 37x? + 60x — 36 
(x — 1)(x^ — 6x? + 13x? — 24x + 36) 


Continue the process using the depressed equation: 
qi(x) = x4 — 6x? + 13x? —24x + 36 = 0 


REPEAT STEP 3: The potential rational zeros of q, are still 1, 2, 3, 4, 6, 9, 12, 18, 
and 36. Test 1 again, since it may be a repeated zero of f. 


1 —6 13 24 36 


1 —5 8 —16 


(continued) 
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Since the remainder is 20, 1 is not a repeated zero. Try 2 next. 


21 -6 13 —4 36 
2 -8 10 -28 
1-4 5 —14 8 
Since the remainder is 8,2 is not a zero. Try 3 next. 
31 -6 13 -24 36 


3 -9 12 —36 
1-3 4 -12 0 


The remainder is f (3) = 0, so 3 is a zero and х — 315 a factor of f. Use the bottom 


row of the synthetic division to continue the factoring of f. 


f(x) = x? — 7x4 + 19x3 — 37x? + 60x — 36 
= (x —1)(x — 3)(x3 — 3х2 + 4x — 12) 


The remaining zeros satisfy the new depressed equation 


qo(x) = x? – 3x? + 4х – 12 = 0 


Notice that q, ( x) can be factored by grouping. Alternatively, Step 3 could be repeated 
to again check the potential rational zero 3. The potential rational zeros 1 and 2 would 


no longer be checked because they have already been eliminated. 


Now 
x? — 3x2 + 4x — 12 = 0 
x?(x —3) + 4(x – 3) = 0 
(х2 + 4)(x – 3) = 0 
х2 +4= 0 or х- 3 = 0 
х= 73 


Since x? + 4 = Ohas no real solutions, the real zeros of f are 1 and 3, with 3 being а 


repeated zero of multiplicity 2. The factored form of fis 


f(x) = x5 — 7х* + 19x? — 37x? + 60x — 36 


= (x —1)(x — 3)2(х2 + 4) 
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5 Solve Polynomial Equations 


| ЕХАМРІЕ 7 | Solving а Polynomial Equation 


Find the real solutions of the equation: x? — 7x^ + 19x? — 37x? + 60x — 36 = 0 


Solution Тһе real solutions of this equation are the real zeros of the polynomial function 


f(x) = x5 — 7x4 + 19x? — 37x? + 60x — 36 


Using the result of Example 6, the real zeros of fare 1 and 3. The real solutions of the 


equation x? — 7x* + 19x? — 37x? + 60x — 36 = 0 are 1 and 3. 
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D 


In Example 6, the quadratic factor x? + 4 that appears in the factored form of f is 
called irreducible, because the polynomial x? + 4 cannot be factored over the real 
numbers. In general, a quadratic factor ax? + bx + c is irreducible if it cannot be 


factored over the real numbers—that is, if it is prime over the real numbers. 


Refer to Examples 5 and 6. The polynomial function of Example 5 has three real 
zeros, and its factored form contains three linear factors. The polynomial function 
of Example 6 has two distinct real zeros, and its factored form contains two distinct 


linear factors and one irreducible quadratic factor. 


=l 


COMMENT The bounds on the real 
zeros of a polynomial provide good 
choices for setting Xmin and Xmax of the 
viewing rectangle. With these choices, 
all the x-intercepts of the graph can 
be seen. mH 


NOTE When finding a lower bound, 
а 0 can be treated as either positive or 
negative, but not both. For example, 
the numbers 3, 0, 5 would be considered 
to alternate sign, whereas 3, 0, —5 
would not. ш 
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THEOREM 


Every polynomial function with real coefficients can be uniquely factored into 
a product of linear factors and/or irreducible quadratic factors. 


We prove this result in Section 3.4, and, in fact, we shall draw several additional 
conclusions about the zeros of a polynomial function. One conclusion is worth noting 
now. If a polynomial with real coefficients is of odd degree, it must have at least one 
linear factor. (Do you see why? Consider the end behavior of polynomial functions 
of odd degree.) This means that it must have at least one real zero. 


THEOREM 


A polynomial function with real coefficients of odd degree has at least one real zero. 


6 Use the Theorem for Bounds on Zeros 


The work involved in finding the zeros of a polynomial function can be reduced 
somewhat if upper and lower bounds to the zeros can be found. A number M is an 
upper bound to the zeros of a polynomial f if no zero of fis greater than M. The 
number т is a lower bound if no zero of f'is less than m. Accordingly, if т is a lower 
bound and M is an upper bound to the zeros of a polynomial function f, then 


m < anyzero off < M 


For polynomials with integer coefficients, knowing the values of a lower bound m 
and an upper bound M may enable you to eliminate some potential rational zeros — 
that is, any zeros outside the interval [m, M]. 


THEOREM Bounds on Zeros 
Let f denote a polynomial function whose leading coefficient is positive. 


e If M > 01а real number and if the third row in the process of synthetic 
division of f by x — M contains only numbers that are positive or zero, 
then M is an upper bound to the real zeros of f. 

e If m < 0 is a real number and if the third row in the process of synthetic 
division of f by x — m contains numbers that alternate positive (or 0) and 
negative (or 0), then m is a lower bound to the real zeros of f. 


Proof (Outline) We give only an outline of the proof of the first part of the theorem. 
Suppose that M is a positive real number, and the third row in the process of synthetic 
division of the polynomial f by x — M contains only numbers that are positive or 0. 
Then there are a quotient q and a remainder R for which 


f(x) = (х = М)д(х) + R 


where the coefficients of g(x) are positive or 0 and the remainder А > 0. Then, for 
any x > M, we must have x — М > 0, q(x) > 0, and R > 0, so that f(x) > 0. That 
is, there is no zero of f larger than M. The proof of the second part follows similar 
reasoning. п 


In finding bounds, it is preferable to find the smallest upper bound and largest lower 
bound. This will require repeated synthetic division until a desired pattern is observed. 
For simplicity, we consider only potential rational zeros that are integers. If a bound 
is not found using these values, continue checking positive and/or negative integers 
until you find both an upper and a lower bound. 


| EXAMPLES | PLE 8 Finding Upper and Lower Bounds of Zeros 


For the polynomial function f(x) = 2x? + 11x? — 7x — 6,use the Bounds on Zeros 
Theorem to find integer upper and lower bounds to the zeros of f. 


(continued) 
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Solution 


NOTE Keep track of any zeros that are 


found when looking for bounds. 


From Example 4, the potential rational zeros of f are +1, +2, +3, +6, 3 5. 
To find an upper bound, start with the smallest positive integer that is a potential 
rational zero, which is 1. Continue checking 2, 3, and 6 (and then subsequent positive 
integers), if necessary, until an upper bound is found. To find a lower bound, start with 
the largest negative integer that is a potential rational zero, which is —1. Continue 
checking —2, —3, and —6 (and then subsequent negative integers), if necessary, until 
a lower bound is found. Table 7 summarizes the results of doing repeated synthetic 
divisions by showing only the third row of each division. For example, the first row 


of the table shows the result of dividing f (x) by x — 1. 


12 11 -7 -6 
2 13 6 
213 6 0 


Table 7 Synthetic Division Summary 


Coefficients of q(x) 1 Remainder 


чу АП попперайуе 
Lower А А 
bound Alternating signs 


Forr = 1, the third row of synthetic division contains only numbers that are positive 
or 0,so we know there are no real zeros greater than 1. Since the third row of synthetic 


division for r = —7 results in alternating positive (or 0) and negative (or 0) values, 
we know that —7 is a lower bound. There are no real zeros less than —7. Notice that 
in looking for bounds, two zeros were discovered. These zeros are 1 and —6. D 


\ Now Work PRoBLEM 69 


If the leading coefficient of f is negative, the upper and lower bounds can still 
be found by first multiplying the polynomial by —1. Since —f(x) = (—1) f(x), ће 
zeros of — f (x) are the same as the zeros of f (x). 


7 Use the Intermediate Value Theorem 


The next result, called the Intermediate Value Theorem, is based on the fact that the 
graph of a polynomial function is continuous; that is, it contains no “holes” or “gaps.” 
THEOREM Intermediate Value Theorem 
Let f denote a polynomial function. If a < b and if f (a) and f (b) are of 


opposite sign, there is at least one real zero of f between a and b. 


Although the proof of the Intermediate Value Theorem requires advanced methods 
in calculus, it is easy to “see” why the result is true. Look at Figure 27 


gi у= 10) d 
|. + fla) - Zeros 
f(b) 
| Zero j " 
À a b x 
f(a) 
Ка) + 4 


(a) (b) 


Figure 27 If fis a polynomial function and if f(a) and f(b) are of opposite 
sign, then there is at least one real zero between a and b. 
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| EXAMPLE 9 | Using the Intermediate Value Theorem to Locate a Real Zero 


Show that f(x) = x? — x? — 1 has areal zero between 1 and 2. 


Solution 


Evaluate f at 1 and at 2. 


f(1) = —1 and f(2) = 23 


Because f (1) < 0 and f (2) > 0, it follows from the Intermediate Value Theorem 
that the polynomial function f has at least one real zero between 1 and 2. B 
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Let’s look at the polynomial function f of Example 9 more closely. From 
Descartes’ Rule of Signs, fhas exactly one positive real zero. From the Rational Zeros 
Theorem, 1 is the only potential positive rational zero. Since f(1) = 0, the zero 
between 1 and 2 is irrational. The Intermediate Value Theorem can be used to 
approximate it. 


Steps for Approximating the Real Zeros of a Polynomial Function 


STEP 1: 


STEP 2: 
STEP 3: 


STEP 4: 


STEP 5: 


Find two consecutive integers a and a + 1 for which f has a real zero 
between them. 


Divide the interval [a, a + 1] into 10 equal subintervals. 


Evaluate f at the endpoints of each subinterval until the sign 
of f changes. Then by the Intermediate Value Theorem, this interval 
contains a real zero. 


Now divide the new interval into 10 equal subintervals and repeat Step 3. 


Continue with Steps 3 and 4 until the desired accuracy is achieved. 


Note: If at Step 3 the value of f equals 0, the process ends since that value is 


a Zero. 


Approximating a Real Zero of a Polynomial Function 


Solution 


COMMENT The TABLE feature of 
a graphing calculator makes the 
computations in the solution to 


Example 10 a lot easier. H 


NORMAL FLOAT AUTO REAL RADIAN HP ñ 
CALC ZERO 
Үї=Х^5-Хэ-1 4 


2его z$ 
#=1.2365057 vze 


Figure 28 TI-84 Plus CE 


Find the positive real zero of f(x) = x? — x? — 1 correct to two decimal places. 


From Example 9 we know that the positive real zero is between 1 and 2. Divide 
the interval [1, 2]into 10 equal subintervals: [1, 1.1], (1.1, 1.2], [1.2, 1.3], [1.3, 1.4], 


[1.4, 1.5], 


[1.5, 1.6], [1.6, 1.7], (1.7, 1.8], [1.8, 1.9], [1.9, 2]. Now find the value 


of f (x) = x? — x? — 1 at each endpoint until the Intermediate Value Theorem applies. 


f(10)2 -1 f(1.1) = 0.72049  f(1.2) = —0.23968  f(1.3) = 0.51593 


We can stop here and conclude that the zero is between 1.2 and 1.3. Now divide 
the interval[1.2, 1.3] into 10 equal subintervals and evaluate f at each endpoint. 


f(1.20) = —0.23968 f(1.21) ~ —0.1778185  f(1.22) = —0.1131398 
f(1.23) ~ —0.0455613  f(1.24) ~ 0.025001 


The zero lies between 1.23 and 1.24, and so, correct to two decimal places, the zero 


is 1.23. 


_B 


[ Exploration 


p examine the polynomial function f given in Example 10. The Theorem on Bounds of Zeros tells us 
~ that every real zero is between —1 and 2. Graphing f using —1 < x < 2 (see Figure 28), we see that f has 


exactly one x-intercept. Using ZERO or ROOT, we find this zero to be 1.23 correct to two decimal places. | 
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There are many other numerical techniques for approximating a real zero of a 
polynomial. The one outlined in Example 10 (a variation of the bisection method) 
has the advantages that it always works, it can be programmed on a computer, and 
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each time it is used, another decimal place of accuracy is achieved. See Problem 118 
for the bisection method, which places the zero in a succession of intervals, with each 
new interval being half the length of the preceding one. 


Historical Feature 


ormulas for the solution of third- and fourth-degree polynomial 
equations exist, and while not very practical, they do have an 
interesting history. 

In the 1500s in Italy, mathematical contests were a popular 
pastime, and people who possessed methods for solving problems 
kept them secret. (Solutions that were published were already 
common knowledge.) Niccolo of Brescia (1499—1557), commonly 
referred to as Tartaglia, had the secret for solving cubic (third- 
degree) equations, which gave him a decided advantage in the 
contests. Girolamo Cardano (1501—1576) learned that Tartaglia 
had the secret, and, being interested in cubics, he requested it from 
Tartaglia. The reluctant Tartaglia hesitated for some time, but finally, 
swearing Cardano to secrecy with midnight oaths by candlelight, 
told him the secret. Cardano then published the solution in his book 


Historical Problems 


Problems 1—8 develop the Tartaglia-Cardano solution of the cubic 
equation and show why it is not altogether practical. 


1. Show that the general cubic equation y? + by? + cy +d = 0 
can be transformed into an equation of the form 
X3 + px + q = 0 by using the substitution у = x — 2. 
2. In the equation x3 + рх + q = 0, replace x by H + К. 
Let 3HK = —p, and show that НЗ + КЗ = -q. 
3. Based on Problem 2, we have the two equations 
3HK = —p and НЗ + КЗ = -q 


Solve for Kin 3HK = —p and substitute into НЗ + КЗ = -q. 
Then show that 


3I—q 
H 2 


[Hint: Look for an equation that is quadratic in form.] 


3.3 Assess Your Understanding 


Ars Magna (1545), giving Tartaglia the credit but rather compromising 
the secrecy. Tartaglia exploded into bitter recriminations, and each 
wrote pamphlets that reflected on the other's mathematics, moral 
character, and ancestry. 

The quartic (fourth-degree) equation was solved by Cardano's 
student Lodovico Ferrari, and this solution also was included, with 
credit and this time with permission, in the Ars Magna. 

Attempts were made to solve the fifth-degree equation in similar 
ways, all of which failed. In the early 1800s, P. Ruffini, Niels Abel, 
and Evariste Galois all found ways to show that it is not possible to 
solve fifth-degree equations by formula, but the proofs required the 
introduction of new methods. Galois's methods eventually developed 
into a large part of modern algebra. 


. Use the solution for H from Problem 3 and the 
equation НЗ + КЗ = —q to show that 


3|-4d 
К 2 


. Use the results from Problems 2 to 4 to show that the solution 
of x3? + px +q = Ois 


3-8 | up E la? | p 
ЕТ 4°27 V2 N4 ^27 
. Use the result of Problem 5 to solve the 

equation x3 — 6x — 9 = 0. 


. Use a calculator and the result of Problem 5 to solve the 
equation x3 + Зх — 14 = 0. 

. Use the methods of this section to solve the 
equation x3 + Зх — 14 = 0. 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Find f(—1) if f(x) = 2x? — x. (рр. 50-53) 
2. Factor the expression 6x? + x — 2. (pp. A38-A40) 


Concepts and Vocabulary 


5. Multiple Choice If f (x) = q(x)g(x) + r(x), the function 
r(x)is called the | 
(a) remainder (b) dividend (с) quotient (4) divisor 

6. When a polynomial function f is divided by x — c, the 
remainder is 

7. Multiple Choice Given f(x) = 3x* — 2x? + 7x — 2, how 
many sign changes are there in the coefficients of f (—x)? 
(a) 0 (b) 1 (c) 2 (d) 3 


1. Now Work Q 1. Modeling 1. Writing 


ta 1. Graphing Tech 


3. Find the quotient and remainder when 3x4 — 5x? + 7x — 4 
is divided by x — 3. (pp. A28-A31 or A43-A45) 


4. Solve x? — 3 — x. (pp. 150-155) 


8. True or False Every polynomial function of degree 3 with 
real coefficients has exactly three real zeros. 
9. If f is a polynomial function and x — 4 is a factor of f, 
then f(4) = 
10. True or False ЇЇ f is a polynomial function of degree 4 and 
if f(2) = 5, then 
f(x) _ 5 
бт. 
where p(x) is a polynomial of degree 3. 


/Х Calculus Preview == 1. Applet-Based 


Skill Building 
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In Problems 11-20, use the Remainder Theorem to find the remainder when f(x) is divided by x — c. Then use the Factor Theorem to 


determine whether x — c is a factor of f (x). 
Nu. f(x) = 4x3 – 3x? — 8х + 4; x -2 
13. f(x) = 5x*^ — 20x? + x - 44x 2 
15. f(x) = 2x95 + 129x? + 64; x + 4 
17. f(x) = 4х6 — 64x4 + x? – 15; x 4 
19. f(x) = 2x4 — x? +2х-1х-» 


4 


12. f(x) = —4x? + 5x? + 8; х + 3 

14. f(x) = 4x4 — 15x? — x - 2 

16. f(x) = 2x6 — 18x^ + x? - 9; x +3 
18. f(x) = х6 — 16x4 + x? - 16 x +4 
20. f(x) = 3x4 + х%—3х+х+% 


In Problems 21-32, determine the maximum number of real zeros that each polynomial function may have. Then use Descartes’ Rule 
of Signs to determine how many positive and how many negative real zeros each polynomial function may have. Do not attempt to 


find the zeros. 
N21. f(x) = акт 4 x3 - x1 +2 


24. f(x) = —3x° + 4x4 + 2 
27. f(x) = -x^ + x? — 1 


30. f(x) = x? — xt + x? 


x?^-Fx-—1 


22. f(x) = 5x4 + 2x? - 6x — 5 23. f(x) = 


25. f(x) = —2x3 4 


26. f(x) — 


28. f(x) = xt + 5x? – 2 29. f(x) = х -x* - x? - x1 


31. f(x) = х6 – 1 32. f(x) = 


In Problems 33—44, list the potential rational zeros of each polynomial function. Do not attempt to find the zeros. 


N33. f(x) = 3x4 — 3x3 4x2 - x 41 


36. f(x) = 2х5 — xt — x? +1 


39. f(x) = 6x4 —x?49 


42. f(x) = 3x? — x? + 2x + 18 


34. f(x) = х? - х®+ 2x? 43 35. f(x) = x? - 2x? + 8x — 5 
37. f(x) = -9? x? +x +3 38. f(x) = 6x4 ^x? +2 

40. f(x) = -4x? + x? - x - 6 41. f(x) = 2x2 — x? + 2x? +12 
43. f(x) = 6x* + 2x? — x? + 20 44. f(x) = —6x? — x? +x + 10 


In Problems 45—56, use the Rational Zeros Theorem to find all the real zeros of each polynomial function. Use the zeros to factor f over 


the real numbers. 
N 45. f(x) = хэ + 2x? — 5x — 6 
48. f(x) = 2x? + x? + 2х +1 
51. f(x) = 2x4 + x – 7x? – 3x43 
54. f(x) = x^ —x? — 6x? + Ax + 8 


46. f(x) = x? + 8x? + 11x — 20 
49. f(x) = 2x? — Ax? — 10x + 20 50. f(x) = 3х? + 6x? — 15x — 30 
52. f(x) = 2x4 — x? — 5x? + 2x + 2 53. f(x) = x^ + x -3x? x - 2 
55. f(x) = 4x4 + 5x? + 9x? + 10x + 2 56. f(x) = 3x4 + 4x? + 7x? + 8x + 2 


47. f(x) = 2x3 - x? + 2x - 1 


In Problems 57—68, solve each equation in the real number system. 


Моз.х#—х3+2х2—4х—8=0 
59. 3x3 + 4x2 — 7x - 2 = 0 
61. 3x? — x? 


15x+5=0 


63. x4 + Ax? + 2x2 —-x+6=0 
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65. x? x? 4 x+1=0 


3 3 
67. 2x^ — 19x? + 57x? — 64x + 20 = 0 


58. 2x? + 3x? +2x+3=0 


60. 2x3 — 3x2 —3x — 5 = 0 


62. 2x3 — 11x? + 10х +8 = 0 
64. x4 — 2x3 + 10x? – 18х +9 = 0 


6б. x? + 3x7 + 3-2 = 0 


68. 2x4 + x? — 24x? + 20x +16 = 0 
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In Problems 69-78, find bounds on the real zeros of each polynomial function. 
“ы 69. f(x) = x4 – 3x? — 4 

71. f(x) = х®++х%—х—1 

73. f(x) = 3x4 + 3x? — x? — 12x — 12 


75. f(x) = 4x5 


xe + 2x? = 2x2 +x = 1 


77. f(x) = —х® + 3x3 — 4х2 – 2x + 9 


70. f(x) = x* — 5x? — 36 

72. f(x) = x^ x? - x - 1 

74. f(x) = 3x* — 3x3 — 5x? + 27x — 36 
76. f(x) = 4х5 + x44 x? +x? – 2х 2 
78. f(x) = —4x° + 5x? + 9x? + 3x — 12 


In Problems 79—84, use the Intermediate Value Theorem to show that each polynomial function has a real zero in the given interval. 
80. f(x) = x^ + 8 — x? + 2; [-1, 0] 


М. 79. f(x) = 8x4 


2x? + 5x — 13; [0, 1] 


81. f(x) = 2x? + 6x? — 8x + 2; [-5, –4] 


83. f(x) = x? 


7x* 


7x? 18x + 18; [1.4, 1.5] 


х 4 


82. f(x) = 3x3 


84. f(x) = x? 


10x 4 


Зх? 


2x3 + 6x? + x + 2; [1.7, 1.8] 


In Problems 85—88, each equation has a solution т in the interval indicated. Use the method of Example 10 to approximate this solution 
correct to two decimal places. 


85. 8x4 = 2x2 + 5x -1=0;0<r<1 
87. 2x3 + 6х2 —8x+2=0;-5<r< -4 


86. x^ + 8x? — x? + 2 = 0; -1 
88. 3x? 


г< 0 


< 
< —2 


10x + 9 = 0; -3 < r 


In Problems 89-92, each polynomial function has exactly one positive real zero. Use the method of Example 10 to approximate the zero 
correct to two decimal places. 


89. f(x) = x? +x +x 4 


\ 91. f(x) = 2x4 


3x? — 4x2 
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90. f(x) = 2x^ + x? - 1 
92, f(x) = 3x? = 2x? — 20 


Mixed Practice In Problems 93—104, graph each polynomial function. 


93. f(x) = x? + 2x? — 5x — 6 

96. f(x) = 2x? + x? -2x +1 

99, f(x) = 4x4 + 7x? - 2 

102. f(x) = xt — x? — 6x? + 4х + 8 


94. f(x) = x? 


103. f(x) = 4x5 


+ 8x? + 11x — 20 
97. f(x) = xt - x? -2 
100. f(x) = 4x^ + 15x? - 4 


8x4 


95. f(x) = 2x? — x? +2x— 1 
98. f(x) = x* — 3x? — 4 
101. f(x) = xt + x? — 3x? x +2 


12x4 


Applications and Extensions 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


Suppose that f(x) = 3x? + 16x? + 3x — 10. Find the 
real zeros of f(x + 3). 
Suppose that f(x) = 4x? — 11x? — 26x + 24. Find the 
real zeros of f(x — 2). 
Find k so that x — 2 is a factor of 
f(x) = x? — kx? + kx +2 

Find К so that x + 2 is a factor of 

f(x) x* — kx? + kx? +1 
8x10 + x 


What is the remainder when f(x) = 2x?? 2 


is divided by x — 1? 
Whatis the remainder when f(x) = —3x!7 + x? — x? + 2x 
is divided by x + 1? 


Use the Factor Theorem to prove that x — с is a factor 
of x" — с" for any positive integer n. 
Use the Factor Theorem to prove that x 4- c is a factor 


of x" + c" if n > 1 is an odd integer. 

One solution of the equation x? — 8x? + 16x — 3 = 0153. 
Find the sum of the remaining solutions. 

One solution of the equation x? + 5x? + 5x — 2 = 015—2. 
Find the sum of the remaining solutions. 

Geometry What is the length of the edge of a cube if, after a 


slice l-inch thick is cut from one side, the volume remaining 
is 294 cubic inches? 


x 


116. 


117. 


118. 


+ 2 104. f(x) = 4x? 4 


x—3 


Geometry What is the length of the edge of a cube if its 
volume is doubled by an increase of 6 centimeters in one 
edge, an increase of 12 centimeters in a second edge, and a 
decrease of 4 centimeters in the third edge? 


Let f(x) be a polynomial function whose coefficients are 
integers. Suppose that r is a real zero of f and that the leading 
coefficient of fis 1. Use the Rational Zeros Theorem to show 
that r is either an integer or an irrational number. 


Bisection Method for Approximating Real Zeros of a 
Polynomial Function We begin with two consecutive 
integers, a and a + 1, for which f(a) and f(a + 1) are 
of opposite sign. Evaluate f at the midpoint m, of a 
and a 4- 1. If f(m,) = 0, then т, is the zero of f, and 
we are finished. Otherwise, f(m; ) is of opposite sign to 
either f (a) or f (a + 1). Suppose that it is f (a) and f(m,) 
that are of opposite sign. Now evaluate f at the midpoint m, 
of a and m,. Repeat this process until the desired degree 
of accuracy is obtained. Note that each iteration places the 
zero in an interval whose length is half that of the previous 
interval. Use the bisection method to approximate the zero 
of f(x) = 8х* —2x? + 5x — linthe interval [0,1] correct 
to three decimal places. 


[Hint: The process ends when both endpoints agree to the 
desired number of decimal places.] 


A 119. 


120. 


Challenge Problem Suppose f is a polynomial function. 
If f(—2) = 7 and f (6) = –1, then the Intermediate Value 
Theorem guarantees which of the following? Justify your 
answer. 
(a) f(0) = 0 
(b) f(c) = 3 for at least one number c between —2 and 6. 
(c) f(c) = 0 for at least one number between —1 and 7 
(d) —1 < f(x) < 7 for all numbers in the closed 

interval [—2, 6]. 
Challenge Problem Prove the Rational Zeros Theorem. 
[Hint: Let i 


e 


where p and q have no common factors 


SECTION 3.4 Complex Zeros; Fundamental Theorem of Algebra 241 


except 1 and —1, be a zero of the polynomial function 


f(x) = a,x" + a, ,X"-! + ax + а, 
whose coefficients are all integers. Show that 
a, p” d a, ,p"-lq ея ард"! + ад" = 0 


Now, show that р must be a factor of a), and that д must be 
a factor of a,,.] 


. Challenge Problem Use the Intermediate Value Theorem 


to show that the functions у = x7 and у = 1 — x? intersect 
somewhere between x = 0 and x = 1. 


Explaining Concepts: Discussion and Writing 


122. 


123. 


Retain Your Knowledge 


Is 5a zero of f(x) = 2x? + 3x? — 6x + 7? Explain. 


Is $a zero of f(x) = 4x? — 5x? — 3x + 1? Explain. 


124. 


125. 


Is 3a zero of f(x) = 2х° — 5x4 + x? — x + 1? Explain. 


2 a zero of f(x) = x7 + 6x5 — x4 + x + 2? Explain. 


Problems 126—135 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


126. Write f(x) = —3x? + 30x — 4 in the form 


128 


For 


130. 
131. 
132. 
133. 
134. 
135. 


fix)2aix—-hy +k 


. Solve 2x — 5y = 3 for y. 


Problems 130-135, use the graph on the right. 


On which interval(s) is f increasing? 


On which interval(s) is f decreasing? 
What are the zeros of f, if any? 

What are the intercepts of the graph of f? 
What are the turning points? 

What are the absolute extrema, if any? 


127. Express the inequality 3 < x < 8 using interval 


notation. 


129. Solve 4x? = 249 c. 


‘Are You Prepared?’ Answers 


1. 


3 2. (3x + 2)(2x — 1) 


3. Quotient: 3x? + 4x? + 12x + 43; Remainder: 125 


—1 — V13 


" —1 + 4/13 


3.4 Complex Zeros; Fundamental Theorem of Algebra 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Complex Numbers (Appendix A, Section A.11, 
рр. A92-A96) 


М Now Work the ‘Are You Prepared?’ problems on page 246. 


Complex Zeros of a Quadratic Function (Section 2.7, 
pp. 187-189) 


OBJECTIVES 1 Use the Conjugate Pairs Theorem (p. 243) 
2 Find a Polynomial Function with Specified Zeros (p. 244) 
3 Find the Complex Zeros of a Polynomial Function (p. 245) 


In Section 2.3, we found the real solutions of a quadratic equation. That is, we found 
the real zeros of a polynomial function of degree 2. Then, in Section 2.7 we found 
the complex zeros of a quadratic function. That is, we found the complex zeros of a 
polynomial function of degree 2. 
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Need to Review? —, 


Complex numbers are discussed 
in Appendix A, Section A.11, 

pp. A92-A96. Complex zeros of a 
quadratic function are discussed 
in Section 2.7, pp. 187-189. 


In Section 3.3, we found the real zeros of polynomial functions of degree 3 or 
higher. In this section we will find the complex zeros of polynomial functions of 
degree 3 or higher. 


DEFINITION Complex Zeros 


A variable in the complex number system is referred to as a complex variable. 
A complex polynomial function f of degree n is a function of the form 


3H) = aXe аР ШОК аш = 55 a,x Р а (1) 


where a,, à, 4,..., ау, @ are complex numbers, a, = 0, п is a nonnegative 
integer, and x is a complex variable. As before, a, is called the leading coefficient 
of f. A complex number r is called a complex zero of fif f(7) = 0. 


In most of our work, the coefficients in (1) are real numbers. 

We have learned that some quadratic equations have no real solutions, but that in 
the complex number system every quadratic equation has at least one solution, either 
real or complex. The next result, proved by Karl Friedrich Gauss (1777-1855) when he 
was 22 years old,* gives an extension to complex polynomials. In fact, this result is so 
important and useful that it has become known as the Fundamental Theorem of Algebra. 


Fundamental Theorem of Algebra 


Every complex polynomial function f of degree n > 1 has at least one complex 
Zero. 


We shall not prove this result, as the proof is beyond the scope of this text. 
However, using the Fundamental Theorem of Algebra and the Factor Theorem, we 
can prove the following result: 


THEOREM 


Every complex polynomial function f of degree n > 1 can be factored into и 
linear factors (not necessarily distinct) of the form 


f(x) = a,(x—n)x-r) ..:(x—r) 


where a,,, rj, %, ..., Р, are complex numbers. That is, every complex polynomial 
function of degree n > 1 has exactly n complex zeros, some of which may 
repeat. 


Proof Let f(x) = a,x” a, X" +--+ ах + ap. 


By the Fundamental Theorem of Algebra, f has at least one zero, say r,. Then, by the 
Factor Theorem, x — r is a factor, and 
f(x) = (х= n)aG) 
where q,(x) is a complex polynomial of degree n — 1 whose leading coefficient 
is а„. Repeating this argument и times, we arrive at 
f(x) = (x m n )(x E rj): gas (x > Tn )Qn(X) 
where q,, (x) isa complex polynomial of degree n — n = 0 whose leading coefficient 
is a„. That is, q,(x) = a,x° = a,, and so 
Р(х) = a lx- rx- rh) ..:(x—r,) 
We conclude that every complex polynomial function f of degree n > 1 has 
exactly n (not necessarily distinct) complex zeros. a 


*In all, Gauss gave four different proofs of this theorem, the first one in 1799 being the subject of his 
doctoral dissertation. 
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1 Use the Conjugate Pairs Theorem 


The Fundamental Theorem of Algebra can be used to obtain valuable information 
about the complex zeros of polynomial functions whose coefficients are real 
numbers. 


Conjugate Pairs Theorem 


Suppose f is a polynomial function whose coefficients are real numbers. 
Ifr = а + biis a zero of the complex conjugate r = a — bi is also a zero of f. 


In other words, for polynomial functions whose coefficients are real numbers, the 
complex zeros occur in conjugate pairs. This result should not be all that surprising 
since the complex zeros of a quadratic function occurred in conjugate pairs. 


Proof Let 
f(x) = a,x" + a, 4x" +--+ ax + а, 


wherea,, à, ;,,...,d,, ay are real numbers anda, = 0.Ifr = а + biis azero of f, 
then f(r) = f(a+ bi) = 0,so 


n n-1 EN 
а" + d, jr ++ ++ аг +а = 0 


Take the conjugate of both sides to get 


a,F" + apr”! +++» + ar + a) = 0 The conjugate of a sum equals the sum 
_ of the conjugates (see Section A.11). 
a,r" +a, yr") +++ ar + a) = 0 The conjugate of a product equals 
.. the product of the conjugates. 
a.(r) ra,4(r) | ++ + ar + ау = 0 The conjugate of a real number 
equals the real number. 
a (F) +a, (T). ++ +47 +a, = 0 
This last equation states that f(r) = 0; that 15,7 = a — bi is a zero of f. п 


The importance of this result is that once we know a complex number, 
say 3 + 4i,is a zero of a polynomial function with real coefficients, then we know that 
its conjugate 3 — 4i is also a zero. This result has an important corollary. 


Corollary 


A polynomial function f of odd degree with real coefficients has at least one 
real zero. 


Proof Because complex zeros occur as conjugate pairs in a polynomial function 
with real coefficients, there will always be an even number of zeros that are not 
real numbers. Consequently, since fis of odd degree, one of its zeros must be a real 
number. a 


For example, the polynomial function f (x) = x? — 3x4 + Ax? — 5 has at least 
one zero that is a real number, since f is of degree 5 (odd) and has real coefficients. 
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| €XAMPLE1 | Using the Conjugate Pairs Theorem 


A polynomial function f of degree 5 whose coefficients are real numbers has the 
zeros 1,5i, and 1 + i. Find the remaining two zeros. 


Solution Since f has coefficients that are real numbers, complex zeros appear as conjugate 
pairs. It follows that —5i, the conjugate of 5i, and 1 — i, the conjugate of 1 4- i, are 
the two remaining zeros. D 


`A Now Work PRoBLEM 9 


2 Find a Polynomial Function with Specified Zeros 


| EXAMPLE 2 | Finding a Polynomial Function Whose Zeros Are Given 


Find a polynomial function f of degree 4 whose coefficients are real numbers that has 
the zeros 1, 1,апа —4 + i. 


Solution Since —4 + i is a zero, by the Conjugate Pairs Theorem, —4 — i is also a zero of f. 
From the Factor Theorem, if f(c) = 0, then x — cis a factor of f(x). So f can now 
be written as 


f(x) = a(x —1)(x - DIx - (—4 + 0115 - (—4 — i)] 


where a is any nonzero real number. Then 


f(x) а(х = Da Dix = (4+ 0] —(-4 = 1)] 

= a(x? – 2х + 1)[(x + 4) - (х + 4) + i] 

= а(х? —2x + 1)[(х + 4)? – 12] 

= a(x? — 2x + D[x? + 8x + 16 - (-1)] жезл] 

a(x? — 2x + 1)(х? + 8x + 17) 

a(x^ + 8x? + 17x? — 2x? — 16x? — 34x + x? + 8x + 17) 

= a(x* + 6x3 + 2x? — 26x + 17) D 


( Exploration 


Graph the function f found in Example 2 fora = 1. Does the value of a affect the zeros of f? How does the 
value of a affect the graph of f? What information about fis sufficient to uniquely determine a? 


Ee 


Result An analysis of the polynomial function f tells us what to expect: 


e At most three turning points. 


e For large |x|, the graph resembles the graph of y = x4. 


50 * Arepeated real zero at 1, so the graph will touch the x-axis at 1. 
* The only x-intercept is 1; the y-intercept is 17. 


Figure 29 shows the complete graph on a TI-84 Plus CE. (Do you see why? The graph has exactly 
three turning points.) The value of a causes a stretch or compression; a reflection also occurs 
3 ifa < 0. The zeros are not affected. 

If any point other than an x-intercept on the graph of f is known, then a can be determined. 
a aa Аал For example, if (2, 3) is on the graph, then f(2) = 3 = a(37), so a = 3/37. Why won't an x-intercept 
Figure 29 work? 

f(x) = x* + 6x? + 2x? — 26x + 17 
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We can now prove the theorem stated in Section 3.2. 


THEOREM 


Every polynomial function with real coefficients can be uniquely factored over 
the real numbers into a product of linear factors and/or irreducible quadratic 


factors. 


Proof Every complex polynomial function f of degree п has exactly п zeros and can 
be factored into a product of n linear factors. If its coefficients are real, the zeros that 
are complex numbers always occur in conjugate pairs. As a result, ifr = a + bi is 
a complex zero, then so 1857 = a — bi. Consequently, when the linear factors x — r 


and x — r of fare multiplied, we have 


(x—r\(x—7r) = x? -(r4+r)x+rr = x? —2ax+a* +b? 


This second-degree polynomial has real coefficients and is irreducible (over the real 
numbers). So, the factors of fare either linear or irreducible quadratic factors. п 


\ Now Work PROBLEM 19 


3 Find the Complex Zeros of a Polynomial Function 


The steps for finding the complex zeros of a polynomial function are the same as 


those for finding the real zeros. 


| EXAMPLE 3 | Finding the Complex Zeros of a Polynomial Function 


Find the complex zeros of the polynomial function 


f(x) = 3x4 + 5x? + 25x? + 45x — 18 


Write fin factored form. 


Solution STEP 1: The degree of fis 4, so f has four complex zeros. 


STEP 2: Since the coefficients of f are real numbers, Descartes' Rule of Signs can be 
used to obtain information about the real zeros. For this polynomial function, 
there is one positive real zero. There are three negative real zeros or one 


negative real zero, because 


f(—x) = 3x4 — 5x? + 25x? — 45x — 18 


has three variations in sign. 


STEP 3: Since the coefficients of f are integers, the Rational Zeros Theorem can 
be used to obtain information about the potential rational zeros of f. The 


potential rational zeros are 
l 12 


И 


2, 


3, 


6, 


9, 


аз" 


18 


Table 8 summarizes some results of synthetic division. 


Table 8 


1 is not a zero. 
—1 is not a zero. 
2 is not a zero. 


—2 is a zero. 


Since f(—2) = 0, then —2 is a zero and x + 2 is a factor of f. The 


depressed equation is 


3x3 — x? +27x -9 = 0 


(continued) 
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REPEAT STEP 3: The depressed equation can be factored by grouping. 


3x3 = х? + 27x —9— 0 
x?(3x —1)+9(3x — 1) = 0 Factor x? from 3x? — x? and 9 from 27x — 9. 
(x? + 9)(3х —1) = 0 Factor out the common factor 3x — 1. 
x? +9 = 0 or 3x—1- 0  Usethe Zero-Product Property. 


x? = —9 or 


Use the Square Root Method. 


The four complex zeros of f are —3i, 3i, —2, and L. 


The factored form of fis 


f(x) 


\ Now Work PRoBLEM 35 


3.4 Assess Your Understanding 


| 


3x4 + 5x? + 25x? + 45x — 18 


: ; 1 
3(x 4- 3i)( x — 3i)( x + 2)(x — 5) 


з(х2 + 9)(х + 2)(x - 1) E 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Find the sum and the product of the complex numbers 
3 — 2i and—3 + 5i. (pp. A93-A94) 


3. What is the conjugate of —3 + 4i? (p. A94) 


Concepts and Vocabulary 


5. Every polynomial function of odd degree with real 
coefficients will have at least real zero(s). 


6. If3 + Ai is a zero of a polynomial function of degree 5 with 
real coefficients, then so is 


Skill Building 


2. 


Solve x? + 2x + 2 = 0 in the complex number system. 
(pp. 187-189) 


. Givenz = 5 + 2i, find the product 2. z. (pp. A94—A95) 


. True or False ^ polynomial function of degree n with real 


coefficients has exactly п complex zeros. At most п of them 
are real zeros. 


. True or False А polynomial function of degree 4 with real 


coefficients could have —3, 2 + i, 2 — i, and —3 + 5i as its 
Zeros. 


In Problems 9—18, information is given about a polynomial function f whose coefficients are real numbers. Find the remaining zeros of f. 


v. 9. Degree 3;zeros:3, 4 — i 10. Degree 3;zeros:4, 3 + i 
11. Degree 4; zeros:i, 3 + i 12. Degree 4; zeros: 1,2,2 + i 
13. Degree 5; zeros: 1, i, 5i 14. Degree 5; zeros: 0, 1,2, i 
15. Degree 4; zeros:i, 7, —7 16. Degree 4; zeros:2 — i, —i 
17. Degree 6; zeros:2, 4 + 9i, —7 — 21, 0 18. Degree 6; zeros:i, 3 — 2i, -2 + i 


\\ 1. Now Work @ 1. Modeling 1. Writing s 1. Graphing Tech Ж Calculus Preview Zr 1. Applet-Based 
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In Problems 19-24, find a polynomial function f with real coefficients having the given degree and zeros. Answers will vary depending on 
the choice of leading coefficient. 


v 19. Degree 4; zeros:3 + 2i; 4, multiplicity 2 20. Degree 4; zeros:i, 1 + 2i 
21. Degree 5; zeros: 2;—i; 1 + i 22. Degree 6; zeros:i, 4 — i52 + i 
23. Degree 4; zeros: 3, multiplicity 2; —i 24. Degree 5;zeros: 1, multiplicity 3;1 + 7 


In Problems 25—32, use the given zero to find the remaining zeros of each polynomial function. 


25. f(x) = x? — 5x? + 9x — 45; zero: 3i 26. g(x) = x? + 3x? + 25x + 75;zero: —5i 

27. f(x) = 4x4 + 7x? + 62x? + 112x — 32; zero: — 4i 28. h(x) = 3х* + 5x? + 25x? + 45x — 18; zero:3i 

29. h(x) = x4 — 7x? + 23x? — 15x — 522; zero:2 — 5i 30. f(x) = x^ — 7x? + 14x? — 38x — 60;zero:1 + 3i 

31. h(x) = 3x? + 2x4 — 9x? — 6x? — 84x — 56; zero: —2i 32. g(x) = 2x? — 3x4 — 5x? — 15x? — 207x + 108; zero: 3i 


In Problems 33-42, find the complex zeros of each polynomial function. Write f in factored form. 


33. f(x) = x -1 34. f(x) = x^ —1 
М. зз. f(x) = x? — 8x? + 25x — 26 36. f(x) = x3 + 13x? + 57x + 85 
37. f(x) = xt + 5x? +4 38. f(x) = x^ + 13x? + 36 
39. f(x) = x4 + 2x? + 22x? + 50x — 75 40. f(x) = x^ + 3x? — 19x? + 27x — 252 
41. f(x) = 3x* — x? — 9x? + 159x — 52 42. f (x) = 2x4 + x? — 35x? — 113x + 65 


43. Challenge Problem Suppose f(x) = 2x? — 14x? + bx — 3 with f(2) = 0 and g(x) = x? + cx? — 8x + 30, with the 
zero x = 3 — i, where b and c are real numbers. Find ( f - g)(1).? 


44. Challenge Problem Let f be the polynomial function of degree 4 with real coefficients, leading coefficient 1, and 
zeros x = 3 + i, 2, -2. Let g be the polynomial function of degree 4 with intercept (0, —4) and zeros х = i, 2i. 
Find (f + g)(1)^ 

45. Challenge Problem The complex zeros of f (x) = x4 + 1 For the function f(x) = х* + 1: 

(a) Factor f into the product of two irreducible quadratics. 
(b) Find the zeros of f by finding the zeros of each irreducible quadratic. 


Explaining Concepts: Discussion and Writing 


In Problems 46 and 47 explain why the facts given are contradictory. 


46. fis a polynomial function of degree 3 whose coefficients are 49. f is a polynomial function of degree 4 whose coefficients 
real numbers; its zeros are 2, i, and 3 + i. are real numbers; three of its zeros are 2,1 + 2i, and 1 — 2i. 
47. fis a polynomial function of degree 3 whose coefficients are Explain why the remaining zero must be a real number. 
real numbers; its zeros are 4 + i, 4 — i, and2 + i. 50. For the polynomial function f(x) = x? + 2ix — 10: 
48. fis a polynomial function of degree 4 whose coefficients are (a) Verify that 3 — і is a zero of f. 
real numbers; two of its zeros are —3 and 4 — i. Explain why (b) Verify that 3 + i is not a zero of f. . 
one of the remaining zeros must be a real number. Write (c) Explain why these results do not contradict the 
down one of the missing zeros. Conjugate Pairs Theorem. 


*Courtesy of the Joliet Junior College Mathematics Department 
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Retain Your Knowledge 


Problems 51—60 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


51. Draw a scatter plot for the given data. 56. Solve x = үу + 3 — 5 for y. 


x —1 1 2 5 8 10 = 
57. Find the domain of g(x) = * yx 
y |-4 0 3 1 5 7/ x+2 


58. Find the intercepts of the graph of the 


. Given f(x) = V3 — x, find x so that f(x) = 5. а 
equation 3x + у? = 12. 


. Multiply: (2х — 5)(3x? + x — 4) 
. Find the area and circumference of a circle with a diameter 59, Rationalize the numerator: 
of 6 feet. 


Vx —3 
x47 


60. Find the difference quotient of f(x) = x? + 8. 


Joo and 


Mf Fe) = 


state its domain. 


м and g(x) = 3x — 2, find £ 
x f 


‘Are You Prepared?’ Answers 
1. Sum: 3i; product:1 + 21i 2.—1— i —1 +i 3. —3 — 4i 4. 29 


3.5 Properties of Rational Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Rational Expressions (Appendix A, Section A.6, * Graphof f(x) — 1 (Foundations, Section Е2, 
x 


рр. А47-А54) — | | Example 13, p. 17) 
Polynomial Division (Appendix A, Section A.3, Graphing Techniques: Transformations (Section 1.5, 
pp. A28-A31) pp. 96-106) 


v Now Work the 'Are You Prepared?' problems on page 256. 


OBJECTIVES 1 Find the Domain of a Rational Function (p. 249) 
2 Find the Vertical Asymptotes of a Rational Function (p. 252) 
3 Find a Horizontal or an Oblique Asymptote of a Rational Function (p. 253) 


Ratios of integers are called rational numbers. Similarly, ratios of polynomial functions 
are called rational functions. Examples of rational functions are 


2—4 x 3x? 
Rix) = —^———_ Е(х) = Cn] 
v x? - x41 о х2 – 4 d x* —1 


DEFINITION Rational Function 


A rational function is a function of the form 


R(x) = £09 
А q(x) 


where p and q are polynomial functions and q is not the zero polynomial. 
The domain of R is the set of all real numbers, except those for which the 
denominator q is 0. 
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1 Find the Domain of a Rational Function 


| €XAMPLE1 | Finding the Domain of a Rational Function 


2 
(a) The domain of R(x) = 2x*—4 
x+5 


is, the domain is {x|x = —5}. 

1 = 
x?—4 (x + 2)(x — 2) 
except —2 and 2; that is, the domain is {x|x = —2,x = 2}. 


is the set of all real numbers x except —5; that 


(b) The domain of R(x) = is the set of all real numbers x 


is the set of all real numbers. 


The domain of R = 
(c) The domain of R(x) ded 
x? —1 


(d) The domain of R(x) — is the set of all real numbers x except 1; that is, 


the domain is {x|x = 1}. B 


2 
Although 2: 


E simplifies to x + 1, it is important to observe that the functions 
X — 


x?—1 
—1 


R(x) = and f(x)=x+41 


are not equal, since the domain of R is {x|x = 1} and the domain of fis the set of all 
real numbers. 


\ Now Work PROBLEM 17 


If R(x) = a is a rational function, and if p and g have no common factors, 
q(x 


/NCAUTION Thedomainofa rational then the rational function R is said to be in lowest terms. For a rational function 


function must be found before writing 


x). Р | 
ee R(x) = p) in lowest terms, the real zeros, if any, of the numerator, which are 
the function in lowest terms. m q(x) 


also in the domain of R, are the x-intercepts of the graph of R. The real zeros of the 
denominator of R [that is, the numbers x, if any, for which q(x) = 0], although not 
in the domain of R, also play a major role in the graph of R. 


We have already discussed the properties of the rational function y = E (Refer 
x 


to Example 13, page 17) The next rational function that we analyze is H(x) — EN 
х 


| EXAMPLE 2 | Graphing H(x) = RS 


x2 


Analyze the graph of H(x) = a. 


x2 


Solution Тһе domain of Н (х) = = is the set of all real numbers x except 0. The graph has 
х 


no y-intercept, because x cannot equal 0. The graph has по x-intercept because the 
equation H (x) = 0 has no solution. Therefore, the graph of Н does not cross or 
touch either of the coordinate axes. Because 


H(-x) = 1 = E — H(x) 


(xy x 
H is an even function, so its graph is symmetric with respect to the y-axis. 
(continued) 
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DS Table 9 shows values of H(x) — e for selected positive numbers x. (We use 
X 


symmetry to obtain values of H when x « 0.) From the first three rows of Table 9, 
we see that as the values of x approach (get closer to) 0, the values of H (x) become 
unbounded in the positive direction. That is, as x —^ 0, H (x) — оо. (In calculus we 
use limit notation, lim Н (х) = оо, to convey this). 


Look at the last four rows of Table 9. As x — оо, then H (х) — 0, so we have the 
end behavior of the graph. Figure 30 shows the graph. Notice the use of red dashed 
lines to convey the behavior of H as x — 0 or x — oc. 


Table 9 


10,000 


100,000,000 


10,000 


y=0 -3 


100,000,000 Figure 30 Hx) = i 


Using Transformations to Graph a Rational Function 


Graph the rational function: R(x) = ————, 
(x — 2) 


Solution Тһе domain of R is the set of all real numbers except x = 2. To graph R, start with 


the graph of y — EN See Figure 31 for the steps. 
x 


х=2 
Xx | 
1 =з 1 
YA YA | | 
1 
E 3- | 
Ё L | | \ 0,2) 
l 
CLD L NED | NGD yen 2i 
| =” ерган 
(1, 1), | 
11 П П П 1 x | П 1 ү П І 1 1 т 
y=0-2 xx у=й 5 X NE: 
Replace x by x — 2; Add 1; 
shift right 2 units. shift up 1 unit. 
Figure 31 (a) yes (b) je (с) y= — 
x? (x - 2) (x= 2)? 


\ Now Work PRoBLEMS 35(a) AND 35(b) 


Asymptotes 


Let’s investigate the roles of the vertical line x = 2 and the horizontal line y = 1 
in Figure 31(c). 
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_ 1 
(x — 2)? 
the values of Rat x = 10, 100, 1000, and 10,000. Note that as x becomes unbounded 
in the positive direction, the values of R approach 1. That is, as x —^ oo, R( x) — 1. 
From Table 10(b) we see that as x becomes unbounded in the negative direction, the 
values of R also approach 1. That is, as x —^ —oo, R( x) — 1. 

Although x = 2 is not in the domain of R, the behavior of the graph of R 
near x = 2isimportant. Table 10(c) shows the values of Rat x = 1.5, 1.9, 1.99, 1.999, 
and 1.9999. We see that as x approaches 2 for x < 2, denoted x — 27, the values 
of R increase without bound. That is, as x —^ 2- (from the left), R(x) — oo. From 
Table 10(d), we see that as x approaches 2 for x > 2, denoted x — 2*, the values 
of R also increase without bound. That is, as x — 2+ (from the right), R(x) — oc. 


First, we look at the end behavior of R(x) — + 1. Table 10(a) shows 


Table 10 


1000 1.000001 1.000001 01799 10,001 2.01 10,001 
10,000 1.00000001 —10,000 1.00000001 12999 1,000,001 2.001 1,000,001 
159999 100,000,001 2.0001 100,000,001 


(а) (b) (c) (d) 


The vertical line x — 2 and the horizontal line y — 1 are called asymptotes of 
the graph of R. 


DEFINITION Horizontal and Vertical Asymptotes 


Let R denote a function. 


e If, as x —^ —oo or as x — оо, the values of R(x) approach some fixed 
number L, then the line y = Lis a horizontal asymptote of the graph of R. 
[Refer to Figures 32(a) and (b).] 


e If,asx approaches some number c, the values | R( x)| — oo [thatis, R(x) —^ —oo 


or R(x) — oo], then the line x = c is a vertical asymptote of the graph of А. 
[Refer to Figures 32(c) and (d).] 


E 
ll 


хес 


УА \ 
у= R(x) 


І 
I 
I 
І 
I 
І 
І 
1 > 
[ 
І 
I 
І 
I 
I 
I 
I 


— 


r T a 
< 
ll = 
E 
25 


X X 
(a) End behavior: (b) End behavior: (c) As x— c7, then А (х) — oo; (d) As x— c^, then R(x) — —oc; 
As x — co, then R( x) — L. As x — —oo, then R(x) L. as x— c+, then R(x) — оо. as x— c+, then R(x) — oc. 
That is, the points on the graph That is, the points on the graph That is, the points on the That is, the points on the 
of R de getting closer to of R are getting closer to graph of Р are getting closer graph of В are getting closer 
the line y = L; y = Lisa the line y = L; y = Lisa to the line x = c; x= cisa to the line x = c; x = cisa 
horizontal asymptote. horizontal asymptote. vertical asymptote. vertical asymptote. 


Figure 32 


A horizontal asymptote, when it occurs, describes the end behavior of the graph as 
х — оо or as x — —oo. The graph of a function may intersect a horizontal asymptote. 

A vertical asymptote, when it occurs, describes the behavior of the graph when x 
is close to some number c. The graph of a rational function never intersects a vertical 
asymptote. 
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Y4 There is a third possibility. If, as x — —oo or as x — оо, the value of a rational 
function R(x) approaches a linear expression ax + b, a = 0, then the 

x line у = ax + b, a = 0, is an oblique (or slant) asymptote of R. Figure 33 shows 

4 an oblique asymptote. An oblique asymptote, when it occurs, describes the end 
# behavior of the graph. The graph of a function may intersect an oblique asymptote. 


^ x \ Now Work PRoBLEMS 27 AND 35(c) 


2 Find the Vertical Asymptotes of a Rational Function 


Р n in lowest terms, are 


Figure 33 Oblique asymptote 


The vertical asymptotes of a rational function R(x) — 


located at the real zeros of the denominator q (x). Suppose that r is a real zero of q, 
so x — r is a factor of q. As x — r, the values (x — г) — 0, causing the ratio to become 
unbounded; that is, | R( x)| — оо. Based on the definition, we conclude that the 
line x — risa vertical asymptote. 


THEOREM Locating Vertical Asymptotes 


AN CAUTION ҥа rational function is The graph of a rational function R(x) = Pip in lowest terms, has a vertical 
not in lowest terms, this theorem may q(x) 

result in an incorrect listing of vertical asymptote x = r if ris a real zero of the denominator q. That is, if x — risa 
SS MIRO SORS. = factor of the denominator q of the rational function R, in lowest terms, the 


graph of R has a vertical asymptote x — r. 


| EXAMPLE 4 | Finding Vertical Asymptotes 


Find the vertical asymptotes, if any, of the graph of each rational function. 


3 x 
(а) F(x) = 074 OVE еа 
2 Bid 
H EIUS. d)G = и 
vw) HONS ват S 
Solution (a) F(x) = AT is in lowest terms, and the only real zero of the denominator is 1. 
X p 


The line x = 1 is the vertical asymptote of the graph of F. 


Æ CAUTION when identifying a (b) R(x) — a" in lowest terms, and the real zeros of the denominator x? — 4 
vertical asymptote, as in the solution to el 


Example 4(a), write the equation of the are —2 and 2. The lines x — —2 and x — 2 are the vertical asymptotes of the 
vertical asymptote as x — 1. Do not say graph of R. 
that the vertical asymptote is 1. и 2 
(с) H(x) = — i is in lowest terms, and the denominator has no real zeros. The 
x 
graph of H has no vertical asymptotes. 
Bs ы 
(d) Factor the numerator and denominator of G(x) = LI in ЕВ to determine 
x? + 4x — 21 


whether G is in lowest terms. 


x?—9 _ («+ 3)(x-3) x43 


= = 3 
wydr (х+70(х=3) х7 77 


С(х) = 


The only real zero of the denominator of С in lowest terms is —7. The 
line x = —7 is the only vertical asymptote of the graph of G. B 


As Example 4 illustrates, rational functions can have no vertical asymptotes, one 
vertical asymptote, or more than one vertical asymptote. 


\ Now Work PRoBLEMS 45, 47, AND 49 (FIND THE VERTICAL 
ASYMPTOTES, IF ANY.) 


(a) Odd multiplicity 
As x — 2- (from the left), 
Ry(X) —оо. 


As x — 2+ (from the right), 


К,(Х)— оо. 


Figure 34 
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Multiplicity and Vertical Asymptotes 


Recall from Figure 15 in Section 3.1 that the end behavior of a polynomial function is 
always one of four types. For polynomials of odd degree, the ends of the graph go in 
opposite directions (one up and one down), whereas for polynomials of even degree, 
the ends go in the same direction (both up or both down). 

For a rational function in lowest terms, the multiplicities of the real zeros in the 
denominator can be used in a similar fashion to determine the behavior of the graph 
around each vertical asymptote. Consider the following four functions, each with a 
single vertical asymptote, x = 2. 


R(x) =- R(x) = -—— 


5 а ке 


2 Gem 2)? 6 -2y 


Figure 34 shows the graphs of each function. The graphs of К, and R, 


are transformations of the graph of y — 3 and the graphs of R, and R, are 
x 


transformations of the graph of y = 
x 


YR (x) [ ed D ү Ra(x) 
(б) Odd multiplicity (c) Even multiplicity (d) Even multiplicity 
As x — 2- (from the left), As x — 2- (from the left), As x — 2- (from the left), 
R;(X)— оо. (х) = oc. R4(X) = —оо. 
As x — 2+ (from the right), As x — 2+ (from the right), As x — 2+ (from the right), 
R3(X) > —оо. R3(X) — оо. R4(X) = —oc. 


Based on Figure 34, we can make the following conclusions: 


* If the multiplicity of the real zero that gives rise to a vertical asymptote 
is odd, the graph approaches oo on one side of the vertical asymptote and 
approaches —oo on the other side. 

* If the multiplicity of the real zero that gives rise to the vertical asymptote 


is even, the graph approaches either oo or —oo on both sides of the vertical 
asymptote. 


These results are true in general and will be helpful when graphing rational 
functions in the next section. 


3 Find a Horizontal or an Oblique Asymptote 


of a Rational Function 


To find horizontal or oblique asymptotes, we need to know how the function 
behaves as x — —oo or as x — oo. That is, we need to determine the end behavior 
of the function. This can be done by examining the degrees of the numerator and 
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denominator, and the respective power functions that each resembles. For example, 
consider the rational function 


3x — 2 


R Еа 
(x) 5x? — 7x +1 


The degree of the numerator, 1, is less than the degree of the denominator, 2. 
When |x| is very large, the numerator of R can be approximated by the power 
function y — 3x, and the denominator can be approximated by the power 
function y — 5x?. This means 


3x—2 3x 3 


К(х) = Rd = 0 
e) 5x? — 7х +1 , 5x? 5х 
T T 
For | x| very large As T= —o00fX-—-00 


which shows that the line y = 0 is a horizontal asymptote. This result is true for all 
rational functions that are proper (that is, the degree of the numerator is less than the 
degree of the denominator). If a rational function is improper (that is, if the degree of 
the numerator is greater than or equal to the degree of the denominator), there could 
be a horizontal asymptote, an oblique asymptote, or neither. The following summary 
details how to find horizontal or oblique asymptotes. 


Finding a Horizontal or an Oblique Asymptote of a Rational Function 
Consider the rational function 
р(х) | a,x" t a, 4x" + + ax + ay 


R = = 
Ж Ce a oe А 


in which the degree of the numerator is n and the degree of the denominator is m. 


e Ifn < m (the degree of the numerator is less than the degree of the 
denominator), the line y = 0 is a horizontal asymptote. 


* If n = m (the degree of the numerator equals the degree of the 


: : (e : : 
denominator), the line y — ДЫ is a horizontal asymptote. (That is, the 


m 


horizontal asymptote equals the ratio of the leading coefficients.) 


e [ѓи = m + 1 (the degree of the numerator is one more than the degree 
of the denominator), the line y = ax + bis an oblique asymptote, which 
is the quotient found using polynomial division. 


e If n > m+ 2 (the degree of the numerator is two or more greater 
than the degree of the denominator), there are no horizontal or oblique 
asymptotes, and the end behavior of the graph resembles the power 


Э а 
function у = —*x"^-", 
Dm 
Note: A rational function never has both a horizontal asymptote and an oblique 


asymptote. A rational function may have neither a horizontal nor an oblique 
asymptote. 


| EXAMPLE 5 | Finding a Horizontal Asymptote 


Find the horizontal asymptote, if one exists, of the graph of 


4x? —5x+2 


R = L 
(x) 7x5 + 2x4 — Зх 


Since the degree of the numerator, 3, is less than the degree of the denominator, 5, 
the rational function R is proper. The line y = 0 is a horizontal asymptote of the 
graph of R. B 
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| EXAMPLES | Finding a Horizontal or an Oblique Asymptote 


Find the horizontal or oblique asymptote, if one exists, of the graph of 


3x4 — x? 
H = = 
e х = х? +1 
Solution ^ Since the degree of the numerator, 4, is exactly one greater than the degree of the 
denominator, 3, the rational function H has an oblique asymptote. Find the asymptote 
by using polynomial division. 


3x +3 
х — x? + 1)3x4 = x? 
3x4 — 3x3 + 3x 
3x3 — х? – Зх 
3x3 — 3x? +3 
2x2 — Зх —3 
As a result, 
3x* — x? 2x? – 3х – 3 
t2) х3 — x? +1 Ы х3 — x? +1 


AS х — —oo Or aS x — oo, 


26 = BSS, ОД 2 
х= х2 +1 x3 х 


› 0 


As х = —oo or as x —^ oo, we have H(x) — 3x + 3. The graph of the rational 
function Н has an oblique asymptote y = 3x + 3. Put another way, as x — +оо, the 
graph of H resembles the graph of y — 3x 4- 3. N 


4. y2 
Figure 35 shows the graph of H(x) — Е меш drawn using Geogebra. 
x?—x?^-F1 


| EXAMPLE7 | Finding a Horizontal or an Oblique Asymptote 


Find the horizontal or oblique asymptote, if one exists, of the graph of 


2 _ 
Ко) = Бр р 


Solution ^ Since the degree of the numerator, 2, equals the degree of the denominator, 2, the 
rational function А has a horizontal asymptote equal to the ratio of the leading 
coefficients. 


To see why the horizontal asymptote equals the ratio of the leading coefficients, 
investigate the behavior of R as x —5 —oo or as x — oo. When |x| is very large, 
the numerator of R can be approximated by the power function у = 8x?, and the 
denominator can be approximated by the power function у = 4x?. This means that 
as X — —oo Or as x — oo, 


x?—x42,.8x? 8 5 


8 
Heec que "up 7 


The graph of the rational function R has a horizontal asymptote y = 2. The 
graph of А resembles the graph of y = 2 as x — +оо. _в 


| EXAMPLES | PLE 8 Finding a Horizontal or an Oblique Asymptote 


Find the horizontal or oblique asymptote, if one exists, of the graph of 


2х5 — x? +2 


G(x) = 
g*-—1 (continued) 
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Solution Since the degree of the numerator, 5, is greater than the degree of the 
denominator, 3, by more than one, the rational function G has no horizontal 
or oblique asymptote. The end behavior of the graph resembles the power 


function у = 24^ * = 2y*, N 
"ES 4 ius : z 2 
^ — | To see why this is the case, investigate the behavior of С as x — —oo or 
eta Г | ШШ as x — oo. When |x| is very large, the numerator of G can be approximated by the 
@ os á HHH power function y = 2x5, and the denominator can be approximated by the power 
[m х " i | | function у = x?. This means as x — —oo or as x — оо, 
-10 - 10 A ИЕ | 
\ | | 5 _ x3 5 
Moa | G(x) = 2% EM uu eS = 2x? 
i x? – 1 x3 
i | А es | : А 
I: Since this is not linear, the graph of G has no horizontal or oblique asymptote. 
ES c EEE ee 5 8 
Figure 36 shows the graph of G(x) = E a drawn using Desmos. 


Figure 36 G(x) = ex r2 = 


\ Now Work PRoBLEMS 45, 47, AND 49 (FIND THE HORIZONTAL 
OR OBLIQUE ASYMPTOTE, IF ONE EXISTS.) 


3.5 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. True or False The quotient of two polynomial expressions is 3. Graph y = L (p. 17) 
a rational expression. (p. A47) " 


_ 2 А А 
2. What are the quotient and remainder when 3x4 — x? is 4. Graph у = 2(x + 1) — 3 using transformations. 


divided by x? — x? + 1. (pp. A28-A31) (pp. 97-106) 


Concepts and Vocabulary 


== 5. Interactive Figure Exercise Exploring Vertical (ii) If the multiplicity of the zero that gives rise to a 
Asymptotes Open the “Multiplicity and Vertical vertical asymptote is (even/odd), the graph 
Asymptotes” interactive figure, which is available in the approaches either оо or —oo on both sides of the 
Video & Resource Library of MyLab Math (under Interactive vertical asymptote. 

Figures) or at bit.ly/3raFUGB. (c) Consult the figure. 


(a) In the interactive figure, a represents the exponent on the 
factor x — 1 in the denominator, while b represents the 
exponent on the factor x + 2 in the denominator. What 
are the equations of the two vertical asymptotes on the 
graph of R? 

(b) Use the slider to change the value of a to 1 and the 
value of b to 1. Observe the behavior of the graph 
of the rational function near each vertical asymptote. 
Change the value of a to 2. Observe the behavior of 
the graph of the rational function near the vertical 
asymptote x = —2. Change the value of b to 2. Observe 
the behavior of the graph of the rational function near 
the vertical asymptote x = 1. Continue to experiment 
with other values of a and b while observing the behavior 
of the graph of the rational function near each vertical 


(i) The multiplicity of the zero that gives rise to the 


asymptote; Then, answer the following: — . vertical asymptote x — —2 is (even/odd). 
(i) If the multiplicity of the zero that gives rise to a (ii) The multiplicity of the zero that gives rise to the 
verticalasymptoteis — ^ (even/odd),the graph vertical asymptote x — 4 is (even/odd). 


approaches оо on one side of the vertical asymptote 
and approaches —oo on the other side. 


М1. Now Work [e 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 


10. 


. True or False The domain of every rational function is the 


set of all real numbers. 


. If, as x + —oo or as x — oo, the values of R(x) approach 


some fixed number L,then theline y = Lisa 
of the graph of R. 


. If, as x approaches some number c, the values of | R( x)| — oo, 


then the line x = cis a of the 


graph of R. 


. True or False The graph of a rational function may intersect 


a horizontal asymptote. 


True or False 'The graph of a rational function may intersect 
a vertical asymptote. 
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12. True or False 1f the degree of the numerator of a rational 


function equals the degree of the denominator, then the 
rational function has a horizontal asymptote. 


13. Multiple Choice If R(x) — PES is a rational function and 
q(x 


if p and q have no common factors, then R is 
(a) improper (b) proper 
(c) undefined (d) in lowest terms 


14. Multiple Choice Which type of asymptote, when it occurs, 


describes the behavior of a graph when x is close to some 
number? 

(a) vertical 
(c) oblique 


(b) horizontal 
(d) all of these 


11. If a rational function is proper, then is a horizontal 
asymptote. 
Skill Building 
In Problems 15—26, find the domain of each rational function. 
2 — AX 
15. нара 16. R(x) = 2X \ 15 но) = = 
x-7 3+x (x — 2)(x + 4) 
6 3x(x — 1) —Х(1— x) 
18. G == 19. F = ————— 20. = —————— 
(х) (x + 3)(4 — x) x) 2x? — 5x — 12 Q(x) 3х2 + 5x —2 
3x? + х 
21. R(x) = ———— 22. R(x) = —* 23. Н(х) == 
uc uc канике к 
-3 3(x? — x — 6) —2(x? — 4) 
24. G(x) = = 25. R(x) = SS 26. F(x) = 
= ет Ө ор = A) 9 = 302 + dx 4 4) 
In Problems 27-32, use the graph shown to find 
(a) The domain and range of each function (b) The intercepts, if any (c) Horizontal asymptotes, if any 
(d) Vertical asymptotes, if any (e) Oblique asymptotes, if any 
27. Yh 28. 29. 
4 I 
| jue 
-4 4x 
30. 31. 
УА 
XA (71,2) BL 
X " 3 
\ - 
N 
N 
(у € r 
Lp ca XL. y EES 
—3 ES 3 x 
LN 
N 
© 
- x 
NN 
-3-[(-2 NS 
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In Problems 33—44, (a) graph the rational function using transformations, (b) use the final graph to find the domain and range, and (с) use 
the final graph to list any vertical, horizontal, or oblique asymptotes. 


33, Е(ху = 2+ 5 34. Q(x) = 3+ 1. Мае: 
x x (x — 1) 
3 —2 2, 
36. R == 37. H p 38. G = =. 
ine атт = Gray 
39. Rix) = — 40. R(x) = — +1 41. G(x) =14—*— 
x? +4х+4 x-1 (х — 3)? 
42, F(x) = 2-—1— 43. Вр 44. R(x) = 2—9 
x+1 x? x 
In Problems 45—56, find the vertical, horizontal, and oblique asymptotes, if any, of each rational function. 
“М, 3x Зх +5 М. х? – 8 
45. R(x) = 46. К(х) = 47. Н(ху= —* = 8 . 
5. R(x) = > 6. R(x) = 7——c Ый: 
341] x? 4x? 
48. Gu) = EU E \ 49. T(x) = 50. P(x) = 
(2) x^ 5*4 (x) xt (x) x?—1 
2x? = 5x — 12 х? 6x45 6x? +19x — 7 
5]. == 52. Е 53. R 
сша lix - 4 SU TE Tess n 3x —1 
2 - 4 
54, R(x) c + 26x — 7 55. G(x) = Bh Fix = 16 
4х—1 x?—x x? —2x 


Applications and Extensions 


57. Gravity In physics, it is established that the acceleration due 
to gravity, g (in m /s?), at a height л meters above sea level is 


(a) Let К, = 10 ohms, and graph Ro as a function of R;. 
(b) Find and interpret any asymptotes of the graph obtained 


given by " in part (a). 
g(h) = 3.99 x 10 А (с) If R, = 24R,, what value of R, will yield ап R,,, of 
(6.374 x 109 + A) 17 ohms? 


where 6.374 x 10° is the radius of Earth in meters. 

(a) What is the acceleration due to gravity at sea level? 

(b) The Willis Tower in Chicago, Illinois, is 443 meters tall. 
Given that the City of Chicago is 181 meters above sea 
level, what is the acceleration due to gravity at the top of 
the Willis Tower? 

(c) The peak of Mount Everest is 8848 meters above sea 
level. What is the acceleration due to gravity on the peak 
of Mount Everest? 

(d) Find the horizontal asymptote of g(h). 

(e) Solve g(h) = 0. How do you interpret your answer? 


58. Population Model A rare species of insect was discovered 
in the Amazon Rain Forest. To protect the species, 
environmentalists declared the insect endangered and 


transplanted the insect into a protected area. The population P 


Х 60. 


Challenge Problem Newton’s Method In calculus you will 
learn that if 


р(х) = a,x" +a, х" +... + ах + ag 


is a polynomial function, then the derivative of p(x) is 


p(x) = na, x" +(п— Vax"? +... + 2а,х + а, 


Newton’s Method is an efficient method for approximating 
the x-intercepts (or real zeros) of a function, such as p(x). 
The following steps outline Newton’s Method. 
$ТЕР 1: Select an initial value x, that is somewhat close 
to the x-intercept being sought. 
STEP 2: Find values for x using the relation 


of the insect t months after being transplanted is Жду Ж, Pial Àn—0,1,2,... 
x 
pa) = 500 + 0.50) к 
2 + 0.01t until you get two consecutive values x, and x, , 


(a) How many insects were discovered? In other words, what 
was the population when? — 0? 

(b) What will the population be after 5 years? 

(c) Determine the horizontal asymptote of P(t). What 
is the largest population that the protected area can 
sustain? 


59. Resistance in Parallel Circuits From Ohm's Law for circuits, 
it follows that the total resistance Л, of two components 
hooked in parallel is given by the equation 
Ro = RiR, 
К, + К, 


where А, апа А, аге the individual resistances. 


that agree to whatever decimal place accuracy 
you desire. 


STEP 3: The approximate zero will be x, , 1. 


Consider the polynomial p(x) — x? — 7x — 40. 

(a) Evaluate p(3) and p(5). 

(b) What might we conclude about a zero of p? 

(c) Use Newton's Method to approximate an x-intercept, r, 
3 < r < 5,of p( x) tofour decimal places. 

(d) Use a graphing utility to graph p(x) and verify your 
answer in part (c). 

(e) Using a graphing utility, evaluate p(r) to verify your 
result. 


61. Challenge Problem The standard form of the rational 
mx +b 1 | 
К. 
x+d —h + 
To write a rational function in standard form requires 
polynomial division. 


function R(x) = 


‚с = 0, is R(x)=a 


(a) Write the rational function R(x) = A — in standard 
PE 
form by writing R in the form 
Р remainder 
uotient + ——— — —— 
Ө T divisor 


(b) Graph R using transformations. 
(c) Find the vertical asymptote and the horizontal asymptote 
of R. 


Explaining Concepts: Discussion and Writing 


64. If the graph of a rational function К has the horizontal 
asymptote y — 2, the degree of the numerator of R equals 
the degree of the denominator of R. Explain why. 


65. The graph of a rational function cannot have both a 
horizontal and an oblique asymptote. Explain why. 


Retain Your Knowledge 
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62. Challenge Problem Repeat Problem 61 for the rational 
—6x + 16 


function R(x) = ; 
2x —7 


63. Challenge Problem Make up a rational function that has 
у = 2x + 1 as ап oblique asymptote. 


66. If the graph of a rational function R has the vertical 
asymptote x = 4, the factor x — 4 must be present in the 
denominator of R. Explain why. 


Problems 67-76 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


67. Find the equation of a vertical line passing through the 
point (5, —3). 
2 x 
. Solve: =(3x — 7 1= 5-2 
68. Solve sí x y+ 4 


69. Is the graph of the equation 2x? — ху? = 4 symmetric 
with respect to the x-axis, the y-axis, the origin, or none of 
these? 


. What are the points of intersection of the graphs of the 
functions f(x) = —3x + 2and g(x) = x? — 2x — 4? 


x—6 


. Find the intercepts of the graph of f(x) — ; 
x+2 


‘Are You Prepared?’ Answers 


1. True 2. Quotient: 3x + 3;remainder:2x? — 3x — 3 


3. Va 4. 


E 72. Use a graphing utility to find the local maximum of 
f(x) = х? + 4x? -3x +1 


73. Where is f(x) = 5x? — 13x – 6 < 0? 


3 
X é 
is even, 


74. Determine whether the function f(x) = ae Р 
odd, or neither. кер 


3 2 
х2-9 x+3 
х%+х?°—9х—9 _ 
х?+х—2 


75. Simplify: 


. Solve: 


x 


os 
> 
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3.6 The Graph of a Rational Function 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Intercepts (Foundations, Section E2, pp. 12-13) * Solving Rational Equations (Appendix A, Section A.8, 


pp. A69-A70) 


\ Now Work the ‘Are You Prepared?’ problem on page 271. 


OBJECTIVES 1 Graph a Rational Function (p. 260) 


2 Solve Applied Problems Involving Rational Functions (p. 270) 


1 Graph a Rational Function 


We commented earlier that calculus provides the tools required to graph a polynomial 
function accurately. The same holds true for rational functions. However, we can 
gather together quite a bit of information about their graphs to get an idea of the 
general shape and position of the graph. 


| ЕХАМРІЕ1 | Graphing a Rational Function 


Step-by-Step Solution 


Step 1 Factor the numerator and 
denominator of R. Find the domain 
of the rational function. 


Graph the rational function R(x) = E 
X — 
x—1 x—1 


RS ERO 


The domain of Ris(x|x = —2,x = 2}. 


Step 2 Write R in lowest terms. 


Because there are no common factors between the numerator and denominator, 


R(x) = = = L is in lowest terms. 


Step 3 Find and plot the 
intercepts of the graph. Use 
multiplicity to determine the 
behavior of the graph of R at 
each x-intercept. 


Since 0 is in the domain of R, the y-intercept is R(0) = - Plot the point (0. 1) 


The x-intercepts are the real zeros of the numerator of R written in lowest terms. 
Solving x — 1 = 0, we find that the only real zero of the numerator is 1. So the 
only x-intercept of the graph of R is 1. Plot the point (1, 0). The multiplicity of 1 is 
odd, so the graph crosses the x-axis at x — 1. 


Step 4 Find the vertical 
asymptotes. Graph each vertical 
asymptote using a dashed line. 
Determine the behavior of the 
graph on either side of each 
vertical asymptote. 


The vertical asymptotes are the zeros of the denominator with the rational function 
in lowest terms. With R written in lowest terms, the graph of R has two vertical 
asymptotes:thelines х = —2 and x = 2. The multiplicities of the zeros that give rise 
to the vertical asymptotes are both odd. Therefore, the graph approaches oo on one 
side of each vertical asymptote and approaches —oo on the other side. 


Step 5 Find the horizontal or 
oblique asymptote, if one exists. 
Graph the asymptote using a 
dashed line. Find points, if any, 
where the graph of R intersects the 
asymptote. Plot the points. 


Because the degree of the numerator is less than the degree of the denominator, R 
is proper and the line y = 0 (the x-axis) is a horizontal asymptote of the graph. The 
graph of R intersects the horizontal asymptote at the x-intercept(s) of R. That is, the 
graph of R intersects the horizontal asymptote at (1, 0). 


(continued) 


Step 6 Use the real zeros of the 
numerator and denominator of R 
to divide the x-axis into intervals. 
Determine where the graph of R 

is above or below the x-axis by 
choosing a number in each interval 
and evaluating R. Plot the points 
found. 
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The real zero of the numerator, 1, and the real zeros of the denominator, —2 and 2, 
divide the x-axis into four intervals: 


Now construct Table 11. 


Table 11 


Interval 
Number chosen 


2 


Value of R Воз 08 “Rene 2 -5 А03) = 04 


Location of graph Below x-axis Above x-axis Below x-axis Above x-axis 


Point on graph (OE) (-1 2) Н -i (3, 0.4) 


Figure 37(a) shows the asymptotes, the points from Table 11,the y-intercept, and 
the x-intercept. 


Step 7 Use the results obtained in 
Steps 1 through 6 to graph R. 


e The graph crosses the x-axis at x = 1, changing from above the x-axis for x < 1 
to below it for x > 1. Indicate this on the graph. See Figure 37(b). 


e Since у = 0 (the x-axis) is a horizontal asymptote and the graph lies below 
the x-axis for x < —2, we can sketch a portion of the graph by placing a small 
arrow to the far left and under the x-axis. 


e Since the line x = —2 is a vertical asymptote and the graph lies below the x-axis 
for x < —2, we place an arrow well below the x-axis and approaching the 
line х = —2 from the left. (As x — —2 from the left, R(x) — —oo.) 


e Since the graph approaches —оо on one side of x = —2, and —2 is a zero of 
odd multiplicity, the graph will approach oo on the other side of x = —2. 
That is, as x — —2 from the right, R(x) — oo. Similarly, as x — 2 from the 
left, R(x) —^ —oo andas x — 2 from the right, R(x) — оо. 


e End behavior: As х — —oo, R(x) — 0;andas x — оо, R(x) — 0. 


Figure 37(b) illustrates these conclusions and Figure 37(c) shows the 
graph of R. 


x=-2 y cay 
sf | 
1 
L- I 
| 
(—1, 2) L | 
"| uo! & 
"EE eda NEC 
° (0, 3-3 | 
(—3, —0.8) ! 
r^ I 
1 
І 
—3r | 
1 
. х= 1 
Figure 37 (a) (b) (с) R(x) = P 
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( Exploration 


5 Graph the rational function: R(x) = XL 

Result The analysis in Example 1 helps us to set the viewing rectangle to obtain a complete graph. 
x-1 
x?—4 
Notice in Figure 38(a) that the graph has vertical lines at x — —2 and x — 2. This is due to the fact that 
when a graphing utility is in connected mode, some will connect the dots between consecutive pixels, and 
vertical lines may occur. We know that the graph of А does not cross the lines x = —2 and x = 2, since Ris 
not defined at x = —2 or x = 2. So, when graphing rational functions, use dot mode if extraneous vertical 
lines are present in connected mode. Other graphing utilities may not have extraneous vertical lines in 
connected mode. See Figure 38(c) and (d). 


Figure 38(a) shows the graph of R( x) — in connected mode, and Figure 38(b) shows it in dot mode. 


І 
4 
—4 4 Г 4 
1 = 
Connected mode with extraneous Dot mode Connected mode without extraneous 
vertical lines vertical lines 
Figure 38 (a) TI-84 Plus (b) TI-84 Plus (c) TI-84 Plus CE (d) Desmos 


SUMMARY 
Steps for Graphing a Rational Function R 


STEP 1: Factor the numerator and denominator of R. Find the domain of the rational function. 
STEP 2: Write R in lowest terms. 


STEP 3: Find and plot the intercepts of the graph. Use multiplicity to determine the behavior of the graph of R at 
each x-intercept. 


Step 4: Find the vertical asymptotes. Graph each vertical asymptote using a dashed line. 
Determine the behavior of the graph of R on either side of each vertical asymptote. 


STEP 5: Find the horizontal or oblique asymptote, if one exists. Graph the asymptote using a dashed line. Find points, 
if any, where the graph of R intersects the asymptote. Plot the points. 


STEP 6: Use the real zeros of the numerator and denominator of R to divide the x-axis into intervals. Determine where 
the graph of R is above or below the x-axis by choosing a number in each interval and evaluating R. Plot the 
points found. 


Use the results obtained in Steps 1 through 6 to graph R. 


\ Now Work PROBLEM 7 


| EXAMPLE 2 | Graphing a Rational Function 


х? – 1 


Graph the rational function: R(x) = 


Solution STEP 1: R(x) = (4 + DG — D me domain of Ris{x|x = 01. 
x 
STEP 2: R is in lowest terms. 


$ТЕР 3: Because x cannot equal 0, there is no y-intercept. The graph has 
two x-intercepts, —1 and 1, each with odd multiplicity. Plot the points (—1, 0) 


and (1, 0). The graph crosses the x-axis at both points. 
(continued) 


$ТЕР & 


NOTE Because the denominator of STEP 5: 


the rational function is a monomial, we 
can also find the oblique asymptote as 


follows: 
х2-1 x? 1 1 
= Eu 
X X x X 
: 1 : 
Since > Oas x со,у = x is the 
x 
oblique asymptote. a 
STEP 6: 
Table 12 


Interval 


Number chosen 


Value of R 


Location of graph 


Point on graph 


STEP 7: 


NOTE Notice that R in Example 2 is an 
odd function. Do you see the symmetry 
about the origin in the graph of R in 
Figure 39(c) on the next page? п 
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The real zero of the denominator with К in lowest terms is 0, so the graph 
of R has the line x = 0 (the y-axis) as a vertical asymptote. Graph x = 0 
using a dashed line. The multiplicity of 0 is odd, so the graph approaches oo 
on one side of the asymptote x = 0 and —oo on the other side. 


Since the degree of the numerator, 2, is one greater than the degree of the 
denominator, 1, the graph of R has an oblique asymptote. To find the oblique 
asymptote, use polynomial division. 


x 
xx? —-1 
y2 


—1 


The quotient is x, so the line у = x is an oblique asymptote of the graph. 
Graph y = x using a dashed line. 

To determine whether the graph of R intersects the asymptote y = x, 
solve the equation R(x) = x. 


2_ 
R(x) = Е 1 =% 
x? -1= х? 
—1= 0 Impossible 
x? — 


The equation ba x has no solution, so the graph of R does not 


intersect the line y = x. 


The real zeros of the numerator are —1 and 1; the real zero of the denominator 
is 0. Use these numbers to divide the x-axis into four intervals: 


Now construct Table 12. Plot the points from Table 12. You should now have 
Figure 39(a) on the next page. 


R2 -> 


Above x-axis 


(23) 


Above x-axis 


EE 


Below x-axis 


ЕЕ 


To graph the function, begin by recalling that the graph crosses the x-axis at 
both x-intercepts (Step 3). 

Since the graph of R is below the x-axis for x < —1 and is above 
the x-axis for x > 1, and since the graph of R does not intersect the oblique 
asymptote y = x (Step 5), the graph of R approaches the line y = x, as 
shown in Figure 39(b) on the next page. 

Since the graph of R is above the x-axis for —1 < x < 0, the graph 
of R approaches oo as R approaches the vertical asymptote x = 0 from 
the left. Since the graph of R is below the x-axis for0 < x < 1, the graph 
of К approaches —oo as R approaches the vertical asymptote x = 0 from 
the right. See Figure 39(b) on the next page. 

(continued) 
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The complete graph is given in Figure 39(c). 


(72.2) E T E (4.5) ra 
Fe е a ea 
(—1,0) P (-1, 0) Pi 
| i 4 | 1 zi | П | | І Е 
=з e (1, 0) 3 x =з fF fo 3 x 
pA ar Mii pe an T 
VO pte vo ез 
Pd -3r ae -3r 
| ?—1 
Figure 39 (а) (b) (c) R(x) = 
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| EXAMPLE 3 | Graphing a Rational Function 


хі +1 


Graph the rational function: R(x) = 5 
x 


Solution Strep 1: R is completely factored. The domain of R is {x|x = 0}. 
STEP 2: R is in lowest terms. 


STEP 3: There is no y-intercept. Since x^ + 1 = 0 has no real solutions, there are 
no x-intercepts. 


STEP 4: К is in lowest terms, so x = 0 (the y-axis) is a vertical asymptote of А. 
Graph the line x = 0 using dashes. The multiplicity of 0 is even, so the graph 
approaches either oo or —oo on both sides of the asymptote. 


STEP 5: Since the degree of the numerator, 4, is two more than the degree of the 
denominator, 2, the rational function does not have a horizontal or oblique 
asymptote. Find the end behavior of R. As |x| — oo, 


4 
R(x) = ES 


The graph of А approaches the graph of у = x? asx — —ooandasx — оо. 
The graph of К does not intersect у = x?. Do you know why? Graph y = x? 
using dashes. 


STEP 6: The numerator has no real zeros, and the denominator has one real zero 
at 0. Divide the x-axis into the two intervals (— оо, 0) and (0, оо). Construct 
Table 13. 


Table 13 


Interval (—oo, 0) (0, oo) 
Number chosen —1 1 


Value of R В(—1) = 2 RCD) = 2 


Location of graph Above x-axis Above x-axis 


Point on graph (=1 2 (1, 2) 


(continued) 


$ТЕР 7: 
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Since the graph of R is above the x-axis and does not intersect у = x?, place 
arrows on the graph of R above у = x? as shown in Figure 40. Also, since 
the graph of R lies completely above the x-axis, and the multiplicity of the 
zero that gives rise to the vertical asymptote, x = 0, is even, the graph of R 
approaches oo from both the left and the right of x = 0.See Figure 40. 


x=0 
1 
1 
yl 
Ц у= 
4 
/ 
В / 
/ 
/ 
| | 
y 
/ 
rd 
р / 
1,2) 
Гы P 
NOTE Notice that R in Example 3 is an yf 
even function. Do you see the symmetry = T EL 3 
about the y-axis inthe graphofR? m 
Figure 40 A(x) = “+1 
в x _в 
\ Now Work PRoBLEM 13 
Graphing a Rational Function 
| В 3x? — 3x 
Graph the rational function: R(x) = ——————— 
Р К rae 12 
Solution — SrEP 1: Factor R. 
R(x) = 3x(x — 1) 
(x + 4)(x — 3) 


STEP 2: 


STEP 3: 


STEP 4: 


STEP 5: 


The domain of Ris{x|x = —4,x = 3}. 
R is in lowest terms. 


The y-intercept is R(0) = 0. Plot the point (0, 0). Since the real solutions 
of the equation 3x(x — 1) = 0 are x = 0 and x = 1, the graph has two 
x-intercepts, 0 and 1, each with odd multiplicity. Plot the points (0, 0) 
and (1, 0); the graph crosses the x-axis at both points. 


Ris in lowest terms. The real solutions of the equation (x + 4)(x —3) = 0 
are x = —4 and x = 3, so the graph of А has two vertical asymptotes, the 
lines x = —4 and x = 3. Graph these lines using dashes. The multiplicities 


that give rise to the vertical asymptotes are both odd, so the graph 
approaches oo on one side of each vertical asymptote and —oo on the 
other side. 


Since the degree of the numerator equals the degree of the denominator, 
the graph has a horizontal asymptote. To find it, form the quotient of the 
leading coefficient of the numerator, 3, and the leading coefficient of the 
denominator, 1. The graph of R has the horizontal asymptote y = 3. 

To find out whether the graph of R intersects the asymptote, solve the 
equation R(x) — 3. 


3x? — 3x 


dab тун а 
3x? — 3x = 3x? + 3x — 36 
—6x — —36 
x=6 (continued) 
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The graph intersects the line у = 3 atx = 6,so(6, 3)isa point on the graph 
of R. Plot the point (6, 3) and graph the line y = 3 using dashes. 


STEP 6: The real zeros of the numerator, 0 and 1, and the real zeros of the 
denominator, —4 and 3, divide the x-axis into five intervals: 


(=œ, —4) (—4,0) (0,1) (1,3) 0$ 06) 
Construct Table 14. Plot the points from Table 14. 


Table 14 


Interval 


Number chosen 


Value of R R(—5) = 11.25 R(-2) = —1.8 T R= 1 R(4) = 4.5 


Location of graph Above x-axis Below x-axis Above x-axis Below x-axis Above x-axis 


Point on graph (—5, 11.25) (2, x) (2, =T) (4, 4.5) 


STEP 7: We analyze the graph from left to right. We know that у = 3 is a horizontal 
asymptote as x — —oo. Since the graph of К is above the x-axis for x < —4 
and intersects the line у = 3 at (6, 3), as x approaches —oo the graph of 
R approaches the horizontal asymptote y = 3 from above. The graph 
of К approaches oo as x approaches —4 from the left and approaches —оо 
as x approaches —4 from the right. 

The graph crosses the x-axis at x = 0, changing from being below 
the x-axis to being above. The graph also crosses the x-axis atx = 1, changing 
from being above the x-axis to being below. 

Next, the graph of R approaches — oo as x approaches 3 from the left and 
approaches oo as x approaches 3 from the right. See Figure 41(a). 

We do not know whether the graph of R crosses or touches the 
line y = 3 at (6,3). To see whether the graph crosses or touches the 
line y = 3, plot an additional point to the right of (6, 3). We use x = 7 to 
find R(7) = zs « 3. The graph crosses y — 3 at x — 6. Because (6, 3) 
is the only point where the graph of R intersects the asymptote y — 3, the 
graph approaches the line y — 3 from below as x — oc. 


See Figure 41(b). 
X——4 УА х= 3 
- d 
(—5, 11.25) * 10. 
FQ. ea 
Ре L e 69 y. 
б ГУ 7 
1 | | | | Ogo j | [ Lx 
E Ei*'m-5a 
(72, 13) | "o (ә) 
L (1,0) 
ү ot | 


Figure 41 
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[ Exploration 


te Graph the rational function: R(x) = 


3x? — 3x 
x*-Ex—12 


Result Figure 42(a) shows the graph on a TI-84 Plus CE. The graph does not clearly display the behavior 
of the function between the two x-intercepts, О and 1. Nor does it clearly display the fact that the graph 
crosses the horizontal asymptote at (6, 3). To see these parts better, graph Rfor 1 < x < 2 [Figure 42(b)] 
and for 4 < х < 60 [Figure 42(c)]. 


NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP ff) NORMAL FLOAT AUTO REAL RADIAN MP 


0.5 
-1 2 
у= З 
=i SM ee NN E M er 90 
Figure 42 (a) (b) (c) 
The new graphs show the expected behavior. Furthermore, we observe two turning points, one between 0 
and 1 and the other to the right of 6. Rounded to two decimal places, these turning points are (0.52, 0.07) 
and (11.48, 2.75). | 
\ Now Work PRoBLEM 31 
Graphing a Rational Function with a Hole 
2 _ 
Graph the rational function: R(x) = E 
x — 
Solution — SrEP 1: Factor R and obtain 


NOTE The coordinates of the hole are 
obtained by evaluating R in lowest terms 


atx = 2. R in lowest terms is AE 

+2 

which, atx = 2,15 222 71 = 3, a 
2+2 4 


STEP 2: 


STEP 3: 


STEP 4: 


(2x —1)(x — 2) 


R(x) = 
(x + 2)(x — 2) 


The domain of Ris { х| х = —2,x = 2}. 


In lowest terms, 


2х —1 
+2 


R(x) = eA 2x eS 2 


The y-intercept is R(0) = Е Plot the point (o, -3). The graph has 


one x-intercept, P with odd multiplicity. Plot the point (5, о). The graph 
will cross the x-axis at x = 7 See Figure 43(a) on page 269. 


Since x + 2 is the only factor of the denominator of R(x) in lowest terms, the 
graph has one vertical asymptote,x = —2. Graph the line x = —2 using dashes. 
The multiplicity of —2 is odd, so the graph approaches оо on one side of the 
vertical asymptote and — oo on the other side. See Figure 43(а) on page 269. 


Since 2 is not in the domain of R, and x = 2 is not a vertical asymptote of 
the graph of R, the graph of R has a hole at the point (2. 2). Draw an open 
circle at the point | 2, 3) to represent the hole. See Figure 43(a) on page 269. 


(continued) 
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STEP 5: Since the degree of the numerator equals the degree of the denominator, 
the graph has a horizontal asymptote. To find it, form the quotient of the 
leading coefficient of the numerator, 2, and the leading coefficient of the 
denominator, 1. The graph of R has the horizontal asymptote у = 2. Graph 
the line y — 2 using dashes. 

To find out whether the graph of R intersects the horizontal 
asymptote у = 2, solve the equation R(x) = 2. 


— 2*—1_ 
x -2 
2x —122(x +2) 
2х—1=2х-+ 4 
—1=4 Impossible 


R(x) 


The graph does not intersect the line y = 2. See Figure 43(a) on page 269. 
STEP 6: The real zeros of the numerator and denominator, —2, 2 and 2, divide 


the x-axis into four intervals: 


(—09, —2) (2. >) 


2 (5.2) eo) 


2 


Construct Table 15. Plot the points in Table 15. See Figure 43(a) on page 269. 


Table 15 


Interval 


Number chosen 3 


Value of R R(—3)2 7 R(—1) 2 —3 E 1 R(3) = 1 


Location of graph Above x-axis Below x-axis Above x-axis Above x-axis 


Point on graph (— 7) (=h =) (1. 1) (3, 1) 


STEP 7: From Table 15 we know that the graph of R is above the x-axis for x « —2. 
From Step 5 we know that the graph of R does not intersect the 
asymptote у = 2. Therefore, the graph of R approaches y = 2 from above 
as x — —ooand approaches co as x approaches —2 from the left. 


Since the graph of А is below the x-axis for -2 < x < z the graph 
of R approaches —оо as x approaches —2 from the right. Finally, since the 
graph of R is above the x-axis for x > and does not intersect the horizontal 
asymptote y = 2, the graph of R approaches y = 2 from below as x — оо. 
The graph crosses the x-axis at x = 2 changing from being below the x-axis 


to being above. See Figure 43(a) on page 269. 
See Figure 43(b) on page 269 for the complete graph. 


(continued) 
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УА УА 
/ yos. LL х=—2 aL 
(—3,7)» (73,7) 
6r 6r- 
4 4L "em 
ni (3) (1,2) (0 
x 2 6) =е7=2 = 2 (3,1) -—у=2 
(0-3) : бу m (0, —;) pee 
| П | М ж Ф 1 | " | l a 
=4 -3 -2 -1 hi 1 3 X =4 3 2] 1 X 
І \ І \ 
| -2 (1,0) | r (5,0) 
І І 
| Л | 
To 1-3 
2x? — 5x + 2 
Figure 43 (a) (b) я) = 2—7 B8 
Exploration 
te Graph R(x) = axe ox +e, Do you see the hole at (2. 3)? TRACE along the graph. Did you obtain an 
ERROR at x = 2? Are you convinced that an algebraic analysis of a rational function is required in order 
to accurately interpret the graph obtained with a graphing utility? 
As Example 5 shows, the zeros of the denominator of a rational function give 
rise to either vertical asymptotes or holes on the graph. 
\ Now Work PRoBLEM 33 
Constructing a Rational Function from Its Graph 
Find a rational function that might have the graph shown in Figure 44. 
х==з KE 
e y=2 
Pitt) tt ti | LLLLLLLLLLI S, 
-15 =- - 10 x 
Figure 44 
Solution The numerator of a rational function R(x) = р in lowest terms determines 
q(x 


the x-intercepts of its graph. The graph shown in Figure 44 has x-intercepts —2 
(even multiplicity; graph touches the x-axis) and 5 (odd multiplicity; graph crosses 
the x-axis). So one possibility for the numerator is p(x) = (x + 3) (х5). 

The denominator of a rational function in lowest terms determines the vertical 
asymptotes of its graph. The vertical asymptotes of the graph are x = —5 and x = 2. 
Since R(x) approaches oc to the left of x = —5 and R(x) approaches —oo to the right 
of x = —5, we know that x + 5 is a factor of odd multiplicity in g(x). Also, R (x) 
approaches —oo on both sides of x = 2, so x — 2 is a factor of even multiplicity 
in q(x). A possibility for the denominator is g(x) = (x + 5)(x — 2). So far we 


2 
have R(x) = (x + 2)" (x — З), 
(x + 5)(x — 2) 


(continued) 
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The horizontal asymptote of the graph given in Figure 44 is у = 2, so we know 
that the degree of the numerator must equal the degree of the denominator, which it 


does, and that the quotient of leading coefficients must be 2. This leads to 


_ 2(x + 2) (x — 5) 


R 
VELIT eee чт, 


D v/Check: Figure 45 shows the graph of R on a TI-84 Plus CE. Since Figure 45 looks similar 
Figure 45 to Figure 44, we have found a rational function R for the graph in Figure 44. g 


\\ Now Work PRoBLEM 51 


2 Solve Applied Problems Involving Rational Functions 


@ Finding the Least Cost of a Сап 


Reynolds Metal Company manufactures aluminum cans in the shape of a cylinder 
with a capacity of 500 cubic centimeters | 1 liter ) . The top and bottom of the can are 


made of a special aluminum alloy that costs 0.05¢ per square centimeter. The sides of 
the can are made of material that costs 0.02¢ per square centimeter. 


(a) Express the cost of material for the can as a function of the radius r of the can. 
(b) Use a graphing utility to graph the function C = C(r). 

(c) What value of r will result in the least cost? 

(d) What is this least cost? 


S 
SES 


Solution (a) Figure 46 illustrates the components of a can in the shape of a right circular 
cylinder. Notice that the material required to produce a cylindrical can of 
height л and radius r consists of a rectangle of area 27rh and two circles, each of 
area тг?. The total cost C (in cents) of manufacturing the can is 


=? ; 
E C = Cost of the top and bottom + Cost of the side 
md = 2.mr? . 0.05 + 2arh . 0.02 
Lateral Surface = vs е =. 
һ [к= Эй Total area Cost/unit Total Cost/unit 
of topand area area of area 
bottom side 
= тү? 


= 0.10лг? + 0.04rrh 


There is an additional restriction that the height л and radius r must be chosen so 


Fi 46 
eae that the volume V of the can is 500 cubic centimeters. Since У = ar2h, we have 
500 = mr2h so h = 200 
Tr 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 


P Substituting = for h, we find that the cost C, in cents, as a function of the 


radius r is 


3 
Ctr) = 0.10nr2 + 0.0427 . 290 = 0.10лт2 + 20 = 0.10nr^ + 20 


тг? r r 


0 i 


— 


EB (b) See Figure 47 for the graph of C = C(r). Because the radius r must be positive, 
Figure 47 the domain of C is (0, оо), the graph of С = C(r) appears only in quadrant I. 
(c) Using the MINIMUM command, the cost is least for a radius of about 

3.17 centimeters. E 
(d) The least cost is C(3.17) ~ 9.470. 
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3.6 Assess Your Understanding 


‘Are You Pre pa red?’ The answer is given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


2 
1. Find the intercepts of the graph of the equation y = L n (pp. 12-13) 
Ж? = 


Concepts and Vocabulary 


2. True or False The graph of every rational function has at 


х — 2)? 
least one asymptote. 


5. R(x) = x = 


(a) Find the domain of R. 
(b) Find the x-intercepts of R. 


6. Multiple Choice Identify the y-intercept of the graph of 


3. Multiple Choice Which type of asymptote will never 
intersect the graph of a rational function? 
(a) horizontal (b) oblique 
(c) vertical (d) all of these 


6(x —1 
4. True or False The graph of a rational function sometimes R(x) = x: ) 2y 
has a hole. Ce Te 2) 
(a) —3 (b) –2 (с) —1 (d) 1 
Skill Building 
In Problems 7-50, follow Steps 1 through 7 on page 262 to graph each function. 
1 x 3x +3 2x +4 
МОЛ Ву eI. 8. R(x) = 9. Rœ) = 2*®3 10. R(x) = 2+4 
= X4 4) UR T NEED M cdd VERE. LY 
3 6 x^ -x? +1 x* —1 
11. R = 12. R = —— 13. P = 14. = 
@=s ty (0) = 0с NG. Р) I Qu) = E— 
їч 1]. х? +1 x? x? + х — 12 
N dE H(x) E 16. G(x) = tE 17. R(x) = ——^— 18. R(x) = 
(x) х2 – 9 (x) x? + 2x (x) x?--x—6 X x?—4 
3x 3 —4 
19. G(x) = —~ 20. G(x) — 21. R(x) — 22. R(x) = 
(х) cA (x) x“ 1 (x) (x —1)(x? — 4) PEL (x + 1)(х2 — 9) 
2—1 x? +4 X 3x —4 x? -3x -2 
23. H(x) = ~ 24. H(x) = = 25. F(x) = 3— S 1 26. F 
(x) x!- 16 (x) NET (x) т? (х) 1 
— Эд 12 x? cbx-12 x x — 12 
27, Ra E tX-12 28. R) = Eee 29. F(x) = Я = 
(х) ол 8. К(х) EE. (x) T 30. G(x) xs 
NL Ra) = S X ADI сс се с=- NOR ке гыс 
(х +3) x(x — 4) yo es 6 
24 Зх — 10 6x? — 7x — 3 8x? + 26x + 15 
34. R(x) = ~ 35. R(x) = 223 — 3 —?2 36. R(x) = 
(x) = 4 8x +15 O) = оз луб (у= a eredi 
5x 4-6 x? + x — 30 3x — 6 2 = 2% 
37. R(x) = Ž 38. R(x) = ~T*— 39. H(x) = 40. H(x) = 
(x) i43 (x) ЧЕТЕ" (х) 4; (х) 3-1 
= 5x +4 x? —2x —15 х 2:9 
4L F(x) 2 Х 42. F(x) = 2022 43. G(x) = 44. G(x) = 2х 
Шо W= ег @) = c mer 
45. ро) = xl 46. f(x) = 2x +2 47. f(x) = x? ‚+ 
48. f(x) = 2x2 + 16 49. у(х) = х + 1 50. f(x) = 2x + à 
x x X 
ALT Now Work @ 1. Modeling 1. Writing te 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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In Problems 51-54, find a rational function that might have the given graph. (More than one answer might be possible.) 


\ 51. 


53. 


Applications and Extensions 


55. 


56. 


57. 


Ка 


Probability At a fundraiser, each person in attendance is 
given a ball marked with a different number from 1 through x. 
All the balls are then placed in an urn, and a ball is chosen 
at random from the urn. The probability that a particular 


ball is selected is 1. So the probability that a particular 
x 
ball is not chosen is 1 — i Graph P(x) = 1— il using 
x x 


transformations. Comment on the probability a particular 
ball is not chosen as x increases. 


Waiting in Line Suppose two employees at a fast-food 
restaurant can serve customers at the rate of 6 customers 
per minute. Further suppose that customers are arriving 
at the restaurant at the rate of x customers per minute. 
The average time T, in minutes, spent waiting in line and 
having your order taken and filled is given by the function 
Т(х) = T where 0 < x « 6. Graph this function 


using transformations. 


Drug Concentration The concentration C of a certain drug 
in a patient's bloodstream t hours after injection is given by 


t 
ON md 
(a) Find the horizontal asymptote of C(t). What happens to 
the concentration of the drug as ¢ increases? 
(b) Using a graphing utility, graph C = C(t). 
(c) Determine the time at which the concentration is 
highest. 


52. 
1 
-3 
54. 
y=3 
Pitt} tttitttt eS p op мны и НИ 
= 15 = 10 =5 - 5 10 15 20 x 
—8 жа 
58. Drug Concentration The concentration С of a certain drug 
in a patient's bloodstream ¢ minutes after injection is given by 
50t 
C(t) = 
99 t? + 25 
(a) Find the horizontal asymptote of C(t). What happens to 
the concentration of the drug as t increases? 
AD (b) Using a graphing utility, graph С = C(t). 
(c) Determine the time at which the concentration is 
highest. 
59. Minimum Cost A rectangular area adjacent to a river is 


to be fenced in; no fence is needed on the river side. The 
enclosed area is to be 1000 square feet. Fencing for the 
side parallel to the river is $5 per linear foot, and fencing 
for the other two sides is $8 per linear foot; the four corner 
posts are $25 apiece. Let x be the length of one of the sides 
perpendicular to the river. 


(a) Write a function C(x) that describes the cost of the 
project. 

(b) What is the domain of C? 

(c) Use a graphing utility to graphC = C(x). 

(d) Find the dimensions of the cheapest enclosure. 


60. Doppler Effect The Doppler effect (named after Christian 


8 


61. 


8 


62. 


Es 


\ 63 


< 


Doppler) is the change in the pitch (frequency) of the sound 
from a source (s) as heard by an observer (о) when one or 
both are in motion. If we assume both the source and the 
observer are moving in the same direction, the relationship is 


"= nie] 


where f’ = perceived pitch by the observer 
f, = actual pitch of the source 
v = speed of sound in air (assume 772.4 mph) 
у„ = speed of the observer 
v, = speed of the source 


Suppose that you are traveling down a road at 45 mph and 
you hear an ambulance (with siren) coming toward you from 
the rear. The actual pitch of the siren is 600 hertz (Hz). 

(a) Write a function f’(v, ) that describes this scenario. 

(b) If f’ = 620 Hz, find the speed of the ambulance. 

(c) Use a graphing utility to graph the function. 

(d) Verify your answer from part (b). 


Source: www.acs.psu.edu/drussell/ 


Minimizing Surface Area United Parcel Service (UPS) has 

contracted you to design a closed box with a square base 

that has a volume of 10,000 cubic inches. See the illustration. 

(a) Express the surface area 5 of the box as 
a function of x. 

(b) Using a graphing utility, graph the 
function found in part (a). 

(c) What is the minimum amount of 
cardboard that can be used to construct 
the box? 

(d) What are the dimensions of the box that minimize the 
surface area? 

(e) Why might UPS be interested in designing a box that 
minimizes the surface area? 


Minimizing Surface Area Cougar Packaging 

has contracted you to design an open 

box with a square base that has a volume of 

5000 cubic inches. See the illustration. 

(a) Express the surface area S of the box as 
a function of x. 

(b) Using a graphing utility, graph the function found 
in part (a). 

(c) What is the minimum amount of cardboard that can be 
used to construct the box? 

(d) What are the dimensions of the box that minimize the 
surface area? 

(e) Why might Cougar Packaging be interested in designing 
a box that minimizes the surface area? 


Cost of a Can A can in the shape of a right circular cylinder 

is required to have a volume of 500 cubic centimeters. The 

top and bottom are made of material that costs 6¢ per square 

centimeter, while the sides are made of material that costs 4g 

per square centimeter. 

(a) Express the total cost C of the material as a function of 
the radius r of the cylinder. (Refer to Figure 46.) 


fe (b) Graph C = C(r). For what value of r is the cost C a 


minimum? 
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64. Material Needed to Make a Drum A steel drum in the 


= 


shape of a right circular cylinder is required to have a volume 
of 100 cubic feet. 


Credit: Perry Mastrovito/Getty Images 


(a) Express the amount A of material required to make the 
drum as a function of the radius r of the cylinder. 

(b) How much material is required if the drum’s radius 
is 3 feet? 

(c) How much material is required if the drum’s radius 
is 4 feet? 

(d) How much material is required if the drum's radius 
is 5 feet? 

(e Graph A — A(r). For what value of r is A 
smallest? 


65. Tennis Anyone? To win a game in tennis, a player must win 


Y 


four points. If both players have won three points, the play 
continues until a player is ahead by two points to win the 
game. The model 


x4(—8x3 + 28x? — 34x + 15) 
2x? – 2х -1 


P(x) = 


represents the probability P of a player winning a game in 
which the player is serving the game and x is the probability 
of winning a point on serve. The player serving is the first to 
put the ball in play. 


Source: Chris Gray, “Game, set and stats,” Significance, 

February 2015. 

(a) What is the probability that a player who is serving will 
win the game if the probability of the player winning a 
point on serve is 0.64? 

(b) Find and interpret P(0.62). 

(c) Solve P(x) = 0.9. 

(d) Graph Р = P(x) for 0 < x < 1. Describe what 
happens to P as x approaches 1. 


66. Texting Speed A study of a new keyboard layout for 


smartphones found that the average number of words users 
could text per minute could be approximated by 


32(t + 2) 


me MES 


where t is the number of days of practice with the keyboard. 

(a) What was the average number of words users could text 
with the new layout at the beginning of the study? 

(b) What was the average number of words users could text 
after using the layout for 1 week? 

(c) Find and interpret the horizontal asymptote of N. 
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IK 67. Challenge Problem Removing a Discontinuity In Example 5, 


2 _ 

we graphed the rational function R(x) = Е 
x? — 

апа found that the graph has a hole at the point (2. 3). 


Therefore, the graph of R is discontinuous at |2, 2). we can 


remove this discontinuity by defining the rational function R 
using the following piecewise-defined function: 
LER 
= 
R(x) = 
ifx = 2 


AIW | 


Discussion and Writing 


69. Graph each of the following functions: 


х – 1 


х—1 


x* —1 
x—1 


x?—1 
x—1 


goed y= 
х—1 


у ке y= 
Is x = 1 a vertical asymptote? Why? What happens 
for x = 1? What do you conjecture about the graph 


of y _ х" 


A ‚п > laninteger,for x = 1? 
70. Graph each of the following functions: 


x? x^ _ x$ | x8 
y y 


x—1 x—1 


What similarities do you see? What differences? 


71. Create a rational function that has the following 
characteristics: crosses the x-axis at 3; touches the x-axis 
at —2; one vertical asymptote, x — 1; and one horizontal 
asymptote, y — 2. Give your rational function to a 
classmate and ask for a written critique of your rational 
function. 


Retain Your Knowledge 


X 68. 


72. 


73. 


74. 


(a) Redefine R from Problem 33 so that the discontinuity 
atx = 3is removed. 
(b) Redefine R from Problem 35 so that the discontinuity 


atx = i is removed. 


Challenge Problem Removing a Discontinuity Refer to 

Problem 67. 

(a) Redefine R from Problem 34 so that the discontinuity 
atx — —5isremoved. 

(b) Redefine R from Problem 36 so that the discontinuity 


atx — E is removed. 


Create a rational function that has the following 
characteristics: crosses the x-axis at 2; touches the x-axis 
at —1; one vertical asymptote at x — —5 and another 
at x — 6; and one horizontal asymptote, y — 3. Compare 
your function to a classmate's. How do they differ? What are 
their similarities? 

Write a few paragraphs that provide a general strategy 
for graphing a rational function. Be sure to mention the 
following: proper, improper, intercepts, and asymptotes. 
Create a rational function with the following characteristics: 
three real zeros, one of multiplicity 2; y-intercept 1; vertical 
asymptotes, x — —2 and x — 3; oblique asymptote, 
y = 2x + 1.Is this rational function unique? Compare your 
function with those of other students. What will be the same 
as everyone else's? Add some more characteristics, such as 
symmetry or naming the real zeros. How does this modify the 
rational function? 


. Explain the circumstances under which the graph of a 


rational function has a hole. 


Problems 76—85 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


76. Subtract: (4х3 — 7x + 1) – (5x? — 9x + 3) 
77. 


2 


. Find the absolute maximum of f(x) = -3 x? + бх — 5. 


. Find the vertex of the graph of f(x) = 3x? — 12x + 7. 


. Find the function whose graph is the same as the graph 


of y = |x| but shifted down 4 units. 


‘Are You Prepared?’ Answer 


1. (0, i) (1, 0), (—1, 0) 


81. 


Find g(3) where 
3x? — 7х if x «0 
g(x) = 


5x — 9 ifx > 0 


. Given f(x) = x? + 3x — 2,find f(x — 2). 
. Determine whether the lines y = 3x — 2and2x + 6y = 7 


are parallel, perpendicular, or neither. 


. Solve:x — Ух + 7 = 5 


. Solve: 2 


= 0 


=? 
+ V4 — x? 
V4 — x? 
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3.7 Polynomial and Rational Inequalities 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Solving Linear Inequalities (Appendix A, Section A.10, * Solving Quadratic Inequalities (Section 2.5, 
pp. А87-А88) pp. 175-177) 


\ Now Work the ‘Are You Prepared?’ problems on page 279. 


OBJECTIVES 1 Solve Polynomial Inequalities (p. 275) 
2 Solve Rational Inequalities (p. 277) 


1 Solve Polynomial Inequalities 


In this section we solve inequalities that involve polynomials of degree 3 and higher, 
along with inequalities that involve rational functions. To help understand the 
algebraic procedure for solving such inequalities, we use the information obtained in 
the previous four sections about the graphs of polynomial and rational functions. The 
approach follows the same methodology that we used to solve inequalities involving 
quadratic functions. 


| EXAMPLE 1 | Solving a Polynomial Inequality Using A Graph 


Solve (x + 3)(x — 1)? > 0 by graphing f(x) = (x + 3)(х — 1)’. 


Solution Graph f(x) = (x + 3)(x — 1)? and determine the intervals of x for which the 
graph is above the x-axis. The function is positive on these intervals. Using Steps 1 
through 5 on page 221, we obtain the graph shown in Figure 48. 


End behavior 
ys 


Vy 


End behavior 
y=x" 


Figure 48 f (x) = (x + 3)(x - 1? 


From the graph, we can see that f(x) > Ofor —3 < x < lorforx > 1.The solution 
set is {x|—3 < x < 1огх > 1}or,using interval notation, ( -3, 1) О (1,00). . 9 


A Now Work PRoBLEM 9 


The results of Example 1 lead to the following approach to solving polynomial 
and rational inequalities algebraically. Suppose that the polynomial or rational 
inequality is in one of the forms 


/(х)<0 frye fO $0 f(x)>0 
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Locate the real zeros of f if f is a polynomial function, and locate the real zeros of 
the numerator and the denominator if f is a rational function. Use these zeros to 
divide the real number line into intervals because on each interval, the graph of f is 
either above the x-axis | f(x) > 0] or below the x-axis [ f(x) < 0]. This enables us 
to identify the solution of the inequality. 


| EXAMPLE 2 | Solving a Polynomial Inequality Algebraically 


Step-by-Step Solution 


Step 1 Write the inequality so that 
а polynomial function f Is on the left 
side and zero is on the right side. 


Solve the inequality x^ > x algebraically, and graph the solution set. 


Rearrange the inequality so that 0 is on the right side. 
xt m 
x^ — x > 0 Subtract x from both sides of the inequality. 


This inequality is equivalent to the one we are solving. 


Step 2. Determine the real zeros 
(x-intercepts of the graph) of f. 


Find the real zeros of f (x) = x* — x by solving x^ — x = 0. 
хі - х= 0 
x(x? — 1) = 0 Factor out x. 
x(x —1)(x?-x4-1)-0 Factor the difference of two cubes. 


х= 0 or x-1=0 or x?+x+1=0  Usethe Zero-Product Property. 


х= 0 or X 21 


The equation x? + x + 1 = 0 has no real solutions. Do you see why? 


Step 3 Usethe realzeros found 
in Step 2 to divide the real number 
line into intervals. 


Use the real zeros to separate the real number line into three intervals: 


(—oo, 0) (0, 1) (1, оо) 


Step 4 Select a number in each 
interval, evaluate f at the number, 
and determine whether the value 
of fis positive or negative. If the 
value off is positive, all values of f 
in the interval are positive. If the 
value of f is negative, all values of f 
in the interval are negative. 


NOTE If the inequality is not strict 
(that is, if it is € or 2), include the 
solutions of f (x) = 0 in the solution 
set. ш 


LI LL Jt 


6 4 2 0 2 4 6% 
Figure 49 


Select a test number in each interval found in Step 3 and evaluate f(x) = x* — xat 
each number to determine whether the value of f is positive or negative. See Table 16. 


Table 16 


Interval 


Number chosen 


Value of f r=) = 2 i2) = 144 


MUR 
16 
Negative 


Conclusion Positive Positive 


Conclude that f(x) > 0 for all numbers x for which x < 0 or x > 1. The 
solution set of the inequality x* > x is {x|x < 0 or x > 1} or, using interval 
notation, (—oo, 0) О (1, oo). 


Figure 49 shows the graph of the solution set. D 


The Role of Multiplicity in Solving Polynomial Inequalities 


In Example 2, we used the number —1 and found that f is positive for all x < 0. 
Because the “cut point” of 0 is a zero of odd multiplicity (x is a factor to the first 
power), the sign of f changes on either side of 0, so for 0 < x < 1, fis negative. 
Similarly, f is positive for x > 1, since the multiplicity of the zero 1 is odd. 


\ Now Work PROBLEM 21 
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2 Solve Rational Inequalities 


Just as we used a graphical approach to help understand the algebraic procedure for 
solving inequalities involving polynomials, we use a graphical approach to motivate 
the algebraic procedure for solving inequalities involving rational expressions. 


| EXAMPLE 3 | Solving a Rational Inequality Using a Graph 


x= 1 
x?—4 


Solve 


ыы > 0 by graphing R(x) = 
x?—4 


х - and determine the intervals of x for which the graph 
X — 
is above or on the x-axis. The function К is nonnegative on these intervals. We 


Solution — Graph R(x) = 


x— 
x2 


graphed R(x) = 


L in Example 1, Section 3.6 (pp. 260-262). We reproduce the 


graph in Figure 50. 


х-1 


Figure 50 R(x) = ca 


From the graph, we can see that R(x) > 0for-2 < x € lorx > 2.The solution 
set is {x|—2 < x < 1orx > 2}or, using interval notation,(—2,1]U(2,co). _g 


\ Now Work PROBLEM 15 


To solve a rational inequality algebraically, we follow the same approach that 
we used to solve a polynomial inequality algebraically. However, we must also 
identify the real zeros of the denominator of the rational function because the sign 
of a rational function may change on either side of a vertical asymptote. Convince 
yourself of this by looking at Figure 50. Notice that the function values are negative 
for x < —2 and are positive for x > —2 (but less than 1). 


| EXAMPLE 4 | Solving a Rational Inequality Algebraically 


3x? + 13x + 9 


Solve the inequalit 
TEST GE оү 


< 3 algebraically, and graph the solution set. 


(continued) 
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Step-by-Step Solution 


Step 1 Write the inequality so that 
a rational function f Is on the left 
side and zero 15 on the right side. 


Step 2 Determine the real zeros 
(x-intercepts of the graph) of f and 
the real numbers for which f is 
undefined. 


Rearrange the inequality so that 0 is on the right side. 


3x? +13x4+ 9 


«3 
x42) 7 
3x? + 13x 4-9 3«(Q Subtract 3 from both sides of the 
x? -4x +4 T inequality; Expand (x + 2)’. 
2 $a: ES ac E 
3x 13x + 9 3.x 4x + 4 <0 Multiply 3 by E 4x 4 
x? + 4х-+ 4 x? + 4x +4 x? + Ax +4 
2 КЕ yr = 
ona: mE - = 1 Buc <0 Write as a single quotient. 
x—3 A 
— —7., < 0 Combine like terms. 
(x + 2) 
The real zero of f(x) = x—3 z 15 3. Also, fis undefined for x = —2. 


(x +2) 


Step 3 Use the real zeros and 
undefined values found in Step 2 
to divide the real number line into 
intervals. 


Use the real zero and the undefined value to divide the real number line into three 
intervals: 


(—oo, —2) (25 3) (3, oo) 


Step 4 Select a number in each 
interval, evaluate f at the number, 
and determine whether the value 
of f is positive or negative. If the 
value of f is positive, all values of f 
in the interval are positive. If the 
value of f is negative, all values 

of f in the interval are negative. 


NOTE If the inequality is not strict 
(< or >), include the solutions 
of f(x) = 0 in the solution set. ГЫ 


шын н 11, 
-6 -4 -2 0 2 4 6 


Figure 51 


Select a test number in each interval from Step 3, and evaluate f at each number to 
determine whether the value of f is positive or negative. See Table 17 


Table 17 


(—25 3) (3, оо) 
0 4 


Interval 
Number chosen 


1 
(Ой = 
(Ch = = 


Positive 


Value of f f(—3) = —6 


=з 
HONS cr 


Conclusion Negative Negative 


We conclude that f(x) < 0 for all numbers for which x < —2 or—2 < x < 3. 
Notice that we do not include —2 in the solution because —2 is not in the domain of f. 


2 

The solution set of the inequality ELT < 3is(x|x «-20r-2«x x3] 
x 

or, using interval notation, (—oo, —2) U (—2, 3]. Figure 51 shows the graph of the 

solution set. B 


The Role of Multiplicity in Solving Rational Inequalities 

In Example 4, we used the number —3 and found that f ( x) is negative for all x < —2. 
Because the “cut point” of —2 is a zero of even multiplicity, we know the sign of f (x) 
does not change on either side of —2, so for -2 < x < 3, f (x) is negative. Because 
the “cut point" of 3 is a zero of odd multiplicity, the sign of f (x) changes on either side 
3x? + 13х +9 

(x + 2) 

is {x|x < —2 or —2 < x < 3}or, using interval notation, ( —oo, —2) U (—2, 3]. 


<3 


of 3,soforx > 3, f(x) is positive. Therefore, the solution set of 


\ Now Work PROBLEMS 35 AND 41 
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SUMMARY 
Steps for Solving Polynomial and Rational Inequalities Algebraically 


STEP 1: Write the inequality so that a polynomial or rational function fis on the left side and zero is on the right 
side in one of the following forms: 
fa) > 0 fis) 2 0 Tix) «0 Tor) s 
For rational functions, be sure that the left side is written as a single quotient. Find the domain of f. 
Determine the real numbers at which f(x) = 0 and, if the function is rational, the real numbers at 
which the function f is undefined. 
Use the numbers found in Step 2 to divide the real number line into intervals. 
Select a number in each interval and evaluate f'at the number. 
e If the value of fis positive, then f (x) > 0 for all numbers x in the interval. 
e If the value of fis negative, then f(x) < 0 for all numbers x in the interval. 
e Ifthe inequality is not strict(> or <), include the solutions of f (x) = 0 that are in the domain of f in 
the solution set. Be careful to exclude values of x where fis undefined. 


3.7 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve the inequality 3 — 4x > 5. Graph the solution set. 2. Solve the inequality x? — 5x < 24. Graph the solution 
(рр. A87-A88) set. (pp. 175-177) 


Concepts and Vocabulary 


3. Multiple Choice Which of the following could be a test 4. True or False The graph of f(x) — 2 3 is above the 
number for the interval—2 < x < 5? . m 
x-axis for x < 0 or x > 3,so the solution set of the 
(a) -3 (b) -2 (c) 4 (d) 7 — | 
inequality 3 > Ois{x|x < богх > 3}. 
А -— x — 
Skill Building 
In Problems 5—8, use the graph of the function f to solve the inequality. 
5. (a) f(x) > 0 6. (a) f(x) « 0 
(b) f(x) € 0 (b) f(x) = 0 
YA YA 
- 2 - 


[2] 
xy 
I 

N 


7. (a) f(x) < 0 8. (a) f(x) 
(b) f(x) 20 (b) f(x) 


IN M 


1. Now Work © 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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In Problems 9-14, solve the inequality by using the graph of the function. 
[Hint: The graphs were drawn in Problems 5-10 of Section 3.2.] 
v 9. Solve f(x) « 


0, where f(x) = x?(x — 3). 10. 
11. Solve f(x) > 0, where f(x) = (x + 4)! (1 х). 12. 
13. Solve f(x) € 0, where f(x) = —2(x + 2)(x — 2»). 14. 


In Problems 15—18, solve the inequality by using the graph of the function. 
[Hint: The graphs were drawn in Problems 7-10 of Section 3.6.] 


% 15. Solve R(x) > 0, where R(x) = NS 16. 
x(x + 4) 
3x + 3 
17. Solve R(x) < 0, where R(x) = З 18. 
2x + 4 


In Problems 19-54, solve each inequality algebraically. 


Solve f(x) < 0, where f(x) = x(x + 2). 


Solve f(x) > 0, where f(x) = (x — 1)(x + 3)’. 


Solve f(x) < 0, where f(x) = -1o + 4)(х = 1». 


X 
(х= 1)(х + 2) 


Solve R(x) < 0, where R(x) = 


2х +4 


Solve R(x) > 0, where R(x) = 1 
y= 


Na. 


19. (x — 4)2(х+6) < 0 20. (x — 5)(x +2)? > 0 x3 — 4x2 > 0 
22. x + 8x2 < 0 23. 2x3 > —8x? 24. 3х3 < —15x? 
25. (x + 2)(x — 4)(x — 6) € 0 26. (x + 1)(х + 2)(x + 3) € 0 27. x? — 4x2 12x > 0 
28. x? + 2х2 —3x > 0 29. x^ > x? 30. x^ < 9x? 
31. 34 >1 32. 33 21 33. 332 —2) < 2(x - D? + x? 
34. (х—3)(х+2)<х?+3х+5 Nas 5410 36. Х=3>0 
x—1 Хх +1 
2 
37, ®*—2Эх+2 79 3g, CDA +2) 2 39, (4-39 59 
x х—1 х2 – 4 
2 
д oui ы Na. 224 24 аы >1 
х? — х—2 x—4 
= <a gi dee >1 ds, 2 <2 
x+2 2x+4 x – 3 
— 1 1 2 5 3 
46. ^ БРЕ 47. — ЖЖ 48. 
x4+2 7 6-2 82-5 3-304] 
2 _ Em 
49, X3 OG + х)(х + 4) -0 50, XC + Dix = 2) > sj, (3-х) Qx £D o 
(x + 5)(x – 1) (x —1)(x + 1) x? | 
3 
sg CZV Bx —2) oq 53. 5 enc 54. x 4 12 <7 
x? +1 x х 
Mixed Practice In Problems 55—58, (а) graph each function, апа (b) solve f(x) > 0. 
? + 5x — 6 2x? + 9x +9 
55. — Xi tox 76 56. — 2X" FIX +? 
ihe) x? —4x +4 foo x? —4 
2 _ = = 2. 3 
57. f(x) = (x + 4)(x 2x 3) 58. f(x) _ (х 1)(x 5x + 4) 


x? — % = 6 


Applications and Extensions 


x? чех = 20 


59. For what positive numbers is the cube of the number A In Problems 65—68, determine where the graph of f is below 


greater than four times its square? the graph of g by solving the inequality f(x) € g(x). Graph f 
60. For what positive numbers is the cube of the number less and g together. 
than the number? 65. f(x) = x^ —1 66. f(x) = x^ —1 
61. What is the domain of the function f(x) = Ух — 16? g(x) = —2x2 +2 &(х)= х—1 
62. What is the domain of the function f(x) = Vx? — 3x?? 67. f(x) = x* – 4 68. f(x) = x* 
Ix —2 g(x) = 3x? g(x) = 2— x? 
63. What is the domain of the function f(x) = ,|———? 
cr x^ — 16 


=l; 


64. What is the domain of the function f(x) = х 4 
x + 


69. Where is the graph of R(x) — 


above the x-axis? 
x?—9 


70. Where is the graph of R(x) = 


x? —8 


— — —— above the x-axis? 
X75 = D5 


71. Average Cost Suppose that the daily cost C of manufacturing 


bicycles is given by C(x) = 80x + 5000. Then the average 


80x + 5000 
x 


daily cost C is given by C(x) = . How many 


bicycles must be produced each day for the average cost to 
be no more than $100? 


72. Average Cost See Problem 71. Suppose that the government 


73 


Ex 
75 


76. A student attempted to solve the inequality 


imposes a $1000-per-day tax on the bicycle manufacturer so 
that the daily cost C of manufacturing x bicycles is now given 
by C(x) — 80x 4- 6000. Now the average daily cost C is 


80x 4- 6000 
x 


given by C(x) = . How many bicycles must be 


produced each day for the average cost to be no more than $100? 


D 


Challenge Problem Bungee Jumping Originating on 
Pentecost Island in the Pacific, the practice of a person 
jumping from a high place harnessed to a flexible attachment 
was introduced to Western culture in 1979 by the Oxford 
University Dangerous Sport Club. One important parameter 
to know before attempting a bungee jump is the amount the 
cord will stretch at the bottom of the fall. The stiffness of the 
cord is related to the amount of stretch by the equation 


" uo +L) 
where W = weight of the jumper (pounds) 
K = cord’s stiffness (pounds per foot) 
L = free length of the cord (feet) 
S = stretch (feet) 


plaining Concepts: Discussion and Writing 

. The inequality x^ + 1 < —5 has no solution. Explain why. 
х+4 20 
х-3 `~ 

by multiplying both sides of the inequality by x — 3 to 

get x + 4 < 0. This led to a solution of (x|x € —4}. Is the 

student correct? Explain. 


Retain Your Knowledge 


74. 


77. Write a rational 


78. 
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(a) A 150-pound person plans to jump off a ledge attached 
to a cord of length 42 feet. If the stiffness of the cord is 
no less than 16 pounds per foot, how much will the cord 
stretch? 

(b) If safety requirements will not permit the jumper to get 
any closer than 3 feet to the ground, what is the minimum 
height required for the ledge in part (a)? 

Source: American Institute of Physics, Physics News Update, 

No. 150, November 5, 1993. 


Challenge Problem Gravitational Force According to 
Newton's Law of Universal Gravitation, the attractive 
force F between two bodies is given by 


where m,, m, — the masses of the two bodies 


r distance between the two bodies 


Ga 


gravitational constant = 6.6742 x 10-!! 
newtons - meter? - kilogram ? 


Suppose an object is traveling directly from Earth to the 
moon. The mass of Earth is 5.9742 x 10” kilograms, the 
mass of the moon is 7.349 x 102? kilograms, and the mean 
distance from Earth to the moon is 384,400 kilometers. For 
an object between Earth and the moon, how far from Earth 
is the force on the object due to the moon greater than the 
force on the object due to Earth? 


Source: www.solarviews.com; en.wikipedia.org 


inequality whose solution set 


is{x|-3 < x € 5). 


Make up an inequality that has no solution. Make up one 
that has exactly one solution. 


Problems 79-88 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


79. Solve:9 — 2x € 4x +1 


80. Factor completely: 6x^y^ + 3x3y> — 18x2y? 


81. Suppose y varies directly with Vx. Write a general formula 


to describe the variation if y — 2 when x — 9. 


82. If f(x) = V3x — 1andg(x) = У3х +1, 


find ( f - g)( x) and state its domain. 
x—3 
C) 


. If f(x) = 4x + 3, find f| 


‘Are You Prepared?’ Answers 


1 


1 
1. {x|x < -5) or (о, -5) _9 ==! 0 1 


84. 


85. 


Solve w = for C. 


1 
VLC 
Determine whether the graph of 

(x? + y? — 2x)? = 9(x? + у?) 
is symmetric with respect to the x-axis, y-axis, origin, or 
none of these. 


. Approximate the turning points of f(x) = x? — 2x? + 4. 


„ Solve:5x2 — 3 = 2x? + 14x +1 


. What are the quotient and remainder when 8x? — 4x 4 


2. {x|-3 < x € 8} or[-3, 8] 


Round answers to two decimal places. 


is divided by 4x + 1? 
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Chapter Review 


Things to Know 
Power function (pp. 205-208) 


f(x) = х", п > 2even 


f(x) = x",n > 30dd 


Polynomial function (рр. 204-205, 209-215) 

f(x) = a,x" + a, 1х"! 
++ ах +ау,а„ = 0 

Real zeros of a polynomial function f (р. 209) 


Multiplicity (p. 210) 


Remainder Theorem (p. 228) 
Factor Theorem (p. 229) 
Descartes’ Rule of Signs (p. 231) 


Rational Zeros Theorem (p. 231) 


Intermediate Value Theorem (p. 236) 


Fundamental Theorem of Algebra (p. 242) 
Conjugate Pairs Theorem (p. 243) 


Rational function (pp. 248-256) 


р(х) 
q(x) 


R(x) = 


р, 9 are polynomial functions and q is not the 
zero polynomial. 


Domain: all real numbers; Range: nonnegative real numbers 
Contains the points (—1, 1), (0, 0), (1, 1) 

Even function 

Decreasing on (— оо, 0], increasing on [0, oo) 


Domain: all real numbers; Range: all real numbers 
Contains the points (—1, —1), (0, 0), (1, 1) 

Odd function 

Increasing on (—oo, оо) 


Domain: all real numbers 

At most п — 1 turning points 

End behavior: Behaves like y = a,x" for large x| 

Real numbers for which f(x) = 0; the real zeros of f are the x-intercepts of the 
graph of f. 

If(x — r)” isa factor of a polynomial f and (x — p)" 
called a real zero of multiplicity m of f. 


is not a factor of f, then r is 


If a polynomial function f(x) is divided by x — c, then the remainder is f (c). 
x — cis a factor of a polynomial function f ( x) if and only if f(c) = 0. 


Let f denote a polynomial function written in standard form. 

e The number of positive zeros of f either equals the number of variations in the 
sign of the nonzero coefficients of f (x) or else equals that number less an even 
integer. 

* The number of negative real zeros of f either equals the number of variations 
in the sign of the nonzero coefficients of f (—x) or else equals that number less 
some even integer. 


Let f be a polynomial function of degree 1 or higher of the form 


f(x) = a,x" Fa, х" +--+ a,x +a) a, = 0, ау = 0 


where each coefficient is an integer. If P in lowest terms, is a rational zero of f, 
q 


then p must be a factor of a), and д must be a factor of a,,. 

Let f be a polynomial function. If a < b and f (a) and f(b) are of opposite sign, 
then there is at least one real zero of f between a and b. 

Every complex polynomial function f of degree n > 1 has at least one complex zero. 


Let f be a polynomial function whose coefficients are real numbers. If = a + bi is 
a zero of f, then its complex conjugate r — a — bi is also a zero of f. 


Domain: (x|q(x) = 0} 
Vertical asymptotes: With R(x) in lowest terms, if g(r) = 0 for some real number, 
then x — r is a vertical asymptote. 


Horizontal or oblique asymptote: See the summary on page 254. 
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Objectives 
Section You should be able to... Example(s) Review Exercises 


3:1 Identify polynomial functions and their degree (p. 204) 1—4 
Graph polynomial functions using transformations (p. 208) 5-7 
Identify the real zeros of a polynomial function and their multiplicity (p. 209) 

Graph a polynomial function (p. 220) 

Graph a polynomial function using a graphing utility (p. 222) 

Build cubic models from data (p. 223) 

Use the Remainder and Factor Theorems (p. 228) 


N e ч N e U N H 


Use Descartes’ Rule of Signs to determine the number of positive and the 
number of negative real zeros of a polynomial function (p. 230) 


Use the Rational Zeros Theorem to list the potential rational zeros of a 
polynomial function (p. 231) 


Find the real zeros of a polynomial function (p. 232) 
Solve polynomial equations (p. 234) 

Use the Theorem for Bounds on Zeros (p. 235) 

Use the Intermediate Value Theorem (p. 236) 

Use the Conjugate Pairs Theorem (p. 243) 

Find a polynomial function with specified zeros (p. 244) 


Find the complex zeros of a polynomial function (p. 245) 


Find the domain of a rational function (p. 249) 


Find the vertical asymptotes of a rational function (p. 252) 

Find a horizontal or an oblique asymptote of a rational function (p. 253) 
Graph a rational function (p. 260) 

Solve applied problems involving rational functions (p. 270) 

Solve polynomial inequalities (p. 275) 


Solve rational inequalities (p. 277) 


Review Exercises 


In Problems 1—4, determine whether the function is a polynomial function, a rational function, or neither. For those that are polynomial 
functions, state the degree. For those that are not polynomial functions, tell why not. 


3x? 


1. f(x) = 4х5 - 3х2 + 5x -2 2. fix) 95 d 3. f(x) = 3x? + 5x!/? — 1 4. f(x) 2 3 
х 
In Problems 5-7 graph each function using transformations (shifting, compressing, stretching, and reflecting). Show all the stages. 
5. f(x) = (x - 2? 6. f(x) = -(x - 1) 7 f(x) = (x-1) +2 
In Problems 8-11, graph each polynomial function by following Steps 1 through 5 on page 221. 
8. f(x) = x(x + 2)(x + 4) 9. f(x) = (x - 2) (x + 4) 
10. f(x) = —2x3 + 4x? 11. f(x) = (x — 1? (x + 3)(х +1) 


In Problems 12 and 13, find the remainder R when f (x) is divided by g(x). Is g a factor of f? 
12. f(x) = 8x? —3x? +x - 4; g(x) --x-1 13. f(x) = xt — 2x? + 15x - 2; g(x) -x-2 


14. Find the value of f(x) = 12х6 — 8x* + latx = 4. 


In Problems 15 and 16, use Descartes’ Rule of Signs to determine how many positive and negative real zeros each polynomial function may 
have. Do not attempt to find the zeros. 


15. f(x) = 12x8 — x' + 8x4 —2x? - x +3 
16. f(x) = —6х? + x^ + 5x? +x+1 
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17. List all the potential rational zeros of f(x) = 12x? — x? + 6x4 — x? + х — 3. 


In Problems 18—20, use the Rational Zeros Theorem to find all the real zeros of each polynomial function. Use the zeros to factor f over 
the real numbers. 


18. f(x) = x - 3x? — 6x + 8 19. f(x) = 4x3 + Ax? – 7x + 2 20. f(x) = x4 — 4x3 + 9x? — 20x + 20 


In Problems 21 and 22, solve each equation in the real number system. 
21. 2x4 + 2x? — 11x? - х - 6 = 0 22. 2x4 + 7x3 + x? – 7x - 3-2 0 


In Problems 23 and 24, find bounds on the real zeros of each polynomial function. 
23. f(x) = x? —x? — Ax - 2 24. f(x) = 2x? — 7x? — 10x + 35 


In Problems 25 and 26, use the Intermediate Value Theorem to show that each polynomial function has a real zero in the given interval. 
25. f(x) = 3x3 — x — 1; [0,1] 26. f(x) = 8x* — 4x3 — 2x — 1; [0, 1] 


In Problems 27 and 28, each polynomial function has exactly one positive zero. Approximate the zero correct to two decimal places. 
27. f(x) = х - x -2 28. f(x) = 8x^ — 4x? – 2x - 1 


In Problems 29 and 30, information is given about a complex polynomial f whose coefficients are real numbers. Find the remaining zeros 
of f. Then find a polynomial function with real coefficients that has the zeros. 


29. Degree 3; zeros: 4 + i,6 30. Degree 4;zeros:i, 1 + i 


In Problems 31—34, find the complex zeros of each polynomial function f. Write f in factored form. 
31. f(x) = x — 3х2 – 6x +8 32. f(x) = 4x3 + 4х? — 7х + 2 
33. f(x) = х — Ax? + 9x? — 20x + 20 34. f(x) = 2x4 + 2x? - 11x? +x- 6 


In Problems 35—37, find the domain of each rational function. Find any horizontal, vertical, or oblique asymptotes. 


2 2 
35. R(x) — dem 36. R(x) = X t4 Raya а Еа 
ы, x-2 (x +2) 
In Problems 38-43, graph each rational function following the seven steps given оп page 262. 
— 2 = 
38. R(x) 266 39. H(x) = +2 40. R(x) = 2°+*=6 
x x(x — 2) х2 -х- 6 
À 2x4 х2 —4 
41. F(x) = — 42. R(x) = —“*_~ 43. G(x) = — 2 = 
(x) ai (x) бусту (х) 259 


In Problems 44—48, solve each inequality. Graph the solution set. 


= ET. M 2 a 
44. х%+х? <4х+4 4523442 > хъ4 — 4625-6 22 да\®=2*-)0„, д X' — 8x c 12 


0 
les x-3 x1-16 ^ 

49. Graph the polynomial function (b) Decide on the function of best fit to these data (linear, 

уз 20 quadratic, or cubic), and use this function to predict the 

5 IUE) Ucet BEE median new-home price in the United States for the 

by following Steps 1 through 8 on page 223. fourth quarter of 2023 (t = 10). 

50. Making a Can A can in the shape of a right circular cylinder (c) Draw the function of best fit on the scatter plot obtained 

w is required to have a volume of 250 cubic centimeters. in part (a). 


(a) Express the amount A of material needed to make the 


can as a function of the radius r of the cylinder. Median Price, P ($1000s) 


(b) How much material is required if the can is of radius 


; 2014, 1 

3 centimeters? 
(c) How much material is required if the can is of radius 2015, 2 
5 centimeters? 2016, 3 

(UA А Й 
(4) Graph А = A(r). For what value of r is A smallest? T 

_51. Housing Prices The data in the table on the right represent - 

y j the median sales price of houses sold in the United States 2018, 5 
in the fourth quarter (October to December) of the year 2019, 6 
shown. 2020, 7 
(a) With a graphing utility, draw a scatter plot of the data. $ 

Comment on the type of relation that appears to exist 2021, 8 


between the two variables. 
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CHAPTER 


Test Prep 


VIDEOS 


The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
exercises. These videos are available in MyLab™ Math. 


Chapter Test 


7. Graph the function in Problem 6. Label all intercepts, vertical 


1. Graph f(x) 2 (x — 30519 using transformations. э : 
asymptotes, horizontal asymptotes, and oblique asymptotes. 


2. Forthe polynomialfunctiong(x) = 2x? + 5x? — 28x — 15, 

(a) Determine the maximum number of real zeros that the 
function may have. 

(b) List the potential rational zeros. 

(c) Determine the real zeros of g. Factor g over the reals. 

(d) Find the x- and y-intercepts of the graph of g. 

(e) Determine whether the graph crosses or touches 
the x-axis at each x-intercept. 

(f) Find the power function that the graph of g resembles 


In Problems 8 and 9, write a function that meets the given 
conditions. 


8. Fourth-degree polynomial with real coefficients; 
zeros: -2,0, 3 + i 


9. Rational function; asymptotes: y = 2, x = 4; 
domain:(x|x = 4,x = 9} 


10. Use the Intermediate Value Theorem to show that the 


for large values of x|. function f(x) = —2x? — 3x + 8 has at least one real zero 
(g) Put all the information together to obtain the graph of g. on the interval [0, 4]. 
3. Find the complex zeros of f(x) = x? — 4x? + 25x — 100. 11. Solve: * + Е oo 
x = 


4. Solve 3x? + 2x — 1 = 8x? — 4 in the complex number 


system. 12. Solve: x? + 7x? < 2x? — бх 


In Problems 5 and 6, find the domain of each function. Find any 
horizontal, vertical, or oblique asymptotes. 

x? — 14x + 24 
x? + 6x — 40 


x? + 2x -3 


5 g(x) = 2 eH 


6.101) = 


Cumulative Review 


1. Find the distance between the points P = (1, 3) 14. For the function f(x) = x? + 5x — 2, find 


andQ = (—4, 2). (a) f(3) 

2. Solve the inequality x? > x and graph the solution set. (b) f(—x) 

3. Solve the inequality x? — 3x « 4and graph the solution set. (с) —f(x) 

4. Find a linear function with slope —3 that contains the (d) f(3x) 
point ( —1, 4). Graph the function. f(x +h) — f(x) 

5. Find the equation of the line parallel to the line y = 2x + 1 (е) h hse 
and containing the point (3, 5). Express your answer in 16. Given the function 
slope-intercept form, and graph the line. Я 

6. Graph the equation у = x?. iC) = 285 ° 

26 — 


7. Does the relation {(3, 6), (1, 3), (2, 5), (3, 8) ) represent a 


13. 


function? Why or why not? 


. Solve the equation x? — 6x? + 8x = 0. 
. Solve the inequality 3x + 2 < 5x — land graph the solution 


set. 


. Find the center and the radius of the circle 


x? + 4х + у? – 2у – 4 = 0 
Graph the circle. 


. For the equation у = x? — 9x, determine the intercepts and 


test for symmetry. 


. Find an equation of the line perpendicular to 3x — 2y = 7 


that contains the point (1, 5). 


Is the following the graph of a function? Why or why not? 


YA 


хү 


(а) What is the domain of f? 

(b) Is the point (2, 6) on the graph of f? 

(c) Ifx = 3, what is f(x)? What point is on the graph of f? 
(d) If f(x) = 9, what is x? What point is on the graph of f? 


(e) Is fa polynomial or a rational function? 


16. Graph the function f(x) = —3x +7. 
17. Graph f(x) = 2x? — 4x + 1 by determining whether its 


graph is concave up or concave down and by finding its 
vertex, axis of symmetry, y-intercept, and x-intercepts, if any. 


18. Find the average rate of change of f(x) = x? + 3x + 1 


from 1 to 2. Use this result to find the equation of the secant 
line containing (1, f(1)) and (2, f (2)). 
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19. In parts (a) to (f), use the following graph. 21. For the function f(x) = rab if RM 
Yh —3x+4 if x 22 


(a) Find the domain of f. 

(b) Locate any intercepts. 

(c) Graph the function. 

(d) Based on the graph. find the range. 


22. Graph f(x) = —3(x + т = using transformations. 
23. Suppose that f(x) = x? — 5х + 1and g(x) = —4x - 7. 
(a) Find f + g and state its domain. 


(b) Find ] and state its domain. 


-7 (2,-6) e 
(a) Find the intercepts. 24. Demand Equation The price p (in dollars) and the quantity x 
(b) Based on the graph, tell whether the graph is symmetric sold of a certain product obey the demand equation 
with respect to the x-axis, the y-axis, and/or the origin. 
(c) Based on the graph, tell whether the function is even, IDE T. + 150,0 € x < 1500 
odd, or neither. 10 
(d) List the intervals on which f is increasing. List the (a) Express the revenue R as a function of x. 
intervals on which fis decreasing. (b) What is the revenue if 100 units are sold? 
(e) List the numbers, if any, at which fhas a local maximum. (c) What quantity x maximizes revenue? What is the 
What are the local maximum values? maximum revenue? 
(f) List the numbers, if any, at which f has a local minimum. (d) What price should the company charge to maximize 
What are the local minimum values? revenue? 
20. Determine algebraically whether the function 
CS 5x 
x?—9 


is even, odd, or neither. 


Chapter Projects 


right click on any data point in the scatter plot. Now click the 
Add Trendline ... menu. Under Trendline Options, select the 
Linear radio button and select Display Equation on Chart. 
See Figure 52. Move the Trendline Options window off to the 
side and you will see the linear function of best fit displayed 
on the scatter plot. Do you think the function accurately 
describes the relation between latitude and length of day? 


Format Trendline 
TRENDLINE OPTIONS ¥ 


oO ill 


4 TRENDLINE OPTIONS 


|7 © Exponential 
Eá @ Linear 
Credit: Giancarlo Liguori/Shutterstock GU суган 
@) Internet-based Project l | = 
© Bolynomial 
І. Length of Day Go to http://en.wikipedia.org/wiki/Latitude and _ 
read about latitude through the subhead “Background.” Now VN 
go to http://www.orchidculture.com/COD/daylength.html. T3 on 
1. Fora particular day of the year, record in a table the length Trendline Name 
of day for the equator (0°N), 5?N, 10°N, . . . ,60°N. Enter © Automatic TM NES 
the data into an Excel spreadsheet, TI-graphing calculator, О Custom 
or some other spreadsheet or graphing utility capable of Forecast 
finding linear, quadratic, and cubic functions of best fit. Eorward 
2. Draw a scatter plot of the data with latitude as the Backward 
independent variable and length of day as the dependent C] Set Intercept 
variable using Excel, a TI-graphing calculator, or some Display Equation on chart 
other spreadsheet or graphing utility. The Chapter 2 C Display R-squared value on chart 
project describes how to draw a scatter plot in Excel. 
3. Determine the linear function of best fit. Graph the linear ] ] [>] 


function of best fit on the scatter plot. To do this in Excel, Figure 52 


Determine the quadratic function of best fit. Graph the 
quadratic function of best fit on the scatter plot. To do 
this in Excel, right-click on any data point in the scatter 
plot. Now click the Add Trendline . . . menu. Under 
Trendline Options, select the Polynomial radio button 
with Order set to 2. Select Display Equation on chart. 
Move the Trendline Options window off to the side and 
you will see the quadratic function of best fit displayed 
on the scatter plot. Do you think the function accurately 
describes the relation between latitude and length of day? 


Determine the cubic function of best fit. Graph the 
cubic function of best fit on the scatter plot. To do this 
in Excel right-click on any data point in the scatter plot. 
Now click the Add Trendline ... menu. Under Trendline 
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Options, select the Polynomial radio button with Order 
set to 3. Select Display Equation on chart. Move the 
Trendline Options window off to the side and you will 
see the cubic function of best fit displayed on the scatter 
plot. Do you think the function accurately describes the 
relation between latitude and length of day? 


Which of the three models seems to fit the data best? 
Explain your reasoning. 


Use your model to predict the hours of daylight on 
the day you selected for Chicago (41.85 degrees north 
latitude). Go to the Old Farmer’s Almanac or another 
website to determine the hours of daylight in Chicago for 
the day you selected. How do the two compare? 


Citation: Excel © 2022 Microsoft Corporation. Used with permission from Microsoft. 
The following project is available for instructor download from the Pearson catalog as well as MyLab Math. 


П. Theory of Equations The coefficients of a polynomial function can be found if its zeros are known, which is an advantage of using 
polynomials in modeling. 


Exponential апа 


Logarithmic Functions 


Depreciation of Cars 


You are ready to buy that first new car. You know that cars lose value over time due to depreciation 
and that different cars have different rates of depreciation. So you will research the depreciation 
rates for the cars you are thinking of buying. After all, 
for cars that sell for about the same price, the lower 
the depreciation rate, the more the car will be worth 
each year. 


( M ) — See the Internet-based Chapter Project I— 


Credit: milkos/123RF.com 


Outline 


4.1 Composite Functions Until now, our study of functions has concentrated on polynomial and rational functions. These 
4.2 One-to-One Functions; functions belong to the class of algebraic functions—that is, functions that can be expressed in 
Inverse Functions terms of sums, differences, products, quotients, powers, or roots of polynomials. Functions that 
4.3 Exponential Functions are not algebraic are termed transcendental. That is, they transcend, or go beyond, algebraic 
4.4  Logarithmic Functions functions. 
4.5 Properties of Logarithms 
4.6  Logarithmic and Exponential 
Equations In this chapter, we study two transcendental functions: the exponential function and the 
4.7 Financial Models logarithmic function. These functions occur frequently in a wide variety of applications, such as 
4.8 Exponential Growth and Decay biology, chemistry, economics, and psychology. 
Models; Newton's Law; Logistic The chapter begins with a discussion of composite, one-to-one, and inverse functions— 
Growth and Decay Models concepts that are needed to explain the relationship between exponential and logarithmic 


4.9 Building Exponential, Logarithmic, functions. 
and Logistic Models from Data 
Chapter Review 
Chapter Test 
Cumulative Review 
Chapter Projects 
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4.1 Composite Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Find the Value of a Function (Section 1.1, pp. 50-53) * Domain of a Function (Section 1.1, pp. 54-56) 


v. Now Work the 'Are You Prepared?' problems on page 293. 


OBJECTIVES 1 Form a Composite Function (p. 289) 
2 Find the Domain of a Composite Function (p. 290) 


1 Form a Composite Function 


Suppose that an oil tanker is leaking oil and you want to determine the area of the 
circular oil patch around the ship. See Figure 1. It is determined that the radius of the 
circular patch of oil around the ship is increasing at a rate of 3 feet per minute. Then 
the radius r of the oil patch at any time f, in minutes, is given by r(t) = 3t. So after 
20 minutes, the radius of the oil patch is r(20) = 3-20 = 60 feet. 

The area A of a circle is a function of the radius г given by A(r) = ar?. The area 
of the circular patch of oil after 20 minutes is A(60) = (60 2 = 36007 square feet. 
Note that 60 = r(20), so A(60) = A(r(20)). The argument of the function A is 
the output of the function r. 

In general, the area of the oil patch can be expressed as a function of time t 
by evaluating A(r(t)) and obtaining A(r(t)) = A(3t) = т(31)2 = 9nt?. The 
function A(r(t))is a special type of function called a composite function. 

As another example, consider the function y = (2x + 3)?.Lety = f(u) = и? 
апаи = g(x) = 2х + 3. Then by а substitution process, the original function is 
obtained as follows: у = f(u) = f(g(x)) = (2x + 3)’. 

In general, suppose that f and g are two functions and that x is a number in 
the domain of g. Evaluating g at x yields g(x). If g(x) is in the domain of f, then 
evaluating f at g(x) yields the expression f(g(x)). The correspondence from x 
to f(g(x)) 1s called a composite function f о g. 


— DEFINITION Composite Function 
igure 
Given two functions f and g, the composite function, denoted by f o g (read 


as “f composed with g"), is defined by 


(fo g)(x) = f(g(x)) 


The domain of f o g is the set of all numbers x in the domain of g for 
which g(x) is in the domain of f. 


Look carefully at Figure 2. Only those values of x in the domain of g for 
which g(x) is in the domain of f can be in the domain of о g. The reason is if g(x) 
is not in the domain of f, then f(g(x)) is not defined. Because of this, the domain 
of f о g is a subset of the domain of g; the range of о g is a subset of the range of f. 


Domain of g Range of g 


Range of f 


Domain of f 


Range of fog 


Domain of fog 


Figure 2 
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Figure 3 provides a second illustration of the definition. Here x is the input to the 
function g, yielding g(x). Then g(x) is the input to the function f, yielding f(g(x)). 
Note that the “inside” function g in f(g(x)) is “processed” first. 


„© 


ШШ —- ——5 OUTPUT f(g(x) 


|— Mi 


INPUT x | —— 


Figure 3 


| EXAMPLE 1 | Evaluating a Composite Function 


Suppose that f(x) = 2x? — 3 and g(x) = 4x. Find: 
(a)(fog)d)  (bí(gofXD (©) (о )0-2)  (d(gzogX-D 
Solution (а) (£o g)(1) = f(g(D) = f(4) = 2.4? -3 = 29 


Т T 
g(x) = 4х f(x) = 2x? – 3 
8(1) = 4 
NORMAL FLOAT AUTO REAL RADIAN HP ñ (b) (g o f)A) = g(f(1)) = g(—1) = 4 . (=1ў = —4 
T T 
fíix)e2x?-3 g(x)-—4x 
fa)2-1 
(с) (fof) -2 = /(/(—2)) = /(5) = 2.52—3 = 47 
|j 
f(—2) = 2(-2)2 -3 =5 
(a) TI-84 Plus СЕ (d) (g o g)(-1) = g(g(-1)) = g(-4) = 4-(—4) = —16 
T 
@ f(x) =2х?—-3 х кие -» 
@ six) ds x gn COMMENT Graphing utilities can evaluate composite functions.* Using a TI-84 Plus CE graphing 
: calculator, let Y, = f(x) = 2x? — 3andY, = g(x) = 4x, andfind(f o g)(1) as shown in Figure 4(a). 
f(g(1)) X Using Desmos, find (f o g)(1) as shown in Figure 4(b). Note that these give the result obtained in 
Example 1 (a). н 
(р) Desmos \ Now Work PRoBLEM 13 
Figure 4 


2 Find the Domain of a Composite Function 


| EXAMPLE 2 | Finding a Composite Function and Its Domain 


Suppose that f(x) = x? + 3x —landg(x) = 2x +3. 
Find: (a) fog (b) gof 
Then find the domain of each composite function. 


Solution The domain of f and the domain of g are the set of all real numbers. 


(а) (f o g)(x) = f(g(x)) = f(2x + 3) = (2x + 3)? + 32x + 3) - 1 
ii T 
g(x)22x-3  f(x)—x?-3x-1 


= 4x? + 12x + 9 + 6x +9 — 1 = 4х2 + 18x + 17 


Because the domains of both f апа g are the set of all real numbers, the domain 


of f o g is the set of all real numbers. 
(continued) 


*Consult your user’s manual for the appropriate keystrokes. 
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g(x? +3x—1) = 2(x? +3x-1)+3 
T 
x? + 3х - 1 g(x) = 2х+3 


(b) (g o Р) (х) = g(f(x)) 


= [| 


[С] 
= 2х2 4+ 6x —-24+3 = 2x74+6x+1 


Because the domains of both f and g are the set of all real numbers, the domain 
of g o f is the set of all real numbers. B 


Example 2 illustrates that, in general, f o = g o f. Sometimes f о g does 
equal g o f, as we shall see in Example 5. 
Look back at Figure 2 on page 289. 


In determining the domain of the composite function ( f o g)(x) = f(g(x)), 
keep the following two thoughts in mind about the input x. 


* Any x not in the domain of g must be excluded. 
e Any x for which g(x) is not in the domain of f must be excluded. 


| EXAMPLE 3 | Finding the Domain of f og 


Find the domain of f o g if f(x) = L4 and g(x) = aoe. 
x+2 x—1 


Solution — For(f og)(x) = f(g(x)), first note that the domain of g is (x|x = 1}, so 1 is 
excluded from the domain of f o g. Next note that the domain of f is { х|х = —2}, 


which means that g ( x) cannot equal —2. Solve the equation g(x) = —2 to determine 
what additional value(s) of x to exclude. 
4 = —2 g(x) = —2 
х—1 
4 = —2(x —1) Multiply both sides by x — 1. 
42-2x + 2 
2х = —2 
x = –1 


Also exclude —1 from the domain of f o g. 
The domain of f o gis{x|x = —1,x = 1}. 


v/ check For x=1g(x)= d 1 is not defined, so (f o g)(1) — f(g(1)) is not 
X = 


defined. 
For x = —1, g(—1) = —2, and (f o &)(—1) = f(g(-1)) = f(—2) is not 
defined. B 
| EXAMPLE 4 | Finding a Composite Function and Its Domain 
| 1 _ 4 
Suppose f(x) = 2 and g(x) = тр 


Find: (a) fog (b) fof 
Then find the domain of each composite function. 
Solution Тһе domain of f is {x|x + —2} and the domain of gis (x|x = 1}. 


_ E 4) 1 _ x—1 || x-1 | x-1 
&) (Foi) = fa = ДУ) = трт ria FD Rn 
х—1 


4 1 А x—1 
Б. Ж — Multiply by 22. 
g(x) УСТ f(x) PEE ultiply by 7 


(continued) 
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In Example 3, the domain of f о g was found to be {x|x = —1, x = 1}. 

The domain of f o g also can be found by first looking at the domain 
of g: (x|x = 1}. Exclude 1 from the domain of f o g as a result. Then look 
at f o g and note that x cannot equal —1, because x — —1 results in division 
by 0. So exclude —1 from the domain of f o g. Therefore, the domain of f o g 
is(x|x = —Lx = 1}. 


1 1 x42 x42 
b — — — — — 
(5) (Fo Лб) аср 1 yog иш. 2x 4-5 
x+2 
zl 2—1 i х+2 
f(x) тү? Ja 13 Multiply by ——. 


The domain of f o f consists of all values of x in the domain of f, {x|x = —2}, 


for which f(x) — EM = —2.То find other numbers x to exclude, solve the 
х 


equation t2 
E 8 
x+2 
1 = —2(x +2) 
1 = -2x — 4 

2x = —5 
NEN 
x=-— 
2 


So f(x) = —2ifx = —2. The domain of f o f is {x]x == 2, х = -2}. 


The domain of f o f also can be found by noting that —2 is not in the domain 
of f and so is not in the domain of f o f. Then, looking at f o f, note that x cannot 


equal — >.Do you see why? Therefore, the domain of f o f is{ х|\х = — >, x = –2 | 


\ Now Work PROBLEMS 27 AND 29 


| ЕХАМРІЕ 5 | Showing That Two Composite Functions Аге Equal 


If f(x) = 3x — 4and g(x) = х+4 


‚ show that 


(fog = (во /)(х) =x 


for every x in the domain of f o g and g o f. 


Solution (fo g)(x) = f(g(x)) = (=) = (®+#)-4 ee ee es 


| Seeing the Concept ЦЕ = 4 nA -— 


g(x) = 
[Using a graphing utility, let 


Y, = f(x) = Зх - 4 3x —4 4 3 
à i (go f)(x) = g(f(x)) = g(3x - 4) = X — 44 3x у 
№ = g(x) = 3 n t 3 3 
= од, Y -gof f(x) =3x— 4 g(x) = ETÀ 
Using the viewing window 
-3 <x <3,-2 <y <2, graph We conclude that = = any real number. 
only Y; and Y,. What do you see? (Fo go) (во f) апу J 


TRACE to verify that Y; = Үл. | 
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In Section 4.2, we shall see that there is an important relationship between 
functions f and g for which (f o g)(x) = (go f)(x) = x. 


\ Now Work PROBLEM 39 


Calculus Application 


Some techniques in calculus require the ability to determine the components 
of a composite function. For example, the function H(x) = Ух + 1 is the 
composition of the functions f and g, where f(x) = Ух and g(x) = x + 1, because 


H(x)-—(fegXx)- f(g(x) = }(х+1) = ух-+1. 


| EXAMPLES | Finding the Components of a Composite Function 


Find functions f and g so that f o g = H when H(x) = (x2 +1)”. 


Solution Тһе function Н raises the expression x? + 1 to the power 50. A natural way to 
decompose H is to raise the function g(x) = x? + 1tothe power 50.1е f(x) = x5 


and g(x) = x? + 1. Then 
f fg») = f(x? + 1) 


g 
p». pd (fog)GO = f(gG) = f(x? +1) = (x? +1)” = A(x) 
Ho) = (х + 1) 


H See Figure 5. B 
Figure 5 


Other functions f and g may be found for which f o g = H in Example 6. For 
instance, if f(x) = x? and g(x) = (х2 + 1)”, then 


(fog)G0 = f(g(x)) = f(G? + 1)25) = [G2 05] = o2 1) 


Although the functions f and g found as a solution to Example 6 are not unique, there 
is usually a “natural” selection for f and g that comes to mind first. 


| EXAMPLE7 | Finding the Components of a Composite Function 


Find functions f and g so that f o g — H when H(x) — p. 


LFL 
Solution Here H is the reciprocal of g(x) = x + 1. Let f(x) = 1 and g(x) = x+1.Then 
x 


(Ро в)(х) = f(g(x)) = fixe) = 17 = H(x) 


Xx 1 E 8 


\ Now Work PROBLEM 47 


4.1 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


2 _ 

1. Find f (3) if f(x) = —4x? + 5x. (рр. 50-52) 3. Find the domain of the function f(x) = = 5 
х2 — 

2. Find f (3x) if f(x) = 4 — 2x?. (рр. 50-52) река 


N1: Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Concepts and Vocabulary 


4. Given two functions f and g, the А A 7. Multiple Choice If H = f o g and H(x) = N25 — 4x?, 
denoted f о g, is defined by (f o g)(x) = . which of the following cannot be the component functions f 
| and g? 
5. True or False If f(x) = x? and g(x) = Ух 4 9, 


(a) f(x) = N25 — х2; g(x) = 4x 


th 4) = 5. 
ы Ses) (b) f(x) = Ух; g(x) = 25 — 4х2 


6. Multiple Choice If f(x) =Vx+2 and g(x) = 3 


then( f o g)(x) equals * (с) f(x) = N25 — х; g(x) = 4x? 
3 ҖЕ; (d) f(x) = V25 — 4x; g(x) = x? 
ө) vx +2 e x T 8. True or False The domain of the composite function 
3 3 (f o g)(x)is the same as the domain of g(x). 
(о) J—--2 (d) 
x x+2 
Skill Building 
In Problems 9 and 10, evaluate each expression using the values given in the table. 
9. (a) (f ° 8)(1) (b) (f o g)(-D 
(с) (g o f)(-D (d) (g o f)(0) 
(e) (g o g)(-2) (f) (f o f)i-D 
(a) (f о g)(1) (b) (f o g)(2) 
(c) (g o f)(2) (d) (g o f)(3) 
(e) (g о 8)(1) (f) (f o PG) 


In Problems 11 and 12, evaluate each expression using the graphs of y = f(x) and y = g(x)shown in the figure. 


П. (a) (g o f)(-D (b) (g o f)(0) YR 
(с) (f o &)(—1) (d) (f о g)(4) 

12. (а) (g о f)(1) (b) (g o /)(5) 
(c) (f o 8)(0) (d) (f o g)(2) 


In Problems 13—22, for the given functions f and g, find: 
(а) (fogY4)  (bgofX2 (fof) (9) )(gogX0) 


М. 13. f(x) = 2х; g(x) = 3x? +1 14. f(x) = 3x + 2; g(x) = 2x? -1 
15. f(x) = 8х2 — 3; g(x) = 3 – se? 16. f(x) = 2х2; g(x) = 1 -= 3x? 
17. f(x) = Ух; g(x) = 5x 18. f(x) = Vx +1; g(x) = 3x 
NN NEED! уо _ __3 
19. f(x) = |х; g(x) = 248 20. f(x) = |х —2|; g(x) 312 
PEE XU — Ax EE 2.2 
21. f(x) ET g(x) x 22. f(x xj/?: g(x) PRSE] 


In Problems 23-38, for the given functions f and g, find: 
(а) fog (b)gof (J fof (4) вов 
State the domain of each composite function. 
23. f(x) = 2x + 3; g(x) = 4x 24. f(x) 
25. f(x) = 3x — 1; g(x) = x? 26. f(x) 


—x; g(x) = 2x-4 
х+ g(x) = х2 +4 


\ 27. f(x) = x^; g(x) = х? +4 


\ 29, f(x) = D 


Е eid 
D x 


31. f(x) = —^—; g(x) = E 


x—1 


33. f(x) = Vx: g(x)2x45 


35. f(x) = x? +7; g(x) = Ух - 7 


37. f(x) = 


х—5, | х+2 
"EL id = ы 


In Problems 39—46, show that (f o g)(x) = (g o f)(x) = x. 


\ 39. f(x) = 2х; g(x) = 5х 


42. f(x) = х + 5; g(x) = х—5 


45. f(x) = ах + Б; g(x) = l4 а = 0 
а 


/& In Problems 47—52, find functions f and g so that f o g — H. 
N 47. H(x) = (2x + 3» 

49. H(x) = Nx? +1 

51. H(x) = |2x + 1| 


Applications and Extensions 


53. 


If f(x) = 2x? — 3x? + Ax – 1andg(x) = 2, find( f o g)(x) 
and(g o f )(x). 


54. If f(x) = + +, find (f o fYXx). 
"m 
55. If f(x) = 2x? + 5and g(x) = 3x + a, find a so that the 


56. 


y-intercept of f o g is 23. 


If f(x) = 3x? — 7 and g(x) 
y-intercept of f o g is 68. 


2x + a, find a so that the 


In Problems 57 and 58, use the functions f and g to find: 


(a) f og (b) go f 
(c) the domain of f o g and of g o f 
(d) the conditions for which f o g = g o f 


57. f(x) = ax + b, g(x) = exc d 
58. f(x) — EIE B. g(x) = mx 
cx +d 


59. Surface Area of a Balloon The surface area 5 (in square 


60. 


61. 


meters) of a hot-air balloon is given by 

S(r) = 4тг? 
where r is the radius of the balloon (in meters). If the radius r 
is increasing with time ¢ (in seconds) according to the formula 


r(t) = £13, t > 0, find the surface area S of the balloon as 


a function of the time f. 


Volume of a Balloon The volume V (in cubic meters) 
of the hot-air balloon described in Problem 59 is given 


by V(r) = inr. If the radius r is the same function of t as 


in Problem 59, find the volume V as a function of the time t. 


Automobile Production The number N of cars produced 
at a certain factory in one day after t hours of operation is 


28. 


30. 


32. 


34. 


36. 


38. 


40. f(x) = 4x; g(x) = Ix 


46. 


48. 
50. 
52. 


62. 


63. 


64. 
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f(x) = х®+1; g(x) = 2x7 +3 
f(x) = 25; во) = -* 
fx E g(x) = 2 
f(x) = мх - 2; g(x) = 1 2х 
Рх) = х2 +4 g(x) = Ух - 2 

_ 2х—1, _x+4 
PENS gt Е оь 

41. f(x) = x5; g(x) = Ух 


43. f(x) = 9x - 6 g(x) = HE + 6) 44. f(x) = 4 – 3х; g(x) = 204 — х) 


f(x) = 1, g(x) = 1 
X Ж 


H(x) = (1+ х2) 
Н(х) = v1 — x? 
A(x) = |2x? + 3| 


given by N(t) = 100r — 512,0 < t < 10. If the cost C (in 
dollars) of producing N cars is C(N) = 15,000 + 8000N, 
find the cost C as a function of the time t of operation of the 
factory. 


Environmental Concerns The spread of oil leaking from a 
tanker is in the shape of a circle. If the radius r (in feet) of 
the spread after ¢ hours is r(t) = 200Vt, find the area A of 
the oil slick as a function of the time /. 


Production Cost The price p, in dollars, of a certain product 
and the quantity x sold follow the demand equation 


р = -ix + 100 0< x < 400 


Suppose that the cost C, in dollars, of producing x units is 


X 
C = УХ + 600 
25 * 


Assuming that all items produced are sold, find the cost C as 
a function of the price p. 

[Hint: Solve for x in the demand equation and then form the 
composite function.] 

Cost of a Commodity The price p, in dollars, of a certain 
commodity and the quantity x sold follow the demand 
equation 


p = -Èx + 200 0 < x < 1000 


Suppose that the cost C, in dollars, of producing x units is 


Ух 
С = — + 400 
10 ш 
Assuming that all items produced are sold, find the cost С as 


a function of the price p. 
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65. 


66. 


67. 


68. 


69. 


Retain Your Knowledge 


Volume of a Cylinder The volume V of a right circular 
cylinder of height h and radius г is V = ar*h. If the 
height is twice the radius, express the volume V as a function 
ofr. 


Volume of a Cone The volume V of a right circular cone 


is V = ier. If the height is twice the radius, express the 


volume V as a function of r. 


Foreign Exchange Traders often buy foreign currency in the 

hope of making money when the currency's value changes. 

For example, on March 10, 2022, one U.S. dollar could 

purchase 0.9101 euro, and one euro could purchase 

128.4337 yen. Let f(x) represent the number of euros you 

can buy with x dollars, and let g( x) represent the number 

of yen you can buy with x euros. 

(a) Find a function that relates dollars to euros. 

(b) Finda function that relates euros to yen. 

(c) Use the results of parts (a) and (b) to find a function that 
relates dollars to yen. That is, find (g o f)(x). 

(d) What is(g o f£)(1000)? 


Temperature Conversion The function C( F) = 2(F — 32) 


converts a temperature in degrees Fahrenheit, F, to 

a temperature in degrees Celsius, C. The function 

K(C) = C + 273, converts a temperature in degrees 

Celsius to a temperature in kelvins, K. 

(a) Find a function that converts a temperature in degrees 
Fahrenheit to a temperature in kelvins. 

(b) Determine 80 degrees Fahrenheit in kelvins. 


Discounts The manufacturer of a computer is offering two 

discounts on last year’s model computer. The first discount is 

a $200 rebate and the second discount is 20% off the regular 

price, p. 

(a) Write a function f that represents the sale price if only 
the rebate applies. 


70. 


71. 


H 


72. 


73. 


74. 


75 


D 


76. 


77. 


78. 


(b) Write a function g that represents the sale price if only 
the 20% discount applies. 

(c) Find f o g апар o f. What does each of these functions 
represent? Which combination of discounts represents a 
better deal for the consumer? Why? 


Taxes Suppose that you work for $20 per hour. Write 
a function that represents gross salary G as a function of 
hours worked Л. Your employer is required to withhold taxes 
(federal income tax, Social Security, Medicare) from your 
paycheck. Suppose your employer withholds 20% of your 
income for taxes. Write a function that represents net salary 
N as a function of gross salary G. Find and interpret N o G. 
Suppose f(x) = x? + x? — 16x — 16andg(x) = x? — 4. 
Find the zeros of ( f o g)(x). 

Suppose f(x) = 2x? — 3x? — 8x + 12andg(x) = x + 5. 
Find the zeros of ( f o g)(x). 


Let f(x) = ax + band g(x) = bx + a, where a and b are 
integers. If f(1) = 8 and f(g(20)) — g( f(20)) = —14, 
find the product of a and b.* 

Challenge Problem 1f f and g are odd functions, show that 
the composite function f o g is also odd. 


Challenge Problem If f is an odd function and g is an even 
function, show that the composite functions f o g and g o f 
are both even. 


Challenge Problem If f (x) = x? + 5x +c, g( x) = ax +b, 
and(f o g)(x) = 4x? + 22x + 31, find a, b, and c. 


Challenge Problem Given three functions f, g, and Л, 
define (f o g o A)(x) = fl g(h(x))]. Find (f o g o Л)(2) 


if f(x) = 6x — 7, g(x) = L and h(x) x ip. 


‚апа 


1 х 
Chall. Problem If = Я = 
allenge Problem If f ( x) PES g(x) v 


h(x) = Nx + 3, find the domain of (f o g o h)(x). 


*Courtesy of the Joliet Junior College Mathematics Department 


Problems 79-88 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


79. 


. Find the domain of R(x) — 


‘Are 


1. —21 


Given f(x) = 3x + 8and g(x) = x — 5, find 
Cf + g)(x), (J — g)(x), (J + g)(x), and [2 


g 
State the domain of each. 


(x): 


. Find the real zeros of f(x) = 2x — 54x + 2. 


. Find any 


horizontal, vertical, or oblique asymptotes. 


the vertex and the axis of symmetry, and determine whether 
the graph is concave up or concave down. 


You Prepared?' Answers 


2.4—18x? 


83. Solve:x? — 6x —7 < 0 


. Ifaright triangle has hypotenusec = 2andlega = 1, find 


ДХ 85. 


86. 


Д 87. 


. For the quadratic function f(x) = -pe + 2x + 5, find K 88. 


the length of the other leg b. 
Find the points of intersection of the graphs of the 
functions f(x) = x? + 3x + 7andg(x) = —2х +3. 
Find the distance between the points ( —3, 8) and (2, —7). 
3.2, 9 
x—c 


Solve: —x3(9 — х2) 1/2? 4 2x(9 — x2)? = 


. (xix z-5,x = 5} 
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4.2 One-to-One Functions; Inverse Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Functions (Section 1.1, pp. 46-58) * Rational Expressions (Appendix A, Section А.б, 
e Increasing/Decreasing Functions (Section 1.3, pp. A47-A54) 
pp. 73-75, 78) Properties of Rational Functions (Section 3.5, 
pp. 248-256) 


\ Now Work the ‘Are You Prepared?’ problems on page 306. 


OBJECTIVES 1 Determine Whether a Function Is One-to-One (p. 297) 
2 Determine the Inverse of a Function Defined by a Mapping or a Set of Ordered 
Pairs (p. 299) 
3 Obtain the Graph of the Inverse Function from the Graph of a One-to-One 
Function (p. 301) 
4 Verify that a Function Defined by an Equation Is an Inverse Function (p. 302) 
5 Find the Inverse of a Function Defined by an Equation (p. 303) 


1 Determine Whether a Function Is One-to-One 


Section 1.1 presented five ways to represent a function: (1) verbally, (2) with a 
mapping, (3) as a set of ordered pairs, (4) with a graph, and (5) with an equation. For 
example, Figures 6 and 7 illustrate two different functions represented as mappings. 
The function in Figure 6 shows the correspondence between states and their 
populations (in millions). The function in Figure 7 shows a correspondence between 
animals and life expectancies (in years). 


Life Expectancy 
Animal (in years) 
Population 
State (in millions) DOG — — —— | 
Indiana ———~——++ 68 Cat E— Шш 
Washington | —————————- 7.9 Duck E—— — Е 
_ БЫШ 10 
South Dakota —-———+>__ 0.9 ^ "o 
North Carolina .———————34—- 108 Pig 
Oklahoma  ——— > 4.0 Rabbit ———— ————— 7 
Figure 6 Figure 7 


Suppose several people are asked to name a state that has a population of 
0.9 million based on the function in Figure 6. Everyone will respond “South Dakota.” 
Now,if the same people are asked to name an animal whose life expectancy is 11 years 
based on the function in Figure 7, some may respond “dog,” while others may respond 
“cat.” What is the difference between the functions in Figures 6 and 7? In Figure 6, no 
two elements in the domain correspond to the same element in the range. In Figure 7, 
this is not the case: Different elements in the domain correspond to the same element 
in the range. Functions such as the one in Figure 6 are given a special name. 


DEFINITION One-to-One 
In Words 


A nction i not oneto- one IE WO A function is one-to-one if any two different inputs in the domain correspond 
different inputs correspond to to two different outputs in the range. That is, if x, and x, are two different inputs 
the same output. A of a function f, then f is one-to-one if f(x) = f(x). 
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Put another way, a function f is one-to-one if no y in the range is the image of 
more than one x in the domain. A function is not one-to-one if any two (or more) 
different elements in the domain correspond to the same element in the range. So the 
function in Figure 7 is not one-to-one because two different elements in the domain, 
dog and cat, both correspond to 11 (and also because three different elements in the 
domain correspond to 10). 

Figure 8 illustrates the distinction among one-to-one functions, functions that are 
not one-to-one, and relations that are not functions. 


Domain Range Domain Range Domain Range 
(a) One-to-one function: (b) Not a one-to-one function: (c) Nota function: 
Each x in the domain has y, is the image of both X, has two images, 
one and only one image X, and х,. y, and y,. 
in the range. 
Figure 8 


Determining Whether a Function Is One-to-One 
Determine whether the following functions are one-to-one. 


(a) For the following function, the domain represents the ages of five males, and the 
range represents their HDL (good) cholesterol scores (mg/dL). 


Age HDL Cholesterol 


(b) {(-2, 6), (-1, 3), (0, 2); (1, 5), (2, 8)} 
Solution (a) The function is not one-to-one because there are two different inputs, 55 and 61, 


that correspond to the same output, 38. 


(b) The function is one-to-one because every distinct input corresponds to a different 
output. B 

\ Now Work PRoBLEMS 13 AND 17 
For functions defined by an equation y = f(x) and for which the graph of f is 


known, there is a simple test, called the horizontal-line test, to determine whether f 
is one-to-one. 


THEOREM Horizontal-Line Test 


=h If every horizontal line intersects the graph of a function f in at most one point, 
then f is one-to-one. 


- 
i The reason why this test works can be seen in Figure 9, where the horizontal 

line y = A intersects the graph at two distinct points, (x4, Л) and (x,, A). Since h is 

Figure 9 the image of both x, and x, and x, = x,, f isnot one-to-one. Based on Figure 9, we 
(ху) = f(x2) = hand x, = Xz; can state the horizontal-line test in another way: If the graph of any horizontal line 


f is not a one-to-one function. intersects the graph of a function f at more than one point, then f is not one-to-one. 
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| EXAMPLE 2 | Using the Horizontal-Line Test 


In Words 


For each function, use its graph to determine whether the function is one-to-one. 
(a) f(x) = x? (b) g(x) = х? 


Solution (а) Figure 10(a) illustrates the horizontal-line test for f(x) = x?. The horizontal 
line у = 1 intersects the graph of f twice, at (1, 1) and at (—1, 1), so f is not 
one-to-one. 


(b) Figure 10(b) illustrates the horizontal-line test for g(x) — x?. Because 
every horizontal line intersects the graph of g exactly once, the function g is 


one-to-one. 


-3 
—3 ks. 
(a) A horizontal line intersects the graph (b) Every horizontal line intersects the graph 
twice; f is not one-to-one. exactly once; g is one-to-one. 
Figure 10 — 


\ Now Work PROBLEM 21 


Look more closely at the one-to-one function g(x) — x?. This function is an 
increasing function. Because an increasing (or decreasing) function always has 
different y-values for unequal x-values, it follows that a function that is increasing 
(or decreasing) over its domain is also a one-to-one function. 


THEOREM 


e A function that is increasing on an interval / is a one-to-one function on J. 
e A function that is decreasing on an interval / is a one-to-one function on /. 


2 Determine the Inverse of a Function Defined by a Mapping or 
a Set of Ordered Pairs 


One-to-one functions y = f(x) have an important property. Corresponding to each x 
in the domain of f, there is exactly one y in the range because f is a function. And 
corresponding to each y in the range of f, there is exactly one x in the domain because 
f is one-to-one. The function represented by the correspondence from the range back 
to the domain is called the inverse function of f. 


Suppose that f is a one-to-one DEFINITION Inverse Function 


function so that the input 5 
corresponds to the output 10. 


Suppose y = f(x) is a one-to-one function. The correspondence from the 


For the inverse function f ~t, range of f to the domain of f is called the inverse function of f. The symbol f~t 


the input 10 will correspond 


to the output 5. 


is used to denote the inverse function of f. In other words, if y = f(x)isa 
A one-to-one function, then f has an inverse function f~t and x = f-!(y). 
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We begin with finding inverses of functions defined by mappings. 


| EXAMPLE З | Finding the Inverse of a Function Defined by a Mapping 


Find the inverse of the function defined by the map. Let the domain of the 
function represent certain states, and let the range represent the states’ populations 
(in millions). Find the domain and the range of the inverse function. 


Population 
State (in millions) 


Indiana ————1— — —1—- 6.8 
Washington | ————— ——9- 7.9 
South Dakota —1—— — —1—- 0.9 
North Carolina | ————————-—- 108 


Oklahoma  ——————————- 4.0 


Solution Тһе function is one-to-one. To find the inverse function, interchange the elements 
in the domain with the elements in the range. For example, the function receives as 
input Indiana and outputs 6.8 million. So the inverse receives as input 6.8 million and 
outputs Indiana. The inverse function is shown next. 


Population 
(in millions) State 


6.8 ——T—————r Indiana 

79 ————————r- Washington 

09 ——— — South Dakota 
10.8 ———— > Worth Carolina 


40  ——— —— —-—- Oklahoma 


The domain of the inverse function is (6.8, 7.9, 0.9, 10.8, 4.0 y. The range of the inverse 
function is (Indiana, Washington, South Dakota, North Carolina, Oklahoma]. B 


If the function f is a set of ordered pairs (x, y), then the inverse function of f, 
denoted f -!, is the set of ordered pairs (у, x). 


| EXAMPLE 4 | Finding the Inverse of a Function Defined by a Set of Ordered Pairs 


Find the inverse of the following one-to-one function: 


{(=З,—27), (22, —8), (1, —1), (0, 0), (1,1), (2,8), (3, 27)} 


State the domain and the range of the function and its inverse. 


Solution The inverse of the given function is found by interchanging the entries in each 
ordered pair and so is given by 


[C25 =3) (—=8, —2), (—1, —1), (0, 00, (1,1), (8,2), (27,37 


The domain of the function is {—3, —2, —1, 0, 1, 2, 3}. The range of the function is 
{—27, —8, —1, 0, 1, 8, 27}. 

The domain of the inverse function is {—27, —8, —1, 0, 1, 8, 27}. The range of 
the inverse function is ( —3, —2, —1, 0, 1, 2, 3}. B 


\ Now Work PROBLEMS 27 AND 31 


=) 


T) 


Figure 11 


[ Exploration 


Simultaneously graph Y, = x, Y; = x3, 
and Y, = Ух on a square screen with 
—3< х <3. What do you observe 
about the graphs of Y; = x3, its inverse 
Y, = 5х, andthe line Y, = x? 

Repeat this experiment by 
simultaneously graphing Y, = х, 


Y, = 2x +3, and y, = 3 on a 


square screen with —6 < x <3. Do 
you see the symmetry of the graph 
of Y, and its inverse Y, with respect to the 


lineY, — x? | 
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3 Obtain the Graph of the Inverse Function from the Graph 
of a One-to-One Function 


Suppose (a, b) is a point on the graph of a one-to-one function f defined 
by y = f(x). Then b = f(a). This means thata = f! (b), so(b, a)isa point on 
the graph of the inverse function f~t. The relationship between the point (a, b) on f 
and the point (b, а) on f! is shown in Figure 11. The line segment with endpoints 
(a, b) and (b, a)is perpendicular to the line y = x andis bisected by the line у = x. 
(Do you see why?) It follows that the point (b, a) on f~! is the reflection about the 
line y = x of the point (a, b) on f. 


THEOREM 


The graph of a one-to-one function f and the graph of its inverse function f~! 
are symmetric with respect to the line y — x. 


Figure 12 illustrates the theorem. Once the graph of f is known, the graph of f ^! 
can be obtained by reflecting the graph of f about the line y — x. 


YA y= Ң) 


ОРЕ 


Figure 12 


Solution 


Graphing an Inverse Function 


The graph in Figure 13(a) shows a one-to-one function у = f(x). Draw the graph 
of its inverse. 


First add the graph of y = x to Figure 13(a). Since the points (—2, —1), (—1, 0), 
and (2, 1) are on the graph of f, the points (—1, —2), (0, —1), and (1, 2) must be on 
the graph of f-!. Keeping in mind that the graph of f~! is the reflection about the 
line y = x of the graph of f, graph f~!. See Figure 13(b). 


YA 
3r 
у= К 
Г (2, 1) 
(—1, 0) 
=3 3x 
(22, =i) | 
—3r 
(a) (b) 
Figure 13 — 


\ Now Work PROBLEM 35 
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Domain of f Range of f 


4 Verify that a Function Defined by an Equation Is 
an Inverse Function 


Suppose f is a one-to-one function. Then f has an inverse function f~!. Figure 14 
shows the relationship between the domain and range of f and the domain and range 
of f -!. Based on the results of Examples 3 and 4 and Figure 14, two facts are now 
apparent about a one-to-one function f and its inverse f~t. 


Range of pg] Domain of f~" 


Figure 14 


{М CAUTION Be careful! f- is a 
symbol for the inverse function of f. 
The —1 used in f ^! is not an exponent. 


That is, f 1 does not mean the reciprocal Look again at Figure 14 to visualize the relationship. Starting with x, applying f, 


е lto and then applying f~! gets x back again. Starting with x, applying f~t, and then 
аннын fxy = applying f gets the number x back again. To put it simply, what f does, f~! undoes, 
and vice versa. See the illustration that follows. 


Input x from domain of f | ^r»7 | f(x) |As |f-1(f(x)) = x 
Input x from domain of f -! | АРРУ/ Арру/ |f( f-1(x)) = x 


In other words, 


e f-'(f(x)) = x where x is in the domain of f 


e f(f !(x)) = x where x is in the domain of f^! 


Consider the function f(x) — 2x, which multiplies the argument x by 2. 
The inverse function f~t undoes whatever f does. So the inverse function of f is 


f(x) = Ух, which divides the argument by 2. For example, f(3) = 2.3 = 6 


ғ and f (6)- LT = 3, so f^! undoes f. This is verified by showing 
zu ОША —1 КИЮ 1 А __ =I = 1 = E! TE 
10) 2х that £g (f(x)) = f (2х) = 5 2х = x and (ў (x) = 5а) = 2 qe = х 


Figure 15 See Figure 15. 


| EXAMPLE G6 | Verifying Inverse Functions 


(a) Verify that the inverse of g(x) = x? is g'(x) = Vx. 


(b) Verify that the inverse of f(x) = 2x +3 is f-!(x) = jo жы); 


Solution (а) е—!(г(х)) = g-!(x3) = Vx? = x for all x in the domain of g 
g(g tz) = g( Vx) = (Vx = x for all x in the domain of g~! 


(2x -3)-3|— 5-20 = x for all x in the 


domain of f 
FG») = frio — 3)] = 2. li — 3) +3 = xfor all x in the domain 
2 2 e 
of f B 


(b) FEO) = 710+ 3) =F 
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| EXAMPLE 7 | Verifying Inverse Functions 


Verify that the inverse of f(x) = 


is f-!(f(x)) = x? For what values of x is f( f 1 (x)) = x? 


1 1 is f-'(x) = 1 + 1. For what values of x 
x 


Solution Тһе domain of f is {x|x = 1} and the domain of f~! is {x|x = 0}. Now 


ff) = Р : E l = х-1+1= х providedx = 1 
х—1 1 
х—1 
fa = #441) = Е ) ] = І = x provided x = 0 B 
x x 


\ Now Work PROBLEMS 41 AND 45 


5 Find the Inverse of a Function Defined by an Equation 


The fact that the graphs of a one-to-one function f and its inverse function f~! are 
symmetric with respect to the line y = x tells us more. It says that we can obtain f ^! 
by interchanging the roles of x and y in f. If f is defined by the equation 


y = f(x) 
then f ^! is defined by the equation 


^ Need to Review? >a 
С Implicit functions аге x= f(y) 
discussed in Section 1.1, The equation x = f(y) defines f~t implicitly. If we can solve this equation for y, we 
Se will have the explicit form of f~t, that is, 
y= f(x) 


Let’s use this procedure to find the inverse of f(x) = 2x + 3. Because f is a 
linear function and is increasing, f is one-to-one and so has an inverse function. 


| EXAMPLE 8 | PLE 8 How to Find the Inverse of a Function Defined by an Equation 


Find the inverse of f(x) = 2x + 3. Graph f and f~t! on the same coordinate axes. 


Step-by-Step Solution 


Step 1 Replace f (x) with y. Then Replace f (x) with y in f(x) = 2x + 3 and obtain y = 2x + 3. Now interchange 
interchange the variables x and y. the variables x and y to obtain 
This equation defines the inverse а оу 4 
function f ^ implicitly. = AY 


This equation defines the inverse function f~t implicitly. 


Step 2. If possible, solve the To find the explicit form of the inverse, solve x = 2y + 3 for y. 
implicit equation for y in terms 2 3 
of x to obtain the explicit form y+ 
off y=f(x): 2y+3=x 

2у=х—3 Subtract 3 from both sides. 


| 


x 


у = jo — 3) Multiply both sides bys. 
The explicit form of the inverse function f~! is 


fox) = ДЕ, = 


(continued) 
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Step 3 Check the result by We verified that f and f~! are inverses in Example 6(b). 

showing thatf  (f(x)) = x Е ее zi <f . 

andf(f-3(x)) = x. The graphs of f(x) = 2x + 3 and its inverse f^! (x) = z — 3) аге shown in 
Figure 16. Note the symmetry of the graphs with respect to the line y = x. B 


Procedure for Finding the Inverse of a One-to-One Function 
$ТЕР 1: In y = f(x),interchange the variables x and y to obtain 


x = f(y) 


This equation defines the inverse function f~! implicitly. 


STEP 2: If possible, solve the implicit equation for y in terms of x to obtain the 
explicit form of f -!: 


y= (ш) 
SrEP3: Check the result by showing that 
f (f(x) = х and /(/—1(х)) = х 


Figure 16 


| ЕХАМРІЕ 9 | Finding the Inverse of a Function Defined by ап Equation 


The function 


2x +1 
х—1 


Xl 


Дох) = 


is one-to-one. Find its inverse function and check the result. 


Solution — SrEP 1: Replace f(x) with y. 


_ 2х +1 


У x—1 


Interchange the variables x and y to obtain 


STEP 2: Solve for y. 


х(у—1) = 2у + 1 Multiply both sides by y — 1. 
xy — х = 2у + 1 Use the Distributive Property. 


xy-2y=x4+1 Subtract 2y from both sides; add x to both sides. 
(x-2)y=x4+1 Factor. 


pe E Divide by x — 2. 
The inverse function is 
f(x) = їг х # 2 Replace y by f-! (x). 
X == 


(continued) 
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STEP 3: м. Check: 


2x+1 +1 
| А иы х1 2x+l+x-1 _ 3x 
1 = A eee Sa), Ss ee ._ 1 
FI f(x) =f | —1 2x tl 5 2x 41 — 2(x — 1) 3 Хх, х = 
х—1 
i 
даваат 
ырь. р eS 2 
fü o» = 25 sai, 7 w.e1eW-3 з “Л” 
x—2 D 
Exploration 
In Example 9, we found that if f(x) = ox +1 then ху х : . Compare the vertical and horizontal 


asymptotes of f and f 1. 


Result The vertical asymptote of f is x — 1, and the horizontal asymptote is y — 2. The vertical asymptote 


of f-t is x = 2, and the horizontal asymptote is y = 1. | 


\ Now Work PROBLEMS 53 AND 67 


If a function is not one-to-one, it has no inverse function. Sometimes, though, an 
appropriate restriction on the domain of such a function yields a new function that 
is one-to-one. Then the function defined on the restricted domain has an inverse 
function. 


| EXAMPLE 10 | Finding the Inverse of a Domain-restricted Function 


Find the inverse of y = f(x) = x?if x > 0. Graph f and f -!. 


Solution Те function y = x? isnot one-to-one. [Refer to Example 2(a).] However, restricting 
the domain of this function to x > 0, as indicated, results in a new function that 
is increasing and therefore is one-to-one. Consequently, the function defined 
by y = f(x) = x?, x > 0, has an inverse function, f~t. 

Follow the steps to find f~t. 


STEP 1: In the equation y = x?, x > O,interchange the variables x and y. The result is 
х= у? y20 
This equation defines the inverse function implicitly. 


STEP 2: Solve for y to get the explicit form of the inverse. Because y > 0, only one 
solution for y is obtained: у = Vx.So f-1(x) = Vx. 


STEP 3: „биек: ff) =f). = М2 = |x| = x because x > 0 
ff)» f(vx) = (x) = x 


Figure 17 Figure 17 illustrates the graphs of f(x) = x?, x > 0, апа f! (x) = Vx. B 


SUMMARY 


If a function f is one-to-one, then it has an inverse function f~t. 
Domain of = Range of f-t; Range of f = Domain of f~t. 


To verify that f~t is the inverse of f, show that f! ( f(x)) = x for every x in the domain of f and that f( f! (x)) = x 
for every x in the domain of f~t. 


The graphs of f and f~t are symmetric with respect to the line y = x. 
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4.2 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. 


2. 


3. 


x+2 
: . (рр. 51—52) 


Where is the function f(x) = x? increasing? Where is it 
decreasing? (pp. 73-75) 


Suppose f(x) — 4x — 2. Find /( 


х+5 
x? + 3x — 


What is the domain of f(x) — 18 ? (pp. 54—56) 


Concepts and Vocabulary 


5. 


10. 


If x, and x, are any two different inputs of a function f, then 
f is one-to-one if 


. If every horizontal line intersects the graph of a function f at 


no more than one point, then f is a(n) function. 


. If f isa one-to-one function and f(3) — 8, 


then f -) (8) = 


. If f~t is the inverse of a function f, then the graphs of f 


and f~! are symmetric with respect to the line 


. If the domain of a one-to-one function f is (4, oo), then the 


range of its inverse function f~! is. 


True or False If f and g are inverse functions, then the 
domain of f is the same as the range of g. 


1 
x 
1 


x2 


+1 


4. Simplify: (pp. A52-A54) 


11. Multiple Choice If (—2, 3) is a point on the graph of a 
one-to-one function f, which of the following points is on 
the graph of f-!? 

(а) (3, -2) (Б) (2, -3 (9(-3.2) (d) (-2, -3) 


12. Multiple Choice Suppose f is a one-to-one function with a 


domain of ( x|x = 3) and a range обуу = =}. Which of 


the following is the domain of f-!? 
(b) All real numbers 


ө [4 3] 


(a) (x|x = 3} 
(c) bl == SE = 3} 


Skill Building 


In Problems 13—20, determine whether the function is one-to-one. 


NIS. 


15. 


Domain 


Range 


20 Hours 
25 Hours 
30 Hours 
40 Hours 


> $380 
L—————r- $460 
77—92 $540 


> $730 


Domain 


Range 


20 Hours 
25 Hours 
30 Hours 
40 Hours 


| — —— = 


с — — — — — t 520 


$730 


\ т (2, 6), (-3, 6), (4, 9), (1,10) 
19. ((0, 0), (1, D, (2, 16), (3, 81)} 


14. 


16. 


18. 
20. 


Domain Range 
Bob B — ———B Karla 

Dave Debra 
Jn — —rP- pawn 


Lamonte 


> Shanice 


Domain 


Range 


Bob 
Dave 
John 
Lamonte 


7—9 Karla 


е 7 Перга 


єс —: Shanice 


{(—2, 5), (-1L, 3), (3, 7), (4, 12)} 
1, 2), (2, 8), (3, 18), (4, 32)} 


In Problems 21—26, the graph of a function f is given. Use the horizontal-line test to determine whether f is one-to-one. 


Noon 


22. УА 
35 
І == 
=3 3 x =3 
-3H -3} 
\1. Now Work Ф 1. Modeling 1.writing %1 


. Graphing Tech 


Х Calculus Preview 


== 1. Applet-Based 
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25. 


on 


In Problems 27-34, find the inverse of each one-to-one function. State the domain and the range of each inverse function. 


М 27. Annual Precipitation 28. Domestic Gross 
Location (inches) Title (millions) 
Atlanta, ВСА — ——4—- 497 Star Wars: The Force Awakens $937 
Boston, МА ———19—————- 43.8 Avengers: Endgame $858 
Las Vegas, NV. ————9——————- 42 Avatar $761 
Miami, FL. —————— > 61.9 Black Panther $700 
Los Angeles, СА ——————————————- 12.8 Avengers: Infinity War $679 
Source: currentresults.com Source: boxofficemojo.com, March, 2022 
29. Annual Cost 30. State Unemployment Rate 
Age of Life Insurance 
Virginia 3.3% 
30 ——————————r- $213 Nevada 5.3% 
в ——j~———————__ $328 Tennessee 3.6% 
50 ——— $532 Texas 4.8% 


Source: tiaa.org Source: United States Bureau of Labor Statistics, March, 2022 


N 31. {(—3, 5), (22, 9), (71, 2), (0, 11), (1, -5)} 32. {(—2, 2), (71, 6), (0, 8), (1, —3), (2, 9)} 
33. {(—2, 1), (—3, 2), (—10, 0), (1, 9), (2, 45] 34. ((-2, —8), - 1, —1), (0, 0), (1, D, (2, 8] 


In Problems 35—40, the graph of a one-to-one function f is given. Draw the graph of the inverse function f~t}. 
ыз "m = 36. ys y-x 37. 
3 


40. 


=3 


In Problems 41—50, verify that the functions f and g are inverses of each other by showing that f(g(x)) = x and g( f(x)) = x. Give any 
values of x that need to be excluded from the domain of f and the domain of g. 


Ў а, fix) = 3x44 g(x) = iG zd 42. f(x) =3- 2x; g(x) = -10 — 3) 


+2 44. f(x) = 2x + 6 i= E 


— _ 2. x 
43. f(x) = 4x — 8; g(x) 4 5 
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\ 45. f(x) = x? — 8 g(x) = 4х 48 46. f(x) = (x—2)?,x > 2; g(x) = Vx +2 
47. fay=4 g(x) = 1 48. f(x) = x; g(x) = х 
_ 2x +3, _ 4x —3 20—90. _ 3х +5 
49. f(x) = БЕП B(x) = 5 50. f(x) бю g(x) EDD 


In Problems 51—62, the function f is one-to-one. (a) Find its inverse function f~! and check your answer. (b) Find the domain and the range 
of f and f~. (c) Graph f, f! , and y = хоп the same coordinate axes. 


51. f(x) = 3x 52. f(x) = —4х N53. f(x) = 4х+2 
54. f(x) = 1— 3x 55. f(x) = х? - 1 56. f(x) = x? +1 
57. f(x) = x? +4, x20 58. f(x) = x? +9, x >0 59. fio = 5 
х 
2.23 Е 1 = 4 
60. f(x) = x 61. f(x) x-2 62. f(x) EE 


In Problems 63—80, the function f is one-to-one. (a) Find its inverse function f -! and check your answer. (b) Find the domain and the 
range of f and ӯ. 


2 4 3x 
. => 4. = А = 
63. f(x) 34x 64. f(x) JEF 65. f(x) ae 
66. Fg) = Nae fixe ctt 68. f(x) = -2X t1 
x—1 3x —1 x 
3x + 4 2x —3 2x 4-3 
9. = 70. = 71. = 
НИЕ reu Л) pieles т 
—3x — 4 x? —4 x2 43 
72. f(x) = oor 73. f(x) = Ox?” X > 0 74. f(x) = “3x2” x> 0 
2 3 " 
75. f(x) = x3 -4, x 20 76. f(x) = x2 + 5 77. f(x) = Ух? —2 
78. f(x) = Ax? + 13 79. f(x) = go - D! +2, х > 1. 80. f(x) = 2Ух +3 – 5 
Applications апа Extensions 
81. Use the graph of y = f(x) given in Problem 35 to evaluate 90. A function у = f(x) is decreasing on the interval [0, 5]. 
the following: What conclusions can you draw about the graph 
(а) 70-1) WFD Of'd (ауто) of y = f-1(x)? 
82. Use the graph of y = f(x) given in Problem 36 to evaluate 91. Find the inverse of the linear function 


the following: 

(a) f(2) (b) fA) (с) f0) (d) f-'(-1) 
83. If f(7) = 13 and f is one-to-one, what is f~!(13)? 
84. If g(—5) = 3 and g is one-to-one, what is g~!(3)? 


f(x) =mx+b, т = 0 


92. Find the inverse of the function 
f(x) = м2 - х2, O<x<r 


93. A function f has an inverse function f~!. If the graph of f lies 


85. The domain of a one-to-one function f is [5, oo), and its : : i р 
in quadrant I, in which quadrant does the graph of f~! lie? 


range is [—2, oo). State the domain and the range of f~t. 

94. A function f has an inverse function f-!. If the graph 
of f lies in quadrant II, in which quadrant does the graph 
of f~! lie? 

95. The function f(x) — |x| is not one-to-one. Find a suitable 
restriction on the domain of f so that the new function that 
results is one-to-one. Then find the inverse of the new function. 


86. The domain of a one-to-one function f is [0, oo), and its 
range is [5, oo). State the domain and the range of f~t. 


87. The domain of a one-to-one function g is ( —oo, 0], and its 
range is [0, oo). State the domain and the range of g~t. 


88. The domain of a one-to-one function g is [0, 15], and its 


range is (0, 8). State the domain and the range of g~t. ; . . . 
96. The function f(x) = x* is not one-to-one. Find a suitable 


restriction on the domain of f so that the new function that 
results is one-to-one. Then find the inverse of the new function. 


89. A function y = f(x) is increasing on the interval [0, 5]. What 
conclusions can you draw about the graph of y = f-!(x)? 
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In applications, the symbols used for the independent and dependent variables are often based on common usage. So, rather than using 
у = f(x) to represent a function, an applied problem might use С = C(q) to represent the cost С of manufacturing q units of a good. 
Because of this, the inverse notation f~t used in a pure mathematics problem is not used when finding inverses of applied problems. Rather, 
the inverse of a function such as C = C(q) will beq = q(C). So C = C(q) is a function that represents the cost C as a function of the 
number q of units manufactured, and q = q(C) is a function that represents the number д as a function of the cost C. Problems 97—104 
illustrate this idea. 


97. Vehicle Stopping Distance Taking into account reaction 


98. 


99. 


100. 


101. 


time, the distance d (in feet) that a car requires to come to а 
complete stop while traveling r miles per hour is given by the 
function 


d(r) = 6.97r — 90.39 


(a) Express the speed r at which the car is traveling as a 
function of the distance d required to come to a complete 
stop. 

(b) Verify that r = r(d) is the inverse of d = d(r) by 
showing that r(d(r)) = randd(r(d)) = d. 

(c) Predict the speed that a car was traveling if the distance 
required to stop was 300 feet. 


Height and Head Circumference The head circumference 
C of a child is related to the height H of the child (both in 
inches) through the function 


H(C) — 2.15C — 10.53 


(a) Express the head circumference C as a function of 
height H. 

(b) Verify that C = C(H) is the inverse of Н = H(C)by 
showing that H(C( H)) = Н andC(H(C)) = C. 

(c) Predict the head circumference of a child who is 
26 inches tall. 


Ideal Body Weight One model for the ideal body weight W 
for men (in kilograms) as a function of height Л (in inches) is 
given by the function 


Wh) = 50 + 2.3(h — 60) 


(a) What is the ideal weight of a 6-foot man? 

(b) Express the height Л as a function of weight W. 

(c) Verify that h = h(W) 15 the inverse of W = W (h) by 
showing thath(W(h)) = handW(h(W)) = W. 

(d) What is the height of a man who is at his ideal weight 
of 80 kilograms? 


Temperature Conversion The function F(C) — 2с + 32 


converts а temperature from С degrees Celsius to F degrees 

Fahrenheit. 

(a) Express the temperature in degrees Celsius C as a 
function of the temperature in degrees Fahrenheit F. 

(b) Verify that C = C(F) is the inverse of F = F(C) by 
showing that C( F(C)) = C and F(C(F)) = F. 

(c) What is the temperature in degrees Celsius if it is 
70 degrees Fahrenheit? 


Income Taxes The function 
T(g) = 4807.5 + 0.22(g — 41,775) 


represents the 2022 federal income tax T (in dollars) due 
for a “single” filer whose modified adjusted gross income 
is g dollars, where 41,775 < g < 89,075. 


Explaining Concepts: Discussion and Writing 


108. 


Can a one-to-one function and its inverse be equal? What 
must be true about the graph of f for this to happen? Give 
some examples to support your conclusion. 


102. 


103. 


104. 


105. 


106. 


107. 


109. 


(a) What is the domain of the function T? 

(b) Given that the tax due T is an increasing linear function 
of modified adjusted gross income g, find the range of 
the function T. 

(c) Find adjusted gross income g as a function of federal 
income tax T. What are the domain and the range of this 
function? 


Income Taxes The function 
T(g) = 2055 + 0.12(g — 20,550) 


represents the 2022 federal income tax T (in dollars) due for 

a “married filing jointly” filer whose modified adjusted gross 

income is g dollars, where 20,550 < g < 83,550. 

(a) What is the domain of the function 7? 

(b) Given that the tax due T is an increasing linear function 
of modified adjusted gross income g, find the range of 
the function 7. 

(c) Find adjusted gross income g as a function of federal 
income tax T. What are the domain and the range of this 
function? 


Gravity on Earth If a rock falls from a height of 100 meters 
above Earth, the height H (in meters) after t seconds is 
approximately 


H(t) = 100 — 4.912? 


(a) In general, quadratic functions are not one-to-one. 
However, the function H is one-to-one. Why? 

(b) Find the inverse of H and verify your result. 

(c) How long will it take a rock to fall 80 meters? 

Period of a Pendulum The period 7 (in seconds) of a simple 

pendulum as a function of its length / (in feet) is given by 


Е 7 
T = 27427 


(a) Express the length / as a function of the period T. 
(b) How long is a pendulum whose period is 3 seconds? 


Challenge Problem Given 


ax + b 

cx+d 

find f -! (x). Кс = 0, under what conditions on a, b, c, and d 
isf = f-'? 

Challenge Problem Ifh(x) = (f o g)(x), find h~! in terms 
of f  andg !. 


fx = 


x+3, x <0 


Chall Problem F = 
allenge Problem For f(x) rado | 


(a) Find the domain and range of f. 
(b) Find f~t. 
(c) Find the domain and range of f -!. 


Draw the graph of a one-to-one function that contains the 
points (—2, —3), (0, 0), and (1, 5). Now draw the graph of 
its inverse. Compare your graph to those of other students. 
Discuss any similarities. What differences do you see? 
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110. Give an example of a function whose domain is the set of real 113. 
numbers and that is neither increasing nor decreasing on its 
domain, but is one-to-one. 114. 


[Hint: Use a piecewise-defined function.] 
111. Is every odd function one-to-one? Explain. 


112. Suppose that C(g) represents the cost C, in dollars, of 
manufacturing g cars. Explain what C ~! (800,000) represents. 


Retain Your Knowledge 


Explain why the horizontal-line test can be used to identify 
one-to-one functions from a graph. 

Explain why a function must be one-to-one in order to have 
an inverse that is a function. Use the function y — x? to 
support your explanation. 


Problems 115—124 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


115. If f(x) = 3x? — 7x, find f(x + h) — f(x). 119. 
116. Find the zeros of the quadratic function 
f(x) = 3x? + 5х +1 


What аге the x-intercepts, if any, of the graph of the 
function? Find the vertex. Is it a maximum or minimum? 
Is the graph concave up or concave down? 121. 


120. 


. Use the techniques of shifting, compressing or stretching, 
and reflections to graph f(x) = —|x + 2| + 3. A 122. 


2 = 
. Find the domain of R(x) = 6x? — 11x -2 Find any Х 123. 
2x? —x —6 


horizontal, vertical, or oblique asymptotes. А 124 


‘Are You Prepared?’ Answers 


1. x 2. Increasing on [0, оо); decreasing on ( —co, 0] 3. {x|x = —б,х = 3} 4. 1 al 


4.3 Exponential Functions 


Find an equation of a circle with center (—3, 5) and 
radius 7. 

Find an equation of the line that contains the point (—4, 1) 
and is perpendicular to the line 3x — 6y — 5. Write the 
equation in slope-intercept form. 

Is the function f(x) — aon even, odd, or neither? 
Solve for D: 2x + 2yD = xD + y 


Find the average rate of change of f(x) = —3x? + 2x + 1 
from 2 to 4. 


. Find the difference quotient of f: f(x) = 42x + 3 


x #z0,x з= —1 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Exponents (Appendix A, Section A.1, pp. A7-A9 and 
Section A.7, pp. A61-A63) 

Graphing Techniques: Transformations (Section 1.5, 
pp. 96-106) 

Solve Linear Equations (Appendix A, Section A.8, 
pp. A67-A 69) 


\ Now Work the ‘Are You Prepared?’ problems оп page 321. 


e Average Rate of Change (Section 1.3, pp. 78-80) 

e Quadratic Functions (Section 2.3, pp. 149-155) 

e Linear Functions (Section 2.1, pp. 130-137) 

* Horizontal Asymptotes (Section 3.5, pp. 253-256) 

* Solve Equations by Factoring (Appendix A, 
Section A.8, pp. A70-A71) 


OBJECTIVES 1 Evaluate Exponential Functions (p. 310) 
2 Graph Exponential Functions (p. 314) 
3 Define the Number e (p. 318) 
4 Solve Exponential Equations (p. 319) 


1 Evaluate Exponential 


Functions 


Appendix A, Section A.7 gives a definition for raising а real number a to a rational 
power. That discussion provides meaning to expressions of the form 


а" 


where the base a is a positive real number and the exponent r is a rational number. 
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But what is the meaning of a*, where the base a is a positive real number and the 

А exponent x is an irrational number? Although a rigorous definition requires methods 

discussed in calculus, the basis for the definition is easy to follow: Select a rational 

number r that is formed by truncating (removing) all but a finite number of digits 
from the irrational number x. Then it is reasonable to expect that 


For example, take the irrational number т = 3.14159... . Then an approximation 
to a” is 


where the digits of m after the hundredths position are truncated. A better 
approximation is 


ат x q914159 


where the digits after the hundred-thousandths position are truncated. Continuing 
in this way, we can obtain approximations to ат to any desired degree of accuracy. 
Most calculators have an |х› | key or a caret key | ^ |for working with exponents. 
To evaluate expressions of the form a*, enter the base a, then press the x»|key (or 
the [л | key), enter the exponent x, and press [ = |(о:[ЕМТЕВ)). 


| EXAMPLE1 | Using a Calculator їо Evaluate Powers of 2 


Use a calculator to evaluate: 


(a) 214 (b) 2141 (c) 21414 (d) 2141 (e) 2:2 
Solution Figure 18 shows the solutions for parts (a) and (e) using a TI-84 Plus CE graphing 
calculator. 
NORMAL FLOAT AUTO REAL RADIAN MP ñ 
(a) 214 ~ 2.639015822 (b) 214 z 2.657371628 
2.639015822 (с) 21414 = 2.66474965 (d) 214142 ~ 2.665119089 
(e) 272 ~ 2.665144143 -» 


\ Now Work PRoBLEM 19 


Figure 18 It can be shown that the laws for rational exponents hold for real exponents. 


THEOREM Laws of Exponents 


If 5,5, a, and b are real numbers with а 0 and b > 0, then 


Table 1 


Introduction to Exponential Growth 
Suppose a function f has the following two properties: 


* The value of f doubles with every l-unit increase in the independent variable x. 
e The value of f at x = 01s5,so f (0) = 5. 


Table 1 shows values of the function f for x — 0, 1, 2, 3, and 4. 
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Æ CAUTION it is important 
to distinguish a power function, 
g(x) = ах", п>22 an integer, 
from an exponential function, 
f(x) 2C.a*,a-1a»0. In a 
power function, the base is a variable 
and the exponent is a constant. In an 
exponential function, the base is a constant 
and the exponent is a variable. и 


In Words 

For 1-unit changes in the input x 
of an exponential function 
f(x) = C-a*, the ratio of 
consecutive outputs is the 

constant a. A 


Let’s find an equation y = f(x) that describes this function f. The key fact is 
that the value of f doubles for every 1-unit increase in x. 


CORE 

fü) =2](0)=2.5 = 5.2! 

f(2) = 2f() = 2(5.2) = 5.22 
f (3) = 2f(2) = 2(5:22) = 5-23 
/(4) = 273) = 2(5-23) = 5.24 


Double the value of f at 0 to get the value at 1. 
Double the value of f at 1 to get the value at 2. 


The pattern leads to 
f(x) = 2](х = 1) = 2(5 25-1) = 5.2% 


DEFINITION Exponential Function 


An exponential function is a function of the form 


where a is a positive real number (a > 0), а = 1, апас = Oisa real number. 
The domain of f is the set of all real numbers. The base a is the growth factor, 
and, because f(0) = Ca? = С, Cis called the initial value. 


In the definition of an exponential function, the base a = 1 is excluded 
because this function is simply the constant function f(x) = С.1* = C. 
Bases that are negative are also excluded; otherwise, many values of x would 


have to be excluded from the domain, such as x — 1 and x = a [Recall 


that [22307 = /—2, 3)" = 4-3) = X —27, and so on, are not defined in 
the set of real numbers.] 

Transformations (vertical shifts, horizontal shifts, reflections, and so on) of a 
function of the form f(x) = Ca’ are also exponential functions. Examples of such 
exponential functions are 


1 


fixye2t* Р(х) = Bl +5 G()22.3:3 


For each function, note that the base of the exponential expression is a constant 
and the exponent contains a variable. 

In the function f(x) = 5-2*, notice that the ratio of consecutive outputs is 
constant for 1-unit increases in the input. This ratio equals the constant 2, the base of 
the exponential function. In other words, 


füD..52* ~ 4 fO. 5. 
f) 5 . уа) $201 ^ 


This leads to the following result. 


fo. 5923 
f(2) 5-22 


— 2 andsoon 


THEOREM 


For an exponential function f(x) = Ca*,a > 0,a = 1, and C = 0, if x is 
any real number, then 


fix +1) = 


fo a or Gs + 1) = af (x) 
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Proof 
Р(х +1) Сахт 


= = q*ti-x = а! = а 


f(x) Ca* a 


Identifying Linear or Exponential Functions 


Determine whether the given function is linear, exponential, or neither. For those that 
are linear, find a linear function that models the data. For those that are exponential, 
find an exponential function that models the data. 


Solution For each function, compute the average rate of change of y with respect to x and 
the ratio of consecutive outputs. If the average rate of change is constant, then the 
function is linear. If the ratio of consecutive outputs is constant, then the function is 
exponential. 


(a) See Table 2(a). The average rate of change for every l-unit increase in x is —3. 
Therefore, the function is a linear function. In a linear function the average 
rate of change is the slope m, so m = —3. The y-intercept b is the value of 
the function at x — 0, so b — 2. The linear function that models the data 
is f(x) = mx + b = —3x + 2. 


Table 2(a) x у = f(x) Average Rate of Change Ratio of Consecutive Outputs 


(b) See Table 2(b) on the next page. For this function, the average rate of change is 
not constant. So the function is not a linear function. The ratio of consecutive 


outputs for a l-unit increase in the inputs is a constant, 2 Because the ratio of 
consecutive outputs is constant, the function is an exponential function with 
growth factor a — L The initial value C of the exponential function is C = 16, 
the value of the function at 0. Therefore, the exponential function that models 
the data is g(x) = Са* = 16. BE 


(continued) 


314 CHAPTER 4 Exponential and Logarithmic Functions 


Table 2(b) x у = f(x) Average Rate of Change Ratio of Consecutive Outputs 


(c) See Table 2(c). For this function, neither the average rate of change nor the ratio 
of two consecutive outputs is constant. Because the average rate of change is not 
constant, the function is not a linear function. Because the ratio of consecutive 
outputs is not a constant, the function is not an exponential function. 


Table 2(c) x y = f(x) Average Rate of Change Ratio of Consecutive Outputs 


\ Now Work PROBLEM 31 


2 Graph Exponential Functions 


If we know how to graph an exponential function of the form f(x) — a*, then we 
can use transformations (shifting, stretching, and so on) to obtain the graph of any 
exponential function. 

First, let's graph the exponential function f(x) = 2*. 


| EXAMPLE 3 | Graphing an Exponential Function 


Graph the exponential function: f(x) = 2* 


Solution The domain of f(x) = 2*is the set of all real numbers. Begin by locating some points 
on the graph of f(x) = 2*, as listed in Table 3 on the next page. 

Because 2* > 0 for all x, the graph has no x-intercepts and lies above the x-axis 
for all x. The y-intercept is 1. 

Table 3 suggests that as x — —oo, the value of f approaches 0. Therefore, 
the x-axis (y — 0) is a horizontal asymptote of the graph of f as x — —oo. This 
provides the end behavior for x large and negative. 

To determine the end behavior for x large and positive, look again at Table 3. 
As x — oo, f(x) = 2* grows very quickly, causing the graph of f(x) = 2* to rise 
very rapidly. 

(continued) 


у=0 -3 


Figure 21 
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Using all this information, plot some of the points from Table 3 and connect them 
with a smooth, continuous curve, as shown in Figure 19. From the graph, we conclude 
that the range of fis (0, oc). We also conclude that fis an increasing function, and 
so fis one-to-one. 


y=0 3 x 


Figure 19 f(x) = 2х m 


Graphs that look like the one in Figure 19 occur very frequently in a variety 
of situations. For example, the graph in Figure 20 shows the annual revenue of 
Amazon, Inc. from 2000 to 2021. One might conclude from this graph that Amazon's 
annual revenue is growing exponentially. 

Later in this chapter, we discuss other situations that exhibit exponential growth. 
For now, we continue to explore properties of exponential functions. 


Amazon Revenue 
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Source: Amazon, Inc. 


Figure 20 


The graph of f(x) = 2* in Figure 19 is typical of all exponential functions of 
the form f(x) = a* witha > 1. Such functions are increasing functions and so are 
one-to-one. Their graphs lie above the x-axis, contain the point (0, 1), and rise rapidly 
asx — оо. Аз x — —oo, the x-axis( y = 0) 15 a horizontal asymptote. There are no 
vertical asymptotes. Finally, the graphs are smooth and continuous with no corners 
ог gaps. 

Figure 21 illustrates the graphs of two other exponential functions whose bases 
are larger than 1. Notice that the larger the base, the steeper the graph is when x > 0, 
and when x < 0, the larger the base, the closer the graph is to the x-axis. 


| Seeing the Concept 


Graph Y, = 2* and compare what you see to Figure 19. Clear the screen, graph Y, = 3х and Y; = 6%, 
and compare what you see to Figure 21. Clear the screen and graph Y} = 10* andY, = 100%. 
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Properties of the Exponential Function f(x) = ах, а > 1 


e The domain is the set of all real numbers, or (—oo, oo) using interval 
notation; the range is the set of positive real numbers, or (0, оо) using 
interval notation. 


e There are no x-intercepts; the y-intercept is 1. 
e The x-axis(y = 0)is a horizontal asymptote of the graph of fas x — —oo. 


e f(x) = a*,a > 1,1 an increasing function and is one-to-one. 
e The graph of f contains the points (-1 L), (0, 1), and (1, a). 
a 


e The graph of f is smooth and continuous, with no corners or gaps. 
See Figure 22. 


Figure 22 f(x) = ах, а> 1 


Now consider f(x) = a*when0 < a < 1. 


| EXAMPLE 4 | Graphing ап Exponential Function 


Graph the exponential function: f(x) = (5) 


Solution The domain of f(x) = (5) is all real numbers. As before, locate some points on 
Table 4 the graph as shown in Table 4. Because (5) > 0 for all x, the range of f is the 
interval (0, co). The graph lies above the x-axis and has no x-intercepts. The 


y-intercept is 1. Asx — —oo,f(x) = (5) grows very quickly. As x — оо, the values 


of f (x) approach 0. The x-axis (у = 0) is a horizontal asymptote of the graph of f 


as x — oo. The function f is a decreasing function and so is one-to-one. Figure 23 
shows the graph of f. 
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The graph of y — (5) also can be obtained from the graph of y = 2* using 
Need to Review? 


m gH | AN | - 
ТА transformations. The graph of y = (5) = 2-* is a reflection about the y-axis of 


ооо the graph of у = 2* (replace x by —x). See Figures 24(a) and (b) on the next page. 


C p. 104. 
| Seeing the Concept 


E Using a graphing utility, simultaneously graph: 
1. х 1 x 
— 9х sie — 6х ау р 
(a) Y, = З Ye = (5) (b) Y, = 6*, Y, (2) 


х 
Conclude that the graph of Y, = (2) , fora > 0, is the reflection about the y-axis of the graph of Y, = ах. | 
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а) y= 2х Replace xby х; үу у= 2-х = (1) 
. @ у reflect about 6) y (2) 
Figure 24 the y-axis 


The graph of f(x) = (5) in Figure 23 is typical of all exponential functions of 


the form f(x) = a* with 0 < a < 1. Such functions are decreasing and one-to-one. 
Their graphs lie above the x-axis and contain the point (0, 1). The graphs rise rapidly 
as x — —oo. As х — оо, the x-axis( y = 0) 1ѕ a horizontal asymptote. There are no 
vertical asymptotes. Finally, the graphs are smooth and continuous, with no corners or gaps. 
Figure 25 illustrates the graphs of two other exponential functions whose bases 
4) are between 0 and 1. Notice that the smaller base results in a graph that is steeper 
____ when x < 0. When x > 0, the graph of the equation with the smaller base is closer 
3 x y=0 to the x-axis. 


Figure 25 Properties of the Exponential Function f(x) = ах, 0 < а < 1 


e The domain is the set of all real numbers, or (— оо, oo) using interval 
notation; the range is the set of positive real numbers, or (0, co) using 
interval notation. 


e There are no x-intercepts; the y-intercept is 1. 
e The x-axis( y = 0) isa horizontal asymptote of the graph of f as x — oo. 
e f(x) = a*,0 < а < 1, 1 a decreasing function and is one-to-one. 


vais * The graph of f contains the points [—1, 1 ү I andi Tay 
х y= a 


e The graph of f is smooth and continuous, with no corners or gaps. See 
Figure 26 f(x) =a*,O<a<1 Figure 26. 


| EXAMPLES | Graphing an Exponential Function Using Transformations 


Graph f(x) = 2~* — Запа determine the domain, range, horizontal asymptote, and 
y-intercept of f. 


Solution Begin with the graph of y = 2". Figure 27 shows the steps. 


(а) у= 2* Replace x by —x; (b у=2* Subtract 3; (c) y22*-3 
Е reflect shift down : 
Figure 27 about y-axis 3 units (continued) 
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As Figure 27(c) illustrates, the domain of f(x) = 2-* — 3 is the interval (—oo, oo) 
and the range is the interval ( —3, oo). The horizontal asymptote of the graph of f is 
the line y = —3. The y-interceptis f(0) = 2° -3 =1—3 = -2. N 


\ Now Work PROBLEM 47 


3 Define the Number e 


Many problems that occur in nature require the use of an exponential function whose 
base is a certain irrational number, symbolized by the letter e. 
One way of arriving at this important number e is given next. 


А DEFINITION Number e 


The number e is defined as the number that the expression 


: : aes (2) 
Historical de 
Feature 


he number e is called Euler's 
number in honor of the Swiss 


mathematician Leonard Euler 


approaches as n — oo. In calculus, this is expressed, using limit notation, as 


(1707-1783). и 


Table 5 illustrates what happens to the defining expression (2) as п takes on 
increasingly large values. The last number in the right column in the table approximates 
e correct to nine decimal places. That is,e = 2.718281828 . . . . Remember, the three 
dots indicate that the decimal places continue. Because these decimal places continue 
but do not repeat, e is an irrational number. The number e is often expressed as a 
decimal rounded to a specific number of places. For example, e ~ 2.71828 is rounded 
to five decimal places. 


Table 5 


1 


100 

1,000 

10,000 

100,000 
1,000,000 
10,000,000,000 


0.5 

0.2 

0.1 

0.01 
0.001 
0.0001 
0.00001 
0.000001 
10-10 


15 

12 

ПАЇ 

1.01 

1.001 
1.0001 
1.00001 
1.000001 
1+ 10-10 


2.48832 
2.59374246 
2.704813829 
2.716923932 
2.718145927 
2.718268237 
2.718280469 
2.718281828 


(2, e?) 


(23) ? Ж 


Figure 28 y = ех 


Ls 


The exponential function f(x) = e*, whose base is the number e, occurs with 
such frequency in applications that it is usually referred to as the exponential function. 
Most calculators have the key |e*| or |exp(x)|, which may be used to approximate 
the exponential function for a given value of x.* 

Use your calculator to approximate е“ for x = —2, x —1,Х 0, x T. 
and x = 2.See Table 6. The graph of the exponential function f (x) = e* is given in 
Figure 28. Since 2 < e < 3,the graph of y = e" lies between the graphs of y = 2* 
and y = 3*. Do you see why? (Refer to Figures 19 and 21.) 


| Seeing the Concept 


Graph Y, — e* and compare what you see to Figure 28. Use eVALUEate or TABLE to verify the points on 
the graph shown in Figure 28. Now graph Y, = 2х andY, = 3* on the same screen as Y, = e*. Notice that 


the graph of Y; = ех lies between these two graphs. | 


* Tf your calculator does not have one of these keys, refer to your owner’s manual. 
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| EXAMPLE 6 | Graphing an Exponential Function Using Transformations 


Graph f(x) = —e* and determine the domain, range, horizontal asymptote, 
and y-intercept of f. 


Solution Begin with the graph of y = e*. Figure 29 shows the steps. 


y=0 (-2, 4) 3 x 
т 
Я ———— — A 
Figure 29 (a) у= ех Multiply by —1; (b) y= -e* Replace x by (c) y = -e*? 
reflect about x=3; 
the x-axis. shift right 
3 units. 
As Figure 29(c) illustrates, the domain of f(x) = —e*-? is the interval (—oo, оо), 
and the range is the interval (—oo, 0). The horizontal asymptote is the line y = 0. 
The y-intercept is f(0) = —e®-3 = —e-? ~ —0.05. 9 


\ Now Work PROBLEM 59 


4 Solve Exponential Equations 


Equations that involve terms of the form a*, where a > 0 and a = 1, are referred 
to as exponential equations. Such equations can sometimes be solved by using the 
Laws of Exponents and property (3): 


I. о nsn у ==, (3) 
In Words 
When two exponential expressions 
with the same base are equal, 


then their exponents are equal. Property (3) is a consequence of the fact that exponential functions are one-to-one. 


To use property (3), each side of the equality must be written with the same base. 


| €XAMPLE7 | Solving Exponential Equations 


Solve each exponential equation. 
(а) 3*+! = 81 (b) 42s-1 = gx+3 
Solution (а) Since 81 = 3^, write the equation as 
3x41 — 34 


Now the expressions on both sides of the equation have the same base, 3. Set the 
exponents equal to each other to obtain 


х+1=4 
x=3 


The solution set is {3}. (continued) 
continue 
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(b) 42x-1 = gx43 
(22) ”-Э = (23)%*9 д = 2258 = 23 
222x-1) — 23(х+3) (ат) = a"s 
2(2x —1) 2 3(х +3) Ifa" = а", thenu = v (property (3)). 
4x 2 = Зх + 9 
х= 11 


The solution set is {11}. —» 


\ Now Work PROBLEMS 69 AND 79 


| EXAMPLES | MPLE 8 Solving an Exponential Equation 


Solve:e-? = (ех)? I 
e 


Solution Use the Laws of Exponents first to get a single expression with the base e on the 


right side. 
жүз. ke us -3 — g2x-3 
т = ёте = ex 
Then, 
e = e2x-3 
—х? =2x—3 Use property (3). 
x? +2x-3=0 Place the quadratic equation in standard form. 
(х+3)(х—1)=0 Factor. 
x=-3 or x=1 Use the Zero-Product Property. 
The solution set is {—3, 1}. B 


\ Now Work PROBLEM 85 


| EXAMPLES | Exponential Probability 


Between 9:00 pm and 10:00 рм, cars arrive at Burger King’s drive-thru at the rate of 
12 cars per hour (0.2 car per minute). The following formula from probability theory can 
be used to determine the probability that a car will arrive within t minutes of 9:00 рм. 


F(t) = 1 — e7 


(a) Determine the probability that a car will arrive within 5 minutes of 9 PM 
(that is, before 9:05 рм). 
(b) Determine the probability that a car will arrive within 30 minutes of 9 РМ 
(before 9:30 рм). 
AZ (с) Graph F. 
(d) What does F approach as t increases without bound in the positive direction? 


Solution (а) The probability that a car will arrive within 5 minutes is found by evaluating F (t) 


att = 5. 
Е(5) = 1 — е7920 & 0.63212 
| 
Use a calculator. 
There is a 63% probability that a car will arrive within 5 minutes. 
1 (b) The probability that a car will arrive within 30 minutes is found by evaluating 
F(t)att = 30. 
Е(30) = 1 — e-9200 ~ 0.9975 
Т 
Use a calculator. 
Пааа ?? There is a 99.7596 probability that a car will arrive within 30 minutes. 
Figure 30 F(t) = 1— e o2t та (с) See Figure 30 for the graph of Р. 


(continued) 
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(d) As time passes, the probability that a car will arrive increases. The value that F 


approaches can be found by letting г — oo. Since e ??' = uu it follows 
that e- 92 — 0 ast — oo. Therefore, F(t) = 1 — e 9? — 1ast — oo. The 
algebraic analysis is supported by Figure 30. D 


\ Now Work PROBLEM 117 


SUMMARY 


Properties of the Exponential Function 


CS) = a ar Sl * Domain: the interval (—oo, оо); range: the interval (0, oo) 


e x-intercepts: none; y-intercept: 1 


e Horizontal asymptote: x-axis (у = 0) as x — —oo 


* [ncreasing; one-to-one; smooth; continuous 


See Figure 22 for a typical graph. 


пао ос 


Domain: the interval ( —oo, оо); range: the interval (0, оо) 


x-intercepts: none; y-intercept: 1 


Horizontal asymptote: x-axis( y — 0) as x — oo 


Decreasing; one-to-one; smooth; continuous 


See Figure 26 for a typical graph. 


Ifa” = a” then we =>. 


4.3 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1.4 = ;82/5 = 
pp. A61-A63) 

2. Solve: x? + 3x = 4 (pp. A70-A71) 

3. True or False To graph у = (x — 2)^, shift the graph 
of у = х? to the left 2 units. (pp. 98-100) 

4. Find the average rate of change of f(x) = 3x — 5 from 
x = Otox = 4. (рр. 78-79) 


a . (pp. A7-A9 and 


Concepts and Vocabulary 


== 8. Interactive Figure Exercise Exploring Exponential 
Functions Open the “Exponential Functions" interactive 
figure, which is available in the Video & Resource Library of 
MyLab Math (under Interactive Figures) or at bit.ly/3raFUGB. 
(a) Inthe interactive figure,the graphof (х) = c · a*-^ +k 
is drawn. Use the sliders to set the value of c to 1,a to 2, 
hto0,and к to 0. Now, use the slider to increase the value 
of a from 2 to 4. Note the points on the graph. 
(i) The graph of f(x) — 2* contains the points 
(-L.— )(0  J)and(L ) 
(ii) The graph of f(x) = 3" contains the points 
(-1, DENDO (0, ND and (1, =) 
(b) Check the “Show Reciprocal of Base a” box. The graph 


x-h 
ofg(x)—c- (i) + К is drawn. Use the sliders to 
a 


set the value of c to 1,a to 2, A to 0, and k to 0. Now, use 
the slider to increase the value of a from 2 to 4. Note the 
points on the graph. 


1. writing 


(1. Now Work Q 1. Modeling 


5 1. Graphing Tech 


5. True or False The graph of the function f(x) = — has 
х 


= 2 аѕ a horizontal asymptote. (рр. 253-256) 


6. If f(x) = —3х + 10, then the graph of f is a with 
slope and y-intercept . (р. 130) 


7. Where is the function f(x) = x? — 4x + 3 increasing? 
Where is it decreasing? (pp. 161—167) 


(i) The graph of g(x) = (5) contains the points 


(-1, ) (0, ) and (1, ИШЕ) 
(ii) The graph of g(x) = (5) contains the points 
(-1, ) (0, ) and (1, E) 


(c) The graph of g( x) — (+) is a reflection about 


the (x-axis/y-axis/origin) of the graph 
of f(x) = a*,a » 1. 
(d) In the graph of f(x) = a* withO < a < 1, the graph is 
(increasing/decreasing) over its domain. 
In the graph of f(x) = a* with a > 1, the graph is 
(increasing/decreasing) over its domain. 
(e) Uncheck the “Show Reciprocal of Base a” box. Use the 
sliders to set the value of c to 1,ato1,h to 0, and К to 0. 
What type of graph is f(x) = 1*? Explain why a = 115 
an exponential function. 


A Calculus Preview == 1. Applet-Based 
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== 9. Interactive Figure Exercise Exploring Exponential 

Functions Open the “Exponential Functions” interactive 

figure, which is available in the Video & Resource Library of 

MyLab Math (under Interactive Figures) or at bit.ly/3raFUGB. 

(a) Use the sliders to set the value of c to 1, a to 2,h to 0, 

and k to 0. Now, use the slider to increase the value of h 

from 0 to 4. The graph shifts (horizontally/ 
vertically) / units (left/right/up/down). 

(b) Use the sliders to set the value of c to 1,a to 2, A to 0, and 

k to 0. Now, use the slider to decrease the value of Л from 


0 to —4. 
(i) What is the equation of the function when 
h = —3? 


(ii) As h decreases from 0 to —4, the graph shifts 
(horizontally/vertically) Л units 
____ (left/right/up/down). 

(c) Use the sliders to set the value of c to 1, a to 2,h to 0, 
and k to 0. Now, use the slider to increase the value of k 
from 0 to 4. The graph shifts (horizontally/ 
vertically) units (left/right/up/down). 

(d) Use the sliders to set the value of c to 1,a to 2,h to 0, and 
k to 0. Now, use the slider to decrease the value of k from 


0 to —4. 

(i) What is the equation of the function when 
k = —3? 

(ii) What is the horizontal asymptote when 
k = —3? 


(iii) As k decreases from 0 to —4, the graph shifts 
(horizontally/vertically) k units 

(left/right/up/down). 
(e) Use the sliders to set the value of c to 1,a to 2,h to 0, and 
k to 0. Now, use the slider to increase the value of c from 
1 to 4. The graph is vertically (stretched/ 


Skill Building 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


compressed) by a factor of c. When c — 2, the points 
(—1,___), (0,___), and (1, __) are on the graph of f. 

(f) In the graph of f(x) = с· 2* withc < 0, the graph is 
(increasing/decreasing) over its domain. 


A(n) is a function of the form 
f(x) = Ca*, where a > 0,a = 1, and C = 0 are real 


numbers. The base a is the and C is 

the 

For an exponential function f(x) = Са", = =__, 
x 


True or False The domain of the function f(x) = a*, 
where a > 0 and a = 1, isthe set of all real numbers. 

True or False The function f(x) = e* is increasing and is 
one-to-one. 

The graph of every exponential function f(x) = a*, where 
a > Oanda = 1, contains the three points: (—1, 
(0, ), and (1, ). 

If3* = 34,thenx = 


True or False The graphs of y = 3* and у = (5) TS 
identical. 


Multiple Choice Which exponential function is increasing? 


: _ (5\" 
(8) fl) = 05" (b) f(x) = (5) 
( f(x) = (3) (d) f(x) = 0.9 


Multiple Choice The range of the function f(x) = a*, 
where a > Oanda = 1, is the interval 

(a) (—оо, оо) (b) (оо, 0) 

(с) (0, оо) (d) [0, оо) 


In Problems 19—30, approximate each number using a calculator. Express your answer rounded to three decimal places. 


М, 19. (а) 2344 (b) 23441 (c) 234415 (d) Qn 
21. (a) 3.127 (b) 3.14271 (e) 3.141278 (d) 7° 
6 0.0974 
23. (1 4- 0.04) 24. (1 EL | 
27, е12 28. e-13 


20. 
22. 


25. 


29. 


(а) 2.751 (b) 2.71344 (0 2.711894 (d) ет 
1 2.9 5 8.63 

8.4( =) 26. 158(2) 

125¢ 0.0267 30. 83.6e-015795 


In Problems 31—36, determine whether the given function is linear, exponential, or neither. For those that are linear functions, find a linear 
function that models the data; for those that are exponential, find an exponential function that models the data. 


N з, 
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Sl- al- оэ мэ wi 


In Problems 39—46, the graph of an exponential function is given. Match each graph to one of the following functions. 
(A)y = 34 (B) y = 3^ (Oy = -3 (D)y = —3—* 
Œy=3 -1 (b y = 3 (G)y = 3 (Н)у = 1-5 


In Problems 47-58, use transformations to graph each function. Determine the domain, range, horizontal asymptote, and y-intercept of 
each function. 


NAIL f(x) 2 2* +1 48. f(x) = 3* -2 49. f(x) = 35-1 50. f(x) = 272 
51. /(х)=3. (5) 52. f(x) = 4- BI 53. f(x) = 3 - 2 54. f(x) = —3* +1 
55. f(x) = 2 + 45-1 56. f(x) = 1— 2743 57. f(x) = 2434 58. f(x) = 1 — 27⁄3 


In Problems 59-66, begin with the graph of y = e* (Figure 28) and use transformations to graph each function. Determine the domain, range, 
horizontal asymptote, and y-intercept of each function. 


М. 59, f(x) = e 60. f(x) = —e* 61. f(x) = ex 62. f(x) = ex-1 
63. f(x) = 5— ет 64. f(x) 29—3e-* 65. f(x) = 2 – е-х/2 66. f(x) = 7 — 3e* 


In Problems 67—86, solve each equation. 


67. 6: — 65 68. 5x — 5-6 \ 69. 2-* = 16 70.3 = 81 
71. (2) = 1 72. (2) e 73. 325-5 = 9 174. 5х+3 = 1 
5 25 4 64 5 
75.39 = 9 76.49 = 2х TL 8-1 = 16% 78. 9-:+15 = 27% 
\ 79. 32-7 = 272: 80. 5:248 = 1252: 81. 45.252 = 162 82. 92x . 27: = 341 


83. е2х = e512 84. езх = е2-х N85 e? = el 86. (e4)* ех? = e? 
е 
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87. If 4* = 7, what does 4?* equal? 88. If 2* = 3, what does 4~* equal? 
89. If 3-* = 2, what does 3?* equal? 90. If 5-* = 3, what does 5?* equal? 
91. If 9* — 25, what does 3* equal? 92. If2-3* = 1 what does 2* equal? 


1000” 


In Problems 93—96, determine the exponential function whose graph is given. 


93. 94. 


96. 


97. Find an exponential function whose graph has the horizontal 98. Find an exponential function whose graph has the horizontal 


asymptote y — 2 and contains the points (0, 3) and (1, 5). asymptote y — —3 and contains the points (0, —2) 
and (—2, 1). 
99, Suppose that f(x) = 2*. 100. Suppose that f(x) — 3*. 
(a) What is f(4)? What point is on the graph of f? (a) What is f (4)? What point is on the graph of f? 
(b) If f(x) = = what is x? What point is on the graph of f ? (b) If f(x) = $ what is x? What point is on the graph of f? 
101. Suppose that g( x) — 4* 4- 2. 102. Suppose that g( x) — 5* — 3. 
(a) What is g( —1)? What point is on the graph of g? (a) What is g( — 1)? What point is on the graph of g? 
(b) If g(x) = 66, what is x? What point is on the graph (b) If g(x) — 122, what is x? What point is on the graph 
of g? of g? 
1\* 1\* 
103. Suppose that Н (х) = (5) — 4. 104. Suppose that F(x) = (5) — 3. 
(a) What is H (—6)? What point is on the graph of Н? (a) What is F(—5)? What point is on the graph of F? 
(b) If H(x) = 12, what is x? What point is on the graph (b) If F(x) = 24, what is x? What point is on the graph 
of H? of F? 
(c) Find the zero of H. (c) Find the zero of F. 


Mixed Practice In Problems 105—108, graph each function. Based on the graph, state the domain and the range, and find any intercepts. 


ех ifx <0 ех ifx <0 
105. = 106. = 
Ten | е“ ifx > 0 F(x) ps ifx > 0 
—e* ifx <0 —е-* ifx <0 
107. = 108. = 
s I ifx >0 F(x) ЕЁ! "e 


Applications and Extensions 


109. Optics If a single pane of glass obliterates 3% of the light (a) What percent of light will pass through 10 panes? 
passing through it, the percent p of light that passes through (b) What percent of light will pass through 25 panes? 
n successive panes is given approximately by the function (c) Explain the meaning of the base 0.97 in this problem. 


p(n) = 100 - 0.97" 


110. 


111. 


112. 


113. 


114. 


115. 


Atmospheric Pressure The atmospheric pressure p on a 
balloon or airplane decreases with increasing height. This 
pressure, measured in millimeters of mercury, is related to 
the height Л (in kilometers) above sea level by the function 


pon) = 760e-9145^ 


(a) Find the atmospheric pressure at a height of 2 km (over 
a mile). 

(b) What is it at a height of 10 kilometers (over 30,000 feet)? 

Depreciation The price р, in dollars, of a Honda Civic EX-L 

sedan that is x years old is modeled by 


р(х) = 25,495 - 0.90" 


(a) How much should a 3-year-old Civic EX-L sedan cost? 
(b) How much should a 9-year-old Civic EX-L sedan cost? 
(c) Explain the meaning of the base 0.90 in this problem. 


Healing of Wounds The normal healing of wounds can be 
modeled by an exponential function. If A, represents the 
original area of the wound and if A equals the area of the 
wound, then the function 


A( n) — Age 03" 


describes the area of a wound after п days following an injury 
when no infection is present to retard healing. Suppose that a 
wound initially had an area of 100 square millimeters. 


(a) If healing is taking place, how large will the area of the 
wound be after 3 days? 
(b) How large will it be after 10 days? 


Advanced-stage Pancreatic Cancer The percentage of 
patients P who have survived t years after initial diagnosis of 
advanced-stage pancreatic cancer is modeled by the function 


P(t) = 100 - 0.3! 


Source: Cancer Treatment Centers of America 

(a) According to the model, what percent of patients 
survive 1 year after initial diagnosis? 

(b) What percent of patients survive 2 years after initial 
diagnosis? 

(c) Explain the meaning of the base 0.3 in the context of 
this problem. 


Endangered Species In a protected environment, the 
population P of a certain endangered species recovers over 
time t (in years) according to the model 


P(t) = 30 -1.149* 


(a) What is the size of the initial population of the 
species? 

(b) According to the model, what will be the population of 
the species in 5 years? 

(c) According to the model, what will be the population of 
the species in 10 years? 

(d) According to the model, what will be the population of 
the species in 15 years? 

(e) What is happening to the population every 
5 years? 

Drug Medication The function 

D(h) = 5e-04h 


can be used to find the number of milligrams D of a certain 
drug that is in a patient's bloodstream h hours after the 
drug has been administered. How many milligrams will be 
present after 1 hour? After 6 hours? 


116. 


Мал. 


118. 


119. 


120. 
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Spreading of Rumors A model for the number N of people 
in a college community who have heard a certain rumor is 


N = Р(1 — e-9154) 


where Р is the total population of the community and d is the 
number of days that have elapsed since the rumor began. In 
a community of 1000 students, how many students will have 
heard the rumor after 3 days? 


Exponential Probability Between 12:00 рм and 1:00 рм, cars 
arrive at Citibank's drive-thru at the rate of 6 cars per hour 
(0.1 car per minute). The following formula from probability 
can be used to determine the probability that a car arrives 
within ¢ minutes of 12:00 рм. 


F(t) = 1 — e1 


(a) Determine the probability that a car arrives within 
10 minutes of 12:00 рм (that is, before 12:10 рм). 

(b) Determine the probability that a car arrives within 
40 minutes of 12:00 pm (before 12:40 рм). 

(c) What does F approach as t becomes unbounded in the 
positive direction? 

(d) Graph F using a graphing utility. 

(e) Using INTERSECT, determine how many minutes are 
needed for the probability to reach 50%. 


Exponential Probability Between 5:00 рм and 6:00 рм, cars 
arrive at Jiffy Lube at the rate of 9 cars per hour (0.15 car 
per minute). This formula from probability can be used to 
determine the probability that a car arrives within t minutes 
of 5:00 PM: 


F(t) = 1 — e-025t 


(a) Determine the probability that a car arrives within 
15 minutes of 5:00 рм (that is, before 5:15 pm). 

(b) Determine the probability that a car arrives within 
30 minutes of 5:00 pm (before 5:30 рм). 

(c) What does F approach as t becomes unbounded in the 
positive direction? 

(d) Graph F using a graphing utility. 

(e) Using INTERSECT, determine how many minutes are 
needed for the probability to reach 60%. 


Poisson Probability Between 5:00 рм and 6:00 рм, cars 
arrive at a McDonald’s drive-thru at the rate of 20 cars per 
hour. The following formula from probability can be used to 
determine the probability that x cars arrive between 5:00 PM 
and 6:00 рм. 


x p—20 
P(x) = 20e 
x! 
where 
x!=x-(x —1)-(x —2)-----3-2-1 


(a) Determine the probability that x = 15 cars arrive 
between 5:00 рм and 6:00 рм. 
(b) Determine the probability that x 


between 5:00 pm and 6:00 рм. 


= 20 cars arrive 


Poisson Probability People enter a line for the Demon Roller 
Coaster at the rate of 4 per minute. The following formula 
from probability can be used to determine the probability 
that x people arrive within the next minute. 

4*e —4 


P(x) = x 


(continued) 
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121. 


122. 


123. 


where 


x!=x-(x —1)-(x —2)-----3-2-1 


(a) Determine the probability that x = 
within the next minute. 

(b) Determine the probability that x 
within the next minute. 


5 people arrive 


8 people arrive 


Relative Humidity The relative humidity is the ratio 
(expressed as a percent) of the amount of water vapor in 
the air to the maximum amount that the air can hold at a 
specific temperature. The relative humidity, R, is found using 
the following formula: 


| 421 — 421 2) 
R = 10 T«4594. р+4594 


where Tis the air temperature (in °F) and D is the dew point 

temperature (in °F). 

(a) Determine the relative humidity if the air temperature 
is 50? Fahrenheit and the dew point temperature is 
41? Fahrenheit. 

(b) Determine the relative humidity if the air temperature 
is 68? Fahrenheit and the dew point temperature is 
59? Fahrenheit. 

(c) What is the relative humidity if the air temperature and 
the dew point temperature are the same? 


Learning Curve Suppose that a student has 500 vocabulary 
words to learn. If the student learns 15 words after 5 minutes, 
the function 


L(t) = 500(1 — e~.0061" ) 


approximates the number of words L that the student will 

have learned after t minutes. 

(a How many words will the student have learned 
after 30 minutes? 

(b) How many words will the student have learned 
after 60 minutes? 


Current in an RL Circuit The equation governing the 
amount of current / (in amperes) after time t (in seconds) in 
a single КЇ, circuit consisting of a resistance Ё (in ohms), an 
inductance L (in henrys), and an electromotive force E (in 
volts) is 


E 


I = [1 — e-&/2y] 
R 


1 


——= 


R 


(a) If E = 120 volts, К = 10 ohms, and L = 5 henrys, 
how much current 7, is flowing after 0.3 second? After 
0.5 second? After 1 second? 

(b) What is the maximum current? 

(c) Graph this function J = I (t), measuring J along 
the y-axis and ¢ along the x-axis. 

(d) If E = 120 volts, К = 5 ohms, and L = 10 henrys, 
how much current J, is flowing after 0.3 second? 
After 0.5 second? After 1 second? 

(e) What is the maximum current? 

(f) Graph the function J = [„(ї) on the same coordinate 
axes as J, (t). 


124. 


125. 


126. 


127. 


К 128. 


129. 


130. 


131. 


Current in an RC Circuit The equation governing the 
amount of current J (in amperes) after time t (in 
microseconds) in a single RC circuit consisting of a 
resistance Ё (in ohms), a capacitance C (in microfarads), 
and an electromotive force E (in volts) is 


1 = E (0) 
R 


(a) If E = 120 volts, R = 2000 ohms, and C = 1.0 
microfarad, how much current /, is flowing initially 
(t = 0)? After 1000 microseconds? After 3000 
microseconds? 

(b) What is the maximum current? 

(c) Graph the function J = 7, (t), measuring J along the 
y-axis and t along the x-axis. 

(d) If E = 120 volts, А = 1000 ohms, and C = 2.0 
microfarads, how much current Z, is flowing initially? 
After 1000 microseconds? After 3000 microseconds? 

(e) What is the maximum current? 

(f) Graph the function J = /, (і) on the same coordinate 
axes as I, (t). 


If f is an exponential function of the form f(x) = Ca* with 
growth factor 3, and if f(6) = 12, what is f (7)? 


Another Formula for e Use a calculator to compute the 
values of 
"el 1, 1 
fc ha TP 


forn — 4, 6, 8, and 10. Compare each result with e. 
[Hint: 1! — 3.2.1, 
n(n —1):----(3Y2)Y(00).] 


1,2! = 2-1,3! 


n! = 
Another Formula for e Use a calculator to compute the 


various values of the expression. Compare the values 
to e. 


2+1 


etc. 


Difference Quotient If f(x) = a*, show that 


fath- f) 4-1 „е 
h h 
If f(x) = a*,show that f (A + B) = f(A)- f(B). 
If f(x) = ах, show that f(—x) = e 
If f(x) = а", show that f (ax) = [f(x)]^. 


Problems 132 and 133 define two other transcendental functions. 


132. The hyperbolic sine function, designated by sinh x, is 
defined as 


sinh x = jc —e*) 


_ (a) Show that f(x) = sinh x is an odd function. 
y (b) Graph f(x) = sinh x using a graphing utility. 


133. The hyperbolic cosine function, designated by cosh x, is 
defined as 


cosh x = Leer + e) 
2 
(a) Show that f(x) = cosh x is an even function. 


(b) Graph f(x) = cosh x using a graphing utility. 
(c) Refer to Problem 132. Show that, for every x, 


FA 
БӘ 


(cosh x)? — (sinh x)? = 1 


Explaining Concepts: Discussion and Writing 


137. The bacteria in a 4-liter container double every minute. 
After 60 minutes the container is full. How long did it take 
to fill half the container? 


138. Explain in your own words what the number e is. Provide at 
least two applications that use this number. 


139. Do you think that there is a power function that increases 
more rapidly than an exponential function? Explain. 


Retain Your Knowledge 
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134. Historical Problem Pierre de Fermat (1601-1665) 
conjectured that the function 


f(x) = 200 41 


for x = 1, 2, 3, . . . , would always have a value equal to a 
prime number. But Leonhard Euler (1707-1783) showed that 
this formula fails for x — 5. Use a calculator to determine 
the prime numbers produced by f for x — 1, 2, 3, 4. Then 
show that /(5) = 641 x 6,700,417, which is not prime. 


135. Challenge Problem Solve: 37*-! —4.3* +9 = 0 
2 i 
136. Challenge Problem Solve: 23"*' — 3 - 23" — 20 = 0 


140. As the base a of an exponential function f(x) = ах, 
wherea > 1, increases, what happens to its graph for x > 0? 
What happens to its graph for x < 0? 


141. The graphs of y = ах andy = (+) are identical. Why? 
a 


Problems 142-151 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


142. Solve the inequality: x? + 5x? < 4x + 20 


x+1 


143. Solve the inequality: 2 21 


х 
144. Find the equation of the quadratic function f that has its 
vertex at (3, 5) and contains the point (2, 3). 


. Suppose f(x) = x? 4+ 2x — 3. 
(a) Graph f by determining whether its graph is concave | 
ир or concave down and by finding its vertex, axis of /Х 150. Determine where the graph of f(x) = x* — 5x? — 6 


symmetry, y-intercept, and x-intercepts, if any. 
(b) Find the domain and range of f. 


146. Solve:13x — (5x — 6) = 2x — (8x — 27) 


147. Find an equation for the circle with center (0, 0) and 
radiusr — 1. 
148. Solve: x — 16Vx + 48 = 0 


149. 1f $12,000 is invested at 3.596 simple interest for 2.5 years, 
how much interest is earned? 


is below the graph of g(x) = 2x? + 12 by solving the 
inequality f(x) « g(x). 


(c) Determine where f is increasing and where it is /K151. Find the difference quotient of f(x) = 2x? — 7x. 


decreasing. 


‘Are You Prepared?’ Answers 


1. 64:4: 5 2.(—4,1) 3 Fase 43 5. True 


6. line; —3; 10 


7. [2, оо); (оо, 2] 
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4.4 Logarithmic Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Solve Linear Inequalities (Appendix A, Section A.10, • Polynomial and Rational Inequalities (Section 3.7 
pp. А87-А88) pp. 275-279) 
e Quadratic Inequalities (Section 2.5, pp. 175-177) 


% Now Work the ‘Are You Prepared?’ problems on page 336. 


OBJECTIVES 1 Change Exponential Statements to Logarithmic Statements and 
Logarithmic Statements to Exponential Statements (p. 328) 


2 Evaluate Logarithmic Expressions (p. 329) 

3 Determine the Domain of a Logarithmic Function (p. 329) 
4 Graph Logarithmic Functions (p. 330) 

5 Solve Logarithmic Equations (p. 334) 


Recall that a one-to-one function y = f(x) has an inverse function that is defined 
implicitly by the equation x = f(y). In particular, the exponential function 
y = f(x) = ах, wherea > Oanda = 1, 15 опе-0-опе, $0 it has an inverse function 
that is defined implicitly by the equation 


х = ау а> 0 а = 1 


This inverse function is so important that it is given а name, the logarithmic function. 


DEFINITION Logarithmic Function with Base a 


The logarithmic function with base a, where a > 0 anda = 1, is denoted 
by y = log, x (read as “ y is the logarithm with base a of x") and is defined by 


у =log,x ifandonlyif x = a" 


The domain of the logarithmic function у = log, xis х > 0. 


In Words 

When you need to evaluate log, x, 

ii to yourself "a ps to ж As this definition illustrates, a logarithm is a name for a certain exponent. 
ы рос JIVE MER: So log, x equals the exponent to which a must be raised to obtain x. 


| EXAMPLE 1 | Relating Logarithms to Exponents 


(a) If y = log,x,thenx = 3». For example, the logarithmic statement 4 = log, 81 
is equivalent to the exponential statement 81 = 3“. 


(b) Ify = log; x, thenx = 5». Forexample,—1 = log; Z)is equivalent to £ EL 
5 5 ". 
1 Change Exponential Statements to Logarithmic Statements 
and Logarithmic Statements to Exponential Statements 


The definition of a logarithm can be used to convert from exponential form to 
logarithmic form, and vice versa, as illustrated in the next two examples. 


| EXAMPLE 2 | Changing Exponential Statements to Logarithmic Statements 


Change each exponential statement to an equivalent statement involving a logarithm. 


(а) 1.23 = т (b) e^ = 9 (c) a^ — 24 
(continued) 
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Solution Use the fact that у = log, x and x = a’, wherea > Oanda = 1, are equivalent. 
(а) If1.2? = m,then3 = log,,m. (b) Ife? = 9, thenb = log, 9. 


(c) Ifa* = 24, then4 = log, 24. B 
\ Now Work PROBLEM 13 


| EXAMPLE 3 | Changing Logarithmic Statements to Exponential Statements 


Change each logarithmic statement to an equivalent statement involving an exponent. 


(а) log,4 = 5 (b) log, b = —3 (с) 10955 = c 
Solution (а) 1109,4 = 5,thena? = 4. (b) Iflog,b = —3, thene-3 = b. 
(с) Iflog,5 = c, ћеп 3° = 5. B 


\ Now Work PROBLEM 21 


2 Evaluate Logarithmic Expressions 


To find the exact value of a logarithm, write the logarithm in exponential notation using the 
fact that у = log, xisequivalent toa” = x,andusethefactthatifa" = a",thenu = v. 


| EXAMPLE 4 | Finding the Exact Value of a Logarithmic Expression 


Find the exact value of: 


1 
(a) log, 16 (b) log, 27 


Solution (а) To find log, 16, think “2 raised to | (b) To find log, ZŁ, think “3 raised to 


what power equals 16?” Then, 1 
what power equals a Then, 


y = log,16 
2” = 16 Change to exponential form. y= log; 2 
2» = 2" 16 = 7 By 1 Change to exponential 
у = 4 Equate exponents. 27 form. 
= 1 1 = 
Therefore, log, 16 = 4. =a" 27 33 — 3з 
у = —3 Equate exponents. 


1 
Theref 1 — = —3, 
erefore, log, 27 


\ Now Work PROBLEM 29 


3 Determine the Domain of a Logarithmic Function 


The logarithmic function y = log, x has been defined as the inverse of the 
exponential function y = a*. Thatis,if f(x) = a*, then f! (x) = log, x. Based on 
the discussion in Section 4.2 on inverse functions, for a function f and its inverse f ^!, 


Domain of f~! = Range off and Rangeoff ! = Domain of f 


Consequently, it follows that 


* Domain of the logarithmicfunction = Range of the exponential function 
= (0, оо) 


• Range of the logarithmicfunction = Domain of the exponential function 
(—00, оо) 
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The domain of a logarithmic function consists of the positive real numbers, so the 
argument of a logarithmic function must be greater than zero. 


| €XAMPLE 5 | Finding the Domain of a Logarithmic Function 


Find the domain of each logarithmic function. 


(a) F(x) = log,(x +3) (Ы) g(x) = log; (+ + 4 (c) h(x) = log, 1х] 


Solution (а) The domain of F consists of all x for which x + 3 > 0, that is, x > —3. Using 
interval notation, the domain of F is (—3, oo). 


(b) The domain of g is restricted to 


1+x 


> 0 
1—х 


Solve this inequality to find that the domain of g consists of all x between —1 
and 1, that is,—1 < x < 1, or, using interval notation, ( —1, 1). 


(c) Since|x| > 0, provided that x = 0, the domain of h consists of all real numbers 


except zero, or, using interval notation, (—oo, 0) U (0, оо). _в 


\ Now Work PROBLEMS 43 AND 49 


4 Graph Logarithmic Functions 


Because exponential functions and logarithmic functions are inverses of each other, 
the graph of the logarithmic function у = log, х is the reflection about the line у = x 
of the graph of the exponential function y = a*, as shown in Figures 31(a) and (b). 


=3 


(а) 0<а<1 (b) а> 1 
Figure 31 
For example, to graph у = log, x, graph у = 2* and reflect it about the 


line у = x. See Figure 32. To graph у = log;;; x, graph y = (=) and reflect it about 
the line y = x. See Figure 33. 3 


(3, —1) у = log,/.x 


Figure 32 Figure 33 
\ Now Work PRoBLEM 63 


In Words 


y = log, x is writteny = (и x. y 


| Seeing the Concept 


E GraphY, = ex and Y; = In x on the same 

square screen. Use eVALUEate to verify the 
points on the graph given in Figure 34. Do 
you see the symmetry of the two graphs 


with respect to the line y — x? | 
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The graphs of y = log, x in Figures 31(a) and (b) on the previous page lead to 
the following properties. 


Properties of the Logarithmic Function f(x) = log, х; а > 0, а = 1 


The domain is the set of positive real numbers, or (0, oo) using interval 
notation; the range is the set of all real numbers, or (—oo, oo) using 
interval notation. 


The x-intercept of the graph is 1. There is no y-intercept. 
The y-axis(x — 0) is a vertical asymptote of the graph of f. 


A logarithmic function is decreasing if 0 « a « 1 and is increasing 
tha s de 


The graph of f contains the points (1, 0), (a, 1), and (2, -1). 
a 


The graph is smooth and continuous, with no corners or gaps. 


If the base of a logarithmic function is the number e, the result is the natural 
logarithm function. This function occurs so frequently in applications that it is given 
a special symbol, In (from the Latin, /ogarithmus naturalis). That is, 


у = ах ifandonlyif x = e" (1) 


Because y — In x and the exponential function y — e* are inverse functions, 
the graph of y = Inx can be obtained by reflecting the graph of y = e* about the 
line y — x. See Figure 34. 

Using a calculator with an key, we can obtain other points on the graph 
of f(x) = Inx. See Table 7. 


YA Table 7 


y=0 -3 
Figure 34 
| EXAMPLES | Graphing a Logarithmic Function and Its Inverse 
(a) Find the domain of the logarithmic function f(x) = —In(x — 2). 
(b) Graph f. 


Solution 


(c) From the graph, determine the range and vertical asymptote of f. 
(d) Find f~t, the inverse of f. 

(e) Find the domain and the range of f~t. 

(f) Graph f~. 


(a) The domain of f consists of all x for which x — 2 0, or equivalently, x > 2. 


The domain of f is {x|x > 2}, or(2, oo) in interval notation. 


(continued) 
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(b) To obtain the graph of у = —In(x — 2), begin with the graph of у = In x and 
use transformations. See Figure 35. 


1 X 
—1 r- 
— MÀ ÜÜe T- n 
Multiply by —1; Replace x by 
reflect about the X — 2; shift 
(а) у= пх X-axis. (Ы) y= —Inx right 2 units. (c) у= —In(x— 2) 
Figure 35 
(c) The range of f(x) = —In(x — 2) is the set of all real numbers. The vertical 


asymptote is x = 2.[Do you see why? The original asymptote (x = 0) is shifted 
to the right 2 units.] 


(d) To find f-!, begin with у = —In(x — 2). The inverse function is defined 
implicitly by the equation 


x = —In(y — 2) 
Now solve for y. 


—x = ш(у— 2) Isolate the logarithm. 
e*=y-2 Change to exponential form. 


y= Solve for y. 
The inverse of f is ft (x) = e™ + 2. 


(e) The domain of f~! equals the range of f, which is the set of all real numbers, from 
part (c). The range of f ^! is the domain of f, which is (2, oc) in interval notation. 


(f) To graph f~t, use the graph of f in Figure 35(c) and reflect it about the line y = x. 
See Figure 36. We could also graph f ^! (x) = e^* + 2 using transformations. 


Figure 36 — 


\ Now Work PROBLEM 75 
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If the base of a logarithmic function is the number 10, the result is the common 


logarithm function. If the base a of the logarithmic function is not indicated, it is 
understood to be 10. That is, 


у = log x ifandonly if x = 10» 


Because у = log x and the exponential function у = 10* are inverse functions, 
the graph of y = log x can be obtained by reflecting the graph of y = 10* about 
the line y = x. See Figure 37. 


Figure 37 
Graphing a Logarithmic Function and Its Inverse 
(a) Find the domain of the logarithmic function f(x) = 3 log(x — 1). 
(b) Graph f. 
(c) From the graph, determine the range and vertical asymptote of f. 
(d) Find f~t, the inverse of f. 
(e) Find the domain and the range of f~t. 
(f) Graph f~. 
Solution (a) The domain of f consists of all x for which x — 1 > 0, or equivalently, x > 1. 
The domain of f is {x|x > 1}, or(1, oo) in interval notation. 
(b) To obtain the graph of y = 3 log(x — 1), begin with the graph of y = log x and 
use transformations. See Figure 38. 
У\х=1 Удх= 1 (11,3) 
| 
2b | (11, 1) 2r 
102,0) 
l Pss uj | l l | D ul 
-2 12X -2 p -2 
L 4-1) L 
-2F | f -2 
1 
— AQ | e 
Replace x by x – 1; Multiply by 3; vertical 
horizontal shift stretch by a factor of 3. 
right 1 unit. 
(а) у = log x (b) у = log (x — 1) (c) у= 3 log (x — 1) 
Figure 38 


(c) The range of f(x) = 3 log(x — 1) is the set of all real numbers. The vertical 
asymptote is x = 1. 


(d) Begin with y — 3 log(x — 1). The inverse function is defined implicitly by the 


equation 
x = 3log(y – 1) 
Solve for y. 
с = log(y—1) Isolate the logarithm. 
10*/3 = y-1 Change to exponential form. 


у = 10:25 41 Solve for y. 


s : E = x/3 
The inverse of f is f^! (x) = 10* + 1. (continued) 
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Fx) = 1038 + 1 (e) The domain of f^! is the range of f, which is the set of all real numbers, from 
(3, 11) yox part (c). The range of f~t! is the domain of f, which is (1, oo) in interval notation. 


(f) To graph f-!, use the graph of f in Figure 38(c) and reflect it about the 
line у = x. See Figure 39. We could also graph f-!(x) = 10*/ + 1 using 


LL transformations. B 


(11,3) 
\ Now Work PROBLEM 83 


5 Solve Logarithmic Equations 


Equations that contain logarithms are called logarithmic equations. Care must be 
taken when solving logarithmic equations algebraically. In the expression log, M, 
remember that a and M are positive and а = 1. Be sure to check each apparent 
solution in the original equation and discard any that are extraneous. 

Some logarithmic equations can be solved by changing the logarithmic equation 
to exponential form using the fact that y = log, x means a? = x. 


| ЕХАМРІЕ 8 | РГЕ 8 Solving Logarithmic Equations 


Solve: 


(а) log,(4x — 7) = 2 (b) 109,64 = 2 


Figure 39 


Solution (а) To solve, change the logarithmic equation to exponential form. 
log,(4x — 7) = 2 


4x — 7 = 3? Change to exponential form. 


4x-7=9 
4x = 16 
х= 4 


v/ check: log, (4х — 7) = log,(4-4-—7) = log,9 = 2 3 = 9 
The solution set is {4 }. 
(b) To solve, change the logarithmic equation to exponential form. 
109,64 = 2 
x? = 64 Change to exponential form. 


x = +У64 = +8 Use the Square Root Method. 


Recallx = а> means у = log, xandthata > 0, а = 1.The base ofa logarithm 
must be positive, so discard —8. Check the potential solution 8. 


V check: log,64 = 2 8? = 64 
The solution set is {8 }. B 


| EXAMPLE9 | Using Logarithms to Solve an Exponential Equation 


Solve:e?* = 5 


Solution To solve, change the exponential equation to logarithmic form. 


e? = 5 
In5 = 2x Change to logarithmic form. 
x= — Exact solution 


0.805 Approximate solution 


2 


The solution set is {= р 


\ Now Work PROBLEMS 91 AND 103 
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| EXAMPLE 10 | Alcohol and Driving 


Solution 


NOTE A BAC of 0.30% results in a loss 
of consciousness in most people. a 


NOTE Іп most states, the blood alcohol 
content at which a DUI citation is given 
is 0.08%. L| 


Blood alcohol concentration (BAC) is a measure of the amount of alcohol in a 
person's bloodstream. A BAC of 0.04% means that a person has 4 parts alcohol 
per 10,000 parts blood in the body. Relative risk is defined as the likelihood of one 
event occurring divided by the likelihood of a second event occurring. For example, 
if an individual with a BAC of 0.02% is 1.4 times as likely to have a car accident as 
an individual who has not been drinking, the relative risk of an accident with a BAC 
of 0.02% is 1.4. Recent medical research suggests that the relative risk R of having an 
accident while driving a car can be modeled by an equation of the form 


qme 


where x is the percent concentration of alcohol in the bloodstream and k is a constant. 


(a) 


(b) 
(c) 
(d) 


(a) 


(b) 


(c) 


(d) 


Research indicates that the relative risk of a person having an accident with a 
BAC of 0.02% is 1.4. Find the constant К in the equation. 


Using this value of К, what is the relative risk if the ВАС is 0.17%? 
Using this same value of k, what BAC corresponds to a relative risk of 100? 


If the law asserts that anyone with a relative risk of 4 or more should not have 
driving privileges, at what concentration of alcohol in the bloodstream should a 
driver be arrested and charged with DUI (driving under the influence)? 


For a blood alcohol concentration of 0.0296 and a relative risk R of 1.4, 
let x = 0.02 and solve for К. 
R = ek 
1.4 = e* 92 R = 1.4: = 0,02 
0.02k = In1.4 Change to a logarithmic statement. 
k= In 1.4 д 16.82 Solve for k. 
0.02 


A BAC of 0.17% means x = 0.17. Use k = 16.82 in the equation to find the 
relative risk R: 


R = ek = @1682017 y~ 17,5 


For a blood alcohol concentration of 0.17%, the relative risk R of an accident is 
about 17.5. That is, a person with a BAC of 0.17% is 17.5 times as likely to have a 
car accident as a person with no alcohol in the bloodstream. 


A relative risk of 100 means R = 100. Usek = 16.82 in the equation К = e^. 
The blood alcohol concentration x obeys 
100 = e1682x R= e*,R = 100,К = 16.82 
16.82x = In100 Change to a logarithmic statement. 
x= ш = 0.27 Solve for x. 
16.82 


For a blood alcohol concentration of 0.27%, the relative risk R of an accident is 100. 


A relative risk of 4 means А = 4. Use k = 16.82 inthe equation А = e**.The 
blood alcohol concentration x obeys 
4 = е1682х 
16.82x = In4 
= о, 
16.82 


A driver with a BAC of 0.082% or more should be arrested and charged with 
DUI. D 
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SUMMARY 
Properties of the Logarithmic Function 


О оу x a> Domain: the interval (0, oo); Range: the interval ( — оо, оо) 


(y = log, x if and only if x = a”) x-intercept: 1; y-intercept: none; 
vertical asymptote: x = 0 ( y-axis); increasing; one-to-one 


The graph of f is smooth and continuous. It contains the 
points (+, -1), (T O andia 1). 
a 


See Figure 40(a) for a typical graph. 


TOS lor Оа Domain: the interval (0, oo); Range: the interval (—oo, оо) 


(y = log, x if and only if x = a») x-intercept: 1; y-intercept: none; | 
vertical asymptote: x = 0 ( y-axis ); decreasing; one-to-one 


The graph of f is smooth and continuous. It contains the 
points (a, 1),(1, 0),and (4, -1}. 
a 


See Figure 40(b) for a typical graph. 


y = log, X 


Figure 40 (6) 0<a<1 


4.4 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve each inequality: 2. Solve the inequality: = : > 0 (pp. 277-279) 
(a) 3x — 7 € 8 — 2x (pp. A87-A88) + 
(b) x? — x — 6 > 0 (pp. 175-177) 


Concepts and Vocabulary 


== 3. Interactive Figure Exercise Exploring Logarithmic Functions (b) Set the values of a to 2, c to 1,h to 0, and k to 0. The graph 
Open the “Logarithmic Functions” interactive figure, which | a) 
is available in the Video & Resource Library of MyLab Math | | 


of f(x) = log, x contains the points (5. 


(under Interactive Figures) or at bit.ly/3raFUGB. апа(2,_). 
(a) The interactive figure shows the graph of (с) Set the values of a to 3,c to 1,h to 0, and k to 0. The graph 
f(x) = c- log,(x— h)+ k of f(x) = log; x contains the points ( +, р ), 
Set the values of c to 1,Л to 0, and k to 0. Use the slider to and(3, ). 
adjust the value of a from 0.25 to 3. A logarithmic function 
is (increasing/decreasing) if0 < a « land (continued) 
is (increasing/decreasing) ifa > 1. 


AL. Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 


(d) Set the values of a to 0.5(= 5). с to 1, А to 0, and 
k to 0. The graph of f(x) = log;;;x contains the 
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(e) Set the values of a to 0.5, c to 1, h to 0, and k to 0. Check 
the *Show Inverse Function" box. Use the slider to 
adjust the value of л from —3 to 3 and pay attention to 
the vertical asymptote of the logarithmic function and 


. 1 
points |5, а, ), апа (2,  ). : : а 
2 the horizontal asymptote of the exponential function. If 
== 4. Interactive Figure Exercise Exploring Logarithmic Functions f(x) = 2 log;(x + 2) — 1, what would the horizontal 
Open the “Logarithmic Functions” interactive figure, which asymptote of the inverse exponential function be? 
is available in the Video & Resource Library of MyLab Math (f) If c < 0 and 0 < a « 1, the logarithmic function 
(under Interactive Figures) or at bit.ly/3raFUGB. f(x) = c-log,(x — h) + kis (increasing/ 
(a) Set the values of a to 2, c to 1, h to 0, and k to 0. Use decreasing) over its domain. 
the slider to adjust the value of h from —3 to 3. Pay (g) Set the values of a to 2, c to 1, л to 0, and k to 0. Use 
attention to the equation of the function. Based on the slider to adjust the value of Л from —3 to 3 and 
your observations, the graph of g(x) = log, (x — 5) is pay attention to the equation of the logarithmic 
obtained from the graph of f(x) = log, x by shifting function. Note the domain for each value of Л. Based 
the graph of f(x) = log, x (horizontally/ on what you observe, what would be the domain of 
vertically), five units (right/left/up/down). f(x) = 3log;(x — 5)? What would be the range of f~'? 
(b) Set the values of a to 2, c to 1, h to 0, and К to 0. Use Express your answers in interval notation. 
the slider to adjust the value of / from —3 to 3. Pay 5. The domain of the logarithmic function f(x) = log, x 
attention to the equation of the function. Based on ig 
your observations, the graph of g(x) = log, (х + 7) 15 6. The graph of every logarithmic function f(x) = log, x, 
obtained from the graph of f(x) = log, x by shifting wherea > Oanda = 1,contains the three points: ( , —1), 
the graph of f(x) = log, x (horizontally/ ( ‚ 0), апа( zij: 
vertically), seven units (right/left/up/down). 7. If the graph of a logarithmic function f(x) = log, x, 
(c) Set the values of a 1 2, c to 1,h to 0, and k to 0. where a > 0 anda = 1, is increasing, then its base is larger 
Use the slider to adjust the value of Л from —3 to 3. {Най 
Pay attention to the equation of the function === | 
and the vertical asymptote. Based on your 8. True or False If y = log, x, then y = а". 
observations, what would the vertical asymptote of 9. True or False The graph of f(x) = log, x, wherea > 0 and 
f(x) = 2 log, (x — 5) be? а = 1,has an x-intercept equal to 1 and no y-intercept. 
(d) Set the values of a to 2, c to 1, h to 0, and К to 0. Use 10. Multiple Choice Select the answer that completes the 
the slider to adjust the value of k from —3 to 3. Pay statement: y — Inx if and only if . 
attention to the equation of the function. Based on (а) x =e” (b y —e* (с) x 210» (d) y = 10* 
cnr observations, Ше graph of gx = Tode T 2 ә 11. Multiple Choice The domain of f(x) = log,(x + 2)is 
obtained from the graph of f(x) = log, x by shifting Е bj (2,00) (с) (—2, оо) (d) (0,ос) 
the graph of f(x) = log, x (horizontally/ (8.166,99). (9) (2, % ; ў 
vertically), five units (right/left/up/down). 12. Multiple Choice log, 81 equals 
(a) 9 (b) 4 (с) 2 (d) 3 
Skill Building 
In Problems 13-20, change each exponential statement to an equivalent statement involving a logarithm. 
\ із, 9 = 3 14. 16 = 4? 15. a? = 1.6 16. a? = 21 
17. 25 = 7.2 18. 3: = 4.6 19. e* = 8 20. е22 = M 
In Problems 21-28, change each logarithmic statement to an equivalent statement involving an exponent. 
Ў an log, 8 = 3 22. log,(3] — 23.10g,3 — 6 24. log, 4 = 2 


25. log;2 = x 26. log,6 = x 27.104 = x 28. Inx = 4 


In Problems 29-40, find the exact value of each logarithm without using a calculator. 


A 29. log, 1 30. logs 8 31. log, 49 32. logs] 
33. log, 5125 34. 108,39 35. log V10 36. log 3/100 
37. log „4 38. log 59 39. In Je 40. In e? 
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In Problems 41-52, find the domain of each function. 


41. f(x) = In(x — 3) 42. g(x) = In(x — 1) \ 43. F(x) = log; x? 
44. H(x) = log; x? 45. fx) 2 3-2 log, (3 5) 46. g(x) = 8 + 5 (2х + 3) 
_ 1 _ 1 _ х +1 
47. f(x) = In(— n 1 48. g(x) — ШЕ _ z) N 49. g(x) = ів, | + | 
50. h(x) = log;| m | 51. f(x) = Vin x 52. g(x) = —— 
x—1 Inx 


In Problems 53—60, use a calculator to evaluate each expression. Round your answer to three decimal places. 


5 In 5 In Ing 
. Int 4. —— . — . 
Sohle iE. 55 0.04 56—01 
57 In 4+ In2 58 log 15 + log 20 59 2 In 5 + log 50 3 log 80 — In 5 
' log 4 + log 2 ` In15 + In 20 ` log 4 — In2 ' log 5 + In 20 


61. Find a so that the graph of f(x) — log, x contains the point (2, 2). 


62. Find a so that the graph of f(x) — log, x contains the point (5. -4). 


In Problems 63—66, graph each function and its inverse on the same set of axes. 


N 63. f(x) = 3*; f-1(x) = log,x 64. f(x) = 4*; f(x) = log,x 
65. f(x) = (5) 7-х) = logis x 66. f(x) = Bl Sf Q0 = 10813х 
2 3 
In Problems 67—74, the graph of a logarithmic function is given. Match each graph to one of the following functions: 
(А) y = log;x (B) у = log;(—x) (C) у = -log;x (D) y = —log;(—x) 
(Е) у = log,x — 1 (F) y = log,(x — 1) (G) у = log,(1 — x) (H) y = 1—1ор,х 


=3 


In Problems 75—90, use the given function f. 
(a) Find the domain of f. (b) Graph f. (c) From the graph, determine the range and any asymptotes of f. 
(d) Find f~t, the inverse of f. (e) Find the domain and the range of f~t. (f) Graph ft. 


\ 75. f(x) = In(x + 4) 76. f(x) = In(x — 3) 77. f(x) = 2 + ах 78. f(x) = -In(-x) 
79. f(x) = In(2x) - 3 80. f(x) = —2 In(x +1) 81. f(x) =log(x—4)+2 82 f(x) = jlogx -5 
\ 83. f(x) = i log(2x) 84. f(x) = log(—2x) 85. f(x) = 3 + log,(x + 2) 86. f(x) = 2 – log4(x + 1) 
87. f(x) = ех+2 – 3 88. f(x) 2 3e* + 2 89. f(x) = 235 +4 90. f(x) = 3:71 
In Problems 91-114, solve each equation. 
\ 91. log;x = 2 92. log; x = 3 93. log, (3x + 4) = 5 94. log,(3x — 2) = 2 
95. log, 16 = 2 96. log. (4) =з 97. inet = 5 98. In e? = 8 


99. log, 64 = x 100. log;625 = x 101. 1og,243 = 2x + 1 102. log, 36 = 5x + 3 


103. 


107. 
111. 


115. 


e? = 10 104. e = i 


log;(x? +4) = 2 108. Іор; (х2 +x 44) = 2 


5е02* = 7 112. 8 -1077 = 3 


Suppose that G(x) = log}; (2x + 1) — 2. 
(a) What is the domain of G? 
(b) What is G(40)? What point is on the graph of G? 


(c) If G(x) = 3, what is x? What point is on the graph 


of G? 
(d) What is the zero of G? 


105. е25+5 = 8 
109. log, 8* = —6 
113. 2 .102-* = 5 


116. 
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106. e ?**! = 13 
110. log,3* = —1 
114. 4e! = 5 


Suppose that F(x) = log,(x + 1) — 3. 


(a) What is the domain of F? 

(b) What is F( 7)? What point is on the graph of F? 

(c) If F(x) = —1, what is x? What point is on the graph 
of F? 

(d) What is the zero of F? 


Mixed Practice In Problems 117—120, graph each function. Based on the graph, state the domain and the range, and find any intercepts. 


117. 


119. 


| |In(-x) ifx «0 

ко = [86 ifx > 0 
-ln x iff0<x<l 

ко = {a ifx > 1 


Applications and Extensions 


121. 


122. 


Chemistry The pH of a chemical solution is given by the 
formula 
pH = —log,.[H*] 
where [H ] is the concentration of hydrogen ions in moles 
per liter. Values of pH range from 0 (acidic) to 14 (alkaline). 
(a) What is the pH of a solution for which [Н |15 0.1? 
(b) What is the pH of a solution for which [Н+ ] is 0.01? 
(c) What is the pH of a solution for which [Н * ] is 0.001? 
(d) What happens to pH as the hydrogen ion concentration 
decreases? 
(e) Determine the hydrogen ion concentration of an orange 
(pH = 3.5). 
(f) Determine the hydrogen ion concentration of human 
blood (pH = 7.4). 
Diversity Index Shannon's diversity index is a measure of 
the diversity of a population. The diversity index is given by 
the formula 


Н = —(p,logp, + p; logp, ++ Pp, log p,) 
where p, is the proportion of the population that is 
species 1, p, is the proportion of the population that is 
species 2, and so on. In this problem, the population is people 
in the United States and the species is race. 
(a) According to the U.S. Census Bureau, the distribution of 
race in the United States in 2021 was: 


White 
Black or African American 


American Indian and Alaska Native 


Asian 


Native Hawaiian and Other Pacific Islander 


Hispanic 


Two or More Races 


Source: U.S. Census Bureau 


Compute the diversity index of the United States 
in 2021. 


118. f(x) — | 


120. f(x) = | 


123. 


124. 


125. 


In(-x) їх<—1 
—ln(—x) Ї—1<х<0 


її «x 
—In x ifx >1 


In x 


(b) The largest value of the diversity index is given 
by H max = log(S), where S is the number of categories 
of race. Compute H nax- 


— —, where 
0 € Ey < 1. If Ey = 1, there is complete evenness. 
Compute the evenness ratio for the United States. 

(d) Obtain the distribution of race for the United States 
in 2010 and 2020 from the Census Bureau. Compute 
Shannor’s diversity index. Is the United States becoming 
more diverse? Why? 


(c) The evenness ratio is given by E, = 


Atmospheric Pressure The atmospheric pressure p on 
an object decreases with increasing height. This pressure, 
measured in millimeters of mercury, is related to the 
height Л (in kilometers) above sea level by the function 


ph) = 760e-9145^ 


(a) Find the height of an aircraft if the atmospheric pressure 
is 320 millimeters of mercury. 

(b) Find the height of a mountain if the atmospheric pressure 
is 667 millimeters of mercury. 


Healing of Wounds The normal healing of wounds can 
be modeled by an exponential function. If Ay represents 
the original area of the wound, and if A equals the area of the 
wound, then the function 


A(n) = Ал е—035п 


describes the area of a wound after п days following an injury 

when no infection is present to retard healing. Suppose that a 

wound initially had an area of 100 square millimeters. 

(a) If healing is taking place, after how many days will the 
wound be one-half its original size? 

(b) How long before the wound is 10% of its original size? 


Exponential Probability Between 12:00 рм and 1:00 рм, cars 
arrive at Citibank’s drive-thru at the rate of 6 cars per hour 
(0.1 car per minute). The following formula from probability 
can be used to determine the probability that a car will arrive 
within ¢ minutes of 12:00 рм. 


F(t) 21— eot 


(a) Determine how many minutes are needed for the 


probability to reach 50%. (continued) 
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(b) Determine how many minutes are needed for the 129. Current in an RL Circuit The equation governing the 
probability to reach 80%. amount of current I (in amperes) after time f (in seconds) 
(c) Is it possible for the probability to equal 100%? Explain. in a simple RL circuit consisting of a resistance R (in ohms), 
126. Exponential Probability Between 5:00 рм and 6:00 рм, cars ап inductance L (in henrys), and an electromotive force E 
arrive at Jiffy Lube at the rate of 9 cars per hour (0.15 car (in volts) is 
per minute). The following formula from probability can be l= Е [1 — e-R/Dx ] 
used to determine the probability that a car will arrive within R 
t minutes of 5:00 рм. If E — 12 volts, R — 10 ohms, and L — 5 henrys, how 
F(t) = 1 — e-945t long does it take to obtain a current of 0.5 ampere? Of 
(a) Determine how many minutes are needed for the 1.0 ampere? Graph the equation. 
probability to reach 5096. 130. Learning Curve Psychologists sometimes use the function 
(b) Determine how many minutes are needed for the probability L(t) = AQ е-и) 
to reach 80%. 


to measure the amount L learned at time t. Here A 

represents the amount to be learned, and the number К 

D(h) = 5e-04^ measures the rate of learning. Suppose that a student has an 

amount A of 200 vocabulary words to learn. A psychologist 

determines that the student has learned 20 vocabulary 

words after 5 minutes. 

(a) Determine the rate of learning k. 

(b) Approximately how many words will the student have 
learned after 10 minutes? 

(c) After 15 minutes? 

(d) How long does it take for the student to learn 180 

N(d) = P(1 — е-°54) words? 


127. Drug Medication The function 


can be used to find the number of milligrams D of a certain 
drug that is in a patient's bloodstream й hours after the 
drug was administered. When the number of milligrams 
reaches 2, the drug is to be administered again. What is the 
time between injections? 


128. Spreading of Rumors A model for the number N of people 
in a college community who have heard a certain rumor is 


where Р is the total population of the community and d is the 
number of days that have elapsed since the rumor began. In 
a community of 1000 students, how many days will elapse 
before 450 students have heard the rumor? 


Loudness of Sound Problems 131—134 use the following discussion: The loudness L(x), measured in decibels (dB), of a sound of intensity x, 
measured in watts per square meter, is defined as L(x) = 10 log Tu where I, = 10-1 watt per square meter is the least intense sound 
0 


that a human ear can detect. Determine the loudness, in decibels, of each of the following sounds. 


131. Normal conversation: intensity of x = 1077 watt per square 133. Heavy city traffic: intensity of x = 10-? watt per square 
meter. meter. 

132. Amplified rock music: intensity of 10-7! watt per square 134. Diesel truck traveling 40 miles per hour 50 feet away: 
meter. intensity 10 times that of a passenger car traveling 50 miles 


per hour 50 feet away, whose loudness is 70 decibels. 


The Richter Scale Problems 135 and 136 use the following discussion: The Richter scale is one way of converting seismographic readings 
into numbers that provide an easy reference for measuring the magnitude M of an earthquake. All earthquakes are compared to a 
zero-level earthquake whose seismographic reading measures 0.001 millimeter at a distance of 100 kilometers from the epicenter. An 
earthquake whose seismographic reading measures x millimeters has magnitude M (x), given by 


aA 
Xo 
where ху = 10-3 is the reading of a zero-level earthquake the same distance from its epicenter. In Problems 135 апа 136, determine the 
magnitude of each earthquake. 


M(x) = log 


135. Magnitude of an Earthquake Mexico City in 1985: relative risk R of having an accident while driving a car can 
seismographic reading of 125,892 millimeters 100 kilometers be modeled by an equation of the form 
from the center R = es 


136. Magnitude of an Earthquake San Francisco in 1906: 
seismographic reading of 50,119 millimeters 100 kilometers 
from the center 


where x is the percent concentration of alcohol in the 
bloodstream and k is a constant. 

(a) Suppose that a concentration of alcohol in the 
137. Alcohol and Driving The concentration of alcohol in a bloodstream of 0.03 percent results in a relative risk of 


є person’s bloodstream is measurable. Suppose that the an accident of 1.4. Find the constant k in the equation. 


(continued) 
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(b) Using this value of k, what is the relative risk if the example, if you reject the first 20% = 0.20 of individuals 
concentration is 0.17 percent? you date, the probability of finding the ideal mate is 
(c) Using the same value of k, what concentration of alcohol L(0.2) ~ 0.322. So, if you want the probability of finding 
corresponds to a relative risk of 100? the ideal mate to be greater than 0.332 and you are only 
(d) If the law asserts that anyone with a relative risk of willing to date up to 20 individuals, you should reject the first 
having an accident of 5 or more should not have driving 0.2(20) = 4 individuals before attempting to decide on the 
privileges, at what concentration of alcohol in the ideal mate. Presumably, you are using those first 4 individuals 
bloodstream should a driver be arrested and charged to help you decide which traits you value in a mate. 
with a DUI? (a) Determine and interpret L(0.1). 
(e) Compare this situation with that of Example 10. If you (b) Determine and interpret L (0.6). 
were a lawmaker, which situation would you support? (c) What is the domain of L? 
Give your reasons. | (d) Graph L = L(x) over the domain. 

138. The Marriage Problem There is an infamous problem (e) Judging on the basis of the approach suggested by the 
from mathematics that attempts to quantify the number of model, what is the value of x that maximizes L? What is 
potential mates one should date before choosing one’s “true the highest probability of finding the ideal mate? 
love.” The function 139. Challenge Problem Solve:log (log, x) = 1 

L(x) = —x Inx 140. Challenge Problem Solve:log;,[log,(log4x)] = 0 


represents the probability of finding the ideal mate after 141. Challenge Problem Solve:log,9***3 = x? +1 
rejecting the first x proportion of potential mates. For 


Explaining Concepts: Discussion and Writing 


142. Is there any function of the form у = x°,0 < a < 1, that 
increases more slowly than a logarithmic function whose 
base is greater than 1? Explain. New 1 2 3 4 5 


143. In the definition of the logarithmic function, the base a is not $38,000 $36,600 $32,400 $28,750 $25,400 $21,200 


9 
allowed ito equal Why: Use the formula New = Old(e^') to find А, the annual 


Age in Years 


144. Critical Thinking In buying a new car, one consideration depreciation rate, for a specific time t. When might be the 
might be how well the price of the car holds up over time. best time to trade in the car? Consult the NADA (*blue") 
Different makes of cars have different depreciation rates. book and compare two like models that you are interested 
One way to compute a depreciation rate for a car is given in. Which has the better depreciation rate? 


here. Suppose that the current prices of a certain automobile 
are as shown in the table. 


Retain Your Knowledge 


Problems 145—154 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


145. Find the real zeros of g(x) = 4x4 — 37x? + 9. What are 150. Find an equation of the line that contains the 
the x-intercepts of the graph of g? points (0, 1) and (8, —4). Write the equation in general 


/X146. Find the average rate of change of f(x) = 9* from 5 form. 


to 1. . Solve:|2x + 17| = 45 


147. Use the Intermediate Value Theorem to show that the . Forensic Science The relationship between the height H of 
function f(x) — 4x? — 2x? — 7 has a real zero in the an adult female and the length x of her tibia, in centimeters, 


interval [1, 2]. is estimated by the linear model Н (х) = 2.90x + 61.53. 
If incomplete skeletal remains of an adult female include a 
tibia measuring 30.9 centimeters, estimate the height of the 
female. Round to the nearest tenth. 


A complex polynomial function f of degree 4 with real 
coefficients has the zeros —1, 2, and 3 — i. Find the 
remaining zero(s) of f. Then find a polynomial function 
that has the zeros. For f(x) = x?, find fœ- f2) 


x=2 
. Solve: 2x? — 7x -1 = 0 Factor completely: 


(x5)* Tix — 3), iy = 8) EQ Ey" 


‘Are You Prepared?’ Answers 


1. (ax < 3 (b x < —2orx > 3 2. х «—Aorx > 1 
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4.5 Properties of Logarithms 


OBJECTIVES 1 Work with the Properties of Logarithms (p. 342) 
2 Write a Logarithmic Expression as a Sum or Difference of Logarithms (p. 344) 
3 Write a Logarithmic Expression as a Single Logarithm (p. 345) 
4 Evaluate Logarithms Whose Base Is Neither 10 nor e (p. 346) 

та 5 Graph a Logarithmic Function Whose Base Is Neither 10 nor е (р. 347) 


1 Work with the Properties of Logarithms 


Logarithms have some very useful properties that can be derived directly from the 
definition and the laws of exponents. 


| EXAMPLE 1 | Establishing Properties of Logarithms 


(a) Show that log,1 = 0. (b) Show thatlog,a = 1. 


Solution (а) This fact was established when we graphed у = log, x (see Figure 31 on 
page 330). To show the result algebraically, let у = log, 1. Then 


y = log, 1 
а> =1 Change to exponential form. 
a» = a? a? =1sincea > 0,az1 
y= Equate exponents. 
log, 1 = y 106,1 


y = log,a 
avy =a Change to exponential form. 
a» = а! a= a! 
y=1 Equate exponents. 
Іова = 1 у = log,a D 


To summarize: 


log =) ko a = di 


THEOREM Properties of Logarithms 
In these properties, М and а are positive real numbers,a = 1, and ris any real 
number. 
e The number log, M is the exponent to which a must be raised to obtain M. 
That is, 
aoea wT yf (1) 


* Thelogarithm with base a of a raised to a power equals that power. That is, 


[бе = (2) 
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The proof uses the fact that у = a* and у = log, x are inverse functions. 


Proof of Property (1) For inverse functions, 
f(f-'(x)) = х for all x in the domain of f^! 
Use f(x) = a* and f-'(x) = log, x to find 
ff (x) = аах = x forx > 0 


Now let x = M to obtain а!°®«М = M, where M > 0. н 


Proof of Property (2) For inverse functions, 
f (f(x) = х for all x in the domain of f 
Use f(x) = a* and f-!(x) = log, x to find 


f K((f(x)) = log,a* = x for all real numbers x 


Now let x = r to obtain log, a” = r, where r is any real number. a 
| EXAMPLE 2 | Using Properties of Logarithms (1) and (2) 
(a) 2!°®зх = т (b) logy 0.272 = —V2 (c) In e = kt NT 


\ Now Work PROBLEM 15 


Other useful properties of logarithms are given next. 


THEOREM Properties of Logarithms 


In these properties, M, N, and a are positive real numbers,a 1, and r is any 
real number. 


The Log of a Product Equals the Sum of the Logs 
log, (MN) = log, M + log, N (3) 
The Log of a Quotient Equals the Difference of the Logs 


tog, (47. = log, M — log, N (4) 


The Log of a Power Equals the Product of the Power and the Log 


log, М” = rlog, M (5) 


a’ = erma (6) 


We prove properties (3), (5), апа (6) and leave the proof of property (4) as an 
exercise (see Problem 109). 


Proof of Property (3) Let A = log, M and let В = log, N. These expressions are 
equivalent to the exponential expressions 


a^ = M and а8 = N 


Z 
© 
= 


log, (MN) = log,(a4a® ) = log, a^*? Law of Exponents 
= А + В Property (2) of logarithms 
= log, M + log, N п 
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Proof of Property (5) Let A = log, M. This expression is equivalent to 
a^ = M 
Now 


log, М” = log,(a^)' = log,a"^ Law of Exponents 
= rA Property (2) of logarithms 
= r log, M 


Proof of Property (6) Property (1), with a = e, gives 
enM — M 
Now let М = a’ and use property (5). 


gla — erma — qr = 


\ Now Work PROBLEM 19 


2 Write a Logarithmic Expression as a Sum 
or Difference of Logarithms 


Logarithms can be used to transform products into sums, quotients into differences, 
and powers into factors. Such transformations are useful in certain calculus problems. 


| EXAMPLE З | Writing a Logarithmic Expression as a Sum of Logarithms 


Write log, (xvx? +1 ), x > 0, аѕаѕит of logarithms. Express all powers as factors. 


Solution log,(xVx? + 1) = log, x + log, Vx? +1 — log,(M-N) = log, M + log, N 


= log, x + log, (x? +1)" 


= log,x + 7 log, (x? +1) log,M' =r log, M 


-B 
| EXAMPLE 4 | Writing a Logarithmic Expression as a Difference of Logarithms 
Write 
2 
ш —^— x>1 
(x — 1) 
as a difference of logarithms. Express all powers as factors. 
‚ 2 
Solution n> =Inx? — а(х —1)? 221nx — 3 In(x — 1) 
X — 
log (4) = I. М —log,N 1log,M'—r]log, M 
a N a a а а _B 


| ЕХАМРІЕ 5 | Writing а Logarithmic Expression as а Sum 


and Difference of Logarithms 
Write 


Vx? +1 


———— x>0 
а x3(x + 1)“ 


log 


as a sum and difference of logarithms. Express all powers as factors. 


(continued) 
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Solution Vx? 

A oo = log, Vx? + 1 — log,[x?(x + 1)*] Property (4) 

CAUTION In using properties xix 
о ii m caben ио ME CL 
For example, the domain of the variable = log, (x? + 1)? — log, x? — log, (x + 1) 
for log, x is x > 0 and for log, (x — 1) 1 
e E E these о аге = 5 log, (x? +1) – 3 105,х —4log,(x + 1) Property "a 
added, the domain is x > 1. That ts, 


log, x + log,(x — 1) = log,[x(x — 1)] 
is true only for x > 1. m \ Now Work PRoBLEM 51 


3 Write a Logarithmic Expression as a Single Logarithm 


Another use of properties (3) through (5) is to write sums and/or differences of 
logarithms with the same base as a single logarithm. This skill is needed to solve 
certain logarithmic equations discussed in the next section. 


| EXAMPLE | Writing Expressions as a Single Logarithm 


Write each of the following as a single logarithm. 


(а) log, 7 + 4100,3 (b) = In8 — In(5? — 1) 


(c) log, x + log, 9 + log, (x? + 1) — log,5 


Solution (а) log,7+ 41og,3 = log, 7 + log, 3^ у log, M = log, М” 
= log, 7 + log, 81 


= log,(7 - 81) log, M + log, N = log, (M · №) 
— log,567 
(b) Z Ing In(5? — 1) = In82/3 — In(25 — 1) r log, M = log, M' 
= In4 — In24 87/3 = (78)? = 22 = 4 
т _ M 
= n=} log, M — log, N = log, |50) 
1 
=) 
"46 
= ]n1— In6 


(c) log, x + 1og,9 + log, (x? + 1) — log,5 = log, (9x) + log, (x? + 1) – log,5 
= log, [9x(x? + 1)] - log,5 
9х(х? + D] 
5 


= log, 


— 


ZÆ CAUTION А common error that some students make is to express the logarithm of a sum as the 
sum of logarithms. 


log,(M+N) isnotequalto log, M + log, N 
Correct statement log, (MN) = log, MF log, N Property (3) 
Another common error 15 to express the difference of logarithms as the quotient of logarithms. 


log, M 


log, M —log,N 15 not equal to 
log, N 


Correct statement (09, M — log, N = log, | М) Property (4) 


(continued) 
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A third common error is to express a logarithm raised to a power as the product of the power times 


the logarithm. 


Correct statement 


(log, M)" 


is notequalto rlog, M 


\ Now Work PROBLEMS 57 AND 63 


log, M" = rlog, M Property (5) a 


Two other important properties of logarithms are consequences of the fact that 
the logarithmic function y = log, x is a one-to-one function. 


THEOREM Properties of Logarithms 


In these properties, M, N, and a are positive real numbers,a = 1. 


elf М = N,thenlog, M = log, N. 


* If log, M — log, N, then M — N. 


Property (7) is used as follows: Starting with the equation M — N, *take the 
logarithm of both sides” to obtain log, M = log, №. 

Properties (7) and (8) are useful for solving exponential and logarithmic equations, 
a topic discussed in the next section. 


4 Evaluate Logarithms Whose Base Is Neither 10 nor e 


Logarithms with base 10— common logarithms — were used to facilitate arithmetic 
computations before the widespread use of calculators. (See the Historical Feature 
at the end of this section.) Natural logarithms —that is, logarithms whose base is 
the number e— remain very important because they arise frequently in the study of 


natural phenomena. 


Common logarithms are usually abbreviated by writing log, with the base 
understood to be 10, just as natural logarithms are abbreviated by In, with the base 


understood to be e. 


Most calculators have both |log 
and the natural logarithm of a number, respectively. Let's look at an example to see 
how to approximate logarithms having a base other than 10 or e. 


| EXAMPLE7 | Approximating a Logarithm Whose Base Is Neither 10 Nor e 


Approximate log, 7. Round the answer to four decimal places. 


and 


In 


keys to calculate the common logarithm 


Solution — Remember, evaluating log, 7 means answering the question “2 raised to what 
exponent equals 7?" Let у = log, 7. Then 2” = 7. Because 2? = 4 and 2? = 8, 
the value of log, 7 is between 2 and 3. 


22 шї] 
In2» — In7 
yln2 — In7 

. In7 

У 2 


y & 2.8074 


Property (7) 
Property (5) 


Exact value 


Approximate value rounded to four decimal places D 
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Example 7 shows how to approximate a logarithm whose base is 2 by changing 
to logarithms involving the base e. In general, the Change-of-Base Formula is used. 


THEOREM Change-of-Base Formula 


Ifa = 1, b = 1, and M are positive real numbers, then 


Proof Let y — log, M. Then 
a = M 
log,a” = log, M Property (7) 
ylog,a = log, M Property (5) 
. log, M 


= Solve for у. 
log, a 
e TECHNOLOGY NOTE Some log, M 
calculators have features for evaluating log, M = log,a y = log, M a 
b 


logarithms with bases other than 10 
or e. For example, the TI-84 Plus CE has 
the logBASE function (under Math > 
Math > A :logBASE). Consult the user's 


Because most calculators have keys for log! and | In], in practice, the 


manual for your calculator. п Change-of-Base Formula uses either b = 10 or b = e. That is, 
log, M — ЕМ апа log,M = Ш 
loga Ina 


| EXAMPLE 8 | MPLE 8 Using the Change-of-Base Formula 


Approximate: 
(a) log; 89 (b) log 5 V5 
Round answers to four decimal places. 
. log89 log V5 
Solution log,89 — ~ 2.7889 Е d 
(a) log; Jos (b) log z V5 = jos 2.3219 
or or 
In 89 In V5 
log; 89 = = 2.7889 = S 
оё; Ins log V5 = nuo ^ 23219 


\ Now Work PROBLEMS 23 AND 71 


D. 5 Graph a Logarithmic Function Whose Base Is Neither 10 nor e 


The Change-of-Base Formula also can be used to graph logarithmic functions whose 
bases are neither 10 nor e. 


| EXAMPLES | Graphing a Logarithmic Function Whose Base Is Neither 10 Nor e 


Use a graphing utility to graph у = log, x. 


(continued) 
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Solution 


NORMAL FLOAT AUTO REAL RADIAN MP ü 


=2 


Figure 41 у = log; x 


SUMMARY 
Properties of Logarithms 


with base 10 or base e. Graph either y = е or 


Let’s use the Change-of-Base Formula to express y = log, x in terms of logarithms 


_ logx 
In 2 У < log2 


to obtain the graph of 


y = log, x. See Figure 41. 


0 Vv Check: Verify that y = — andy = оё > result in the same graph by graphing both 
og 
on the same screen. D 


\ Now Work PROBLEM 79 


In the list that follows, a,b, М, N, апа rare real numbers. Also,a > 0, а = 1,b > 0,Ь = 1, М > 0, апал > 0. 


Definition 
Properties of logarithms log, 1 = 0 


а“ым = M 


y = log, x if and only if x = a» 


*log,a—l • log, M' = F log, M 


*log,a’ =r опседа 


log,(MN) = 106, M + log,N e log, (57) = log, М — log, N 


If M = N,thenlog, M = log, №. 


Change-of-Base Formula log, 


Historical Feature 


ogarithms were invented about 1590 by 

John Napier (1550—1617) and Joost Burgi 

(1552—1632), working independently. 
Napier, whose work had the greater influence, 
was a Scottish lord, a secretive man whose 
neighbors were inclined to believe him to 
be in league with the devil. His approach to 
logarithms was very different from ours; it was 
based on the relationship between arithmetic 
and geometric sequences, discussed in a 
later chapter, and not on the inverse function 
relationship of logarithms to exponential 


John Napier 
(1550-1617) 


4.5 Assess Your Understanding 


Concepts and Vocabulary 


. log,1 = 


n ANE 
Z 
© 
ga 
a 
j 
[ 


log, ( MN) = + 
M = — 
log, [A] = 
(1. Now Work Q 1. Modeling 


1. Writing та 1. Graphing Tech 


* If log, M = log, N thon M = N. 


functions (described in Section 4.4). Napier's tables, published in 
1614, listed what would now be called natural logarithms of sines and 
were rather difficult to use. A London professor, Henry Briggs, became 
interested in the tables and visited Napier. In their conversations, they 
developed the idea of common logarithms, which were published in 
1617. The importance of this tool for calculation was immediately 
recognized, and by 1650 common logarithms were being printed as 
far away as China. They remained an important calculation tool until 
the advent of inexpensive handheld calculators in about 1972, which 
has decreased their calculational—but not their theoretical-importance. 

Aside effect of the invention of logarithms was the popularization 
of the decimal system of notation for real numbers. 


6. log, M" = 


7. Iflog, M = 8:7 ыам = 
log; 8 
In(x + 3) 


8. True or False ln(x + 3) — In(2x) = 
In(2x) 


A Calculus Preview == 1. Applet-Based 
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9. True or False log, (3х*) = 4 log, (3x) 12. Multiple Choice Writing log, x — log, y + 2 log, zasa 
2 log 2 single logarithm results in which of the following? 
10. True or False log{ =) = xz? 
3/  log3 (a) log,(x — y + 2) (b) log, E 
11. Multiple Choice Choose the expression equivalent to 2*. y 
(a) &?* (b) erh? (e) ee (0) e? © log, [25] ө tog, |2.) 
y yz 
Skill Building 
In Problems 13—28, use properties of logarithms to find the exact value of each expression. Do not use a calculator. 
13. log, 729 14. log, 2-3 \ 15. In e~ 16. In e? 
17. 91813 18. ei^ \ 19. logs 2 + log, 4 20. 108,9 + log, 4 
21. log; 35 — log;7 22. log, 16 — log,2 \ 23. log, 6 · log, 8 24. log,8 · log, 9 
25. 41046-10845 26. 51og56--1og57 27, е!8.2 16 28. e829 


In Problems 29-36, suppose that\n 2 = aand\n3 = b. Use properties of logarithms to write each logarithm in terms of a and b. 


29. In 6 30. ШЕ 31. In L5 32. In 0.5 
33. In 8 34. In 27 35. In V6 36. In {2 
In Problems 37-56, write each expression as a sum and/or difference of logarithms. Express powers as factors. 
37. log, (36x) 38. 10839 39. Іов; уб 40. log; х5 
41. In(ex) 42. In € 43. In Š 44. In(xe* ) 
x e* 
45. log, (u2v3) u>0,v>0 46. log, (4) a>0,b>0 47. (х2 VIZ x) 0«x«1 
3 3/52 
48. In(xvI +x?) x>0 49. og (——] х> 3 50. log,| id +) x>1 
х= X^ = 
3 2 _ E 1/3 
N 51. log 72) x>0 52 log TL x > 2 53. 1п|^ mi >2 
(x + 3) (x — 2) (x + 4) 
Е. 2 12/3 23H _ 
54. In| = 4) x>4 55. n EE Sy 56. n 2 — X | шу] 
x? -1 (x — 4) 4(х +1) 
In Problems 57—70, write each expression as a single logarithm. 
N 52.3 Іор;и + 4 logsv 58. 2 log,u — log, v 59. log, Vx — log,x3 
60. log, (=) + logs(4} 61. log, (x? — 1) — 5 log, (x + 1) 62. log(x? + 3x + 2) — 2 log(x + 1) 
X x 
x: x41). "M 2-3) КЕЕ JS а 4 
\ 63. In( ——) + In + | In(x? -1) 64 log > log[ 7 65. 8 log, V3x — 2 log; (^) + 108,4 
66. 21 log, Vx + log,(9x2) -log,9 67. 2 log, (5x3) — j log, (2x +3) 68. 1 log(x3 +1) + 5 logo? +1) 
69. 21og; (x + 1) — log, (x + 3) – log; (x — 1) 70. 3 100; (3х + 1) — 21og5 (2x — 1) — logs x 


In Problems 71-78, use the Change-of-Base Formula and a calculator to evaluate each logarithm. Round your answer to three decimal 
places. 


\ т, log,21 72. 106,18 73. 1081371 74. 1081215 
75. log 47 76. log 8 77. loge 78. log, V2 

ДД 

(& In Problems 79-84, graph each function using a graphing utility and the Change-of-Base Formula. 

\ 79. у = log, x 80. y = log; x 81. у = log, (x + 2) 


82. у = log,(x — 3) 83. y = log, (x +1) 84. y log .42(x% — 2) 
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85. Mixed Practice If f(x) = In x, g(x) = е", 
and h(x) = х2, find: 
(a) (f o g)(x). What is the domain of f o g? 
(b) (g o f)(x). What is the domain of g o f? 
(с) (f o &)(5) 
(d) (f o A)( x). What is the domain of f o A? 
(е) (f o А)(е) 


Applications and Extensions 


86. Mixed Practice If f(x) = log, x, g(x) = 2*, 
and h(x) = 4x, find: 
(а) (f o g)( x). What is the domain of f o g? 
(b) (g o f)(x). What is the domain of g o f? 
(с) (f o g)(3) 
(d) (f o h)( x). What is the domain of f o A? 
(e) (f o Л)(8) 


In Problems 87—96, express y as a function of x. The constant C is a positive number. 


87. In C 

89. In y = In x + In(x + 1) - In C 
91. In y = 3x + In C 

93. In(y — 3) = -4x + In C 


In y = Inx + 


95. 3 In y =F in(2x +1) — 5 In(x + 4) + С 


97. Find the value of log,3 -log,4-log,5 -log;6-log,7-log,8. 


99, Find the value of log,3-log,4----- Іор „(и + 1)-log,,,;2. 


88. In y = In(x + C) 

90. In y = 2 In x — ln(x + 1) - In C 
92. In y = —2x + ln C 

94. In(y + 4) = А! 


9б.21пу=—— 5 шх + 3 In? +1) + 1С 
98. Find the value of log,4 · log,6 · log,8. 

100. Find the value of log,2 - 105,4 · 105,8 ----- 109,2". 

102. Show that log ,(Vx + Vx — 1) + log,(Vx — Ух —1) = 0 
f(x) h 


101. Show that log, (x + ух? — 1) + log, (x — Nx? — 1) = 0. 
103. Show that In(1 + e?*) = 2x + In(1 + e?*). 
104. Difference Quotient If f(x) = log, x, show that f + a = 


105. If f(x) = log, x, show that —f(x) = logy), x. 


107. If f(x) = log, x, show that f(=) = —/(х). 


109. Show that log, (] = log, M — log, N, where a, M, and 


N are positive real numbers anda = 1. 


111. , where a 


Challenge Problem Show that log, b = 1 
log, a 


and b are positive real numbers,a = 1, апар = 1. 


113. Challenge Problem Show that log, b" = Т log b, 
n 


where a, b, m, and n are positive real numbers, a = 1, 
andb = 1. 


Explaining Concepts: Discussion and Writing 


115. Graph Y, = log(x?) and Y, = 2 log(x) using a graphing 
utility. Are they equivalent? What might account for any 
differences in the two functions? 


116. Write an example that illustrates why (log, x)’ = rlog, x. 


Retain Your Knowledge 


1/h 
= log, (1+ 4) , hz0. 
x 
106. If f(x) = log, x, show that f( AB) = f(A) + fCB). 
108. 


If f(x) = log, x, show that f(x^) = af(x). 


110. Show that log, | x) = —log, №, where a and N are positive 


real numbers anda = 1. 


112. Challenge Problem Show thatlog - m = log, m?, where a 


and m are positive real numbers anda = 1. 


114. Challenge Problem Find n: 


log,3 · log;4 · log,5-----log,(m +1) = 10 


117. Write an example that illustrates why 
log;(x + у) = log, x + log; y 


118. Does 310° (-9 = —5? Why or why not? 


Problems 119-128 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


3x? 


119. Use a graphing utility to solve x? 8 = 0. 


Е Round answers to two decimal places. 


4x 4 


120. Without solving, determine the character of the solution 
of the quadratic equation 4x? — 28x + 49 = 0 in the 
complex number system. 


121. Find the real zeros of 


f(x) = 5x2 + 44x4 + 16x? + 95x? — Ax — 4 


. Graph f(x) = V2 — x using the techniques of shifting, 
compressing or stretching, and reflecting. State the domain 
and the range of f. 


123. 
124. 


125. 


Find the domain of f(x) = 24/3 — 5x — 4. 

Solve:4 |x + 1] 9 < 23 

Find the vertex of f(x) = 50 + 4х + 5, and 
determine if the graph is concave up or concave down. 


126. Find the center and radius of the circle 


? — 10x + y? + 4y = 35 


. Find the average rate of change f (x) = x? from —1to3. 
5x? — 3x4 


. Is the function f(x) — E 
X 


neither? 


even, odd, or 
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4.6 Logarithmic and Exponential Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Using a Graphing Utility to Solve Equations e Solving Equations Quadratic in Form (Section 2.3, 
(Appendix B, Section B.4, pp. B6-B8) pp. 156-158) 
* Solving Quadratic Equations (Section 2.3, pp. 149-155) 


\ Now Work the ‘Are You Prepared?’ problems on page 355. 


OBJECTIVES 1 Solve Logarithmic Equations (p. 351) 
2 Solve Exponential Equations (p. 353) 


m 3 Solve Logarithmic and Exponential Equations Using a Graphing 
Utility (p. 354) 


1 Solve Logarithmic Equations 


In Section 4.4, we solved logarithmic equations by changing a logarithmic expression 
to an exponential expression. That is, we used the definition of a logarithm: 


V = log л it andonlyit k = ay oe Op @ И 


For example, to solve the equation log, (1 — 2x) = 3, write the logarithmic equation 
as an equivalent exponential equation 1 — 2х = 2 and solve for x. 
log,(1—2x)= 3 
1—2x = 23 Change to exponential form. 
—2х = 7 Simplify. 


x= A Solve. 
2 


You should check this solution for yourself. 

For most logarithmic equations, some manipulation of the equation (usually using 
properties of logarithms) is required to obtain a solution. Also, to avoid extraneous 
solutions with logarithmic equations, determine the domain of the variable first. 

Let's begin with an example of a logarithmic equation that requires using the fact 
that a logarithmic function is a one-to-one function: 


Iflog,M = log, N, then M = N, where M, №, апа a are positive and a = 1. 


| EXAMPLE 1 | Solving a Logarithmic Equation 


Solve:2 log; x = log;9 


Solution The domain of the variable in this equation is x > 0. Note that each logarithm has 
the same base, 5. Now use properties of logarithms to solve the equation. 


21log;x = log;9 


Xx? —9 Iflog, M = log, N, then M = М. 
x —3 or x ——3 


Since the domain of the variable is x > 0, —3 is extraneous and is discarded. 


(continued) 
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o check: 2 log 3 = 10259 


108532 = log;9 rlog, M = log, М” 
log;9 = log;9 
The solution set is {3}. -» 


\ Now Work PROBLEM 17 


Often one or more properties of logarithms are needed to rewrite the equation 
as a single logarithm. In the next example, the log of a product property is used. 


| EXAMPLE 2 | Solving a Logarithmic Equation 


Solve: log;(x + 6) + logs(x +2) = 1 


Solution Тһе domain of the variable requires that x + 6 > 0 and x + 2 > 0, so x > —6 
and x > —2. This means any solution must satisfy x > —2. To obtain an exact 
solution, first express the left side as a single logarithm. Then change the equation to 
an equivalent exponential equation. 

log;(x + 6) + log,(x+2)=1 
logs[(x + 6) (х + 2)1 = 1 log, M + log, N = log, (MN) 
(x + 6)(x +2) = 5! Change to exponential form. 


x? + 8х + 12 = 5 Multiply ош. 
Æ CAUTION А negative solution x24+8x+7=0 Place the quadratic equation in standard form. 
is not automatically extraneous. You (х+7)(х+1)=0 fastis 
must determine whether the potential ` 
х=—7 or x= -1 Use the Zero-Product Property. 


solution causes the argument of any 


logarithmic expression in the equation 
to be negative or 0. m Only x = —1 satisfies the restriction that x > —2, so x = —7 is extraneous. The 


solution set is {—1}, which you should check. E 


\ Now Work PROBLEM 25 


| EXAMPLE З | Solving a Logarithmic Equation 


Solve:Inx = ln(x + 6) — ln(x — 4) 


Solution Тһе domain of the variable requires that x > 0,x + 6 > 0, and x — 4 > 0. As a 
result, the domain of the variable here is x > 4. Begin the solution using the log of 
a difference property. 


Inx = In(x + 6) - In(x — 4) 


x46 M 
Inx = (15) In M - In N = що) 
patti If In M = InN, then M = N. 
x—4 
x(x—4)=x+6 Multiply both sides by x — 4. 
x? — 4х =х+6 Distribute. 
x? — 5x- 6 = Place the quadratic equation in standard form. 
(x—6Xx+1)=0 Factor. 
x=6 or х=—1 Use the Zero-Product Property. 


Because the domain of the variable is x > 4, discard —1 as extraneous. The solution 
set is {6}, which you should check. B 
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Z\ CAUTION In using properties of logarithms to solve logarithmic equations, avoid using the 
property log, X" = r log, x, when r is even. The reason can be seen in this example: 


Solve: log; x? = 4 


Solution: The domain of the variable x is all real numbers except 0. 


(а) log3x* = 4 (0) log,x? = 4 log,x' = rlog,x 
x? = 34 = 81 Changetoexponentialform. 2 1005 — 4  pemainof variableisx > U. 
x=-9orx = 9 log,x = 2 
х= 9 


Both —9 and 9 are solutions of log, x? = 4 (as you can verify). The solution in part (b) does not find 
the solution —9 because the domain of the variable was further restricted due to the application of 
the property log, x" = rlog, x. и 


\ Now Work PROBLEM 35 


2 Solve Exponential Equations 


In Sections 4.3 and 4.4, we solved exponential equations algebraically by expressing 
each side of the equation using the same base. That is, we used the one-to-one 
property of the exponential function: 


Tog = a". henu = vV where a>Oanda = 1. 


For example, to solve the exponential equation 4?**! = 16,noticethat16 = 4?anduse 
the one-to-one property to obtain the equation 2x + 1 = 2, from which we find x = 1 


Not all exponential equations can be expressed so that each side of the equation 
has the same base. For such equations, other techniques often can be used to obtain 
exact solutions. 


| EXAMPLE 4 | Solving Exponential Equations 
Solve: (a) 2* 2 5 (b) 8.3: = 5 
Solution (a) Because 5 cannot be written as an integer power of 2(2? — 4 and 2? — 8), 


write the exponential equation as the equivalent logarithmic equation. 


25 25 
In 5 


= 100,5 = — 
P 982 T In2 


Change-of-Base Formula 


Alternatively, the equation 2* = 5 сап be solved by taking the natural logarithm 
(or common logarithm) of each side. 


2х = 5 
In2* = In5 IfM = N,thenIn M = InN. 
х2 = 5 ln М" —-rin M 


x= In5 Exact solution 
In2 
а 2.322 Approximate solution 
The solution set is i25) 
In2 
(b 8-3% = 5 
5 
3х == Solve for 3. 
8 TUN (continued) 
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| | s | 
бү ER 
x = log, (s) TUS Exact solution 
x —0.428 Approximate solution 
In | 5) 
The solution set is Өт» 
In3 _B 


\ Now Work PROBLEM 47 


| EXAMPLE 5 | Solving an Exponential Equation 


Solve: 347^ = 33х+2 


Solution In this equation, the bases are 3 and 5, and we cannot express one as a power of 
the other as we did in Section 4.3 (pp. 319-320). Instead begin by taking the natural 
logarithm of both sides and then use the fact that In M” = r ln M. This results in an 
equation we know how to solve. 


5х-2 — 38x42 


In 5*-? = In 39:42 If M = N,In M = In N. 
NOTE Because of the properties of (x = 2) ln5 = (3x + 2) А3 [ам = тш 
logarithms, exact solutions involving (In5)x —21n5 = (31n3)x + 21n3 Distribute. 
Е often can lone in (In5)x — (31n3)x =21n3+21n5 Place terms involving x on the left. 
multiple ways. For example, the solution _ 
1055-2 = 33%+2 from Example 5 can be (In5 — 3 ln 3)x = 2(In3 + In5) Factor. 
expressed equivalently as ae ма x= EU 0) Exact soluti 
p dei y In5 — In27 = h5 3h33 xact solution 
ae (wy among others. Do you see д —3.212 Approximate solution 
27 
why? : — € ови n5) 
e solution set is T 377 di 


\ Now Work PROBLEM 57 


| EXAMPLES | Solving an Exponential Equation That Is Quadratic in Form 


Solve:4* — 2* – 12 = 0 


Solution Note that4* = (22)* = 2?* = (2*)?,so the equation is quadratic in form and can 
be written as 


(23)? — 2* —12 = 0 Letu = 25; ћепи? — и — 12 = 0. 
Now factor as usual. 
(2* — 4)(2* +3) = 0 Си = du +3) = 0 


2*—4=0 or 2% +3=0 “w-4=0 or 0403 = 0 
2х = 4 2х = –3 DE 2020Ж =й и = 2* = —3 


The equation on the left has the solution x = 2; the equation on the right has no 
solution, since 2* > 0 for all x. The solution set is {2}. B 


\ Now Work PROBLEM 65 


fad) 


4 3 Solve Logarithmic and Exponential Equations Using a 
Graphing Utility 
The algebraic techniques introduced in this section to obtain exact solutions can be 
XS used to solve only certain types of logarithmic and exponential equations. Solutions 
for other types are generally studied in calculus, using numerical methods. For such 
types, we can use a graphing utility to approximate the solution. 
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| EXAMPLE 7 | Solving Equations Using a Graphing Utility 


Solve:x + e* = 2 


Express the solution(s) rounded to two decimal places. 


Solution The solution is found using a TI-84 Plus CE by graphing Y, = x + e*and Y, = 2as 
shown in Figure 42(a). Note that because Y, is an increasing function (do you know 
why?), there is only one point of intersection for Y, and Y,. Using the INTERSECT 
command reveals that the solution is 0.44, rounded to two decimal places. 
Figure 42(b) shows the solution using Desmos. 


NORMAL FLOAT AUTO REAL RADIAN МР 


CALC INTERSECT 
grate 


Y, — x e* 


ÜTntersection 
Х=.чч285ЧЧ 


yz2 


ñ 


Figure 42 (a) TI-84 Plus СЕ 
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4.6 Assess Your Understanding 


(b) Desmos —» 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve x? — 7x — 30 = 0. (pp. 150-151) 


graphing utility. (pp. B6-B8) 


Skill Building 


|3. Approximate the solution(s) to х? = x? — 5 using a 


2. Solve (x + 3? — 4(x + 3) + 3 = 0. (pp. 156-158) 
) 4. Approximate the solution(s) to x? — 2x + 2 = 0 using a 


graphing utility. (pp. B6-B8) 


In Problems 5—44, solve each logarithmic equation. Express irrational solutions in exact form. 


5. log, x = 2 6. log(x +6) = 1 7. log, (5x) = 4 
8. log; (3x —1) = 2 9. log,(x + 12) = log,7 10. log; (2x + 11) = log;3 
11. log,|x| = 3 12. log,|x — 7| = 4 13. 1og;|2x — Ц = log; 13 
14. log,|3x + 4| = log,|5x — 12| 15. 5 log, x = 3 log, 2 16. —2 log, x = log,9 

N 17. 3 log, x = —log, 27 18. 2 log; х = 31og;4 19. 2 log; (x + 5) + log,9 = 2 
20. 21og4(x + 20) — 10525 = 2 21. log x + log(x + 15) = 2 22. log x + log (x — 21) = 2 
23. log(7x + 6) = 1+ log(x — 1) 24. log(2x) — log(x -3) = 1 N 25. log;(x + 7) - log,(x + 8) = 1 
26. log; (x + 4) + log; (x + 3) = 1 27.1og;(x + 6) = 1 — logg (x +4) 28.log;(x + 3) 21— log;,(x — 1) 
29. Inx+In(x+2)=4 30. In(x + 1)— In x = 2 31. logy(x + 8) + logg(x +7) = 2 
32. log; (x + 1) + log; (x + 7) = 3 33. log;s(x? + x) -logy4(x? — x) = -1 M.log,(x? — 9) — log,(x + 3) = 3 


N 35. log, (x — 1) — log, (x + 6) = log,(x — 2) — log, (x + 3) 


37. 2 logs(x — 3) — log;8 = log;2 


39. 2 log; (x + 2) = 3 log,2 + log,4 


(1. Now Work @ 1. Modeling 1. Writing 


36. log, x + log,(x — 2) = log, (x + 4) 
38. log, x — 2 log,5 = log,(x + 1) — 2 log,10 


40. 3(log; x — 1092) = 2 1084 


9 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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41. 


43. 


2 logy3(x + 2) = log,;,(4x + 7) 


(log, x)? — 31og4 x = 10 


42. 


44. 


log(x – 1) = 51082 
lnx- 3У ах +2 = 0 


In Problems 45—76, solve each exponential equation. Express irrational solutions in exact form. 


45. 
49. 


53. 


61. 
\ 65. 


69. 


\ 47. 2х = 10 


2:5 = 8 46. 5-* = 25 48. 3* = 14 
8^ = 12 50. 2-* = 1.5 51. 5(23*) = 8 52. 0.3(4%2:) = 0.2 
х 1-х 
31-25 = 4s 54. 2*+1 = 51-2 55. (3) = 7!—* 56. (2) = 5 
\ 57.1.2" = (0.5) 58. 0.314 = 1.721 59. 51: = ех 60. ех+3 = т" 

225 -2* -12- 0 62.35 + 3* -2 = 0 63. 325 + 351 4 = 0 64. 22: 27122 12 = 0 
16* + 4741-3 = 0 66.9: 5351 412 0 67. 25: — 8.5: = —16 68.36: — 6-6" = —9 
3.4* 4.2: 820 — 762.49: 11.7: 45 = 0. 71. 4*-10-4-~ = 3 72.3: 14.3 = 5 
EE eg qu 5 18 6,2. 9 176, E Sa 

2 `2 “2 “2 


@ 


73. 


[Hint: Multiply each side by e*.] 


In Problems 77—90, use a graphing utility to solve each equation. Express your answer rounded to two decimal places. 


77. 
79. 


Іов; (х + 1) – 1ор,(х—2)=1 


ех = —х 80. ех = x + 2 
ех = х? 83. In x = —x 
Inx = x3-1 86. In x = —x? 
e*—inx-4 89. e= = In x 


Applications and Extensions 


91. 


92. 


93. 


94. 


95. 


f(x) = log; (x + 3) and g(x) = log; (3x + 1). 

(a) Solve f(x) = 3. What point is on the graph of f? 

(b) Solve g(x) — 4. What point is on the graph of g? 

(c) Solve f(x) — g(x). Do the graphs of f and g intersect? 
If so, where? 

(d) Solve (f + g)(x) = 7. 


(e) Solve (f — g)(x) = 2. 


f(x) = log,(x + 5) and g(x) = log,(x — 1). 

(a) Solve f(x) = 2. What point is on the graph of f? 

(b) Solve g(x) = 3. What point is on the graph of g? 

(с) Solve f(x) = g(x). Do the graphs of f and g intersect? 
If so, where? 

(d) Solve (f + g)(x) 


(e) Solve (f — g)(x) 


(a) If f(x) = 3**1andg(x) = 2**?, graph f and g on the 
same Cartesian plane. 

(b) Find the point(s) of intersection of the graphs of f and g 
by solving f(x) — g(x). Round answers to three 
decimal places. Label any intersection points on the 
graph drawn in part (a). 

(c) Based on the graph, solve f(x) > g(x). 

(a) If f(x) = 5*1 and g(x) = 2**!, graph f and g on the 
same Cartesian plane. 

(b) Find the point(s) of intersection of the graphs of f and g 
by solving f(x) — g(x). Label any intersection points 
on the graph drawn in part (a). 

(c) Based on the graph, solve f(x) > g(x). 


zu 
2. 


(a) Graph f(x) = 3* andg(x) = 100n the same Cartesian 
plane. 

(b) Shade the region bounded by the y-axis, f(x) = 3*, and 
g(x) = 10on the graph drawn in part (a). 


78. log, (x 


96. 


97. 


98. 


99. 


100. 


101. 


1) – logę(x +2) = 2 


81. ех = x? 
84. In(2x) = —x + 2 
87. ех + ах = 4 


90. e-* = – x 


(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 


(a) Graph f(x) = 2*and g(x) = 12 оп ће same Cartesian 
plane. 

(b) Shade the region bounded by the y-axis, f(x) = 2*,and 
g(x) = 12 оп the graph drawn in part (a). 

(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 


(a) Graph f(x) = 2**! and g(x) = 2-**? on the same 
Cartesian plane. 

(b) Shade the region bounded by the y-axis, f(x) = 2**!, 
and g(x) = 27:72 on the graph drawn in part (a). 

(с) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 

(a) Graph f(x) = 3-**! and g(x) = 3*7? on the same 
Cartesian plane. 

(b) Shade the region bounded by the y-axis, f(x) — 3-**!, 
and g(x) = 3*-?on the graph drawn in part (a). 

(с) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 

(a) Graph f(x) — 2* — 4. 

(b) Find the zero of f. 

(c) Based on the graph, solve f(x) < 0. 

(a) Graph g(x) = 3* — 9. 

(b) Find the zero of g. 

(c) Based on the graph, solve g(x) > 0. 


A Population Model The resident population of the United 
States in 2019 was 329 million people and was growing at 
a rate of 0.7% per year. Assuming that this growth rate 
continues, the model P(t) = 329(1.007)'-??? represents 
the population P (in millions of people) in year t. 
(continued) 


102. 


103. 


104. 


(a) According to this model, when will the population of the 
United States be 415 million people? 

(b) According to this model, when will the population of the 
United States be 470 million people? 


Source: U.S. Census Bureau 


A Population Model The population of the world in 2019 

was 7.71 billion people and was growing at a rate of 1.1% per 

year. Assuming that this growth rate continues, the model 

P(t) = 7.71(1.011)'-??? represents the population P (in 

billions of people) in year t. 

(a) According to this model, when will the population of the 
world be 9 billion people? 

(b) According to this model, when will the population of the 
world be 12.5 billion people? 

Source: U.S. Census Bureau 

Depreciation The value V of a Chevy Cruze LT that is t years 

old can be modeled by V(t) = 19,200(0.82)'. 

(a) According to the model, when will the car be worth 
$12,000? 

(b) According to the model, when will the car be worth 
$9000? 

(c) According to the model, when will the car be worth 
$3000? 

Source: Kelley Blue Book 


Depreciation The value V of a Honda Civic LX that is t years 
old can be modeled by V(t) = 19,705(0.848)'. 


Credit: Grzegorz Czapski/Shutterstock 


(a) According to the model, when will the car be worth 
$14,000? 


Explaining Concepts: Discussion and Writing 


112. Fill in the reason for each step in the following two solutions. 
Solve: log,(x — 1)? = 2 
Solution A Solution B 


log,(x – 1)? = 2 
(х – 1)2 = 32 = 9 


log,(x – 1? = 2 


(x —1) = +3 log;(x -1) = 1 
x-1=-30rx-1=3 x-1=3!=3 
х= —20rx = 4 х= 4 


2 log,(x —1) = 2 


105. 
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(b) According to the model, when will the car be worth 
$10,000? 

(c) According to the model, when will the car be worth 
$7500? 


Source: Kelley Blue Book 


Wine and Price Do more expensive wines taste better? 

In a study, both expert wine tasters and nonexperts were 

asked to rate a variety of wines on a scale from 1 to 4, 

with a higher number indicating a better tasting wine. For 

experts, the relation between rating, y, and price, x, was 

found to be y = 0.09 In x + 1.889. For nonexperts, the 

relation between rating, y, and price, x, was found to be 

у = —0.048 In x + 2.337. 

(a) What is the rating of wine priced at $50 per bottle for 
the experts? 

(b) What is the rating of wine priced at $50 per bottle for 
the nonexperts? 

(c) What is the price of a wine rated 2.5 for the 
experts? 

(d) What is the price of a wine rated 2.5 for the 
nonexperts? 

(e) At what price are the ratings of the two wines equal? 
What is the rating of the wine at this price? 

(f) Explain the effect of the coefficients for each of the two 
(expert and nonexpert) models. 


Source: Goldstein, Robin et al. (2008) Do More Expensive Wines 
Taste Better? Evidence from a Large Sample of Blind Tastings. 
Journal of Wine Economics, Vol. 3, Number 1, Spring 2008. 


Challenge Problems In Problems 106-111, solve each equation. 
Express irrational solutions in exact form. 


106. 


log,(x + 1) – logyx = 1 


107. (42)2- = 2” 


108. 


log, х1°%®2^* = 4 


109. Inx? = (Inx)? 


110. 


VJlogx = 2 log V3 


111. 4 (loess)? 4 хіовах — 128 = 0 


Both solutions given in Solution A check. Explain what caused the solution x = —2 to be lost in Solution B. 
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Retain Your Knowledge 


Problems 113—122 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


113. Solve: 4x? + 3х2 —25x 6 = 0 119. If f(x) — x 
` x—2 x42 
120. Find the distance between the center of the circle 
22 3)? = 25 

" Pe. (x Y + (у + 3) 
x—2 x—3 and the vertex of the parabola y = —2(x — 6)? + 9. 

find the domain of f o g. / 121. Find the average rate of change f(x) = log; x from 4 
. Findthedomainof f(x) = Vx + 3 + x — 1. to 16. 
. Solve:x —Vx+7=5 К лт ee 


. If y is inversely proportional to the square of x A 122. Rationalize the numerator: 6 


and y — 2.16 when x — 5, find y when x — 3. 


and g(x) = find (f + g)(x). 


114. Determine whether the function is one-to-one: 
{(0, —4), (2, -2), (4, 0), (6, 2)} 


. For f(x) = and g(x) — find f o g. Then 


‘Are You Prepared?’ Answers 
1. {—3,10} 2. {—2,0} 3. {—1.43} 4. {—1.77} 


4.7 Financial Models 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Simple Interest (Appendix A, Section A.9, pp. A76-A77) 


N Now Work the ‘Are You Prepared?’ problems on page 364. 


OBJECTIVES 1 Determine the Future Value of a Lump Sum of Money (p. 358) 
2 Calculate Effective Rates of Return (p. 361) 
3 Determine the Present Value of a Lump Sum of Money (p. 362) 


4 Determine the Rate of Interest or the Time Required to Double a Lump Sum of 
Money (p. 363) 


1 Determine the Future Value of a Lump Sum of Money 


Interest is money paid for the use of money. The total amount borrowed (whether 
by an individual from a bank in the form of a loan or by a bank from an individual in 
the form of a savings account) is called the principal. The rate of interest, expressed 
as a percent, is the amount charged for the use of the principal for a given period of 
time, usually on a yearly (that is, per annum) basis. 


THEOREM Simple Interest Formula 


If a principal of P dollars is borrowed for a period of t years at a per annum 
interest rate r, expressed as a decimal, the interest Z charged is 


I = Prt (1) 


Interest charged according to formula (1) is called simple interest. 


In problems involving interest, the term payment period is defined as follows. 


Annually: Once per year Monthly: 12 times per year 
Semiannually: Twice per year Daily: 365 times per year* 
Quarterly: Four times per year 


*Some banks use a 360-day *year." Why do you think they do? 
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When the interest due at the end of a payment period is added to the principal 
so that the interest computed at the end of the next payment period is based on this 
new principal amount (old principal + interest), the interest is said to have been 
compounded. Compound interest is interest paid on the principal and on previously 
earned interest. 


| €XAMPLE1 | Computing Compound Interest 


A credit union pays interest of 2% per annum compounded quarterly on a certain 
savings plan. If $1000 is deposited in the plan and the interest is left to accumulate, 
how much is in the account after 1 year? 


Solution Use the simple interest formula, J = Prt. The principal Р is $1000 and the rate of 


interest is 2% = 0.02. After the first quarter of a year, the time t is year, so the 
interest earned is 


I = Prt = $1000 - 0.02 d = $5 


The new principal is P + J = $1000 + $5 = $1005. At the end of the second 
quarter, the interest on this principal is 


I = $1005 - 0.02 d — $5.03 


At the end of the third quarter, the interest on the new principal 
of $1005 4- $5.03 — $1010.03 is 


I = $1010.03 - 0.02 - i zs a5 
Finally, after the fourth quarter, the interest is 
I = $1015.08 - 0.02 - 1 = $5.08 
After 1 year the account contains $1015.08 + $5.08 = $1020.16. B 


The pattern of the calculations performed in Example 1 leads to a general formula 
for compound interest. For this purpose, let P represent the principal to be invested at 
a per annum interest rate r that is compounded n times per year, so the time of each 


compounding period is A year. (For computing purposes, r is expressed as a decimal.) 
n 
The interest earned after each compounding period is given by formula (1). 


Interest = principal. rate. time = P-r- bs Pat 
n n 


The amount A after one compounding period is 
A=P+P. l= P-(1+2) 
n n 


After two compounding periods, the amount A, based on the new principal 


P. (1 + г), is 
n 
2 
Az p-(1+4)+P-(1+4).2 = p-(1+).(14 4) = p-(1+4) 
п n) n n n n 
ON ае 20 Factor out P -(1 + г) 
principal new principal 


After three compounding periods, the amount A is 


2 


2 2 3 
A=pP-(1+7) eret] rre T) (1 £) = P. (14 7) 
n n n n n n 


ГЕ 
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[ Exploration 


To observe the effects of compounding 
interest monthly on an initial deposit of $1, 
12x 
graph Y, = (1 + 5) with r = 0.06 
and r = 0.12 for O < x < 30. What is 
the future value of $1 in 30 years when 
the interest rate per annum is r = 0.06 
(6%)? What is the future value of $1 in 
30 years when the interest rate per annum 
is г = 0.12 (12%)? Does doubling the 
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Continuing this way, after п compounding periods (1 year), the amount A is 
r п 
repa (1 n г) 
п 
Because t years will contain n - t compounding periods, the amount after t years is 


nt 
A- P. [1 7) 
n 


THEOREM Compound Interest Formula 


The amount A after t years due to a principal P invested at an annual interest 
rate г, expressed as a decimal, compounded п times per year is 


In equation (2), the amount A is typically referred to as the accumulated (or 
future) value of the account, and P is called the present value. 

For example, to rework Example 1,use Р = $1000, r = 0.02, и = 4 (quarterly 
compounding), апат = 1 year to obtain 


0.02 


nt 44 
PE (1 + z) = 1000(1 $ 2 — $1020.15 
n 


The result obtained here differs slightly from that obtained in Example 1 because 
of rounding. 


interest rate double the future value? | 
\ Now Work PRoBLEM 7 
| EXAMPLE 2 | Comparing Investments Using Different Compounding Periods 


Investing $1000 at an annual rate of 10% compounded annually, semiannually, 
quarterly, monthly, and daily will yield the following amounts after 1 year: 


А = Р.(1+ 0) 
= $1000(1 + 0.10) = $1100.00 


Annual compounding (п = 1): 


2 
Semiannual compounding (n = 2): A=P. (1 + а 


= $1000(1 + 0.05)? = $1102.50 


Quarterly compounding (n = 4): A=-P. (1 {- ry 


= $1000(1 + 0.025)* = $1103.81 


12 
Monthly compounding (n = 12): А = Р. (1 + 5) 


0.10 


12 
= $1000(1 + =) = $1104.71 


365 
Daily compounding (п = 365): А= Р. 1 + zzz] 


365 
= $1000(1 + 210) — $1105.16 
3 5 
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From Example 2, note that the effect of compounding more frequently is that the 
amount after 1 year is higher. This leads to the following question: What would happen 
to the amount after 1 year if the number of times that the interest is compounded 
were increased without bound? 

Let's find the answer. Suppose that P is the principal, r is the per annum interest 
rate, and n is the number of times that the interest is compounded each year. The 
amount А after 1 year is 


A- P. [1 7) 
n 


Rewrite this expression as follows: 


A=P-(14+2) = P. 
n 


*|x|^ 


Now suppose that the number n of times that the interest is compounded per 
= : 
Need to Review? 
The number e is defined on a | | | 
^ page 318. expression in brackets in equation (3) equals e. That is, A — Pe’. 


™) year gets larger and larger; that is, suppose that n — oo. Then Л = Z _, оо, and the 


Table 8 compares 1 + z) ‚ for large values of n, to e" for r = 0.05, r = 0.10, 
n 


r = 0.15,andr = 1. As n becomes larger, the closer (1 + z) gets to e”. No matter 
n 
how frequent the compounding, the amount after 1 year has the upper bound Pe”. 


Table 8 


1.0512580 1.0512698 1.051271 1.0512711 
1.1051157 1.1051654 1.1051704 1.1051709 
1.1617037 1.1618212 1.1618329 1.1618342 
2.7048138 2.7169239 2.7181459 2.7182818 


When interest is compounded so that the amount after 1 year is Pe’, the interest 
is said to be compounded continuously. 


THEOREM Continuous Compounding 


The amount A after f years due to a principal P invested at an annual interest 
rate r compounded continuously is 


A = Ре" (4) 


| EXAMPLE З | Using Continuous Compounding 


The amount A that results from investing a principal P of $1000 at an annual rate r 
of 10% compounded continuously for a time t of 1 year is 


A = $1000e919 = $1000 - 1.10517 = $1105.17 N 


\ Now Work PROBLEM 13 


2 Calculate Effective Rates of Return 


Suppose that you have $1000 to invest and a bank offers to pay you 3 percent annual 
interest compounded monthly. What simple interest rate is needed to earn an equal 
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amount after one year? To answer this question, first determine the value after one 
year of the $1000 investment that earns 3 percent compounded monthly. 


Е 0.03)? a OM 
А= $1000(1 + =| Use A = Р(1+ z) with P = $1000, = 0.03, n = 12. 


= $1030.42 


So the interest earned is $30.42. Using J = Prt with t = 1, IZ = $30.42, 
and P = $1000, the annual simple interest rate is 0.03042 = 3.042%. This interest 
rate is known as the effective rate of interest. 

The effective rate of interest is the annual simple interest rate that would yield 
the same amount as compounding n times per year, or continuously, after one year. 


THEOREM Effective Rate of Interest 


The effective rate of interest rg of an investment earning an annual interest 
rate r is given by 


e Compounding n times per year: rp = (1 + z) —1 
п 


e Continuous compounding: rg = е" —1 


| EXAMPLE 4 | Computing the Effective Rate of Interest-Which Is the Best Deal? 


Suppose you want to buy a 5-year certificate of deposit (CD). You visit three banks 
to determine their CD rates. American Express offers you 2.15% annual interest 
compounded monthly, and First Internet Bank offers you 2.20% compounded 
quarterly. Discover offers 2.12% compounded daily. Determine which bank is 
offering the best deal. 


Solution Тһе bank that offers the best deal is the one with the highest effective interest rate. 


American Express First Internet Bank Discover 
0.0215? 0.022 \4 0.0212 \*° 
n = (1+ 12 mae а re = (1+ m Е 
~ 1.02171 1 де 1.02218 — 1 ez 1.02143 — 1 
— 0.02171 — 0.02218 — 0.02143 
— 2.17196 = 2.218% = 2.143% 


The effective rate of interest is highest for First Internet Bank, so First Internet Bank 
is offering the best deal. -B 


\ Now Work PROBLEM 23 


3 Determine the Present Value of a Lump Sum of Money 


When people in finance speak of the “time value of money,” they are usually referring 
to the present value of money. The present value of A dollars to be received at a 
future date is the principal that you would need to invest now so that it will grow to 
A dollars in the specified time period. The present value of money to be received at 
a future date is always less than the amount to be received, since the amount to be 
received will equal the present value (money invested now) plus the interest accrued 


Credit: slacroix/iStock/ А : 
Getty Images over the time period. 
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The compound interest formula (2) is used to develop a formula for present 
value. If P is the present value of A dollars to be received after t years at a per annum 
interest rate r compounded n times per year, then, by formula (2), 


nt 


A=P-(1+2) 
п 


nt 
To solve for P, divide both sides by (1 + Z) . The result is 
n 


THEOREM Present Value Formulas 


The present value P of A dollars to be received after t years, assuming a per 
annum interest rate r compounded n times per year, is 


Р= А.(1+ г)" (5) 


If the interest is compounded continuously, then 


JE emp (6) 


To derive (6), solve A = Pe” for P. 


| EXAMPLE 5 | Computing the Value of a Zero-Coupon Bond 


A zero-coupon (noninterest-bearing) bond can be redeemed in 10 years for $1000. 
How much should you be willing to pay for it now if you want a return of 


(a) 8% compounded monthly? (b) 7% compounded continuously? 


Solution (а) To find the present value of $1000, use formula (5) with A = $1000, 
п = 12, г = 0.08,andt = 10. 


—12-10 
UT — $450.52 


—nt 
p=A.(1+2) = $1000(1 + 9.58 
n 12 


For a return of 8% compounded monthly, pay $450.52 for the bond. 
(b) Here use formula (6) with A = $1000, r = 0.07, and t = 10. 
Р = Ae" = $1000e-90710 = $496.59 
For a return of 7% compounded continuously, pay $496.59 for the bond. _g 


\ Now Work PROBLEM 15 


4 Determine the Rate of Interest or the Time Required 
to Double a Lump Sum of Money 


| EXAMPLE 6 | Determining the Rate of Interest Required to Double an Investment 


What rate of interest compounded annually is needed in order to double an 
investment in 5 years? 
(continued) 
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Solution If P is the principal and Р is to double, then the amount A will be 2P. Use the 
compound interest formula with n = 1 and? = 5 to find r. 


А = p.(142)" 
п 
2P=P-(1+r) А = 2Р,п = 1,1 =5 
2 = (1+ г)? Divide both sides by Р. 
1l+r= 2 Take the fifth root of both sides. 


r = 32 — 1 ~ 1.148698 — 1 = 0.148698 


The annual rate of interest needed to double the principal in 5 years is 14.87%. в 


\ Now Work PROBLEM 31 


| EXAMPLE 7 | Determining the Time Required to Double or Triple an Investment 


(a) How long will it take for an investment to double in value if it earns 5% 
compounded continuously? 


(b) How long will it take to triple at this rate? 


Solution (a) If P is the initial investment and P is to double, then the amount A will be 2P. 
Use formula (4) for continuously compounded interest with r = 0.05. 


A = Per 
2P = Pe905t A= 2P,7 = 0.05 
2 = е005 Divide both sides by P. 
0.05t = In2 Rewrite as a logarithm. 
[c ie = 13.86 Solve for t. 
0.05 


It will take about 14 years to double the investment. 


(b) To triple the investment,let A — 3P in formula (4). 


A — Per 
ЗР = pett A= 3P r = 0.05 
3 = e905r Divide both sides by P. 
0.057 = In3 Rewrite as a logarithm. 
t= — я 21.97 Solve for t. 
It will take about 22 years to triple the investment. B 


`A Now Work PROBLEM 35 


4.7 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What is the interest due when $500 is borrowed for 6 months 2. If you borrow $5000 and, after 9 months, pay off the loan in 
at a simple interest rate of 6% per annum? (pp. A76—A77) the amount of $5500, what per annum rate of interest was 
charged? (pp. A76-A77) 


м1. Now Work @ 1. Modeling 1. Writing he 1. Graphing Tech A Calculus Preview == 1. Applet-Based 


Concepts and Vocabulary 


3. The total amount borrowed (whether by an individual from a 
bank in the form of a loan or by a bank from an individual in 
the form of a savings account) is called the 


4. If a principal of P dollars is borrowed for a period of t years 
at a per annum interest rate r, expressed as a decimal, the 
interest J charged is = . Interest charged 
according to this formula is called 


Skill Building 


In Problems 7-14, find the amount that results from each investment. 


N 7. $100 invested at 4% compounded quarterly after a period of 
2 years 


9. $900 invested at 3% compounded semiannually after a 


period of 2 5 уеагѕ 


11. $1200 invested at 5% compounded daily after a period 
of 3 years 


N 13. $1000 invested at 11% compounded continuously after a 
period of 2 years 
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5. The is the annual simple 
interest rate that would yield the same amount as 
compounding п times per year, or continuously, after 1 year. 


6. Multiple Choice The principal that must be invested now so 
that it will grow to a given amount in a specified time period 
is called the 
(a) present value 
(c) interest 


(b) future value 
(d) effective rate 


8. $50 invested at 6% compounded monthly after a period of 
3 years 


10. $300 invested at 12% compounded monthly after a period 
1 
f1= 
of 17 years 
12. $700 invested at 6% compounded daily after a period 
of 2 years 


14. $400 invested at 7% compounded continuously after a period 
of 3 years 


In Problems 15—22, find the principal needed now to get each amount, that is, find the present value. 


М 15. To get $100 after 2 years at 6% compounded monthly 
17. To get $1500 after 21 years at 1.5% compounded daily 
19. To get $750 after 2 years at 2.5% compounded quarterly 


21. To get $120 after 34 years at 5% compounded continuously 


In Problems 23-26, find the effective rate of interest. 
N 23. For 5% compounded quarterly 


25. For 4% compounded continuously 


In Problems 27-30, determine the rate that represents the better deal. 


27. 6% compounded quarterly or 61% compounded annually 


29. 9% compounded monthly or 8.8% compounded daily 


31. What rate of interest compounded annually is required to 
double an investment in 3 years? 


33. What rate of interest compounded annually is required to 
triple an investment in 5 years? 


N 35. (a) How long does it take for an investment to double in 
value if it is invested at 8% compounded monthly? 

(b) How long does it take if the interest is compounded 
continuously? 


37. What rate of interest compounded quarterly will yield an 
effective interest rate of 7%? 


Applications and Extensions 


39. Time Required to Reach a Goal If Tanisha has $100 to invest 
at 4% per annum compounded monthly, how long will it be 
before she has $150? If the compounding is continuous, how 
long will it be? 


16. Toget $75 after3 years at 896 compounded quarterly 
18. To get $800 after зз years at 7% compounded monthly 
20. To get $300 after 4 years at 396 compounded daily 


22. To get $800 after 27 years at 8% compounded continuously 


24. For 6% compounded monthly 


26. For 6% compounded continuously 


28. 9% compounded quarterly or 91% compounded annually 


30. 


32. What rate of interest compounded annually is required to 
double an investment in 6 years? 


8% compounded semiannually or 7.9% compounded daily 


b 


34. What rate of interest compounded annually is required to 
triple an investment in 10 years? 


36. (a) How long does it take for an investment to triple in value 
if it is invested at 676 compounded monthly? 
(b) How long does it take if the interest is compounded 
continuously? 


38. What rate of interest compounded continuously will yield an 
effective interest rate of 6%? 


40. Time Required to Reach a Goal If Angela has $100 to invest 
at 2.596 per annum compounded monthly, how long will it be 
before she has $175? If the compounding is continuous, how 
long will it be? 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


Time Required to Reach a Goal How many years will 
it take for an initial investment of $10,000 to grow 
to $25,000? Assume a rate of interest of 6% compounded 
continuously. 


Time Required to Reach a Goal How many years 
will it take for an initial investment of $25,000 to grow 
to $80,000? Assume a rate of interest of 7% compounded 
continuously. 


Price Appreciation of Homes What will a $90,000 
condominium cost 5 years from now if the price appreciation 
for condos over that period averages 3% compounded 
annually? 


Credit Card Interest A department store charges 1.25% 
per month on the unpaid balance for customers with charge 
accounts (interest is compounded monthly). A customer 
charges $200 and does not pay her bill for 6 months. What is 
the bill at that time? 


Saving for a Car Jerome will be buying a used car for $15,000 
in 3 years. How much money should he ask his parents for 
now so that, if he invests it at 5% compounded continuously, 
he will have enough to buy the car? 


Paying off a Loan John requires $3000 in 6 months to pay off 
a loan that has no prepayment privileges. If he has the $3000 
now, how much of it should he save in an account paying 
3% compounded monthly so that in 6 months he will have 
exactly $3000? 


Return on a Stock George contemplates the purchase of 
100 shares of a stock selling for $15 per share. The stock 
pays no dividends. The history of the stock indicates 
that it should grow at an annual rate of 15% per year. 
How much should the 100 shares of stock be worth in 
5 years? 

Return on an Investment A business purchased for $650,000 
in 2022 is sold in 2025 for $850,000. What is the annual rate 
of return for this investment? 


Comparing Savings Plans Jim places $1000 in a bank account 
that pays 5.6% compounded continuously. After 1 year, will 
he have enough money to buy a computer system that costs 
$1060? If another bank will pay Jim 5.9% compounded 
monthly, is this a better deal? 


Savings Plans On January 1, Kim places $1000 in a certificate 
of deposit that pays 6.8% compounded continuously and 
matures in 3 months. Then Kim places the $1000 and the 
interest in a passbook account that pays 5.25% compounded 
monthly. How much does Kim have in the passbook account 
on May 1? 


51. 


52. 


53. 


54. 


55. 


56. 


Comparing IRA Investments Will invests $2000 of the 
money in his IRA in a bond trust that pays 9% interest 
compounded semiannually. His friend Henry invests 


$2000 of his IRA in a certificate of deposit that pays 85% 


compounded continuously. Who has more money after 
20 years, Will or Henry? 


Comparing Two Alternatives Suppose that April has access 
to an investment that will pay 10% interest compounded 
continuously. Which is better: to be given $1000 now so that 
she can take advantage of this investment opportunity or to 
be given $1325 after 3 years? 


College Costs The average annual cost of college at 4-year 
private colleges was $38,070 in the 2021-2022 academic year. 
This was a 2.196 increase from the previous year. 

(a) If the cost of college increases by 2.1% each year, what 
will be the average cost of college at a 4-year private 
college for the 2041-2042 academic year? 

(b) College savings plans, such as a 529 plan, allow individuals 
to put money aside now to help pay for college later. If one 
such plan offers a rate of 2% compounded continuously, 
how much should be put in a college savings plan in 2023 
to pay for 1 year of the cost of college at a 4-year private 
college for an incoming freshman in 2041? 


Source: The College Board 


Analyzing Interest Rates on a Mortgage Demetrius and Aniyah 
have just purchased a house for $650,000, with the seller holding 
a second mortgage of $100,000. They promise to pay the seller 
$100,000 plus all accrued interest 5 years from now. The seller 
offers them three interest options on the second mortgage: 

(a) Simple interest at 6% per annum 

(b) 5.5% interest compounded monthly 

(c) 5.25% interest compounded continuously 


Which option is best? That is, which results in paying the least 
interest on the loan? 


Comparing Bank Accounts Two bank accounts are opened at 
the same time. The first has a principal of $1000 in an account 
earning 596 compounded monthly. The second has a principal 
of $2000 in an account earning 496 interest compounded 
annually. Determine the number of years, to the nearest tenth, 
at which the account balances will be equal. 


Per Capita Federal Debt In 2021, the federal debt was 
about $30 trillion. In 2021, the U.S. population was about 
332 million. Assuming that the federal debt is increasing 
about 5.596 per year and the U.S. population is increasing 
about 0.7% per year, determine the per capita debt (total 
debt divided by population) in 2030. 


Problems 57—62 require the following discussion. Inflation is a term used to describe the erosion of the purchasing power of money. 
For example, if the annual inflation rate is 396, then $1000 worth of purchasing power now will have only $970 worth of purchasing 
power in 1 year because 3% of the original $1000(0.03 x 1000 = 30)has been eroded due to inflation. In general, if the rate of inflation 
averages r% per annum over n years, the amount A that $P will purchase after n years is 


A-P.(1-r)» 


where r is expressed as a decimal. 


57. 


58. 


59. 


Inflation If the inflation rate averages 3%, what will be the 
purchasing power of $1000 in 2 years? 

Inflation If the inflation rate averages 8%, what will be the 
purchasing power of $1000 in 3 years? 

Inflation If the purchasing power of $1000 is only $950 
after 2 years, what was the average inflation rate? 


60. 


61. 


62. 


Inflation If the purchasing power of $1000 is only $930 
after 2 years, what was the average inflation rate? 

Inflation If the average inflation rate is 2%, how long is it 
until purchasing power is cut in half? 

Inflation If the average inflation rate is 4%, how long is it 
until purchasing power is cut in half? 
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Problems 63—66 involve zero-coupon bonds. A zero-coupon bond is a bond that is sold now at a discount and will pay its face value at the 
time when it matures; no interest payments are made. 


63. Zero-Coupon Bonds A zero-coupon bond can be redeemed can be used to find the number of years t required to multiply 
in 20 years for $10,000. How much should you be willing to an investment т times when r is the per annum interest rate 
pay for it now if you want a return of: compounded и times a year. 

(a) 5% compounded monthly? (a) How many years will it take to double the value of an 
(b) 5% compounded continuously? IRA that compounds annually at the rate of 696? 


(b) How many years will it take to triple the value of a 
savings account that compounds quarterly at an annual 
rate of 596? 

(c) Give a derivation of this formula. 


64. Zero-Coupon Bonds A child's grandparents are considering 
buying an $80,000 face-value, zero-coupon bond at her 
birth so that she will have enough money for her college 
education 17 years later. If they want a rate of return of 6% 
compounded annually, what should they pay for the bond? 68. Time to Reach an Investment Goal The formula 


65. Zero-Coupon Bonds How much should a $10,000 InA — InP 
face-value, zero-coupon bond, maturing in 10 years, be = MCN 
sold for now if its rate of return is to be 4.5% compounded 
annually? can be used to find the number of years ¢ required for an 


66. Zero-Coupon Bonds If Hakim pays $15,334.65 for a $25,000 investment P to grow to a value A when compounded 


face-value, zero-coupon bond that matures in 8 years, what is continuously at ни annual rate ib Tm 
а БУЕ о) (a) How long will it take to increase an initial investment of 


$1000 to $4500 at an annual rate of 5.75%? 
(b) What annual rate is required to increase the value of a 
Inm $2000 IRA to $30,000 in 35 years? 
E In(1 na | (с) Give a derivation of this formula. 
n 


r 


67. Time to Double or Triple an Investment The formula 


t= 


Problems 69-72 require the following discussion. The consumer price index (CPI) indicates the relative change in price over time for a 
fixed basket of goods and services. It is a cost-of-living index that helps measure the effect of inflation on the cost of goods and services. The 
CPI uses the base period 1982-1984 for comparison (the CPI for this period is 100). The CPI for February 2022 was 283.72. This means 
that $100 in the period 1982-1984 had the same purchasing power as $283.72 in February 2022. In general, if the rate of inflation averages r% 
per annum over n years, then the CPI after n years is 


CPI = CPI (1 5) 
ol" * тод 


where CPI, is the CPI at the beginning of the n-year period. 
Source: U.S. Bureau of Labor Statistics 


69. Consumer Price Index 71. Consumer Price Index If the average annual inflation 
(a) The CPI was 232.96 for 2013 and 251.11 for 2018. Assuming rate is 3.1%, how long will it take for the CPI to double? 
that annual inflation remained constant for this time period, (A doubling of the CPI means purchasing power is cut in 
determine the average annual inflation rate. half.) 
(b) Using the inflation rate from part (a), in what year will 72. Consumer Price Index The base period for the CPI changed 
the CPI reach 300? in 1998. Under the previous weight and item structure, the 
70. Consumer Price Index If the current CPI is 234.2 and the CPI for 1995 was 456.5. If the average annual inflation rate 
average annual inflation rate is 2.8%, what will be the CPI was 5.57%, what year was used as the base period for the 
in 5 years? CPI? 


Explaining Concepts: Discussion and Writing 


73. Explain in your own words what the term compound interest reasons for your choice. Use the information in the table 

means. What does continuous compounding mean? to assist you. If the amount of the monthly payment does 
not matter to you, which loan would you take? Again, have 
sound reasons for your choice. Compare your final decision 
with others in the class. Discuss. 


74. Explain in your own words the meaning of present value. 


75. Critical Thinking You have just contracted to buy a house 
and will seek financing in the amount of $100,000. You go 
to several banks. Bank 1 will lend you $100,000 at the rate 
of 4.125% amortized over 30 years with a loan origination 
fee of 0.45%. Bank 2 will lend you $100,000 at the rate of 
3.375% amortized over 15 years with a loan origination 
fee of 0.95%. Bank 3 will lend you $100,000 at the rate of Bank 1 
4.25% amortized over 30 years with no loan origination Bank 2 
fee. Bank 4 will lend you $100,000 at the rate of 3.625% 
amortized over 15 years with no loan origination fee. 


Loan 
Origination Fee 


Monthly 
Payment 


Bank 3 
Which loan would you take? Why? Be sure to have sound Bank 4 
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Retain Your Knowledge 


Problems 76-85 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 
76. Find the remainder R when f(x) = 6x? + 3x? + 2x — 11 81. If f(x) = 5x? + 4х – 8and g(x) = 3x — 1, 
is divided by g(x) = x — 1.15 ga factor of f? find (f o g)(x). 
77. The function f(x) = x 5 is one-to-one. Find f -!. 82. Find the domain and range of f(x) = —2x? — 8x + 1. 
x— NE Sy 
78. Find the real zeros of 83. For f(x) = ee find all vertical asymptotes, 


f(x) = x? — x4 — 15x? — 21x? — 16x — 20 horizontal asymptotes, and oblique asymptotes, if any. 


If f(x) = x? — 4x — 3, find an equation of the secant line 
containing the points(3, f (3)) and(5, f (5)). 


A 85. Find the difference quotient for f(x) = 3x — 5. 


Then write f in factored form. A i 
. Solve:log5 (x + 3) = 2 log,(x — 3) 
. Factor completely: 2x^ 4- 6x? — 50x? — 150x 


‘Are You Prepared?’ Answers 


1. $15 2. 131% 


4.8 Exponential Growth and Decay Models; 


Newton's Law; Logistic Growth and Decay Models 


OBJECTIVES 1 Model Populations That Obey the Law of Uninhibited Growth (p. 368) 
2 Model Populations That Obey the Law of Uninhibited Decay (p. 370) 
3 Use Newton's Law of Cooling (p. 371) 
4 Use Logistic Models (p. 373) 


1 Model Populations That Obey the Law of Uninhibited Growth 


Many natural phenomena follow the law that an amount A varies with time f 
according to the function 


A4 
A= Ае” (1) 
Ay Here A, is the original amount (f = 0) and k = Oisa constant. 
" If k > 0, then equation (1) states that the amount A is increasing over time; 
t if k < 0, the amount A is decreasing over time. In either case, when an amount A 
varies over time according to equation (1), it is said to follow the Exponential Law, 


or the Law of Uninhibited Growth (k > 0) or Decay (k « 0). See Figure 43. 

For example, in Section 4.7 continuously compounded interest was shown to 
follow the law of uninhibited growth. In this section we shall look at some additional 
phenomena that follow the exponential law. 

Cell division is the growth process of many living organisms, such as amoebas, 
0 plants, and human skin cells. Based on an ideal situation in which no cells die and no 
by-products are produced, the number of cells present at a given time follows the law 
of uninhibited growth. Actually, however, after enough time has passed, growth at an 
exponential rate will cease as a consequence of factors such as lack of living space 
and dwindling food supply. The law of uninhibited growth accurately models only the 


(а) A(t) = Ae" к> 0 
Exponential growth 


A, 
A 


A early stages of the cell division process. 
The cell division process begins with a culture containing Nọ cells. Each cell in 
the culture grows for a certain period of time and then divides into two identical cells. 
(b) A(t) = Age", k< 0 Assume that the time needed for each cell to divide in two is constant and does not 
Exponential decay change as the number of cells increases. These new cells then grow, and eventually 


Figure 43 each divides in two, and so on. 
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Uninhibited Growth of Cells 


A model that gives the number N of cells in a culture after a time t has passed 
(in the early stages of growth) is 


NOSNE k0 (2) 


where N, is the initial number of cells and k is a positive constant that represents 
the growth rate of the cells. 


Using formula (2) to model the growth of cells employs a function that yields 
positive real numbers, even though the number of cells being counted must be an 
integer. This is a common practice in many applications. 


| ЕХАМРІЕ1 | Bacterial Growth 


A colony of bacteria that grows according to the law of uninhibited growth is modeled 
by the function N (t) = 100e®045t, where № is measured in grams and t is measured 
in days. 

(a) Determine the initial amount of bacteria. 

(b) What is the growth rate of the bacteria? 

(c) What is the population after 5 days? 

(d) How long will it take for the population to reach 140 grams? 

(e) What is the doubling time for the population? 


Solution (a) The initial amount of bacteria, No, is obtained when t = 0, so 
Ny = №0) = 100e9?9450 = 100 grams 


(b) Compare N (t) = 100e° to N(t) = Noe". The value of k, 0.045, indicates а 
growth rate of 4.5%. 
c) The population after 5 days is N(5) = 100e99455 ~ 125.2 grams. 
pop у 5 
а) To find how long it takes for the population to reach 140 grams, solve the 
5 рор 5 
equation N (t) = 140. 


100е 9045 = 140 


e451 — 1.4 Divide both sides of the equation by 100. 
0.045t = In1.4 Rewrite as a logarithm. 
= — Divide both sides of the equation by 0.045. 
з 7.5 days 


The population reaches 140 grams іп about 7.5 days. 


(e) The population doubles when N (t) = 200 grams, so the doubling time is found 
by solving the equation 200 = 1006905 for t. 


200 = 10069045: 
2 = e995' Divide both sides of the equation by 100. 


In2 = 0.0451 Rewrite as a logarithm. 
t= Ine Divide both sides of the equation by 0.045. 
0.045 
х 15.4 days 
The population doubles approximately every 15.4 days. B 


\ Now Work PROBLEM 1 
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| EXAMPLE 2 | Bacterial Growth 


A colony of bacteria increases according to the law of uninhibited growth. 


(a) If Nis the number of cells and t is the time in hours, express N as a function of t. 


(b) If the number of bacteria doubles in 3 hours, find the function that gives the 
number of cells in the culture. 


(c) How long will it take for the size of the colony to triple? 


(d) How long will it take for the population to double a second time (that is, to 
increase four times)? 


Solution (а) Using formula (2), the number N of cells at time t is 
N(t) = Noe 
where Nọ is the initial number of bacteria present and К is a positive number. 
(b) To find the growth rate k, note that the number of cells doubles in 3 hours, so 


N(3) = 2№, 
Since N(3) = Noe*?, 
Nat? = 2№, 
e* = 2 Divide both sides by N}. 
3k = In2 Write the exponential equation as a logarithm. 


k= 12 ~ 0.23105 


The function that models this growth process is therefore 
N(t) = №уе?23105 


(c) The time t needed for the size of the colony to triple requires that N = 3No. 
Substitute 3N for N to get 


3N, = №е9%23105 
3 — 023105: 


0.23105t = In3 


t= In3 дш 4.755 hours 


~ 0.23105 


It will take about 4.755 hours, or 4 hours and 45 minutes, for the size of the colony 
to triple. 


(d) If a population doubles in 3 hours, it will double a second time in 3 more hours, 
for a total time of 6 hours. 8 


2 Model Populations That Obey the Law of Uninhibited Decay 


Radioactive materials follow the law of uninhibited decay. 


Uninhibited Radioactive Decay 


The amount A of a radioactive material present at time f is given by 
Alt) = Ay" k «0 (3) 


where A, is the original amount of radioactive material and К is a negative 
number that represents the rate of decay. 


All radioactive substances have a specific half-life, which is the time required for 
half of the radioactive substance to decay. Carbon dating uses the fact that all living 
organisms contain two kinds of carbon, carbon-12 (a stable carbon) and carbon-14 
(a radioactive carbon with a half-life of 5730 years). While an organism is living, the 
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ratio of carbon-12 to carbon-14 is constant. But when an organism dies, the original 
amount of carbon-12 present remains unchanged, whereas the amount of carbon-14 
begins to decrease. This change in the amount of carbon-14 present relative to the 
amount of carbon-12 present makes it possible to calculate when the organism died. 


| EXAMPLE 3 | Estimating the Age of Ancient Tools 


Traces of burned wood along with ancient stone tools in an archeological dig 
in Chile were found to contain approximately 1.67% of the original amount of 
carbon-14. If the half-life of carbon-14 is 5730 years, approximately when was the 
tree cut and burned? 


Solution Using formula (3), the amount A of carbon-14 present at time t is 
A(t) = Ае“ 


where A, is the original amount of carbon-14 present and k is a negative number. We 
first seek the number К. To find it, we use the fact that after 5730 years, half of the 


original amount of carbon-14 remains, so A(5730) — А, Then 


5 Ao = Aget 5730 
5 = е5730к Divide both sides of the equation by Ap. 
5730k = Ini Rewrite as a logarithm. 


k = LL inl ~ —0.000120968 
5730 22 


Formula (3) therefore becomes 


A(t) == Age -0.000120968: 


If the amount A of carbon-14 now present is 1.67% of the original amount, it 
follows that 


0.0167A, = Age 90001209681 


0.0167 = e 0000120968: Divide both sides of the equation by Ao. 
—0.000120968; = 1n 0.0167 Rewrite as a logarithm. 
t= _ 00167 = 33,830 years 


—0.000120968 


The tree was cut and burned about 33,830 years ago. Some archeologists use this 
conclusion to argue that humans lived in the Americas nearly 34,000 years ago, much 
earlier than is generally accepted. 8 


\ Now Work PROBLEM 3 


3 Use Newton's Law of Cooling 


Newton's Law of Cooling* states that the temperature of a heated object decreases 
exponentially over time toward the temperature of the surrounding medium. 


Newton's Law of Cooling 


The temperature и of a heated object at a given time ¢ can be modeled by the 
following function: 


u(t) = T + (uy — T)e* k <0 (4) 


where Tis the constant temperature of the surrounding medium, и is the initial 
temperature of the heated object, and k is a negative constant. 


*Named after Sir Isaac Newton (1643-1727), one of the cofounders of calculus. 
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| EXAMPLE 4 | Using Newton's Law of Cooling 


An object is heated to 100°C (degrees Celsius) and is then allowed to cool in a room 
whose air temperature is 30°C. 


(a) If the temperature of the object is 80°C after 5 minutes, when will its temperature 
be 50°C? 

(b) Determine the elapsed time before the temperature of the object is 35°C. 

(c) What do you notice about the temperature as time passes? 


Solution (a) Using formula (4) with T = 30andu, = 100, the temperature u(t) (in degrees 
Celsius) of the object at time ¢ (in minutes) is 


u(t) = 30 + (100 — 30)e" = 30 + 70e* (5) 
where k is a negative constant. To find k, use the fact that u = 80 when: = 5. 
Then 
u(t) = 30 + 70e* 
80 = 30 + 70e*^ u(5) = 80 
50 = 70e^* Simplify. 
е5к = 50 Isolate the exponential. 
70 
5k = In Rewrite as a logarithm. 
11. 
k= 5 Inz x —0.0673 Solve for К. 


Formula (5) therefore becomes 
u(t) = 30 + 70e-00673r (6) 


To find t when u = 50°C, solve the equation 


50 = 30 + 70е-00673 


20 = 70e~ 9.0673 Simplify. 
e 0.06731 ш A Isolate the exponential. 
—0.0673t — ш> Rewrite as a logarithm. 
In 2 
= EM = 18.6 minutes Solve for t. 


The temperature of the object will be 50°С after about 18.6 minutes, 
or 18 minutes 36 seconds. 


(b) Use equation (6) to find t whenu = 35°С. 
35 230 4- 70a 00659 


5 = 10e 00673 Simplify. 
e 006731 — Isolate the exponential. 
—0.0673t = In ai Rewrite as a logarithm. 
In Hi 
= n = 39.2 minutes Solve for t. 


The object will reach a temperature of 35?C after about 39.2 minutes. 
(continued) 
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Figure 44 


(c) Look at equation (6). As t increases, the exponent —0.0673t becomes unbounded 
in the negative direction. As a result, the value of e-99675* approaches zero, so the 
value of u, the temperature of the object, approaches 30°C, the air temperature 
of the room. —» 


\ Now Work PROBLEM 13 


4 Use Logistic Models 


The exponential growth model A(t) = Age", k > 0, assumes uninhibited growth, 
meaning that the value of the function grows without limit. Recall that cell division 
could be modeled using this function, assuming that no cells die and no by-products 
are produced. However, cell division eventually is limited by factors such as living 
space and food supply. The logistic model, given next, can describe situations where 
the growth or decay of the dependent variable is limited. 


Logistic Model 
In a logistic model, the population P after time t is given by the function 


С 


P(t) = ———— 
(0) 1 + ae-t 


(7) 
where a, b, and c are constants with a > 0 and c > 0. The model is a growth 
model if b > 0; the model is a decay model ifb < 0. 


The number c is called the carrying capacity (for growth models) because 
the value P(t) approaches с as t approaches infinity; that is, lim P(t) = c. The 
too 


number |b| is the growth rate for b > 0 and the decay rate for b < 0. Figure 44(a) 
shows the graph of a typical logistic growth function, and Figure 44(b) shows the 
graph of a typical logistic decay function. 


y= 


,b«0 


pg (b) А0 = 


a) P(t) = 
(a) 0 1+ ae t 1- ae t 
Logistic growth Logistic decay 


Based on the figures, the following properties of logistic functions emerge. 


Properties of the Logistic Model, Equation (7) 


* The domain is the set of all real numbers. The range is the interval (0, c) 
where c is the carrying capacity. 


* There are no x-intercepts; the y-intercept is P(0). 

* There are two horizontal asymptotes: y = 0 and y = c. 

e P(t) 1$ ап increasing function if b > 0 and a decreasing function if b. < 0. 
/K* There is an inflection point where P(t) equals - of the carrying capacity. 


The inflection point is the point on the graph where the graph changes 
from being concave up to being concave down for growth functions, and the 
point where the graph changes from being concave down to being concave 
up for decay functions. 


e The graph is smooth and continuous, with no corners or gaps. 
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| EXAMPLES | Fruit Fly Population 


Solution 


230 


^ 14 56.5e-037* 


NORMAL FLOAT AUTO REAL RADIAN HP 
CALC INTERSECT 

Y22115 
25077 


0 


TO intersection 
k=10.963353 Y=115 


fi 


Figure 45 TI-84 Plus CE 


Fruit flies are placed in a half-pint milk bottle with a banana (for food) and yeast 
plants (for food and to provide a stimulus to lay eggs). Suppose that the fruit fly 
population after ¢ days is given by 


230 


P(t) = ——— 
M 1 + 56.5e 937 


(a) State the carrying capacity and the growth rate. 

(b) Determine the initial population. 

(c) What is the population after 5 days? 

(d) How long does it take for the population to reach 180? 


0 (е) Use а graphing utility to determine how long it takes for the population to reach 
one-half of the carrying capacity. 


(a) Ast => oo, e 9?" — Oand P(t) — 230 The carrying capacity of the half-pint 


bottle is 230 fruit flies. The growth rate is |b] = |0.37| = 37% per day. 
(b) To find the initial number of fruit flies in the half-pint bottle, evaluate P (0). 


230 230 
id 1 + 56.5e-9370 1+ 56.5 


So, initially, there were 4 fruit flies in the half-pint bottle. 


(c) After 5 days the number of fruit flies in the half-pint bottle is 
230 TT 
Р(5) = 14 56 520975 ^ 23 fruit flies 
After 5 days, there are approximately 23 fruit flies in the bottle. 
(d) To determine when the population of fruit flies will be 180, solve the equation 
P(t) = 180 
230 
———_— = 180 
1 + 56.5e 9?" 
230 = 180(1 + 56.5e 937) 
1.2778 ~ 1+ 56.5e 937 Divide both sides by 180. 
0.2778 ғ 56.5e 037 Subtract 1 from both sides. 
0.0049 = e-037t Divide both sides by 56.5. 
In(0.0049) = —0.37t Rewrite as a logarithmic expression. 
t ғ 14.4 days Divide both sides by —0.37. 
It will take approximately 14.4 days (14 days 10 hours) for the population to 
reach 180 fruit flies. 
D (e) One-half of the carrying capacity is 115 fruit flies. Solve P(t) = 115 by graphing 


230 
Y, = —————— 
|o 1+ 56.5е-037х 
The population will reach one-half of the carrying capacity in about 10.9 days 
(10 days 22 hours). B 


and Y, = 115, and using INTERSECT. See Figure 45. 


Look at Figure 45. Notice the point where the graph reaches 115 fruit flies 
(one-half of the carrying capacity): The graph changes from being concave up to 
being concave down. Using the language of calculus, we say the graph changes from 
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increasing at an increasing rate to increasing at a decreasing rate. For any logistic 
growth function, when the population reaches one-half the carrying capacity, the 


population growth starts to slow down. 


\ Now Work PROBLEM 23 


[ Exploration 


[E On the same viewing rectangle, graph 
500 500 
№ —il24e- 9d Ye = Tage 008 


What effect does the growth rate | b| have on the logistic growth function? | 
| EXAMPLE 6 | Wood Products 


The EFISCEN wood product model classifies wood products according to their 
life-span. There are four classifications: short (1 year), medium short (4 years), 
medium long (16 years), and long (50 years). Based on data obtained from the 
European Forest Institute, the percentage of remaining wood products after t years 
for wood products with long life-spans (such as those used in the building industry) 
is given by 


100.3952 
1 + 0.031669.0581: 


P(t)= 


(a) What is the decay rate? 
(b) What is the percentage of remaining wood products after 10 years? 


(c) How long does it take for the percentage of remaining wood products to 
reach 50%? 


(d) Explain why the numerator given in the model is reasonable. 


Solution (а) The decay rate is |b] = |—0.0581| = 5.81% per year. 
(b) Evaluate P (10). 


100.3952 


1 + 0.0316¢9.0581-10 = 95.0 


P(10) = 


So 95% of long-life-span wood products remain after 10 years. 
(c) Solve the equation P(t) = 50. 


100.3952 | 
1 + 0.0316¢0.0581" 


100.3952 = 50(1 + 0.0316e°-%8"" ) 


= 50 


2.0079 = 1 + 0.0316e00581 Divide both sides by 50. 
1.0079 = 0.031669.0581 Subtract 1 from both sides. 
31.8956 вш e90581r Divide both sides by 0.0316. 
1n(31.8956) = 0.0581t Rewrite as a logarithmic expression. 
t = 59.6 years Divide both sides by 0.0581. 


It will take approximately 59.6 years for the percentage of long-life-span wood 
products remaining to reach 50%. 


(d) The numerator of 100.3952 is reasonable because the maximum percentage of 
wood products remaining that is possible is 100%. E 
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4.8 Assess Your Understanding 


Applications and Extensions 


N 1. 


N3. 


NI Now Work 


Growth of an Insect Population The size P of a certain insect 
population at time ¢ (in days) obeys the law of uninhibited 
growth P(t) = 500e°'. 

(a) Determine the number of insects att = 0 days. 

(b) What is the growth rate of the insect population? 

(c) What is the population after 10 days? 

(d) When will the insect population reach 800? 

(e) When will the insect population double? 


. Growth of Bacteria The number N of bacteria present in 


a culture at time t (in hours) obeys the law of uninhibited 
growth М(ї) = 1000e92!:, 

(a) Determine the number of bacteria att = 0 hours. 

(b) What is the growth rate of the bacteria? 

(c) What is the population after 4 hours? 

(d) When will the number of bacteria reach 1700? 

(e) When will the number of bacteria double? 


Radioactive Decay Strontium-90 is a radioactive material 
that decays according to the function A(t) = Ает, 
where A, is the initial amount present and A is the amount 
present at time ¢ (in years). Assume that a scientist has a 
sample of 500 grams of strontium-90. 

(a) What is the decay rate of strontium-90? 

(b) How much strontium-90 is left after 10 years? 

(c) When will 400 grams of strontium-90 be left? 

(d) What is the half-life of strontium-90? 


. Radioactive Decay Iodine-131 is a radioactive material 


that decays according to the function A(t) = Age-9087t, 
where A, is the initial amount present and A is the amount 
present at time ¢ (in days). Assume that a scientist has a 
sample of 100 grams of iodine-131. 

(a) What is the decay rate of iodine-131? 

(b) How much iodine-131 is left after 9 days? 

(c) When will 70 grams of iodine-131 be left? 

(d) What is the half-life of iodine-131? 


Growth of a Colony of Mosquitoes The population of a 

colony of mosquitoes obeys the law of uninhibited growth. 

(a) If N is the population of the colony and fis the time in 
days, express № as a function of t. 

(b) If there are 1000 mosquitoes initially and there 
are 1800 after 1 day, what is the size of the colony 
after 3 days? 

(c) How long is it until there are 10,000 mosquitoes? 


. Bacterial Growth A culture of bacteria obeys the law of 


uninhibited growth. 

(a) If N is the number of bacteria in the culture and t is the 
time in hours, express N as a function of t. 

(b) If 500 bacteria are present initially and there are 800 
after 1 hour, how many will be present in the culture 
after 5 hours? 

(c) How long is it until there are 20,000 bacteria? 


. Population Growth The population of a southern city is 


growing according to the exponential law. 
(a) If Nis the population of the city and ris the time in years, 
express N as a function of t. 


Q 1. Modeling 1. Writing 


10. 


11. 


12. 


14. 


ta 1. Graphing Tech 


(b) If the population doubled in size over an 18-month 
period and the current population is 10,000, what will 
the population be 2 years from now? 


. Population Decline The population of a midwestern city is 


declining according to the exponential law. 

(a) If Nis the population of the city and ris the time in years, 
express N as a function of t. 

(b) If the population decreased from 900,000 to 800,000 
from 2020 to 2022, what will the population be in 2024? 


. Radioactive Decay The half-life of radium is 1690 years. 


If 10 grams is present now, how much will be present 
in 50 years? 

Radioactive Decay The half-life of radioactive potassium 
is 1.3 billion years. If 10 grams is present now, how much will 
be present in 100 years? In 1000 years? 

Estimating the Age of a Tree A piece of charcoal is found to 
contain 30% of the carbon-14 that it originally had. When did 
the tree die from which the charcoal came? Use 5730 years 
as the half-life of carbon-14. 

Estimating Age A fossilized leaf contains 70% of its normal 
amount of carbon-14. How old is the fossil? 


. Cooling Time of a Pizza A pizza baked at 450°F is removed 


from the oven at 5:00 pm and placed in a room that is a 

constant 70°F. After 5 minutes, the pizza is at 300°F. 

(a) At what time can you begin eating the pizza if you want 
its temperature to be 135°F? 

(b) Determine the time that needs to elapse before the 
temperature of the pizza is 160°F. 

(c) What do you notice about the temperature as time 
passes? 


Newton’s Law of Cooling A thermometer reading 72°F 

is placed in a refrigerator where the temperature is a 

constant 38°F. 

(a) If the thermometer reads 60°F after 2 minutes, what will 
it read after 7 minutes? 

(b) How long will it take before the thermometer 
reads 39°F? 

(c) Determine the time that must elapse before the 
thermometer reads 45°F. 

(d) What do you notice about the temperature as time 
passes? 


Х Calculus Preview == 1. Applet-Based 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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Newton’s Law of Heating A thermometer reading 8°C is 
brought into a room with a constant temperature of 35°C. If 
the thermometer reads 15°C after 3 minutes, what will it read 
after being in the room for 5 minutes? For 10 minutes? 


[Hint: You need to construct a formula similar to 
equation (4).] 

Warming Time of a Beer Stein A beer stein has a 
temperature of 28°F. It is placed in a room with a constant 
temperature of 70°F. After 10 minutes, the temperature 
of the stein has risen to 35°F. What will the temperature of 
the stein be after 30 minutes? How long will it take the stein 
to reach a temperature of 45°F? (See the hint given for 
Problem 15.) 


Decomposition of Chlorine in a Pool Under certain 
water conditions, the free chlorine (hypochlorous acid, 
НОС!) in a swimming pool decomposes according to the 
law of uninhibited decay. After shocking his pool, Ben 
tested the water and found the amount of free chlorine to 
be 2.5 parts per million (ppm). Twenty-four hours later, Ben 
tested the water again and found the amount of free chlorine 
to be 2.2 ppm. What will be the reading after 3 days (that 
is, 72 hours)? When the chlorine level reaches 1.0 ppm, Ben 
must shock the pool again. How long can Ben go before he 
must shock the pool again? 


Decomposition of Dinitrogen Pentoxide At 45°C, dinitrogen 
pentoxide (N,O,; ) decomposes into nitrous dioxide (NO, ) 
and oxygen (O,) according to the law of uninhibited 
decay. An initial amount of 0.25 M №,О; (M is a measure 
of concentration known as molarity) decomposes 
to 0.15 M №,О; in 17 minutes. What concentration of N,O; 
will remain after 30 minutes? How long will it take until 
only 0.01 MN,O, remains? 


Decomposition of Sucrose Reacting with water in an acidic 
solution at 35°C, sucrose (C,,H,,0,, ) decomposes into 
glucose(C,H,,O, ) and fructose ( C ¿H120 , )* according to the 
law of uninhibited decay. An initial concentration of 0.40 M 
of sucrose decomposes to 0.36 M sucrose in 30 minutes. What 
concentration of sucrose will remain after 2 hours? How long 
will it take until only 0.10 M sucrose remains? 


Decomposition of Salt in Water Salt (NaCl) decomposes in 
water into sodium ( Na + ) and chloride ( C1- ) ions according 
to the law of uninhibited decay. If the initial amount of salt 
is 25 kilograms and, after 10 hours, 15 kilograms of salt is 
left, how much salt is left after 1 day? How long does it take 


until $ kilogram of salt is left? 


Radioactivity from Chernobyl After the release of 
radioactive material into the atmosphere from a nuclear 
power plant at Chernobyl (Ukraine) in 1986, the hay in 
Austria was contaminated by iodine 131 (half-life 8 days). 
If it is safe to feed the hay to cows when 10% of the iodine 
131 remains, how long did the farmers need to wait to use 
this hay? 

Smartphone Users The number of U.S. smartphone users (in 
millions) t years after 2010 is given by 


293 
1 + 3.2665е-—037854 


(a) What is the growth rate in the number of U.S. smartphone 
users? 
(b) Use a graphing utility to graph P = P(t). 


P(t) = 


eB 


24. 


25. 


t 


26. 
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(c) What was the number of U.S. smartphone users in 
2015? 

(d) In what year does the number of U.S. smartphone users 
reach 280 million? 


Source: Statista.com, 2019 


. Tablet Computers The logistic model 


50.9249 
1 + 14.9863e -1 09404 


PC) = 


represents the percentage of U.S. households that own a 

tablet computer t years after 2010. 

(a) Evaluate and interpret P(0). 

(b) Use a graphing utility to graph Р = P(t). 

(c) What percentage of U.S. households owned a tablet 
computer in 2018? 

(d) In what year did the percentage of U.S. households that 
owned a tablet computer reach 4796? 


Source: pewinternet.org, 2018 
Farmers The logistic model 


14,656,248 


WO) = r1 0.05920057 


represents the number of farm workers in the United States 

t years after 1910. 

(a) Evaluate and interpret W (0). 

(b) Use a graphing utility to graph У = W(t). 

(c) How many farm workers were there in the United States 
in 2010? 

(d) When did the number of farm workers in the United 
States reach 10,000,000? 

(e) According to this model, what happens to the number 
of farm workers in the United States as t approaches оо? 
Based on this result, do you think that it is reasonable to 
use this model to predict the number of farm workers in 
the United States in 2060? Why? 


Source: U.S. Department of Agriculture 
Birthdays The logistic model 


113.3198 


P(n) = 1 + 0.115e00912 


models the probability that, in a room of n people, no two 

people share the same birthday. 

(a) Use a graphing utility to graph P = P(n). 

(b) In aroom ofn = 15 people, what is the probability that 
no two share the same birthday? 

(c) How many people must be in a room before the 
probability that no two people share the same birthday 
falls below 10%? 

(d) What happens to the probability as n increases? Explain 
what this result means. 


Population of an Endangered Species Environmentalists 
often capture an endangered species and transport the species 
to a controlled environment where the species can produce 
offspring and regenerate its population. Suppose that six 
American bald eagles are captured, transported to Montana, 
and set free. Based on experience, the environmentalists 
expect the population to grow according to the model 


500 


P(t) = 
ч) 1 + 83.33e 949 


where ¢ is measured in years. 
(continued) 


*Author’s Note: Surprisingly, the chemical formulas for glucose and fructose are the same: This is not a typo. 
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27. 


Credit: Jupiterimages/ 
PHOTOS.com/Getty Images 


(a) Determine the carrying capacity of the environment. 
(b) What is the growth rate of the bald eagle? 
(c) What is the population after 3 years? 
(d) When will the population be 300 eagles? 
(e) How long does it take for the population to reach 
one-half of the carrying capacity? 
Invasive Species A habitat can be altered by invasive species 
that crowd out or replace native species. The logistic model 
431 
1 + 7.91e-9017 
represents the number of invasive species present in the 
Great Lakes t years after 1900. 


P(t) = 


28. 


(a) Evaluate and interpret P(0). 

(b) What is the growth rate of invasive species? 

(c) Use a graphing utility to graph Р = P(t). 

(d) How many invasive species were present in the Great 
Lakes in 2000? 

(e) In what year was the number of invasive species 175? 


Source: NOAA 
Social Networking The logistic model 


86.1 


Р(ї) = 
(9 = T3226 0390 


gives the percentage of Americans who have a social media 

profile, where t represents the number of years after 2008. 

(a) Evaluate and interpret Р(0). 

(b) What is the growth rate? 

(c) Use a graphing utility to graph Р = P(t). 

(d) During 2017 what percentage of Americans had a social 
media profile? 

(e) In what year did 69.3% of Americans have a social media 
profile? 


Source: Statista, 2018 


Problems 29 and 30 use the following discussion: Uninhibited growth can be modeled by exponential functions other than A(t) = Age". 
For example, if an initial population Р, requires n units of time to double, then the function P(t) = P, - 2!/" models the size of the 
population at time t. Likewise, a population requiring n units of time to triple can be modeled by P(t) = P, - 3!/". 


29. 


Retain Your Knowledge 


Growth of an Insect Population An insect population grows 

exponentially. 

(a) If the population triples in 20 days, and 50 insects are 
present initially, write an exponential function of the form 
P(t) = Р, - 3'/" that models the population. 

(b) What will the population be in 47 days? 

(c) When will the population reach 700? 

(d) Express the model from part (a) in the form A(t) = Age". 


30. Growth of a Human Population The population of a town is 


growing exponentially. 

(a) If its population doubled in size over an 8-year period 
and the current population is 25,000, write an exponential 
function of the form P(t) = P, - 2'/" that models the 
population. 

(b) What will the population be in 3 years? 

(c) When will the population reach 80,000? 

(d) Express the model from part (a) in the form A(t) = Age". 


Problems 31—40 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


31. Find the linear function f whose graph contains the n 


32. 


points (4, 1) and (8, —5). 
Determine whether the graphs of the 


functions f(x) = 5x — 1andg(x) = : X + lare parallel, 


linear 


perpendicular, or neither. 
xy 


and/or difference of logarithms. Express powers as factors. 
x 4-3 
x? -2x — 8 
2x —- 3 _ 3x41 
х—4 and су) = x—3' 
. Find the x-intercept(s) and y-intercept(s) of the graph 
of f(x) = 2x? — 5x +1. 


. Write the logarithmic expression In | | as the sum 


Find the domain of f(x) = 
„усу = find (g — f)(x). 


. Solve: 2 


x+1 x B 
x x+1 


Х 40. Write 


38. For the data provided, use a graphing utility to find the line 


of best fit. What is the correlation coefficient? 


x —4 —2 0 2 4 


9 5 4 2 —1 —2 


39. Usea graphing utility to graph f(x) = x4 — 3x? + 2х – 1 


over the interval [—3, 3]. Then, approximate any local 
maxima and local minima, and determine where f is 
increasing and where f is decreasing. Round answers to two 
decimal places. 

10x 
3(2x + 3)? 
in which only positive exponents appear. 


+ 5(2x + 3)!? as a single quotient 
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4.9 Building Exponential, Logarithmic, and Logistic 
Models from Data 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Building Linear Models from Data (Section 2.2, * Building Quadratic Models from Data (Section 2.6, 
pp. 141-145) pp. 182-183) 
Building Cubic Models from Data (Section 3.2, 
pp. 223-224) 


OBJECTIVES te 1 Build an Exponential Model from Data (p. 379) 
n 2 Build a Logarithmic Model from Data (p. 381) 
te 3 Build a Logistic Model from Data (p. 381) 


5. In Section 2.2 we discussed how to find the linear function of best fit( y — ax 4- b), 
in Section 2.6 we discussed how to find the quadratic function of best fit 
(y = ax? + bx + c), and in Section 3.2 we discussed how to find the cubic function 
of best fit( y = ax? + bx? + cx + а). 
In this section we discuss how to use a graphing utility to find equations of best 
fit that describe the relation between two variables when the relation is thought to be 
с 
1 + ae] 
As before, we draw а scatter plot of the data to help to determine the appropriate 
model to use. 
Figure 46 shows scatter plots that are typically observed for the three models. 


exponential (у = арх), logarithmic (у = a + b Inx), or logistic | у = 


yh yh 
i > > а. > > 
x x x ose x x 
y=ab%a>0,b>1 y=ab¥0<b<1,a>0 y-a-cblhnxa-0,b-0 y=a+binx,a>0,b>0 у= wa >0,b>0,c>0 
Exponential Exponential Logarithmic Logarithmic Logistic 
Figure 46 


Most graphing utilities have REGression options that fit data to a specific type of 
curve. Once the data have been entered and a scatter plot obtained, the type of curve 
that you want to fit to the data is selected. Then that REGression option is used to 
obtain the curve of best fit of the type selected. 

The correlation coefficient r will appear only if the model can be written as a 
linear expression. As it turns out, r will appear for the linear, power, exponential, 
and logarithmic models, since these models can be written as a linear expression. 
Remember, the closer |r| is to 1, the better the fit. 


0 1 Build an Exponential Model from Data 


We saw in Section 4.7 that money earning compound interest grows exponentially, and 
we saw in Section 4.8 that growth and decay models also can behave exponentially. 
The next example shows how data can lead to an exponential model. 
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| EXAMPLE 1 | Fitting an Exponential Function to Data 


Table 9 Mariah deposited $20,000 into a well-diversified mutual fund 6 years ago. The data 
in Table 9 represent the value of the account each year for the last 7 years. 


20,000 (a) Using a graphing utility, draw a scatter plot with year as the independent variable. 


20918 (b) Using a graphing utility, build an exponential model from the data. 


23,355 


S SE (c) Express the function found in part (b) in the form A = Aye". 


27484 
30.053 (e) Using the solution to part (b) or (c), predict the value of the account after 10 years. 


(d) Graph the exponential function found in part (b) or (c) on the scatter plot. 


32,622 (f) Interpret the value of k found in part (c). 


Solution (a) Enter the data into the graphing utility and draw the scatter plot as shown in 
Figure 47 on a TI-84 Plus CE. 


(b) A graphing utility fits the data in Table 9 to an exponential model of the 


40,000 form y — ab* using the EXPonential REGression option. Figure 48 shows 
е that y = ab* = 19,820.43(1.085568)* on a TI-84 Plus CE. Notice that 
"E В |r| = 0.999, which is close to 1, indicating a good fit. 
(c) To express у = ab* іп ће form A = Ауе“, where x = t and у = A, proceed 
as follows: 
ee ab* = Age" 
Figure 47 TI-84 Plus CE Ех = t = 0,thena = A,. This leads to 
NORMAL FLOAT AUTO REAL RADIAN MP ñ b* = ek 
b* = (ek)! 
з=а*Ь^х ok 
а=19820. 43052 Ь=е* x=t 
PAR a Because у = ab* = 19,820.43(1.085568)*, this means that a = 19,820.43 
22A TASSA andb = 1.085568. 


а = A = 19,820.43 and b = е* = 1.085568 


To find k, rewrite eX = 1.085568 as a logarithm to obtain 


Figure 48 Exponential model 
using a TI-84 Plus CE k = 1п(1.085568) ~ 0.08210 


As a result, А = Age^ = 19,820.43e0-082101, 


(d) See Figure 49 for the graph of the exponential function of best fit on a 
TI-84 Plus CE. Figure 50 shows the exponential model using Desmos. 


NORMAL FLOAT AUTO REAL RADIAN MP ñ = +e “ о « А 
-35000- E 


40,000 ў * 


bx. 
Aere 
М Log Mode © 
@ 
4 2 ү, D 
(2.00074 “im 
r= 0.99087 


0-198204 b= 00621081 


р = 


а] 4 0 1 t t ? 
Figure 49 Figure 50 Exponential model using Desmos* 


(e) Lett = 10 in the function found in part (c). The predicted value of the account 
after 10 years is 


A = Age = 19,820.43е00821010 д, $45,047 


(f) The value of k = 0.08210 = 8.210% represents the annual growth rate of the 
account. It represents the rate of interest earned, assuming the account is growing 
continuously. 

_B 


\ Now Work PROBLEM 1 


*For this result in Desmos to agree precisely with the result of a TI-84 Plus CE, the “Log Mode” option 
must be selected. Consult the help feature in Desmos for more information about this option. 


SECTION 4.9 Building Exponential, Logarithmic, and Logistic Models from Data 381 


л 2 Build a Logarithmic Model from Data 


Some relations between variables follow a logarithmic model. 


| EXAMPLE 2 | Fitting a Logarithmic Function to Data 


Table 10 


Atmospheric 
Pressure, p 


Height, h 


Solution 


NORMAL FLOAT AUTO REAL RADIAN МР ñ 
2.4 


Баа 
—0.2 


Figure 51 TI-84 Plus СЕ 


NORMAL FLOAT AUTO REAL RADIAN HP 


y=atblnx 
а=45. 78632063 
“6. 982524298 


г2=,999989267 
г= -,9999946335 


Figure 52 Logarithmic model 
using a TI-84 Plus CE 


Jodi, a meteorologist, is interested in finding a function that explains the relation 
between the height of a weather balloon (in kilometers) and the atmospheric pressure 
(measured in millimeters of mercury) on the balloon. She collects the data shown in 
Table 10. 


(a) Using a graphing utility, draw a scatter plot of the data with atmospheric pressure 
as the independent variable. 


(b) It is known that the relation between atmospheric pressure and height follows 
a logarithmic model. Using a graphing utility, build a logarithmic model from 
the data. 

(c) Graph the logarithmic function found in part (b) on the scatter plot. 


(d) Use the function found in part (b) to predict the height of the weather balloon 
if the atmospheric pressure is 560 millimeters of mercury. 


(a) Enter the data into the graphing utility, and draw the scatter plot. See Figure 51. 


(b) A graphing utility fits the data in Table 10 to a logarithmic function of the 
form y — a 4- bInx by using the LOGarithm REGression option. Figure 52 
shows the result on a TI-84 Plus CE. The logarithmic model from the data is 


h(p) = 45.7863 — 6.9025 In p 
where Л is the height of the weather balloon and p is the atmospheric pressure. 
Notice that | | is close to 1, indicating a good fit. 


(c) Figure 53 shows the graph of h( p) = 45.7863 — 6.9025 In p on the scatter plot. 
Figure 54 shows the logarithmic model using Desmos. 


NORMAL FLOAT AUTO REAL RADIAN МР ñ 


2.4 


BO E E 
02 


Figure 53 


(d) Using the function found in part (b), Jodi predicts the height of the weather 
balloon when the atmospheric pressure is 560 to be 


h(560) = 45.7863 — 6.9025 In 560 
дш 2.108 kilometers 


\ Now Work PROBLEM 5 


= 


H 3 Build a Logistic Model from Data 


Logistic growth models can be used to model situations for which the value of the 
dependent variable is limited. Many real-world situations conform to this scenario. 
For example, the population of the human race is limited by the availability of natural 
resources, such as food and shelter. When the value of the dependent variable is 
limited, a logistic growth model is often appropriate. 
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| EXAMPLE 3 | Fitting a Logistic Function to Data 


Solution 


NORMAL FLOAT AUTO REAL RADIAN МР ñ 
700 


2. 62—290) 


Figure 55 TI-84 Plus CE 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 


u-c/(1*ae^( -bx 
a=71. 57629487 
b=, 5469947267 
c=663. 0219908 


Figure 56 Logistic model 
using a TI-84 Plus СЕ 


The data in Table 11 represent the amount of yeast biomass in a culture after ¢ hours. 


Table 11 


Time 
(hours) 


Yeast 
Biomass 


Time 
(hours) 


Yeast 
Biomass 


Time 
(hours) 


Yeast 
Biomass 


Source: Tor Carlson (Uber Geschwindigkeit und Grösse der Hefevermehrung in Würze, Biochemische 
Zeitschrift, Bd. 57 pp. 313—334, 1913) 


(a) Using a graphing utility, draw a scatter plot of the data with time as the 
independent variable. 


(b) Using a graphing utility, build a logistic model from the data. 
(c) Using a graphing utility, graph the function found in part (b) on the scatter plot. 
(d) What is the predicted carrying capacity of the culture? 


(e) Use the function found in part (b) to predict the population of the culture 
att — 19 hours. 


(a) See Figure 55 for a scatter plot of the data on a TI-84 Plus CE. 
(b) A graphing utility fits the data in Table 11 to a logistic growth model of the 


orm y — using the regression option. Figure 56 shows 
f y тг by using the LOGISTIC regressi ption. Figure 56 sh 


1 + ает 
the result on a TI-84 Plus CE. The logistic model from the data is 


_ 663.0 
У T+ 71.6е 0370 
where у is the amount of yeast biomass in the culture and t is the time. 


(c) See Figure 57 for the graph of the logistic model on a TI-84 Plus CE. Figure 58 
shows the logistic model using Desmos. 


+ © o 
NORMAL FLOAT AUTO REAL RADIAN MP f) HK [e 
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700 
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Figure 57 Figure 58 Logistic model using Demos 


(d) Based on the logistic growth model found in part (b), the carrying capacity of the 
culture is 663. 


(e) Using the logistic growth model found in part (b), the predicted amount of yeast 
biomass att = 19 hours is 


663.0 x 661.5 


= 1 + 71.6е 0.547019 _в 


\ Now Work PROBLEM 7 
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4.9 Assess Your Understanding 


Applications and Extensions 


\ 1. Covid-19 In 2020, the world was exposed to a novel 


AL Now Work 


coronavirus called Covid-19. The virus resulted in a pandemic 
throughout many countries. In the United States, the number 
of individuals infected with Covid-19 grew rapidly in the 
early stages of the disease reaching the country. The data 
below represent the cumulative number of documented cases 
of Covid-19 in 2020 during the early phase of the disease. 
Let x represent the number of days since February 20, 2020. 


Date Cumulative Number of Cases 


Feb 20 (x = 0) 1Б 
Feb 25 (x = 5) 57 
March 1 (x — 10) 7/3) 


March 6 (х = 15) 319 


March 11 (x = 20) 
March 16 (x = 25) 
March 21 (x = 30) 
March 26 (x = 35) 85,435 
March 31 (x = 40) 188,530 


Source: https://www.worldometers.info/coronavirus/country/us 


1301 
4596 
24,192 


(a) Draw a scatter plot treating days since February 20 as the 
independent variable. 

(b) Using a graphing utility, build an exponential model from 
the data. 

(c) Express the function found in part (b) in the form 
N(t) = Ме“. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) Use the exponential function from part (b) or (c) to 
predict the cumulative number of cases of Covid-19 on 
April 5(x = 45). 

(f) Use the exponential function from part (b) or (c) to 
predict when the cumulative number of cases reached 
1,000,000. 


. Tesla, Inc. Revenue The data in the table below represent 


annual revenue of Tesla, Inc. from 2010 to 2021. 


Year Revenue ($ Billion) 


2010 (x — 
2011 (x = 
2012 (x 

2013 (x = 
2014 (x — 
2015 (x 

2016 (x 

2017 (x 

2018 (x 

2019 (x 

2020 (x — 10) 
PANES = 1i) 


Source: Tesla, Inc. 


@ 1. Modeling 


1. Writing та 1. Graphing Tech 


(a) Using a graphing utility, draw a scatter plot of the data 
using 0 for 2010, 1 for 2011, and so on, as the independent 
variable. 

(b) Using a graphing utility, build an exponential model from 
the data. 

(c) Express the function found in part (b) in the form 
A(t) = Age. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) Use the exponential function from part (b) or (c) to 
predict Tesla’s revenue in 2022. 

(f) Interpret the meaning of k in the function found in part (с). 


. Advanced-stage Breast Cancer The data in the table below 


represent the percentage of patients who have survived 
after diagnosis of advanced-stage breast cancer at 6-month 
intervals of time. 


Time After Diagnosis (years) Percentage Surviving 


Source: Cancer Treatment Centers of America 

(a) Using a graphing utility, draw a scatter plot of the data 
with time after diagnosis as the independent variable. 

(b) Using a graphing utility, build an exponential model from 
the data. 

(c) Express the function found in part (b) in the form 
A(t) = Age. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) Use the model to predict the percentage of patients 
diagnosed with advanced-stage cancer who survive for 
4 years after initial diagnosis. 

(f) Interpret the meaning of k in the function found in part (c). 


. Chemistry A chemist has a 100-gram sample of a radioactive 


material. He records the amount of radioactive material 
every week for 7 weeks and obtains the following data: 


Weight 
(in grams) 


(continued) 
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(a) Using a graphing utility, draw a scatter plot with week as 
the independent variable. 

(b) Using a graphing utility, build an exponential model from 
the data. 

(c) Express the function found in part (b) in the form 
A(t) = Age". 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) From the result found in part (b), determine the half-life 
of the radioactive material. 

(f) How much radioactive material will be left after 
50 weeks? 

(g) When will there be 20 grams of radioactive material? 

5. Milk Production The data in the table below represent the 

number of dairy farms (in thousands) and the amount of 

milk produced (in billions of pounds) in the United States 

for various years. 


Milk Produced 
(billion pounds) 


Dairy Farms 


Year (thousands) 


Source: National Agricultural Statistics Services 


(a) Using a graphing utility, draw a scatter plot of the data with 
the number of dairy farms as the independent variable. 

(b) Using a graphing utility, build a logarithmic model from 
the data. 

(c) Graph the logarithmic function found in part (b) on the 
scatter plot. 

(d) In 2008, there were 67 thousand dairy farms in the 
United States. Use the function in part (b) to predict the 
amount of milk produced in 2008. 

(e) The actual amount of milk produced in 2008 was 190 
billion pounds. How does your prediction in part (d) 
compare to this? 


6. Social Networking The data in the table below represent the 
percent of U.S. citizens aged 12 and older who have a profile 
on at least one social network. 


Percent on a 
Social 
Networking 
Site 


Percent on a 
Social 
Networking 
Site 
2008 (x — 
2009 (x 


2015 (x = 8) 

2016 (x = 9) 

2017 (x = 10) 
2018 (x = 11) 
2019 (x = 12) 
2020 (x = 13) 
2021 (x = 14) 


2010 (x 
2011 (x 
2012 (x 
2013 (x = 
2014 (x 


Source: Statista.com, 2019 


N 3, 


(a) Using a graphing utility, draw a scatter plot of the data 
using 1 for 2008,2 for 2009, and so on, as the independent 
variable, and percent on social networking site as the 
dependent variable. 

(b) Using a graphing utility, build a logarithmic model from 
the data. 

(c) Graph the logarithmic function found in part (b) on the 
scatter plot. 

(d) Use the model to predict the percent of U.S. citizens on 
social networking sites in 2022. 

(e) Use the model to predict the year in which 9096 of U.S. 
citizens will be on social networking sites. 


Population Model The following data represent the 
population of the United States. An ecologist is interested in 
building a model that describes the population of the United 
States. 


Population 
(in millions) 
1900 (х= 0) 
1910 (х= 10) 
1920 (х= 20) 
1930 (х= 30) 
1940 (х = 40) 


1960 (х= 60) 
1970 (x — 70) 
1980 (x — 80) 
1990 (x — 90) 
2000 (x — 100) 
2010 (х= 110) 
2020 (x — 120) 


Source: U.S. Census Bureau 


( 

1950 (x — 50) 
( 
( 


(a) Using a graphing utility, draw a scatter plot of the data 
using years since 1900 as the independent variable and 
population as the dependent variable. 

(b) Using a graphing utility, build a logistic model from the 
data. 

(c) Using a graphing utility, graph the function found in 
part (b) on the scatter plot. 

(d) Based on the function found in part (b), what is the 
carrying capacity of the United States? 

(e) Use the function found in part (b) to predict the 
population of the United States in 2022. 

(f) When will the United States population be 350,000,000? 

(g) Compare actual U.S. Census figures to the predictions 
found in parts (e) and (f). Discuss any differences. 
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8. Population Model The data below represent world 
population. An ecologist is interested in building a model 
that describes the world population. 


Population Population 
Year (billions) Year (billions) 
2001 (х= 0) 
2002 (х= 1) 
2003 (x = 2) 
2004 (x = 3) 
2005 (x = 4) 
) 
) 
) 
) 


2006 (x=5 
2007 (x=6 


2008 (x=7 
2009 (x=8 
2010 (х= 9) 


Source: worldometers.info 


(a) Using a graphing utility, draw a scatter plot of the data 
using years since 2001 as the independent variable and 
population as the dependent variable. 

(b) Using a graphing utility, build a logistic model from the 
data. 

(c) Using a graphing utility, graph the function found in 
part (b) on the scatter plot. 

(d) Based on the function found in part (b), what is the 
carrying capacity of the world? 

(e) Use the function found in part (b) to predict the 
population of the world in 2025. 

(f) When will world population be 9 billion? 


. Mixed Practice Online Advertising Revenue The data in the 
table below represent the U.S. online advertising revenues 
for the years 2005-2017 


U.S. Online Advertising 
Revenue ($ billions) 


2005 (x 

2006 (x — 
2007 (x 

2008 (x 

2009 (x 

2010 (x 

2011 (x 

2012 (x 

2013 (x 

2014 (x = 9) 
2015 (x = 10) 
ZG (Xe = 11) 
ANT (ox = 12) 


Source: marketingcharts.com 


(a) Using a graphing utility, draw a scatter plot of the data 
using 0 for 2005, 1 for 2006, and so on as the independent 
variable, and online advertising revenue as the dependent 
variable. 


(b) Based on the scatter plot drawn in part (a), decide what 
model (linear, quadratic, cubic, exponential, logarithmic, 
or logistic) that you think best describes the relation 
between year and revenue. 

(c) Using a graphing utitlity, find the model of best fit. 

(d) Using a graphing utility, graph the function found in 
part (c) on the scatter plot drawn in part (a). 

(e) Use your model to predict the online advertising revenue 
in 2021. 


. Mixed Practice Age versus Total Cholesterol The data 


below represent the age and average total cholesterol for 
adult male subjects at various ages. 


Total 
Cholesterol 


(a) Using a graphing utility, draw a scatter plot of the data 
using age, x, as the independent variable and total 
cholesterol, y, as the dependent variable. 

(b) Based on the scatter plot drawn in part (a), decide on a 
model (linear, quadratic, cubic, exponential, logarithmic, 
or logistic) that you think best describes the relation 
between age and total cholesterol. Be sure to justify your 
choice of model. 

(c) Using a graphing utility, find the model of best fit. 

(d) Using a graphing utility, graph the function found in 
part (c) on the scatter plot drawn in part (a). 

(e) Use your model to predict the total cholesterol of a 
35-year-old male. 


. Mixed Practice Golfing The data below represent the 


expected percentage of putts that will be made by professional 
golfers on the PGA Tour, depending on distance. For example, 
it is expected that 99.3% of 2-foot putts will be made. 


Distance Expected Distance Expected 
(feet) Percentage (feet) Percentage 


Source: TheSandTrap.com 


(continued) 
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(a) Using a graphing utility, draw a scatter plot of the data (c) Using a graphing utility, find the model of best fit. 
with distance as the independent variable. (d) Graph the function found in part (c) on the scatter plot. 
(b) Based on the scatter plot drawn in part (a), decide on a (e) Use the function found in part (c) to predict what 
model (linear, quadratic, cubic, exponential, logarithmic, percentage of 30-foot putts will be made. 


or logistic) that you think best describes the relation 
between distance and expected percentage. Be sure to 
justify your choice of model. 


Retain Your Knowledge 


Problems 12—21 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


12. Construct a polynomial function that might have the graph 14. Graph the equation (x — 3)? + y? = 25. 
shown. (More than one answer is possible.) 15. Find the midpoint of the line segment with 
endpoints (—7, 5) and (1, —9). 


16. Find the function whose graph is the shape of y = Vx, 
but shifted to the right 4 units and reflected about the 
X-axis. 


17. Solve:3x2 — 4x —5 = 0 


. x41 
18. Solve: 2—25 > 0 


19. Use the Remainder Theorem to find the remainder when 
f(x) = 3x? — 7x* — 27x? + 67x? — 36 is divided 
by x + 3. Isx + 3a factor of f(x)? 


. Use the Pythagorean Theorem to find the exact length of 1 
the unlabeled side in the given right triangle. A 20. Find the average rate of change of f(x) — 8* from 3 


tož. 
°з 


21. Use the Intermediate Value Theorem to show that 
f(x) —x* + 2x? — 5x + 1 has a zero in the interval 
[—2, —1]. Then, approximate the zero correct to two 
decimal places. 


Chapter Review 


Things to Know 


Composite function (p. 289) (f o g)(x) = f(g(x)); The domain of f o g is the set of all numbers x in the domain of g 
for which g(x) is in the domain of f. 


One-to-one function f (p. 297) A function for which any two different inputs in the domain correspond to two different 
outputs in the range 


For any choice of elements x,, x, in the domain of f, if x} = x,, then f(x4) = f(x;). 


Horizontal-line test (p. 298) If every horizontal line intersects the graph of a function f in at most one point, f is 
one-to-one. 

Inverse function f ^! of f For a one-to-one function y = f(x), the correspondence from the range of f to the 

(pp. 299, 301, 302) domain of f. Domain of = range of f~t; range of f = domain of f~! 


f-'(f(x)) = x for all x in the domain of f 

РОР 1(х)) = x for all x in the domain of f~t 

The graphs of f and f ^! are symmetric with respect to the line у = x. 
Properties of the exponential f(x) =Ca*, a>1,C>0 Domain: the interval ( —oo, оо) 
function (pp. 312, 316, 317) Range: the interval (0, oo) 
x-intercepts: none; y-intercept: C 
Horizontal asymptote: x-axis (у = 0) as x — —oo 
Increasing; one-to-one; smooth; continuous 


See Figure 22 for a typical graph. 


Properties of the exponential 
function (continued) 


Number e (p. 318) 


Property of exponents (p. 319) 
Natural logarithm (p. 331) 


Properties of the logarithmic 
function (p. 336) 


Properties of logarithms 
(pp. 342-343, 346) 


Formulas 


Change-of-Base Formula (p. 347) 


Compound Interest Formula (p. 360) 
Continuous compounding (p. 361) 


Effective rate of interest (p. 362) 


Present Value Formulas (p. 363) 


Chapter Review 


f(x) = Сах, 0 <а< 1, С> 0 Domain: the interval (—co, co) 
Range: the interval (0, oo) 
x-intercepts: none; y-intercept: C 
Horizontal asymptote: x-axis (у = 0) asx — oo 
Decreasing; one-to-one; smooth; continuous 


See Figure 26 for a typical graph. 


Number approached by the expression (1 + 1) asn — oo 
n 


Ifa" — a",thenu — v. 

y = lnx if and only if x = e". 

f(x) = log,x, a>1 Domain: the interval (0, oo) 

(у = log, xifandonlyifx = a”) Range: the interval (—oo, оо) 
x-intercept: 1; y-intercept: none 
Vertical asymptote: x — 0 (y-axis) 
Increasing; one-to-one; smooth; continuous 
See Figure 40(a) for a typical graph. 

f(x) = log,x, 0«a«1 Domain: the interval (0, oo) 

(у = log, x if and only ifx = a”) Range: the interval (—oo, оо) 
x-intercept: 1; y-intercept: none 
Vertical asymptote: x = 0 (y-axis) 
Decreasing; one-to-one; smooth; continuous 
See Figure 40(b) for a typical graph. 

log, 1 —0 log,a=1 a*&M = М loga" =r а" =erm 


log, (MN) = log, M + log, N log, (5 
log, M" = rlog, M 
If M — N,thenlog, M — log, N. 


Iflog, M = log, N, then M = М. 


| = log, M — log, N 


log, M 


log, М = 
Юве log, a 


a = 1,b = 1, апа M are positive real numbers 


nt 
A= P- (1 + z) 
n 
А = Ре" 
Compounding n times per year: rp = (1 + z) -1 
n 
Continuous compounding: r, = e” — 1 


—nt 
= A-(1+4) or Р = Ae 
n 


Uninhibited growth or decay (pp. 369, 370) A(t) = Age" К = 0;growth,k > 0;decay,k < 0 


Newton’s Law of Cooling (p. 371) 


Logistic model (p. 373) 


u(t) = T+ (uy —T)e" к< 0 


c 
PUS с=з a>0O0,c>0,b20 
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Objectives 
Section 
41 


42 


43 


44 


4.5 


4.6 


4.7 


4.8 


4.9 


You should be able to... 


1 


2 
1 
2 


e Ь чу гу юе Uu 


N 


Form a composite function (p. 289) 

Find the domain of a composite function (p. 290) 
Determine whether a function is one-to-one (p. 297) 
Determine the inverse of a function defined by a mapping 
or a set of ordered pairs (p. 299) 

Obtain the graph of the inverse function from the graph of 
a one-to-one function (p. 301) 

Verify that a function defined by an equation is an inverse 
function (p. 302) 

Find the inverse of a function defined by an equation (p. 303) 
Evaluate exponential functions (p. 310) 

Graph exponential functions (p. 314) 

Define the number e (p.318) 

Solve exponential equations (p. 319) 

Change exponential statements to logarithmic statements 
and logarithmic statements to exponential statements (p. 328) 
Evaluate logarithmic expressions (p. 329) 


Determine the domain of a logarithmic function (p. 329) 
Graph logarithmic functions (p. 330) 


5 Solve logarithmic equations (p. 334) 


w 


e 


ш N HM AUN 


Work with the properties of logarithms (p. 342) 

Write a logarithmic expression as а sum or difference of 
logarithms (p. 344) 

Write a logarithmic expression as a single logarithm (p. 345) 
Evaluate logarithms whose base is neither 10 nor e (p. 346) 
Graph a logarithmic function whose base is neither 10 

nor e (p. 347) 

Solve logarithmic equations (p. 351) 

Solve exponential equations (p. 353) 

Solve logarithmic and exponential equations using a 
graphing utility (p. 354) 

Determine the future value of a lump sum of money (p. 358) 
Calculate effective rates of return (p. 361) 


Determine the present value of a lump sum of money (p. 362) 


Determine the rate of interest or the time required to 
double a lump sum of money (p. 363) 

Model populations that obey the law of uninhibited 
growth (p. 368) 


Model populations that obey the law of uninhibited decay (p. 370) 


Use Newton’s Law of Cooling (p. 371) 
Use logistic models (p. 373) 
Build an exponential model from data (p. 379) 


Build a logarithmic model from data (p. 381) 
Build a logistic model from data (p. 381) 


Review Exercises 
In Problems 1-3, for each pair of functions f and g, find: 


(а) Cf o g)(2) 


1. f(x) = 3x – 5; g(x)21-2x? 


(b) (8 o f)(-2) 


(c) Cf o f)(4) 
2. f(x) = Vx +2; g(x) 22x? 41 


Example(s) 
1,2,4,5 

2-4 

1,2 

3,4 


5 


3 fO = 2% 


Review Exercises 
1-6 

4-6 

7(а), 8 

7(b) 


8 
9.10 


11-14 
15(a), (c), 48(a) 
32-34, (a)-(c), 35(d)-(f) 


36, 37,40, 42, 48(b) 
16,17 


15(b), (d), 20, 47(b), 
49(a), 50 

18,19, 35(а) 

32-34, (d)-(f), 35(b)-(c), 
47(a) 

38, 47 (c), 49(b) 

21,22 

23-26 


27-29 
30 
31 


38, 41, 44 
39, 43, 45, 46 
36—46 


51 
51 
52 
51 


55 


53,56 
54 
57 
58 
59 


60 


(d) (g ° g)(-1) 
g(x)—3x-2 


In Problems 4-6, find f o g, g o f, f o f,and g o g for each pair of functions. State the domain of each composite function. 


4. f(x) = 2-х; g(x)-23x-«1 


5. f(x) = V3x; g(x) = 1+ х + x? 


6. f(x) = 
x 


x +1, 
sE 


g(x) = x 
x 
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7. (a) Verify that the function below is one-to-one. (b) Find its inverse. 
(0, 2), (3, 5), (5, 8), (6, 10)} 


8. The graph of a function f is given below. State why f is one-to-one. Then draw the graph of the inverse function f -!. 


In Problems 9 and 10, verify that the functions f and g are inverses of each other by showing that f(g(x)) = x and g( f(x)) = x. Give 
any values of x that need to be excluded from the domain of f and the domain of g. 


4 


9. f(x) = 5х — 10; g(x) = ix +2 10. fo) = 24; вх) = = 


In Problems 11-14, each function is one-to-one. Find the inverse of each function and check your answer. Find the domain and range 


of f and f~. 


їй. fijas = 12. у(х) = —— 13. f(x) = Ух—72 14. f(x) = х\З +1 
5x 2 +=] 
15. Given f(x) = 3* and g(x) = log, x, evaluate each of the following. 
(a) f(4) (b) g(9) (с) f(-2) (d) 812) 


16. Change 52 = z to an equivalent statement involving a logarithm. 


17. Change log;u = 13 to an equivalent statement involving an exponent. 


In Problems 18 and 19, find the domain of each logarithmic function. 
18. f(x) = log(3x — 2) 
19. H(x) = log;(x? — 3x + 2) 


In Problems 20-22, find the exact value of each expression. Do not use a calculator. 


20. log; [4] 21. In e? 22. 2198204 


In Problems 23-26, write each expression as the sum and/or difference of logarithms. Express powers as factors. 


2 
23. log; [*- u>0,v>0,w>0 24. log, (a? Jb) а> 0, b>0 
w 


2 
25. log(x?Vx3 +1) x>0 26. In( +3} x22 
x? – 3х + 2 


In Problems 27-29, write each expression as a single logarithm. 


27. 3 log, x? + flog, vx 28. In(2—+} | In| Е | In(x? — 1) 
х 


1 
2 


29. ino? Р 1) - 41 iino 4) + Inx] 


30. Use the Change-of-Base Formula and a calculator to evaluate log, 19. Round your answer to three decimal places. 


"m 31. Graph у = log, х using a graphing utility and the Change-of-Base Formula. 


In Problems 32—35, for each function f: 
(a) Find the domain of f. (b) Graph f. (c) From the graph, determine the range and any asymptotes of f. 
(d) Find f~, the inverse function of f. (е) Find the domain and the range of f~t. (f) Graph f . 


32. f(x) = 2-3 33. f(x) = 1+ 3^ 34. f(x) = Зех-2 35. f(x) — jm +3) 
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In Problems 36-46, solve each equation. Express irrational solutions in exact form. 


36. 


40. 


44. 


86+3х — 4 37. Зх2+х = J3 
= sro 41. Іор; Ух —2 = 2 
log, (x + 3) Flog; (x + 4) = 1 45. el = 5 


38. log, 64 = —3 


42.8 = 4% . 25 


39. 57 = 3+? 
43. 2* . 5 = 10* 


46. 9% 4.3 —3— 0 


47. 


48. 


49. 


50. 


52. 


Suppose that f(x) = log;(x — 2) + 1. 

(a) Graph f. 

(b) What is f (6)? What point is on the graph of f? 

(c) Solve f(x) = 4. What point is on the graph of f? 

(d) Based on the graph drawn in part (a), solve f(x) » 0. 
(e) Find f -! (x). Graph f-ton the same Cartesian plane as f. 
Amplifying Sound An amplifier's power output P (in watts) 
is related to its decibel voltage gain d by the formula 


Р = 25е0л4 


(a) Find the power output for a decibel voltage gain of 4 
decibels. 

(b) For a power output of 50 watts, what is the decibel 
voltage gain? 

Limiting Magnitude of a Telescope A telescope is limited 

in its usefulness by the brightness of the star that it is aimed 

at and by the diameter of its lens. One measure of a star’s 

brightness is its magnitude; the dimmer the star, the larger 

its magnitude. A formula for the limiting magnitude L of a 

telescope —that is, the magnitude of the dimmest star that it 

can be used to view—is given by 


L = 9 + 5.1 log d 


where 4 is the diameter (in inches) of the lens. 
(a) What is the limiting magnitude of a 3.5-inch telescope? 
(b) What diameter is required to view a star of magnitude 14? 


Salvage Value The number of years n for a piece of 
machinery to depreciate to a known salvage value can be 
found using the formula 


. log s — Іор i 
^ log — d) 


where s is the salvage value of the machinery, i is its initial 

value, and d is the annual rate of depreciation. 

(a) How many years will it take for a piece of machinery to 
decline in value from $90,000 to $10,000 if the annual 
rate of depreciation is 0.20 (2096)? 

(b) How many years will it take for a piece of machinery to 
lose half of its value if the annual rate of depreciation is 
15%? 

Funding a College Education A child's grandparents 

purchase a $10,000 bond fund that matures in 18 years to 

be used for her college education. The bond fund pays 4% 

interest compounded semiannually. How much will the 

bond fund be worth at maturity? What is the effective rate 
of interest? How long will it take the bond to double in 
value under these terms? 


Funding a College Education A child's grandparents wish to 
purchase a bond that matures in 18 years to be used for her 
college education. The bond pays 4% interest compounded 
semiannually. How much should they pay so that the bond 
will be worth $85,000 at maturity? 


53. 


54. 


55. 


56. 


57. 


ts 58. 


Estimating the Date when a Prehistoric Man Died The 
bones of a prehistoric man found in the desert of New Mexico 
containapproximately5?6 of the originalamount ofcarbon-14. 
If the half-life of carbon-14 is 5730 years, approximately 
how long ago did the man die? 


Temperature of a Skillet A skillet is removed from an oven 
where the temperature is 450°F and placed in a room where 
the temperature is 70°F. After 5 minutes, the temperature of 
the skillet is 400°F. How long will it be until its temperature 
is 150°F? 

World Population The annual growth rate of the world’s 
population in 2019 wask = 1.1% = 0.011.The population 
of the world in 2019 was 7714,576,923. Letting t = 0 
represent 2019, use the uninhibited growth model to predict 
the world’s population in the year 2024. 


Source: worldometers.info 


Radioactive Decay The half-life of radioactive cobalt is 
5.27 years. If 100 grams of radioactive cobalt is present now, 
how much will be present in 20 years? In 40 years? 


Logistic Growth The logistic growth model 


0.8 


Pa) = — 2 
STT Le 


represents the proportion of new cars with a global 
positioning system (GPS). Lett = 0 represent 2006,t = 1 
represent 2007, and so on. 
(a) What proportion of new cars in 2006 had a GPS? 
(b) Determine the maximum proportion of new cars that 
have a GPS. 
(c) Using a graphing utility, graph Р = P(t). 
(d) When will 75% of new cars have a GPS? 
Biology A strain of E-coli Beu 397-recA441 is placed into 
a nutrient broth at 30° Celsius and allowed to grow. The 
following data are collected. Theory states that the number 
of bacteria in the petri dish will initially grow according to 
the law of uninhibited growth. The population is measured 
using an optical device in which the amount of light that 
passes through the petri dish is measured. 


[e UE 


Time (hours), x Population, y 


Source: Dr. Polly Lavery, Joliet 
Junior College 


(continued) 


(a) Draw a scatter plot treating time as the independent Д 


variable. 

(b) Using a graphing utility, build an exponential model from 
the data. 

(c) Express the function found in part (b) in the form 
N(t) = Ме“. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) Use the exponential function from part (b) or (c) to 
predict the population at x = 7 hours. 

(f) Use the exponential function from part (b) or (c) to 
predict when the population will reach 0.75. 


fe 59. Wind Chill Factor The data represent the wind speed (mph) 
e and the wind chill factor at an air temperature of 15?F. 


Wind Speed 
(mph) 


Wind Chill 
Factor (°F) 


Source: U.S. National Weather 
Service 


(a) Using a graphing utility, draw a scatter plot with wind 
speed as the independent variable. 

(b) Using a graphing utility, build a logarithmic model from 
the data. 

(c) Using a graphing utility, draw the logarithmic function 
found in part (b) on the scatter plot. 

(d) Use the function found in part (b) to predict the wind 
chill factor if the air temperature is 15°F and the wind 
speed is 23 mph. 
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n 60. Spreading of a Disease Jack and Diane live in a small town 


of 50 people. Unfortunately, both Jack and Diane have a 
cold. Those who come in contact with someone who has 
this cold will themselves catch the cold. The data that follow 
represent the number of people in the small town who have 
caught the cold after ¢ days. 


Number of People 
with Cold, C 


c - Oo о 5 о мю = 


(a) Using a graphing utility, draw a scatter plot of the data. 
Comment on the type of relation that appears to exist 
between the number of days that have passed and the 
number of people with a cold. 

(b) Using a graphing utility, build a logistic model from the 
data. 

(c) Graph the function found in part (b) on the scatter plot. 

(d) According to the function found in part (b), what is the 
maximum number of people who will catch the cold? 
In reality, what is the maximum number of people who 
could catch the cold? 

(e) Sometime between the second and third day, 10 people 
in the town had a cold. According to the model found in 
part (b), when did 10 people have a cold? 

(f) How long will it take for 46 people to catch the cold? 


The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
exercises. These videos are available in MyLab™ Math. 


x+2 
x—2 
(a) f o g and state its domain 
(b) (g o f)(—2) 
(с) (f © g)(-2) 
2. Determine whether the function is one-to-one. 
(а) у = 4x? + 3 
(b у= Ух +3 – 5 


3. Find the inverse of f(x) = 


1. If f(x) = 


and g(x) = 2x + 5, find: 


ze 5 and check your answer. 
State the domain and the range of f and f~t. 

4. If the point (3, —5) is on the graph of a one-to-one function 
f, what point must be on the graph of f -! ? 


In Problems 5—7, solve each equation. 


5. 3: = 243 6. log,16 — 2 Т. logsx = 4 


In Problems 8-11, evaluate each expression without using a 
calculator. 


8. log, ai 9. log 10,000 


10. 819225 


In Problems 12 and 13, for each function f: 

(a) Find the domain of f. 
(b) Graph f. 
(c) From the graph of f, find the range and any asymptotes. 
(d) Find f ^! ,the inverse of f. 
(e) Find the domain and the range of f ^. 
(f Graph f. 

12. f(x) = 4*1 -2 

13. f(x) = 1 — log5(x — 2) 


11. In e? 
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In Problems 14-19, solve each equation. Express irrational solutions 
in exact form. 


14. 
16. 
18. 


20. 


21. 


22. 


Spar ex | 15. log(x +9) = 2 

8—2e* = 4 17. log(x? + 3) = log(x + 6) 

YER ke 19. log, (x — 4) + log, (x + 4) = 3 
: 4x3 : 

Write log; PUE туыр as the sum and/or difference of 


logarithms. Express powers as factors. 


А 50-mg sample of a radioactive substance decays to 34 mg 
after 30 days. How long will it take for there to be 2 mg 
remaining? 

(a) If $1000 is invested at 596 compounded monthly, how 
much is there after 8 months? 

(b) If you want to have $1000 in 9 months, how much do 
you need to place in a savings account now that pays 5% 
compounded quarterly? 

(c) How long does it take to double your money if you can 
invest it at 6% compounded annually? 


Cumulative Review 


1. 


Is the following graph the graph of a function? If it is, is the 
function one-to-one? 


| 
A 
ees 
xY 


. For the function f(x) = 2x? — 3x + 1, find: 


(a) f(3) (b) f(—x) (с) f(x + А) 

. Determine which points аге on the graph of x? + y? = 1. 
ot 1 
ШЕР ө (2.2) 


4. Solve the equation 3(х — 2) = 4(x + 5). 


. Graph the line 2x — 4y = 16. 
. (a) Graph the quadratic function f(x) = —x? + 2x — 3 


by determining whether its graph is concave up or 
concave down and by finding its vertex, axis of symmetry, 
y-intercept, and x-intercept(s), if any. 


(b) Solve f(x) < 0. 


. Determine the quadratic function whose graph is given in the 
figure. 
УА 
0 - 
(0, 24) 
| | | > 
E 4 8. x 
COT Vertex: 
(4, -8) 


23. 


10. 


11. 


12. 
13. 
14. 


15. 


Fade) 


The decibel level, D, of sound is given by the equation 


D=40 log| | 
0 


where J is the intensity of the sound 
and J} = 10-!? watt per square meter. 


(a) If the shout of a single person measures 80 decibels, 
how loud would the sound be if two people shout at the 
same time? That is, how loud would the sound be if the 
intensity doubled? 


The pain threshold for sound is 125 decibels. If the 
Athens Olympic Stadium 2004 (Olympiako Stadio 
Athinas ‘Spyros Louis’) can seat 74,400 people, how 
many people in the crowd need to shout at the same 
time for the resulting sound level to meet or exceed 
the pain threshold? (Ignore any possible sound 
dampening.) 


(b) 


. Graph f(x) = 3(x + D=? using transformations. 
. Given that f(x) = x? + 2andg(x) = 


2 
x-3 
(f o g)(x) and state its domain. What is ( f o g)(5)? 

For the polynomial function 

Fox = Зк =15х° = 2y F 60r 

(a) Determine the end behavior of the graph. 

(b) Find the x- and y-intercepts of the graph. 

(c) Find the real zeros and their multiplicity, and determine if 
the graph crosses or touches the x-axis at each intercept. 

(d) Determine the maximum number of turning points on 
the graph. 

(e) Graph the function. 

For the function g(x) = 3* + 2: 


find 


(a) Graph g using transformations. State the domain, range, 
and horizontal asymptote of the graph of g. 


(b) Determine the inverse of g. State the domain, range, and 
vertical asymptote of the graph of g -! . 

(c) On the same coordinate axes as g, graph g~t. 

Solve the equation: 4*-? = 8?* 

Solve the equation: log; (х + 1) + log4(2x — 3) = log,9 

Suppose that f(x) = log,(x + 2). Solve: 

(a) f(x) = 0 (b) f(x) >0 (9 f(x) = 3 

Data Analysis The following data represent the percent of 

all drivers by age who have been stopped by the police for 


any reason within the past year. The median age represents 
the midpoint of the upper and lower limit for the age range. 


Age Range Median Age, x Percent Stopped, y 
16-19 IS 18.2 
20-29 24.5 16.8 
30-39 34.5 LS 
40-49 44.5 9.4 
50-59 54.5 p, 
> 60 69.5 3.8 


(continued) 


(a) Using a graphing utility, draw a scatter plot of the data 


treating median age, x, as the independent variable. 


(b) Determine a model that best describes the relation 


between median age and percent stopped. You may 


Chapter Projects 


Credit: milkos/123RE.com 


@) Internet-based Project 


I. Depreciation of Cars Kelley Blue Book is a guide that provides 
the current retail price of cars. You can access the Kelley Blue 
Book online at www.kbb.com. 


1. 


Identify three cars that you are considering purchasing, 
and find the Kelley Blue Book value of the cars for 0 
(brand new), 1,2,3,4, and 5 years of age. Online, the value 
of the car can be found by selecting Price New/Used. 
Enter the year, make, and model of the new or used 
car you are selecting. To be consistent, assume the cars 
will be driven 12,000 miles per year, so a 1-уеаг-о]а car 
will have 12,000 miles, a 2-year-old car will have 24,000 
miles, and so on. Choose the same options for each year, 
and select Buy from a Private Party when choosing a price 
type. Finally, determine the suggested retail price for cars 
that are in Excellent, Good, and Fair shape. You should 
have a total of 16 observations (1 for a brand new car, 3 
for a 1-year-old car, 3 for a 2-year-old car, and so on). 


Draw a scatter plot of the data with age as the independent 
variable and value as the dependent variable using Excel, 
a TI-graphing calculator, or some other spreadsheet. The 
Chapter 2 project describes how to draw a scatter plot in 
Excel. 


Determine the exponential function of best fit. Graph the 
exponential function of best fit on the scatter plot. To do 
this in Excel, right click on any data point in the scatter 
plot. Now select Add Trendline. Select the Exponential 
radio button and select Display Equation on Chart. 


Chapter Projects. 393 


choose from among linear, quadratic, cubic, exponential, 
logarithmic, and logistic models. 


Provide a justification for the model that you selected in 
part (b). 


See Figure 59. Move the Trendline Options window off 
to the side, if necessary, and you will see the exponential 
function of best fit displayed on the scatter plot. Do 
you think the function accurately describes the relation 
between age of the car and suggested retail price? 


Format Trendline х 
Trendline Options = 


& О 

4 Trendline Options 

©) Exponential 
Linear 
Logarithmic 
Polynomial 
Power 
Moving 


Average a 
Trendline Name 


SK [2 Dy SCR 


e Automatic Expon. (Series1) 
Custom 

Forecast 
Forward оо periods 
Backward [7] | periods 

Set Intercept oD 

~ Display Equation on chart 

1 Display R-squared value on chart 


Figure 59 


The exponential function of best fit is of the form 
y = Ce", where y is the suggested retail value of the 
car and x is the age of the car (in years). What does the 
value of C represent? What does the value of r represent? 
What is the depreciation rate for each car that you are 
considering? 


Write a report detailing which car you would purchase 
based on the depreciation rate you found for each car. 


Citation: Excel O 2019 Microsoft Corporation. Used with permission from Microsoft. 


The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 


П. Hot Coffee A fast-food restaurant wants a special container to hold coffee. The restaurant wishes the container to quickly cool the 
coffee from 200? to 130?F and keep the liquid between 110? and 130°Е as long as possible. The restaurant has three containers to 
select from. Which one should be purchased? 


III. Project at Motorola Thermal Fatigue of Solder Connections Product reliability is a major concern of a manufacturer. Here a 
logarithmic transformation is used to simplify the analysis of a cell phone's ability to withstand temperature change. 


Trigonometric 


Functions 


Length of Day Revisited 


The length of a day depends on the day of the year 
as well as on the latitude of the location. Latitude 
gives the location of a point on Earth north or south 
of the equator. In Chapter 3 we found a model that 
describes the relation between the length of day and 
latitude for a specific day of the year. In the Internet 
Project at the end of this chapter, we will find a 
model that describes the relation between the length 
of day and day of the year for a specific latitude. 


( M ) — See the Internet-based Chapter Project I— 


Credit: US Naval Observatory Astronomical Applications Department 
(http://aa.usno.navy.mil/data/docs/earthview.php) 
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In Chapter 1, we began our discussion of functions. We defined domain and range and 
independent and dependent variables; we found the value of a function and graphed functions. 
We continued our study of functions by listing properties of functions, such as being even or 
odd, and we created a library of functions, naming key functions and listing their properties, 
including the graph. In Chapter 4, we introduced exponential and logarithmic functions, which 
we classified as transcendental functions. 


In this chapter, we continue to study transcendental functions by defining the trigonometric 
functions, six functions that have wide application. We find their domain and range, evaluate 
them, graph them, and develop a list of their properties. 


There are two widely accepted approaches to the development of the trigonometric 
functions: one uses right triangles; the other uses circles, especially the unit circle. In this text, 
we develop the trigonometric functions using right triangles. In Section 5.5, we introduce 
trigonometric functions using the unit circle and show that this approach leads to the definition 
using right triangles. 
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5.1 Angles, Arc Length, and Circular Motion 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Circumference and Area of a Circle (Appendix A, * Uniform Motion (Appendix A, Section A.9, 


Section A.2, p. A16) 


pp. A78-A80) 


М Now Work the ‘Are You Prepared?’ problems on page 403. 


OBJECTIVES 1 Angles and Degree Measure (p. 395) 


ML Line 
V Ray 


Figure 1 A ray or half-line 


Figure 2 


^ Need to Review? 


Rectangular Coordinates are 
M discussed in Section F.1, р. 2. 


Figure 3 Standard position of an angle 


2 Convert Between Decimal and Degree, Minute, Second Measures for Angles (p. 397) 
3 Find the Length of an Arc of a Circle (p. 398) 

4 Convert from Degrees to Radians and from Radians to Degrees (p. 399) 

5 Find the Area of a Sector of a Circle (p. 401) 

6 Find the Linear Speed of an Object Traveling in Circular Motion (p. 402) 


Angles and Degree Measure 


A ray, or half-line, is a portion of a line that starts at a point V on the line and extends 
indefinitely in one direction. The starting point V of a ray is called its vertex. See Figure 1. 

When two rays are drawn with a common vertex, they form an angle. We call one 
ray of an angle the initial side and the other the terminal side. The angle formed is 
identified by showing the direction and amount of rotation from the initial side to the 
terminal side. If the rotation is in the counterclockwise direction, the angle is positive; 
if the rotation is clockwise, the angle is negative. See Figure 2. 


Vertex Initial side Initial side Initial side 


(a) Counterclockwise (b) Clockwise rotation; (c) Counterclockwise 
rotation; Negative angle rotation; 
Positive angle Positive angle 


Lowercase Greek letters, such as а (alpha), 8 (beta), у (gamma), and 0 (theta), 
are often used to denote angles. Notice in Figure 2(a) that the angle a is positive 
because the direction of the rotation from the initial side to the terminal side 
is counterclockwise. The angle 8 in Figure 2(b) is negative because the rotation is 
clockwise. The angle y in Figure 2(c) is positive. Notice that the angle a in Figure 2(a) 
and the angle у in Figure 2(c) have the same initial side and the same terminal side. 
However, o and » are unequal, because the amount of rotation required to go from 
the initial side to the terminal side is greater for angle y than for angle a. 

An angle @ is said to be in standard position if its vertex is at the origin of a 
rectangular coordinate system and its initial side coincides with the positive x-axis. 
See Figure 3. 


YA YA 


Terminal side 6 


Vertex | Initial side x Initial side — X 


Terminal side 


(a) 0 is in standard position; (b) @ is in standard position; 
0 is positive 6 is negative 
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Figure 4 


HISTORICAL NOTE One 
counterclockwise rotation was 
said to measure 360* because the 


When an angle 0 is in standard position, either the terminal side will lie in a 
quadrant, in which case we say that 0 lies in that quadrant, or the terminal side will 
lie on the x-axis or the y-axis, in which case we say that 0 is a quadrantal angle. For 
example, the angle 0 in Figure 4(a) lies in quadrant II, the angle 0 in Figure 4(b) lies 
in quadrant IV, and the angle 0 in Figure 4(c) is a quadrantal angle. 


ll | ll | 
у у у 
0 Ө 
X А X X 
lll IV Ш IV 
(a) 6lies in quadrant Il (b) 6lies in quadrant IV (c) 60isaquadrantal angle 


Angles are measured by determining the amount of rotation needed for the 
initial side to coincide with the terminal side. The two commonly used measures for 
angles are degrees and radians. 


Degree Measure 


The angle formed by rotating the initial side exactly once in the counterclockwise 
direction until it coincides with itself (1 revolution) is said to measure 360 degrees, 


abbreviated 360°. One degree, 1°, is ae revolution. A right angle is an angle that 


Babylonian year had 360 days. п 1 
measures 90°, or 4 revolution; a straight angle is an angle that measures 180°, 
or ; revolution. See Figure 5. As Figure 5(b) shows, it is customary to indicate a right 
angle by using the symbol 
Terminal 
Terminal side side 
Initial side 
Vertex Vertex Initial side Terminal side Vertex Initial side 
Figure 5 (а) 1 revolution (b) right angle, T revolution (c) straight angle, 1 revolution 
counterclockwise, 360° counterclockwise, 90° counterclockwise, 180° 

It is also customary to refer to an angle that measures 0 degrees as an angle 
of 0 degrees. 
Drawing an Angle 
Draw each angle in standard position. 
(a) 45? (b) —90° (c) 225? (d) 405? 

Solution (а) An angle of 45° is ; of a right angle. See Figure 6. 

(b) An angle of —90° is 1 revolution in the clockwise direction. See Figure 7. 
(c) An angle of 225° consists of a rotation through 180° followed by a rotation 

through 45°. See Figure 8. 
(d) An angle of 405° consists of 1 revolution (360°) followed by a rotation 

through 45°. See Figure 9. 

2297 
Initial side 
Vertex Initial side 
Terminal -90 К Initial side 
side AS 


Vertex Initial side 


Figure 6 45° angle 


Figure 7 —90° angle 


Figure 8 225° angle Figure 9 405?^angle . g 


\ Now Work PRoBLEM 11 
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2 Convert Between Decimal and Degree, Minute, Second 
Measures for Angles 


Although subdivisions of a degree may be obtained by using decimals, the 
notion of minutes and seconds may also be used. One minute, denoted by I’, is 


defined as — degree. One second, denoted by 1”, is defined as — minute or, 


equivalently, — degree. An angle of, say, 30 degrees, 40 minutes, 10 seconds is 
written compactly as 30°40/10”. This way of writing an angle is referred to as the 


Degree, Minute, Second ( D'M'S") form. To summarize: 


1 counterclockwise revolution = 360° 


== @ 


It is sometimes necessary to convert from the degree, minute, second form 
( D? M'S") to a decimal form, and vice versa. 


| EXAMPLE 2 | Converting Between Decimal Form and the Degree, Minute, 


Second Form 


(a) Convert 50°6'21” to a decimal in degrees. Round the answer to four decimal places. 


(b) Convert 21.256° to the degree, minute, second form. Round the answer to the 
nearest second. 
1 


Solution (a) Because 1’ = (4) and 1" = (5) = (4 Z). convert as follows: 


50?6/21" = 50° + 6' + 21” = 50° + 6-1’ + 21-1" 
= 50° +6. (E) +21. | е ) Convert minutes and 


60 seconds to degrees. 


60 60 
e 50° + 0.1? + 0.0058? 
— 50.1058? 


(b) Because 1° = 60' and 1' = 60", proceed as follows: 


21.256? — 21? 4- 0.256? 
= 21° + 0.256 . 1? 
= 21° + 0.256 - 60' Convert fraction of degree 
= 21? + 15.36/ to minutes;1? = 60/. 
= 21? + 15’ + 0.36! 
E COMMENT Graphing calculators (and = 21? + 15’ + 0.36 : 1/ 
оте scientific calculators) have the = 21? + 15’ + 0.36 - 60" Convert fraction of minute to 
ability to convert from degree, minute, P А А deit’ 60” 
second to decimal form, and vice versa. = 21° + 15' + 21.6 НИБ = ` 
Consult your owner's manual. a ез 21?15/22" Round to the nearest second. E 


A Now Work PRoBLEMS 59 AND 65 


In many applications, such as describing the exact location of a star or the precise 

/ position of a ship at sea, angles measured in degrees, minutes, and even seconds 

are used. For calculation purposes, these are transformed to decimal form. In other 
applications, especially those in calculus, angles are measured using radians. 


Radian Measure 


A central angle is a positive angle whose vertex is at the center of a circle. The rays of 
a central angle subtend (intersect) an arc on the circle. If the radius of the circle is r 
and the length of the arc subtended by the central angle is also r, then the measure 
of the angle is 1 radian. See Figure 10(a). 
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Figure 11 E 
0 


51 


e 


See Figure 10(a). For a circle of radius 1, the rays of a central angle with measure 
1 radian subtend an arc of length 1. For a circle of radius 3, the rays of a central angle 
with measure 1 radian subtend an arc of length 3. See Figure 10(b). 


Initial side Initial side 


Figure 10 (a) (b) 


3 Find the Length of an Arc of a Circle 


Now consider a circle of radius гапа two central angles, 0 and 0,, measured in radians. 
Suppose that these central angles subtend arcs of lengths s and s,, respectively, as 
shown in Figure 11. From geometry, the ratio of the measures of the angles equals 
the ratio of the corresponding lengths of the arcs subtended by these angles; that is, 


(2) 


Suppose that 0, = 1 radian. Refer again to Figure 10(a). The length s, of the 
arc subtended by the central angle 6, = 1 radian equals the radius r of the circle. 
Thens, — r,so equation (2) reduces to 


2 =? or 5 = (3) 


THEOREM Arc Length 


For a circle of radius r, a central angle of 0 radians subtends an arc whose 
length s is 


= й (4) 


NOTE Formulas must be consistent with the units used. In formula (4), we write 
5 = 0 
To see the units, use equation (3) and write 


0 radians _ s length units 


lradian r length units 


0 radians 


s length units — r length units 
1 radian 


The radians divide out, leaving 
s length units = (r length ипі+5)0 s = r6 


where 0 appears to be “dimensionless” but, in fact, is measured in radians. So, in the formula s = r6, 
the dimension for 0 is radians, and any convenient unit of length (such as inches or meters) can be 
used for s andr. п 
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| EXAMPLE 3 | Finding the Length of an Arc of a Circle 


Find the length of the arc of a circle of radius 2 meters subtended by a central angle 
of 0.25 radian. 


Solution Use formula (4) with r = 2 meters and 0 = 0.25. The length s of the arc is 
s = 10 = 2.0.25 = 0.5 meter -» 
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4 Convert from Degrees to Radians and from Radians to Degrees 


With two ways to measure angles, it is important to be able to convert from one 
measure to the other. Consider a circle of radius r. A central angle of 1 revolution 
subtends an arc equal to the circumference of the circle. See Figure 12. Because the 
circumference of a circle of radius r equals 27r, substitute 27r for s in formula (4) to 
find that, for an angle 0 of 1 revolution, 


1 revolution 


s = 10 
Amr = 0 0 = 1 revolution; s = 2лг 


Figure 12 1 revolution = 27 radians Bs отба. Sove tord. 


From this, we have 
1 revolution = 27 radians (5) 
Since 1 revolution = 360°, we have 
360° = 27 radians 
Dividing both sides by 2 yields 


180° = п radians (6) 


Divide both sides of equation (6) by 180. Then 


1 degree = 1 radian 
180 
Divide both sides of equation (6) by 7. Then 
180 


— degrees = 1 radian 
7V 


We have the following two conversion formulas:* 


1 degree = —7— radian 1 radian = 80 degrees (7) 
180 т 


| EXAMPLE4 | Converting from Degrees їо Вайіапѕ 


Convert each angle in degrees to radians. 


(a) 60° (b) 150° (c) —45° (d) 90° (e) 107° 

; . Degrees Radians : ; 
*Some students prefer instead to use the proportion — = . Then substitute for what is 
given and solve for the measurement sought. 1 d 


(continued) 
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Solution 


(а) 60° = 60-1 degree = 60. тар "аап = = 3 radians 


b) 150° = 150-1? = 150 - —_ radian = 57 кабап 
180 6 


(c) —45° = —45. -— radian = — radian 
180 4 


(а) 90° = 90 тт —— radian = 5 radians 


(e) 107° = 107. radian ~ 1.868 radians 
180 -5 


Example 4, parts (a)-(d), illustrates that angles that are “nice” fractions of a 
revolution are expressed in radian measure as fractional multiples of 7, rather than as 


decimals. For example, a right angle, as in Example 4(d), is left in the form 2 radians, 


3.1416 


2 
When the fractions are not “nice,” use the decimal approximation of the angle, as 
in Example 4(e). 


— 1.5708 radians. 


which is exact, rather than using the approximation P 25 


\ Now Work PRoBLEMS 23 AND 49 


| ЕХАМРІЕ 5 | Converting from Radians to Degrees 


Solution 


Table 1 


Convert each angle in radians to degrees. 


(a) c radian (b) 57 radians (c) ES radians (d) T radians (e) 3 radians 


A 


(a) c radian = c radian — 6 degrees = 30° 
(b) T radians — ari ‚1860 —— degrees = 270° 

(с) ES radians — 4 . 180 desrees — = —315° 

(d) T radians = = mOB 180 —— degrees = 420° 


e) 3 radians = 3- 180 degrees z 171.89? 
8 


\ Now Work PROBLEM 35 


Table 1 lists the degree and radian measures of some common angles. You should 
learn to feel equally comfortable using either measure. 


Degrees 150° 180° 


Radians 5m т 


6 
Degrees 2251 240° 270° 300° 330° 360° 


Radians 5n = 2n 
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@ | EXAMPLE 6 | Field Width of a DSLR Camera Lens 


Solution 


жер 
Field 
TO width 
Кр, Distance 
апе N to object 
NUR 


Figure 13 Camera viewing angle 


NOTE Ifthe measure of an angle is given 
as 5, it is understood to mean 5 radians; 
if the measure of an angle is given as 5°, 


it means 5 degrees. 


Figure 14 Sector of a Circle 


For small angles, the length of the arc subtended by a central angle is approximately 
equal to the length of the chord that is subtended. Use this fact to approximate the 
field width (the width of scenery the lens can image) of a 400mm camera lens at a 
distance of 750 feet if the viewing angle of the lens is 6°12’. 


See Figure 13. The measure of the central angle is 6°12’, but remember that the angle 
in formula (4) must be in radians. So begin by converting the angle to radians. 


6.2 - LL. radian ~ 0.108 radian 


0 = 6°12' = 62? 
180 


t 
12/92 


Use 0 — 0.108 radian and r — 750 feet in formula (4). The field width for the lens 
at a distance of 750 feet from the camera is approximately 


s = 10 = 750 · 0.108 = 81 feet E 


When an angle is measured in degrees, the degree symbol is always shown. 
However, when an angle is measured in radians, we usually omit the word radians. 


So if the measure of an angle is given as e it is understood to mean ` radian. 


B 
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5 Find the Area of a Sector of a Circle 


Consider a circle of radius r. Suppose that 0, measured in radians, is a central angle 
of this circle. See Figure 14. We seek a formula for the area A of the sector (shown in 
blue) formed by the angle 0. 

Consider a circle of radius r and two central angles 0 and 0,, both measured in 
radians. See Figure 15. From geometry, the ratio of the measures of the angles equals 
the ratio of the corresponding areas of the sectors formed by these angles. That is, 


0 A 


0 A 


Now suppose that 0, = 2r radians. Then A, = area of the circle = z7?. Solving 
for A, we find 


THEOREM Area of a Sector 


The area A of the sector of a circle of radius r formed by a central angle 
of 0 radians is 


А = ir (8) 
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| EXAMPLE7 | Finding the Area of a Sector of a Circle 


Find the area of the sector of a circle of radius 2 feet formed by an angle of 30°. 
Round the answer to two decimal places. 


Solution Use formula (8) withr = 2 feetand 0 = 30° = е тайап. [Remember, in formula (8), 
0 must be in radians.] 


1 D UNE PETI 


А = >r% = 
2 70773 6 3 
The area A of the sector is 1.05 square feet, rounded to two decimal places. D 
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6 Find the Linear Speed of an Object Traveling in Circular Motion 


The average speed of an object is the distance traveled divided by the elapsed time. 
For motion along a circle, we distinguish between linear speed and angular speed. 


DEFINITION Linear Speed 


Suppose that an object moves on a circle of radius r at a constant speed. If s 
is the distance traveled in time / on this circle, then the linear speed v of the 
object is defined as 


у= (9) 
Time t t 
S 
As this object travels on the circle, suppose that 0 (measured in radians) is the 
central angle swept out in time t. See Figure 16. 
Figure 16 v — 7 DEFINITION Angular Speed 


The angular speed w (the Greek lowercase letter omega) of an object is the 
angle 0 (measured in radians) swept out, divided by the elapsed time t; that is, 


ко (10) 


Angular speed is the way the turning rate of an engine is described. For example, 
an engine idling at 900 rpm (revolutions per minute) is one that rotates at an angular 
speed of 


revolutions г ions radians radians 
———————5-9 - 2m а = 18007 == 
minute minute Ë ion minute 


900 


There is an important relationship between linear speed and angular speed: 


А 5 
linear speed = у l r. ru 


р то (11) 


where w is measured in radians per unit time. 
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When using formula (11),v = rw, remember that v = : (the linear speed) has 


the dimensions of length per unit of time (such as feet per second or miles per hour), 
r (the radius of the circular motion) has the same length dimension as s, and w (the 
angular speed) has the dimension of radians per unit of time. If the angular speed is 
given in terms of revolutions per unit of time (as is often the case), be sure to convert 
it to radians per unit of time, using the fact that 1 revolution — 27 radians, before 


using formula (11). 


| EXAMPLES | PLE 8 Finding Linear Speed 


A child is spinning a rock at the end of a 2-foot rope at the rate of 180 revolutions per 


minute (rpm). Find the linear speed of the rock when it is released. 


Look at Figure 17 The rock is moving around a circle of radius r = 2 feet. The 


Solution 
angular speed w of the rock is 
w = 180 revolutions 
minute 


Figure 17 
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Historical Feature 


rigonometry was developed by Greek astronomers, who 
regarded the sky as the inside of a sphere, so it was natural that 
triangles on a sphere were investigated early (by Menelaus of 
Alexandria about Ap 100) and that triangles in the plane were studied 


much later. The first book containing a systematic treatment of plane 
and spherical trigonometry was written by the Persian astronomer 
Nasir Eddin (about ap 1250). 

Regiomontanus (1436-1476) is the person most responsible for 
moving trigonometry from astronomy into mathematics. His work 
was improved by Copernicus (1473-1543) and Copernicus's student 


5.1 Assess Your Understanding 


у = rw = 2 feet - 3607 


— 180 £ ons ». radians — 3607 radians 
minute revolution minute 


From formula (11),v = rw, the linear speed v of the rock is 


radians 


feet ~ 2262 feet 
minute 


= 7207 ——— 
minute 


minute 


The linear speed of the rock when it is released is 2262 ft/min ~ 25.7 mi/h. _p 


Rhaeticus (1514-1576). Rhaeticus's book was the first to define the 
six trigonometric functions as ratios of sides of triangles, although 
he did not give the functions their present names. Credit for this is 
due to Thomas Finck (1583), but Finck's notation was by no means 
universally accepted at the time. The notation was finally stabilized 
by the textbooks of Leonhard Euler (1707-1783). 

Trigonometry has since evolved from its use by surveyors, 
navigators, and engineers to present applications involving ocean 
tides, the rise and fall of food supplies in certain ecologies, brain wave 
patterns, and many other phenomena. 


‘Are You Pre pa red?' Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What is the formula for the circumference C of a circle of 
radius г? What is the formula for the area A of a circle of 
radius r? (p. A16) 


Concepts and Vocabulary 


3. An angle 0 is in if its vertex is at the 
origin of a rectangular coordinate system and its initial side 
coincides with the positive x-axis. 

4. A 
center of a circle. 


is a positive angle whose vertex is at the 


(1. Now Work Q 1. Modeling 1. Writing 


re 1. Graphing Tech 


2. If an object has a speed of r feet per second and travels a 
distance d (in feet) in time t (in seconds), then d = 
(рр. A78-A80) 


5. Multiple Choice 1f the radius of a circle is r and the length 
of the arc subtended by a central angle is also r, then the 
measure of the angle is 1 
(a) degree 
(c) second 


(b) minute 
(d) radian 


A Calculus Preview == 1. Applet-Based 
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6. On a circle of radius r, a central angle of radians subtends 
anarc of length s = ;the area of the sector formed by 
this angle 0 15 A = 


7. Multiple Choice 180° — — 
T 3n 
(a) 2 (c) 2 


8. An object travels on a circle of radius r with constant speed. 
If s is the distance traveled in time t on the circle and 0 is the 


radians 


(b) т (d) 27 


Skill Building 


central angle (in radians) swept out in time ft, then the linear 
speed of the object is v — and the angular speed of 
the object isw = 


9. True or False The angular speed w of an object traveling on 
a circle of radius г is the angle 0 (measured in radians) swept 
out, divided by the elapsed time t. 


10. True or False For circular motion on a circle of radius r, 
linear speed equals angular speed divided by r. 


In Problems 11—22, draw each angle in standard position. 


\ 11. зо 


12. 60° 13. 135° 

Зт 47 т 

17. — 18. — 19. —— 
4 A 3 ? 6 


In Problems 23—34, convert each angle in degrees to radians. Express your answer as a multiple of т. 


\ 23. 30° 


29. 540° 


24. 120° 25. 495° 


30. 270° 31. —240° 


In Problems 35—46, convert each angle in radians to degrees. 


5т 137 

35, 7. 36. 27 e y 
Мз 3 бе 6 
41. 37 42, 27 43. 27 
20 12 2 


14. —120° 15. 450° 16. 540° 
20. 27 21. 167 22, 217 
3 3 4 
26. 330° 27. —60? 28. —30° 
32. —225° 33. —90° 34. —180° 
Qn 97 
bes 9, Эт 40. 4 
38. —7 39. 7 0. 47 
177 Зп 
44. — 45, 17 46. —37 
T NET fur 


In Problems 47—52, convert each angle in degrees to radians. Express your answer in decimal form, rounded to two decimal places. 
47. 17? 48. 73? N 49. —40° 50. —51° 51. 125° 52. 350° 


In Problems 53—58, convert each angle in radians to degrees. Express your answer in decimal form, rounded to two decimal places. 


53. 3.14 54. 0.75 55. 7 56. 3 57. 9.28 58. V2 
In Problems 59-64, convert each angle to a decimal in degrees. Round your answer to two decimal places. 
N 59. 40°10/25” 60. 61°42/21” 61. 50°14/20” 
62. 73°40'40” 63. 9°9/9” 64. 98°22/45” 
In Problems 65—70, convert each angle to D? M'S" form. Round your answer to the nearest second. 
М 65. 40.32° 66. 61.24° 67. 18.255° 68. 29.411° 69. 19.99° 70. 44.01° 


In Problems 71—78, s denotes the length of the arc of a circle of radius r subtended by the central angle 0. Find the missing quantity. Round 


answers to three decimal places. 


М 71. г = 10 meters, 0 = 1 radian, s = ? 72. г = 6 feet, 0 = 2 radians, s = ? 
2 
73. 0 = 2 radian, s = 8feet, r=? 74. 0 = Í radian, s = 6centimeters, r = ? 
75. т = 10 miles, s = 9 miles, 0 =? 76. г = 6 meters, s = 8 meters, 0 =? 
77. r = 2inches, 6 = 30°, s=? 78. г = 3 meters, 0 = 120, $=? 


In Problems 79-86, A denotes the area of the sector of a circle of radius r formed by the central angle 0. Find the missing quantity. Round 


answers to three decimal places. 


\ 79. г = 10 meters, 0 = 5 radian, =? 
81. 0 = 5 radian, А = 2 square feet, r=? 
83. r = 5 miles, A = 3 square miles, 0 = ? 
85. г = 2 inches, 0 = 30°, A=? 


80. r = 6 feet, 0 = 2 radians, A=? 


Il 
~ 


82. 0 = 1 radian, A = 6 square centimeters, r 


84. r = 6 meters, A = 8 square meters, 0 = ? 


86. r = 3 meters, 0 = 120°, A=? 
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In Problems 87-90, find the length s and the area A. Round answers to three decimal places. 


87. 88. 89. 90. 
S © 
S 
ГАХ p B “А 


Applications and Extensions 


91. 


92. 


93. 


94. 


96. 


97. 


98. 


\ 99. 


Movement of a Minute Hand The 
minute hand of a clock is 6 inches 
long. How far does the tip of the 
minute hand move in 15 minutes? 
How far does it move in 25 minutes? 
Round answers to two decimal 
places. 


Movement of a Pendulum A pendulum swings through an 
angle of 20° each second. If the pendulum is 40 inches long, 
how far does its tip move each second? Round answers to 
two decimal places. 


Area of a Sector Find the area of the sector of a circle of 
radius 4 meters formed by an angle of 45°. Round the answer 
to two decimal places. 


Area of a Sector Find the area of the sector of a circle of 
radius 3 centimeters formed by an angle of 60°. Round the 
answer to two decimal places. 


Watering a Lawn A water sprinkler sprays water over a 
distance of 30 feet while rotating through an angle of 135°. 
What area of lawn receives water? 


Designing a Water Sprinkler An engineer is asked to design 
a water sprinkler that will cover a field of 100 square yards 
that is in the shape of a sector of a circle of radius 15 yards. 
Through what angle should the sprinkler rotate? 
Windshield Wiper The arm and blade of a windshield wiper 
have a total length of 34 inches. If the blade is 25 inches 
long and the wiper sweeps out an angle of 120°, how much 
window area can the blade clean? 


Windshield Wiper The arm and blade of a windshield wiper 
have a total length of 30 inches. If the blade is 24 inches 
long and the wiper sweeps out an angle of 125°, how much 
window area can the blade clean? 


Motion on a Circle An object is traveling on a circle 
with a radius of 5 centimeters. If in 20 seconds a central angle 


of : radian is swept out, what is the angular speed of the 


object? What is its linear speed? 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


N 107. 


108. 


Ferris Wheels A neighborhood carnival has a Ferris wheel 
with a radius of 30 feet. You measure the time it takes for 
one revolution to be 70 seconds. What is the linear speed 
(in feet per second) of this Ferris wheel? What is the angular 
speed in radians per second? 


Amusement Park Ride A gondola on an amusement park 
ride, similar to the Spincycle at Silverwood Theme Park, 
spins at a rate of 13 revolutions per minute. If the gondola 
is 25 feet from the ride's center, what is the linear speed of 
the gondola in miles per hour? 


Amusement Park Ride A centrifugal force ride, similar to 
the Gravitron, spins at a rate of 22 revolutions per minute. If 
the diameter of the ride is 13 meters, what is the linear speed 
of the passengers in kilometers per hour? 


Wind Turbine As of November 
2021, the world's largest wind 
turbine was located in Rotterdam, 
Netherlands, with a rotor 
diameter of 222 meters. If 
the blades turn at a rate of 
14 revolutions per minute, what is 
the linear speed of the blade tip, 
in km/h? 


Credit: Sergey Kohl/ 
Shutterstock 


Blu-ray Drive A Blu-ray drive has a maximum speed 
of 10,000 revolutions per minute. If a Blu-ray disc has a 
diameter of 12 cm, what is the linear speed, in km/h, of a 
point 4 cm from the center if the disc is spinning at a rate of 
8000 revolutions per minute? 


Bicycle Wheels The diameter of each wheel of a bicycle is 
26 inches. If you are traveling at a speed of 35 miles per hour 
on this bicycle, through how many revolutions per minute 
are the wheels turning? 


Car Wheels The radius of each wheel of a car is 15 inches. 
If the wheels are turning at the rate of 3 revolutions per 
second, how fast is the car moving? Express your answer in 
inches per second and in miles per hour. 


Photography If the viewing angle for a 600mm lens is 4°6’, 
use arc length to approximate the field width of the lens at 
a distance of 860 feet. 

Photography If the viewing angle for an 800mm lens is 
1°42/, use arc length to approximate the field width of the 
lens at a distance of 920 feet. 
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In Problems 109-110, the latitude of a location L is the angle 
formed by a ray drawn from the center of Earth to the equator and 
a ray drawn from the center of Earth to L. See the figure. 


109. 


110. 


111. 


112. 


113. 


North Pole 


South Pole 


Linear Speed on Earth Earth rotates on an axis through 
its poles. The distance from the axis to a location on Earth at 
30? north latitude is about 3429.5 miles. Therefore, a location 
on Earth at 30? north latitude is spinning on a circle of radius 
3429.5 miles. Compute the linear speed on the surface of 
Earth at 30? north latitude. 


Linear Speed on Earth Earth rotates on an axis through 
its poles. The distance from the axis to a location on Earth at 
40? north latitude is about 3033.5 miles. Therefore, a location 
on Earth at 40? north latitude is spinning on a circle of 
radius 3033.5 miles. Compute the linear speed on the surface 
of Earth at 40? north latitude. 


Speed of the Moon The mean distance of the moon from 
Earth is 2.39 x 10? miles. Assuming that the orbit of 
the moon around Earth is circular and that 1 revolution 
takes 273 days, find the linear speed of the moon. Express 
your answer in miles per hour. 


Speed of Earth The mean distance of Earth from the Sun is 
9.29 x 107 miles. Assuming that the orbit of Earth around 
the Sun is circular and that 1 revolution takes 365 days, find 
the linear speed of Earth. Express your answer in miles 
per hour. 


Pulleys Two pulleys, one with radius 2 inches and the other 
with radius 8 inches, are connected by a belt. (See the figure.) 
If the 2-inch pulley is caused to rotate at 3 revolutions 
per minute, determine the revolutions per minute of the 
8-inch pulley. 


[Hint: The linear speeds of the pulleys are the same; both 
equal the speed of the belt.] 


114.Pulleys Two pulleys, one with radius r, and the other with 


radius r,, are connected by a belt. The pulley with radius г, 
rotates at ш, revolutions per minute, whereas the pulley with 
radius r; rotates at w, revolutions per minute. Show that 
NN 
№ w 


Use this result to rework Problem 113. 


115. 


116. 


117. 


118. 


119. 


120. 


Computing the Speed of a River 
Current To approximate the speed 
of the current of a river, a circular 
paddle wheel with radius 4 feet 
is lowered into the water. If the 
current causes the wheel to rotate 
at a speed of 10 revolutions per 
minute, what is the speed of the 
current? Express your answer in 
miles per hour. 


Spin Balancing Tires A spin balancer rotates the wheel of 
a car at 480 revolutions per minute. If the diameter of the 
wheel is 26 inches, what road speed is being tested? Express 
your answer in miles per hour. At how many revolutions per 
minute should the balancer be set to test a road speed of 
80 miles per hour? 


The Cable Cars of San Francisco At the Cable Car Museum 
you can see the four cable lines that are used to pull cable cars 
up and down the hills of San Francisco. Each cable travels at a 
speed of 9.55 miles per hour, driven by a rotating wheel whose 
diameter is 8.5 feet. How fast is the wheel rotating? Express 
your answer in revolutions per minute. 


Difference in Time of Sunrise Naples, Florida, is about 
90 miles due west of Ft. Lauderdale. How much sooner would 
a person in Ft. Lauderdale first see the rising Sun than a 
person in Naples? 

[Hint: Consult the figure. When a person at Q sees the first rays 
of the Sun, a person at Р is still in the dark. The person at P sees 
the first rays after Earth has rotated until P is at the location 
Q. Now use the fact that at the latitude of Ft. Lauderdale, in 
24 hours an arc of length 27: (3559) miles is subtended.] 

90 miles 


Pla 


Rotation... 
in of Earth 


Keeping Up with the Sun How fast would you have to travel 
on the surface of Earth at the equator to keep up with the 
Sun (that is, so that the Sun would appear to remain in the 
same position in the sky)? 


Nautical Miles A 
nautical mile equals 
the length of the arc 
subtended by a central 
angle of 1 minute on 
a great circle! on the 
surface of Earth. See 
the figure. If the radius 
of Earth is taken as 
3960 miles, express 1 
nautical mile in terms 
of ordinary, or statute, 
miles. 


North Pole 


e 


N 
1 nautical mile 


TT 


= 


South Pole 


*Any circle drawn on the surface of Earth that divides Earth into two 
equal hemispheres. 


Equator 


121. 


Approximating the Circumference of Earth Eratosthenes 
of Cyrene (276-195 Bc) was a Greek scholar who lived and 
worked in Cyrene and Alexandria. One day while visiting 
in Syene, he noticed that the Sun’s rays shone directly down 
a well. On this date 1 year later, in Alexandria, which is 
500 miles due north of Syene, he measured the angle of the Sun 
to be about 72 degrees. See the figure. Use this information to 
approximate the radius and circumference of Earth. 


122. 


Designing a Little League Field For a 60-foot Little League 
Baseball field, the distance from home base to the nearest 
fence (or other obstruction) in fair territory should be 
a minimum of 200 feet. The commissioner of parks and 
recreation is making plans for a new 60-foot field. Because 
of limited ground availability, the minimum required 
distance to the outfield fence will be used. То increase safety, 
however, a 10-foot wide warning track will be installed on the 
inside of the fence. To further increase safety, the fence and 
warning track will extend both directions into foul territory. 
In total, the arc formed by the outfield fence (including the 
extensions into the foul territories) will be subtended by a 
central angle at home plate measuring 96°, as illustrated. 
(a) Determine the length of the outfield fence. 

(b) Determine the area of the warning track. 


[Note: There is a 90° 
angle between the 
two foul lines. Then 
there are two 3° 
angles between the 
foul lines and the 
dashed lines shown. 
The angle between 
the two dashed 
lines outside the 
200-foot foul lines 
is 96°.] 

Source: www.littleleague.org 


Outfield Fence 


10' Warning 
Track 


З 
N 


200' Foul Line 
—— 


200“, 


200' Foul Line 


Home Base 


Explaining Concepts: Discussion and Writing 


126. 


127. 
128. 


129. 
130. 


Do you prefer to measure angles using degrees or radians? 
Provide justification and a rationale for your choice. 


What is 1 radian? What is 1 degree? 

Which angle has the larger measure: 1 degree or 1 radian? Or 
are they equal? 

Explain the difference between linear speed and angular speed. 


For a circle of radius r, a central angle of 0 degrees subtends 


an arc whose length s is 5 = T i Discuss whether this 


statement is true or false. Defend your position. 


123. 


124. 


125. 
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Challenge Problem Let the Dog Roam A dog is attached 
to a 9-foot rope fastened to the outside corner of a fenced-in 
garden that measures 6 feet by 10 feet. Assuming that 
the dog cannot enter the garden, compute the exact area 
that the dog can wander. Write the exact area in square 
feet.* 

Challenge Problem Geometry See the figure. The measure 
of arc BE is 27. Find the exact area of the portion of the 
rectangle ABCD that falls outside of the circle whose center 
is at A.* 


Challenge Problem Cycling A bicycle has a pedal drive 
wheel with radius 5.2 inches and a rear cog wheel with radius 
1.8 inches. See the figure. How many revolutions will the 
pedals need to make to move the bicycle 50 feet if the 
wheels have a diameter of 30 inches? Round to the nearest 
tenth. 


N^ 


*Courtesy of the Joliet Junior College Mathematics Department 


131. 


132. 


Discuss why ships and airplanes use nautical miles to measure 
distance. Explain the difference between a nautical mile and 
a statute mile. 

Investigate the way that speed bicycles work. In particular, 
explain the differences and similarities between 5-speed 
and 9-speed derailleurs. Be sure to include a discussion of 
linear speed and angular speed. 
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Retain Your Knowledge 


Problems 133—142 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


133 


134. 
135. 


. Find the zero of f(x) = 3x + 7. 

Solve:5x? + 2 = 5 — 14x 

Write the function that is finally graphed if the following 
transformations are applied in order to the graph of y = |x|. 


1. Shift left 3 units. 
3. Shift down 4 units. 
. Find the horizontal and vertical asymptotes of 
R(x) = 3x? – 12 
x? – 5х -14 


2. Reflect about the x-axis. 


A 142. Consider the function 


f(x) = 2х5 


= Ске ад? + Pega 


(a) Use а graphing utility to graph f. Determine the 


turning points on the graph of f. 

(b) The function f'(x) = x^ — 9x? + 3x? + 89x — 84 
is called the first derivative of f. Find the zeros of f’. 
That is, solve f'(x) = 0. 

(c) Compare the x-coordinates of the turning points of f 
to the zeros of f’. What do you notice? 

(d) Use a graphing utility to determine the intervals 


. Find c so the points (2, c) and (—1, 4) are on a line 


teresa c Sd where f is increasing. 


(e) The function f is increasing where f'(x) > 0. Use 
the derivative to determine the intervals for which f is 
increasing. Because polynomials are continuous over 

3x their domain, all endpoints are included in the intervals 
x2—9' describing where f is increasing. However, in general, 
. Find the difference quotient of f(x) — 2x? — 5. the numbers at the endpoints must be tested separately 
Multiply: _ 93 to determine if they should be included in the intervals 
. Multiply: (3x — 2) aue uM : : 
describing where a function is increasing or decreasing. 
Compare the answers from parts (d) and (e). What do 
you notice? 


. Solve:2/x – 3 +5 = 8 


. Find the domain of h(x) = 


‘Are You Prepared?’ Answers 
1. C = 2тг;А = rr? 2r-t 


5.2 Right Triangle Trigonometry 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* The Pythagorean Theorem (Appendix A, Section A.2, ° 
pp. A14-A15) 

e Similar Triangles (Appendix A, Section A.3, 
pp. A16-A19) 


Simplifying Radicals (Appendix A, Section A.7, 
pp. A57-A61) 
e Functions (Section 1.1, pp. 46-58) 


\ Now Work the ‘Are You Prepared?’ problems on page 416. 


OBJECTIVES 1 Find the Values of Trigonometric Functions of Acute Angles (p. 408) 
2 Use Fundamental Identities (p. 410) 


3 Find the Values of the Remaining Trigonometric Functions, Given the Value of One 
of Them (p. 412) 


4 Use the Complementary Angle Theorem (p. 414) 


1 Find the Values of Trigonometric Functions of Acute Angles 


A triangle in which one angle is a right angle (90°) is called a right triangle. Recall 
odor that the side opposite the right angle is called the hypotenuse, and the remaining two 
b sides are called the legs of the triangle. In Figure 18, we have labeled the hypotenuse 

as c to indicate that its length is c units, and we have labeled the legs as a and b. 
Because the triangle is a right triangle, the Pythagorean Theorem tells us that 


єз = и 2 


Now, suppose that 0 is an acute angle; that 1, 0° < 0 < 90° (if 0 is measured in 


[] 
a 


Figure 18 Right triangle 


degrees) апай < 0 < 2 (if @ is measured in radians). See Figure 19(a) on the next page. 


Figure 19 
Hypotenuse 
C Opposite Ө 
b 
Li 
a 
Adjacent to Ө 
Figure 20 


Sino = 


csc 0 
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Using this acute angle 0, we can form a right triangle, like the one illustrated in 


Figure 19(b), with hypotenuse of length c and legs of lengths a and b. 


Initial side a 
(a) Acute angle (b) Right triangle 


(c) Similar triangles 


Using the three sides of this triangle, exactly six ratios can be formed: 


b а Ь C C а 
€ C а Ь а Ь 


These ratios depend only on the size of the angle 0 and not on the triangle formed. 
To see why, look at Figure 19(c). Any two right triangles formed using the angle 0 will 
be similar, and their corresponding ratios will be equal. As a result, 


a a! b 


Because the ratios depend only on the angle 0 and not on the triangle itself, each 
ratio is given a name that involves 6: sine of 0, cosine of 0, tangent of 0, cosecant of 0, 
secant of 0, and cotangent of 0. 


DEFINITION Trigonometric Functions of Acute Angles 


The six ratios of the lengths of the sides of a right triangle are called trigonometric 
functions of acute angles and are defined as follows: 


Function Name Abbreviation Value | Function Name Abbreviation Value 


cosecant of 0 


sine of 0 
secant of 0 


cosine of 0 


tangent of 0 cotangent of 0 


As an aid to remembering these definitions, it may be helpful to refer to the 
lengths of the sides of the triangle by the names hypotenuse (c), opposite (b), and 
adjacent (a). See Figure 20. In terms of these names, we have the following ratios: 


| opposite _ 


opposite adjacent 


hypotenuse hypotenuse ~ adjacent 
_ adjacent _ 


/ opposite 


_ hypotenuse _ 
adjacent — 


hypotenuse _ 
opposite 


Since a, b, and c are positive, the value of each of the trigonometric functions of 
an acute angle 0 is positive. 
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| €XAMPLE1 | Finding the Values of Trigonometric Functions 


Solution 


Opposite 


3 
Figure 21 


/N CAUTION When writing the values 
of the trigonometric functions, do not 
forget the argument of the function: 


5100 = correct 


sin = incorrect Г] 


Ula Ws 


Find the value of each of the six trigonometric functions of the angle 0 in Figure 21. 


See Figure 21. The two given sides of the triangle are 
c — hypotenuse — 5 а = adjacent = 3 
To find the length of the opposite side, use the Pythagorean Theorem. 


(adjacent)? + (opposite)? = (hypotenuse)? 


32 + (opposite)* = 5? 
(opposite)? = 25 — 9 = 16 
opposite — 4 


Now that the lengths of the three sides are known, use the ratios in (1) to find 
the value of each of the six trigonometric functions: 


simis opposite 4 cós e adjacent = 3 tan = opposite E 4 
hypotenuse 5 hypotenuse 5 adjacent 3 

бєй = hypotenuse 5 oe hypotenuse a соїё = adjacent zd 
opposite 4 adjacent 3 opposite 4 

_B 


\ Now Work PROBLEM 13 


2 Use Fundamental Identities 


You may have observed some relationships that exist among the six trigonometric 


functions of acute angles. For example, сѕс0 = А = : = ———. The reciprocal 
identities are т sing 
Reciprocal identities 
1 1 1 
сс = I secü = —— cotü = —— 2 
sind cos tan o 
Two other fundamental identities are the quotient identities. 
Quotient Identities 
tang = sind coth = cos? (3) 
cos 0 sin 0 


If sin@ and cos0 are known, the reciprocal and quotient identities in (2) and (3) 
make it easy to find the values of the remaining trigonometric functions. 


| EXAMPLE 2 | Finding the Values of the Remaining Trigonometric Functions, 


Given sing and cosa 
245 


Given sinf = 5 and cos@ = EX find the value of each of the four remaining 


trigonometric functions of 0. 


(continued) 


Solution 


Need To Review? 
Rationalizing Denominators 15 
discussed in Appendix A, 
Section A.7, pp. A59-A60. 
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Based on the quotient identity in formula (3), 


v5 
{ап 0 5їпӨ -3. 1 
cosé 24/5 2 
5 


Then use the reciprocal identities from formula (2) to get 


1 1 5 1 1 5 V5 1 1 
csc@ NI sech cot = == 2 
sin 0 V5 V5 1 cos 0 24/5 24/5 2 tan 1 
5 Rationalize the denominator 5 2 B 
\ Now Work PROBLEM 23 
Refer to the right triangle in Figure 22. The Pythagorean Theorem states that 
" а? + b? = c?, which can be rewritten as 
b 
b? + a? = с? 
ш 


а 


Figure 22 Right triangle 


Dividing both sides by с? gives 


Bagoi o BP (gh = 


coc 
In terms of trigonometric functions of the angle 0, this equation states that 
(sin0)? + (cos)? = 1 (4) 


Equation (4) is an identity, since the equation is true for any acute angle 0. 
It is customary to write sin? 0 instead of (sin )2, cos? 0 instead of ( cos0)?, and 
so on. With this notation, identity (4) can be rewritten as 


sin?@ + соѕ20 = 1 (5) 


Another identity can be obtained from identity (5) by dividing both sides 
by cos? 6. 


sin? , co?0 | 1 
cos?0 . cos?0 соѕ20 


sin 0 \* T$? 
БЕ 
=, ш со$0 


Now use identities (2) and (3) to get 


tan?0 + 1 = sec?6 (6) 


Similarly, dividing both sides of identity (5) by sin? 0, and using identities (2) 
and (3), gives 1 + cot? 0 = csc? 0, which can be rewritten as 


сої20 + 1 = csc?6 (7) 


Identities (5), (6), and (7) are referred to as the Pythagorean Identities. 
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Collectively, the identities in (2), (3), and (5) - (7) are referred to as the Fundamental 
Identities. 


Fundamental Identities 


sin 0 СОО cos 0 
cos sind 


il 1 
— (= = 00 = 
sin 0 d cosé os 


e tan = 


эсс = 


tand 


* sin20 + соѕ20 = 1 e (an?0 + 1 = sec?0 © cot?0 -- 1 = csc?0 


| EXAMPLE3 | Finding the Exact Value of a Trigonometric Expression Using Identities 


Find the exact value of each expression. Do not use a calculator. 


in 20? so T 1 
t 20° _ sin b 27 
(a) tan cos20* (b) sin 12 + A 
12 
Solution (a) tan20° — SLLLS = tan20° — tan20° = 0 
cos20 
sind _ ang 
cos 
(b) sin? + l gi + cos? & = 1 
sec? Z 1 12 
2 1 | 
соѕ0 = a sin? @ + соѕ20 = 1 s 


\ Now Work PROBLEM 41 


3 Find the Values of the Remaining Trigonometric Functions, 
Given the Value of One of Them 


| EXAMPLE 4 | Finding the Values of the Remaining Trigonometric Functions, 


Given sind, 0 Acute 


Suppose sin? = i and 0 is an acute angle. Find the exact value of each of the 


remaining five trigonometric functions of 0. 


Solution Ме solve this problem in two ways: The first uses the definition of the trigonometric 
functions, and the second uses fundamental identities. 
Option 1 Because ѕіпб = i = A draw a right triangle with acute angle 0, opposite side of 
c 


Using the Definition length b = 1, and hypotenuse of length c = 3. See Figure 23. The adjacent side a is 


found using the Pythagorean Theorem. 


c=3 "-— а? + 1? = 32 a+b = сре 1,6 = 3 
Lj a+1=9 
s а? = 8 
Figure 23 sind = 5 а = 242 


(continued) 
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Now the definitions given in (1) are used to evaluate each of the remaining five 
trigonometric functions. Using a = 2V2, b = 1,andc = 3, we have 


| a 242 b: 1 v2 
с050 = — = == {апд = 
с 3 a 2/2 4 
3 с 3 3V2 a 242 
jeu # = © = = 10 = © = 24 = 2/2 
csc =. ѕес 2555 1 co b 1 
Option 2 Begin by finding cos6 using the Pythagorean Identity (5). 
Using Identities 
sin?0 + cos?0 = 1 Identity (5) 
1 2g = noci 
РЕЙ sind = 5 
1_ 8 
20 =1- = = = 
cos 9—9 


Recall that the trigonometric functions of an acute angle are positive. In particular, 
cos@ > О for an acute angle 0, so 


_ [8 22 
со50 = |= = —— 
9 3 


Now, use sin@ = i апа со$0 = 22 and fundamental identities. 
т V2 
sin 0 3 1 2 1 1 4 
tan to 242 
us cosé 242 242 4 m tanü V2 V2 
3 4 
1 1 3 3V2 1 
ne osf 242 25/2 is sind 1 
3 3 -» 


Finding the Values of the Trigonometric Functions When One Is Known 


Given the value of one trigonometric function of an acute angle 0, the exact 
value of each of the remaining five trigonometric functions of 0 can be found 
in either of two ways. 


Option 1 Using the Definitions 


Step 1: Draw a right triangle showing the acute angle 0. 


STEP2: Assign values to two sides based on the value of the given trigonometric 
function. 


STEP 3: Find the length of the third side by using the Pythagorean Theorem. 


Step 4: Use the definitions in (1) to find the value of each of the remaining 
trigonometric functions. 


Option 2 Using Identities 


Use appropriate identities to find the value of each of the remaining 
trigonometric functions. 


| EXAMPLES | Given the Value of One Trigonometric Function, Find the Values of the 


Remaining Trigonometric Functions 


Giventan@ = P 0 an acute angle, find the exact value of each of the remaining five 


trigonometric functions of 6. 
(continued) 
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Solution 


Option 1 Figure 24 shows a right triangle with acute angle 0, where 


Using the Definition : 
1 opposite b 

tan = = : = 
2 adjacent a 


With b = 1 anda = 2, use the Pythagorean Theorem to find the hypotenuse с. 


- с = 45 


Figure 24 tano = i Now use the definitions witha = 2, b = l,andc = V5. 


ый? dS pga ®—.2 L 25 
c 45 5 ^ ws 5 

све = УЗ ys seco = © = М RE DNO NU 
b 1 a 2 b 1 


Option 2 Because the value of tan 0 is known, use the Pythagorean Identity that involves tan 6: 


Using Identities 
tan?0 + 1 = sec?0 Identity (6) 


: 1 
(=) +1 = sec?0 tanü = 2 


Solve for sec0; ѕес0 > 0 since is acute. 


We now know tanü = ; and sec = m Using reciprocal identities, 


1 2 ANS 


tand = sing so 5100 = (апд · cos0 = X. 25 = УЗ 
050 2 5 5 
Then 
1 
csch = —— = — = V5 
sin 0 V5 
5 D 


\ Now Work PROBLEM 27 


4 Use the Complementary Angle Theorem 
Two acute angles are called complementary if their sum is a right angle, or 90°. 
Because the sum of the angles of any triangle is 180°, it follows that for a right 
triangle, the sum of the acute angles is 90°. So the two acute angles in every right 
triangle are complementary. 
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Refer to Figure 25; we have labeled the angle opposite side b as B and the angle 


A NAM й : Dex. ae : . 
c Adjacent to A opposite side a as A. Notice that side a is adjacent to angle B. Similarly, side b is 
b | opposite B adjacent to angle A. As a result, 
B a E 
Adjacent to В 
opposite A 


Figure 25 
= cos А cos B = sin А tan B 


= SecA sec B csc A cot B 


Because of these relationships, the functions sine and cosine, tangent and 
cotangent, and secant and cosecant are called cofunctions of each other. 
The identities (8) may be expressed in words as follows: 


THEOREM Complementary Angle Theorem 


Cofunctions of complementary angles are equal. 


Here are examples of this theorem. 


Complementary angles Complementary angles Complementary angles 
sin30° = cos60° tan40° = cot50° sec 80° = сѕс10° 
Cofunctions Cofunctions Cofunctions 


If an angle 0 is measured in degrees, we use the degree symbol when writing a 
trigonometric function of 0, as, for example, in sin 30° and tan 45°. If an angle 0 is 
measured in radians, then no symbol is used when writing a trigonometric function 


of 0, as, for example, in cos x and sect. 
If 0 is an acute angle measured in degrees, the angle 90? — 0 (or 2 — 6, if 0 is 


in radians) is the angle complementary to 0. Table 2 restates the preceding theorem 
regarding cofunctions. The angle 0 in Table 2 is acute. We will see later (Section 6.5) 
that these results are valid for any angle 0. 


Table 2 я 
sin = cos(90° — 0) cos 0 = sin(90° — 0) tano = cot(90° — 0) 


0 (Degree 
(Degrees) csc = sec(90? — 0) ѕес0 = csc(90? — 0) cot@ = tan(90° — 0) 


Sind) = cos( 5 - OS) = sin| 


Л 
Ө (Radians) 2 
VIE 
2 


-6) tane = cot(5 - ø) 
ar 
2 


ce) = sec( 5 - sec = ed — o) coto == тап| — в) 


| EXAMPLESG | Using the Complementary Angle Theorem 


(a) sin62° = cos(90° — 62°) = cos28° 


(b) tani = со(® — т] = © cota 
(с) соз sin( 5 - z) = sint 
ЕЕ 5 
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| EXAMPLE 7 | Using the Complementary Angle Theorem 


Find the exact value of each expression. Do not use a calculator. 


(a) sec28° — csc 62° 


sin 35° 
cos55° 


(b) 


Solution (а) sec28? — csc62° = csc(90? — 28?) — csc62° = csc62° — csc62° = 0 
(b) sin35° " cos(90? — 35?) _ cos55° E 
cos 55° cos 55? cos 55? E 


\ Now Work PROBLEM 45 


Historical Feature 


he name sine for the sine function arose from a medieval 

confusion. The name comes from the Sanskrit word jiva, 

(meaning "chord"), first used in India by Araybhata the Elder 
(А0 510). He really meant half-chord, but abbreviated it. This was 
brought into Arabic as jiba, which was meaningless. Because the 
proper Arabic word jaib would be written the same way (short vowels 
are not written out in Arabic), Ба, was pronounced as jaib, which 
meant "bosom" or "hollow," and jaib remains the Arabic word for sine 
to this day. Scholars translating the Arabic works into Latin found 
that the word sinus also meant "bosom" or “hollow,” and from sinus 
we get our sine. 

The name tangent, introduced by Thomas Finck (1583), can be 
understood by looking at Figure 26. The line segment DC is tangent 
to the circle at C. If d(O, B) = d(O, C) = 1, then the length of the 
line segment DC is 


d(D C) _ d(D, С) _ 
1 d(O, C) 


d(D, C) — tana 


The old name for the tangent is umbra versa (meaning turned 
shadow), referring to the use of the tangent in solving height 
problems with shadows. 


5.2 Assess Your Understanding 


The names of the cofunctions came about as follows. If а and 8 
are complementary angles, then cosa = sin 8. Because 8 is the 
complement of a, it was natural to write the cosine of a as sin co а. 
Probably for reasons involving ease of pronunciation, the co migrated 
to the front, and then cosine received a three-letter abbreviation to 
match sin, sec, and tan. The two other cofunctions were similarly 
treated, except that the long forms cotan and cosec survive to this 
day in some countries. 


Figure 26 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. In a right triangle with legsa = 6 and b = 10, 
the Pythagorean Theorem tells us that the hypotenuse 


. (pp. А14-А15) 


2. The value of the function f(x) = 3x — 7 at 5 is 
(pp. 50—52) 


isc = 


Concepts and Vocabulary 


5. Two acute angles whose sum is a right angle are called 
angles. 
6. The sine and 


7. sec 28° = csc 


functions are cofunctions. 


(1. Now Work @ 1. Modeling 1. Writing 


ta 1. Graphing Tech 


3. Simplify: V32 = ; —У45 = (рр. A58-A59) 
4. Find the missing length x for the given pair of similar 
triangles. (pp. A17-A19) 


7 : = 


8. Multiple Choice Which ratio is used to find cot? 


opposite opposite 
(а) VE (b) ORES 
ypotenuse adjacent 
adjacent hypotenuse 
(c) agjacent (d) дурогеппзе 
opposite adjacent 


Х Calculus Preview == 1. Applet-Based 
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sin 0 
cos0 
10. Multiple Choice Which expression does not equal 1? 


9. True or False tan0 = 


11. True or False If 0 is an acute angle and sec = 3, 


then cos = 1 
3 


(a) cos? 0 — sin?0 (b) sec?0 — tan? 0 4r 
(с) cet — cot20 (d) sin20 + cos? 0 12. True or False tang = = cot- 
Skill Building 


In Problems 13-22, find the value of the six “к functions of the angle 0 in each figure. 


m чу: Ф CDS 


In Problems 23-26, use identities to find the exact value of each of the four remaining trigonometric functions of the acute angle 0. 


\ 23. sind = 1 cos = УЗ 24. sin = УЗ соѕ0 = 1 25. 5100 = 2 cos? = v5 26. 5100 = 1 соѕ0 = 242 
2, 2 2 2 3 3 3 3 


S 


In Problems 27—38, use the definition or identities to find the exact value of each of the remaining five trigonometric functions of the acute 
angle 0. 


\ 27. sing = 2 28. cosa = 2 29. cosg = 1 30. sing = УЗ 
2 2 3 4 

31. tand = - 32. cotd = - 33. sec? = 3 34. csch = 5 

35. tand = V2 36. sech = - 37. сѕс0 = 2 38. cotü = 2 


In Problems 39—56, use Fundamental Identities and/or the Complementary Angle Theorem to find the exact value of each expression. Do 
not use a calculator. 


39. sin? 26° + cos? 26? 40. sec? 28? — tan? 28? М 41. sin80° csc 80? 42. tan10? cot10? 
43. їап70° — 31070" 44. cot25° — £9825" \ 45. sin38° — соѕ52° 46. tan12° — cot78° 
cos 70 sin25 
47. C2513" д8, 20580. 49. 1 — cos?15? — соз275° 80. 1 tan?5? — csc? 85? 
sin 77 sin 50 
51. tan20° — 0% Dis 52. cot 40° — шо 53. tan10? - sec80° - cos10° 54. cot25° - csc 65° - sin25° 
cos20 sin 40 
55. cos35°sin55° + cos55°sin35° 56. sec35°csc55° — tan35°cot55° 
57. Given sin30° = т use trigonometric identities to find the 58. Given sin60° = Уз, use trigonometric identities to find the 
exact value of exact value of 
(a) cos60° (b) cos? 30° (a) cos30° (b) cos? 60° 
т т т T 
us d Л. zm m 
(с) esco (d) secz (с) seca (d) 686. 
59. Given їап@ = 7, use trigonometric identities to find the 60. Given sec@ = 3, use trigonometric identities to find the 
exact value of exact value of 
(a) sec? 0 (b) coté (a) соѕ0 (b) tan? 0 


(c) со E o) (d) сѕс20 (c) сзс(90° — 0) (d) sin20 
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61. 


63. 


65. 


Given сѕс0 = 4, use trigonometric identities to find the 
exact value of 


(a) sind (b) cot? 0 


(с) sec(90° — 0) (d) sec? 0 


Given the approximation sin38° ~ 0.62, use trigonometric 
identities to find the approximate value of 


(a) cos38° (b) tan38° 
(c) cot38° (d) sec38° 
(e) csc38° (f) sin52° 
(g) cos52° (h) tan 52? 


If sin = 0.3, find the exact value of sind + cos(7 — 0. 


67. Find an acute angle 0 that satisfies the equation 


5100 = cos(20 + 30?) 


Applications and Extensions 


62. 


64. 


66. 


68. 


Given cot = 2, use trigonometric identities to find the 
exact value of 
(а) tan 


(c) tan( > — 6) 


(b) csc?0 
(d) sec? 0 


Given the approximation cos21? z 0.93, use trigonometric 
identities to find the approximate value of 


(a) sin21° (b) tan21° 
(c) cot21° (d) sec21° 
(e) csc21° (f) sin69° 
(g) cos69° (h) tan69° 


Iftané = 4, find the exact value oftan + tan (5 — в). 


Find an acute angle 0 that satisfies the equation 


tan = cot(0 + 45?) 


In Problems 69-74, simplify each expression for the given value of x. Assume the angle 0 is acute. 


69. 


72. 


75. 


76. 


77. 


V25 — x? if x = 5 ѕіпб 


V44 x? ifx = —2tan0 


Forensics In blood spatter analysis, the width, w, and 
the length, L, of a blood stain from a blood droplet are 


related to the impact angle, 0, by the equation sin? = Ti 


Iftanéd = a and the width of a droplet stain is 4 mm, what 


is the approximate length of the stain? 


Weld Inspection Sound waves can be used to perform a 
nondestructive angle beam inspection of a weld. In the 
figure shown, SD is the surface distance between two 
reflection nodes, T is the thickness of the material, and 0 is 


the refraction angle of the sound beam. If cos? = 5 апа the 


material is 1.5 cm thick, determine the length of the sound 
path in the material to the first node, L,, and the surface 
distance, SD. 


Surface distance (SD) 


Electrical Engineering A resistor and an inductor connected 
in a series network impede the flow of an alternating current. 
This impedance Z is determined by the reactance X of the 
inductor and the resistance R of the resistor. The three 
quantities, all measured in ohms, can be represented by the 
sides of a right triangle as illustrated,so 7? = X? + R?. 
The angle ф is called the phase angle. Suppose a series 
network has an inductive reactance of X = 400 ohms anda 
(b) Find the values of the six 


resistance of R = 600 ohms. 
Z 
X 
trigonometric functions of the ш 


(a) Find the impedance 7. 
phase angle дф. R 


70. Лб — 9x2 if x = 5510 


73. Vx? — 36 if x = —6sec0 


78. 


71. V49 + x? ifx = 7tan0 


74. 100 — 81 if x = eo) 
10 


Electrical Engineering Refer to Problem 77. A series 
network has a resistance of R = 588 ohms. The phase 


angle ¢ is such that tang = =. 


(a) Determine the inductive reactance X and the 
impedance Z. 

(b) Determine the values of the remaining five trigonometric 
functions of the phase angle ¢. 


Calculating the Time of a Trip From a parking lot, you 
want to walk to a house on the ocean. The house is located 
1500 feet down a paved path that parallels the beach, which 
is 500 feet wide. Along the path you can walk 300 feet per 
minute, but in the sand on the beach you can walk only 
100 feet per minute. See the figure. 


Ocean 


Paved path 


b B B 


г Ф Parking lot 


(a) Calculate the time T if you walk 1500 feet along the 
paved path and then 500 feet in the sand to the house. 

(b) Calculate the time T if you walk in the sand directly 
toward the ocean for 500 feet and then turn left and walk 
along the beach for 1500 feet to the house. 

(c) Express the time T to get from the parking lot to the 
beachhouse as a function of the angle 0 shown in the 
figure. 

(d) Calculate the time T if you walk directly from the parking 

500 


lot to the house.| Hint: tan? = == 
1500 


(continued) 


es 


81 


82. 


83 


84. 


85 


b 


D 


(e) Calculate the time T if you walk 1000 feet along the 
paved path and then walk directly to the house. 

(f) Graph T = T(0).For what angle 0 is T least? What is x 
for this angle? What is the minimum time? 


(g) Explain why tan0 = e gives the smallest angle 0 that 
is possible. 3 

Carrying a Ladder around a Corner Two hallways, one of 

width 3 feet, the other of width 4 feet, meet at a right angle. 

See the figure. 

(a) Express the length L of the line segment shown as a 
function of the angle 0. 

(b) Discuss why the length of the longest ladder that can be 
carried around the corner is equal to the smallest value 
of L. 


Football A receiver catches a pass at the 50-yard line and 
runs straight towards the end zone. A defender, also standing 
at the 50-yard line but 30 yards away from the receiver, 
decides on an angle of pursuit, 6, to tackle the receiver. If 
cos@ = 0.6, where is the defender expecting to tackle the 
receiver? 


If 0 is an acute angle and (апд = x, express the remaining 
five trigonometric functions in terms of x. 

Geometry Suppose that the angle 0 is a central angle of a 
circle of radius 1 (see the figure). Show that 


(а) AngleOAC = : 
(b) |CD| = sinf and |OD| = cos0 
0 sind 

tant = cH __ 
© c E + соѕ0 
Geometry Show that the area A of an 
isosceles triangle is A = a? sin cos0, a a 
where a is the length of one of the two ө 0 


equal sides and 0 is the measure of one 
of the two equal angles (see the figure). 


Geometry Let п > 1 be any real number, and let 0 be any 
angle for which 0 < n0 < > Then we can draw a triangle 


with the angles 0 and n0 and included side of length 1 (do 
you see why?) and place it on the unit circle as shown in the 
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figure. Now, drop the perpendicular from C to D — (x, 0) 
and show that 
tan( n0) 


tan0 + tan( n0) 
YA 


Х 86. Geometry Refer to the figure, where a unit circle is drawn. 


The line segment DB is tangent to the circle. 


xY 


УА 

/ 

s у 
zi 


(a) Express the area of AOBC in terms of sin and соб. 
[Hint: Use the altitude from C to the base OB — 1.] 
(b) Express the area of AOBD in terms of sin@ and cos 0. 


(c) The area of the sector OBC of the circle is 1 0, where 0 


is measured іп radians. Use the results of parts (a) and 
(b) and the fact that 

Area AOBC < Area of sector OBC < Area AOBD 
to show that 

0 1 
=< 
sind  cos0 


87. Geometry Refer to the figure. If | OA| = 1, show that 


(a) Area AOAC — jsina cosa 


(b) Area AOCB = ZIOB|' sin 3 cos 3 


(c) Area AOAB = ; OB sin(a + 8) 
(d) JOB] - cosa 
cos 8 


(e) sin(a + 8) = sina cos + cosa sin 8 


[Hint: Area AOAB = Area AOAC + Area AOCB] 
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88. Challenge Problem Geometry Refer to the figure below. 89. Challenge Problem If cosa = tang and соз = tana, 


The smaller circle, whose radius is a, is tangent to the larger where a and f are acute angles, show that 
circle, whose radius is b. The ray OA contains a diameter of Js 
each circle, and the ray OB is tangent to each circle. Show that sina = sing = E 
0 vab 
coss a 90. Challenge Problem If cos A = cos0 sinC and 

2 cos B = sinô 51п С, find the exact value of 
(This shows that cos 6 equals the ratio of the geometric mean (a) сов? А + cos? В + cos? C 
of a and b to the arithmetic mean of a and b.) (b) sin? A + sin? B + sin? C 

Rag 91. Challenge Problem Find the exact value of 
Hint: First show that sinü = à 

b+a cos? 10° + cos? 20° + cos? 30° + cos? 40° + cos? 50° 

B + cos? 60° + cos? 70° + cos? 80° 
zi UN 
‚аир Í 


Explaining Concepts: Discussion and Writing 
92. If is an acute angle, explain why 0 < sin < 1. 


93. If 6 is an acute angle, explain why sec@ > 1. 


94. How would you explain the meaning of the sine function to a fellow student who has just completed College Algebra? 


Retain Your Knowledge 


Problems 95-104 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


95. State the domain of f(x) = In(5x + 2). 

96. If the polynomial function P(x) = x* — 5x? — 9x? 4+ 155x — 250 has zeros of 4 + 3i and 2, find the remaining zeros of 
the function. 

97. Find the remainder when P(x) = 8х* — 2x? + x — 8 is divided by x + 2. 

98. Sidewalk Area A sidewalk with a uniform width of 3 feet is to be placed around a circular garden with a diameter of 24 feet. 
Find the exact area of the sidewalk. 

99, Find the real zeros of f(x) = 3x? — 7x — 9. 


x? +1 

2 

If f(x) = x? — 3andg(x) = —x + 3, determine where g(x) > f(x). 
. Solveint( x + 3) = -2. 


Ifg(x) = „ерү find f(x) so that f(g(3)) = 


. Ifthe point (3, —4) is on the graph of y = f (x), what corresponding point must be on the graph of i f(x — 3)? 


2 
Тес) S L simplify Л + lex). 
4 x? 


‘Are You Prepared?’ Answers 


1. 2434 2.8 3. 442; —345 4. — 
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5.3 Computing the Values of Trigonometric 


Functions of Acute Angles 


OBJECTIVES 1 Find the Exact Values of the Trigonometric Functions of 7 = 45? (p. 421) 


2 Find the Exact Values of the Trigonometric Functions ое = 30° 
and — 60? (p. 422) 


3 Use a Calculator to Approximate the Values of the Trigonometric Functions of 
Acute Angles (p. 423) 


4 Model and Solve Applied Problems Involving Right Triangles (p. 424) 


We have developed ways to find the value of each trigonometric function of an acute 
angle when the value of one of the functions is known. Now we discuss the problem 
of finding the value of each trigonometric function of an acute angle when the angle 
is given. 

For three special acute angles, we can use some results from plane geometry to 
find the exact value of each of the six trigonometric functions. 


1 Find the Exact Values of the Trigonometric 


Functions of a = 45° 


Finding the Exact Values of the Trigonometric Functions of 1 = 45° 
Find the exact values of the six trigonometric functions oft = 45°. 


Solution Suppose one of the angles of a right triangle is 2 = 45°. Then the other acute angle 


is also | = 45°, so the triangle is isosceles. See Figure 27(a). As а result, side a and 


side b are equal in length. Since the values of the trigonometric functions of an angle 


i depend only on the angle and not on the size of ће triangle, we may assign any values 
to a and b for which a = b > 0. For simplicity, we use the triangle for which 
Lj 
a a=b=1 
(а) a=b 


Then, by the Pythagorean Theorem, 
c? =a? +b =1+1=2 


pex 
As a result, we have the triangle in Figure 27(b), from which we find 
зїп = sin45° = Be v2 cos= = cos45° = © = abs v2 
4 с 42 2 4 c V2 2 
Figure 27 Isosceles right triangle Using Quotient and Reciprocal Identities, 
V2 
т 5 ѕіп 45° 3 T о 1 1 
tan— = tan45° = zu t= = cot45° = —— = = = 1 
„лл cos45? V2 а tand$? 1 
2 
T MED 1 _ T EL ee cul 
sec, = sec45° = ip L~ 2 свс = сѕс45° = а V2 
Va " ш 
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| EXAMPLE 2 | Finding the Exact Value of a Trigonometric Expression 


Find the exact value of each expression. 


(a) sin 45? - tan 45° (b) sec . cot? 


Solution Use the results obtained in Example 1. 


(а) sin45? · tan45? = > ‘l= > 


(b) sec? . cot% = v2 -1 = V2 
4 4 
\ Now Work PROBLEMS 7 AND 19 


2 Find the Exact Values of the Trigonometric Functions 


ofc = 30? and 5 = 60? 


| EXAMPLE 3 | Finding the Exact Values of the Trigonometric Functions 


of c — 30? and + — 60? 


Find the exact values of the six trigonometric functions of 2 = 30° апа а = 60°. 


Solution Form a right triangle in which one of Һе angles is * = 30°. It then follows that the 
third angle is 3 = 60°. Figure 28(a) illustrates such a triangle with hypotenuse of 


length 2. Now we must determine a and b. 

Begin by placing next to the triangle in Figure 28(a) another triangle congruent 
to the first, as shown in Figure 28(b). Notice that you now have a triangle whose 
angles are each 60°. This triangle is therefore equilateral, so each side is of length 2. 
In particular, the base is 2a = 2,soa = 1. By the Pythagorean Theorem, b satisfies 
the equation a? + b? = c?,so 


а? + b? = с? 


124+ 5% = 22 ге 16 = 9 
b? =4-1= 3 b > Obecause b is the length of 
fa the side of a triangle. 
a a Using the triangle in Figure 28(c) and the fact that 2 = 30° and = = 60° аге 
(6) complementary angles, we find : 
‚т : o opposite 1 T o. 1 
= = 30° = = = = 60° = = 
m 6 ni hypotenuse 2 Ке 3 7 2 
cos% = cos30° = adjocenk... v3 sin= = sin60° = v3 
6 hypotenuse 2 3 2 
т o Opposite 1 43 T o V3 
tan— = tan30° = = = cotz = cot60" = -> 
pE 6 adjacent V3 3 3 3 
(с) csc% = csc30? = Бүрәнә = 2 = 2 sect = sec60° = 2 
Figure 28 30° — 60° — 90° triangle 6 opposite 1 3 


(continued) 
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т o _ hypotenuse 2 2/3 T o. 243 
С adjacent V3 3 “з C77 3 
cot^ = cot30° = adjacent = УЗ = X3 tana = tan60° = V3 

6 opposite 1 3 


— 


Table 3 summarizes the results obtained in Examples 1 and 3. Rather than 
memorize the entries in Table 3, you can draw the appropriate triangle to determine 
the values given in the table. 


Table 3 Ө (Radians) Ө (Degrees) ѕіпө cos 0 тап Ө cscO sec@ cot0 


| EXAMPLE 4 | Finding the Exact Value of a Trigonometric Expression 


Find the exact value of each expression. 


(0) SESS: оова (b) tan 7 — sin (с) tan? + sin? T 
Solution (а) ѕіп 45° соѕ30° = z : E = Ye 

(b) tant sinz "EI 5 —2 Ss 

өзен [a] +z] = ata" „ 


\ Now Work PROBLEMS 11 AND 21 


3 Use a Calculator to Approximate the Values 
of the Trigonometric Functions of Acute Angles 


Before getting started, you must first decide whether to enter the angle in the 
calculator using radians or degrees and then set the calculator to the correct MODE. 


£N CAUTION Оп your calculator (Check your instruction manual to find out how your calculator handles degrees 


the second functions sin-!, cos-?, | - І 
апа tan-! do not represent the and radians.) Your calculator has the keys marked {sin}, |cos|, and [tan]. To find 


reciprocal of sin, cos, and tan. " the values of the remaining three trigonometric functions (secant, cosecant, and 
cotangent), use the reciprocal identities. 


1 1 1 
0 = —— Ө = —— 10 = 
uda cos R sin б т {ап 0 


[ | EXAMPLES | Using a Calculator to Approximate the Values of 


Trigonometric Functions 


Use a calculator to find the approximate value of each of the following: 
(a) cos48? (b) csc21° (c) tanc 


Express your answer rounded to two decimal places. 
(continued) 
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Solution (а) First, set the MODE to receive degrees. See Figure 29(a). Figure 29(b) shows the 
solution using a TI-84 Plus CE graphing calculator. 


Rounded to two decimal places, 
cos48° = 0.67 


NORMAL FLOAT AUTO REAL DEGREE MP — fl (b) Most calculators do not have a csc key. The manufacturers assume that the 
user knows some trigonometry. To find the value of csc21°, use the fact that 
csc21? = LT Figure 30 shows the solution using a TI-84 Plus CE graphing 
calculator. Rounded to two decimal places, 


csc21? — 2.79 


GO TO2NDFORHRTGRAPH:DT] YES 
STAT DIAGNOSTICS: ON 
ON 


(c) Set the MODE to receive radians. Figure 31 shows the solution using a TI-84 
Plus CE graphing calculator. Rounded to two decimal places, 


Л 
tan— = 0.27 
an 12 


Degree mode — D^ Radian mode 


NORMAL FLOAT AUTO REAL DEGREE HP ñ NORMAL FLOAT AUTO REAL RADIAN MP ñ 


(b) 
Figure 29 cos 48° 


Figure 30 csc21° Figure 31 tan 
12 —» 
\ Now Work PRoBLEM 31 


4 Model and Solve Applied Problems Involving Right Triangles 


rem Right triangles can be used to model many types of situations, such as the optimal 
design of a rain gutter.* 


| EXAMPLES | Constructing a Rain Gutter 


< 12 in. >| Arain gutter is to be constructed of aluminum sheets 12 inches wide. After marking off 
a length of 4 inches from each edge, the sides are bent up at an angle 6. See Figure 32. 


4 in. 4 in. 4 in. (a) Express the area A of the opening as a function of 0. 
(b) Find the area A of the opening for 6 = 30°, 0 = 45°, 0 = 60°, and0 = 75°. 


D (c) Graph A = A(0). Find the angle 0 that makes A largest. (This bend will allow 
the most water to flow through the gutter.) 


Figure 32 


Solution (a) Look again at Figure 32. The area A of the opening is the sum of the areas of two 
congruent right triangles and one rectangle. Look at Figure 33, which shows the 
triangle on the right in Figure 32 redrawn. Note that 


cos = E SO а = 4cosÓ0 5100 = b so b = 45110 


u : : 
b The area of the triangle is 


| area of triangle = 1, base - height = lap = 4cos0 - 45110 = 8 51п0 cosé 
Figure 33 2 2 2 


(continued) 
*In applied problems, it is important that answers be reported with both justifiable accuracy and 
appropriate significant figures. We shall assume that angles are measured to the nearest tenth and sides 
are measured to the nearest hundredth, resulting in sides being rounded to two decimal places and angles 
being rounded to one decimal place. 


NORMAL FLOAT AUTO REAL DEGREE МР 
CALC MAXIMUM 


24 


#=60 Y=20.78461 


n 
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So the area of the two congruent triangles is2 - 85110 соѕ0 = 16 sin@ cos0. The 
rectangle has length 4 and height b, so its area is 


area of rectangle = 4b = 4(4sin@) = 16 51п0 
The area A of the opening is 


A = area of the two congruent triangles + area of the rectangle 
A(@) = 16sin0 cos + 16 sinf = 16sin0(cos0 + 1) 
(b) For = 30% А(30°) = 16 sin30°(cos30° + 1) 


=16-4.(341]= 443 +8 я 1493 


The area of the opening for 0 = 30° is about 14.93 square inches. 


For 0 = 45°: A(45°) = 16 sin45°(cos45° + 1) 
Ji (2 


+1) = 8 + 8/2 z 19.31 
2 2 | ш 
The area of the opening for 0 = 45° is about 19.31 square inches. 


For 6 = 60°: A(60°) = 16 sin60°(cos60° + 1) 
V3 | (2 


| 1) = 1243 x 20.78 


The area of the opening for 0 = 60° is about 20.78 square inches. 
For 0 = 75°: A(75°) = 16sin75°(cos75° + 1) ~ 19.45 


The area of the opening for 0 = 75? is about 19.45 square inches. 


Figure 34 
А(0) = 165іп0(соѕ0 + 1) 


е (c) Figure 34 shows the graph of A = А(0) onaTI-84 Plus CE. Using MAXIMUM, 
j the angle 0 that makes A largest is 60°. D 


\ Now Work PROBLEM 67 


In addition to developing models using right triangles, right triangle trigonometry 
can be used to measure heights and distances that are either awkward or impossible 
to measure by ordinary means. When using right triangles to solve these problems, 
draw a representative triangle and label the known measures. They will indicate which 
trigonometric function to use. For example, if we know the measure of an angle and 
the length of the side adjacent to the angle, and we wish to find the length of the 
opposite side, we would use the tangent function. Do you know why? 


Figure 35 


Finding the Width of a River 


A surveyor can measure the width of a river by setting up a transit at a point C on 
one side of the river and taking a sighting of a point A on the other side. Refer to 
Figure 35. After turning through an angle of 90° at C, the surveyor walks a distance 
of 200 meters to point B. Using the transit at B, the angle 0 is measured and found to 
be 20°. What is the width of the river rounded to the nearest meter? 


Solution 
We know a and 0 and want to find the length of side b. Since b is opposite 0 and a is 


adjacent to 0, we use the tangent function. 


(апд = B 
5 (continued) 
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which leads to 
b 


200 
b = 200 tan 20° = 72.79 meters 


tan 20° = 


The width of the river is 73 meters, rounded to the nearest meter. J 

\ Now Work PRoBLEM 69 
Vertical heights can sometimes be measured using either the angle of elevation 
or the angle of depression. ЇЇ a person is looking up at an object, the acute angle 


measured from the horizontal to a line of sight to the object is called the angle of 
elevation. See Figure 36(a). 


Object A 


^ Horizontal 


Angle of elevation 


Horizontal 


í 


(a) Angle of elevation (b) Angle of depression 
Figure 36 


If a person is looking down at an object, the acute angle made by the line of sight 
to the object and the horizontal is called the angle of depression. See Figure 36(b). 


EXAMPLE 8 Finding the Height of a Cloud 


Meteorologists find the height of a cloud using an instrument called a ceilometer. 
A ceilometer consists of a light projector that directs a vertical light beam up to the 
cloud base and a light detector that scans the cloud to detect the light beam. See 
Figure 37(a). At Midway Airport in Chicago, a ceilometer was employed to find the 
height of the cloud cover. It was set up with its light detector 300 feet from its light 
projector. If the angle of elevation from the light detector to the base of the cloud 
was 75°, what was the height of the cloud cover? 


Illuminated spot 
on base of clouds 


Vertical | | Cloud h 
light height h 
beam 


Г] 
Base b 
Light detector Light projector aoit 
(a) (b) 
Figure 37 
Solution Figure 37(b) is a triangle that models the situation. To determine the height h, use 
the fact that tan 75° = —, so 
300 


h = 300 tan 75? ~ 1120 feet 
The ceiling (height to the base of the cloud cover) was approximately 1120 feet. . B 
\ Now Work PRoBLEM 71 
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The idea behind Example 8 can also be used to find the height of an object with 
a base that is not accessible to the horizontal. 


Finding the Height of a Statue on a Building 


Adorning the top of the Board of Trade building in Chicago is a statue of Ceres, the 
Roman goddess of wheat. From street level, two observations are taken 400 feet from 
the center of the building. The angle of elevation to the base of the statue is found to 
be 55.1°, and the angle of elevation to the top of the statue is 56.5°. See Figure 38(a). 
What is the height of the statue? 


Г] Г] 
400 ft 400 ft 


(b) 


Figure 38 


Solution Figure 38(b) shows two triangles that model Figure 38(a). The height of the statue of 
Ceres will be b’ — b. To find b and b’, refer to Figure 38(b). 
/ 
8 кап 56.5° = P. 
400 400 


b = 400 tan55.1° ~ 573.39 b' = 400 tan56.5° = 604.33 


The height of the statue is approximately 604.33 — 573.39 = 30.94 feet ~ 31 feet. 
—» 


tan55.1? — 


\ Now Work PRoBLEM 77 
5.3 Assess Your Understanding 


Concepts and Vocabulary 


1. If a person is looking up at an object, the acute angle 2. If a person is looking down at an object, the acute angle 


measured from the horizontal to a line of sight to the object 
is called the angle of 


. True or False Exact values can be found for the trigonometric 


measured from the horizontal to a line of sight to the object 
is called the angle of 


. True or False Exact values can be found for the sine of any 


functions of 60°. angle. 
5. Multiple Choice Exact values of the six trigonometric 6. Multiple Choice Exact values of the six trigonometric 
functions of 7 can be obtained using which special triangle? 
(b) 45° – 45° – 90° 
(d) equilateral 


functions of can be obtained using which special triangle? 


(b) 45? – 45° – 90° 
(d) equilateral 


(a) obtuse 
(c) 30? — 60? – 90° 


(a) obtuse 
(c) 30° — 60° — 90° 


Skill Building 


N 7. Write down the exact value of each of the six trigonometric 8. Write down the exact value of each of the six trigonometric 
functions of 45°. functions of 30° and of 60°. 


In Problems 9-18, f (0) = sin@ and g(0) = соѕ0. Find the exact value of each expression if0 = 60°. Do not use a calculator. 


9. (0) 10. g(0) N 11. (3) 12. ($) 13. (f (0) 
14. [ge (6)? 15. 2 f(0) 16. 2g(0) 17. I 18. ES 
М1. Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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In Problems 19-30, find the exact value of each expression. Do not use a calculator. 


\ 19. 4cos45° — 2 ѕіп45° 


22. sin30° - tan60° 23. sect + 2 csc T. 


4 
25. csc? = — 5 26. 4 + tan? = 
csc 3 + tan 3 


28. sec? 60? — tan? 45° 


20. 2sin45? + 4cos30? 


29. 1 — cos230? — cos? 60? 


“ы 21. 6tan45? — 8 cos60? 


24. tan” + cot 
4 t 4 


27. sin? 60° + cos? 30? 


30. 1 + tan? 30° — csc? 45? 


In Problems 31—48, use a calculator to find the approximate value of each expression. Round the answer to two decimal places. 


\ 31. sin28° 32. cos14? 33. tan36? 34. cot 70? 35. sec53? 36. csc55? 
37. sing 38. соз 39. гапт 40. cote 41. secre 42. сзсз 
43. sin 4 44. tan1 45. sin4° 46. tan1? 47. tan 0.9 48. tan 0.1 


Mixed Practice In Problems 49—58, f (x) — sinx, g(x) — cosx, h(x) — 2x, and p(x) — = Find the value of each of the following: 


49. (f + g)(30^) 50. (f — g)(60°) 


53. (f o п) 54. (g o p)(60°) 


57. (a) Find 713) What point is on the graph of f? 


(b) Assuming 0 € x < 2: f is one-to-one. Use the result of 
part (а) to find a point on the graph of f~t. 


T 


(c) What point is on the graph of y — fs | 7) 3if x = 4 


Applications and Extensions 


59. Geometry The hypotenuse of a right triangle has a length 
of 8 inches. If one angle is 35°, find the length of each leg. 


61. Geometry A right triangle contains a 25? angle. 


(a) If one leg is of length 5 inches, what is the length of the 
hypotenuse? 
(b) There are two answers. How is this possible? 


Problems 63—66 require the following discussion. 


51. (7002) 


55. (р о g)(45°) 


52. (7+ 80)(2) 


56. (ло РЯ) 


58. (а) Find s[ 2 What point is on the graph of g? 


(b) AssumingO < x < T gis one-to-one. Use the result of 


part (а) to find a point on the graph of g~t. 


(c) What pointisonthe graph of y = 2g(x 4 ifx = a 


60. Geometry The hypotenuse of a right triangle has a length of 
10 centimeters. If one angle is 40°, find the length of each leg. 


62. Geometry A right triangle contains an angle of Е тайап. 


(a) If one leg is of length 3 meters, what is the length of the 
hypotenuse? 
(b) There are two answers. How is this possible? 


Projectile Motion The path of a projectile fired at an inclination 0 to the horizontal with initial speed v, is a parabola. See the figure. 


The range R of the projectile — that is, the horizontal distance that the projectile travels —is found by using the function 


Ne 
КӨ) = 2vő sin cos0 


where g ~ 32.2 feet per second per second ~ 9.8 meters per second per second 
is the acceleration due to gravity. The maximum height H of the projectile is given 


by the function 


21 20 
H(0) = Vg sin 
2g 


In Problems 63—66, find the range R and maximum height H of the 
projectile. Round answers to two decimal places. 


v = Initial speed 


Height, Н 
| 


Range, R —M —À 


66. The projectile is fired at an angle of 50° to the horizontal with 
an initial speed of 200 feet per second. 


63. The projectile is fired at an angle of 45? to the horizontal with Es 67. Inclined Plane See the figure on the next page. If friction is 


an initial speed of 100 feet per second. 

64. The projectile is fired at an angle of 30° to the horizontal with 
an initial speed of 150 meters per second. 

65. The projectile is fired at an angle of 25? to the horizontal with 
an initial speed of 500 meters per second. 


ignored, the time f (in seconds) required for a block to slide 
down an inclined plane is modeled by the function 


2a 


100) = | 
g sinf cos0 


(continued) 


68. 


М, 69. 


70. 


Мол. 
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where a is the length (in feet) of the base, and g ~ 32 feet 
per second per second is the acceleration due to gravity. How 
long does it take a block to slide down an inclined plane with 
basea — 10 feet when 


(a) 0 = 30°? 
(b) 0 = 45°? 
(c) 0 = 60°? 


Piston Engines See the figure. In a certain piston engine, the 
distance x (in inches) from the center of the drive shaft to the 
head of the piston is modeled by the function 

x(0) = cos0 + 4/16 + 0.5(2 cos? 0 — 1) 


where 0 is the angle between the crank and the path of the 
piston head. Find x when 0 = 30° and when 0 = 45°. 


i Р Н 


Finding the Width of a 
Gorge Find the distance 
from A to C across the 
gorge illustrated in the 
figure. 


Finding the Distance across a Pond Find the distance from 
A to C across the pond illustrated in the figure. 


NS, 


CE utm. 


MÀ 
CONG 


The Eiffel Tower The tallest 
tower built before the era of 
television masts, the Eiffel 
Tower was completed on 
March 31, 1889. Find the 
height of the Eiffel Tower 
(before a television mast 
was added to the top) using 
the information given in the 
figure. 


72. 


73. 


74. 


75. 


76. 


N 77. 


78. 


79. 


Finding the Distance of a Ship from Shore A person іп а 
small boat, offshore from a vertical cliff known to be 100 feet 
in height, takes a sighting of the top of the cliff. If the angle 
of elevation is found to be 30?, how far offshore is the boat? 


Finding the Distance to a Plateau Suppose that you are 
headed toward a plateau 50 meters high. If the angle of 
elevation to the top of the plateau is 60°, how far are you 
from the base of the plateau? 


Finding the Reach of a Ladder A 22-foot extension ladder 
leaning against a building makes a 70? angle with the ground. 
How far up the building does the ladder touch? 


Finding the Distance between Two Objects A blimp flying at 
an altitude of 500 feet is directly over a line from Soldier Field 
to the Adler Planetarium on Lake Michigan (see the figure). If 
the angle of depression from the blimp to the stadium is 32? and 
that from the Ыйар to the planetarium is 23°, find the distance 
between Soldier Field and the Adler Planetarium. 


Lake Michigan 


Soldier Field Planetarium 


Hot-air Balloon While taking a ride in a hot-air balloon in 
Napa Valley, Francisco wonders how high he is. To find out, 
he chooses a landmark that is to the east of the balloon and 
measures the angle of depression to be 54°. A few minutes 
later, after traveling 100 feet east, the angle of depression 
to the same landmark is determined to be 61?. Use this 
information to determine the height of the balloon. 


Mt. Rushmore To measure the height of Lincoln’s caricature 
on Mt. Rushmore, two sightings 800 feet from the base of the 
mountain are taken. If the angle of elevation to the bottom 
of Lincoln’s face is 32? and the angle of elevation to the top 
is 35°, what is the height of Lincoln's face? 


The CN Tower The CN 
Tower, located in Toronto, 
Canada, is the tallest 
structure in the Americas. 
While visiting Toronto, a 
tourist wondered what the 
height of the tower above 
the top of the Sky Pod 
is. While standing 4000 
feet from the tower, she 
measured the angle to the 
top of the Sky Pod to be 
201?. At this same distance, 
the angle of elevation to 
the top of the tower was 
found to be 244°. Use this 
information to determine 
the height of the tower above the Sky Pod. 


Finding the Length of a Guy Wire A radio transmission 
tower is 200 feet high. How long should a guy wire be if it 
is to be attached to the tower 10 feet from the top and is to 
make an angle of 45? with the ground? 


Credit: MasterPhoto/Shutterstock 
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80. 


81. 


82. 


83. 
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Washington Monument The angle of elevation of the Sun 
is 35.1° at the instant the shadow cast by the Washington 
Monument is 789 feet long. Use this information to calculate 
the height of the monument. 


Constructing a Highway A highway whose primary directions 
are north-south is being constructed along the west coast of 
Florida. Near Naples, a bay obstructs the straight path of the 
road. Since the cost of a bridge is prohibitive, engineers decide 
to go around the bay. The figure shows the path that they 
decide on and the measurements taken. What is the length of 
highway needed to go around the bay? 


Photography A camera is mounted on a tripod 4 feet high 
at a distance of 10 feet from George, who is 6 feet tall. See 
the figure. If the camera lens has angles of depression and 
elevation of 20°, will George’s feet and head be seen by the 
lens? If not, how far back will the camera need to be moved 
to include George’s feet and head? 


z | 


iu T 20* 6 


- 10' T 


Calculating the Time of a Trip Two oceanfront homes are 
located 8 miles apart on a straight stretch of beach, each a 
distance of 1 mile from a paved path that parallels the ocean. 
Sally can jog 8 miles per hour along the paved path, but only 
3 miles per hour in the sand on the beach. Because a river 
flows between the two houses, it is necessary to jog on the 
sand to the path, continue on the path, and then jog on the 
sand to get from one house to the other. See the figure. 


Ocean 


Beach 


Paved path -----L-- ————— 
S dino River 


(a) Express the time T' to get from one house to the other as 
a function of the angle 0 shown in the figure. 
(b) Calculate the time T for 0 = 30°. How long is Sally on 


the paved path? 

(c) Calculate the time T for 0 = 45°. How long is Sally on 
the paved path? 

(d) Calculate the time T for 0 = 60°. How long is Sally on 
the paved path? 


84. 


te (c) 


85. 


86. 


(e) Calculate the time T'for0 = 90°. Describe the route taken. 


[Hint: You should not use the formula from part (a) to 
determine the time.] 


(f) Calculate the time T for їапб = n Describe the route 


taken. Explain why 0 must be larger than 14°. 
(g) Graph Т = T(0). What angle 0 results in the least time? 
What is the least time? How long is Sally on the paved path? 


Designing Fine Decorative Pieces 
A designer of decorative art plans to 
market solid gold spheres encased in 
clear crystal cones. Each sphere is of 
fixed radius R and will be enclosed 
in a cone of height / and radius r. 
See the figure. Many cones can be 
used to enclose the sphere, each 
having a different slant angle 0. 
(a) Express the volume V of the 
cone as a function of the slant 
angle 0 of the cone. 


T 


[Hint: The volume V of a cone of height Л and radius r 
isV = ат?) 


(b) What volume V is necessary to enclose а sphere of radius 
2 centimeters in a cone whose slant angle @ is 30°? 45°? 
60°? 

What slant angle 0 should be used for the volume V of 
the cone to be a minimum? (This choice minimizes the 
amount of crystal required and gives maximum emphasis 
to the gold sphere.) 


Calculating Pool Shots A pool player located at X wants to 
shoot the white ball off the top cushion and hit the red ball 
dead center. He knows from physics that the white ball will 
come off a cushion at the same angle as that at which it hit 
the cushion. If the deflection angle, 0, is 52°, where on the top 
cushion should he hit the white ball? 


One World Trade Center One World Trade Center (1WTC) is 
the centerpiece of the rebuilding of the World Trade Center in 
New York City. The tower is 1776 feet tall (including its spire). 
The angle of elevation from the base of an office building to the 
tip of the spire is 34°. The angle of elevation from the helipad 
on the roof of an office building to the tip of the spire is 20°. 


1776 


(continued) 
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(a) How far away is the office building from 1WTC? Assume (b) Find Lif@ = 45°. What is the corresponding value of x? 
the side of the tower is vertical. Round to the nearest (c) Graph L and find the angle 0 that minimizes L. 
foot. (d) What is the minimum length for the guy wire? Where is 
(b) How tall is the office building? Round to the nearest it anchored to the ground? 
foot. 


87. Guy Wires Two poles, 10 feet and 15 feet in height, are | 
located 30 feet apart. They are to be supported by a single 8 ‘i 
guy wire attached to their tops and anchored to the ground 15 Lo 7% 
at a point on the line joining the two poles. See the figure. | 
Suppose that 0 is the angle between the guy wire and the | 


taller pole and that L is the length of the guy wire. 
(a) Express L (=L, + L, ) asa function of 0. 


cos? — 1 


88. Use a calculator set in radian mode to complete the following table. What do you conjecture about the value of g(0) = 9 


as 0 approaches 0? 


0.0001 0.00001 


Х 89. Use а calculator set in radian mode to complete the following table. What do you conjecture about the value of f(0) = et as 0 


approaches 0? 


0.0001 0.00001 


90. Challenge Problem Find the exact value of sin1? - sin2? .... · sin45° . sec46? - ... - sec89°. 
91. Challenge Problem Find the exact value of cos1? - cos2? ---- - cos45? - сѕс46° .... - csc 89°. 
92. Challenge Problem Find the exact value of cot1? - cot2? - cot3? - ... - cot89°. 
93. Challenge Problem Find the exact value of tan1? - tan2? - tan3° - ... - tan89°. 


Explaining Concepts: Discussion and Writing 


94. Write a brief paragraph that explains how to quickly compute the trigonometric functions of 30°, 45°, and 60°. 
95. Explain how you would measure the width of the Grand Canyon from a point on its ridge. 


96. Explain how you would measure the height of a TV tower that is on the roof of a tall building. 


Retain Your Knowledge 


Problems 97—106 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 
97. Solve:x? —5 = (x + 3)(х —3) +4 
98. Find the vertex and the axis of symmetry of f(x) = —2х? + 12x — 13. 
99, Solve exactly:e*-+ = 6 
. Find the real zeros of f(x) = x? — 9x? + 3x — 27. 


. Solve: Ух + 2 – Ух —5 = 2 


. If the real zeros of g(x) аге —2 and 3, what are the real zeros of g(x + 6)? 


. Solve:log,(x — 5) = 2 


. Find cso that f(x) = 6x? — 28x + c has a minimum value ог. 


. Find the intercepts of the graph of —3x + Sy = 15. 


. Find the difference quotient for f(x) = Ух? — 5х +1. 
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5.4 Trigonometric Functions of Any Angle 


OBJECTIVES 1 Find the Exact Values of the Trigonometric Functions for Any Angle (p. 432) 


Figure 39 Angle in standard position 


Figure 41 


2 Use Coterminal Angles to Find the Exact Value of a Trigonometric 
Function (p. 434) 


3 Determine the Signs of the Trigonometric Functions of an Angle in a Given 
Quadrant (p. 436) 


4 Find the Reference Angle of an Angle (p. 436) 


5 Use a Reference Angle to Find the Exact Value of a Trigonometric 
Function (p. 437) 


6 Find the Exact Values of the Trigonometric Functions of an Angle, Given 
Information about the Functions (p. 439) 


Find the Exact Values of the Trigonometric Functions 
for Any Angle 


To extend the definition of the trigonometric functions to include angles that are 
not acute, we use a rectangular coordinate system and place the angle in standard 
position so that its vertex is at the origin and its initial side is along the positive x-axis. 
See Figure 39. 


DEFINITION Trigonometric Functions of Ө 


Let 0 be any angle in standard position, and let (a, b) denote the coordinates of 
any point, except the origin (0, 0), on the terminal side of 6. If r = Va? + b? 
denotes the distance from (0, 0) to (a, b), then the six trigonometric functions 
of 0 are defined as the ratios 


provided that no denominator equals 0. If a denominator equals 0, that 
trigonometric function of the angle 0 is not defined. 


Notice in the preceding definitions that if a = 0, that is, if the point (a, b) is on 
the y-axis, then the tangent function and the secant function are undefined. Also, 
ifb = O,thatis,if the point(a, b) is on the x-axis, then the cosecant function and the 
cotangent function are undefined. 

By constructing similar triangles, you should be convinced that the values of 
the six trigonometric functions of an angle 0 do not depend on the selection of the 
point (a, b) on the terminal side of 0, but rather depend only on the angle 0 itself. See 
Figure 40 for an illustration of this when 0 lies in quadrant П. Since the triangles are 
similar, the ratio - equals the ratio z, which equals sin 0. Also, the ratio al equals 

„la'l a а! : 
the ratio 3 so „=? which equals соѕ0. And so on. 

Also, in Figure 41 observe that if 0 is acute these definitions reduce to the right 
triangle definitions given in Section 5.2. 

Finally, from the definition of the six trigonometric functions of any angle, we 
see that the Quotient and Reciprocal Identities hold. Also, using r? = a? + b? and 
dividing both sides by r?, we can derive the Pythagorean Identities for any angle. 
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| €XAMPLE1 | Finding the Exact Values of the Six Trigonometric Functions 


of Ө, Given a Point on its Terminal Side 


Find the exact value of each of the six trigonometric functions of a positive angle 0 
if (4, —3) is a point on its terminal side. 


t Solution Figure 42 illustrates the situation. For the point (a, b) = (4, —3), we havea = 4and 
b = —3.Thenr = Va? + b? = 416 + 9 = 5,so 
: b 3 a 4 b 3 
= – = –5 0 = = = = t =о-— = —5 
sin » 5 cos ^ 5 an0 : А 
5 r 5 a 4 
g=5=-2 0 = – = = 10 = = = –5 
csc Б 3 sec 273 co b 3 


Figure 42 


\ Now Work PRoBLEM 11 


In the next example, we find the exact value of each of the six trigonometric 


functions at the quadrantal angles 0, a 7, and эт. 


| EXAMPLE 2 | Finding the Exact Values of the Six Trigonometric Functions 


of Quadrantal Angles 
Find the exact value of each of the six trigonometric functions of 


(а) Ө = 0 = 0° (b) 0 = 5 = 90° (c) 0 = т = 180° (d) 6 = 57 = 270° 
Solution (а) We сар choose any point on the terminal side of 9 = 0 = 0°. For convenience, 
we choose the point P = (1, 0) = (a, b), whichisa distance of r = 1 unit from 
the origin. See Figure 43. Then 


du =p = Pee 9—0 соз0 = cos? = 2 = 121 
r 1 r 1 

Figure 43 0 = 0 = 0° tan0 = tan0° = ba VG вео) = Soo uu bog 
a 1 a 1 


Since the y-coordinate of P is 0, csc 0 and cot 0 are not defined. 
(b) The point Р = (0, 1) = (a, Б), is on the terminal side of 0 = 2 = 90° and is 


a distance of r = 1 unit from the origin. See Figure 44. Then 


sin — sin90? — =1 cos > = cos90° = 


SIs Уа 
RIO RIO 


6507 = csc90? = E! cot 5 = cot90° = 


Figure 44 9 = s = 90? а = 
Since the x-coordinate of P is 0, tan 2 and sec 2 are not defined. 


(c) The point P = (—1, 0)isonthe terminal side of = m = 180° andis a distance 
ofr = 1 unit from the origin. See Figure 45. Then 


Yh 

Ши sina = sin180° = " = 0 cost = cos180? = x = –1 
P=(-1, 0) Ра Ө = 180° т 1 
ерл. 1х {апт = tan180° = ES E 0 вест = sec180° = =т= —1 
Figure 45 0 = т = 180° Since the y-coordinate of P is 0, csc and cot z are not defined. 


(continued) 
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E 


P- (0, -1) 


Figure 46 0 — = = 270° 


Table 4 


0 (Radians) 


Эт 


(d) The point Р = (0, —1) is on the terminal side of 0 = F 270° and is a 


distance ofr = 1 unit from the origin. See Figure 46. Then 


sin 27 = sin270° = а —1 cos S7 = cos270° = ШЕ 0 
2 1 2 1 

csc ЭЛ = csc270? = 1 = —1 сора = cot270° = 0 =0 
2 —1 2 —1 


Since the x-coordinate of P is 0, tan st and вест are not defined. E 


Table 4 summarizes the values of the trigonometric functions found in Example 2. 
o (Degrees) sinô  cos0 
Not defined Not defined 
Not defined 


Not defined —1 Not defined 


Not defined -1 Not defined 


There is no need to memorize Table 4. To find the value of a trigonometric 
function of a quadrantal angle, draw the angle and use the definition, as in Example 2. 


2 Use Coterminal Angles to Find the Exact Value of a 
Trigonometric Function 


DEFINITION Coterminal Angles 


Two angles in standard position are said to be coterminal if they have the same 
terminal side. 


See Figure 47 
VA YA 
A A 
B X B X 
Figure 47 Coterminal angles (a) Aand Bare coterminal. (b) Aand Bare coterminal. 


For example, the angles 60? and 420° are coterminal, as are the angles — 40? and 320^. 

In general, if 0 is an angle measured in degrees, then 0 + 360°k, where k is any 
integer, is an angle coterminal with 0. If 0 is measured in radians, then 0 + 27k, where 
К is any integer, is an angle coterminal with 0. 

Because coterminal angles have the same terminal side, it follows that the values 
of the trigonometric functions of coterminal angles are equal. 
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Using a Coterminal Angle to Find the Exact Value of a Trigonometric 
Function 


Find the exact value of each of the following: 


(a) sin390° (b) cos420° (c) tan 2 (d) sec(- 77) (e) csc(—270°) 


y Solution (а) It is best to sketch the angle first. See Figure 48. The angle 390° is coterminal 
with 30°. 
sin 390° = sin(30? + 360?) 
30° 1 
x = sin30° = = 
390° 2 
Figure 48 (b) See Figure 49. The angle 420° is coterminal with 60°. 
cos 420° = cos(60° + 360°) 
1 
= 60° == MESS 
у cos 7 
(c) See Figure 50. The angle “= is coterminal with 4 
60° 
x 9m (2 | 
o tan— = їап| = + 2 
420 an n an 4 + 27 
Figure 49 = tant = 1 


ee Figure E e angle — — 1s coterminal with —. 
(d) See Figure 51. The angl Ti inal with 7 


T 


sec[ 7) = 6 + 25 (-1)) — sec 4 = 72 


(e) See Figure 52. The angle —270° is coterminal with 90°. 
csc( —270?) = сѕс(90° + 360*(—1)) 


Figure 50 
= csc90° = 1 B 
ya As Example 3 illustrates, the value of a trigonometric function of any angle is 
equal to the value of the same trigonometric function of an angle 0 coterminal to 
the given angle, where 0? < 0 < 360° (or0 < 0 < 2r). Because the angles 0 and 
7 0 + 360°k (or 0 + 2rk), where k is any integer, are coterminal, and because the 
x values of the trigonometric functions are equal for coterminal angles, it follows that 
e: 
Figure 51 


0 degrees 0 radians 

sin( + 360°k) = sind sin( + 21k) = sin0 
соѕ(0 + 360°k) = cos0 соѕ(0 + 27k) = cos0 
tan(0 + 360°) = tan tan(0 + 27k) = tan 
сѕс(0 + 360°) = csc сѕс(0 + 27k) = сѕсб 
ѕес(0 + 360°k) = sec ѕес(0 + 27k) = sec 
cot(0 + 360°) = coté cot(0 + 27k) = coté 


Figure 52 where k is any integer. 


These formulas show that the values of the trigonometric functions repeat 
themselves every 360° (or 27 radians). 


\ Now Work PROBLEM 21 
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3 Determine the Signs of the Trigonometric Functions of an 
Angle in a Given Quadrant 


If 0 is not a quadrantal angle, then it will lie in a particular quadrant. In such cases, the 
signs of the x-coordinate and y-coordinate of a point (a, b) on the terminal side of 0 
are known. Becauser = Va? + b? > 0, it follows that the signs of the trigonometric 
functions of an angle 0 can be found if we know in which quadrant 0 lies. 

For example, if 0 lies in quadrant П, as shown in Figure 53, then a point (a, b) on 
the terminal side of 0 has a negative x-coordinate and a positive y-coordinate. Then 


^ 
© 


5100 = b > 0 соѕ0 = < 0 {апд = 
ГА 


cscÓ = ^ > 0 secd 


/\ 
© 


< 0 cotü = 


SIS ас 


Table 5 lists the signs of the six trigonometric functions for each quadrant. 
Figure 54 provides two illustrations. 


Figure 53 
ð in quadrant l,a <0,b>0,r>0 


Table 5 Quadrant of Ө sin, csc cos, ѕесө tand, cot0 
Positive Positive Positive 
Positive Negative Negative 
Negative Negative Positive 
Negative Positive Negative 
YA 
YA + + | 
sine 
Il (=, +) I (+, +) X  Cosecant 
sin 0 > 0, csc 0 > 0, All positive 
others negative 
VA 
- + 
cosine 
X secant 
Ш (-, -) IV (+,-) 
tan 0 > 0, cot 0 > 0, | cos 0 » 0, sec 0 » 0, yk 
others negative others negative - 
tangent 
=== е 
x cotangent 
+ - 


(a) (b) 
Figure 54 Signs of the trigonometric functions 


| EXAMPLE 4 | Finding the Quadrant in Which an Angle Lies 


Ifsinü < 0 and cos < 0, name the quadrant in which the angle 0 lies. 


Solution 15110 < 0, then Ө lies in quadrant Ш or IV. If cos@ < 0, then 0 lies in quadrant II 


or III. Therefore, 0 lies in quadrant III. D 


\ Now Work PROBLEM 33 


4 Find the Reference Angle of an Angle 


Once we know in which quadrant an angle lies, we know the sign of each trigonometric 
function of that angle. This information, along with the reference angle, enables us to 
evaluate the trigonometric functions of the angle. 


DEFINITION Reference Angle 


Let 0 denote an angle that lies in a quadrant. The acute angle formed by the 
terminal side of 0 and the x-axis is called the reference angle for 0. 


Reference 
angle 


p 


(a) 
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Figure 55 illustrates the reference angle for some general angles 0. Note that 
a reference angle is always an acute angle. That is, a reference angle has a measure 
between 0? and 90°. 


YA Va 


x 


x Reference x Reference 
angle angle 


(b) (c) (d) 


Figure 55 Reference angles 


Solution 


Although formulas can be given for calculating reference angles, it is easier to 
find the reference angle for a given angle by making a quick sketch of the angle. 


Finding Reference Angles 


Find the reference angle for each of the following angles: 

(a) 150° (b) —45° (oye (d). 
4 6 

(a) Refer to Figure 56. The reference angle for 150? is 30*. 

(b) Refer to Figure 57 The reference angle for —45? is 45°. 


(c) Refer to Figure 58. The reference angle for d is а 


T 


6 


(d) Refer to Figure 59. The reference angle for E is 


150° 
30° 


Figure 56 Figure 57 Figure 58 Figure 59 —» 


\ Now Work PROBLEM 41 


5 Use a Reference Angle to Find the Exact Value 
of a Trigonometric Function 


The advantage of using reference angles is that, except for the correct sign, the values 
of the trigonometric functions of any angle 0 equal the values of the trigonometric 
functions of its reference angle. 


THEOREM Reference Angles 


If 0 is an angle that lies in a quadrant and if о is its reference angle, then 


I sina соѕ0 = +cosa tand = 


csc a сс сес cotü = 


where the + or — sign depends on the quadrant in which @ lies. 
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For example, suppose that 0 lies in quadrant II and a is its reference angle. See 
Figure 60. If (a, b) is a point on the terminal side of 6 and ifr = Va? + b?, we have 


. b ; a 
sind = — = sina cos = cosa 
r r 


and so on. 
Figure 60 
Using the Reference Angle to Find the Exact Value 
of a Trigonometric Function 
Find the exact value of each of the following trigonometric functions using reference 
angles. 
у : o o 17т T 
(a) sin135 (b) cos 600 (c) cos (d) tan(-) 
135° 
45° 


x Solution (а) Refer to Figure 61. The reference angle for 135? is 45°, and sin45? = = The 


angle 135° is in quadrant II, where the sine function is positive, so 


sin135? = sin45° = > 


(b) Refer to Figure 62. The reference angle for 600° is 60°, апа cos60° = > Тһе 


angle 600° is in quadrant III, where the cosine function is negative, so 


cos600° = —cos60° = -i 
(c) Refer to Figure 63. The reference angle for — is e and cos = ы, Тһе 
angle Um is in quadrant II, where the cosine function is negative, so 
i NND = УЗ 
6 6 2 


(а) Refer to Figure 64. The reference angle for = is =, and tan = V3. The 


3 3 
Figure 63 angle E is in quadrant IV, where the tangent function is negative, so 
y 
tan( 7) = -tan= = -v3 
X 3 3 -» 

т 
3 

Figure 64 Finding the Values of the Trigonometric Functions of Any Angle 


e If the angle @ is a quadrantal angle, draw the angle, pick a point on its 
terminal side, and use the definition of the trigonometric functions. 


e Ifthe angle @ lies in a quadrant, follow these three steps: 
Step 1. Find the reference angle a of Ө. 


STEP 2. Find the value of the trigonometric function at a. 


$ТЕР 3. Adjust the sign (+ or —) of the value of the trigonometric function 
based on the quadrant in which 6 lies. 


\ Now Work PROBLEMS 59 AND 61 
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6 Find the Exact Values of the Trigonometric Functions 
of an Angle, Given Information about the Functions 


| EXAMPLE | Finding the Exact Values of Trigonometric Functions 


Given that со$0 = -2, A < 0 < п, find the exact value of each of the remaining 
trigonometric functions. 
Solution The angle 0 lies in quadrant II, so sin@ and cscé are positive and the other four 
trigonometric functions are negative. If a is the reference angle for б, then 
2 adjacent 
3 hypotenuse 
the reference angle a can be found by drawing the appropriate triangle and using the 


cosa = . The values of the remaining trigonometric functions of 


Pythagorean Theorem to determine that the side opposite a is V5. Use Figure 65 
to obtain 
sina — VS cosa = 2 tana = RE] 
3 3 2 
Sinnen os ae кёб = > cota = 2 = 5 
V5 5 2 V5 5 


: E 
PEUR S 0 з Cn ашасгапы Now assign the appropriate signs to each of these values to find the values of the 


trigonometric functions of 0. Because 0 is in Quadrant II, sine and cosecant are 
positive, the other four trigonometric functions are negative. 


І V5 2 V5 
sind 3 cos@ 3 an 5 
csc = 3V5 sec = _3 cotü = 285 
5 2 5 —» 


\ Now Work PROBLEM 83 


| ЕХАМРІЕ 8 | MPLE 8 Finding the Exact Values of Trigonometric Functions 


If tan = —4 and sin < 0, find the exact value of each of the remaining 
trigonometric functions of 6. 


Solution Since tan = —4 < 0 and sin < 0, it follows that 0 lies in quadrant IV. If o is 
the reference angle for 0, then tana = 4 = ы = P Witha = landb = 4, we find 
r = 4I? + 4 = X17. See Figure 66. Then 
dosi aN TTE 17 aios =å 
417. 17 v7 17 1 
csca = uU seca — An = 417 cota — 1 


Assign the appropriate sign to each of these to obtain the values of the trigonometric 
functions of 6. 


Figure 66 tana = 4; 0 in quadrant IV sind = _ wit соѕ0 = v17 tanü = —4 
17 17 
N17 1 
0 == 0 = V17 10 = ===— 
csc 1 sec co 1 E" 


\ Now Work PRoBLEM 93 
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5.4 Assess Your Understanding 


Concepts and Vocabulary 


1. For an angle 0 that lies in quadrant III, the trigonometric 
functions and are positive. 


2. 'Two angles in standard position that have the same terminal 
side are 


3. The reference angle for an angle 0 is the acute angle formed 
by the terminal side of 0 and the 


4. True or False sin182? = cos2°. 


5. True or False tan is not defined. 


6. True or False The reference angle of an angle is always an 
acute angle. 


Skill Building 


7. The values of the trigonometric functions repeat themselves 
every or radians. 


8. Multiple Choice Which function is positive in quadrant IV? 
(a) sind (b) соѕ0 (с) tand (d) сѕсө 

9. If 0 < 0 < 2m, for what angles 0, if any, is tan 0 
undefined? 


10. Multiple Choice If 6 lies in quadrant Ш and a is its reference 
angle, then cos? = 
(a) sina (b) —sina 


(c) cosa (d) —cosa 


In Problems 11—20, a point on the terminal side of an angle 0 in standard position is given. Find the exact value of each of the six 


trigonometric functions of 0. 


N 1L (-3, 4) 12. (5, —12) 13. (2, —3) 
МЗ 1 1 43 
16. (2, 22) 17. [3. 3] 18. Е >) 


14. (1, -2) 15. (—3, —3) 
19. 22.22) 20, (22.22 
2 2 2 2 


In Problems 21—32, use а coterminal angle to find the exact value of each expression. Do not use a calculator. 


N 21. sin 405° 22. cos420° 23. tan390° 


24. sin390° 25. csc(—315°) 26. sec540° 


27. cot 405° 28. sec420° 29. соз 227) 30. їп” 31. tan(—197) 32. csc 2 
In Problems 33-40, name the quadrant in which the angle 0 lies. 

\ 33. sin > 0, cos0 < 0 34. sin? < 0, cos0 > 0 35. sind < 0, tan < 0 
36. cos? > 0, tan > 0 37. cos > 0, cotü < 0 38. 5100 < 0, cot > 0 
39. sec < 0, tan0 > 0 40. csc > 0, coto < 0 
In Problems 41—58, find the reference angle of each angle. 

N 41. —30° 42. —60° 43. 120° 44. 210° 45. 320° 46. 330° 

Sr Sr 8л 7т 
47. — 48. — 49. — . — 1. —165° 2. —240° 
8 8 6 3 50 4 5 5 
5r Tr © o 15т 197 
.—— 4. —— . 440 . 490 7 —— . —— 
53 7 5 6 55 56. 49 5 1 58 6 
In Problems 59—82, find the exact value of each expression. Do not use a calculator. 

N 59. sin150° 60. cos210° N 6L sin 510° 62. cos600° 63. cos(—45°) 64. sin(—240°) 
65. sec240° 66. csc300° 67. cot330° 68. tan225° 69. зїп Эт 70. cos 27 
71. cos 137 72. тап 7 73. sin(-) 74. cot(-£) 75. tan 24" 76. sec Т 

4 3 3 6 3 4 
77. sin(87) 78. cos(—27) 79. tan( 77) 80. cot(57) 81. sec(—37) 82. ese[- 27.) 


AL. Now Work 


@ 1. Modeling 


1. Writing 


qu 1. Graphing Tech == 1. Applet-Based 


A Calculus Preview 
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In Problems 83-100, find the exact value of each of the remaining trigonometric functions of 0. 


N 83. 
86. 
89. 
92. 


95. 
98. 


sind = IB 0 in quadrant II 84. cos0 — 2, 0 in quadrant IV 85. cos0 — -i 0 in quadrant III 
sind = -2, 0 in quadrant III 87. sind = >, 90° < 0 < 180° 88. cos = і, 270° < 6 < 360° 
cos = -4, 180° < 0 < 270° 90. sind = —2, 180° < 0 < 270° 91. sing = 2, tanó < 0 
1 EN : 
cos = 7 tanü > 0 93. sec = 2, sin < 0 94. csc? = 3, cot < 0 
3. gs 4 1. 
tanü = 4 sind < 0 96. cotü = 3 cos < 0 97. tand = —=, sinf > 0 
sec? = —2, tan0 > 0 99. csc = —2, tan0 > 0 100. cot? = —2, ѕес0 > 0 


Mixed Practice In Problems 101—104, f (x) = sinx, g(x) = соѕх, h(x) = tanx, F(x) = cscx, G(x) = secx, and Н(х) = cotx. 


101. 


(a) Find f(315°). What point is on the graph of f? 
(b) Find G(315°). What point is on the graph of G? 
(c) Find 4(315°). What point is on the graph of A? 


103. (a) Find gl =), What point is on the graph of g? 


(b) Find F | |. What point is on the graph of F? 
(с) Find H(—315°). What point is on the graph of Н? 


102. (a) Find g(120°). What point is on the graph of g? 


(b) Find F(120°). What point is on the graph of F? 
(c) Find H (120°). What point is on the graph of H? 


104. (a) Find f | T. What point is on the graph of f? 


(b) Find o( =), What point is on the graph of G? 
(с) Find F(—225°). What point is on the graph of F? 


Applications and Extensions 


105. 
106. 
107. 
108. 


109. 


110. 
111. 


112. 
113. 


114. 


115. 


If f(0) = sind = 0.2, find f(0 + т). 
If g(0) = cos0 = 0.4, find g(0 + 7). 
If F(0) = tan0 = 3,find F(0 + т). 

If G(0) = cot0 —2, find G(0 + т). 


If sinô = > find сѕс(0 + т). 


If cos = 2. find ѕес( Tm). 


Find the exact value of 
sin40? + sin130? + sin220? + sin310? 
Find the exact value of tan40? + tan140°. 
Find the exact value of 
sin1? + sin2? + sin3? +... + sin358° + sin359? 
Find the exact value of 
cos1? + cos2? + cos3? +... + cos358° + cos359° 


Projectile Motion An object is propelled upward at an 

angle 0, 45° < 0 < 90°, to the horizontal with an initial 

velocity of v feet per second from 

the base of a plane that makes an 

angle of 45? with the horizontal. 

See the figure. If air resistance 

is ignored, the distance R that it y 

travels up the inclined plane is a. 47 

given by the function JT 14 

02.72 
32 


(a) Find the distance А that the object travels along the 
inclined plane if the initial velocity is 32 feet per second 
and = 60°. 


R(@) = 


[sin(20) — cos(20) — 1] 


(8 


116. 


117. 


(b) Graph R = К(0) if the initial velocity is 32 feet per second. 
(c) What value of 0 makes R largest? 


Photography The length L of the chord joining the endpoints 
of an arc on a circle of radius r subtended by a central 
angle0, 0 < 0 < m,isgivenby L = r42 — 2 cos0. Use this 
fact to approximate the field width (the width of scenery the 
lens can image) of a 450 mm camera lens at a distance of 
920 feet if the viewing angle of the lens is Z. 


ACL Recovery A soccer player recovering from an anterior 
cruciate ligament (ACL) injury is working on increasing the 
flexion (bending) of her knee. 

(a) Once 100° of flexion is achieved she can begin working 
on muscle strength. What is the corresponding reference 
angle? 

(b) By week 12, her goal is to achieve at least 135? of flexion. 
What is the corresponding reference angle? 

(c) Normal knee range of motion for women is usually 
between —5? and 143°, where negative flexion indicates 
hyperextension. Explain why it is not possible to reach a 
flexion of 180°. 


Knee flexion 
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118. Projectile Distance An object is fired at an angle 0 to 
the horizontal with an initial speed of v, feet per second. 
Ignoring air resistance, the length of the projectile's path 
is given by 


1(8) = 5 {sind = cos? @( In| tan(* —* 


where 0 < 0 < 2 


(a) Find the length of the object’s path for angles 0 = A T 

and > if the initial velocity is 128 feet per second. 

АО (b) Using a graphing utility, determine the angle required 
for the object to have a path length of 550 feet if the 
initial velocity is 128 feet per second. 

(c) What angle will result in the longest path? How does 
this angle compare to the angle that results in the 
longest range? (See Problems 63—66 in Section 5.3.) 


Explaining Concepts: Discussion and Writing 


122. Give three examples that demonstrate how to use the 
theorem on reference angles. 

123. Write a brief paragraph that explains how to quickly compute 
the value of the trigonometric functions of 0°, 90°, 180°, 
and 270°. 


Retain Your Knowledge 


119. Challenge Problem Iftan@ = 3 — sec0 with in quadrant I, 
what is sinf + cos0? 


120. Challenge Problem If 2 sin? 6 + 3cos?0 = 3sin0 cos + 1 
with 0 in quadrant I, find the possible values for cot 6. 


121. Challenge Problem If the terminal side of an angle contains 
the point (5n, —12n) with n > 0, find sin 0. 


124. Explain what a reference angle is. What role does it play in 
finding the value of a trigonometric function? 


Problems 125—134 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


Et 


125. Solve:4**? = 
olve 16 


126. The demand function for a certain product is D = 3500 — x?, 0 € x < 59.16, where x is the price per unit in dollars and D 
is in thousands of units demanded. Determine the number of units demanded if the price per unit is $32. 


A27. A function f has an average rate of change ot? over the interval[0, 12]. If f(0) = 2 find f (12). 


/Х128. 


. Find the domain ог (x) if f(x) = 
g x+1 


2 and g(x) = 
x 


Given that( f o g)(x) = x? — 8x + 19 and f(x) = x? + 3,find g(x). 


— 2 
= 1 


. Determine whether f(x) = 3xVx? + 5 is even, odd, or neither. 


. Solve (6x? + 44x? + 70x)(x? — 5) = 0. 
. Find the domain of f(x) = 3. 


. Determine the power function f(x) = 252 (х + 1) (3х — 2)? resembles for large values of | x|. 


. Solve (y + 2)? = 3. 
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5.5 Unit Circle Approach; Properties 
of the Trigonometric Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Unit Circle (Section F-4, p. 37) * Even and Odd Functions (Section 1.3, pp. 71-73) 
* Functions (Section 1.1, pp. 46—58) 


\ Now Work the ‘Are You Prepared?’ problems on page 452. 


OBJECTIVES 1 Find the Exact Values of the Trigonometric Functions Using the Unit Circle (p. 443) 


Р = (а, D) 
s = tunits 


s =tunits 


0 
> 
X 
S = |t| units 
t 
S = |t| units 


P= (a, b) 
(b) 
Figure 67 


2 Know the Domain and Range of the Trigonometric Functions (p. 447) 


3 Use Periodic Properties to Find the Exact Values of the Trigonometric 
Functions (p. 449) 


4 Use Even-Odd Properties to Find the Exact Values of the Trigonometric 
Functions (p. 450) 


In this section, we develop important properties of the trigonometric functions. 
We begin by introducing the trigonometric functions using the unit circle. This 
approach leads to the definition given earlier of the trigonometric functions of any 
angle (page 432). 


Find the Exact Values of the Trigonometric 
Functions Using the Unit Circle 


Recall that the unit circle is a circle whose radius is 1 and whose center is at the 
origin of a rectangular coordinate system. Also recall that any circle of radius r 
has circumference of length 27r. Therefore, the unit circle (radius = 1) has a 
circumference of length 27. So, for 1 revolution around the unit circle, the length of 
the arc is 27 units. 

The following discussion sets the stage for defining the trigonometric functions 
using the unit circle. 

Draw a vertical real number line with the origin of the number line at (1, 0) in the 
Cartesian plane. Let t > 0 be any real number on this line and let s be the distance 
from the origin to t. See the red portion of Figure 67(a). Now look at the unit circle 
in Figure 67(a). Beginning at the point (1, 0) on the unit circle, travel s = t units in 
the counterclockwise direction along the circle to arrive at the point Р = (a, b).In 
this sense, the length s = Г units is being wrapped around the unit circle. 

Ift < 0, we begin at the point(1, 0) on the unit circle and travel 5 = |t| units in 
the clockwise direction to arrive at the point Р = (a, b). See Figure 67(b). 

Ift > 2m orift < —2r, it will be necessary to travel around the unit circle more 
than once before arriving at point P. Do you see why? 

Let's describe this process another way. Picture a string of length s = |t| units 
being wrapped around a circle of radius 1 unit. Start wrapping the string around the 
circle at the point (1, 0). Ift > 0, wrap the string in the counterclockwise direction; 
ift < 0, wrap the string in the clockwise direction. The point Р = (а, b)is the point 
where the string ends. 

This discussion tells us that for any real number f, we can locate a unique point 
P — (a, b) on the unit circle. We call this point the point P on the unit circle that 
corresponds to ¢. This is the important idea here. No matter what real number t is 
chosen, there is a unique point P on the unit circle corresponding to it. The coordinates 
of the point Р = (a, b)on the unit circle corresponding to the real number t are used 
to define the six trigonometric functions of t. Be sure to consult Figures 67(a) and (b) 
as you read these definitions. 
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In Words 
The point P = (a, b) on the unit 


circle corresponding to a real 
number t is (cos t, sint). y 


DEFINITION Trigonometric Functions of a Real Number 


Let t be a real number, and let Р = (a, b) be the point on the unit circle that 
corresponds to t. 


The sine function associates with t the y-coordinate of P and is denoted by 


The cosine function associates with ¢ the x-coordinate of P and is denoted by 


cost = a 


Ifa = 0), the tangent function associates with t the ratio of the y-coordinate to 
the x-coordinate of P and is denoted by 


a 


Ifb = 0, the cosecant function is defined as 


1 
Г = = 
csc b 


Ifb = 0,the cotangent function is defined as 


a 
cott = — 


Once again, notice in these definitions that ifa = 0 (that is, if the point P is on the 
y-axis), the tangent function and the secant function are undefined. Also, if b. = 0 (that 
is, if the point P is on the x-axis), the cosecant function and the cotangent function are 
undefined. Because the unit circle is used in these definitions, the trigonometric functions 
are sometimes referred to as circular functions. 


Finding the Values of the Trigonometric Functions 


Using a Point on the Unit Circle 


Find the values of sint, cost, tant, csct, sect, andcottif P = [-. = is the point 


on the unit circle that corresponds to the real number t. 2 


T Solution ^ See Figure 68. Use the definition of the six trigonometric functions using 
P= = 7| P= |->. — = (a, b). Then, with a = laud = мз е һауе 
t 2 2 2 2 
КА) 
Мея sint = b = -> cost = a = —— tant = 2 = 2. = V3 

“2 
ind csct 1 1 = 243 sect — -—— =2 cott -à l УЗ 
b 43 ~ 3 a 1 v3 V3 3 
2 2 2 -5 


\ Now Work PROBLEM 11 


Figure 69 
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Trigonometric Functions of Angles 


Let Р = (a, b) be the point on the unit circle corresponding to the real number t. 
See Figure 69(a). Let 0 be the angle in standard position, measured in radians, whose 
terminal side is the ray from the origin through P and whose arc length is |t|. See 
Figure 69(b). Since the unit circle has radius 1 unit, if s = |t| units, then from the arc 
length formula s = /|0|, we have 0 = t radians. See Figures 69(c) and (d). 


S — tunits, 
P = (a, D) tz0 


S = ІА units, 
t<0 


The point Р = (a, Б) оп the unit circle that corresponds to the real number t is 
also the point P on the terminal side of the angle 0 = t radians. As a result, we can 
say that 


sint = sind 
T ji 


Real number 0 — tradians 


and so on. We can now define the trigonometric functions of the angle 0. 


DEFINITION Trigonometric Functions of an Angle Ө 


If@ = t radians, the six trigonometric functions of the angle Ө are defined as 


— sint соѕ0 = cost tan? = 


= (6597 seco = Seer собо = 


Even though the trigonometric functions сап be viewed both as functions of 
real numbers and as functions of angles, it is customary to refer to trigonometric 
functions of real numbers and trigonometric functions of angles collectively as the 
trigonometric functions. We follow this practice from now on. 

Since the trigonometric functions of an angle 0 are determined by the coordinates 
of the point Р = (a, b) on the unit circle corresponding to 0, the units used to 
measure the angle 0 are irrelevant. For example, it does not matter whether we write 


0 = s radians or 0 = 90°. In either case, the point on the unit circle corresponding 


to this angle is Р = (0, 1). As a result, 
sin = sin90° = 1 and cos > = cos90° = 0 


The discussion based on Figure 69 implies the following: To find the exact value 
of a trigonometric function of an angle 0 requires that we locate the corresponding 
point P* = (a*, b*) on the unit circle. In fact, though, any circle whose center is at 
the origin can be used. 
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Figure 70 


Figure 71 


Let 0 be any nonquadrantal angle placed in standard position. Let Р = (a, b) 
be the point on the circle x? + y? = r? that corresponds to 6, and let P* = (a*, b*) 
be the point on the unit circle that corresponds to 0. See Figure 70, where 0 is shown 
in quadrant II. 

Note that the triangles OA* P* and ОАР are similar, so ratios of corresponding 
sides are equal. 


b* p а* а b* b 
1 r 1 r a* a 
E. ME; а а 
b* b а* а b* b 


These results lead us to the following theorem: 


THEOREM 


For an angle 0 in standard position, let Р = (a, b)be any point on the terminal 
side of Ó that is also on the circle x? + y? = r?. Then 


b 
а 
e 
b 


This result agrees with the definition given in Section 5.4 for the six trigonometric 
functions of any angle 0 (page 432). 

Consider Figure 71, which shows a circle of radius V2. Inside the circle we have 
drawn a right triangle whose acute angles both measure 45°. The lengths of the legs 
are 1 unit each. This is the right triangle in Figure 27(b) on page 421. The point on the 
circle that corresponds to an angle of 45? is (1, 1) = (a, b). From this, 

b 1 ^42 a 1 w2 


sin45? = — = —=— = —, cos45° = — = —— = —, and so on. 


r 42 2 r 2 2 
Now consider Figure 72(a), which shows a circle of radius 2. Inside the circle we 
have drawn a right triangle whose acute angles measure 30° and 60°. Refer to Figure 
28(c) on page 422. If we place the 30° angle at the origin, we find that the point on 


the circle that corresponds to an angle of 30° is ( V3, 1) . From this, sin 30° = кы 2 
r 
cos30° = © = S and so on. Figure 72(b) also shows a circle of radius 2, but the 
r 


angle at the origin is 60°. Now we can see that sin60° = Bas B and so on. 
r 


xy 


(a) (b) 


Figure 72 
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Finding the Exact Values of the Six Trigonometric Functions 


Find the exact values of each of the six trigonometric functions of an angle 0 if (4, —3) 
is a point on its terminal side. 


y4 Solution See Figure 73. Since r = 4/4? + (—3)? = V16 +9 = V25 = 5, the point (4, —3) 
is on the circle x? + y? = 25, whose center is at the origin. 
For the point (a, b) = (4, —3), we havea = 4andb = —3.Sincer = 5, we find 


{апд = 


5100 = = = "- coso = © 
5 r 


cot = 


BIW nls 
SIS ale 


csch = — = = secü = 2 
3 a 


\ Now Work PROBLEM 17 


2 Know the Domain and Range of the Trigonometric Functions 


Let 0 be an angle in standard position, and let Р = (a, b) be the point on the unit 
circle that corresponds to 6. See Figure 74. Then, by the definition given earlier, 


Figure 74 


For sin 0 and cos, there is no concern about dividing by 0, so 0 can be any angle. 
It follows that the domain of the sine function and cosine function is the set of all 
real numbers. 


• The domain of the sine function is the set of all real numbers. 


e The domain of the cosine function is the set of all real numbers. 


For the tangent function and secant function, the x-coordinate of P — (a, b) 
cannot be 0 since this results in division by 0. See Figure 74. On the unit circle, 
there are two such points, (0, 1) and (0, —1). These two points correspond to the 


angles z 90°) and AE) or, more generally, to any angle that is an odd integer 


(+450°). Such 


multiple of 5(90°), such as 1 90°), ZR 270°), and — 


angles must be excluded from the domain of the tangent function and secant function. 


* The domain of the tangent function is the set of all real numbers, except 


odd integer multiples of 2 (90?). 


* The domain of the secant function is the set of all real numbers, except 


odd integer multiples of З (90°). 
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For the cotangent function and cosecant function, the y-coordinate of 
P = (a, b) cannot be 0 since this results in division by 0. See Figure 74 on the 
previous page. On the unit circle, there are two such points, (1, 0) and (—1, 0). 
These two points correspond to the angles 0 (0°) and 7(180°) or, more generally, 
to any angle that is an integer multiple of 7(180°), such as 0(0?), +7(+180°), 
27(+360° ), and +37 (2:540? ). Such angles must be excluded from the domain of 
the cotangent function and cosecant function. 


* The domain of the cotangent function is the set of all real numbers, 
except integer multiples of 7 (180^). 


* The domain of the cosecant function is the set of all real numbers, except 
integer multiples of 7(180°). 


Next, we determine the range of each of the six trigonometric functions. Refer 
again to Figure 74. Let Р = (a, b) be the point on the unit circle that corresponds 
to the angle 0. It follows that -1 < a € 1 and -1 < b < 1. Since sinf = b and 
cos = a, we have 


—1 < 5100 <1 and —1 < со$0<1 


The range of both the sine function and the cosine function consists of all real numbers 
between —1 and 1, inclusive. Using absolute value notation, we have |sin0| < 1 
апа |cos@| < 1. 


If 0 is not an integer multiple of (180°), then сѕс0 = А. Since b = siné and 


|b] = |sin0| < 1, it follows that |csc0| = E: > i| < —]or 


1 [5100 |b| \b— b 
Since csc? = b the range of the cosecant function consists of all real numbers less 


> 1). 


than or equal to —1 or greater than or equal to 1. That is, 


csch < —1 or csch > 1 


is not an odd integer multiple of — ,thensecóü = —.Sincea = cosÜan 
If0 i dd integ Itipl t7 (907) h 0 1 Si 0 and 
а 


|а| = |cos0| < 1, it follows that |sec0| = RAE: > Б 1 
а 


= > < —1ог 
|со$ 0| [а| 


> 1). 
Since secü = E the range of the secant function consists of all real numbers less 
a 


than or equal to —1 or greater than or equal to 1. That is, 


sec? = —1 ог sec? > 1 


The range of both the tangent function and the cotangent function consists of 
all real numbers. That is, 


—oo < tanÜ < œ and -—oo < cotÜ < oo 


You are asked to prove this in Problems 99 and 100. 
Table 6 on the next page summarizes these results. 
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Table6 | Function Symbol Domain 


sine f(0) = sin@ All real numbers All real numbers from —1 to 1, inclusive 
cosine f(0) = cosO0 X All real numbers All real numbers from —1 to 1, inclusive 


tangent f(9) = tan@ АІ real numbers, except odd All real numbers 


integer multiples of — (90°) 


cosecant f(0) All real numbers, except All real numbers greater than or equal 
integer multiples of (180?) to 1 or less than or equal to —1 

secant f(0) АП real numbers, except odd All real numbers greater than or equal 
integer multiples of 2(90*) to 1 or less than or equal to —1 


cotangent f(0) All real numbers, except All real numbers 
integer multiples of m(180°) 


\ Now Work PROBLEMS 63 AND 67 


3 Use Periodic Properties to Find the Exact Values 
of the Trigonometric Functions 


Look at Figure 75, which shows that for an angle of 7 radians, the corresponding 


point P on the unit circle is [> v3 . Notice that for an angle of T + 2r radians, the 


corresponding point P on the unit circle is also B 2 a result, 


‚л [B ont bs _ МЗ 
sin sh: and sin( Z + 27) Е. 
-1 
со$— = 1 апа cos( Z + 27) = 1 
2. 3 2 


Figure 75 sin Z + 27) £ sing; 

This example illustrates a more general situation. For a given angle 0, measured 

со5 Z + 2r] = соѕ5 in radians, suppose that we know the corresponding point Р = (а, b) on ће unit 

circle. Now add 27 to 0. The point on the unit circle corresponding to 0 + 27 is 

identical to the point P on the unit circle corresponding to 0. See Figure 76. The values 

of the trigonometric functions of 0 + 27 are equal to the values of the corresponding 

trigonometric functions of 0. 

If we add (or subtract) integer multiples of 27 to 0, the values of the sine and 

cosine function remain unchanged. That is, for all 0, 


sin(@ + 27k) = sinô соѕ(0 + 27k) = cos0 (1) 


where k is any integer. 


Figure 76 sin(@ + 2k) = sind; 
cos(@ + 27k) = соб Functions that exhibit this kind of behavior are called periodic functions. 


DEFINITION Periodic Function and Fundamental Period 


A function f is called periodic if there is a positive number p with the property 
that whenever 0 is in the domain of f, so is 0 + p, and 


f(8-- р) = f(0) 


If there is a smallest such number p, this smallest value is called the 
(fundamental) period of f. 
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Based on equation (1), the sine and cosine functions are periodic. In fact, the sine, 
cosine, secant, and cosecant functions have period 27. You are asked to prove this in 
Problems 93 through 96. 

The tangent and cotangent functions are periodic with period т. See Figure 77 for 
a partial justification. You are asked to prove this statement in Problems 97 and 98. 


Periodic Properties 


sin(@ + 27) = sind соѕ(0 + 27) = cos@ tan(@+7) = 


Figure f " сѕс(0 + 27) = csc sec(0 + 2r) = secÜü сої(0 + т) = 
tang = — = — = tan(0 + 7) 
а са 
In Words 
The tangent and cotangent Because the sine, cosine, secant, and cosecant functions have period 27, once 


functions have period т; the other 


their values for 0 < 0 < 27 are known, all their values are known. Similarly, since 


Mera еши y the tangent and cotangent functions have period т, once their values for0 < 0 < п 
Ms, 


are known, all their values are known. 


| EXAMPLE 3 | Using Periodic Properties to Find Exact Values 


Find the exact value of each of the following: 


(a) sin 420° (b) tan?7 (c) cos HT 


Solution (a) sin420° = sin(60° + 360°) = sin60° = >з 


(b) tan 22 = tan(4 + т) = {ап— = 1 


4 


(с) соз Шт = соз[27 + Sr) = cos( 27 + 25) = соз Т = v2 
4 4 4 4 4 2 _в 


The periodic properties of the trigonometric functions will be very helpful when 
we study their graphs later in this chapter. 


\ Now Work PROBLEMS 23 AND 81 


4 Use Even-Odd Properties to Find the Exact Values of the 
Trigonometric Functions 


Recall that a function f is even if f(—0) = f(@) for all 0 in the domain of f; a 
function f is odd if f(—0) — —f (0) for all 0 in the domain of f. We now show that 
the trigonometric functions sine, tangent, cotangent, and cosecant are odd functions 
and that the functions cosine and secant are even functions. 


THEOREM Even-Odd Properties 


51п(—0) = —sin@  cos(—0) = cos  tan(—0) = 


с5с(—0) = —cscé sec(—0) = ѕесө cot(—@) = 


Proof Let P = (a, b)be the point on the unit circle that corresponds to the angle 0. 
See Figure 78. The point О on the unit circle that corresponds to the angle —6 will 
Figure 78 have coordinates (a, —b). 


(continued) 
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Using the definition for the trigonometric functions, we have 


sind = b 51п(—0) = —b cos =a cos(-0) = a 
so 
sin(—0) = —sin0 cos(—0) = cos 
Now, using these results and some of the Fundamental Identities, we have 
In Words 
Cosine and secant are even _ sin(—0) _ —sin0 _ 1 _ 1 
functions; the others are odd tan(—0) = cos(—0) _ созб@ epit e) tan(—-0)  —tan0 
functions. A 
= —tan0 = —coté 
1 1 1 1 
0 = == 0 = = 
копа cos(—0) cos amo sin(—0) — sin 
= secd = —cscd a 


| EXAMPLE 4 | Finding Exact Values Using Even-Odd Properties 


Find the exact value of each of the following: 


(a) sim(-45*) (Б) сов(-т) (с) соц—120°) (8) tan[- T 


Solution (a) sin(—45°) = —sin45° = 22 (b) соз(—т) = cost = -1 
T T 
Odd function Even function 
(c) cot(—120°) = —cot120° = AX = Уз 
1 3 3 
Odd function 
(d) tan| st) = tan Sim = tan( Z + әт) = —{ап^ = -1 
4 1 4 4 t 4 
Odd function Period is т B 


\ Now Work PROBLEMS 39 AND 75 


When the six trigonometric functions are defined using the unit circle, we can use 
symmetry to find the exact values of the trigonometric functions for integral multiples 
of = 30°, 7 = 45° and= = 60°. 

6 4 3 

For example, we know the exact values of the trigonometric functions of 

T s. V2 2 


a 45°. The point on the unit circle corresponding to 1 = 45° . See 


= 2| is the 


Figure 79. Using symmetry with respect to the y-axis, the point 2 


point on the unit circle that corresponds to the angle — = 135°. Similarly, using 


_N2 2) is the point on the unit 


52 
) symmetry with respect to the origin, the point E. 


circle that corresponds to the angle x — 225*.Finally, using symmetry with respect 


5 м 


ue 2 is the point on the unit circle that corresponds to 


2) to the x-axis, the point 


the angle 27 = 315°; 


Figure 79 


Figure 79 also can be used to find values of the trigonometric functions for angles 
coterminal to those shown (such as — = A 4 2m). 
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The use of symmetry also provides information about the angles 2 = 30° 


апа > = 60°, and angles coterminal to them. See Figures 80 and 81. 


Figure 80 Figure 81 


Using Symmetry to Find Exact Values of Trigonometric Functions 


Find the exact value of each expression. 


(a) cos 27 (b) sin(-27) (c) tan 315? 
(d) tan?7 (e) sin 150° (f) eos (- EE.) 


Solution (а) From Figure 79, the point 


> 


St 4X2 
4 2 


corresponds to the angle Эт, so 


(b) The point ; 2 corresponds to the angle x so 


> | эл /2 
sin{ -=> ] = р = —= 
4 2 
(c) Since 315° = T the point 52, 2 corresponds to 315°, so 
v2 
o_b_ 2 
tan315° = — = — = -1 
c4 A 
2 
53 
rom Figure 81, tan—— = = : 
(d) From Figure 81 — 2 =3 
2 
(e) From Figure 80, sin150° = sin 22 = > 
: 10т\ _ 2т _ 1 
(f) From Figure 81, cos(— | nio = B5 


5.5 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
3x — 6. 
——— is 


1. The unit circle has center and radius . The 2. The domain of the function f(x) = za 


equation of the unit circle is . (р. 37) (pp. 54-56) 


3. A function for which f(x) = f(—x) for all x in the domain 
of f is called a(n) function. (pp. 71-73) 


NI Now Work [*] 1. Modeling 1. writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Concepts and Vocabulary 


4. The sine, cosine, cosecant, and secant functions have period 8. True or False The only trigonometric functions whose 
; the tangent and cotangent functions have period ; domain is all real numbers are the sine and cosine 
5. Let t be a real number and let P = (a, b) be the point on functions. 
the unit circle that corresponds to t. Then sint = and 9. Multiple Choice Which of the following is not in the range 
cost = р of the sine function? 
6. For any angle 0 in standard position, let Р = (a, b) be (a) 7 (b) 3 (c) —0.37 (d) —1 
any point on the terminal side of 0 that is also on the circle 4 2 
x? + y? = r*.Thensin@ = апі соѕ0 = І 10. Multiple Choice Which of the following functions is even? 
7. Ifsind = 0.2, then sin(—0) = and (a) cosine (b) sine (c) tangent (d) cosecant 
sin( + 27) = 
Skill Building 
In Problems 11-16, the point P on the unit circle that corresponds to a real number t is given. Find sin t, cos t, tan t, csc t, sec t, and cot t. 
S. п. (3, -4) 12. (3, EI 13. [-3. -2) 14. (2-2) 15, [У5 2 16. |-У5 25 
2 2 2 2 2 2 2 2 3° 3 5 5 


In Problems 17-22, the point P on the circle x? + y? = r? that is also on the terminal side of an angle 0 in standard position is given. 


Find sin 0, соѕ0, tan0, csc 6, sec, and cot 0. 
\ 17. (3, —4) 18. (5, 212) 19. (-2, 3) 20. (2, —4) 21. (-1, -1) 22. (-3, 1) 


In Problems 23—38, use the fact that the trigonometric functions are periodic to find the exact value of each expression. Do not use a 
calculator. 


М 23. sin 405? 24. cos420? 25. tan 405° 26. sin390° 
27. csc390° 28. sec540° 29. cot390° 30. sec 420° 

31. cos277 32. sin2™ 33. tan(157) 34, eet 

6 4 2 
35. eset 36. cot 77 37. tan 27 38. sec 25T 


In Problems 39-56, use the even-odd properties to find the exact value of each expression. Do not use a calculator. 


N 39. sin(—60°) 40. cos(—30°) 41. tan(—60°) 42. sin(—135°) 43. sec(—45°) 
44. csc(—30°) 45. sin(—90°) 46. cos(—270°) 47. tan[- 2) 48. sin(—7) 
T A 1G ] Зп 
49. соз —®) 50. sin(-£) 51. tan(—7) 52. sin| 77) 
T T7 T 
53. ese(-7) 54. sec(—7 ) 55. ес|-2) 56. ese(-2) 


In Problems 57—62, find the exact value of each expression. Do not use a calculator. 


57. sin(—7) + cos(57) 58. tan( 27) — cot... 59. вес = + ese(- 2) 
6 2 3 2 
on : On on 17r А Зп 
60. tan(—67) + MR 61. sin) — tan(-77) 62. cos 4 | sin[ 2 | 
b 63. What is the domain of the sine function? 64. What is the domain of the cosine function? 
65. For what numbers 0 is f(0) = (апд not defined? 66. For what numbers 0 is f(0) = cot not defined? 
b 67. For what numbers 0 is f(0) — secÓ not defined? 68. For what numbers 0 is f (0) = cscÓ not defined? 


69. What is the range of the sine function? 70. What is the range of the cosine function? 
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71. 
73. 


N 75. 


77. 


79. 
N 81. 


83. 
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What is the range of the tangent function? 
What is the range of the secant function? 


Is the sine function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


Is the tangent function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


Is the secant function even, odd, or neither? Is its graph 
symmetric? With respect to what? 
5100 = 0.3, find the value of 
sinÜ + sin(@ + 27) + sin(@ + 47) 
If tan = 3, find the value of 
tan + tan(0 + т) + tan(0 + 2«) 


In Problems 85—90, use the periodic and even—odd properties. 


85. 


87. 


89. 


If f(x) = sinx and f(a) = P find the exact value of: 


(a) f(—a) (b) f(a) + f(a + 27) + fla + 4n) 


If f(x) = tanx and f(a) = 2, find the exact value of: 


(a) f(—a) (b) f(a) + }(а+т)-+ f(a 22) 
If f(x) = secx and f(a) = —4, find the exact value of: 
(a) f(—a) (b) f(a) + f(a + 27) + f(a + 4т) 


Applications and Extensions 


In Problems 91 and 92, use the figure to approximate the value of 
the six trigonometric functions at t to the nearest tenth. Then use a 
calculator to approximate each of the six trigonometric functions at t. 


91. 
92. 
93. 


94. 
95. 
96. 
97. 
98. 


YA 
2 р 1 
Unit Circle 
0-51- 
_ 
J da 3 
[-6 
105] 
4 7 
TIT 
5 
(а) г = 1 (b) t = 5.1 
(a) t = 2 (b) t = 4 
Show that the period of f(0) = sin@ is 27. 


[Hint: Begin by assuming 0 < p < 27 exists so 
that sin(@ + p) = sin@ for all 0. Let 0 = Oto find p. 


Then let? = э to obtain a contradiction.] 


Show that the period of f(0) = cos@ is 27. 
Show that the period of f(0) = sec is 27. 
Show that the period of f(0) = сѕс0 is 27. 
Show that the period of f(0) = (апд is л. 
Show that the period of f(0) = cot is л. 


72. 
74. 
76. 


78. 


80. 


82. 


84. 


86. 


88. 


90. 


99. 


100. 


101. 


102. 


What is the range of the cotangent function? 
What is the range of the cosecant function? 


Is the cosine function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


Is the cotangent function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


Is the cosecant function even, odd, or neither? Is its graph 
symmetric? With respect to what? 
Ifcosé = 0.2, find the value of 
соѕ0 + cos(@ + 27) + cos(@ + 4r) 
If cot = —2, find the value of 


cot + cot(@ — 7) + cot(@ — 27) 


If f(x) = cosx and f(a) = i find the exact value of: 


(a) f(—a) (b) f(a) + f(a + 22) + fla — 22) 


If f(x) = cotx and f(a) = —3, find the exact value of: 


(a) f(—a) (b) f(a) + fla+7) + f(a + Ат) 
If f(x) = escx and f(a) = 2, find the exact value of: 
(a) f(—a) (b) f(a) + f(a + 22) + fla + Ат) 


Show that the range of the tangent function is the set of all 
real numbers. 


Show that the range of the cotangent function is the set of 
all real numbers. 


If 0,0 < 0 < m, is the angle between a horizontal ray 
directed to the right (say, the positive x-axis) and a 
nonhorizontal, nonvertical line L, show that the slope m of 
L equals їап Ө. The angle 0 is called the inclination of L. 


[Hint: See the figure, where we have drawn the line M 
parallel to L and passing through the origin. Use the fact 
that M intersects the unit circle at the point (cos, sin6).] 


УА 


(cos Ө, sin 0) 


Lung Volume Normal resting lung volume V, in mL, 
for adult men varies over the breathing cycle and can be 
approximated by the model 


V(t) = 250sin + 2650 


2n(t — 1.25) 
5 
where t is the number of seconds after breathing begins. 
Use the model to estimate the volume of air in a man’s 

lungs after 2.5 seconds, 10 seconds, and 17 seconds. 
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103. Predator Population In predator-prey relationships, the 105. Challenge Problem Let 0 be an angle in standard position 
populations of the predator and prey are often cyclical. In 
a conservation area, rangers monitor the red fox population 
and have determined that the population can be modeled intersection of the terminal side of 0 with the unit circle if 
by the function 41, 

49° 


106. Challenge Problem If ѕіп(40) = cos(20) and0 < 40 < 2. 


with m < 0 < =. Find the exact y-coordinate of the 


cos + sin?0 = 
P(t) = 40 соз| =) +110 


where t is the number of months 
from the time monitoring 
began. Use the model to 
estimate the population of red 
foxes in the conservation area 
after 10 months, 20 months, 

and 30 months. 


find the exact value of sin( 80) + cot(40) — 2. 


107. Challenge Problem Find the exact value of sin — со$@ 
ifcosü — 8sinf = 7and180? < 0 < 270°. 


104. Challenge Problem Let 0 be an angle in standard position 
with " « 0 < п. Find the exact x-coordinate of the 
intersection of the terminal side of 0 with the unit circle 

1 


ifcos?0 — sind = ——. 
9 


Explaining Concepts: Discussion and Writing 


108. Explain how you would find the value of sin 390? using 110. Write down five properties of the tangent function. Explain 
periodic properties. the meaning of each. 

109. Explain how you would find the value of cos (—45?) using 111. Describe your understanding of the meaning of a periodic 
even-odd properties. function. 


Retain Your Knowledge 


Problems 112—121 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


112. Find the real zeros of f(x) = 3x? — 10x + 5. 
їз. Find an equation of the line that contains the point (—3, 7) and is perpendicular to the line у = —4x — 5. 
114. Determine the interest rate required for an investment of $1500 to be worth $1800 after 3 years if interest is compounded 
quarterly. Round your answer to two decimal places. 
115. Find any vertical or horizontal asymptotes for the graph of f(x) = z- 2. 
х 


116. Solve:(x — 77^ = 8 


А 117. Find the average rate of change of f(x) = —3x? + 5 from 3 to 7. 
118. Solve the inequality x? « 21 — 4x. 


/Х119. For а function у = f(x), the graph is increasing if its first derivative f'(x) is positive and it is concave down if its second 
2(1— x 4х(х? — 3) 
2 


2) 
d f" = , 
eee Т пу 


derivative f"( x) is negative. If f'(x) = determine where f is both increasing and concave 


down. 
. Subtract 7x? — 4x + 2 from 4x? — 5x + 10. 


. Combine 4 log; x + logs y into a single logarithm. 


2 


‘Are You Prepared?’ Answers 
1. (0, 0); 1;x? + у? = 1 2. {x|x = 4} 3. even 


*Courtesy of the Joliet Junior College Mathematics Department 
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5.6 Graphs of the Sine and Cosine Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Graphing Techniques: Transformations (Section 1.5, pp. 96-106) 


М Now Work the ‘Are You Prepared?’ problems on page 465. 


OBJECTIVES 1 Graph the Sine Function у = sin x and Functions of 
the Form у = Asin(wx) (p. 456) 


2 Graph the Cosine Function y = cos x and Functions of 
the Form y = Acos(wx) (p. 458) 


3 Determine the Amplitude and Period of Sinusoidal Functions (p. 459) 
4 Graph Sinusoidal Functions Using Key Points (p. 461) 
5 Find an Equation for a Sinusoidal Graph (p. 465) 


We want to graph the trigonometric functions in the xy-plane. So we use the traditional 
symbols x for the independent variable (or argument) and y for the dependent 
variable for each function. Then the six trigonometric functions are written as 


у= (0) = Sines улус) = Coss К у= ат 


Das = CSC реу) Se COG у Сә беи 


Here the independent variable x represents an angle, measured in radians. However, 
in calculus, x will usually be treated as a real number. As noted earlier, these are 
equivalent ways of viewing x. 


1 Graph the Sine Function y — sinx and Functions of the Form 
y = Asin(wx) 


Because the sine function has period 27, it is only necessary to graph y — sinx on 
the interval [0, 27]. The remainder of the graph will consist of repetitions of this 
portion of the graph. 
To begin, consider Table 7, which lists some points on the graph of y = sin x, 
Table 7 for0 < x € 27. As ће table shows, the graph of y = sinx, 0 € x < 27, begins at 


the origin. As x increases from 0 to 2 the value of y = sin х increases from 0 to 1; as 
x increases from 3 to to T. the value of y decreases from 1 to 0 to —1; as x increases 


from X to 27, the value of y increases from —1 to 0. Plotting the points listed in 


mS ola © 


Table 7 and connecting them with a smooth curve yields the graph shown in Figure 82. 


oa 
3 


6 
T 

7т 
6 

3v 


= 
= N 
5 


e| 


№ 
3 


Figure 82 y = sinx, 0 < x < 2x 


SECTION 5.6 Graphs of the Sine and Cosine Functions 457 


The graph in Figure 82 is one period, or cycle, of the graph of у = sin x. To obtain 
a more complete graph of у = sin x, continue the graph in each direction, as shown 
in Figure 83(a). Figure 83(b) shows the graph using Desmos. 


(2,1) GT, 1) 


(а) 


Figure 83 у = sinx, оо < х < оо (b) 


The graph of y — sinx illustrates some properties of the sine function. 


Properties of the Sine Function y — sinx 


* The domain is the set of all real numbers. 
* The range consists of all real numbers from —1 to 1, inclusive. 


* The sine function is an odd function, as the symmetry of the graph with 
respect to the origin indicates. 


e The sine function is periodic, with period 27. 


e The x-intercepts are ..., —27, —7, 0, 7, 27, 37, . . . ; the y-intercept is 0. 

* The maximum value is 1 and occurs at x =..., Эл 28 Эт 9m КОС 
OL BND) 

the minimum value is —1 and occursatx =..., 2: X. T. E. mue 


\ Now Work PROBLEM 13 


| €XAMPLE1 | Graphing Functions of the Form y = Asinx Using Transformations 


Graph y = 3 ѕіп x using transformations. Use the graph to determine the domain 
and the range of the function. 


Solution Figure 84 illustrates the steps. 


(21) (897,1) 


= ==: 

Multiply by 3; 

Vertical stretch 
(а) y = sin x by a factor of 3 (b) y= З sin x 


Figure 84 


The domain of у = 3 sin х is the set of all real numbers, or (—оо, оо). The range is 
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| EXAMPLE2 | Graphing Functions of the Form y = Asin(wx) Using Transformations 


Solution 


Graph у = —sin(2x) using transformations. Use the graph to determine the domain 


and the range of the function. Identify the period of the function у = —sin(2x). 


Figure 85 illustrates the steps. 


(a) y ^ sin x 
Figure 85 


y, = -sin (2x) 


у= пх 


Figure 86 у; = sinx; 
у» = —sin(2x) 


Multiply by —1; 
Reflect about the 
x—axis 


|«— Period 227——».] Replace x by 2x; 
Horizontal compression k Period т —+ 


by a factor of 2 


(b) y = -sin x (c) y = —sin(2x) 


The domain of у = —sin(2x) is the set of all real numbers, or (—oo, oo). The 
range is { y|-1 € y € 1}, or[-1, 1]. 
The period of the function y = —sin(2x) is т because of the horizontal 


compression of the original period 27 by a factor of 5 See Figure 85(c). Figure 86 
shows the graph using Desmos, along with the graph of y = sinx. B 


2 
ў \ Now Work PROBLEM 41 USING TRANSFORMATIONS 


2 Graph the Cosine Function y = cosx and Functions of the 


Form y = Acos(cx) 


The cosine function also has period 27. To graph y = cos x, begin by constructing 
Table 8, which lists some points on the graph of y = cosx,0 < x < 2m. As the table 
shows, the graph of y = cosx, 0 < x < 2m, begins at the point (0, 1). As x increases 


from 0 to = to т, the value of y decreases from 1 to 0 to —1; as x increases from л 


to T to 27, the value of y increases from —1 to 0 to 1. As before, plot the points in 


Table 8 to get one period or cycle of the graph. See Figure 87. 


А (0, 1) (2T, 1) 


-1 


(т, —1) 


Figure 87 у = cosx,0 < x < 2r 


A more complete graph of y = cosx is obtained by continuing the graph in each 
direction, as shown in Figure 88(a). Figure 88(b) shows the graph оп a TI-84 Plus CE 


graphing calculator. 
29 


1/89 


(а) (0) 


Figure 88 у = cos x, —oo < x < oo 
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The graph of у = cosx illustrates some properties of the cosine function. 


Properties of the Cosine Function 
e The domain is the set of all real numbers. 
e The range consists of all real numbers from —1 to 1, inclusive. 
e The cosine function is an even function, as the symmetry of the graph with 
respect to the y-axis indicates. 

e The cosine function is periodic, with period 27. 
A л ur sw ол 
"WE ig X PTS 
* The maximum value is 1 and occurs at x =..., —27, 0, 27, 47, бп,...; 

the minimum value is -1 and occurs atx = ..., —7,7, 37, 57,.... 


| EXAMPLE 3 | Graphing Functions of the Form y = Acos(wx) Using Transformations 


Graph у = 2 cos(3x) using transformations. Use the graph to determine the domain 
and the range of the function. Identify the period of the function y = 2 cos(3x). 


• The x-intercepts are... , ,-..3the y-intercept is 1. 


Solution Figure 89 shows the steps. 


бте) ^? (2) 


——MÓ ———— 

Multiply by 2; Replace x by 3x; 

Vertical stretch Horizontal 

by a factor of 2 compression by 
a factor of i 


(a) y = cos x (b) у= 2cos x 


(c) y = 2 cos (3x) 


Figure 89 
The domain of y — 2 cos(3x) is the set of all real numbers, or (—oo, oo). The 
25 Yo = 2cos(3x) range is { y|-2 < y € 2},ог[—2, 2]. 

The period of the function у = 2 cos(3x) is E because of the compression of 
the original period 27 by the factor of L. See Figure 89(c). Figure 90 shows the graph 
on a TI-84 Plus CE graphing calculator, along with the graph of y = cosx. D 


Figure 90 \ Now Work PROBLEM 45 USING TRANSFORMATIONS 


3 Determine the Amplitude and Period of Sinusoidal Functions 


The sine function and cosine function are referred to as sinusoidal functions. The 
discussion below provides the rationale for this definition. 


Begin by shifting the graph of y = cos x to the right 2 units to obtain the graph 
of y — cos(x = z), See Figure 91(a) on the next page. Now look at the graph 
of y = sinx in Figure 91(b). Notice that the graph of y = sinx is the same as the 


graph of y = cos(x — т). 
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| Seeing the Concept 


8° 


H 


ow many graphs do you see? 


(а) y= cosx; у = соз(х—%) (b) y= sinx 


Figure 91 


Based on Figure 91, we conjecture that 


raph Y, = sinx and Y, = cos| x - z). sinx = cos(x — z) 


We prove this in Chapter 6. Because of this relationship, the graphs of functions 
of the form y = Asin(wx)or y = Acos(wx) are referred to as sinusoidal graphs. 

Figure 92 uses transformations to obtain the graph of y = 2 cosx. Note that the 
values of y = 2 cosx lie between —2 and 2, inclusive. 


Yh 2 (27, 2) 
1 (2m, 1) 
| | | > —— 
„т RN i т з 2m 97 *X Multiply by 2; 
ер = AS E Vertical stretch 
(59—70 (m=) by a factor of 2 
(7, —2) (т, —2) 
(а) у= cos x (b) y = 2cos x 
Figure 92 
The values of the functions y = A sin x and y = A cosx, where A = 0, satisfy 
In Words the inequalities 
The amplitude determines the . 
vertical stretch or compression -|A| < Asinx < |A| and -|A| € Acosx < |A] 
ЕЕ e A respectively. The number | A| is called the amplitude of y = A sinx or y = A cosx. 
ory = COS x: н 
See Figure 93. 
VA 


Figure 93 (a) у = Asinx, A > 0; period = 2x (b) у = Acos x, A > 0; period = 27 


Ifw > 0, the functions у = sin(wx) andy = cos(wx) have period T = 27 To 
ш 


see why, recall that the graph of y = ѕіп (ох ) is obtained from the graph of y = sinx 
by performing a horizontal compression or stretch by a factor L, This horizontal 
compression replaces the interval [0, 27], which contains one pened of the graph 
of y = sinx, by the interval 0, en. which contains one period of the graph 


of y = sin(wx). This is why the function y = 2 cos(3x), graphed in Figure 89(c) on 
20 


the previous page, with w = 3, has period em. 3 
WwW 
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One period of the graph of y = sin(wx) or y = cos(wx) is called a cycle. 
Figure 56 illustrates the general situation. The blue portion of the graph is one cycle. 


Ya Va 
AL A 
П | | а | | 5x 
T 2T X т 2T 
—АР w [0] -АЬ [0] 


Figure 94 (а) у = Asin(ux), A > 0,w > 0; period = 


NOTE Recall that a function f is even 
if f(—x) = f(x); a function f is odd 
if f(—x) = —f(x). Since the sine 


function is odd, sin(—x) = —sinx; 
since the cosine function is even, 
cos(—x) = cosx. ш 


2т (b) у = Acos (wx), A > 0, w > 0; period = 27 
) ш 


m 
Ifw > Oandy = sin(—wx)or y = cos(—uwx), we use the even-odd properties 
of the sine and cosine functions, which are 
sin(—wx) = —sin(wx) and cos(—wx) = cos(wx) 
This gives us an equivalent form in which the coefficient of x is positive. For example, 
sin(-2x) = —sin(2x) and cos(—7x) = cos(mx) 


Because of this, we can assume that w > 0. 


THEOREM Amplitude and Period 
If w > 0, the amplitude and period of y = Asin(wx)and y = Acos(wx)are 
given by 


Amplitude = |A| Penod = у= 20 (1) 
w 


| EXAMPLE 4 | Finding the Amplitude and Period of a Sinusoidal Function 


Solution 


n) 


(a) y = sin x 


(0, 1) (2T, 1) 


xY 


(т, —1) 
(b) у = cos x 
Figure 95 


Determine the amplitude and period of y = 3sin(4x). 


Comparing y = 3sin(4x) to y = Asin(wx), note that A = 3 and = 4. From 
equation (1), 
2m 2m 


Amplitude = |A] = З Period - T = 27 = 27 = 1 
mplitude | Al епо 7 4 2 m 


\ Now Work PROBLEM 19 


4 Graph Sinusoidal Functions Using Key Points 


So far, we have graphed functions of the form y = Asin(wx) or y = Acos(wx) 
using transformations. We now introduce another method that can be used to graph 
these functions. 

Figure 95 shows one cycle ofthe graphs of y — sinx andy — cosxonthe interval 
[0, 27]. Each graph consists of four parts corresponding to the four subintervals: 


es) [s] [eb Bros 


Each subinterval is of length 3 (the period 27 divided by 4), and the endpoints of 


these intervals x = 0, x 25 X —owmx T. X — 2m give rise to five key points 


on each graph, as shown in Figure 95. 
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The next example illustrates how these five key points can be used to obtain the 
graph of a sinusoidal function. 


| EXAMPLE 5 | How to Graph a Sinusoidal Function Using Key Points 


Graph y = 3sin(4x) using key points. 


Step-by-Step Solution 


Step 1 Determine the amplitude Comparing у = 3sin(4x) to у = Asin(wx), note that A = 3 and w = 4, so the 

and period of the sinusoidal 

fiñ З E amplitude is | A| = З and the period = = = = 7: Because the amplitude is 3, 
the graph of у = 3 sin(4x) lies between —3 and 3 on the y-axis. Because the period 
is = one cycle begins atx = 0 and ends at x = 2 

Step 2. Divide the interval D “| Divide the interval |o. z] into four subintervals, each of length 5 +4= D as 

. . m follows: 

into four subintervals of the same 

l . 

ength |o. z] |z, л | z] = B z] |z, T, z] _ |z, эл (32, 3т + z] A (22, z] 

8 8 8 8 8 4 44 8 4° 8 8 8 8 8° 2 

The endpoints of the subintervals are 0, > 2 т, 2: These numbers represent the 


x-coordinates of the five key points on the graph. 


Step 3 Use the endpoints of the To obtain the y-coordinates of the five key points of y = 3sin(4x), evaluate 
subintervals from Step 2 to obtain y = 3sin(4x) at each endpoint found in Step 2. The five key points are then 

five key points on the graph. 

NOTE The five key points (x, y) also (0, 0) [ss 3} (2, 0) (=, 3} (5. 0) 


сап be found using the five endpoints 
(Step 2) as the x-coordinates. Then 
the y-coordinates are the product 
of A = 3 and the y-coordinates of the 
five key points of у = sinx. ш 


Step 4 Plot the five key points and Plot the five key points obtained in Step 3, and fill in the graph of the sine 


draw a sinusoidal graph to obtain curve as shown in Figure 96(a). Extend the graph in each direction to obtain the 
the graph of one cycle. Extend the complete graph shown in Figure 96(b). Notice that additional key points appear 
graph in each direction. every а тайап. 

УА 


(0, 0) 


GR —3) (7$. -3 em -3) 


Figure 96 (a) (b) у = 3 зіп (4x) 


"4 Check: Graph y — 3sin(4x) using transformations. Which graphing method do you 
prefer? B 


\ Now Work PROBLEM 37 USING KEY POINTS 
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SUMMARY 


Steps for Graphing a Sinusoidal Function of the Form у = А sin(wx) or y = A cos(wyx) 
Using Key Points 


STEP 1: Determine the amplitude and period of the sinusoidal function. 


STEP 2: Divide the interval 0. A into four subintervals of the same length. 


STEP 3: Use the endpoints of these subintervals to obtain five key points on the graph. 


$ТЕР 4: Plot the five key points, and draw a sinusoidal graph to obtain the graph of one cycle. Extend the graph in 
each direction to make it complete. 


| EXAMPLES | Graphing a Sinusoidal Function Using Key Points 


Graph y = 2 sin(-2x) using key points. 


Solution Since the sine function is odd, use the equivalent form: 


y= -2 sin( 5x} 


STEP 1: Compare у = —2 sin( $x} to y = Asin(wx).Then A = —2 


andw = F so the amplitude is | A| = |—2| = 2 and the period 
isT = zm on = 4.The graph of y = —2 зїп 5x) lies between -2 and 2 
w — 
2 


on the y-axis. One cycle begins at x = 0 and ends atx = 4. 


STEP 2: Divide the interval (0, 4] into four subintervals, each of length 4 + 4 = 1. 
The x-coordinates of the five key points are 


0 0+1=1 1+1=2 2+1=3 34+1=4 
1st 2nd 3rd 4th 5th 
x-coordinate x-coordinate x-coordinate x-coordinate x-coordinate 

STEP 3: Evaluate у = —2 sin( 5x] at each of the five x-coordinates. 


e atx = 0, у = —2sin0 = 0 бах = Ly = —2sin> = -2 


eatx = 2, у = 0 • ах = 3, у = 2 e atx = 4, у = 0 


ІД COMMENT To graph a sinusoidal The five key points on the graph are 

function of the formy = Asin(wx) 

or y = Acos(wx) using a graphing (0,0) (1—2) (2,0) (3,2) (4,0) 
utility, use the amplitude to set Y,,, STEP 4: Plot these five points, and fill in the graph of the sine function as shown 
and Y,,,, and use the period to in Figure 97(a). Extend the graph in each direction to obtain Figure 97(b). 
set X 


and X max: ы Figure 97(c) shows the graph of one period using a TI-84 Plus СЕ. 


NORMAL FLOAT AUTO REAL RADIAN MP ü 
YA YA 


2 


min 


(a) (b) y = 2 sin (- 2x) (c) 


Figure 97 (continued) 
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"4 Check: Graph y — 2sin|-2x) using transformations. Which graphing method do 
you prefer? N 


\ Now Work PROBLEM 41 USING KEY POINTS 


If the function to be graphed is of the form у = Asin(wx)+ B 
[or y = Acos(wx) + B], first graph y = Asin(wx)[or y = Acos(wx)] and 
then use a vertical shift. 


| EXAMPLE | Graphing a Sinusoidal Function Using Key Points 


Graph y = —4 cos(mx) — 2 using key points. Use the graph to determine the domain 
and the range of y = —4со$(тх) — 2. 


Solution Begin by graphing the function y = —4 cos(mx). 


Comparing y = —4cos(zx)to y = Acos(wx),notethat A = —4andw = т. 
The amplitude is | A| = |—4| = 4, and the period is T = 2m _ 2л . 2. 
w T 
The graph of y = —4 cos(mx) lies between —4 and 4 on the y-axis. One cycle 


begins atx = 0 and ends at x = 2. 1 
Divide the interval [ 0, 2] into four subintervals, each of length 2 + 4 = 5` Тһе 
x-coordinates of the five key points are 


1 1 1 1 1 3 3 1 
0 0+ = = += = 1 1+ = = +2 = 2 
2 2 2 2 2 2 2 2 
1st 2nd 3rd 4th 5th 
x-coordinate x-coordinate x-coordinate x-coordinate x-coordinate 
Now evaluate y = —4cos(7x) at each of the five x-coordinates listed above. 


(0, —4) (5.0) (1,4) (3.0) (2, —4) 


Plot these five points, and fill in the graph of the cosine function as shown in 
Figure 98(a). Extend the graph in each direction to obtain Figure 98(b), the graph 


of y = —4 cos(mx). 
A vertical shift down 2 units gives the graph of y = —4 cos(mx) — 2, as shown 
in Figure 98(c). 
4 (1,4) C19 MH (1,4) 
4 = 
2.0) 
Xo 
——-— 
Subtract 2; 
Vertical shift 
down 2 units 
(a) (b) y = —4 cos (Tx) (c) у= —4 cos (Tx) — 2 
Figure 98 
The domain of у = —4cos(zx) — 2 is the set of all real numbers, or ( —oo, оо). 
The range of y = —4 cos(nx) – 215 { у |-6 < y € 2}, or [—6, 2]. 9 


\ Now Work PROBLEM 51 
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5 Find an Equation for a Sinusoidal Graph 


| EXAMPLES | PLE 8 Using a Graph to Find an Equation for a Sinusoidal Function 


Find an equation for the sinusoidal graph shown in Figure 99. 


< Period >| 


Figure 99 


Solution Тһе graph has the characteristics of a cosine function. Do you see why? The 
maximum value, 3, occurs at x — 0. So the equation can be viewed as a cosine 
function y = Acos(uwx) with A = 3 and period T = 1. Then 27. = sow = 27. 
WwW 
The cosine function whose graph is shown in Figure 99 is 


у = Acos(wx) = 3 соѕ(27х) 


w "4 Check: Graph Y, = 3 соѕ(27х) and compare the result with Figure 99. _в 


B Using a Graph to Find an Equation for a Sinusoidal Function 


Find an equation for the sinusoidal graph shown in Figure 100. 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 


4 


=i 


Figure 100 


Solution Тһе graph is sinusoidal, with amplitude | A| = 3. The period is 8, so Ar 8, 
wW 
Or ш = I Since the graph passes through the origin but is decreasing near the 


NOTE The equation could also be origin, the graph is that of a sine function reflected about the x-axis. This requires 


viewed as a cosine function witha that A = —3.The sine function whose graph is given in Figure 100 is 
horizontal shift, but viewing it as a sine 
function is easier. a y = Asin(wx) = -3sin(7x) 


te "4 Check: Graph Y, — —3 sin{ 7x) and compare the result with Figure 100. 
\ Now Work PRoBLEMS 59 AND 63 


5.6 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. Use transformations to graph у = 3х2. (pp. 101-103) 2. Use transformations to graph у = V2x. (pp. 101-103) 


Ni: Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Concepts and Vocabulary 


== 3. Interactive Figure Exercise Exploring the Graph of the Sine the points in red represent the measure of the angle in 


Function Open the “Graph of the Sine Curve” interactive 
figure, which is available in the Video & Resource Library of 
MyLab Math (under Interactive Figures) or at bit.ly/3raFUGB. 
(a) Check the box “Show Unit Circle.” Be sure the “Show 
Graph” and “Show Key Points” boxes are unchecked. 
Use your cursor to slowly move the point on the “Drag 
me!” slider. Notice the point in blue on the unit circle 
moves in a counter-clockwise direction. Also, notice the 
points in red that are traced out. The x-coordinates of 
the points in red represent the measure of the angle in 
the unit circle and the y-coordinates of the points in red 
represent the y-coordinates of the point corresponding 
to the angle on the unit circle. As the angle increases 


from 0 to = (1.57), the value of y = sinx increases 
from 0 to 
(b) As the angle increases from 2 (221.57) to п (223.14), 


the value of y = sin x decreases from 1 to 


(c) As the angle increases from 7 to 5 (224.71), the value 
of у = sinx decreases from 0 to 


(d) As the angle increases from m (224.71) to 27 (226.28), 


the value of y = sin x increases from —1 to 

(e) Check the box *Show Graph." Notice that the graph 
of the sine function continues indefinitely in both the 
negative and positive direction suggesting the domain 
of the sine function is the set of all real numbers. 
Uncheck the box “Show Unit Circle” and check the box 
“Show Key Points.” Based on the graph, what is the 
range of y = sinx? Use interval notation to write your 
answer. 

(f) The graph of the function у = sinx is symmetric with 
respect to the (y-axis, x-axis, origin). The sine 
function is a(n) (even/odd) function. 

(g) The following ordered pairs represent points on the 
graph of y = sinx. Fill in the ordered pairs with the 
appropriate values assuming x is the angle and y is the 
value of the sine function at x. 


i —) B) 6 — 


. Interactive Figure Exercise Exploring the Graph of the 

Cosine Function Open the “Graph of the Cosine Curve" 

interactive figure, which is available in the Video & Resource 

Library of MyLab Math (under Interactive Figures) or at 

bit.ly/3raFUGB. 

(a) Check the box “Show Unit Circle.” Be sure the “Show 
Graph” and “Show Key Points” boxes are unchecked. 
Use your cursor to slowly move the point on the “Drag 
me!” slider. Notice the point in blue on the unit circle 
moves in a counter-clockwise direction. Also, notice the 
points in red that are traced out. The x-coordinates of 


Skill Building 
М 23. f(x) = sinx 


(a) What is the y-intercept of the graph of f? 

(b) For what numbers x, — € x < m, is the graph of f 
increasing? 

(c) What is the absolute maximum of f? 

(d) For what numbers х,0 < x < 2r, does f(x) = 0? 


the unit circle and the y-coordinates of the points in red 
represent the y-coordinates of the point corresponding 
to the angle on the unit circle. As the angle increases 


from 0 to 7081.57), tom (73.14), the value of y = cosx 


decreases from 1 to 0 to 
(b) As the angle increases from 7(23.14) to E (224.71) 


to 27 (26.28), the value of y = cosx increases from —1 
to to А 

(с) Check the box “Show Graph.” Notice that the graph of the 
cosine function continues indefinitely in both the negative 
and positive direction suggesting the domain of the cosine 
function is the set of all real numbers. Now, uncheck the 
box “Show Unit Circle” and check the box “Show Key 
Points.” Based on the graph, what is the range of y = cosx? 
Use interval notation to write your answer. 

(d) The graph of the function y = cosx is symmetric 
with respect to the (y-axis, x-axis, origin). 
The cosine function is a(n) (even/odd) 
function. 

(e) The following ordered pairs represent points on the 
graph of у = cosx. Fill in the ordered pairs with the 
appropriate values assuming x is the angle and y is the 
value of the cosine function at x. 


e —) E) 6 — 


. The maximum value of y = sin x, 0 < x < 27,is and 


occurs atx = 


If the function у = Asin(wx), A > 0, has amplitude 3 and 


period 2,then A = andw = 
. The function у = —3cos(6x) has amplitude and 
period . 


. True or False The graphs of y — sinx and y — cosx are 


identical except for a horizontal shift. 


. True or False For y = 2 sin(7x), the amplitude is 2 and the 


perio By 


. True or False The graph of the sine function has infinitely 


many x-intercepts. 


11. Multiple Choice One period of the graph of y = sin (шх) 


or y = cos(wx) is called a(n) 


(a) amplitude (b) phase shift 


(c) transformation (d) cycle 
12. Multiple Choice To graph у = 3 sin(—2x) using key points, 
the equivalent form could be graphed instead. 
(a) y = —3sin(—2x) (b) y = —2sin(3x) 
(c) y = 3sin(2x) (d) y = —3sin(2x) 


(e) For what numbers х,—2т € x < 27, does f(x) = 1? 
Where does f(x) = —1? 


(f) For what numbers x,—27 < x < 27,does f(x) = - 
(g) What are the x-intercepts of f? 
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14. g(x) = cosx 


(a) What is the y-intercept of the graph of g? (e) For what numbers х,—2т € x € 27, does g(x) = 1? 
(b) For what numbers х,—т < x < m, is the graph of g Where does g(x) = —1? 

decreasing? - (f) For what numbers x, 2x < x < 27,doesg(x) = ~, 
(с) What is the absolute minimum of 2? | 
(d) For what numbers х,0 < x < 27, does g(x) = 0? (g) What are the x-intercepts of g? 


In Problems 15-24, determine the amplitude and period of each function without graphing. 


15. y = Ssinx 16. y = 3cosx 17. y = —3cos(4x) 18. у= ~sin( 3.x] 

EN E _ _ 7 _ 4a f2 
19. у = 6sin(zx) 20. у = —3cos(3x) 21. y = — 705 7% 22. у = 39128 3% 
23. у = Ysin- x) 24. y = 2соз| 27.4) 


In Problems 25—34, match the given function to one of the graphs (A)-(J). 


25. y = 2sin(2x) 26. y = 2cos(2x) 27. y = 2cos( 2x) 
28. y — 3cos(2x) 29. y — —3sin(2x) 30. y = 2sin(7x) 
31. y = -2cos( 25] 32. y = -2cos( Zx} 33. y = 3sin(2x) 
34. y = -2sin(2x) D 


In Problems 35—58, graph each function using transformations or the method of key points. Be sure to label key points and show at least 
two cycles. Use the graph to determine the domain and the range of each function. 


35. y = 4cosx 36. y — 3sinx N 37. y = —4sinx 38. у = —3cosx 
39. у = cos(4x) 40. y = sin(3x) NAL y = sin(—2x) 42. у = cos(—2x) 
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43. у= 2 sin(2x) 44. y — 2 cos( +x] М, 45. y- —усо5(2х) 

47. у= 2sinx +3 48. у = 3cosx +2 49. у = Scos(mx) — 3 
N 51. y = —6 sin(Zx) +4 52. у = -3 cos( Zx} +2 53. y = 5 — 3sin (2x) 

55. у = > sin(-2 x} 56. у= =соз[|—Э=х) 57. у > cos Zr} + - 


In Problems 59-62, write the equation of a sine function that has the given characteristics. 


x 59. Amplitude: 3 60. Amplitude:2 61. Amplitude: 3 
Period: т Period: 47 Period: 2 


In Problems 63—76, find an equation for each graph. 


N 63. 


46. y = —4 sin(1x) 
= Asin{ 2x) — 
50. y — 4sin( Zx) 2 
54. y = 2 — 4cos(3x) 
. [T 3 
58. y sin(Zx) + 5 


62. Amplitude: 4 
Period: 1 


71. YA 72. | 4 


| 

| 
Aor 
DS 

XY 


te 73. 


te 75. 
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fe 74. 


5 76. 


SECTION 5.6 Graphs of the Sine and Cosine Functions 469 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 
2 


=a 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 


4 
AA 
=4 


Mixed Practice In Problems 77-80, find the average rate of change of f from 0 to 2 


77. 


f(x) = sinx 78. f(x) = cosx 


Mixed Practice In Problems 81-84, find (f o g)( x) and(g o f )( x), and graph each of these functions. 


81. f(x) = sinx 82. f(x) = cosx 
= 4 
gx) x pui T 
2 
Applications and Extensions 
sinx if 0c x < E 
85. Graph f(x) — 5 
cosx if а < х < 27 
2 sinx if О<х<т 
86. Graph g(x) = 
cosx+1 if t<x< 27 
87. Graph у = |sinx|, —2т < x < 2m. 


88. 
89. 


90. 


91. 


Graph y = |cosx|, —27 € x < 2л. 
Alternating Current (AC) Circuits The current /, in amperes, 
flowing through an AC (alternating current) circuit at time f, 
in seconds, is 

I(t) = 220 sin (60rt ) 


What is the period? What is the amplitude? Graph this 
function over two periods. 


t>0 


Alternating Current (AC) Circuits The current /, in amperes, 
flowing through an AC (alternating current) circuit at time f, 
in seconds, is 


I(t) = 120sin(30zt) 


What is the period? What is the amplitude? Graph this 
function over two periods. 


t>0 


Alternating Current (AC) Generators The voltage V 
produced by an AC generator is sinusoidal. As a function of 
time, the voltage V is 


V(t) = V, sin(27ft) 


79. f(x) = sin? 80. f(x) = cos(2x) 
83. f(x) = —2x 84. f(x) = —3x 
g(x) = cosx g(x) = sinx 


where fis the frequency, the number of complete oscillations 
(cycles) per second. [In the United States and Canada, f is 
60 hertz (Hz).] The power P delivered to a resistance R at 
any time t is defined as 


2 
po) = Vl 


2 
(a) Show that P(t) = М sin? (2л). 


(b) The graph of Р is shown in the figure. Express Р as a 
sinusoidal function. 


ES 
= 
Y 
Юю 
A 
S 
~= 


Power in an AC generator 


(c) Deduce that 


sin? (2r ft) = 21 — cos(4nft)] 
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93. 


94. 


95. 


96. 
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Tunnel Clearance A one-lane 
highway runs through a tunnel in 
the shape of one-half a sine curve 
cycle. The opening is 28 feet wide 
at road level and is 15 feet tall at its 
highest point. 


(a) Find an equation for the sine curve that fits the opening. 
Place the origin at the left end of the opening. 

(b) If the road is 14 feet wide with 7-foot shoulders on each 
side, what is the height of the tunnel at the edge of the 
road? 


Source: en.wikipedia.org/wiki/Interstate Highway standards 
and Ohio Revised Code 


Modeling Blood Pressure Several research papers use 
a sinusoidal graph to model blood pressure. Suppose an 
individual's blood pressure is modeled by the function 


P(t) = 20 sin( *) + 100 


where the maximum value of P is the systolic pressure, which 
is the pressure when the heart contracts (beats), the minimum 
value is the diastolic pressure, and ¢ is time, in seconds. The 
heart rate is the number of beats per minute. 

(a) What is the individual’s systolic pressure? 

(b) What is the individual’s diastolic pressure? 

(c) What is the individual’s heart rate? 


Modeling Tides The function below models the water height 
H, in feet, at a monitoring station in Charleston, South 
Carolina. 


H(t) = 2.91sin ur + 1.360) + 2.97 


where t is the number of hours after midnight. 

(a) What is the height of the water at high tide? 
(b) What is the height of the water at low tide? 
(c) Whatis the time between high and low tide? 


Modeling Average Monthly Temperature The function 
below models the average monthly temperature Т, in °F, for 
Indianapolis, Indiana. 


T(x) = 23.65 sin(Zx - 27) + 51.75 


where x is the month (January = 1, February = 2, etc.). 

(a) What is the highest average monthly temperature? 

(b) What is the lowest average monthly temperature? 

(c) What is the time between the highest and lowest average 
temperatures? 


Modeling Hours of Daylight The function below models the 
number of hours of daylight in Miami, Florida. 


_ in| de 
D(x) = 1.615 sin( 27. x 1.39) + 12.135 


where x is the day of the year. 

(a) How many hours of daylight are there on the longest day? 
(b) How many hours of daylight are there on the shortest day? 
(c) What is the time between the longest and shortest days? 


97. Ferris Wheel The function 


98. 


99. 


Hs 


h(t) = —100 соз Z£) + 105 


represents the height л, in feet, of a seat on a Ferris wheel as 

a function of time f, where t is measured in seconds. 

(a) How high does a seat on the Ferris wheel go? 

(b) How close to the ground does a seat get? 

(c) If a ride lasts for 5 minutes, how many times will a 
passenger go around? 

(d) What is the linear speed of the Ferris wheel in miles per 
hour? Round to one decimal place. 


Holding Pattern The function 
d(t) = 50 cos( 7] + 60 
(t) cos| 39 + 


represents the distance d, in 

miles, from the airport after 

t minutes of an airplane 

asked to fly in a circular 

holding pattern. 

(a) What is the plane’s average distance from the airport 
over one cycle? 

(b) How long does it take the plane to complete one cycle in 
the holding pattern? 

(c) What is the plane’s speed, in miles per hour, while in the 
holding pattern? 

(d) If the plane travels 1.8 miles per gallon of fuel, 
how much fuel is used in one cycle of the holding 
pattern? 


Credit: Jag_cz/Shutterstock 


Biorhythms In the theory of biorhythms, a sine function of 
the form 


P(t) = 50sin(wt) + 50 


is used to measure the percent P of a person’s potential at 
time t, where f is measured in days and t = 0 is the day 
the person is born. Three characteristics are commonly 
measured: 


Physical potential: period of 23 days 
Emotional potential: period of 28 days 
Intellectual potential: period of 33 days 


(a) Find w for each characteristic. 

(b) Using a graphing utility, graph all three functions on the 
same screen. 

(с) Is there a time ¢ when all three characteristics have 100% 
potential? When is it? 

(d) Suppose that you are 20 years old today(t = 7305 days). 
Describe your physical, emotional, and intellectual 
potential for the next 30 days. 


Credit: Srdjan Draskovic/Alamy Stock Photo 


100. Challenge Problem If у = Asin( Bx — C)+ D, A = 0, 
for what values of D will the graph lie completely below 
the x-axis? 


Explaining Concepts: Discussion and Writing 


102. Explain how you would scale the x-axis and y-axis before 
graphing у = 3cos(zx). 


103. Explain the term amplitude as it relates to the graph of a 
sinusoidal function. 


104. Explain the term period as it relates to the graph of a 
sinusoidal function. 


Retain Your Knowledge 
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101. Challenge Problem If A = 0, find the intercepts of the 
graph of 


y = Acos[B(x — C) +A 


105. Explain how the amplitude and period of a sinusoidal graph 
are used to establish the scale on each coordinate axis. 

106. Find an application in your major field that leads to a 
sinusoidal graph. Write a summary of your findings. 


Problems 107-116 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


f(x +h) — f(x) 


/K107. If f(x) = x? — 5x + 1, find т 


108. Find the vertex of the graph of g(x) = —3x? + 12x — 7. 


109. Find the intercepts of the graph of h(x) = 3|x + 2| – 1. 


110. Solve: Зх — 2(5x + 16) = —3x + 4(8 + x) 


111. Determine the time required for an investment of $1500 to double if it earns 4% interest compounded quarterly. Round your 


answer to one decimal place. 


112. Solve e% = 7. 


4x? + 6x? —3x+1 


113. Find the oblique asymptote of g(x) = 


2x? — 4x +3 


Кїч. Determine the interval on which f(x) = —6х? — 19x + 7 is decreasing. 


115. Write the set {x | x < —2огх > $) using interval notation. 


116. Solve:log(x — 3) — log(x + 3) = log(x — 4) 


‘Are You Prepared?’ Answers 


1. Vertical stretch by a factor of 3 
YA 


2. Horizontal compression by a factor of 5 


x (0, 0) 
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5.7 Graphs of the Tangent, Cotangent, 
Cosecant, and Secant Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Vertical Asymptotes (Section 3.5, pp. 252-253) 


v. Now Work the 'Are You Prepared?' problems on page 477. 


OBJECTIVES 1 Graph the Tangent Function у = tan x and 


Table 9 


the Cotangent Function y — cot x (p. 472) 


2 Graph Functions of the Form y = Atan(wx) + В 
and у = Acot(wx) + B (p. 474) 


3 Graph the Cosecant Function y = csc x and 
the Secant Function y = secx (p. 476) 


4 Graph Functions of the Form y = Acsc(wx) + B 
and у = Asec(wx) + B (р. 477) 


Graph the Tangent Function y = tanx and the Cotangent 
Function y = cotx 


Because the tangent function has period 7, we only need to determine the graph 
over some interval of length r. The rest of the graph consists of repetitions of that 
ж m т Зт 

2 ^ 2 ^ 9 ^ 2 * еу 


we concentrate on the interval (-Z, z), of length 7, and construct Table 9, which 


graph. Because the tangent function is not defined at... , 


lists some points on the graph of у = tan x, а: Sx wx 5: We plot the points in the 


table and connect them with a smooth curve. See Figure 101 for a partial graph 


ofy — tan x, where — <x< > 


E 
3 
d 
4 
m 
6 
0 
E 
6 


wl AIA 


Figure 101 y = tanx, : <x< E 


To complete one period of the graph of y = tan x, investigate the behavior of 
the function as x approaches z and A Be careful, though, because y = tan x is 


not defined at these numbers. To determine this behavior, use the identity 


sinx 
cosx 


tanx = 
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See Table 10. If x is close to 2 ~ 1.5708 but remains less than 2 then sinx is 
close to 1, and cosx is positive and close to 0. (To see this, refer to the graphs of 
sinx 
cosx 


the sine function and the cosine function.) The ratio is positive and large, so, 


asx — 2 from the left, then tan x — oo. Using limit notation, іт tanx = оо. In other 


x2 


2 
words, the vertical line x — 2 is a vertical asymptote of the graph of y — tan x. 


Table 10 


МЗ = 1.73 


2 
0.0707 14.1 

7.96 x 10-4 1255.8 
gek 10 10,381 


0 Undefined 


: T . T . . * 
If x is close to — 7 but remains greater than — 2 then sin x is close to —1, cos x is 
sinx 
cos x 


positive and close to 0, and the ratio is negative and large. That is, as x —^ к 


from the right, then tan x — —oo. Using limit notation, lim tanx = —оо. In other 
x=- 


2 
words, the vertical line x = E is also a vertical asymptote of the graph of y = tanx. 


With these observations, one period of the graph can be completed. Obtain 
the complete graph of y = tanx by repeating this period, as shown in Figure 102. 
Figure 103 shows the graph using a TI-84 Plus CE. 


2с ат — 3T Sm _ BT 
x т ==, к=, ке, 
| | 
| l 
| 
l ] 
1 1 6 
| l 
] | 
| | 
| | 
I l 
T p= BU 2T 
| —2TT =T т 2T j Xx 
| l 
| l 
] | 
| | 
I ] = 
| l 
] І ; 
І I Figure 103 


Figure 102 y = tanx, –оо < х < оо, x not equal to odd multiples of 5, —oo« y « oo 


The graph of y — tanx in Figure 102 illustrates the following properties. 


Properties of the Tangent Function 


* The domain is the set of all real numbers, except odd multiples of z 

e The range is the set of all real numbers. 

e The tangent function is an odd function, as the symmetry of the graph with 
respect to the origin indicates. 

e The tangent function is periodic, with period т. 

* The x-intercepts are... , —27, —7, 0, п, 27, 3m, . . . ; the y-intercept is 0. 

sur w w Эш 


Е 


• Vertical asymptotes occurat x = ..., 


\ Now Work PROBLEMS 7 AND 15 
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The Graph of the Cotangent Function y — cotx 


The graph of y = cot x can be obtained in the same way as the graph of y = tan x. 
The period of y = cot x is 7. Because the cotangent function is not defined for 
integer multiples of 7, concentrate on the interval(0, x). Table 11 lists some points on 
the graph of y = cot x, 0 < х < m. To determine the behavior of y = cot x near 0 


COS X 


and z, use the identity cotx — . As x approaches 0 but remains greater than 0, 
х 


the value of cos x is close to 1, and the value of sin x is positive and close to 0. The 


ratio £93. is positive and large; so as x — 0 from the right, then cot x — oo. Using 
sinx 


limit notation, lim cotx = oo. Similarly, as x approaches 7 but remains less than т, 
x0 


the value of cos x is close to —1, and the value of sin x is positive and close to 0. The 


Table 11 ratio $93X = cot xis negative and large; so as x — п from the left, then cot x — —oc. 
sin x 


Using limit notation, lim cotx = —оо. Figure 104 shows the graph. Figure 105 shows 


the graph using Desmos. 


х= -2т х= -т =T X=2T 


Figure 104 у = cotx, —oo < x < oo, x not equal to integer multiples of т, —oo < у < oo 


+ Ls °« * 

A y=cotx M 
# 
x 

[cp 

Figure 105 


2 Graph Functions of the Form y = Atan(wx) + B 
and y = Acot(wx) + В 
For tangent functions, there is no concept of amplitude since the range of the 


tangent function is (—оо, оо). The role of A in y = Atan(wx) + B is to provide 
the magnitude of the vertical stretch. The period of y — tanx is 7, so the period 


ofy = Atan(wx) + B is Z, caused by the horizontal compression of the graph by 
ш 


a factor of E Finally, the presence of B indicates a vertical shift. 
[221 


| ЕХАМРІЕ1 | Graphing a Function of the Form у = Atan(wx) + В 


Graph у = 2tanx — 1. Use the graph to determine the domain and the range of the 


function у = 2tanx — 1. (continued) 
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Solution Figure 106 shows the steps using transformations. 


= 31 = m 
des * 2 че 
1 1 
1 1 
l 1 
[| 1 
1 
т) | 
| l 
> | Ly 
X | | X 
-1) (т, —1) 
| 
| | 
І 1 
| ge | | | 
(C^ —3) | | 
————À 
Е Multiply by 2; _ Subtract 1; _ 
(a) y = tan x Vertical stretch (b) у= 2 tan x Vertically shift (c) y= 2tanx -1 
by a factor of 2 down 1 unit 


Figure 106 


The domain of y = 2tanx — 115 E = x k is an odd integer }, and the 


range is the set of all real numbers, or (—оо, оо). 


E 


Re "4 Check: Graph Y, = 2 tan x — 1 to verify the graph shown in Figure 106(c). 


\ Now Work PROBLEM 21 


The graph of y = Acot(wx) + B has characteristics similar to those of the 
tangent function. The cotangent function y = А cot(wx) + B has period . The 
[221 


cotangent function has по amplitude. Те role of A is to provide the magnitude of 
the vertical stretch; the presence of B indicates a vertical shift. 


| EXAMPLE 2 | Graphing a Function of the Form у = Acot(wx) + В 


Graph y = 3cot(2x). Use the graph to determine the domain and the range 
of y = 3cot(2x). 


Solution Figure 107 shows the steps using transformations. 


l 
l 
l 
І 
| 
0)! 
» + Le 
x І X 
l 
І 
l 
l 
І 
| 
етай cde 
(a) y = cot x Multiply by 3; (b) y = 3 cot x Replace x by 2x ; (c) y = 3 cot 2x) 
Vertical stretch by Horizontal compression 
a factor of 3 by a factor of 4 


Figure 107 


The domain of y = 3cot(2x) is |х = кт. k isan integer }, and the range 


is the set of all real numbers, or (— оо, оо). 


0 м. Check: Graph Y, = 3 сої (2х) to verify the graph in Figure 107(c). 
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Note in Figure 107(c) that the period of y — 3cot(2x) is 7 because of 


the compression of the original period m by a factor of a Notice that the 


3« 
X T,X =<, and so on, also because 


asymptotes are x = = x = 0, х 


of the compression. 


\ Now Work PROBLEM 23 


3 Graph the Cosecant Function y = cscx and the Secant 
Function y = secx 


The cosecant and secant functions, sometimes referred to as reciprocal functions, 
are graphed by making use of the reciprocal identities 


1 
and secx = 
sin x COS X 


CSCX = 


For example, the value of the cosecant function y = csc x at a given number x 
equals the reciprocal of the corresponding value of the sine function, provided that 
the value of the sine function is not 0. If the value of sin x is 0, then x is an integer 
multiple of 7. At those numbers, the cosecant function is not defined. In fact, the 
graph of the cosecant function has a vertical asymptote at each integer multiple 
of 7. Figure 108 shows the graph. 


Figure 108 y = cscx, —oo < х < оо, x not equal to integer multiples of z, | y| > 1 


Using the idea of reciprocals, the graph of y — secx is obtained in a similar 
manner. See Figure 109. 


Yx 


Figure 109 y = secx, —oo < x < oo, x not equal to odd multiples of 5, |у| 21 
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4 Graph Functions of the Form у = Acsc(wx) + В 
andy = Asec(wx) +B 


The role of A in these functions is to set the range. The range of y = cscx 
is {уу € —1 or y > 1}; the range of y = Acscx is { у|у € —|А| ory > |A|} 
because of the vertical stretch of the graph by a factor of | A|. Just as with the sine and 


cosine functions, the period of у = csc(wx)and у = sec(wx) becomes 2n because of 
ш 


the horizontal compression of the graph by a factor of L The presence of B indicates 
that a vertical shift is required. =“ 


| EXAMPLE 3 | Graphing a Function of the Form y = Acsc(wx) + B 


Graph y = 2cscx — 1. Use the graph to determine the domain and the range of 
у = 2escx — 1. 


Solution Ме use transformations. Figure 110 shows the required steps. 


x=0 x=0 
x=-T У х=т х=2т х=-т Va Х= т х= 27 
7 1 
х= т х=2т 
2 z 2- 
(2,2 
1 1r 
(21) 
o > > 
X X X 
1) iln ll 
т 3T 
T au 
[53 2) i» | ) a 
f f (-2, -3) (679) 
E \ —3L 
——À- ——À- 
Multiply by 2; Subtract 1; L 
Vertical stretch Vertical shift 
by a factor of 2 down 1 unit 
Figure 110 (a) y = csc x (b) y = 2 csc x (с) y = 2 csc x —1 


The domain of y = 2cscx — 1 is {x|x = Кт, k an integer}. The range 
is{y|y € —3 or y > 1}, or using interval notation, (—co, —3] U [1, оо). 


m 


Е "4 Check: Graph Y, = 2 сѕсх — 1 to verify the graph shown in Figure 110(c). E 


\ Now Work PROBLEM 29 


5.7 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The graph of y = as =° 
"M 


is it? (pp. 252-253) 


has a vertical asymptote. What 2. True or False If x = 3 is a vertical asymptote of the graph 
of a rational function А, then as x —^ 3j | R(x)| ^ оо. 
(pp. 252-253) 


NT. Now Work [*] 1. Modeling 1. writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Concepts and Vocabulary 


e 3. 


Interactive Figure Exercise Exploring the Graph of 

the Tangent Function Open the *Graph of the Tangent 

Curve" interactive figure, which is available in the Video & 

Resource Library of MyLab Math (under Interactive 

Figures) or at bit.ly/3raFUGB. 

(a) Check the box “Show Unit Circle." Be sure the “Show 
Graph,” “Show Key Points,” and “Show Asymptotes” 
boxes are unchecked. Use your cursor to slowly move 
the point on the “Drag me!” slider to the right. Notice 
the point on the unit circle moves in a counter-clockwise 
direction. As you do this, notice the points on the graph of 
the tangent function that are traced out. The x-coordinates 
of these points represent the measure of the angle in the 


unit circle and the y-coordinates represent the ratio У of 
х 


the point corresponding to the angle on the unit circle. 
Now, uncheck the box “Show Unit Circle” and click on 
the box “Show Graph.” Based on the graph, the range of 
the tangent function is | 

(b) Based on the graph of the tangent function, the tangent 
function is (odd/even) and its graph is symmetric 
with respect to the (x-axis, y-axis, origin). 


Skill Building 


In Problems 7-16, if necessary, refer to the graphs of the functions to answer each question. 


N 


9. 
11. 


13. 


What is the y-intercept of y — tanx? 
What is the y-intercept of y — secx? 


For what numbers x, —27 < x < 2r, does secx = 1? 
For what numbers x does secx = —1? 


For what numbers x,—2«- < x € 2m, does the graph 
of y — secx have vertical asymptotes? 


. For what numbers x, —2* € x < 2л, does the graph 


of y — tanx have vertical asymptotes? 


(c) Click on the box *Show Key Points." Click on the box 
"Show Asymptotes." Based on the results, the tangent 
function is periodic with period 

(d) The graph of y — tanx has vertical asymptotes at 

(even/odd) multiples of (т, 7/2). 

(e) The following ordered pairs represent points on the 
graph of y — tanx. Fill in the ordered pairs with the 
appropriate values assuming x is the angle and y is the 
value of the tangent function at x. 


G ($_) eso 


. The graph of y = secxissymmetric with respect to the 


and has vertical asymptotes at 


5. Multiple Choice It is easiest to graph y = secx by first 


sketching the graph of : 
(a) y = sinx (b) y = cosx 
(c) y = tanx (d) y = cscx 


. TrueorFalse Thegraphsofy — tanx, y — cotx, y — secx, 


and y — cscx each have infinitely many vertical asymptotes. 


8. What is the y-intercept of y = cot x? 
10. What is the y-intercept of y — cscx? 


12. For what numbers x, —27 < x < 2m, does cscx = 1? 


For what numbers x does cscx = —1? 


14. For what numbers x, —2» < x < 2m, does the graph 


of y — cscx have vertical asymptotes? 


16. For what numbers х, —27 < x < 2m, does the graph 


of y — cotx have vertical asymptotes? 


In Problems 17—40, graph each function. Be sure to label key points and show at least two cycles. Use the graph to determine the domain 
and the range of each function. 


17. 


20. 
N 23. 
26. 
\ 29. 
32. 
35. 


38. 


у = 3tanx 18. y = —2tanx 
y — —3cotx Мол. у= tan( Zx] 

= сох) 24 = cot( £x) 
y 4 Уу Д 

1 
у = ex 27. y = —3cscx 
y= 4 sec( >] 30. y = 1 сзс(2х) 
2 2 
у= -3sec(2x) 33. y — ШЕ +1 
2т 

у= sec( x] +2 36. y= ese( == x} 


19. 4cotx 


=< 
II 


22. y = tan(5x) 
25. y — 2secx 

28. y = —4secx 
31. y = —2csc(zx) 
34. у = 2cotx — 1 


37. у= j tan (2x) — 2 


40. у= 3see( 4x) +1 
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A Mixed Practice In Problems 41—44, find the average rate of change of f from 0 to e 


41. f(x) = tanx 42. f(x) — secx 


43. 


f(x) = tan(2x) 44. f(x) — sec(2x) 


Mixed Practice In Problems 45—48, find (f o g)(x) and(g o f )( x), and graph each of these functions. 


45. f(x) — tanx 
g(x) = 4x 


46. f(x) = 2secx 


g(x) = Ix 


Mixed Practice In Problems 49 and 50, graph each function. 


tanx if0<x< 5 
49. f(x) = 10 Ёх=5 
secx Ї—<х<т 


Арріісаїіопѕ апа Ехїепѕіопѕ 


51. Carrying а Ladder around a Corner Two hallways, one of 
width 3 feet, the other of width 4 feet, meet at a right angle. 
See the figure. 


(a) Show that the length L of the ladder shown as a function 
of the angle 0 is 


L(0) = 3sec0 + 4cscO 


[J| (b Graph L = L(6),0 < 0 < 2 


(c) For what value of 0 is L the least? 

(d) What is the length of the longest ladder that can be 
carried around the corner? Why is this also the least 
value of L? 


52. A Rotating Beacon Suppose that a fire truck is parked in 
front of a building as shown in the figure. 


47. 


f(x) = —2х 48. f(x) = ух 


g(x) = cotx g(x) = 2cscx 


cscx if0<x<7 
50. g(x) = 70 Ё х= т 
cotx ifr «x < 27 


53. 


54. 


55. 


The beacon light on top of the бге truck is located 10 feet 
from the wall and has a light on each side. If the beacon 
light rotates 1 revolution every 2 seconds, then a model for 
determining the distance d, in feet, that the beacon of light is 
from point A on the wall after t seconds is given by 


d(t) = |10 tan(zt)| 


(a) Graph d(t) = |10tan(zt)| for0 < t < 2. 

(b) For what values of t is the function undefined? Explain 
what this means in terms of the beam of light on 
the wall. 

(c) Fill in the following table. 


т о т Eg EGER PERI CES 00 
fae) = полам | | | [| | 


d(0.1) — d(0) d(0.2) — d(0.1) 
01-0 "' 0.2 — 0.1 
for each consecutive value of t. These are called first 
differences. 

(e) Interpret the first differences found in part (d). What 
is happening to the speed of the beam of light as d 
increases? 


(d) Compute , and so on, 


Exploration Graph 
у = tanx and y= соц х + z) 


Do you think that tanx = соц х + |? 


Challenge Problem What are the domain and the range 
of f(x) = log(tan x)? Find any vertical asymptotes. 
Challenge Problem What are the domain and the range 
of f(x) = In|sin x|? Find any vertical asymptotes. 
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Retain Your Knowledge 


Problems 56—65 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


56. Factor: 125p? — 84° 61. If f(x) — х +1 j and g(x) = = 3x — 7, find (g o f)(3). 


57. Painting a Room Hazel can paint a room in 2 hours less time fa E =f ( с) 
than her friend Gwyneth. Working together, they can paint Х 62. If f(x) = — 3x, find ———— ——— 
the room in 2.4 hours. How long does it take each woman to 
paint the room by herself? 63. Find the intercepts of the к of the function 


. Solve: 9%-1 = 325-5 fave 2x? +х- 6 


. Use the slope and the y-intercept to graph the linear function x+3 


1 3 Х 64. Complete the square іп х to write Vx? + 2x + 26 in the 
f(x) = 4 form Vu? + a?. 
65. Find the domain of f(x) — Y5x — 2 — 3. 


. Find the domain of y — log, | A 


‘Are You Prepared?’ Answers 
1.x =4 2. True 


5.8 Phase Shift; Sinusoidal Curve Fitting 


OBJECTIVES 1 Graph Sinusoidal Functions of the Form у = Asin(wx — ф) + B (p. 480) 
2 Build Sinusoidal Models from Data (p. 484) 


1 Graph Sinusoidal Functions of the Form 
y = Asin(wx — ф) + В 
We have seen that the graph of y = Asin(wx), w > 0, has amplitude | A| and 


period T = 2m One cycle can be drawn as x varies from 0 to A or, equivalently, 
ш ш 


Figure 111 One cycle of 
y = Asin(wx), A> 0,0 > 0 as wx varies from 0 to 27. See Figure 111. 
Now consider the graph of 


у = Asin(wx — ф) 


which may also be written as 


NOTE The beginning and end of the = A sin] w(x Е 2j 
period can also be found by solving the 
inequality: where w > Oand ¢ (the Greek letter phi) are real numbers. The graph is a sine curve 
0 < шх- ф<2т with amplitude | A|. As wx — ¢ varies from 0 to 27, one period is traced out. This 
dcum ee period begins when 
Оа Ê P] wx—$ó-0 or "EE: 
ш Ww ш ш 
апа ends when 
fi wx = ф = 2r or bae 
Ar w w 
ees x бее Figure 112. 
-Ar o ib 4. 20 . А А Ф\|. 
ЁЛ ш @ Notice that the graph of y = Asin(wx — 9) = Asin w(x = al is the same 
shift bs Period = 27 н : А А Фф : А 
9 as the graph of y = Asin(wx), except that it has been shifted | 2 units (to the right 
Figure 112 One cycle of Фф. 


y=Asin(wx—¢),A>0, ifọ > О апахо the leftifd < 0).This number- i is called the phase shift of the graph 
ш> 0,ф> 0 of y = Asin(wx — ф). 
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For the graphs of у = Asin(wx — ф) огу = Acos(wx — ф), w > 0, 


Amplitude = |A| Period = — 2n 
w 


Ио 
Ww 


The phase shift is to the leftifọ < 0 and to the right if ọ > 0. 


| €XAMPLE1 | Finding the Amplitude, Period, and Phase Shift of a Sinusoidal 


Function and Graphing It 


Find the amplitude, period, and phase shift of у = 3sin(2x — 7), and graph the 
function. 


Solution Use the same four steps used to graph sinusoidal functions of the form у = A sin(wx) 
or y = Acos(wx) given on page 463. 


STEP 1: Comparing 
= 36 cum e cu dE 
y = 3sin(2x — 7) 3sin|2[ 2) 
to 


y = Asin(wx —$) = Asin| w(x — 2j 
ш 
note that A = 3, w = 2, апа Фф = т. The graph is a sine curve with 


amplitude | A| = 3, period T = = = E = m, and phase shift = E = 1 


z 
STEP 2: The graph of y = 3sin(2x — т) lies between —3 and 3 on the y-axis. Опе 
cycle begins at x = Tia 7 and ends at x = 2 + ER ey + т = 2m 
w 2 w w 2 2 


To find the five key points, divide the interval B a into four subintervals, 


NOTE The interval defining one each of length л + 4 = 4, by finding the following values of x: 
cycle can also be found by solving the 4 
inequality 
т түл _ Зт BT RT ge ott ges SUE эт (m _ 3a 
0<2х-т<2т 2 2 4 4 4 4 4 4 4 4 2 
Тһеп 1st 2nd 3rd 4th Sth 
лт < 2х < 30 x-coordinate x-coordinate x-coordinate x-coordinate x-coordinate 
2 = = Ш — STEP3: Use these values of x to determine the five key points on the graph: 
(5-0) (4.3) e o (cs) CR v) 
2 4 4 2 
STEP 4: Plot these five points and fill in the graph of the sine function as shown in 
Figure 113(a). Extend the graph in each direction to obtain Figure 113(b). 
y y 
al. CF, 3) ЖАЛ @ 9) Ea 
2 = 
1 = 
—1 um 
—2 = 
—3 = 
Figure 113 


(continued) 
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The graph of y = 3sin(2x — п) = 3sin|2[ = т | may also be obtained using 


Multiply by 3; 
Vertical stretch 
by a factor of 3 


Figure 114 (a) y = sin x 


G3 


(b) y = З sin x 


transformations. See Figure 114. 


Replace x by x — : Н 
Shift right Е units 


a 
Replace x by 2x; 
Horizontal compression 
by a factor of i 
(d) у = 3 sin [2 (х -7] 


= 3 sin (2x — т) 


(c) y = 3 sin (2x) 


re "4 Check: Figure 115 shows the graph of Y, = 3sin(2x — т) using a TI-84 Plus CE. 
—» 


3 
\ To graph a sinusoidal function of the form у = Asin(wx — ф) + B,first graph 
ie T the function y = Asin(wx — ф) and then apply a vertical shift. 
=з 
Figure 115 
Finding the Amplitude, Period, and Phase Shift of a Sinusoidal 
Function and Graphing It 
Find the amplitude, period, and phase shift of y = 2 cos(4x + 37) + 1, and graph 
the function. 
Solution Strep 1: Compare 
у = 2cos(4x + 37) = 2 cos| 4( x + зт 
NOTE The interval defining one 
cycle can also be found by solving the to 
inequality у = Acos(wx — ф) = A cos| [x — al 
0 < 4х + 30 <27 ш 
Then Note that A = 2, w = 4, and ф = —37. The graph is a cosine curve with 
—3« <4х<—-т amplitude | А| = 2, period T = zm. em. 7 and phase shift = e zm 
ni С w 4 2 ш 4 
4 BUS (4 STEP 2: The graph of y = 2cos(4x + 37) lies between —2 and 2 on the y-axis. One 
cycle begins at x — жи T i tcm T. x 
ш 4 ш ш 4 2 4 


To find the five key points, divide the interval |- 3, -7]| into four 


subintervals, each of length 2 +4 = i: by finding the following values of x: 


3n 3n m Sr 5m , T т a, ӘЛ Эл от m 
4 ДОВ 8 ^а 2 2*8 8 8 8 4 
1st 2nd 3rd 4th 5th 


x-coordinate 


x-coordinate 


x-coordinate x-coordinate x-coordinate 


(continued) 
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STEP 3: The five key points on the graph of у = 2 cos(4x + 37) are 


C3 CP C» (0) (2 
4 8 2 8 4 
STEP 4: Plot these five points and fill in the graph of the cosine function as shown in 


Figure 116(a). Extend the graph in each direction to obtain Figure 116(b), 
the graph of y = 2 соѕ(4х + 37). 


STEP 5: A vertical shift up 1 unit gives the final graph. See Figure 116(c). 


(= s=) 


Figure 116 


Add 1; 
Vertical shift 
(a) (b) y = 2 cos (4x + 37) up 1 unit (c) y = 2 cos (4x + Зт) + 1 


The graph of y = 2cos(4x + 37) + 1 = 2 cos| 4( x + =) + 1 may also be 


obtained using transformations. See Figure 117. 


(27, 2) 2 (2.2 (27,2) (72,2) @,2 


(т, —2) 


—— 
(а) y = 2 cos x Replace x by 4x; (b) у = 2 cos (4x) Replace x by x + 32; (c) y = 2 cos [4 (x «35 
Horizontal compression Shift left E units = 2 cos (4x + 37) 
T 

by a factor of 2 Add 1; 
Vertical shift 
up 1 unit 

зт T T т 
C37. 3) (7,3) (=, 3) 


Figure 117 


(d) y = 2 cos (4x + 3т)+1 D 


\ Now Work PROBLEM 3 
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SUMMARY 
Steps for Graphing Sinusoidal Functions у = A sin(wx — ф) + B or y = Acos(wx — ф) + В 


2m 


ш 


Ф 


Step 1: Find the amplitude | A|, period T = , and phase shift —. 
ш 


Фф 


STEP 2: Determine the starting point of one cycle of the graph, =. Determine the ending point of one cycle of the 
graph, 2 + zm Divide the interval 7, 2 F 2 

wo WwW шш ш 

STEP 3: Use the endpoints of the subintervals to find the five key points on the graph. 


| into four subintervals, each of length 28 + 4. 
w 


$ТЕР 4: Plot the five key points, and connect them with a sinusoidal graph to obtain one cycle of the graph. Extend 
the graph in each direction to make it complete. 


Step 5: If B = 0, apply a vertical shift. 


2 Build Sinusoidal Models from Data 


Scatter plots of data sometimes resemble the graph of a sinusoidal function. For 
@ example, the data given in Table 12 represent the average monthly temperatures in 
Denver, Colorado. Since the data represent average monthly temperatures collected 
over many years, the data will not vary much from year to year and so will essentially 
repeat each year. In other words, the data are periodic. Figure 118 shows a scatter plot 
of the data, where x = 1 represents January,x = 2 represents February, and so on. 
Notice that the scatter plot looks like the graph of a sinusoidal function. We 

choose to fit the data to a sine function of the form 


у = Asin(wx — ф) + B 


where А, В, ш, and ф are constants. 


ТаЫе 12 


Average Monthly 
Month, x Temperature, °F 


January, 1 
February, 2 
March, 3 
April, 4 
May, 5 
June, 6 
July, 7 


<= 
v 


80 


August, 8 


September, 9 

October, 10 30 
November, 11 4 
December, 12 0 2 4 6 8 10 12 x 


Source: U.S. National Oceanic & — Figure 118 Denver average monthly 
Atmospheric Administration temperature 


| EXAMPLE 3 | Finding a Sinusoidal Function from Temperature Data 


Fit a sine function to the data in Table 12. 


TTTTTTTTTTT 


(continued) 


Solution 


NORMAL FLOAT AUTO REAL RADIAN MP ü 


75 


Figure 119 


NORMAL FLOAT AUTO REAL RADIAN МР ü 


Figure 120 


NORMAL FLOAT AUTO REAL RADIAN MP ü 


75 


Figure 121 


NORMAL FLOAT AUTO REAL RADIAN MP ü 


75 


Figure 122 


NORMAL FLOAT AUTO REAL RADIAN МР ü 


NL uie 
25 


Figure 123 
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Begin with a scatter plot of the data for one year. See Figure 119. The data will be 
fitted to a sine function of the form 


STEP 1: 


STEP 2: 


STEP 3: 


STEP 4: 


y = Asin(wx – ф) + B 
To find the amplitude A, compute 


largest data value — smallest data value 


Amplitude = 


To see the remaining steps in this process, superimpose the graph of the 
function у = 22.1 sin x, where x represents months, on the scatter plot. 

Figure 120 shows the two graphs. To fit the data, the graph needs to be 
shifted vertically, shifted horizontally, and stretched horizontally. 


Determine the vertical shift by finding the average of the highest and lowest 
data values. 


74.2 + 30.0 — 


Vertical shift = 52.1 


Now superimpose the graph of у = 22.1 sinx + 52.1 on the scatter plot. 
See Figure 121. 

We see that the graph needs to be shifted horizontally and stretched 
horizontally. 


It is easier to find the horizontal stretch factor first. Since the temperatures 
repeat every 12 months, the period of the function is T = 12. 


2 


Because T = 27 = 12, then 
ш 


_ 2m T 


7— 12 6 


Now superimpose the graph of y = 22.1 sin | e х) + 52.1 оп the scatter plot. 


See Figure 122, where the graph still needs to be shifted horizontally. 


To determine the horizontal shift, use the period Т = 12 and divide the 
interval [0, 12] into four subintervals of length 12 + 4 = 3: 


[0,3], [3,6], [6,9], [9,12] 


The sine curve is increasing on the interval [0, 3] and is decreasing on the 
interval [3, 9], so a local maximum occurs at x = 3. The data indicate that 
a maximum occurs at x = 7 (corresponding to July’s temperature), so the 
graph of the function must be shifted 4 units to the right by replacing x by 
x — 4. Doing this yields 


у = 221 sin( E(x = 4)) + 52.1 


Distributing reveals that a sine function of the form у = Asin(wx — ф) + B 
that fits the data is 


: 20 
= 221sin(£x — 27) + 521 
y sinicx — ^ 
The graph of y — 22.1 sin 2x — et) + 52.1 and the scatter plot of the 


data are shown in Figure 123. 8 
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SUMMARY 
Steps for Fitting a Sine Function y = A sin(wx — ф) + B to Data 


Step 1: Determine A, the amplitude of the function. 


largest data value — smallest data value 
2 


Amplitude = 


STEP 2: Determine B, the vertical shift of the function. 


largest data value + smallest data value 


Vertical shift = 2 


STEP 3: Determine w. Since the period T, the time it takes for the data to repeat,is Т = ш we have 
ш 


_ 27 


T 


STEP 4: Determine the horizontal shift of the function by using the period of the data. Divide the period into four 
subintervals of equal length. Determine the x-coordinate for the maximum of the sine function and the 
x-coordinate for the maximum value of the data. Use this information to determine the value of the phase 


Чїй. 7 
Ww 


\ Now Work PRoBLEM 29(а)—(с) 


Let’s look at another example. Since the number of hours of sunlight in a day 
cycles annually, the number of hours of sunlight in a day for a given location can be 
modeled by a sinusoidal function. 

The longest day of the year (in terms of hours of sunlight) occurs on the day of 
the summer solstice. For locations in the Northern Hemisphere, the summer solstice is 
the time when the Sun is farthest north. In 2022, the summer solstice occurred on June 21 
(the 172nd day of the year) at 5:14 АМ EDT. The shortest day of the year occurs on 
the day of the winter solstice, the time when the Sun is farthest south (for locations 
in the Northern Hemisphere). In 2022, the winter solstice occurred on December 21 
(the 355th day of the year) at 4:48 pm EST. 


| EXAMPLE 4 | Finding a Sinusoidal Function for Hours of Daylight 


According to the Old Farmers Almanac, the number of hours of sunlight in Boston 
on the day of the summer solstice is 15.28, and the number of hours of sunlight on 
the day of the winter solstice is 9.07. 


(a) Finda sinusoidal function of the form y = Asin(wx — ф) + B that fits the data. 


(b) Use the function found in part (a) to predict the number of hours of sunlight in 
Boston on April 1, the 91st day of the year. 


3 


(c) Graph the function found in part (a). 


(d) Look up the number of hours of sunlight for April 1 in the Old Farmers Almanac 
and compare it to the results found in part (b). 


Source: The Old Farmer’s Almanac, www.almanac.com 


(continued) 


Solution 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 


16 


Figure 124 


Solution 


(a) STEP 1: Amplitude = 


(b 


— 


(c) 


(d 


МУ 
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largest data value — smallest data value 
2 


= 3.105 


_ 15.28 = 9.07 
2 


Simp 2: Vertical shift = largest data value + smallest data value 


2 
_ 15.28 + 9.07 _ 12.175 
2 
STEP 3: The data repeat every 365 days. Since T = EL 365, we find 
w 
TEET е 
-365 


So far, we have y = 3.105 sin{ 2x — $) + 12.175. 
STEP 4: To determine the horizontal shift, use the period T = 365 and divide 
the interval [0, 365] into four subintervals of length 365 + 4 = 91.25: 


[0, 91.25], [91.25, 182.5], [182.5, 273.75], 1273.75, 365] 


The sine curve is increasing on the interval [0, 91.25] and is decreasing on the 
interval [91.25, 273.75], so a local maximum occurs at x = 91.25. Since the 
maximum occurs on the summer solstice at x = 172, we must shift the graph of 
the function 172 — 91.25 = 80.75 units to the right by replacing x by x — 80.75. 
Doing this yields 


y = 3.105 sin 2% (x E 80.75)] + 12.175 


Next, multiply out to obtain the form у = Asin(wx — ф) + B. 


"E 323т 
= 3.105 sin( ZZ x — 5227) + 12.175 
y sin| sas 730 + 7 
To predict the number of hours of daylight on April 1, let x = 91 in the function 
found in part (a) and obtain 
3.105 sin( 27. . 91 — 3227 


365. 730 


у | + 12.175 


12.72 


Q 


The prediction is that there will be about 12.72 hours — 12 hours 43 minutes 
of sunlight on April 1 in Boston. 


The graph of the function found in part (a) is given in Figure 124. 


According to the Old Farmers Almanac, there will be 12 hours 44 minutes of 
sunlight on April 1 in Boston. B 


\ Now Work PROBLEM 35 


Certain graphing utilities (such as the TI-84 Plus CE, GeoGebra and Desmos) 


have the capability of finding the sine function of best fit for sinusoidal data. At least 
four data points are required for this process. 


B | ЕХАМРІЕ 5 | Finding the Sine Function of Best Fit 


Use a graphing utility to find the sine function of best fit for the data in Table 12. 
Graph this function with the scatter plot of the data. 


Enter the data from Table 12 and execute the SINe REGression program. The result 
using a TI-84 Plus CE is shown in Figure 125 on the next page. 


The output that the utility provides shows the equation 


y = asin(bx +c)+d (continued) 
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The sinusoidal function of best fit is 
y = 21.54sin(0.56x — 2.44) + 51.77 


where x represents the month and y represents the average monthly temperature. 
Figure 126 shows the graph of the sinusoidal function of best fit on the scatter plot. 


NORMAL FLOAT AUTO REAL RADIAN MP ü NORMAL FLOAT AUTO REAL RADIAN MP ü 
9 


J-axsin(bx*c)*d 
a=21.5378479 
b=. 5615263889 
c= -2.43721315 
d=51. 76600001 


Figure 125 Figure 126 — 


\ Now Work PRoBLEMS 29(d) Амр (e) 


5.8 Assess Your Understanding 


Concepts and Vocabulary 


wW 


1. For the graph of у = Asin(wx — $),the number 


is called fe 2. True or False A graphing utility requires only two data 
the 


points to find the sine function of best fit. 


Skill Building 


In Problems 3-22, find the amplitude (if one exists), period, and phase shift of each function. Graph each function. Be sure to label key 
points. Show at least two periods. 


Nay 


Ly = -3sin(2x + z) 8. y= -2 cos[ 2x - z) 9, y = 4cos(4x - 7)-2 10. y 


3cos(2x + т) 


4sin(2x — т) 4. y = 3sin(3x — п) 5. у 2 cos[3x + 7) 6. у 


5sin(4x + 7)4+3 


П. y = 4sin(mx + 2) — 5 12. у = 2cos(2ax+4)+4 13. y 3cos(mx — 2) + 5 14. y = 2sin(2zx — 4) – 1 


15. у = 3 sin| 2x + z) 16. y — 3 соз 2x + z) 17. у = 2tan(4x — тп) 18. y — Z со102х — T) 
19. у= 3 ese( 2x — z) 20. y = 5 зес(3х — T) 21. y = —2cos(—4x — п) + 1 22. y = —2sin(—4x — 27) – 2 
In Problems 23-26, write an equation of a sine function that has the given characteristics. 
23. Amplitude: 2 24. Amplitude: 3 25. Amplitude: 3 26. Amplitude: 2 
Period: т Period: s Period: Зл Period: т 
Phase shift: + Phase shift: 2 Phase shift: d Phase shift: —2 


Applications and Extensions 


27. Alternating Current (AC) Circuits The current Z, іп amperes, 28. Alternating Current (AC) Circuits The current /,in amperes, 
flowing through an AC (alternating current) circuit at time f, flowing through an AC (alternating current) circuit at time f, 
in seconds, is in seconds, is 

I(t) = 120 sin( 3070 — z) t>0 I(t) = 220sin(60m—Z) 1:20 
What is the period? What is the amplitude? What is the phase What is the period? What is the amplitude? What is the phase 
shift? Graph this function over two periods. shift? Graph this function over two periods. 


NT: Now Work @ 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 


b 29. Hurricanes Hurricanes are categorized using the 
Saffir-Simpson Hurricane Scale, with winds 111—130 miles 
© per hour (mph) corresponding to a category 3 hurricane, 
winds 131-155 mph corresponding to a category 4 hurricane, 
and winds in excess of 155 mph corresponding to a category 5 
hurricane. The data below represent the number of major 
hurricanes in the Atlantic Basin (category 3, 4, or 5) each 

decade from 1921 to 2010. 


Major Hurricanes, H 


1921-1930; 1 
1931-1940, 2 
1941-1950, 3 
1951-1960, 4 
1961-1970, 5 
1971-1980, 6 
1981-1990, 7 
1991-2000, 8 
2001-2010, 9 
2011-2020, 10 


Source: U.S. National Oceanic & Atmospheric Administration 


(a) Draw a scatter plot of the data. 
(b) Find a sinusoidal function of the form 


y = Asin(wx – ф) + B 


that models the data. 
(c) Draw the sinusoidal function found in part (b) on the 
scatter plot. 
Е (а) Use a graphing utility to find the sinusoidal function of 
best fit. 
(e) Graph the sinusoidal function of best fit on a scatter plot 
of the data. 


30. Monthly Temperature The following data represent the 
average monthly temperatures for Washington, D.C. 


Average Monthly 
Month, x Temperature, y (°F) 
January, 1 
February, 2 
March, 3 
April, 4 
May, 5 
June, 6 


July, 7 


August, 8 


September, 9 
October, 10 

November, 11 
December, 12 


Source: U.S. National Oceanic & 
Atmospheric Administration 
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(a) Draw a scatter plot of the data for one period. 
(b) Find a sinusoidal function of the form 


= Asin(wx —¢)+ B 


that models the data. 
(c) Draw the sinusoidal function found in part (b) on the 
scatter plot. 
te (d) Use a graphing utility to find the sinusoidal function of 
best fit. 
(e) Graph the sinusoidal function of best fit on a scatter plot 
of the data. 


31. Monthly Temperature The following data represent the 
average monthly temperatures for Indianapolis, Indiana. 


Average Monthly 
Temperature, y (°F) 


Month, x 
January, 1 
February, 2 
March, 3 
April, 4 

May, 5 

June, 6 

July, 7 
August, 8 
September, 9 
October, 10 
November, 11 
December, 12 


Source: U.S. National Oceanic & 
Atmospheric Administration 


(a) Draw a scatter plot of the data for one period. 
(b) Find a sinusoidal function of the form 


y = Asin(wx — 9) + B 


that models the data. 
(c) Draw the sinusoidal function found in part (b) on the 
scatter plot. 
te (d) Use a graphing utility to find the sinusoidal function of 
best fit. 
(e) Graph the sinusoidal function of best fit on a scatter plot 
of the data. 


32. Monthly Temperature The data on the next page represent 
the average monthly temperatures for Baltimore, Maryland. 
(a) Draw a scatter plot of the data for one period. 
(b) Find a sinusoidal function of the form 


y = Asin(wx — ф) + B 


that models the data. 

(c) Draw the sinusoidal function found in part (b) on the 
scatter plot. 

(d) Use a graphing utility to find the sinusoidal function of 
best fit. 

(e) Graph the sinusoidal function of best fit on a scatter plot 
of the data. 
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33. 


34. 


v 35. 
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Average Monthly 
Temperature, y (°F) 


Month, x 
January, 1 
February, 2 
March, 3 
April, 4 

May, 5 

June, 6 

July, 7 
August, 8 
September, 9 
October, 10 
November, 11 


December, 12 


Source: U.S. National Oceanic & 
Atmospheric Administration 


Tides The length of time between consecutive high tides is 
12 hours and 25 minutes. According to the National Oceanic 
and Atmospheric Administration, on Sunday, March 27 2022, 
in Charleston, South Carolina, high tide occurred at 1:10 am 
(1.2 hours) and low tide occurred at 7:44 AM (7.73 hours). Water 
heights are measured as the amounts above or below the mean 
lower low water. The height of the water at high tide was 
5.73 feet, and the height of the water at low tide was —0.15 foot. 
(a) Approximately when did the next high tide occur? 

(b) Find a sinusoidal function of the form 


y = Asin(wx — ф) + B 
that models the data. 


(c) Use the function found in part (b) to predict the height 
of the water at 5 РМ. 


Tides The length of time between consecutive high tides is 
12 hours and 25 minutes. According to the National Oceanic 
and Atmospheric Administration, on Friday, April 1, 2022, in 
Sitka, Alaska, high tide occurred at 3:43 Ам (3.72 hours) and 
low tide occurred at 10:40 AM (10.67 hours). Water heights 
are measured as the amounts above or below the mean lower 
low water. The height of the water at high tide was 10.27 feet, 
and the height of the water at low tide was —1.80 feet. 

(a) Approximately when did the next high tide occur? 

(b) Find a sinusoidal function of the form 


= Asin(wx —¢)+ B 


that models the data. 
(c) Use the function found in part (b) to predict the height 
of the water at 3 PM. 
Hours of Daylight According to the Old Farmer's Almanac, 
in Miami, Florida, the number of hours of sunlight on the 
summer solstice of 2022 was 13.75, and the number of hours 
of sunlight on the winter solstice was 10.52. 
(a) Find a sinusoidal function of the form 


y = Asin(wx — ф) + B 
that models the data. 


Discussion and Writing 


40. 


Explain how the amplitude and period of a sinusoidal graph 
are used to establish the scale on each coordinate axis. 


36. 


37. 


38. 


39. 


41. 


(b) Use the function found in part (a) to predict the number 
of hours of sunlight on April 1, the 91st day of the year. 

(c) Draw a graph of the function found in part (a). 

(d) Look up the number of hours of sunlight for April 1 in 
the Old Farmer's Almanac, and compare the actual hours 
of daylight to the results found in part (b). 


Hours of Daylight According to the Old Farmer's Almanac, 
in Detroit, Michigan, the number of hours of sunlight on the 
summer solstice of 2022 was 15.27, and the number of hours 
of sunlight on the winter solstice was 9.07. 
(a) Find a sinusoidal function of the form 


y = Asin(wx — ф) + B 


that models the data. 

(b) Use the function found in part (a) to predict the number 
of hours of sunlight on April 1, the 91st day of the year. 

(c) Draw a graph of the function found in part (a). 

(d) Look up the number of hours of sunlight for April 1 in 
the Old Farmer's Almanac, and compare the actual hours 
of daylight to the results found in part (b). 


Hours of Daylight According to the Old Farmer's Almanac, 
in Anchorage, Alaska, the number of hours of sunlight on the 
summer solstice of 2022 was 19.37 and the number of hours 
of sunlight on the winter solstice was 5.45. 
(a) Find a sinusoidal function of the form 


y = Asin(wx — 9) + B 


that models the data. 

(b) Use the function found in part (a) to predict the number 
of hours of sunlight on April 1, the 91st day of the year. 

(c) Draw a graph of the function found in part (a). 

(d) Look up the number of hours of sunlight for April 1 in 
the Old Farmer's Almanac, and compare the actual hours 
of daylight to the results found in part (b). 


Hours of Daylight According to the Old Farmer's Almanac, 
in Honolulu, Hawaii, the number of hours of sunlight on the 
summer solstice of 2022 was 13.42, and the number of hours 
of sunlight on the winter solstice was 10.83. 

(a) Find a sinusoidal function of the form 


y = Asin(wx — ф) + B 


that models the data. 

(b) Use the function found in part (a) to predict the number 
of hours of sunlight on April 1, the 91st day of the year. 

(c) Draw a graph of the function found in part (a). 

(d) Look up the number of hours of sunlight for April 1 in 
the Old Farmer's Almanac, and compare the actual hours 
of daylight to the results found in part (b). 


Challenge Problem Coaster Motion A wooden roller 
coaster at Six Flags contains a run in the shape of a sinusoidal 
curve, with a series of hills. The crest of each hill is 106 feet 
above the ground. If it takes a car 1.8 seconds to go from 
the top of a hill to the bottom (4 feet off the ground), find a 
sinusoidal function of the form 


= Asin(wt — ф) + B 


that models the motion of the coaster train during this run 
starting at the top of a hill. 


Find an application in your major field that leads to a 
sinusoidal graph. Write an account of your findings. 
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Retain Your Knowledge 


Problems 42-51 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


4x + 9 


42. Given f(x) = , find f-!(x). 


43. Solve: 0.25(0.4x + 0.8) = 3.7 — 1.4x 

44. Multiply: (8x 4- 15y)? 

45. Find the exact distance between the points (4, —1) and (10, 3). 
46. Solve: |3x + 4| = |5x — 7| 


. Given y = xvx + 4, letu = x + 4 and express y in terms of u. 


. Их = asint,a > 0, and -7 E x 5 find cos t. 


A rectangular garden is enclosed by 54 feet of fencing. If the length of the garden is 3 feet more than twice the width, what are 
the dimensions of the garden? 

x? — 25 
x? – 2х – 15. 


. Write log; (8x? y? ) as a sum of logarithms. Express powers as factors. 


. Find the vertical asymptotes, if any, of the graph of R(x) — 


Chapter Review 


Things to Know 
Definitions 


Angle in standard position (p. 395) 
1 Degree (1^) (p. 396) 


1 Radian (p. 397) 


Acute angle (p. 408) 


Complementary angles (p. 414) 


Cofunction (p. 415) 


Trigonometric functions of any 
angle (p. 432) 


Reference angle of 0 (pp. 436—437) 
Periodic function (p. 449) 


Formulas 


1 counter-clockwise 
revolution — 360? (p. 397) 
— 2m radians (p. 399) 


Arc length: s = r0 (p. 398) 


Vertex is at the origin; initial side is along the positive x-axis. 


o 


1 . 
= — revolution 
360 


The measure of a central angle of a circle whose rays subtend an arc whose length is equal 
to the radius of the circle. 


An angle 0 whose measure is0? < 0 < 90% ог 0 < 0 < 5i Ө in radians. 


Two acute angles whose sum is 90°( = radians). 


The following pairs of functions are cofunctions of each other: sine and cosine; tangent 
and cotangent; secant and cosecant. 

P = (a, b)is a point, not the origin, on the terminal side of an angle 0 in standard 
position a distance r from the origin: 


5100 = соѕ0 = {арб = 


,bz0 sec 


&|* ча 


b 
a 
csch = ‚а = 0 соф = т, Б 0 


The acute angle formed by the terminal side of 0 and the x-axis. 


A function f is periodic if for some number р > 0 for which 0 + p is in the domain of f 
whenever @ is, then f (0 + p) = f (0). The smallest such p is the fundamental period. 


1 a radian (р. 396);1 radian = zal degrees (p. 396) 
T 


0 is measured in radians; s is the length of the arc subtended by the central angle 0 of the 
circle of radius r. 
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Area of a sector: А = 219 (р. 401) A is the area of the sector of a circle of radius r formed by a central angle of 0 radians. 
Linear speed: v = i (p. 402) v is linear speed, distance per unit time. 
Angular speed: w = 2 (p. 402) w is angular speed measured in radians per unit time. 


v = rw (p. 402) 


Table of Values (pp. 423 and 434) 


Ө (Radians) Ө (Degrees) 


© 


Not defined 


w, 
6 
uy 
4 


Not defined Not defined 


3 NIA OIA 


0 Not defined —1 Not defined 


MEJ 


Not defined —1 Not defined 


Fundamental identities (pp. 410—412) 


Quotient identities: tan = sing cotü = созӣ 
050 sind 

Reciprocal identities: csc? = =” sech = a= cotü = E 
51п 0 со$@ {апд 


Pythagorean identities: sin? 0 + cos?0 = 1 tan?0 + 1 = sec?0 cot?0 + 1 = csc?0 


Properties of the trigonometric functions (pp. 440—450, 457) 


y = sinx (p. 456) Domain: {x| -oo < x < oo) yi 
Range(yl-1z y € 1} ir 
Periodic: period = 27(360°) =y AL т 21r T x 
Odd function 

y = cosx (p. 458) Domain: {x| -оо < x < oo) Y4 
Range:(yl -1 < y € 1} jl 
Periodic: period = 27r (360°) =т Zu т Эт от STN X 
Even function ка # ? : 


tan х (р. 472) Domain: (x|—oo < х < оо, except odd integer 


=< 
Il 


multiples of 5 (90°) } 
Range: {y| —oo < y < co} 
Periodic: period = 7(180°) 
Odd function 


Vertical asymptotes at odd integer multiples of 5 
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y = cotx (p. 474) Domain: {Х| —co < x < oo, except integer 
multiples of 7(180°) } 


Range: { у -оо < y < оо} 
Periodic: period = 7(180°) 
Odd function 


Vertical asymptotes at integer multiples of 7 


csc x (p. 476) Domain: {x| —co < x < oo, except integer 
multiples of 1(180?)) 


Range:(y|y > 1} (y € -lory > 1) 
Periodic: period = 27(360°) 
Odd function 


Vertical asymptotes at integer multiples of 7 


< 
ll 


secx (p. 476) Domain: {x| —co < x < оо, except odd integer 
multiples of > 90°)} 


=< 
ll 


Range:(y|y > 1} (y < -1ory > 1) 
Periodic: period = 27(360°) 


Even function 


Vertical asymptotes at odd integer multiples of B 


Sinusoidal graphs 


у = Asin(wx)+ B, ш> 0 Period = Zu (pp. 461, 481) 
ш 


у = А соѕ(шх) + В, ш> 0 Amplitude = |A| (pp. 461, 481) 


y = Asin(wx—¢)+B=A sin] w(x — al +B Phase shift = 9 (р. 481) 
w w 


y = Acos(wx – ф) + B = A соз[ш(х - Ż)|+ В 


Objectives 
Section You should be able to... Examples Review Exercises 
5.1 1 Angles and degree measure (p. 395) 1 
2 Convert between decimal and degree, minute, second measures for 2 52 
angles (p. 397) 
3 Find the length of an arc of a circle (p. 398) 3 53,54 
4 Convert from degrees to radians and from radians to degrees (p. 399) 4—6 1-4 
5 Find the area of a sector of a circle (р. 401) 7 53 
6 Find the linear speed of an object traveling in circular motion (p. 402) 8 55,56 
5.2 1 Find the values of trigonometric functions of acute angles (p. 408) 1 45 
2 Use fundamental identities (p. 410) 2,3 11,12,17 
3 Find the values of the remaining trigonometric functions, given the 4,5 20 
value of one of them (p. 412) 
4 Use the Complementary Angle Theorem (p. 414) 6,7 13, 14, 19 
5:9. 1 Find the exact values of the trigonometric functions of? = 45?(p.421) 1,2 5,6 
= 30° 3,4 5,6 


2 Find the exact values of the trigonometric functions of = 
and 3 = 60° (p. 422) 
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Section You should be able to... Examples 


Use a calculator to approximate the values of the trigonometric 5 
functions of acute angles (p. 423) 


Model and solve applied problems involving right triangles (p. 424) 
1 Find the exact values of the trigonometric functions for any angle (p. 432) 


Use coterminal angles to find the exact value of a trigonometric 
function (p. 434) 


Determine the signs of the trigonometric functions of an angle in a 
given quadrant (p. 436) 


Find the reference angle of an angle (p. 436) 


5 Usea reference angle to find the exact value of a trigonometric 
function (p. 437) 


Find the exact values of the trigonometric functions of an angle, given 
information about the functions (p. 439) 


Find the exact values of the trigonometric functions using the unit 
circle (p. 443) 


Know the domain and range of the trigonometric functions (p. 447) 


Use periodic properties to find the exact values of the trigonometric 
functions (p. 449) 


Use even-odd properties to find the exact values of the trigonometric 
functions (p. 450) 


Graph the sine function y — sinx and functions of the form 
y = Asin(wx) (p.456) 


Graph the cosine function y — cosx and functions of the 
form y = Acos(wx) (p.458) 


Determine the amplitude and period of sinusoidal functions (p. 459) 
Graph sinusoidal functions using key points (p. 461) 
Find an equation for a sinusoidal graph (p. 465) 


Graph the tangent function y — tanx and the cotangent 
function y — cotx (p. 472) 


Graph functions of the form y = Atan(wx) + B 
and y = Acot(wx) + B (p.474) 


Graph the cosecant function y — cscx and the secant function 
y — secx (p. 476) 


Graph functions of the form y = Acsc(wx) + B 
and y = Asec(wx) + B (p.477) 


Graph sinusoidal functions of the form 
y = Asin(wx — ф) + B (p.480) 
Build sinusoidal models from data (p. 484) 


Review Exercises 
In Problems 1 and 2, convert each angle in degrees to radians. Express your answer as a multiple of т. 
1. 135? 2. 15? 


In Problems 3 and 4, convert each angle in radians to degrees. 


3. 2r 4. _Эт 
3 2 


In Problems 5-15, find the exact value of each expression. Do not use a calculator. 


3v 


Review Exercises 
46 


47 


48 
7,8, 10, 18 


20-27 


18, 49, 50 


51 
10, 15, 16 


7,8, 10, 14, 15, 19 


28, 39 


29 


37,38 
28, 29, 35, 39-42 
43, 44 
30, 32 


31,36 


34 


33 


35, 40-42, 60 


61 


5. tan? — sint 6. 3sin45? — апе 7. б совт + 2 tan(-2) 


4 6 
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8. se(-2) — cot(—22) 9. гапт + sin 10. cos540? — tan(—405?) 
: o 1 o o sin 50? 
11. sin? 20° + sec? 20° 12. sec50° соѕ50 13. cosdi 
14. mui) 15. sin400? sec(—50?) 16. gin 177 - cos 
cos50 6 6 
17. 3sin110? - csc110* 18. cot? 2" _ _4 19. 4 0870. _ с5с2(135°) 
sin2 27. sin 20? 
3 
In Problems 20—27 find the exact value of each of the remaining trigonometric functions. 
20. sind = і, 0 15 асше 21. tanü = =, sind < 0 22. sec = -3, tan < 0 
23. cos@ = -2, 0 in quadrant Ш 24. sind = -2, E « 0 < 2n 25. tand = 3 180° < 8 < 270° 
26.c50 = —4, m «0 < 37 27. oco = 2, Z <0 «n 


In Problems 28-36, graph each function. Each graph should contain at least two periods. Use the graph to determine the domain and the 
range of each function. 


28. y — 2sin(4x) 29. y = —3cos(2x) 30. y = tan(x + 7) 
31. y = —2tan(3x) 32. y — сох + z) 33. y = 4sec (2x) 
34. y = ese(x + т. 35. y = 4sin(2x + 4) — 2 36. у = Scot(# — z) 


In Problems 37 and 38, determine the amplitude and the period of each function without graphing. 
37. y = sin(2x) 38. y = —2 cos(3rx) 


In Problems 39-42, find the amplitude, period, and phase shift of each function. Graph each function. Show at least two periods. 


39. y = 4sin(3x) 40. y = -cos( 5x + z) 41. y — ssin( 3.x — т) 42. у = - 2 соз(тх — 6) 


In Problems 43 and 44, find a function whose graph is given. 


46. Use a calculator to approximate sin. Use a calculator to 
43. y4 


approximate sec 10°. Round answers to two decimal places. 
47. Determine the signs of the six trigonometric functions of an 
angle 0 whose terminal side is in quadrant III. 
48. Find the reference angle of 750°. 
49. Find the exact values of the six trigonometric functions 


oft if P = Е 2/2 
3' 3 


corresponds to f. 


| is the point on the unit circle that 


50. Find the exact values of sin t, cost, and tant if P = (—2, 5) 
is the point on a circle that corresponds to t. 
51. What are the domain and the range of the secant function? 
What is the period? 
52. (a) Convert the angle 32?20/35" to a decimal in degrees. 
Round the answer to two decimal places. 
(b) Convert the angle 63.18? to D°M’S” form. Express the 
answer to the nearest second. 


53. Find the length of the arc subtended by a central angle of 
30? on a circle of radius 2 feet. What is the area of the sector? 


54. The minute hand of a clock is 8 inches long. How far does 
the tip of the minute hand move in 30 minutes? How far 
does it move in 20 minutes? 


45. Find the value of each of the six trigonometric functions of 
the acute angle 0 in a right triangle where the length of the 
side opposite 0 is 3 and the length of the hypotenuse is 7 
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55. Angular Speed of a Race Car A race car is driven around 
© a circular track at а constant speed of 180 miles per hour. 


If the diameter of the track is 3 mile, what is the angular 


speed of the car? Express your answer in revolutions per 
hour (which is equivalent to laps per hour). 


56. Lighthouse Beacons The Montauk Point Lighthouse on 
Long Island has dual beams (two light sources opposite each 
other). Ships at sea observe a blinking light every 5 seconds. 
What rotation speed is required to do this? 

57. Measuring the Length of a Lake From a stationary hot-air 
balloon 500 feet above the ground, two sightings of a lake 
are made (see the figure). How long is the lake? 


58. Finding the Width of a River Find the distance from A to C 
across the river illustrated in the figure. 


59. Finding the Distance to Shore The Willis Tower in Chicago 
is 1454 feet tall and is situated about 1 mile inland from the 
shore of Lake Michigan, as indicated in the figure. An observer 
in a pleasure boat on the lake directly in front of the Willis 
Tower looks at the top of the tower and measures the angle of 
elevation as 5°. How far offshore is the boat? 


Lake Michigan 


60. Alternating Current The current /, in amperes, flowing 
through an ac (alternating current) circuit at time / is 


is 220 sin(30nt + z) (20 


(a) What is the period? 

(b) What is the amplitude? 

(c) What is the phase shift? 

(d) Graph this function over two periods. 


61. Monthly Temperature The following data represent the 
average monthly temperatures for Phoenix, Arizona. 


(a) Draw a scatter plot of the data for one period. 
(b) Find a sinusoidal function of the form 


y = Asin(wx —¢)+ B 


that models the data. 


(c) Draw the sinusoidal function found in part (b) on the 
scatter plot. 


(d) Use a graphing utility to find the sinusoidal function of 
best fit. 

(e) Graph the sinusoidal function of best fit on the scatter 
plot. 


Average Monthly 


Month, x Temperature, y (°F) 


January, 1 


February, 2 60 
March, 3 65 
April, 4 7/8) 
Мау, 5 82 
June, 6 91 
July, 7 95 
August, 8 94 
September, 9 88 
October, 10 VY 
November, 11 64 


December, 12 


Source: U.S. National Oceanic and 
Atmospheric Administration 


СНАРТЕК 


Test Prep 


VIDEOS 


Chapter Test 


Cumulative Review 497 


The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
exercises. These videos are available in MyLab™ Math. 


In Problems 1—3, convert each angle in degrees to radians. Express 
your answer as a multiple of 7. 


1. 260° 2. —400? eb 13° 


In Problems 4-6, convert each angle in radians to degrees. 


9m Зп 
4e — QT 
8 з 2 б 4 


In Problems 7-12, find the exact value of each expression. 


7; зїп 8. соз 2] — cos? 
9. cos(—120?) 10. tan 330? 
11. їп > — tan 2T 12. 2 sin? 60° — 3.cos45° 


In Problems 13-16, use a calculator to evaluate each expression. 
Round your answer to three decimal places. 


27 


13. sini 14. сов 15. sec229° 16. cot 257 


17. Fill in each table entry with the sign of each function. 


sinô cos@ апи secO0  cscO  cot0 
6 in QI 
6 in ОП 
6 in ОШ 
0 in ОМ 
18. If f(x) = sinx and f(a) = 2, find f (а). 


In Problems 19-21, find the value of the remaining five trigonometric 
functions of 0. 


19. sind = >, 0 in quadrant П 


2 Эт 
20. = =, < 0 < 2 
0. соѕ 3° 2 < 027 
Пот 
21. 1 L-—- 0 
ang 50 © = л 


Cumulative Review 


1. Find the real solutions, if any, of the equation 
2x? +х-1= 0 
2. Find an equation for the line with slope —3 containing the 
point (—2, 5). 


3. Find an equation for a circle of radius 4 and center at the 
point (0, —2). 


4. Describe the equation 2х — 3y = 12. Graph it. 


5. Describe the equation x? + y? — 2x + 4y — 4 = 0. 
Graph it. 


6. Use transformations to graph the function 


y a3 9 


In Problems 22—24, the given point is on the terminal side of 
the angle 0 in standard position. Find the exact value of the 
trigonometric function. 


22. (2. T), sing 23. (—5, 11), cos0 


24. (6, —3), tand 


In Problems 25 апа 26, graph the function. 


25. у = 2sin(ž = z) 26. y = tan(—x T z) 0 
27. Write an equation for a sinusoidal graph with the following 
properties: 


phase shift = =F 


А = -3 period = = 

28. Logan has a garden in the shape of a sector of a circle; the 
outer rim of the garden is 25 feet long and the central angle 
of the sector is 50°. She wants to add a 3-foot-wide walk to 
the outer rim. How many square feet of paving blocks will 
she need to build the walk? 


29. Hungarian Adrian Annus won the gold medal for the 
hammer throw at the 2004 Olympics in Athens with a 
winning distance of 83.19 meters.* The event consists of 
swinging a 16-pound weight attached to a wire 190 centimeters 
long in a circle and then releasing it. Assuming his release is 
at a45° angle to the ground, the hammer will travel a distance 


5 
of YO meters, where g = 9.8 m/s? and v, is the linear speed 
8 


of the hammer when released. At what rate (rpm) was he 
swinging the hammer upon release? 


30. A ship is just offshore of New York City. A sighting is taken 
of the Statue of Liberty, which is about 305 feet tall. If the 
angle of elevation to the top of the statue is 20°, how far is 
the ship from the base of the statue? 


31. To measure the height of a building, two sightings are taken 
a distance of 50 feet apart. If the first angle of elevation 
is 40? and the second is 32°, what is the height of the 
building? 


*Annus was stripped of his medal after refusing to cooperate with 
postmedal drug testing. 


7. Sketch a graph of each of the following functions. Label at 
least three points on each graph. 


(а) y 2 x? (b) y = x? 
(c) y= e* (d) y = lnx 
(e) y = sinx (f) y = tanx 


8. Find the inverse function of f(x) = 3x — 2. 
9. Find the exact value of (sin14?)? + (cos14?)? — 3. 
10. Graph у = 3 sin(2x). 


11. Find the exact value of tan? 3 cos + csc e 
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12. Find an exponential function for the following graph. 
Express your answer in the form y = Ab". 


И 


y=0-6 -4 ШЕ» 2 4 6X 


13. Find a sinusoidal function for the following graph. 


Vy 


Credit: US Naval Observatory Astronomical 
Applications Department (http://aa.usno.navy.mil/ 
data/docs/earthview.php) 


@) Internet-based Project 


І. Length of Day Revisited Go to hitp.//en.wikipedia.org/wiki/atitude 
and read about latitude. Then go to 
http.//www.orchidculture.com/CO D/daylength.html. 


1. For a particular latitude, record in a table the length of 
day for the various days of the year. For January 1, use 1 
as the day, for January 16, use 16 as the day, for February 1, 
use 32 as the day, and so on. Enter the data into an Excel 
spreadsheet using column B for the day of the year and 
column C for the length of day. 


2. Drawascatter plot of the data with day of the year as the 
independent variable and length of day as the dependent 
variable using Excel. (The Chapter 2 project describes 
how to draw a scatter plot in Excel.) 


14. (a) Find a linear function that contains the points ( —2, 3) 
and (1, —6). What is the slope? What are the intercepts 
of the function? Graph the function. Be sure to label the 
intercepts. 


(b) Find a quadratic function with vertex (1, —6) that 
contains the point ( —2, 3). What are the intercepts of 
the function? Graph the function. 


(c) Show that there is no exponential function of the 
form f(x) = ae* that contains the points ( —2, 3) and 
(1, —6). 
15. (a) Find a polynomial function of degree 3 whose 
y-intercept is 5 and whose x-intercepts are —2, 3, and 5. 
Graph the function. 


(b) Find a rational function whose y-intercept is 5 and 
whose x-intercepts are —2, 3, and 5 that has the line 
х = 2asa vertical asymptote. Graph the function. 


3. Determine the sinusoidal function of best fit, 
y = Asin( Bx + C) + Р, аѕ follows: 


(a) Enter initial guesses for the values of A, B, C, and D 
into column A with the value of A in cell Al, B in 
cell A2, C in cell A3, and D in cell A4. 

(b) Enter “=A$1*sin( A$2*B1+ A$3)+ A$4" into cell 
D1. Copy this cell entry into the cells below D1 for as 
many rows as there are data. For example, if column C 
goes to row 23,then column D should also go to row 23. 


(c) Enter ^—(D1— C1)^2" into cell E1. Copy this entry 
below cell E1 as described in part 3(b). 


(d) The idea behind curve fitting is to make the sum of 
the squared differences between what is predicted 
and actual observations as small as possible. Enter 
“=sum(E1..E#)” into cell Аб, where # represents 
the row number of the last data point. For example, 
if you have 23 rows of data, enter “=sum(E1..E23)” 
in cell A6. 


(e) Now, install the Solver feature of Excel. To do this, 
click the File tab, and then select Options. Select 
Add-Ins. In the drop-down menu entitled “Manage,” 
choose Excel Add-ins, and then click Go... . Check 
the box entitled “Solver Add-in” and click OK. The 
Solver add-in is now available in the Data tab. Choose 
Solver. Fill in the screen as shown on the next page. 
Click Solve. The values for A, B, C, and D are located 
in cells А1-А4. What is the sinusoidal function of 
best fit? 
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l Sover Paame х | 4. Determine the longest day of the year according to your 
model. What is the day length on the longest day of the 
Set Objective: [sass [+] year? Determine the shortest day of the year according 
Too = © Max [I © Value of E to your model. What is the day length on the shortest day 
ан аНЫ of the year? 
LA i£] 5. Onwhich days is the day length exactly 12 hours according 
Subject to the Constraints: to your model? 
— 6. Look up the day on which the vernal equinox and 
— autumnal equinox occur. How do they match up with the 
_——_ _. results obtained in part 5? 
i йен 7. Doyouthink your model accurately describes the relation 
-i between day of the year and length of day? 
opa E ee 8. Use your model to predict the hours of daylight for the 
а 2 — m — latitude you selected for various days of the year. Go 
EXTUS to the Old Farmer's Almanac or other website (such as 
Select the GRG Nonlinear engine for Solver Problems that are smooth noniüinear. Select the LP Simplex http://astro.unl.edu/classaction/animations/coordsmotion/ 


pesi POE Ж daylighthoursexplorer.html) to determine the hours of 


daylight for the latitude you selected. How do the two 


- me | [э] ан | compare? 


Citation: Excel O 2022 Microsoft Corporation. Used with 
permission from Microsoft. 


The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 
П. Tides Data from a tide table are used to build a sine function that models tides. 


Ш. Project at Motorola Digital Transmission over the Air Learn how Motorola Corporation transmits digital sequences by modulating 
the phase of the carrier waves. 


IV. Identifying Mountain Peaks in Hawaii The visibility of a mountain is affected by its altitude, its distance from the viewer, and the 
curvature of Earth's surface. Trigonometry can be used to determine whether a distant object can be seen. 


V. CBL Experiment Technology is used to model and study the effects of damping on sound waves. 


6.1 
6.2 
6.3 
6.4 
6.5 
6.6 


6.7 
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Credit: Andrea Danti/Shutterstock 
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Analytic Trigonometry 


Mapping Your Mind 


The ability to organize material in your mind is key to understanding. 
You have been exposed to a lot of concepts at this point in the course, 
and it is a worthwhile exercise to organize the material. In the past, 
we might organize material using index cards or an outline. But in 
today’s digital world, we can use interesting software that enables us 
to digitally organize the material that is in our mind and share it with 
anyone on the Web. 


( M ) — See the Internet-based Chapter Project I— 


LX 


Chapter 4 introduced inverse functions and developed their properties, particularly the 
relationship between the domain and range of a function and those of its inverse. We learned 
that only functions that are one-to-one have an inverse function. But sometimes an appropriate 
restriction on the domain of a function that is not one-to-one yields a new function that is 
one-to-one. Then the function defined on the restricted domain has an inverse function. Also, we 
saw that the graphs of a function and its inverse are symmetric with respect to the line y = x. 
Chapter 4 continued by defining two transcendental functions: the exponential function 
and the inverse of the exponential function, the logarithmic function. Chapter 5 defined six more 
transcendental functions, the trigonometric functions, and discussed their properties. 


The first two sections of this chapter define the six inverse trigonometric functions and 
investigate their properties. Section 6.3 discusses equations that contain trigonometric 
functions. Sections 6.4 through 6.7 continue the derivation of identities. These identities play an 
important role in calculus, the physical and life sciences, and economics, where they are used to 
simplify complicated expressions. 


SECTION 6.1 The Inverse Sine, Cosine, and Tangent Functions 501 


6.1 The Inverse Sine, Cosine, and Tangent Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Inverse Functions (Section 4.2, pp. 299-305) e Properties of the Sine, Cosine, and Tangent Functions 
* Values of the Trigonometric Functions (Section 5.3, (Section 5.5, pp. 443-452) 
рр. 421-424; Section 5.4, pp. 432-439) * Graphs of the Sine, Cosine, and Tangent Functions 
(Sections 5.6, pp. 456-465 and 5.7, pp. 472-473) 


М, Now Work the ‘Are You Prepared?’ problems on page 511. 


OBJECTIVES 1 Define the Inverse Sine Function (p. 501) 
2 Find the Value of an Inverse Sine Function (p. 502) 
3 Define the Inverse Cosine Function (p. 504) 
4 Find the Value of an Inverse Cosine Function (p. 505) 
5 Define the Inverse Tangent Function (p. 506) 
6 Find the Value of an Inverse Tangent Function (p. 507) 
7 


Use Properties of Inverse Functions to Find Exact Values of Certain Composite 
Functions (p. 508) 
8 Find the Inverse Function of a Trigonometric Function (p. 510) 


9 Solve Equations Involving Inverse Trigonometric Functions (p. 510) 


In Section 4.2 we discussed inverse functions, and we concluded that if a function is 
one-to-one, it will have an inverse function. We also observed that if a function is not 
one-to-one, it may be possible to restrict its domain in some suitable manner so that the 
restricted function is one-to-one. For example, the function y = x? is not one-to-one; 
however, if the domain is restricted to x > 0, the new function is one-to-one. 

Other properties of a one-to-one function f and its inverse function f ^! that 
were discussed in Section 4.2 are summarized next. 


e f l(f(x)) = x for every xin the domain of f. 
e f(f-(x)) = x for every xin the domain of f~t. 
e The domain of f = the range of f~t, and the range of = the domain of f~t. 


e The graph ofa one-to-one function f and the graph of its inverse f~t are symmetric 
with respect to the line y — x. 

* [f a function y — f(x) has an inverse function, the implicit equation of the 
inverse function is x = f(y). If we solve this equation for y, we obtain the explicit 
equation y = f-!(x). 


1 Define the Inverse Sine Function 


Figure 1 shows the graph of y — sin x. Because every horizontalline y — b, where b 
is between —1 and 1, inclusive, intersects the graph of y — sinx infinitely many 
times, it follows from the horizontal-line test that the function y — sinx is not 
one-to-one. 


Figure 1 y = sinx, -ooc x < оо, -1 < y x1 
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nigs 


Figure 2 


А T T 
sinx, <х< 1, 
у 2 2 


1<у<1 


NOTE Because the restricted domain 
, the 


of the sine function is | 


range of the inverse sine function 


is|-Z, a ‚ and because the range of the 


sine function is [—1, 1], the domain of 
the inverse sine function is [—1, 1]. 


7T T 
1 


(C1 е) 


Figure 3 


у=зї-їх,-1<х<1,-5<у< 5 


А \ Now Work PROBLEM 5 


However, if the domain of y — sinx is restricted to the interval E z], the 
restricted function 


y = sinx c eo er dr 
2 2 


is one-to-one and has an inverse function.* See Figure 2. 
An equation for the inverse of y — f(x) — sinx is obtained by interchanging 


x and y. The implicit form of the inverse function is x — sin y, E <y< > The 


explicit form is called the inverse sine of x andis symbolized by y = f^!(x) = sin“! x. 


DEFINITION Inverse Sine Funtion 


y= sin y ifandonlyit x 


T 


where —1< х < 1 and ES 


The inverse sine of x, y = sin~! x, is read as “у is the angle or real number whose 
sine equals x,” or, alternatively, is read “у is the inverse sine of x." Be careful about the 
notation used. The superscript —1thatappearsin y = sin ^! xis not an exponent but 
the symbol used to denote the inverse function f ^! of f. (To avoid confusion, some 
texts use the notation y = arcsin x instead of y = sin ^! x.) 

The inverse of a function f receives as input an element from the range of f 
and returns as output an element in the domain of f. The restricted sine function, 
y — f(x) — sinx, receives as input an angle or real number x in the interval 
E т 

2'2 
sine function, y = sin! x, receives as input a real number in the interval [—1, 1] 


| and outputs а real number in the interval [—1, 1]. Therefore, the inverse 


or—1 < x < Lits domain, and outputs an angle or real number in the interval |- T 2 | 
T ЧГ 2% 
or—— < < —,1ts range. 
2555 g 
The graph of the inverse sine function can be obtained by reflecting the restricted 
portion of the graph of y = f(x) = sinx about the line y = х, as shown in Figure 3. 


2 Find the Value of an Inverse Sine Function 


For some numbers x, it is possible to find the exact value of y = sin! x. 


| €XAMPLE1 | Finding the Exact Value of an Inverse Sine Function 


Solution 


Find the exact value of: sin-!1 


Let = sin-!1. Then is the angle, —> «0x > whose sine equals 1. 
0 = sin-!1 -— ou ghe 
2 2 

sin = 1 = «0x а By definition of у = ѕіп-! x 


(continued) 


*Although there are many other ways to restrict the domain and obtain a one-to-one function, 


mathematicians have agreed to use the interval | T, Z 


to define the inverse of y = sin x. 
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Now look at Table 1 and Figure 4. 


Table 1 


The only angle 0 in the interval |-z, z] whose sine is 1 is p (Note that sin x also 
equals 1, but — lies outside the interval ES z], which is not allowed.) So 
зїп-11 = 2 
2 


Figure 4 _Б 
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| EXAMPLE 2 | Finding the Exact Value of an Inverse Sine Function 


Find the exact value of: sin~! (-3) 


Solution Let? = sin? [- 2). Then 6 is the angle,—7 «0x 57 Whose sine equals —. 
9 = “(—>) Л шеф гё 
sin 35053 
А 1 T T 
0=—-— ae ж Ө «©. 
sin 7 294 $5 


(Refer to Table 1 and Figure 4, if necessary.) The only angle in the interval |-z, z] 


"E 1. T 
whose sine is E is — —, 50 


6 


: 1 
zz] жм. жы) фы 
ш | 


oa 
a 
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For most numbers x, the value y = sin-! x must be approximated. 


(8 | EXAMPLE 3 | Finding an Approximate Value of an Inverse Sine Function 


Find an approximate value of each of the following functions: 


(a) sin! (b) sin! (-4) 


Express the answer in radians rounded to two decimal places. 


(continued) 
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Solution Because the angle is to be measured in radians, first set the mode of the graphing 
utility to radians. 


(a) Figure 5(a) shows the solution using | (b) Figure 5(b) shows the solution using 
a TI-84 Plus CE graphing calculator. Desmos. 


sin“ (-1) х 
cssc 13898369095, g m) 
Figure 5(b) 


Rounded to two decimal places, 


Figure 5(a) ӨШ] T 
sin (-2) = —0.25. 


Rounded to two decimal places, 


sin! = 0.34. 


\ Now Work PRoBLEM 27 


3 Define the Inverse Cosine Function 


Figure 6 shows the graph of у = cos x. Because every horizontal line у = b, where b 
is between —1 and 1, inclusive, intersects the graph of у = cos x infinitely many 
times, it follows that the cosine function is not one-to-one. 


Va 
1 


VA 


-1 


Figure 6 y = cosx, -œ < Xx «oo, -1l<y<1 


However, if the domain of y = cosx is restricted to the interval [0, 7], the 


ei (т, —1) restricted function 


= < < 
Figure 7 y cosx 0<х<т 


у = со$5х,0<х<х,-1<у<1 is one-to-one and has an inverse function.* See Figure 7. 
An equation for the inverse of у = f(x) = cosx is obtained 
by interchanging x and y. The implicit form of the inverse function is 
x = cosy, 0 € y < m. The explicit form is called the inverse cosine of x and is 
symbolized by y = f-!(x) = cos ! x (or by y = arccos x). 


DEFINITION Inverse Cosine Function 


у = cos х ifandonlyif x = cosy 


where -1<x<1 and Oc y € v 


Here y is the angle whose cosine is x. Because the range of the cosine 
function, y = cosx,is—1 < y < 1, the domain of the inverse function у = соѕ-! x 
is —1 € x < 1. Because the restricted domain of the cosine function, y = cosx, 
150 € x < п, the range of the inverse function y = cos ! х 150 € y < m. 


* his is the generally accepted restriction to define the inverse cosine function. 
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The graph of у = cos~! x can be obtained by reflecting the restricted portion of 
the graph of у = cosx about the line у = x, as shown in Figure 8. 


Figure 8 y = cos-tx,-1<x<1O0<y<7ar 
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4 Find the Value of an Inverse Cosine Function 


| EXAMPLE 4 | Find the Exact Value of an Inverse Cosine Function 


Find the exact value of: cos-!0 


Solution Let = cos~!0.Then 0 is the angle,0 < 0 < т, whose cosine equals 0. 


ІЛ 
D 
ІЛ 
3 


0 = cos-!0 


0 


ІЛ 
D 
ІЛ 
E 


cos 


II 


Look at Table 2 and Figure 9. 


(0) A 
En 
B 0 
т > 
4 
т 
3 
T 
7 Figure 9 
2m 
= The only angle 0 within the interval [0, 7] whose cosine is 0 is [Note that 
Ж 
A cos 27 and cos (-2) also equal 0, but they lie outside the interval (0, т], so these 
эт values are not allowed.] Therefore, 
т um © 
cos 7 = 
| ЕХАМРІЕ 5 | Finding the Exact Value of ап Inverse Cosine Function 


Find the exact value of: cos! 1-2) 


(continued) 
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Solution Let = cos-! [2 }. then 0 is the angle,0 < 0 < т, whose cosine equals 2 


0 = сот 2) 0<0<7 
cos = 2 0<0<т 
Look at Table 2 on the previous page and Figure 10. 
Figure 10 The only angle 0 within the interval [0, 7] whose cosine is 2 is Эл, so 
E 2 _ 3л 
cos 1|-—| = — 
4 _в 


\ Now Work PRoBLEM 21 


5 Define the Inverse Tangent Function 


Figure 11 shows the graph of y = tan x. Because every horizontal line intersects 
the graph infinitely many times, it follows that the tangent function is not 
one-to-one. 


PEE: 


1 yoli х= 57 


Ета ea 


хү 


-2T 


a 


от 


5T T m 2T 5T 
2 2 2 


Figure 11 у = tanx, —оо < х < œ, x not equal to odd multiples of 5, —o0 < y «oo 


However, if the domain of y = tan x is restricted to the interval (-5. z), the 
restricted function 


> T T 

= tanx ——«x«— 

и А 2 2 

is one-to-one and so has an inverse function.* See Figure 12. 
An equation for the inverse of y = f(x) = tan х is obtained by interchanging x 
А ПИЕ . . . T T 
Figure 12 and y. The implicit form of the inverse function is x = tan y, -3 <y< 3 
y — tanx, 2 х < 5 The explicit form is called the inverse tangent of x and is symbolized by 
—oo « y « oo у = f(x) = tan! x(or by у = arctanx). 


DEFINITION Inverse Tangent Function 


у = tan x ifandonly if х = tany 


where -œo < x < co and es, 


*This is the generally accepted restriction. 
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Here у is the angle whose tangent is x. The domain of the function у = tan~! x 
is —oo < x < оо, and its range is E <y< A The graph of y = tan^! x can 


be obtained by reflecting the restricted portion of the graph of y — tanx about 


the line y = x, as shown in Figure 13. 


Figure 13 y = tan-1x, —oo < x < co, E «yc a 
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6 Find the Value of an Inverse Tangent Function 


| EXAMPLES | Finding the Exact Value of an Inverse Tangent Function 


Find the exact value of: 


(а) tan-!1 (b) tan-! (—//3) 


Solution (a) Let0 = tan-!1. Then 0 is the angle,—7 «0c r whose tangent equals 1. 


0 = tan 11 -—Z<9<% 
an 2 2 

tanü = 1 iuge & 
an 2 2 


T T 


Look at Table 3. The only angle 0 within the interval | 2 А whose 
tangent is 1 is 5, so 
tan-11 = 1 
4 


(b) Let 0 = їап-!(—/3). Then 0 is the angle, um «0« 2 whose tangent 
equals —V3. 


N 
NIA NIA 


tanü = —V3 =, 9e 


Undefined 


T T 


Look at Table 3. The only angle 0 within the interval | ; | whose 
; . T 2. 2 
tangent is —V3 is — 380 
tan-!(—V3) =—7 
3 J 
\ Now Work PRoBLEM 15 
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7 Use Properties of Inverse Functions to Find Exact Values 
of Certain Composite Functions 


Recall from the discussion of functions and their inverses in Section 4.2 that 
f-'(f(x)) = x for all x in the domain of f and that f( f~!(x)) = x for all x in the 
domain of f~'. In terms of the sine function and its inverse, these properties are of the 
form 


T 


ОЕ sm (sin) eux where 2 


== 


fae (oe) = зш (sine = where —1 < x <1 


| EXAMPLE 7 | Finding the Exact Value of Certain Composite Functions 


Find the exact value, if any, of each composite function. 


(a) sin! (sinz) (b) sin (sin 27.) 
Solution (а) The composite function sin! [sin *) follows the form of property (4a). 


Because Е is in the interval |-5 k use property (4a) to conclude 


ш 
e 
sin-!(sin£ = 1 

8 8 
(b) The composite function sin~! (sin2 follows the form of property (4a). But 


TOT] sal uu ӘТ 
—5, 5 Sin [sin= = =, 


5т. Р А 
b ЭЛ пор in the interval | z 
ecause 8 15 not in e 1nterva 2 2 


To find sin-!(sin 22), first find an angle 0 in the interval |-z, z] for 


YA 
which sin@ = sin S£, See Figure 14. The angle x is in quadrant II. 
The reference angle of Sus is em and sin x = ыш sin =. Since a is in 
r 
the interval E z], we can use 4(a). 
; afai >t) = . [s st) - Эл 
sin-!'sin——| = sin-!{ sin——] = — 
8 1 8 
Figure 14 Use property (4а). B 
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| EXAMPLES | PLE 8 Finding the Exact Value of Certain Composite Functions 


Find the exact value, if any, of each composite function. 
(a) sin(sin ^! 0.8) (b) sin(sin^!1.3) 
Solution (а) The composite function sin (sin! 0.8) follows the form of property (4b), and 0.8 
is in the interval [—1, 1]. Using (4b) reveals that 


sin(sin-! 0.8) = 0.8 
(continued) 
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(b) The composite function sin(sin^!1.3) follows the form of property (4b). 
But since 1.3 is not in the domain of the inverse sine function, [—1, 1], sin! 1.3 
is not defined. Therefore, sin (sin ^! 1.3) is also not defined. -» 


^, Now Work PROBLEM 55 


For the cosine function and its inverse, the following properties hold. 


ЕО) 610630) = where 0 € x € т (5a) 


ПО) со соз o = х where -1 x € 1 (5b) 


| EXAMPLES | Using Properties of Inverse Functions to Find the Exact Value 


of Certain Composite Functions 


Find the exact value, if any, of each composite function. 


(a) cos-! [cos =| (b) cos[cos-! (—0.4)] 
(c) cos-t|eos(- 27. (d) cos(cos^! x) 

Solution (а) cos-! (cos. = ib 3 is in the interval [0, л]; use property (5a). 
(b) cos[cos-!(—0.4)] = —0.4 —0.4is in the interval [—1, 1]; use property (5b). 


(c) The angle -2 is not in the interval [0, 7], so property (Sa) cannot be used. 
However, because the cosine function is even, соз -27) = cos =. Because 


a is in the interval [0, 7], property (5a) can be used, and 


cos~'|cos(—22)| = cos-!(cos= = 20 
3 3 3 


(d) Because т is not in the interval [—1, 1], the domain of the inverse cosine function, 
cos !; is not defined. This means the composite function cos (cos~! л) is also 
not defined. B 


\\ Now Work PRoBLEMS 39 anp 59 


For the tangent function and its inverse, the following properties hold. 


л Geo) = тап Geis) ex where = qp 


2 


T С) tantan хх) = 3% where —со < x < © 


Му Now Work PROBLEM 47 
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8 Find the Inverse Function of a Trigonometric Function 


| EXAMPLE 10 | Finding the Inverse Function of a Trigonometric Function 


Solution 


NOTE The range of f also can be 
found using transformations. The range 
of у = sinx is [—1, 1]. The range of 
y = 2sinxis [—2, 2] due to the vertical 
stretch by a factor of 2. The range of 
f(x) = 2 sinx — 115 [—3, 1] due to the 
shift down of 1 unit. н 


Solution 


a) Find the inverse function f^! of f(x) = 2 sinx — 1, == <x< 
2 


SIE 


(b) Find the range of f and the domain and range of f~t. 


(a) The function f is one-to-one and so has an inverse function. Follow the steps on 


(b 


МУ 


page 304 for finding the inverse function. 


y=2sinx – 1 
x—2siny—]1 Interchange x and y. 
x+1=2siny Solve for y. 
; x+1 
siny = 
= 


: x+1 or : г à 
у = sin“! == Definition of inverse sine function 


The inverse function is f^! (x) = sin! = 


To find the range of f, use the fact that the domain of f~t equals the range 
of f. Since the domain of the inverse sine function is the interval [—1, 1], the 
argument E 2 1 must Бе in the interval [— 1, 1]. 


x41 


-1 < al 


—2 <x+1<2 Multiply by 2. 


—3<х<1 Subtract 1 from each part. 


The domain of f^! is {x|-3 € x < 1}, or the interval [—3, 1]. So the range 
of f is the interval [—3, 1]. The range of f~! equals the domain of f. So the range 


D 


\ Now Work PRoBLEM 65 


9 Solve Equations Involving Inverse Trigonometric Functions 


Equations that contain inverse trigonometric functions are called inverse 
trigonometric equations. 


| EXAMPLE 11 | Solving an Inverse Trigonometric Equation 


Solve the equation: 3sin-!x = 7 


To solve an equation involving a single inverse trigonometric function, first isolate 
the inverse trigonometric function. 


3 sin-!x = 


wlA A 


ѕіп іх = Divide both sides Бу 3. 


(continued) 
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x= sing y = sin-!x if and only if x = sin y. 


NE 
2 
The solution set is GS |. 
2 D 
A Now Work PRoBLEM 71 
6.1 Assess Your Understanding 
‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. What are the domain and the range of y = sinx? 3. True or False The graph of у = cosx is decreasing on the 
(pp. 447-449) interval [0, т]. (pp. 458-459) 
2. If the domain of a one-to-one function is [3, oo), the range 4. tan? = : sing = Н (7. = ; 
of its inverse is . (p. 302) 
TT созт = . (pp. 450-452) 
Concepts and Vocabulary 
N 5. y = sin™! x if and only if , where -1 <x € 1 N 9. True or False у = tan™!x if and only if x = tan y, where 
ade Ego. —00 < х < oo and 7 < y < 7. 
6. cos-!(cosx) = x for all numbers x for which | 10. Multiple Choice sin-! (sinx) = x for all numbers x for 
i _ “ty ie which 
bS 7. True or False The domain of y = cos! x is -1 € x < 1. EFE ib) a mm 
8. True or False ѕіп(ѕіп 10) = 0 andcos(cos ^! 0) = 0. a л. 
()—1<х<1 (дф ——<х<— 
2 2 
Skill Building 
In Problems 11-26, find the exact value of each expression. 
N 11. sin-!0 12. cos™!1 13. sin! (-1) 14. cos! (-1) 
М 15. tan-!0 16. tan-! (- 1) v 17. sini? 18. tan 
19. tan-! V3 20. sin \ 21. sos [-32. 22. sia [-32. 
23. cosi 24. eos (-2) 25. tan 3 26. sin 
In Problems 27—38, use a calculator to find the approximate value of each expression rounded to two decimal places. 
N 27. sin-!0.1 28. соз-10.6 29. tan! 5 30. tan 10.2 
31. cos-1 7 32. sin- 1d 33. tan~! (-0.4) 34. tan-!(—3) 
: Р 2 B 
35. sin-! (—0.12) 36. cos-! (0.44) 37 соз 122 38. sini 22 


In Problems 39-62, find the exact value, if any, of each composite function. If there is no value, say it is “not defined." Do not use a calculator. 


\ 39. cos! {cos} 40. sin-'[sin(-7)| 41. tan-| tan{-=2)] 42. sin-![sin(- 22] 
\ 43. sin-!(sin 2) 44. sin [sim H7) 45. cos~!|cos(—-27)| 46. cos"! (cos) 
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N 47. гап (лап 27) 48. tan-!|tan кез 

51. cos-!|eos(- 2) 52. sin-'|sin(-=2)] 
N 55, sin(sin- 4) 56. eos[cos-t (-2]] 
N 59. cos(cos-!1.2) 60. sin[sin-! (-2)] 


49. 


53. 


57. 


61. 


tan! tan(— 7] 50. cos-! cos ==] 
tan-![tan(2)] 54. tan~!|tan(—32)| 
tan(tan-!4) 58. tan[tan-! (-2)] 
tan(tan-! т) 62. sin[sin-! (-1.5)] 


In Problems 63-70, find the inverse function f~t! of each function f. Find the range of f and the domain and range of f~. 


63. f(x) = 5sinx + 23-5 € x € 5, 


М. 65. f(x) = —2 соѕ(3х); 0 < x < 2 
67. f(x) = -tan(x +1)-3-1-F<x< 5-1 
р Ж гт 
3 4777 2'4 


In Problems 71-78, find the exact solution of each equation. 
\ 71. 4 ѕіп-іх = т 

73. 3 cos-1 (2x) = 2r 

75. 3tan ! x = т 


77. 4 cost х — 2r = 2cos-! x 


Applications and Extensions 


In Problems 79-84, use the following discussion. The formula 


cos-!(tan i tan0) 
T 


D = 24\1 


can be used to approximate the number of hours of daylight D 
when the declination of the Sun is i? at a location 0? north latitude 
for any date between the vernal equinox and autumnal equinox. 
The declination of the Sun is defined as the angle i between the 
equatorial plane and any ray of light from the Sun. The latitude of 
а location is the angle 0 between the Equator and the location on the 
surface of Earth, with the vertex of the angle located at the center of 
Earth. See the figure. To use the formula, cos-! (tan i tan0) must 
be expressed in radians. 


j Equator 


79. Approximate the number of hours of daylight in Houston, 
Texas (29?45' north latitude), for the following dates: 
(a) Summer solstice (i = 23.5?) 


64. 


66. 


68. 


70. 


72. 


74. 


76. 
78. 


80. 


81 


82. 


0° North latitude 


83 


= 2 =3 ugue 
f(x) anx 254€ 
f(x) sin(2x) 1545 
f(x) = cos(x+2)+14-2<x< 7-2 
2 2 T 
= 2 3 ду <= RE 
f(x) cos(3x + 2); got xd 


2 cosx = п 


—6sin-!(3x) = т 
—4 tanix = т 


5 sin-!x = 2r = 2 sin-!x = 3r 


(b) Vernal equinox (i = 0°) 

(c) July 4(i = 22°48’) 

Approximate the number of hours of daylight in New York, 

New York (40?45' north latitude), for the following dates: 

(a) Summer solstice (i = 23.5?) 

(b) Vernal equinox (i — 0?) 

(c) July 4(i = 22°48’) 

. Approximate the number of hours of daylight in Honolulu, 

Hawaii (21°18' north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4(i = 22°48’) 

Approximate the number of hours of daylight in Anchorage, 

Alaska (61°10 north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4(i = 22°48’) 

Approximate the number of hours of daylight at the 

Equator (0° north latitude) for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4(i = 22°48’) 

(d) What do you conclude about the number of hours 
of daylight throughout the year for a location at the 
Equator? 


b 
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84. Approximate the number of hours of daylight for any (a) What is your viewing angle if you sit 10 feet from the 


location that is 66°30’ north latitude for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (і = 0°) 

(c) July 4(i = 22°48’) 

(d) Thanks to the symmetry of the orbital path of Earth 
around the Sun, the number of hours of daylight on the 
winter solstice may be found by computing the number of 
hours of daylight on the summer solstice and subtracting 
this result from 24 hours. Compute the number of hours 
of daylight for this location on the winter solstice. What 
do you conclude about daylight for a location at 66°30' 
north latitude? 


. Being the First to See the Rising Sun Cadillac Mountain, 
elevation 1530 feet, is located in Acadia National Park, 
Maine, and is the highest peak on the east coast of the United 
States. It is said that a person standing on the summit will be 
the first person in the United States to see the rays of the 
rising Sun. How much sooner would a person atop Cadillac 
Mountain see the first rays than a person standing below, at 
sea level? 


Rotation 
of Earth 


[Hint: Consult the figure. When the person at D sees the first 
rays of the Sun, the person at P does not. The person at P 
sees the first rays of the Sun only after Earth has rotated 
so that P is at location Q. Compute the length of the arc 
subtended by the central angle 0. Then use the fact that at 
the latitude of Cadillac Mountain, in 24 hours a length of 
2r - 2710 ғ 17027.4 miles is subtended. | 


. Movie Theater Screens Suppose that a movie theater has a 
screen that is 28 feet tall. When you sit down, the bottom of 
the screen is 6 feet above your eye level. The angle formed 
by drawing a line from your eye to the bottom of the screen 
and another line from your eye to the top of the screen is 
called the viewing angle. In the figure, 0 is the viewing angle. 
Suppose that you sit x feet from the screen. The viewing 
angle 0 is given by the function 


0(х) = tan=1(24) tan=() 


Pp 28 feet 


[ = = — m 
SEE и " 


Е 


Х 87. Area Under a Curve The area under the graph of y = 


screen? 15 feet? 20 feet? 

(b) If there are 5 feet between the screen and the first row 
of seats and there are 3 feet between each row and the 
row behind it, which row results in the largest viewing 
angle? 

(c) Using a graphing utility, graph 


0(х) = tanc (24) tan 1 (5) 


What value of x results in the largest viewing angle? 
1l. 
1+ x? 
and above the x-axis between x = a and x = bis given by 


tan-! b — tan-!a 


See the figure. 


(a) Find the exact area under the graph of y — 1 - ; and 
х 
above the x-axis between х = 0 and x = V3. 
(b) Find the exact area under the graph of y = Ds and 
Ж 
above the x-axis between x = 8 andx = 1. 
1 
88. Area Under a Curve The area under the graph of y = ———— 
А mpy = 


and above the x-axis between x = a and x = bis given by 
sin-'b — sin-!a 


See the figure. 


Р 1 
a) Find the exact area under the graph of y = ————— 
ш крш ее 
and above the x-axis between x = 0 and x = Е. 
: 1 
(b) Find the exact area under the graph of y = ——— 
grap y Те 
and above the x-axis between x = d and x — 2 
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Problems 89 and 90 require the following discussion: 


The shortest distance between two points on Earth's surface can be determined from the latitude and City Latitude Longitude 
longitude of the two locations. For example, if location 1 has (lat, lon) = (o4, 0, ) and location 2 
has (lat, lon) = (a5, 8, ), the shortest distance between the two locations is approximately 


Chicago, IL 41°50’N 87°37' № 


Honolulu, НІ 21?18'N 157?50'W 


Melbourne, 37°47'5 144?58'E 
Australia 


d = г cos! [(cosa, cos, cosa, соз 8, ) + (cosa, sin f, cosa, sin f, ) + (sino, sina, )] 


where r = radius of Earth ~ 3960 miles and the inverse cosine function is expressed in 
radians. Also, N latitude and E longitude are positive angles, and S latitude and W longitude are 
negative angles. 


Source: www.infoplease.com 


89. Shortest Distance from Chicago to Honolulu Find the shortest 91. Challenge Problem Solve: 
distance from Chicago, latitude 41°50'N, longitude 87?37' W, : 
to Honolulu, latitude 21?18'N, longitude 157?50' W. cos(sin"' x) = tan[cos- 4 


Round your answer to the nearest mile. 

90. Shortest Distance from Honolulu to Melbourne, Australia 
Find the shortest distance from Honolulu to Melbourne, tan[cos-1 3) — sin(tan-!u) 
Australia, latitude 37?47'S, longitude 144°58'E. Round your 5 
answer to the nearest mile. 


92. Challenge Problem Find u in terms of x and r: 


Retain Your Knowledge 


Problems 93-102 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


93. Solve: |3x — 2] +5 < 9 
94. State why the graph of the function f shown is one-to-one. Then draw the graph of the inverse function f~t. 


[Hint: The graph of y — x is given.] 


. The exponential function f(x) = 1 + 2* is one-to-one. Find f~t. 


1 1 3 1 
Factor: (2x + 1) 2(x? + 3) 2 — (x? + 3) 2x(2x + 1)2 
Solve:e*^* + 7 = 10 
. The diameter of each wheel of a bicycle is 20 inches. If the wheels are turning at 336 revolutions per minute, how fast is the 
bicycle moving? Express the answer in miles per hour, rounded to the nearest integer. 


. Find the exact value of sing cos. 


. If cos = e find the exact value of each of the remaining five trigonometric functions of acute angle б. 


. Ifsin > 0 and cot0 < 0, name the quadrant in which the angle 0 lies. 


. Find the average rate of change of f(x) — tanx from " to a 


‘Are You Prepared?’ Answers 


1. Domain: the set of all real numbers; Range:—1 < y < 1 2. [3, оо) 3. True 4. 1; 
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6.2 The Inverse Trigonometric Functions (Continued) 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Finding Exact Values of the Trigonometric * Graphs of the Secant, Cosecant, and Cotangent 
Functions, Given the Value of a Trigonometric Functions (Section 5.7, pp. 472-477) 
Function and the Quadrant of the Angle (Section 5.4, * Domain and Range of the Secant, Cosecant, and 
pp. 432-436) Cotangent Functions (Section 5.5, pp. 447-449) 


\ Now Work the ‘Are You Prepared?’ problems on page 518. 


OBJECTIVES 1 Define the Inverse Secant, Cosecant, and Cotangent Functions (p. 515) 
2 Find the Value of Inverse Secant, Cosecant, and Cotangent Functions (p. 515) 


3 Find the Exact Value of Composite Functions Involving the Inverse Trigonometric 
Functions (p. 517) 


4 Write a Trigonometric Expression as an Algebraic Expression (p. 518) 


1 Define the Inverse Secant, Cosecant, and Cotangent Functions 


The inverse secant, inverse cosecant, and inverse cotangent functions are defined 
as follows: 


DEFINITION Inverse Secant, Cosecant, and Cotangent Functions 
• у = sec x ifandonlyif x = secy 


where, || = апа SEES m у= (1) 


oy — CSCa иан опуш себу 
where |x| >1 and a у = OF (2) 
• у = со ху ifandonlyif х = coty 
where ~œ <x «oo аа 0 <у<т (3) 
Take time to review the graphs of the cotangent, cosecant, and secant functions 
in Figures 104, 108, and 109 in Section 5.7 to see the basis for these definitions. 
\ Now Work PRoBLEM 4 


2 Find the Value of Inverse Secant, Cosecant, and Cotangent Functions 


| ЕХАМРІЕ1 | Finding the Exact Value of Inverse Ѕесапї, Cosecant, and Cotangent 


Functions 
Find the exact value of each expression. 
(a) зес-11 (б) сзс-12 (c) сө? (—\/3) 


Solution (а) Let@ = ѕес-!1. Then 0 is the angle,0 < 0 < тп, 0 = >, Whose secant equals 1 
(or, equivalently, whose cosine equals 1). 


0 = sec-!1 О<0<т 6-7 
T 
secü = 1 D$ 05m duy 
The only angle 0 for whichO < 0 < т, 0 = э» Whose secantis1is0,sosec-!1 = 0. 
(continued) 
*Most texts use this definition. A few use the restriction0 < y < 2: т< у< 3. 
*Most texts use this definition. A few use the restriction —- < y < =; O<y< 2 
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(b) Let 6 = csc^! 2. Then @ is the angle, z 0 < D 0 = 0, whose cosecant 
equals 2 (ог, equivalently, whose sine equals ;) 
0 = свс12 -2<9<4, 640 
csc z = 5 5» © 
ё-= 2 -f<a<4, 020 
csc 3 595 - 
The only angle 0 for which = 0 < a 0 = 0, whose cosecant is 2 is e 
socsc-12 = 7. 
6 
(c) Let 0 = cot-!(—V3). Then 0 is the angle, 0 < 0 < m, whose cotangent 
equals —V3. 
0 = cot!(-V3) 0<б@Ө<т 
cot? = –У3 0< 0 <т 
The only angle 0 for which 0 < 0 < « whose cotangent is —V3 is s 
Sa 
(7) (3/3) = 
so cot~!( ) 6 E 


\ Now Work PROBLEM 11 


Most calculators do not have keys that evaluate the inverse cotangent, cosecant, 
or secant functions. The easiest way to evaluate them is to convert each to an inverse 
trigonometric function whose range is the same as the one to be evaluated. In this 
regard, notice that y = cot ^! x and у = sec ^! x, except where undefined, have the 
same range as у = cos ! x and that y = csc ^! x, except where undefined, has the 
range ofy = соѕ ix is [0, т]. ш same range as у = sin ^! x. 


| EXAMPLE 2 | Approximating the Value of Inverse Trigonometric Functions 


Use a calculator to approximate each expression in radians rounded to two decimal 
places. 


NOTE Remember that the range of 
у = sin-tx 15 ES z and that the 
2 2 


(a) sec! 3 (b) esc! (—4) (c) cot! + (d) cot-!(—2) 


Solution First, set the calculator to radian mode. 


(a) Let Ө = ѕес-!3. Then sec = 3 апа 0 < 0 < 7,02 s Now find cos0 


because y = cos ! x has the same range as y = sec”! x, except where undefined. 
Because sec = а Б 3, this means соѕ0 = l Then = cos-1 1, and 
соѕ0 3 3 
вес-13 = @ = соз-11 л 123 
1 


Use a calculator. 


Л 


(b) Let 0 = с<с-1(—4). Then сѕс0 = —4, к=; «0x Ss 0 = 0. Now find sin 
because у = sin"! x has the same range as y = csc ^! x, except where undefined. 
Because сѕс0 = CT = —4, this теапѕ ѕіпб = —1 Then = sin-!(—4),and 

sind 4 4 


esc-!(-4) = 0 = sin-1(—4) æ% —0.25 


(continued) 
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(c) Let@ = cot-! 5. Then cotü = ; = 2,0 < 0 < m. Since cot@ > 0, it follows 
y 


that 0 lies in quadrant I with x = 1 and y = 2. Now find cos0 because 
y = cos! x has the same range as y = сог! x, except where undefined. Use 


Я : 1 T 1 
Figure 15 to find that соѕ0 = —=, 0 < 0 < —.So,0 = cos-t[ 7 | and 
è J3 2 5 


Figure 15 


cot! =й = cost -> x 1.11 


010 = locos 


(d) Let 0 = cot-! (-2). Then cotü = —2 = -2, 0 < 0 < m. Since cot < 0, 


0 lies in quadrant П with x = —2 and у = 1. Use Figure 16 to find that 


2 m 2 2 
со50 = ——=, = < 0 < m. This means 0 = cos-t(- 7], and 
V5’ 2 E V5 
2 
i cot1(-2)—- 0 = cost (| z 2.68 
Figure 16 (—2) N 5 


coth = -2,0 <0 < тп 


\ Now Work PROBLEM 21 


3 Find the Exact Value of Composite Functions Involving the 
Inverse Trigonometric Functions 


| EXAMPLE 3 | Finding the Exact Value of an Expression Involving Inverse 


Trigonometric Functions 


Find the exact value of: sin( tan-! >) 


Solution Let 0 = tan-!7. Then tan = 2 where = «0« A Because (апд > 0, 
it follows that 0 < 0 < 3 so 0 lies in quadrant I. Figure 17 shows a triangle in 


quadrant I. Because tan? = 2 the side opposite 0 is 1 and the side adjacent to 0 is 2. 


The hypotenuse of this triangle is V2? + 12 = V5. Then sin = Nd and 


z i : 
А _ 1 sin(tan= 5) 5100 = — = — 
Figure 17 tan0 = 5 2 J; 


| EXAMPLE 4 | Finding the Exact Value of an Expression Involving Inverse 


Trigonometric Functions 


Find the exact value of: cos|sin-! (-1) 


Solution  Let0 = sin-!(—3). Then sing = d where E «0« а Because sin < 0, it 
follows that = < 0 < 0,so 0 lies in quadrant IV. Figure 18 illustrates sinf = d 


for 0 in quadrant IV. Then 


(2N2, -1) 
Figure 18 sing = -1 cos[sin-t(- 2] = cosh = 22 E 
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| EXAMPLES | Finding the Exact Value of an Expression Involving Inverse 


Trigonometric Functions 


Find the exact value of: tan| cos-! (-3)| 


Solution Let 0 = cos [-1). Then cos = E where 0 < 0 < m. Because cos@ < 0, it 
follows that 2 < 0 < m,so @ lies in quadrant II. Figure 19 illustrates cos? = -i 


for 0 in quadrant II. Then 


22 _ 3 


tan|cos-t(-2]] tang 


Figure 19 соѕ0 = — 


1 \ Now Work PROBLEMS 33 AND 51 


4 Write a Trigonometric Expression as an Algebraic Expression 


DS | EXAMPLE 6 | Writing a Trigonometric Expression as an Algebraic Expression 


Write sin (tan~! и) as an algebraic expression containing и. 


Solution Іеї 0 = tan-!u so that tan = и, — < 0 < 1, оо < u < оо. This means 


2 2 
sec > 0.Then 
sin(tan-! и) = sind = sing. CONT a tan@ cosü = fang _ tang = al 
1 cos 1 secd 1 V1 + їап20 V1 + и? 
Multiply by 1 = casi ы tan sec? 0 = 1 + tan?0 
соѕ0 соѕ0 B 
secü > 0 


\ Now Work PROBLEM 61 


6.2 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What are the domain and the range of у = secx? (pp.447-449) 3. If tanü = 2 = «0« > then sind = 

2. True or False The graph of y = sec x is one-to-one on the (p. 439) 
interval |o. т. U (3. т]. (р. 476) 

2 2 
Concepts and Vocabulary 
N 4. y = sec ! xifandonly if „where | x| 6. True or False It is impossible to obtain exact values for the 
and <y< ‚у = 5 f inverse secant function. 
7. Т Е -10.5 is not defined. 

5. To find the inverse secant of a real number x, |x| > 1, ieor False сз = not de ле : 

convert the inverse secant to an inverse . . True or False The domain of the inverse cotangent function 


is the set of real numbers. 


XL Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Skill Building 
In Problems 9-20, find the exact value of each expression. 
9. cot-1 V3 10. cot-!1 М. 11. сѕс-1(—1) 12. сзс-1/2 
13. вес-1 23 14. зес-1(—2) 15. cot-1[-33) 16. sei (-233] 
3 3 3 
17. sec-!(—V2) 18. cot-!(—1) 19. csc-!(—V2) 20. sec! 1 


In Problems 21-32, use a calculator to find the approximate value of each expression rounded to two decimal places. 


М 21. ѕес-14 22. csc-15 23. cot-!2 24. sec-!(—3) 
25. csc-1(-3) 26. cot (-5] 27. cot-!(—V5) 28. cot-! (-8.1) 
29. ese (-2) 30. sect (-2) 31. cott (-2) 32. cot-!(—V10) 


In Problems 33-60, find the exact value of each expression. 


N 33. cos[sin= 22. 34. sin(cos 2] 35. tan ss [22] 36. tan sin (-7)] 
37. sec(cos-17) 38. cot[sin-t(-2] 39. csc(tan-!1) 40. sec tan-! V3) 
41. sin[tan ^! (-1)] 42. cos sac [-52] 43. sec sin (-2]] 44. csc Е) 
2 2 2 
45. соз-1[зїа®®) 46. tan~! (cot) 47. sin-![cos(- 72) 48. cos! tan(~4)| 
49. tan (sin!) 50. tan(cos-! 2) NSL sec(tan-! 52. cos inci 
3 3 2 3 
53. cot Е) 54. csc[tan-!(—2)] 55. sin[tan-!(—3)] 56. сої со -33)) 
57. see[sin 25) 58. сзс[тап-! 7) 59. sin! (cos) 60. cos- (sin 22) 


In Problems 61-70, write each trigonometric expression as an algebraic expression in и. 
М 61. cos(tan-!w) 62. sin(cos~!u) 63. tan(sin-! и) 64. tan(cos-! u) 65. ѕіп(ѕес-! и) 


66. sin(cot-! и) 67. cos(csc^! u) 68. cos(sec-! и) 69. tan(cot-! и) 70. tan(sec^! u) 


Mixed Practice In Problems 71—82, f (x) = sinx, = Sx 5800 = cosx, 0 < x < п; and h(x) = tanx, | <x< 7 
the exact value of each composite function. 

n. e(r (15) т. f(s" (55) Lx] м. tlel) 

. s (r7 (-3)) 76. s («7 (5 (к) а! 


79. в-\(у(—*)) so. er (-5)) вт. (к (-3)) 82. n(r7(-5)) 
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Applications and Extensions 


Problems 83 and 84 require the following 
discussion: When granular materials are 
allowed to fall freely, they form conical 
(cone-shaped) piles. The naturally occurring 
angle, measured from the horizontal, at which 
the loose material comes to rest is called 
the angle of repose and varies for different 
materials. The angle of repose 0 is related to the 
height h and the base radius r of the conical pile 


(с) A 6-foot-high pile of loose Tour Grade 50/50 sand has 
a base diameter of approximately 8.44 feet. Which type 
of sand (USGA or Tour Grade 50/50) would be better 
suited for steep bunkers? 


Source: Purdue University Turfgrass Science Program 
85. 


Artillery A projectile fired into the first quadrant 

from the origin of a rectangular coordinate system will 

pass through the point (x, y) at time f according to the 
2x 

2y + gt?’ 

elevation of the launcher and g = the acceleration due to 


by the equation Ө = сої! т See the figure. 


relationship cot = where 0 — the angle of 


83. Angle of Repose: De-icing Salt Due to potential transportation 


84. 


issues (for example, frozen waterways), de-icing salt used by 
highway departments in the Midwest must be ordered early 
and stored for future use. When de-icing salt is stored in a pile 
14 feet high, the diameter of the base of the pile is 45 feet. 
(a) Find the angle of repose for de-icing salt. 
(b) What is the base diameter of a pile that is 17 feet high? 
(c) What is the height of a pile that has a base diameter of 
approximately 122 feet? 


Source: Salt Institute, The Salt Storage Handbook, 2015 


Angle of Repose: Bunker Sand The steepness of sand 
bunkers on a golf course is affected by the angle of repose of 
the sand (a larger angle of repose allows for steeper bunkers). 
A freestanding pile of loose sand from a United States Golf 
Association (USGA) bunker had a height of 4 feet and a 
base diameter of approximately 6.68 feet. 

(a) Find the angle of repose for USGA bunker sand. 

(b) What is the height of such a pile if the diameter of the 

base is 8 feet? 


Explaining Concepts: Discussion and Writing 


88. Explain in your own words how you would use your 
calculator to find the value of cot! 10. 


Retain Your Knowledge 


86. 


87. 


89. 


gravity = 322 feet/second?. An artilleryman is firing at 

an enemy bunker located 2450 feet up the side of a hill that 

is 6175 feet away. He fires a round, and exactly 2.27 seconds 
later he scores a direct hit. 

(a) What angle of elevation did he use? 

(b) If the angle of elevation is also given by sec0 = vot 
where vy is the muzzle velocity of the weapon: 
find the muzzle velocity of the artillery piece he 
used. 


Source: www.egwald.com/geometry/projectile3d.php 
Challenge Problem Find the exact value: 


[pee (ong + ng] 
co [sec "ES + е 


Challenge Problem Write аз an algebraic expression in x: 


sec{tan~![sin(cos~!| x|)]} 


Consult three books on calculus, and then write down the 
definition in each of у = sec! x and y = сѕс-! x. Compare 
these with the definitions given in this text. 


Problems 90—99 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


90. Find the complex zeros of f(x) — x* 4- 21x? — 100. 
91. 


95. Solve:log;(x? + 16) = 2 


Determine algebraically whether f(x) = x? + x? — x is 96. 


even, odd, or neither. 
92. 
93. 


Convert 315? to radians. 


Find the length of the arc subtended by a central angle 
of 75? on a circle of radius 6 inches. Give both the exact 
length and an approximation rounded to two decimal 
places. 

. Consider f(x) = —2x? — 10x + 3. 

(a) Find the vertex. 

(b) Is the parabola concave up or concave down? 

(c) Find where f is increasing and where f is decreasing. 


‘Are You Prepared?’ Answers 


1. Domain: [xx = odd integer multiples of zb Range:(y|]y € —lory > 1} 


If f(x) = Vx — 3 and g(x) = — find the domain 
x 


Zip | 


—|(x). 
8 


. Find the equation of a sine function with amplitude 4, 


K 98. 
/ 99. 


period T and phase shift 1. 


М =x? = У с? 


x—C 


Rationalize the numerator: 


Find the average rate of change of f(x) = sinx 


2. True 3. 


“| 
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6.3 Trigonometric Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Solving Equations (Appendix A, Section A.8, * Equations Quadratic in Form (Section 2.3, 

pp. A66-A72) pp. 156-158) 

Values of the Trigonometric Functions (Section 5.3, Using a Graphing Utility to Solve Equations 

рр. 421-427; Section 5.4, pp. 432-439) (Appendix B, Section B.4, pp. B6-B8) 

Solving Quadratic Equations (Section 2.3, pp. 149-155) Fundamental Identities (Section 5.2, pp. 410-412) 


“м. Now Work the ‘Are You Prepared?’ problems on page 526. 


OBJECTIVES 1 Solve Equations Involving a Single Trigonometric Function (p. 521) 

2 Solve Trigonometric Equations Using a Calculator (p. 524) 

3 Solve Trigonometric Equations Quadratic in Form (p. 524) 

4 Solve Trigonometric Equations Using Fundamental Identities (p. 525) 
he 5 Solve Trigonometric Equations Using a Graphing Utility (p. 526) 


In this section, we discuss trigonometric equations—that is, equations involving 
trigonometric functions that are satisfied only by some values of the variable 
(or, possibly, are not satisfied by any values of the variable). The values that satisfy 
the equation are called solutions of the equation. 


1 Solve Equations Involving a Single Trigonometric Function 


| EXAMPLE 1 | Checking Whether a Given Number Is a Solution 


of a Trigonometric Equation 


Determine whether 0 = 4 is a solution of the equation 2 51п0 — 1 = 0. 150 = а 


a solution? 


Solution Replace 0 by 1 іп the equation 2 sin — 1 = 0. The result is 


22 1 =2.M2-1 = v2-120 


т. Я 
Therefore, P is not a solution. 


Next replace 0 by E in the equation. The result is 


2sinZ—1=2-5-1=0 


Therefore, 7 is a solution of the equation 2 sinf — 1 = 0. 
8 


The equation 2 5100 — 1 = 0 in Example 1 has other solutions besides 0 = 7 

For example, 0 = = is also a solution, as is 0 = Hr, (Check this for yourself.) 

| In fact, the equation has an infinite number of solutions because of the 

periodicity of the sine function, as can be seen in Figure 20, which shows the 

graph of y = 2sinx — 1. Each x-intercept of the graph represents a solution to 
the equation 2 sinx — 1 = 0. 

Unless the domain of the variable is restricted, we need to find all the solutions of 

a trigonometric equation. As the next example illustrates, finding all the solutions can 

be accomplished by first finding solutions over an interval whose length equals the 

Figure 20 y = 2sinx – 1 period of the function and then adding multiples of that period to the solutions found. 


Y, = 2sin x — 1 


522 


CHAPTER 6 Analytic Trigonometry 


| EXAMPLE 2 | Finding All the Solutions of a Trigonometric Equation 


Solution 


Figure 21 


Solve the equation: cos = 5 


Give а general formula for all the solutions. List eight of the solutions. 
The period of the cosine function is 27. In the interval (0, 27), there are two angles 0 


for which соѕ0 = 5: 0 = _ and = s See Higure 21. Because the cosine function 


has period 27, all the solutions of cos@ = ; may be given by the general formula 


0 = 3 + 2kn or 0 = 27 + 2kr К any integer 


Eight of the solutions are 


5r т л 5л Tm llr 13m 17r 
Зу” 3° з 3° 3’ 3" 3" 3 
Bee opes. Red праг. 


NORMAL FLOAT AUTO REAL RADIAN МР ñ 


Figure 22 


H AV check: To verify the solutions, graph Y, = cosxandY, = ; and determine where the 


graphs intersect. (Be sure to graph in radian mode.) See Figure 22. The graph 
of Y, intersects the graph of Y, at x = 1.05 5.24 7.33 ы 
„Ит | 


and 11.5 21а , rounded to two decimal places. 
3 8 


\ Now Work PROBLEM 37 


In most of the work we do, we shall be interested only in finding solutions of 
trigonometric equations for0 < 0 < 2m. 


| EXAMPLE 3 | Solving a Linear Trigonometric Equation 


Solution 


NOTE The equation given here is called 
a linear trigonometric equation because, 
if weletx = sin@, the equation becomes 


2x + V3 = 0, a linear equation. ш 


Solve the equation: 2 sin@ + “З = 0, 0<0<2т 


First solve the equation for sin 0. 


2sin0 + V3 = 0 


2sin@ = —V3 Subtract V3 from both sides. 
sinf = 8 Divide both sides by 2. 
In the interval [0, 27), there are two angles 0 for which sin0 = _УЗ. 0 = = 
апаб = 57 The solution set is {= эт), 
3 3° 3 D 


Z\ CAUTION In Example 3, if a calculator is used to find Е) the result given 
is zz —1.047, which is not in the interval [0, 27). This occurs because, as we noted in Section 6.1, 
the range ofy = sin-!xis ES т | so the calculator provides output in this range. This limitation 


of the calculator highlights the importance of knowing the common angles and the values of the six 
trigonometric functions of these angles. н 


\ Now Work PROBLEM 13 


SECTION 6.3 Trigonometric Equations 


523 


When the argument of the trigonometric function in an equation is a multiple 
of 0, the general formula is required to solve the equation. 


| EXAMPLE 4 | Solving a Trigonometric Equation Involving a Double Angle 


Solutio 


Figure 23 


Z\ CAUTION In solving a trigonometri 
equation for 0,0 < 0 < 2m, in whic 
the argument is not 0 (as in Example 4) 
you must write down all the solution 
first and then list those that are in th 
interval [0, 27). Otherwise, solution 


may be lost. 


Solution 


Solve the equation: sin(20) — 2 


0< 0 < 2т 


n In the interval [0, 27), the sine function equals ; at 


7 5л 
— d а, 
ап 


6 


‚ See Figure 23(а). In 


the interval [0, 27), the graph of у = sin(20) completes two cycles, and the graph 


of y = sin(26) intersects the graph of y = - four times. See Figure 23(b). So, there 


are four solutions of the equation sin(20) = in the interval [0, 27). To find the 


solutions, use 20 in the general formula that gives all the solutions. 


20 = 


Then 


F с 


W o o o 


and | 


с + 20т or 29 = 27 

T 5т 
= + К 0 = 

10 т Or 12 

gus d (йул = —117 

12 12 
0-0 +0 r= 
12 12 
ias L1.«. = 137 
12 12 
EA ‚.т= 29m 
12 12 


and 0 = UE The solution set is { 


17т 1 


42" 2 


T 


OT aca 
k = —1 
k=O 
k=1 
k 232 


In the interval [0, 27), the solutions of sin(20) = ; are 0 


5x 13m 177 


+ 2Кт Кап integer 


The argument is 20. 


Divide by 2. 
57 (ук ZI 
12 12 
57 1p. 5T 
12 12 
97 | d. lin 
12 12 
5л | 29т 
12 12 
Sr 0 137 
12’ Та 12” 


12 1 


| in the interval [0, 27). 


\ Now Work PROBLEM 29 


| EXAMPLE 5 | Solving a Trigonometric Equation 


Solve the equation: tan(9 — z) = 1, 0<0<2т 


12? 


12 


}- The graph of у = sin(20) 


intersects the graph of y — 5 at the points (5, 3! | 


n AW check: Verify these solutions by graphing Y, = sin(2x)andY, = 5 forÜ < x < 2m. 


E 3d 


12° 2 


-» 


The period of the tangent function is т. In the interval [0, 7), the tangent function 


has the value 1 when the argument is T Because the argument is 0 — 2 in the given 


equation, use it in the general formula that gives all the solutions. 


(continued) 
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0— 2 = al Кт К any integer 
f= т + km 
In the interval [0, 27), 0 = = апад = T + л = m are the only solutions. 
The solution set is GE Th 
4 4 B 


\ Now Work PROBLEM 27 


2 Solve Trigonometric Equations Using a Calculator 


The next example illustrates how to solve trigonometric equations using a calculator. 
Remember that the function keys on a calculator give only values consistent with the 
definition of the function. 


| EXAMPLE 6 | Solving a Trigonometric Equation Using a Calculator 


Use a calculator to solve the equation tanü = —2, 0 < 0 < 27. Express any 
solutions in radians, rounded to two decimal places. 


Solution To solve {апд = —2 on a calculator, first set the mode to radians. Then use the tan -1 
key to obtain 


0 = tan! (—2) ~ —1.1071487 


Rounded to two decimal places, = tan-!(—2) = —1.11 radian. Because of the 


definition of y = tan~! x, the angle 0 that is obtained is the angle = «0« > for 


which tan = —2. But we want solutions for which 0 < 0 < 27. Since the period 
of the tangent function is т, the angles т — 1.11 and 27 — 1.11 are solutions that lie 
in the interval [0, 27). Note that the angle 37 — 1.11 lies outside the interval and so 
is not a solution. 

The solutions of the equation tan? = —2, 0 < 0 < 2r, аге 


0 = т — 1.11 & 2.03 radians and 0 = 27 — 1.11 ~ 5.17 radians 


The solution set is {2.03, 5.17}. 

Figure 24 illustrates another way to obtain the solutions. Start with the 
angle 0 = —1.11. Then т — 1.11 is the angle in quadrant II, where tan = —2, 
Figure 24 tang = —2 and 27 — 1.111 the angle in quadrant IV where tanü = —2. B 


Z\ CAUTION Example 6 illustrates that caution must be exercised when solving trigonometric 
equations on a calculator. Remember that the calculator supplies an angle only within the restrictions 
of the definition of the inverse trigonometric function. To find the remaining solutions, you must 
identify other quadrants, if any, in which a solution may be located. Ir 


\ Now Work PROBLEM 49 


3 Solve Trigonometric Equations Quadratic in Form 


Many trigonometric equations can be solved using techniques that we already know, 
such as using the quadratic formula (if the equation is a second-degree polynomial) 
or factoring. 


SECTION 6.3 Trigonometric Equations 525 


| EXAMPLE 7 | Solving a Trigonometric Equation Quadratic in Form 


Solve the equation: 2 sin? 0 — 35100 +1 = 0, 0€ 0 < 2r 


Solution This equation is a quadratic equation in sin Ó that can be factored. 
251020 —3sin0 +1= 0 2x2—-3x+1=0, x = sino 

(2sin0 —1)(sin0—1)—-0 (2x-—1)(x-1)=0 
25100 – 1 = 0 ог sin0—1-— 0  Usethe Zero-Product Property. 


sind = = or 5110 = 1 


Solving each equation in the interval [0, 27) yields 

т 5m T 
zt à —2* 0 = 
6 6 2 


The solution set is =, Е эт), 


\ Now Work PRoBLEM 63 


4 Solve Trigonometric Equations Using Fundamental Identities 


Often when a trigonometric equation contains more than one trigonometric function, 
identities can be used to obtain an equivalent equation that contains only one 
trigonometric function. 


| EXAMPLES | PLE 8 Solving a Trigonometric Equation Using Identities 


Solve the equation:3 соѕ0 + 3 = 2sin?0, 0 < 0 < 2r 


Solution Тһе equation contains a sine and a cosine. However, using the Pythagorean Identity, 
51020 + cos? 0 = 1, the equation is transformed into an equivalent one containing 
only cosines. 


3cos0 + 3 = 2sin?0 

3cos0 + 3 = 2(1 — cos? 0) sin? ð =. 1 — cos? ¢ 

3cos0 + 3 = 2 — 2 cos? 0 Quadratic in cos 
2cos?0 + 3cos0 +1 = 0 


(2cos0 + 1)(cos0 +1) = 0 Factor. 
2с050 +1 = 0 ог cos0 +1 = 0 Use the Zero-Product Property. 
cos = -5 ог cos? = —1 


Solving each equation in the interval [0, 27) yields 
i=". gat 
3 3 


The solution set is |27, т, 2. 


3 


fe v/ check: Graph Y, = 3cosx +3 and Y, = 2sin?x, 0 € x < 2л, and find the 
points of intersection. How close are your approximate solutions to the exact 
solutions? B 


0 = т 


\ Now Work PROBLEM 79 
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| EXAMPLES | Solving a Trigonometric Equation Using Identities 


Solve the equation: cos? 0 + sind = 2, 0< 0 < 2r 
Solution This equation involves two trigonometric functions: sine and cosine. By using a 
Pythagorean Identity, we can express the equation in terms of just sine functions. 
cos? 0 + sinf = 2 
(1 — sin?0) + sinf = 2 соѕ20 = 1 — sin? 0 


sin20 — sinf --1—0 


This is a quadratic equation in sin 0. The discriminantisb? — 4ac = 1 — 4 = —3 « 0. 
Therefore, the equation has no real solution. The solution set is the empty set, 2.  g 


9 5 Solve Trigonometric Equations Using a Graphing Utility 


The techniques introduced in this section apply only to certain types of trigonometric 
equations. Solutions for other types are usually studied in calculus, using numerical 
methods. 


| EXAMPLE 10 | Solving a Trigonometric Equation Using a Graphing Utility 


Solve: 5sinx + x = 3 


Express the solution(s) rounded to two decimal places. 


Solution ^ This trigonometric equation cannot be solved by previous methods. A graphing utility, 
though, can be used. Each solution of the equation is the x-coordinate of a point of 


NORMAL FLOAT AUTO REAL RADIAN MP , А à Я 
intersection of the graphs of Y, = 5sinx + x and Y; = 3. See Figure 25. 


There are three points of intersection; the x-coordinates are the solutions of the 
equation. Use INTERSECT to find 


x z 0.52 x яш 3.18 x = 5.71 
The solution set is {0.52, 3.18, 5.71}. B 


Y =5sinx+ x 


=o 


Figure 25 \ Now Work PROBLEM 85 


6.3 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


Я 8 
1. Find the exact value of sec? TE — tan? Ta (рр. 410-412) 2. sin( 2) = ; cos =| = (pp. 437-438) 


3. Find the real solutions of 4x? — x — 5 = 0. (pp. 149-155) 4. Find the real solutions of x? — x — 1 — 0. (pp. 149-155) 


5. Find the real solutions of (2x — 1)? — 32x — 1) — 4 = 0. E 6. Use a graphing utility to solve 5x? — 2 = x — x?. Round 
(pp. 156-158) answers to two decimal places. (pp. B6-B8) 


Concepts and Vocabulary 


7. True or False Most trigonometric equations have unique 8. True or False Two solutions of the equation sin? = i 
solutions. T 5n 
аге = апа 6” 


XL Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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9. True or False The solution set of the equation (апд = 1 is 10. True or False The equationsin@ = 2 has a real solution that 


given by {o| f= z dX dan integer}. can be found using a calculator. 


11. Multiple Choice If all solutions of a trigonometric 12. Multiple Choice Suppose 6 = 2 is the only solution of 
equation are given by the general formula 0 = = + 2k« a trigonometric equation in the interval 0 < 0 « 2m. 
11т Assuming a period of 27, which of the following formulas 


or = a + 2kn, where К is an integer, then which of the 


following is not a solution of the equation? 


um LIE 
35т 23т 137 Tr (a) 0 = 3 2Кт (b) 0 = 5 
ge Чил" ge ше. kr т 
pas" d) 0 = 
(с) 2 (d) 2 
Skill Building 
In Problems 13—36, solve each equation on the interval0 < 0 < 27. 
\ B. 25in0 43 2 M. 1- соѕ0 = 3 15. 2sinó +1= 0 
16. cosó +1 = 0 17. tand+1=0 18. V3 cot? +1 = 0 
19. 45ес0 + 6 = —2 20. 5 сѕс0 —3 = 2 21. 3V2 cosü +2 = —1 
22. Asin0 + 3V3 = V3 23. 4cos20 = 1 24. (ап20 = i 
25. 2sin?0—1.— 0 26. 4с0520 – 3 = 0 N 27, sin(30) = —1 
28. tan? = 3 \ 29. соз(20) = - 30. tan(20) = —1 
31. sec = -2 32. cot = 5 33. cos(20 = т. = 
2 3 2 
: 0 T 0 T 1 
4. (30 =) =1 X (5 к) =1 А ae 
34. sin + 1g 35 sa t3 36 cos| 3 A 2 


In Problems 37-48, solve each equation. Give a general formula for all the solutions. List six solutions. 


\ 37. sing = i 38. tand = 1 39. tang = m 
40. cos? = 3 41. cos = 0 42. sind = 2 
43. 4/3 — cotü = 0 44. 2 — 43cscó = 0 45. cos(20) — - 
46. sin(20) = —1 47. їй” = 8 48. anf = —1 


In Problems 49—60, use a calculator to solve each equation on the interval0 < 0 < 2т. Round answers to two decimal places. 


\ 49. sind = 0.4 50. соѕ0 = 0.6 51. tand = 5 
52. cot = 2 53. соѕ0 = —0.9 54. sinf = —0.2 
55. ѕес0 = —4 56. csc? = —3 57. 5tand+9=0 
58. 4cotü = —5 59. 35110 —2 = 0 60. 4cos0 +3 = 0 
In Problems 61—84, solve each equation on the interval0 < 0 < 27. 
61. 2cos?0 + cos = 0 62. sin?0—1—0 \ 63. 251020 — sind-1=0 


gives all solutions of the equation, where К is an integer? 


Кт 


+ Кт 


64. 2cos?0 + cosó - 1 = 0 65. (tan@ — 1)(sec@ - 1) = 0 66. (cotd + 1)(езс# — 2) =0 
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67. 
70. 


73. 


76. 
N 79. 


82. 


91. 
94. 


97. 


99. 


101. 


A 103. 


A 105. 


sin? 0 — соѕ20 = 1 + cos0 68. соѕ20 — sin?0 + sind = 0 69. sin?0 = 6(cos(—0) + 1) 
2sin?0 = 3(1 — cos(—0)) 71. соѕ0 = —sin(—0) 72. cos0 — sin(-0) = 0 

tand = 2sin0 74. tanéd = cot0 75. 1 + sinf = 2cos?0 

sin? 0 = 2cos0 + 2 77. 251020 — 5 sinf +3 = 0 78. 2cos?0 — 7 соѕ0 – 4 = 0 
3(1 — соѕ0) = sin? 0 80. 4(1 + 5100) = cos?0 81. tan?0 = 35ес0 

сѕс2 0 = cotd + 1 83. ѕес20 + tan0 = 0 84. ѕес0 = tan0 + cot0 


x + 5cosx = 0 86. 


19x + 8cosx = 2 89. 


x? —2cosx = 0 92. 


x2 = x + 3cos(2x) 


Mixed Practice What are the zeros of f(x) = 4sin? x — 3 
on the interval [0, 27]? 


Mixed Practice f(x) = 3sinx 
(a) Find the zeros of f on the interval [—27, 47]. 
(b) Graph f(x) = 3sinx on the interval [—27, 47]. 


(c) Solve f(x) = З оп the interval [—27, 47]. What points 


are on the graph of f? Label these points on the graph 
drawn in part (b). 
(d) Use the graph drawn in part (b) along with the results of 


part (c) to determine the values of x such that f(x) > 2 
: 2 
on the interval [—27, 47]. 


Mixed Practice f(x) = 4tanx 
(a) Solve f(x) = —4. 
(b) For what values of x is f(x) < —4 on the interval 


Mixed Practice 
(a) Graph f(x) = 3sin(2x) + 2 and g(x) = i on the 


same Cartesian plane for the interval [0, 7]. 
(b) Solve f(x) = g(x) on the interval [0, т], and label the 
points of intersection on the graph drawn in part (a). 
(с) Solve f(x) > g(x) on the interval [0, т]. 
(d) Shade the region bounded by f(x) = 3sin(2x) + 2 


and g(x) = i between the two points found in part (b) 
on the graph drawn in part (a). 


Mixed Practice 

(a) Graph f(x) = —4cosxandg(x) = 2cosx + 3onthe 
same Cartesian plane for the interval [0, 27 ]. 

(b) Solve f(x) = g(x) on the interval [0, 27], and label 
the points of intersection on the graph drawn in part (a). 

(c) Solve f(x) > g(x) on the interval [0, 27 ]. 

(d) Shade the region bounded by f(x) = —4 cosx and 
g(x) = 2cosx + 3 between the two points found in 
part (b) on the graph drawn in part (a). 


x —4sinx = 0 


95. 6sinx — e* — 2, 


sinx + cosx = x 


x? + 3sinx = 0 


x > 


98. 


100. 


102. 


Х 104. 


Х 106. 


ІД 
Е In Problems 85—96, use a graphing utility to solve each equation. Express the solution(s) rounded to two decimal places. 


М. 85. 


88. 


87. 22x —17sinx = 3 
90. sinx — cosx — x 
93. x? — 2 sin(2x) = 3x 


0 96. 4cos(3x) —e* = 1, x 50 


Mixed Practice What are the zeros of f (x) = 2cos(3x) + 1 
on the interval [0, т]? 


Mixed Practice f(x) = 2cosx 

(a) Find the zeros of f on the interval [-27, 47]. 

(b) Graph f(x) = 2cosx on the interval [—27, 47]. 

(c) Solve f(x) = —J3 on the interval [—27, 47]. What 
points are on the graph of f ? Label these points on the 
graph drawn in part (b). 

(d) Use the graph drawn in part (b) along with the results 
of part (c) to determine the values of x such that 
Р(х) < —\/З on the interval [—27, 47]. 


Mixed Practice f(x) — cotx 

(a) Solve f(x) = —V3. 

(b) For what values of x is f(x)» —/3 on the 
interval(0, 7)? 


Mixed Practice 
(a) Graph f(x) — 2 cos% + 3and g(x) = 4 on the same 


Cartesian plane for the interval [0, 47]. 
(b) Solve f(x) = g(x) on the interval [0, 47], and label 
the points of intersection on the graph drawn in part (a). 
(c) Solve f(x) < g(x) on the interval [0, 47]. 


(d) Shade the region bounded by f(x) = 2 сов + З апа 


g(x) = 4 between the two points found in part (b) on 
the graph drawn in part (a). 


Mixed Practice 

(a) Graph f(x) = 2sinx andg(x) = —2sinx + 2 onthe 
same Cartesian plane for the interval [0, 27]. 

(b) Solve f(x) = g(x) on the interval [0, 27], and label 
the points of intersection on the graph drawn in part (a). 

(c) Solve f(x) > g(x) on the interval [0, 27]. 

(d) Shade the region bounded by f(x) = 2sinx and 
g(x) = —2sinx + 2 between the two points found in 
part (b) on the graph drawn in part (a). 


es 


Applications and Extensions 


107. 


108. 


109. 


110 


b 


111. 


Blood Pressure Several research papers use a sinusoidal 
graph to model blood pressure. Assuming that a person's 
heart beats 70 times per minute, the blood pressure P of an 
individual after t seconds can be modeled by the function 


P(t) = 20 sin( Zr) + 100 


(a) In the interval [0, 1], determine the times at which the 
blood pressure is 100 mm Hg. 

(b) In the interval [0, 1], determine the times at which the 
blood pressure is 120 mm Hg. 

(c) In the interval [0, 1], determine the times at which the 
blood pressure is between 100 and 105 mm Hg. 


The Ferris Wheel In 1893, George Ferris engineered the 
Ferris wheel. It was 250 feet in diameter. If a Ferris wheel 
makes 1 revolution every 40 seconds, then the function 


h(t) = 125 sin( 0.1571 = z) +125 


represents the height A, in feet, of a seat on the wheel as a 
function of time t, where t is measured in seconds. The ride 
begins when г = 0. 

(a) During the first 40 seconds of the ride, at what time f is 
an individual on the Ferris wheel exactly 125 feet above 
the ground? 

(b) During the first 80 seconds of the ride, at what time t is 
an individual on the Ferris wheel exactly 250 feet above 
the ground? 

(c) During the first 40 seconds of the ride, over what interval 
of time t is an individual on the Ferris wheel more than 
125 feet above the ground? 


Holding Pattern An airplane is asked to stay within a 

holding pattern near Chicago's O'Hare International Airport. 

The function d(x) = 70sin(0.65x) + 150 represents the 

distance d, in miles, of the airplane from the airport at time x, 

in minutes. 

(a) When the plane enters the holding pattern, x — 0, how 
far is it from O'Hare? 

(b) During the first 20 minutes after the plane enters the 
holding pattern, at what time x is the plane exactly 
100 miles from the airport? 

(c) During the first 20 minutes after the plane enters the 
holding pattern, at what time x is the plane more than 
100 miles from the airport? 

(d) While the plane is in the holding pattern, will it ever be 
within 70 miles of the airport? Why? 


Projectile Motion A golfer hits a golf ball with an initial 

velocity of 100 miles per hour. The range R of the ball 

as a function of the angle 0 to the horizontal is given by 

R(0) = 672 sin(20), where R is measured in feet. 

(a) At what angle 0 should the ball be hit if the golfer wants 
the ball to travel 450 feet (150 yards)? 

(b) At what angle 0 should the ball be hit if the golfer wants 
the ball to travel 540 feet (180 yards)? 

(c) At what angle 0 should the ball be hit if the golfer wants 
the ball to travel at least 480 feet (160 yards)? 

(d) Can the golfer hit the ball 720 feet (240 yards)? 

Heat Transfer In the study of heat transfer, the equation 

x + tanx = 0 occurs. Graph Y, = —x and Y, = tanx 

for x > 0. Conclude that there are an infinite number of 
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points of intersection of these two graphs. Now find the first 
two positive solutions of x + tanx = 0 rounded to two 
decimal places. 


112. Carrying a Ladder around a Corner Two hallways, one of 
width 3 feet, the other of width 4 feet, meet at a right angle. 
See the figure. It can be shown that the length L of the ladder 
as a function of 0 is L(0) = 4cscé + 3secó. 


Х (а) In calculus, you will be asked to find the length of the 
longest ladder that can turn the corner by solving the 
equation 


3secÓ їапб —4cscO cotü = 0 0? < 0 < 90? 


Solve this equation for 0. 


(b) What is the length of the longest ladder that can be 
carried around the corner? 
5 (с) Graph L = L(0), 0° < 0 < 90°, and find the angle 0 
that minimizes the length L. 
(d) Compare the result with the one found in part (a). 
Explain why the two answers are the same. 


113. Projectile Motion The horizontal distance that a projectile 
will travel in the air (ignoring air resistance) is given by the 
equation 


Ja 
RO) = và sin (20) 


where v, is the initial velocity of the projectile, 0 is the angle 

of elevation, and g is acceleration due to gravity (9.8 meters 

per second squared). 

(a) If you can throw a baseball with an initial speed of 
34.8 meters per second, at what angle of elevation 0 
should you direct the throw so that the ball travels a 
distance of 107 meters before striking the ground? 

(b) Determine the maximum distance that you can throw the 
ball. 

(с) Graph А = R(0), with vy = 34.8 meters per second. 

(d) Verify the results obtained in parts (a) and (b) using a 
graphing utility. 

114. Projectile Motion Refer to Problem 113. 

(a) If you can throw a baseball with an initial speed of 
40 meters per second, at what angle of elevation 0 should 
you direct the throw so that the ball travels a distance of 
110 meters before striking the ground? 

(b) Determine the maximum distance that you can throw the 
ball. 

(с) Graph А = R(0), with vj = 40 meters per second. 

(d) Verify the results obtained in parts (a) and (b) using a 
graphing utility. 


eB 


TA 
FJ 
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The following discussion of Snell's Law of Refraction* (named 
after Willebrord Snell, 1580—1626) is needed for Problems 115—122. 
Light, sound, and other waves travel at different speeds, depending 
on the medium (air, water, wood, and so on) through which they 
pass. Suppose that light travels from a point A in one medium, 
where its speed is v,, to a point B in another medium, where its 
speed is v,. Refer to the figure, where the angle 0, is called the angle 
of incidence and the angle 0, is the angle of refraction. Snell's Law, 
which can be proved using calculus, states that 
sin); wv, 


sin, V3 
The ratio Е is called the index of refraction. Some values are given 
in the table shown below. 
n 


Angle of 
incidence 


Incident ray, 
Speed v, 


Refracted ray, 
Speed v, 


Angle of 
refraction 


Some Indexes of Refraction 


Medium Index of Refraction* 
Water 12875) 

Ethyl alcohol (20°C) 1.36 

Carbon disulfide 1.63 

1.00029 


Air (1 atm and 0°C) 
Diamond 2.42 
Fused quartz 1.46 


Glass, crown 152 
Glass, dense flint 1.66 
Sodium chloride 1.54 


115. The index of refraction of light in passing from a vacuum into 
water is 1.33. If the angle of incidence is 40°, determine the 
angle of refraction. 


116. The index of refraction of light in passing from a vacuum 
into dense flint glass is 1.66. If the angle of incidence is 50°, 
determine the angle of refraction. 


*Because this law was also deduced by René Descartes in France, it is also 
known as Descartes’ Law. 

For light of wavelength 589 nanometers, measured with respect to a 
vacuum. The index with respect to air is negligibly different in most cases. 


117. Ptolemy, who lived in the city of Alexandria in Egypt during 
the second century AD, gave the measured values in the 
following table for the angle of incidence 0, and the angle 
of refraction 0, for a light beam passing from air into water. 
Do these values agree with Snell's Law? If so, what index of 
refraction results? (These data are of interest as the oldest 
recorded physical measurements.) 


35104 
40°30' 
45°30' 


1530 
2230 
29°0' 50^0' 


118. Bending Light The speed of yellow sodium light (wavelength, 
589 nanometers) in a certain liquid is measured to be 
1.92 x 108 meters per second. What is the index of refraction 
of this liquid, with respect to air, for sodium light?? 


[Hint: The speed of light in air is approximately 2.998 x 108 
meters per second.] 


119. Bending Light A beam of light with a wavelength of 
589 nanometers traveling in air makes an angle of incidence 
of 40° on a slab of transparent material, and the refracted 
beam makes an angle of refraction of 26°. Find the index of 
refraction of the material.* 


120. Bending Light A light ray with a wavelength of 589 
nanometers (produced by a sodium lamp) traveling through 
air makes an angle of incidence of 30? on a smooth, flat slab 
of crown glass. Find the angle of refraction.? 


121. Brewster's Law If the angle of incidence and the angle of 
refraction are complementary angles, the angle of incidence 
is referred to as the Brewster angle 0,. The Brewster angle 
is related to the indices of refraction of the two media, п, 
and n,, by the equation п, sind, = п, cos0,, where n, is 
the index of refraction of the incident medium and n, is the 
index of refraction of the refractive medium. Determine the 
Brewster angle for a light beam traveling through water 
(at 20°C) that makes an angle of incidence with a smooth, 
flat slab of crown glass. 


122. Challenge Problem А light beam passes through a thick 
slab of material whose index of refraction is n,. Show that 
the emerging beam is parallel to the incident beam.? 


123. Challenge Problem Give the general formula for the 
solutions of the equation. 


3sin0 + V3 cosó = 0 


124. Challenge Problem If x? + (tan0 + cot0)x + 1 = Ohas 
two real solutions, { 2 —43,24 V3}, find sin cos@. 


*Adapted from Halliday, Resnick, and Walker, Fundamentals of Physics, 
10th ed., 2014, John Wiley & Sons. 
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Explaining Concepts: Discussion and Writing 


125. Explain in your own words how you would use your 126. Explain why no further points of intersection (and therefore 
calculator to solve the equationcosx = —0.6, 0 < x < 2m. no further solutions) exist in Figure 25 for x « —« 
How would you modify your approach to solve the orx > 4m. 
equation сох = 5, 0 < x < 2s? 


Retain Your Knowledge 


Problems 127-136 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


127. Convert 6* — yto an equivalent statement involving a logarithm. 


128. Find the real zeros of f(x) = 2x? — 9x + 8. 
VIO 3V10 


. Ifsind = BETTE апа соѕӣ = 0^ find the exact value of each of the four remaining trigonometric functions. 


. Find the amplitude, period, and phase shift of the function y = 2 sin(2x — п). Graph the function. Show at least two periods. 
. f(x) = 5 e*-! + 3, find the domain of f~! (х). 

. Find the length of the arc of a circle of radius 15 centimeters subtended by a central angle of 36°. 

. Find the value of a so that the line ax — 3y = 10 has slope 2. 


. Is the function f(x) = even, odd, or neither? 


3x 
5 — x? 


If f(x) = I find an equation of the secant line containing the points (1, f(1)) and (4, f(4)). 


. Find the average rate of change of f(x) = cos! x from 5 to 1. 


‘Are You Prepared?’ Answers 


1. 1 2, УЗ. _ 


2 * {-1 a 


5. (o. >} 6. {0.76} 


6.4 Trigonometric Identities 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Fundamental Identities (Section 5.2, pp. 410-412) e Even-Odd Properties (Section 5.5, pp. 450-452) 
v. Now Work the 'Are You Prepared?' problems on page 536. 


OBJECTIVES 1 Use Algebra to Simplify Trigonometric Expressions (p. 532) 
2 Establish Identities (p. 533) 


This section establishes additional identities involving trigonometric functions. First, 
let's define an identity. 


DEFINITION Identically Equal, Identity, and Conditional Equation 


Two functions f and g are identically equal if 


СЭ SO) 


for every value of x for which both functions are defined. Such an equation 
is referred to as an identity. An equation that is not an identity is called a 
conditional equation. 
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For example, the following are identities: 


(x +1)? = x2 + 2х +1 sin? x + cos? х = 1 cscx = 


sin x 
The following are conditional equations: 
2x+5=0 True only if x = E 
sinx — 0 True only if x = kz, К an integer 
sinx = cosx True only if x = P + 2k7 or x = — + 2kn, k an integer 


Below are the trigonometric identities that have been established so far. 


Quotient Identities 


Pythagorean Identities 


sin?0 + cos?0 = 1 tan?0 + 1 = sec?0 


со120 + 1 = сѕс20 


Even-Odd Identities 


sin(—0) = —sin 0 cos(—0) = cos0 tan(—0) = —tand 


csc(—0) = —csc 0 sec( —0) = sec cot(—0) = —cot0 


These are called the basic trigonometric identities. These identities should not 
merely be memorized, but should be known (just as you know your name rather 
than have it memorized). In fact, minor variations of a basic identity are often used. 
For example, 


sin? = 1— cos?0 or cos?0 = 1 — sin? 0 


might be used instead of sin? 0 + cos? 0 = 1.For this reason, among others, it is very 
important to know these relationships and be comfortable with variations of them. 


l Use Algebra to Simplify Trigonometric Expressions 


The ability to use algebra to manipulate trigonometric expressions is a key skill that 
one must have to establish identities. Four basic algebraic techniques are used to 
establish identities: 


* Rewriting a trigonometric expression in terms of sine and cosine only 


Multiplying the numerator and denominator of a ratio by a “well-chosen 1” 


e Writing sums of trigonometric ratios as a single ratio 
e Factoring 
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| €XAMPLE1 | Using Algebraic Techniques to Simplify Trigonometric Expressions 


(a) Simplify cit by rewriting each trigonometric function in terms of sine and 
csc 


cosine functions. 


(b) Show that D 9 = ы me by multiplying the numerator and 
sin cos 


denominator by 1 — sin 0. 


1+ sinu + cotu — cosu 
inu cosu 


(c) Simplify by rewriting the expression as a single ratio. 
sin?v — 1 


d) Simplif 
eb PU Tan he tany 


by factoring. 


cos 
А 0 inĝ cosÜ sind 
Solution (а) £94 = sind . cost | = cos 
(a) csc 0 1 sind 1 
sin 0 
(b) cos M cosü0  1— sin 0 _ cos@(1 — sin@) 
1+sin? 1+sin@ 1-—siné 1 — sin? 0 


Р 1 — sind 
Multiply b ]l-ch 1: 2——— 
T ultiply by a well-chosen ae 


" cos0(1 — sin0) _ 1 — sind 
cos? 0 cos 


(c) 1+ sinu + соќи — cosu _ 1+ sinu cosu 4 cotu — cosu sinu 


sinu cosu sinu cosu cosu sinu 
_ cosu 4 sinu cosu + cotu sinu — cosu sinu _ cosu + cotu sinu 
sin u cos u sinu cosu 
cosu . 
cosu + —— · sinu 
E sinu | Cosu + cosu | 2cosu _ 2 
sinu cosu sinu cosu sinu cosu sinu 
cosu 
cotu = —— 
sinu 
(d) sin? v — 1 | (sinv+1)(sinv—1) ѕіпу +1 
tanv sinv — tanv tanv(sinv — 1) tanv -» 


\ Now Work PRoBLEMS 11, 13, AND 15 


2 Establish Identities 


In the examples that follow, the directions read “Establish the identity . . . ." This 
is accomplished by starting with one side of the given equation (usually the side 
containing the more complicated expression) and, using appropriate basic identities 
and algebraic manipulations, arriving at the other side. The selection of appropriate 
basic identities to obtain the desired result is learned only through experience and 
lots of practice. 


te NOTE A graphing utility cannot be used to establish an identity—identities must be established 
algebraically. A graphing utility can be used to provide evidence of an identity. For example, if we 
graphY, = cscx · tanx and Y, = secx, the graphs appear to be the same, suggesting that Y, = Y>. 

ы) 
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| EXAMPLE 2 | Establishing an Identity 


Establish the identity: сѕс0 - tan? = secé 


Solution Start with the left side, because it contains the more complicated expression. Then 
use a reciprocal identity and a quotient identity. 


cscé-tand = Т . Sint = 1 = sech 
_—$ит@_  cosô со$@ 
The right side has been reached, so the identity is established. B 


\ Now Work PRoBLEM 21 


| EXAMPLE З | Establishing an Identity 


Establish the identity: sin? (—0) + cos? (—0) = 1 
Solution Begin with the left side and, because the arguments are —0, use Even-Odd Identities. 


sin? (—0) + cos? (—0) = [sin(-0)]? + [cos( —66)]? 


= (—sin0)? + (cos)? Even- Odd Identities 
= (sin0)? + (cos0)? 
=1 Pythagorean Identity | g 


| EXAMPLE 4 | Establishing an Identity 


Establish the identity: ва = Ж ы. 


E cost = с050 — sin 


Solution The left side contains the more complicated expression. Also, the left side contains 
expressions with the argument —6, whereas the right side contains expressions with 
the argument б. So start with the left side and use Even-Odd Identities. 


sin?(—0) — cos?(—0)  [sin(—0)]? — [соѕ(—0)]? 
sin(—0) — cos( —0) sin(—0) — cos(—0) 
_ (-sin8)? — (cos0)? 
— 5100 — cosé 
= (sin0)? — (cos0)? 
—sin@ — cos 
(sinf — соѕ0) (sin@-+cosd) NS 
— (810.0 -—cos0) 


Even- Odd Identities 


Simplify. 


= cosl — sind Divide out and simplify. 
8 
| EXAMPLES | Establishing an Identity 
Establish the identity: Lp an _ tang 
1+ cotu 


Solution 11804  1-tanu _ 1+tanu _ tanu(1+tanay 
1+ cotu 1 1 tanu +1 тапи=ЕТ 


tanu tanu — 


— tanu 


\ Now Work PRoBLEMS 25 AND 29 
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When sums or differences of quotients appear, it is usually best to rewrite 
them as a single quotient, especially if the other side of the identity consists of only 
one term. 


| EXAMPLE6 | Establishing an Identity 


sin 0 1 + cos0 


E 0 
1+ cos0 sin 0 n 


Establish the identity: 


Solution The left side is more complicated. Start with it and add. 


" 1:42 2 
sin 0 1 + cos? _ sin? 0 + (1+ cos) Add the quotients. 
1 + cos0 sin 0 (1 + cos0) -sin 
НЕ sin? 0 + 1 + 2 cos 0 + cos? 0 Multiply out in the 
(1 + cos0) · sino numerator. 
in 2 2 
_ (sin? @ + cos?0) + 1 + 2 cos0 Ере 


(1 + соѕ0) -sin 


= 2 + 2 cos sin? 0 + соѕ20 = 1 
(1 + cos0) · $100 

= ) Еасїог. 
(1 ) + sind 

= _2_ Divide out 1 + cos. 
sind 

= 2 esco Reciprocal Identity 


`A Now Work PRoBLEM 51 


Sometimes it helps to write one side in terms of sine and cosine functions only. 


| EXAMPLE 7 | Establishing an Identity 


. | А {апу + cotv 
Establish the identity: pde 
secv cscv 


sinv 4 cosy sin? v + cos? v 


Solution {апу + cotv _ cosv sinv _ cosy sinv 
secv cscv E 4. 1 
COSV sinv Ї СО$У sinv 
Change to sines Add the quotients 
and cosines. in the numerator. 
= 1 _cosvsinv _ 1 
f COSYV sin v 1 


Divide the quotients; 
sin?v + cos*v = 1. -» 


^, Now Work PRoBLEM 71 


Sometimes, multiplying the numerator and the denominator by an appropriate 
factor simplifies an expression. 
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| EXAMPLES | 8 Establishing an Identity 


1 — sind 2 cos 
cosé 1+ sind 


Establish the identity: 


Solution Start with the left side and multiply the numerator and the denominator by 1 + sin6. 
(Alternatively, we could multiply the numerator and the denominator of the right 


side by 1 — sin 0.) 


1- sin _ 1- sin 1+ sin Multiply the numerator and the 


cosÜ  cosð 1 + 5100 denominator by 1 + sinð. 
= sin? 0 
cos0(1 + sin?) 
2 
eee a ee 1— 510120 = cos? 0 
соѕ0(1 + sin0) 
= ..Cos0 — Divide out cos 0. 
1+ sin B 


\ Now Work PRoBLEM 55 


Although practice is the only real way to learn how to establish identities, the 
following guidelines should prove helpful. 


/N CAUTION Do not try to establish 


an identity by treating it as an equation. 


Guidelines for Establishing Identities 


We cannot add or multiply both sides by 


the same expression because we do not 
know if the sides are equal. That is what 
we are trying to prove. 


* It is almost always preferable to start with the side containing the more 
complicated expression. 


= • Rewrite sums or differences of quotients аз a single quotient. 
• Sometimes it helps to rewrite one side in terms of sine and cosine functions 
only. 
e Always keep the goal in mind. As you manipulate one side of the expression, 
keep in mind the form of the expression on the other side. 


6.4 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. True or False sin? 0 = 1 — cos? 0 (pp. 410-412) 


2. True or False sin( —0) + cos(—0) = соѕ0 — sin 
(pp. 450-452) 


Concepts and Vocabulary 


NA л R 


AL. Now Work 


. Suppose that f and g are two functions with the same 


domain. If f(x) = g(x) for every x in the domain, the 
equation is called a(n) . Otherwise, it is called a(n) 
equation. 


. tan? @ — sec? 0 = 
. со5(—0) — cos = 
. True or False sin( —0) + sinf = 0 for any value of 0. 


. True or False In establishing an identity, it is often easiest to 


just multiply both sides by a well-chosen nonzero expression 
involving the variable. 


Q 1. Modeling 1. Writing 


10. Multiple Choice The expression 


fe 1. Graphing Tech 


8. True or False tan0 - cos? = sin@ for any@ = (2k + 7. 
9. Multiple Choice Which of the following equations is 


not an identity? 
(a) cot20 + 1 = csc?0 (b) tan(—0) = —tand 
cosÓ 


tan = 
(tan sind 


(d) сѕс0 = E 
sind 


1 1 


simplifies to which of the following? 1—зш0 1+5ш8 


(a) 2 соѕ20 (b)2sec?0 (c)2sin?0 (d) 2csc?0 


A Calculus Preview == 1. Applet-Based 


Skill Building 


In Problems 11-20, simplify each trigonometric expression by following the indicated direction. 


\ 11. Rewrite in terms of sine and cosine functions: 


\ 13. 
N 15. 


17. 


19. 


tan@ - csc 
Multipl cos 1+ sing 
Y PY T— sind Ts sind 


Rewrite as a single quotient: 


cos@ — sind 
sin 0 


sind + cosé 
cos@ 


(5100 + cos@)(sin@ + cos) — 1 
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12. Rewrite in terms of sine and cosine functions: 


14. Multiply Pu 
c 


coté - sec 
sind 1 — cosé 
osÜü ~ 1— cos. 


16. Rewrite as a single quotient: 


Multiply and simplify: 


sin cos 


3 sin? + 4 sin + 1 


Factor and simplify: 


In Problems 21-100, establish each identity. 


\ 21. 


24. 


cscÓ - cos? = coté 
1+ cot?(—0) = csc? 0 


sin? ð + 2sin0 + 1 


N 


22. 
25. 


20. Factor and simplify: 


secô · 5100 = tan 
cos@(tan@ + cot@) = csc 


1 


1 


1 — cosv 


18. Multiply and simplify: 


cos? 0 — cos@ 


1 + cosv 


(tan + 1)(tan0 + 1) — sec? 0 
tan 


cos20 — 1 


. 1 + tan?(—0) = sec?0 
. sind(coté + tanl) = sec 


27. tanucotu — cos?u = sin?u 28. sinucscu — cos?u = sin?u (sec0 — 1)(secÓ + 1) = tan?0 
30. (csc — 1)(сѕс0 + 1) = cot?0 31. (sec + tanü)(secü — tan0) = 1 32. (csc + cotü)(cscÓÜ — cotü) = 1 
33. cos? 0(1 + tan20) = 1 34. (1 — соѕ20)(1 + сої20) = 1 35. (sind + cos0)? + (sin@ — cos0)? = 2 
36. tan? 0 cos? 0 + cot?0 sin?0 = 1 37. sec^0 — sec? 0 = tan^0 + tan?0 38. csc^0 — csc? 0 = cot^0 + cot?0 
39. secu — tanu = <" . 40. cscu — cotu = — С" . 41. 3 sin?0 + 4 cos?0 = 3 + cos?0 
+ sinu 1 + cosu 
2 -2 
42. 9 ѕес20 — 5tan20 = 5 + 45ес20 43.1- 908 0 — sing 44 Gs oe Leg 
1+ sinf 1 — cosé 
45. 1 + tanv  cotv+1 46. SSV = 1 1- sinv 47, secO , sind _ 2 tan 
1 — tanv cotv — 1 cscv + 1 1+ sinv csc cos@ 
48. cscü —1 сої 49. 1+ sind | csch +1 50. cos +1 _ 1+ sec 
cot csc + 1 1 — sind csc — 1 cos? — 1 1 — sec 
\ 51. 1 — sinv CORR = 4 ecv 52, .CO8v —. , 1+sinv _ Tm 53, — sin _ 1 
cosy 1 — sinv 1+ sinv cosy 5100 — cos@ 1 — cot 
in? 0 1 — sind 1 —cosé 
54.1— =Œ" _ = cose Noss, = emne 0 — tanb)? 56. —— €99* _ 0 — cot)? 
1 + cos0 us 1+ sind (see апе) 1 + cos0 Lese catu) 
0 sind s cot tan 
ST ee di = sind 0 58. | = 1 + tanó to 
1 — tan 1 — cot SIAK EOS 1 — tan 1 — сог uu сә 
59. tand + E _ = sec 60. sinf cos? tang 61. (апд + sec? —1 _ tan@ + ѕесб 
1+ sind cos? 0 — sin? 0 1 — tan? 0 tan — seco + 1 
T А Е Е fy 
62. sin 0 cosé+1_ sind+1 63. tanÜ — cot _ cy ae 64. sec? —cos@  sin?0 
sin + cos? — 1 cosÓÜ tan@ + cot sech + соѕб 1+ cos? 0 
js, BN COU -1-22sin?u go. UU POTE + 2 cos?u = 1 67. sec + tan? _ (ап дѕесб 
tanu + cotu tanu + cotu cot + cosé 
0 1 — cos 1 — tan?0 1 — cot?0 
68, = = 69. — t1 7 | 1 = 2 cos? 70. = © 9 2 соѕ20 = 1 
1+ sec sin? 0 1+ tan? 0 F is 1+ cot?0 D 
_ TV NE 
v 71. sec — esch = 5100 — cos 72. sin” @ — tang = tan? 0 73. sec — cos = sintan 
sec csc cos? 0 — cot 
74. tan + cot = sec0cscÓ 75. 1 Es = 2 sec?0 76. 1+ sing 1- sing = 4 {апд sec 
1 — sind 1+ sind 1— sinf 14 sin 
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= (sec + tang)? 


= tan — cot 


(secv — tanv)? +1 


79. 
cscv(secv — tanv) 


= 2 tanv 


81. sme + cos _ sinf — cos? _ ѕесдсѕсб 
cosÓÜ sind 


sin? 0 + cos? 0 


83. 
sin + cosé 


= 1 — sinécosé 


— сов?@ 86 cos + sin@ — sin?0 
, sind 


= cot + соѕ20 
1+ 5100 + cos? _ 1 + соѕ0 


d 1 + sin — cos0 sin 


2 


91. (a sind + b соѕ0)2 + (a соѕ0 — bsin@)* = a? +b 


93. tana + tang = tanatan 8 
cota + cot 8 


= 2 cos б(5іпа + cos) 


cos 3(sina — cos) 
98. In|tand| = In|sin0| — In|cos6]| 


71, sec? | 1+ 51010 78. 1+ sin? 

1 — sin cos? 0 1 — sind 

Фу = 2 
80. ѕес=у — їап=у + tanv _ бїйїр Е-бову 
secv 
82. sind Е со$0  cosÜ— sinf _ — À 
sin cos@ 

sin?@ + cos?0 _ sec — sind cos? 0 — sin? 0 
84. 85. — ——— — 

1 — 2 соѕ20 tan — 1 1 — tan?0 

(2 cos?0 — 1)” | 1 — 2 cos? 0 
87. A = 1 — 2 sin? 0 88. —————_ 

cos^0 — sin^0 и 51п 0 соѕб 
90. 1 + созӣ + sin? = sec@ + tan 

1 + соѕ0 — sin 
92. (2a sinf cos0)? + a?(cos?0 — зїп? 0)? = а? 
94. (tana + {ап 8)(1 — cotacot8) + (cota + cot8)(1 — tanatang) = 0 
95. (sina + cos B)? + (cosB + sina)(cosB — sina) 
96. (sina — cos 8)? (соѕ 8 + sina)(cosB — sina) = —2 
97. In|sec0| = —In|cos6| 
99. 1п|1 + cos0| + In|1 — cosó| = 2 In|sin6| 


100. In|sec0 + tan6| + 10 |ѕес0 — tan0| = 0 


In Problems 101-104, show that the functions f and g are identically equal. 


101. f(x) = sinx - tanx 


1 — sind 
cosÓÜ 


g(x) = secx — cosx 


cos@ 
1+ sind 


103. f(0) = g(0) =0 


A 105. Show that V16 + 6 tan?0 = 4 sec0 if ES «0« 2 


Applications and Extensions 


107. Searchlights A searchlight at the grand opening of a new car 
dealership casts a spot of light on a wall located 75 meters 
from the searchlight. The acceleration 7 of the spot of light 
is found to ber = 1200 sec0(2 sec? — 1). Show that this 

1 + sin? 2) 


cos? 0 
Source: Adapted from Hibbeler, Engineering Mechanics: 
Dynamics, 13th ed., Pearson O 2013. 


is equivalent tor = 1200 


109. Challenge Problem Prove: sin-!(—x) = —sin-!x 


Explaining Concepts: Discussion and Writing 


111. Write a few paragraphs outlining your strategy for establishing 
identities. 


112. Write down the three Pythagorean Identities. 


Retain Your Knowledge 


102. f(x) = cosx - cotx g(x) = cscx — sinx 


cosÓÜ 


= tan + sec ———À 
* 1 — sind 


104. f(0) g(0) = 


3 tang if т <6 < 37, 


A 106. Show that V9 ѕес20 — 9 = 


108. Optical Measurement Optical methods of measurement 
often rely on the interference of two light waves. If two light 
waves, identical except for a phase lag, are mixed together, the 
resulting intensity, or irradiance, is given by 


— 1)(sec + tan?) 


Le 4 Az (esc? 
: сзс@вес@ 


Show that this is equivalent to Z, = (2А cos)? . 
Source: Experimental Techniques, July/ August 2002 


d 


110. Challenge Problem Prove: cot! x = tan-![ 
x 


113. Why do you think it is usually preferable to start with the 
side containing the more complicated expression when 
establishing an identity? 


114. Make up an identity that is not a basic identity. 


Problems 115—124 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


115. Determine whether f(x) = —3x? + 120x + 50has a maximum or a minimum value, and then find the value. 


х +1 
x—2 


116. If f(x) = and g(x) = 3x — 4, find f o g. 


(continued) 
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117. Find the exact values of the six trigonometric functions of an angle 0 in standard position if (—12, 5) is a point on its terminal side. 


Х 118. Find the average rate of change of f(x) = cosx from 0 to ~ 


. Find the length of a line segment with endpoints (—3, —4) and (5, 8). 


. Find the area of the sector of a circle of radius 8 meters formed by an angle of 54°. 


. Kayaking Ben paddled his kayak 8 miles upstream against a 1 mile per hour current and back again in 6 hours. How far could 
Ben have paddled in that time if there had been no current? 


. If an angle 0 lies in quadrant III and cot 0 = 3, find sec. 


. Write the equation of the circle in standard form: x? + y? — 12x + 4y + 31 = 0 
. If f(x) = Ух - Aandg(x) = 1. find the domain of (f о g)(x). 
PM 


‘Are You Prepared?’ Answers 
1. True 2. True 


6.5 Sum and Difference Formulas 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Foundations, Section E.1, pp. 3—5) * Finding Exact Values of the Trigonometric Functions, 
Values of the Trigonometric Functions (Section 5.3, Given the Value of a Trigonometric Function and the 
рр. 421-427; Section 5.4, pp. 432-438) Quadrant of the Angle (Section 5.4, p. 439) 
Congruent Triangles (Appendix A, Section A.2, * Unit Circle Approach; Properties of the 

pp. A16-A17) Trigonometric Functions (Section 5.5, pp. 443-449) 


N Now Work the ‘Are You Prepared?’ problems on page 548. 


OBJECTIVES 1 Use Sum and Difference Formulas to Find Exact Values (p. 540) 
2 Use Sum and Difference Formulas to Establish Identities (p. 541) 
3 Use Sum and Difference Formulas Involving Inverse Trigonometric Functions (p. 545) 
4 Solve Trigonometric Equations Linear in Sine and Cosine (p. 546) 


This section continues the derivation of trigonometric identities by obtaining formulas 
that involve the sum or the difference of two angles,such as cos(a + 8), cos(a — 8), 
and sin(a@ + 8). These formulas are referred to as the Sum and Difference Formulas. 
We begin with the formulas for cos(a + 8) and cos(a — 6). 


THEOREM Sum and Difference Formulas for the Cosine Function 


e cos(a + B) = соѕосоѕ 8 — sinasin 3 


e cos(a — 8) = cosacos д + sinasin 8 


In Words 
Formula (1) states that the cosine 


ofthe sum of two angles equals the Proof We prove formula (2) first. Although the formula is true for all numbers o 
cosine of the first angle times the and 3, we assume in our proof that 0 < 3 < a < 2. Begin with the unit circle and 
ee place the angles o and @ in standard position, as shown in Figure 26(a) on the next 
M TUS y page. The point Р, lies on the terminal side of £, so its coordinates are (cos 5, sin 8); 
and the point P, lies on the terminal side of a, so its coordinates are (cosa, sina). 


(continued) 
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Р, = (Cos a, sin a) Р, = (cos(a — B), зіп(о — B) 


as 
d 


P, — (cos B, sin B) 


/ 


Figure 26 


Now place the angle a — ( in standard position, as shown in Figure 26(b). The point 
A has coordinates (1, 0), and the point Р, is on the terminal side of the angle a — 5, 
so its coordinates are (соѕ(о — 8), sin(a — )). 

Looking at triangle OP, Р, in Figure 26(a) and triangle ОАР, in Figure 26(b), 
note that these triangles are congruent. (Do you see why? SAS: two sides and the 
included angle, a — 6, are equal.) As a result, the unknown side of triangle OP, Р, 
and the unknown side of triangle OA P, must be equal; that is, 


d( A, P4) = d(P,, Р,) 


Now use the distance formula to obtain 


V[cos(a — 8) — 1] + [sin(a — 8) – 0]? = V(cosa — cos 8)? + (sina — sin 6)? (А, Р.) = d(P,;- Po) 


[cos(a — 8) — 1]? + sin? (a — B) — (cosa — cos ay + (sina — sin 8)? Square both sides. 
cos? (a — 8) — 2 cos(a — B) + 1 + sin? (a — 8) = cos? a — 2 cosa cos 8 + cos? B Multiply out the squared 
А $ А р t E 
+ sin? a — 2 sina sin 8 + sin? 8 сии 
Use а Pythagorean 
2 — 2 cos(a — 3) = 2 — 2 cosa cos 8 — 2 sina sin 8 Identity (3 times). 
—2 cos(a — B) = —2 cosa соѕ 8 — 2 sina sin 8 Subtract 2 from both sides. 
соѕ(а — B) = cosa cos B + sina sin 8 Divide both sides by —2. 


This is formula (2). 


The proof of the Sum Formula for cosine follows from the Difference Formula 
for cosine and the Even-Odd Identities. Because а + 8 = a — (—8),itfollows that 


cos(a + 8) = cos[a — (—8)] Use the Difference Formula 
= cosa cos(—Z) + sina sin(—0) for cosine. 


= cosa cos B — sina sin 8 Use the Even-Odd Identities. 


1 Use Sum and Difference Formulas to Find Exact Values 


One use of the Sum and Difference Formulas is to obtain the exact value of the cosine 
of an angle that can be expressed as the sum or difference of angles whose sine and 
cosine are known exactly. 


| €XAMPLE1 | Using the Sum Formula to Find an Exact Value 


Find the exact value of cos 75°. 


Solution Because 75° = 45° + 30°, use formula (1) to obtain 


cos 75° = cos(45? + 30°) = cos 45?cos 30° — sin 45°sin 30° 
T 
Sum Formula for cosine 
_ М? МЗ c NEC: J3) 
2 2 2: 2 4 
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| EXAMPLE 2 | Using the Difference Formula to Find an Exact Value 


Find the exact value of соз. 


Solution cos 75 = соз| 27 = = = cos 7 - z) 
= соз 7 соз 7 + sin. sin? Use the Difference 
4 6 4 6 Formula for cosine. 
= 52.33 42 116 4 2) 
2 2 2 2 4 B 


\ Now Work PRoBLEMS 13 АМО 19 


2 Use Sum and Difference Formulas to Establish Identities 


Another use of the Sum and Difference Formulas for the cosine function is to 
establish other identities. Two important identities, conjectured in Section 5.6, are 
given next. 


( Seeing the Concept Proof To establish identity (За), use the Difference Formula for cos(a — 8) with 


T 
Graph Y, — cos( 5 - х) and Y, = sinx a= 2 and 6 = 0. 


оп the same screen. Does doing this 


provide evidence of result (3a)? How would cos( Z — J = cos 7 cos + зїп 7 sin 0 
you provide evidence of the result (3b)? 2 2 
) = 0-cos0 + 1: sind 
= sing 


To establish identity (3b), use the identity (3a) just established. 


(2 — o) = cos| 7 — E — | = со$@ 
2 1 2. 2 


Use identity (3a) a 


Also, because the cosine function is even 


onl =o) = om|-(0-$)] = enl - 8) 


Even Property of cosine 


and because 


соз[ 2 — o) = sind 
2 
1 
Identity (3a) 


it follows that cos( 6 — 7) = sin@. This means the graphs of y = cos( — 7) 


and y = sin are identical. 
Having established the identities (3a) and (3b), we now can derive the sum and 
difference formulas for sin (о + 8) and sin(a — 8). 


(continued) 
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Proof sin(a + 8) = cos| — (а + 8) Identity (За) 


T . [T А Difference Formula 
= cos( 5 — a |соз8 + sin( 5 — а Jsin 3 


for cosine 
= sinacos 2 + cosasin д Identities (3a) and (3b) 
sin(a — 8) = sin[o + (-8)] Use the Sum Formula 
= sinacos(—) + cosasin(—) for sine just obtained. 
= sinacos B + cosa (—sin 8) Even — Odd Identities 


= sinacos 8 — cosasin 8 E 


In Words 
Formula (4) states that the sine of 
the sum of two angles equals the THEOREM Sum and Difference Formulas for the Sine Function 


sine of the first angle times the - - - 
cosine of the second angle plus the e sin(a + 8) = sinocos + cosasin B 


cosine of the first angle times e sin(a — 8) = sinacos6 — cososin 8 
the sine of the second angle. y 


| EXAMPLE З | Using the Sum Formula to Find an Exact Value 


Find the exact value of sin A. 


Solution їй ou (27 | =) = si (2 т. 
sin 12 sin 12 12 sin 4 + 3 
== їп соз | cos 7 sing Sum Formula for sine 


_ М2 1, v2 УЗ 105+ Jg) 


22 2 2 4 


\ Now Work PRoBLEM 21 


| ЕХАМРІЕ4 | Using the Difference Formula to Find an Exact Value 


Find the exact value of sin 80° соѕ20° — cos80°sin20°. 


Solution Тһе form of the expression sin 80?cos20? — cos80°sin 20° is that of the right side 
of formula (5) for sin(a — 8) witha = 80° and 8 = 20°. That is, 


sin80?cos20? — cos80°sin20° = sin(80° — 20°) = sin60° = >з 


\ Now Work PRoBLEMS 27 AND 31 


| EXAMPLE 5 | Finding Exact Values 


If sina = 2, P « a < п, and sing = E = 28 a x qe A, find the 
exact value of each of the following. 
(a) cosa (b) cos (c) cos(a + 8) (d) sin(a + 8) 


(continued) 
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Solution (а) Because sina = £ =. and 7 < а < 7,letb = 4andr = 5, and place a in 
r 
quadrant II. See Figure 27 The point Р = (a, b) = (a, 4) is in quadrant II, 
soa < O. The distance from (a, 4) to(0, 0) is 5,so 
a? +16 = 25 
а? = 25 – 16 = 9 
а = –3 а< 0 
E Then 
Figure 27 dngetiiges a 3 
52 cosa = — = -3 
r 


Alternatively, we can use sina = i and the Pythagorean Identity 


sin? a + cos2a = 1to find cosa. 


eer ae = 0! 16 _ 9 = 3 
cosa x sin-a@ 25 25 5 
la in quadrant II, 


cosa < 0 
VA (b) Because sin 8 = E апат < B < BT. let b = —2 and r = V5 and 
2L /5 r 2 


place б in quadrant III. See Figure 28. Because the point P = (a, b) = (a, —2) 
is in quadrant IIL, a. < 0. The distance from (а, —2) to (0, 0) is M5, so 


S б 
& 
|| 
| 
= 
& 
^ 
о 


(а, —2) 


Then 
А А —2 62.29 
Figure 28 sing = —= т< 8 < > T =1 J5 
r J5 5 
ou c UNA ; 
Alternatively, use sing = ez and the Pythagorean Identity 


sin? 8 + cos? 8 = 1to find cos B. 


соѕ 8 = —/1— sin? 8 = -,/1 = (2 = 55 


(c) Use the results found in parts (a) and (b) and the Sum Formula for cosine. 


cos(a + 8) = cosacos B — sinasin 8 


_ 3 3 t[-25) = u$ 
St. a) SS 25 


(d) Use the Sum Formula for sine. 
sin(a + 3) = sinacos 8 + cosasin 8 


eas, 


\ Now Work PRoBLEMS 35(a), (b), AND (c) 


544 CHAPTER 6 Analytic Trigonometry 


| EXAMPLE 6 | Establishing an Identity 


Establish the identity: costo — 8) = cotacot f +1 
sinasin б 
Solution соѕ(а — B) cosacosf + sinasin 8 
sinasin 8 sinasin 8 Difference Formula for cosine 


_ cosacosB , sinasin 3 
sinasin sinasin 8 


cosa | cos д 
sina sing 


cotacot + 1 


A Now Work PRoBLEMS 49 Амр 61 


Use the identity tan? = шр 
соѕ0 


and the Sum Formulas for sin(a + 8) 
and cos(a + 8) to derive a formula for tan (a + 8). 


sin(a + 6)  sinacosf + cosasin д 


Proof {ап (о + 8) = cos(a E B) m cosa cos B — sinasin 3 


Now divide the numerator and the denominator by cosa cos f. 


sina cos " cosa sin 3 


sinacos B + cosasin 3 


cosacos 3 cosa cos _сөѕӣсоѕ 8 
tan(a+ 8) — d - = 
cosa cos B — sinasin б cose Cos d. зїп зїп 8 
cosacos д cosa cosg cosacos 
sina , sin 
_ cosa cos@ _ tana + їар д 
sina | sing 1 — tanatan 8 


cosa cos ш 


Proof Use the Sum Formula for tan(a + 8) and Even-Odd Properties to get the 
Difference Formula for the tangent function. 


tana + tan(-8) _ tana — tan 


tan(a — 8) = tan[a + (-8)] = 1 — tanatan(—8) T 1 + tanatan 8 


tan(—0) = —tand 


We have proved the following results: 


In Words 
Formula (6) states that the tangent 
of the sum of two angles equals 


THEOREM Sum and Difference Formulas for the Tangent Function 


e tan(a 


Te tana + tan д 


the tangent of the first angle 
plus the tangent of the second 
angle, all divided by 1 minus 


1 tanatan 8 


their product. e tan(a 


y 


\ Now Work PRoBLEM 35(d) 


Dres tana — tang 
1 + tanatan 8 
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| EXAMPLE 7 | Establishing an Identity 


Solution 


Establish the identity: tan(@+ т) = tand 


tan + апл _ tand+0 = tang 


t | == = 
кы 1 — tanĝtanr 1-—tané-0 B 


Example 7 verifies that the tangent function is periodic with period т. 


| EXAMPLES | 8 Establishing an Identity 


Solution 


/N CAUTION Be careful when using 
formulas (6) and (7). These formulas 
can be used only for angles a and 8 for 
which tana and tan B are defined. That 
is, they can be used for all angles except 


odd integer multiples оЕ5. m 


Establish the identity: tan(9 + 7) = —cotd 


Formula (6) cannot be used because tan? is not defined. Instead, proceed as follows: 


зїп @соз 7 + соѕбѕіп Z 
| ; ; 


"T 
2 
соз 0 + z) соѕ0сов 7, — зїп @зїп > 


_ (sin): 0 + (cosf)-1 _ cos? _ 
~ (cosé):-0—(sing)-1 —sind - 


coté 


3 Use Sum and Difference Formulas Involving Inverse 
Trigonometric Functions 


| EXAMPLES | Finding the Exact Value of an Expression Involving Inverse 


Solution 


NOTE In Example 9, sina also can 


Ed ug 
2 r 


а = 1 and r = 2. Then b = V3 and 
sina = : = E Also, cos can be 
found in a similar fashion. п 


be found by using cosa = 


Trigonometric Functions 


Find the exact value of: sin( cos! - + sin! =) 


We want the sine of the sum of two angles,a = cos ^! = and 8 = sin! =. Then 


cosa = $ О<а< т and sing = 2 x e 


Use Pythagorean Identities to obtain sina and cos 3. Note that sina > 0 because 


0 € a € тарасоѕ в > 0 because -5 <B< 5. This means that 


sina = V1 — cos? =h г > 


= — sin2 = 9 = (15 = 4 
cos = 41 — sin? 8 = 1 25 25 5 


As а result, 


sin [cos + sin“) = sin(a + 8) = sinacos + cosasin 8 


_ v3 4, 


1 3 _ 4v34+3 
2 5 2-5 


10 8 


\ Now Work PRoBLEM 77 


| EXAMPLE 10 | Writing a Trigonometric Expression as an Algebraic Expression 


Write sin (5іп 1и + cos~!v) as an algebraic expression containing и and v (that is, 
without trigonometric functions). State the restrictions on и and v. 
(continued) 
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Solution First, for sin-! и, the restriction оп и is —1 < и < 1, and for cos-! v, the restriction 
onvis —1 € v < 1. Now leta = sin-!u and 8 = cos~!v. Then 


sina = u арна = -l<u<il 
2 2 
cos = v 0cxB8zm -1<v<l 
Because -5 <a < 5, cosa > 0. So, 


cosa = V1 — ѕіп2 а = М1 — u? 
Also, Бесаџѕе0 < 8 < a, sinG > 0.Then 


sing = J1— cos? 8 = V1 – v? 


As a result, 
sin(sin-! u + cos! v) = sin(a + 8) = sinacos + cosasin 3 


uv + Vi = u? - V1 у2 E 


^, Now Work PROBLEM 87 


4 Solve Trigonometric Equations Linear in Sine and Cosine 


Sometimes it is necessary to square both sides of an equation to obtain expressions 
that allow the use of identities. Remember, squaring both sides of an equation may 
introduce extraneous solutions. As a result, apparent solutions must be checked. 


| EXAMPLE 11 | Solving a Trigonometric Equation Linear in Sine and Cosine 


Solve the equation: sin? + соѕ0 = 1, 0€ 0 < 27 


Option 1 X Attempts to use available identities do not lead to equations that are easy to solve. 
(Try it yourself.) So, given the form of this equation, square both sides. 
sinü + соѕ0 = 1 
(sind + соѕ0)2 21 Square both sides. 
sin?0 + 2sin0cos0 + cos?0 = 1 Remove parentheses. 
2 sin0cos0 = 0 sin?0 + cos?0 = 1 
sinücos0 = 0 
Setting each factor equal to zero leads to 
sin = 0 or cos = 0 
The apparent solutions are 
T 0 — 3T 
2 2 
Because both sides of the original equation were squared, these apparent 
solutions must be checked to see whether any are extraneous. 


0—0: sin04-cos0— 0+1 = 1 A solution 
= п: sina + созт = 0 + (—1) = —1 Not a solution 
0= 5: зїп + 0055 =14+0 = 1 A solution 
0 = Эт. sin ЭТ + dose = -14+0=-1 Notasolution 
2 2 2 
The values 9 = 7 and = E are extraneous. The solution set is fo, z} 


(continued) 
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Option 2 Start with the equation 


5100 + cos = 1 


and divide both sides by V2. Then 


55510 + 5500 = 5 


The left side now resembles the formula for the sine of the sum of two angles, one of 
which is 0. The other angle is unknown (call it Ф.) Then 


; ; : 1 
sin(0 4- = 5100с05ф + cosÜsinó = —— 8 
(0 * 9) Фф Фф Э (8) 
Comparing (8) to sing + l.cos0 = E we see that 
V2 42 2 
1 v2 | 1 v2 
= —= = = = -= = = 0 <ф< 2 
coso 95 2 sin @ Ta 2 < ф T 
The angle ¢ is therefore T As a result, equation (8) becomes 
; J2 
0 z) == 
sin( F 4 2 
In the interval [0, 27), there are two angles whose sine is - 4 and m, 
See Figure 29. As a result, 
Figure 29 T T T 3v 
0 + a or 0+ 4= 4 
0 = 0 or g=2 
The solution set is {0, z}. 
2 _B 


The second option can be used to solve any linear equation of the form 
а sin@ + bcos@ = с, where a, b, and с are nonzero constants, by dividing both sides 


of the equation by va? + b?. 


| EXAMPLE 12 | Solving a Trigonometric Equation Linear in Sine and Cosine 


Solve: 
а 5110 + bcos? = c (9) 


where a, b, and с are constants and eithera = Oorb = 0. 


Solution ^ Divide both sides of equation (9) by Va? + b?. Then 


Tn + T 5: соѕ0 = =e (10) 
There is a unique angle ¢, 0 € ф < 2a, for which 
cosó = ——“4— and sing = M Е (11) 
а? + b? Ма? + b? 
Figure 30 Figure 30 shows the angle ф fora > 0 and b > 0. 


(continued) 
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Equation (10) can be written as 


ѕіпӨсоѕф + cosósinó = С 
Na? + b? 
or, equivalently, 


уа? + b? 
where ó satisfies equation (11). 


e If|c| > Va? + b?,thensin(0 + Фф) > lorsin(0 + 9) < —1, and 
equation (12) has no solution. 


e If|c| < Va? + b?, then the solutions of equation (12) are 


8 +o = sint —— or 04 à = « — sin! E 
í va? + b? " Ja? + b2 


Once the angle ¢ is determined by equations (11), the above are the solutions to 


equation (9). 
\ Now Work PRoBLEM 95 


SUMMARY 


Sum and Difference Formulas 


e cos(a + б) = cosacos 8 — sinasin 8 


e sin(a + б) = sinacos 8 + cosasin 8 
tana + tan б 


1 — tanatan 8 


e tan(a + 8) = 


6.5 Assess Your Understanding 


e cos(a — B) 


e sin(a — 68) 


e tan(a — 8) = 


D 


cosacos B + sinasin 8 


sinacos 8 — cosasin д 


tana — tan f 
1 + tana tan 8 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The distance d from the point (2, —3) to the point (5, 1) is 


4. 
LL (pp. 3-4) 
2. If sinf = i and 0 is in quadrant П, then cos? = ` 
(p. 439) 
3. (a) sin? . cos = (pp. 421-423) 6. 
(b) {апт = sin = (pp. 421-423) 
Concepts and Vocabulary 
7. (a) cos(a + 8) = cosacos 8 sinasin 3 11. 
(b) sin(a — 8) = sinacos 8 cosasin 3 
8. True or False sin(a + 8) = sina + 510 8 + 2 sinasin 8 
9. True or False cos[ 7 — 6) = cosÜ 
10. True or False If f(x) = sinx and g(x) = cosx, then 12. 


gla + 8) = ga)g (b) = flo) f CO) 


1. Writing 


\\ 1. Now Work @ 1. Modeling 


qu 1. Graphing Tech 


Ifsina = -i T<a< zu. then cosa = . (р. 439) 
Two triangles are if the lengths of two 
corresponding sides are equal and the angles between the 
two sides have the same measure. (pp. A16-A17) 


If P= [-4. ao is a point on the unit circle that 
corresponds to a real number t, then sint = ; 


cost = ‚апа tant = ‚ (р. 444) 


Multiple Choice Choose the expression that completes the 
Sum Formula for tangent functions: tan(a + 8) = 


tana + tan tana — tan 

(a) tana + tan (b) tana — tanp 
1 — tanatan 8 1 + tanatan 8 
tana + tan tana — tan 8 
1 + tanatan 8 1 — tanatan 8 


Multiple Choice Choose the expression that is equivalent to 
sin 60?cos20? + cos60?sin 20° 
(b) sin 40° (c) cos 80° (d) sin 80° 


(c) (d) 
(a) cos 40? 


Х Calculus Preview == 1. Applet-Based 


Skill Building 


In Problems 13-24, find the exact value of each expression. 
14. sin 105? 


\ 13. cos 165° 


\ 19. cost 20. tan 77. 
12 


In Problems 25—34, find the exact value of each expression. 


25. sin20?cos10? + cos20?sin10? 


N 27 


29. tan20° + tan25 


1 — tan20°tan25° 
v 31. sin = соз соѕ 1 ал 


12 12 122 12 
33. cos р cosa + sin - sin D 


cos 70?cos20? — sin 70?sin 20? 


15. tan 15? 


М 21. sin — = 
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16. tan 195° 17. ego 18. sin 
12 12 
22. tan t27 23. ес 7.) 24. соц 27) 
12 12 


26. sin20°cos80° — 


cos20°sin 80° 


28. cos40°cos10° + sin 40°ѕіп 10° 


tan 40° — tan10° 
1+ tan40°tan10° 


5 Л 7 Л : 5 T. Tt 
32. cos——cos sin — sin 
12 12 12 12 


30. 


. di 5m Л . 
34. sin — cos + cos— sin 


In Problems 35—40, find the exact value of each of the following under the given conditions: 


(a) sin(a + B) 


N 35. sina = 2,0 < a < 7; соӊ8 = 13, 760 
37. tana = 3,5 <a < 7; cosh = 5 
К 5 3x 
9, = >, ->= — 
39. sina 13° 3 ER T; 


41. If sinó = 2 0 in quadrant II, find the exact value of: 


(a) cos0 


(b) sin( 0 + 


oa 


(c) cos( 0 — 


— 


AIA va 


(4) tan(0 + 


In Problems 43—48, use the figures to evaluate each function if f(x) = 


43. f(a + 8) 
45. g(a — B) 


47. h(a + 8) 


(b) cos(a + B) 


245 


tang = —V3,5 « B <т 


44. g(a + 8) 
46. f(a — 8) 
48. h(a — B) 


In Problems 49—74, establish each identity. 


(c) sin(a — 8) 


loegect 


V5 т 


(а) tan(a — 8) 


36. cosa = —,0<0 <; sing = —+, =й <0 
38. tana = ут < a < 37, sing = 38e 
40. cosa = $, -7 <a < 0; sing = 1,0 <8 < Я 


42. If соѕ0 = n 0 in quadrant IV, find the exact value of: 


(a) sind 


(b) sin( 0 -7 


—— 


(c) соз 0 + 


т 
3 
(4) tan(0 " z7) 


sinx, g(x) = cosx, and h(x) = tanx. 


SY 


y! y! 
x? y?-—4 x? + y?—1 
%1) ГУ Р 
d " Fl 
X im 
(1,0) 


М 49. sin( 5 + 0) = cosé 


52. cos(m — 0) 


55. tan(« — 0) 


58. соз 27 +0 


—соѕ0 


— (апд 


| = sing 


50. cos( 7 + 0) = —sind 
53. sin(7 + 0) = —sin0O 


56. tan(2* — 0) = —tand 


59. sin(a + 8) + sin(a 


51. sin(m — 0) = sin 


54. cos(a + 0) = —cos0 


57. sin( $7 + 0) = — cosl 


B) = 2 sinacos 8 


549 


550 


60. 


62. 


64. 


6б. 


68. 


70. 


72. 
74. 
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cos(a + 8) + cos(a — 8) = 2 соѕасоѕ 8 


sin(a + £) = tana + tan B 

cosacos 8 

2ай 0 = cota + tang 

sinacos б 

cos(a + 8) _ 1 — tanatan 8 

cos(a — 8) 1+ tanatan 8 

cot(a — 8) = cotacot@ + 1 
cot 8 — cota 

scaps secasec б 


1 + tanatan 8 
cos(a — B)cos(a + B) = cos? a — sin? B 


cos(0 + km) = (—1)* соѕ0, k any integer 


In Problems 75—86, find the exact value of each expression. 


7S. 


78. 


84. 


sin (sin! + cos-! o) 


N 6l. sin(a + p) = 1 + cotatan 8 
sinacos 8 

63. costa TA) _ 1 — tanatan 8 
cosacos 8 

65 sin(a + д) _ tana + tang 

' sin(a — 8) tana — tan 8 

cotacot@ — 1 

67. cot(a + = 4 

cotta A) cot 3 + cota 

cscacsc 8 
9. + = —— 
ОРЫ cotacot@ — 1 
71. sin(a — B)sin(a + 8) = sin?a — sin? B 


73. 


76. sin[sin + cos] 


sinsin (-2) = tan-12] 79. cos[tan= $ - бов. 
5 4 3 13 
cos(sin-t > — tan=13] 82. costan- $ H cogi 2 

4 3 13 
tan[7 — cos!) 85. tan(sin-!2 + cos 11) 


sin(O+ kr) = (—1)* ѕіп0, k any integer 


N Т7. sin[sin-12 — eos (-2) 


5 


80. со$ ТЕРА — sin (-2)] 
12 5 
| 83. їап sind + z) 


86. tan cos"! + sinti] 


In Problems 87-92, write each trigonometric expression as an algebraic expression containing u and v. Give the restrictions required 
on u and v. 


N 87 


90. 


cos(cos-!u + sin-!v) 


cos(tan-!u + tan-!v) 


91. tan(sin-!u — 


88. ѕіп(ѕіп 1и — cos ! v) 


cos-lv) 


In Problems 93—98, solve each equation on the interval0 < 0 < 27. 


93. 


96. 


sind — V3cos@ = 1 


sin@ — cos@ = —V2 


Applications and Extensions 


99. 
100 


Х 101. 


XX 102. 


Show that sin(sin-! v + cos-!v) = 1. 

Show that cos(sin-!v + cos! v) = 0. 

Calculus Show that the difference quotient for f(x) = sinx 
is given by 


f(x +h) — f(x). sin(x + А) — sinx 
h h 


sinh 
= cosx: 


.1- cosh 


sinx 
h 


Calculus Show that the difference quotient for f(x) = cosx 

is given by 

f(x +h) – f(x) _ cos(x + h) — cosx 
h h 

sinh 


1 — cosh 
h 


— —sinx- 


COSX · 


94. V3 sind + соѕ0 = 1 


97. tand + V3 = ѕесб 


103. 


104. 


89. sin(tan-!u — sin-'v) 


92. sec(tan-! u + cos! v) 


v 95. sind + cosé V2 


98. со0 + csc 


One, Two, Three 
(a) Show that tan(tan-! 1 + tan-!2 + tan-!3) = 0. 
(b) Conclude from part (a) that 


tan-11 + tan! 2 + tan 13 = пт 
Source: College Mathematics Journal, Vol. 37, No. 3, May 2006 


Electric Power In an alternating current (AC) circuit, the 
instantaneous power p at time t is given by 


V V 


p(t) = V1, cosósin? (wt) — Vpl m sinósin(wt)cos(ut) 


Show that this is equivalent to 


V L,, sin(wt )sin(wt 


mm 


— 9) 
Source: HyperPhysics, hosted by Georgia State University 


p(t) = 


105. Area of a Dodecagon Part I A regular dodecagon is a 
polygon with 12 sides of equal length. See the figure. 


a 


(a) The area A of a regular dodecagon is given by the 
formula A = 12r? апт, where г is the apothem, 


which is a line segment from the center of the 
polygon that is perpendicular to a side. Find the 
exact area of a regular dodecagon whose apothem is 
10 inches. 


(b) The area A of a regular dodecagon is also given by 
the formula A = 3a? cots, where a is the length of 
a side of the polygon. Find the exact area of a regular 
dodecagon if the length of a side is 15 centimeters. 


106. Area of a Dodecagon Part П Refer to Problem 105. The 
figure shows that the interior angle of a regular dodecagon 
has measure 150°, and the apothem equals the radius of the 
inscribed circle. 


(a) Find the exact area of a regular dodecagon with 
sidea = 5 cm. 

(b) Find the radius of the inscribed circle for the regular 
dodecagon from part (a). 


Explaining Concepts: Discussion and Writing 


114. Discuss the following derivation: 
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(c) Find the exact area of the circle inscribed in a regular 
dodecagon with sidea — 5 cm. 

(d) Find the exact area of the region between the circle and 
the regular dodecagon. 


107. Geometry: Angle Between Two Lines Let L, and L, denote 
two nonvertical intersecting lines, and let 0 denote the acute 
angle between L, and L, (see the figure). Show that 

m; —m, 


tanü = 
1+ mm, 


where m, and т, are the slopes of L} and L,, respectively. 
[Hint: Use the facts that tan} = m,andtan@, = m,.] 


108. Challenge Problem Show that cot! e" = tan-!e-’. 

109. Challenge Problem Show that sin-!v + cos?! v = Э" 

110. Challenge Problem Show that tan-! v + cot! v = ot 

111. Challenge Problem Show that tan (1) = 5 — tan-lv, 
v 


ifv > 0. 
112. Challenge Problem Ifa + 8 + y = 180° and 


cotü = cota + cotG+coty 0 < 0 < 90° 
show that 
sin? = sin(a — 0)sin( 8 — 0)sin(^& — 0) 
113. Challenge Problem If tana = x + 1 and tang = x — 1, 


tan 
tang + tan ап = 
tan| 0 4 т) = 2 _ 
| 1 
2 1 — ќапбїап Z 
tan - 
2 
Can you justify each step? 
115. Explain why formula (7) cannot be used to show that 
tan( Z — 6 
2 


Establish this identity by using formulas (3a) and (3b). 


show that 
2 cot(a — 8) = x? 
+1 
D es L = —cotdé 
= tand 0 — tan@d —tand 
| = сої 
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Retain Your Knowledge 


Problems 116-125 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


116. Determine the points of intersection of the graphs of 121. Solve: 8*-4 = 4?*~° 
f(x) = x? + 5х +1 and g(x) = —2x? — 11x — 4 by 122. Write as a single logarithm: 


lvi = . 
иа О) = а 3 log, x + 2 log, y — 5 log,z 


. Convert Us to degrees. 123. Simplify: (2x2y?)^ (3x3y)? 


124. Solve: V3 2 — v2 ЗЕ 
. Find the area of the sector of a circle of radius 6 meters inus * 
formed by an angle of 45°. Give both the exact area and A 125. Write бх 
an approximation rounded to two decimal places. (x + 3) 
. Given tan = —2, 270° < 0 < 360°, find the exact value quotient with only positive exponents. 
of the remaining five trigonometric functions. 


. Write f(x) = Ie + x — 2in vertex form. 


yz + 8(x 4 3). x > —3, as a single 


‘Are You Prepared?’ Answers 


3 V2 1 M oe 
1.5 2. -= 3. Q7 (b) 5 4. —= 5. congruent 6. 3 5 3} 2 


6.6 Double-angle and Half-angle Formulas 


OBJECTIVES 1 Use Double-angle Formulas to Find Exact Values (p. 553) 
2 Use Double-angle Formulas to Establish Identities (p. 553) 
3 Use Half-angle Formulas to Find Exact Values (p. 556) 


In this section, formulas for sin (20), cos(20), sin | = ө) ‚апа соз ; Ө) are established 
in terms of sin 0 and cos 0. They are derived using the Sum Formulas. 
In the Sum Formulas for sin(a + 8) and cos(a + 8), leta = 8 = 6.Then 


sin(a + B) = sinacos f + cosasin 8 
sin(@ + 0) = sinf cos + соѕ0ѕіп б 
51п (20) = 2 sin cos 


and 


cos(a + 8) = cosacos f — sinasin 8 
cos(0 + 0) = соѕ0соѕ0 — sin Өѕіпб 


cos(20) = cos? 0 — sin? 0 


An application of the Pythagorean Identity sin? 0 + cos?0 = 1 results in two 
other ways to express cos(20). 


cos(20) = соѕ20 — sin?0 = (1 — sin?0) — ѕіп?0 = 1 — 2sin?0 
and 


cos(20) = cos?0 — sin?0 = cos?0 — (1 — cos?0) = 2cos?0 — 1 
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The following theorem summarizes the Double-angle Formulas. 


THEOREM Double-angle Formulas 


e sin(20) = 2sin@cosé 


e cos(20) = cos? 0 — sin? 0 


e cos(20) = 1— 2sin?0 
e cos(20) = 2cos?20 — 1 


1 Use Double-angle Formulas to Find Exact Values 


Finding Exact Values Using Double-angle Formulas 


5100 = > 2 < 0 < a, find the exact value of: 


(a) sin(20) (b) cos(20) 


Solution (а) Because sin(20) = 2sin60cos0, and because sin = 2 is known, begin by 


finding cos 0. Since sin = à = b _ < 0 « m,letb = 3andr = 5,and place 
r 
Y4 0 in quadrant II. See Figure 31. The point P = (a, b) = (a, 3)is in quadrant II, 


(a, 3) з soa < 0.The distance from (a, 3) (0 (0, 0) is 5,so 


KENG а? + 32 = 52 
-3 3 x a? = 25 — 9 = 16 
T а = –4 g «D 


Figure 31 This means that cosó = 4 = —4 = -2. Now use Double-angle Formula (1) 
r 


to obtain 5 


sin(20) = 2sin0cos0 = 2. - ( =| E. 


(b) Because sind = А is given, it is easiest to use Double-angle Formula (3) to 


find cos(20). 


соѕ(20) = 1—2sin20 = 1— 2- 


25 25 25 E" 


Z\ CAUTION In finding cos(20) in Example 1(b), a version of Double-angle Formula (3) was 
used. Note that it is not possible to use the Pythagorean Identity cos(20) = +V1 — sin? (20), with 


sin(20) — - because there is no way of knowing which sign to choose. ш 


^, Now Work PRoBLEMS 9(a) AND (b) 


2 Use Double-angle Formulas to Establish Identities 


| EXAMPLE 2 | Establishing Identities 


(a) Develop a formula for tan (20) in terms of tan 0. 


(b) Develop a formula for sin (30) in terms of sin 0 and cos 0. 


(continued) 
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Solution (а) In the Sum Formula for tan(a + 3), leta = 6 = 0. Then 


tana + tan 
t = — 
А 1 — tanatan 8 

tané + tan 
tan(0 + 0) = ——_—_ 
BS 1 — tandtand 

2 tan0 

tan(20) = ————— 5 
е 1 — #ап20 e 


(b) To find a formula for sin (30), write 30 as 20 + 0, and use the Sum Formula. 
sin(30) = sin(20 + 0) = sin(20) соѕ0 + cos(20) sin0 
Now use the Double-angle Formulas to get 
sin(30) = (2sin0cos0)(cos0) + (cos?0 — sin?0)(sin0) 
= 2sin60cos? 0 + sinf cos? 0 — sin?0 
= 3sin@cos? 0 — sin?0 -5 


The formula obtained in Example 2(b) also can be written as 


sin(30) = 3sin0cos? 0 — sin? 0 = 3sin0(1 — sin?0) — sin? 0 
= 35110 — 4sin?0 
That is, sin (30) is a third-degree polynomial in the variable sin 0. In fact, sin (10), 


n а positive odd integer, can always be written as a polynomial of degree n in the 
variable sin 0.* 


^, Now Work PRoBLEMS 9(e) Амр 69 


Rearranging the Double-angle Formulas (3) and (4) leads to other formulas that 
are used later and are important in calculus. 
Begin with Double-angle Formula (3) and solve for sin? 0. 


cos(20) — 1 — 2sin?0 
2sin?0 — 1 — cos(20) 


А sin? = Lom (6) 


Similarly, using Double-angle Formula (4), solve for cos? 0. 


cos(20) = 2cos?0 — 1 
2 cos?0 = 1 + cos(20) 


A iip Lo (7) 


Formulas (6) and (7) can be used to develop a formula for tan? 0. 


1 — cos(20) 
z4 51020 _ 2 
ќап?0 = cos20 1+ cos(20) 
2 


*Because of the work done by P. L. Chebyshév, these polynomials are sometimes called Chebyshév 
polynomials. 
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1 — cos(20) 


тат б = 
on 1 + cos(20) 


(8) 


Formulas (6) through (8) do not have to be memorized since their derivations 
are straightforward. 

Formulas (6) and (7) are important in calculus. The next example illustrates a 
problem that arises in calculus requiring the use of formula (7). 


А | EXAMPLE 3 | Establishing an Identity 


Write an equivalent expression for соѕ* 0 that does not involve any powers of sine 
or cosine greater than 1. 


Solution Тһе idea here is to use formula (7) twice. 


соѕ40 = (cos?0)? = 


2 
Ё + cos(20) 2) Formula (7) 


2 


= zu + 2 cos(20) + cos? (20)]| 

E i + 3 соз(20) + 1.052 (20) 

= 1 + 5 соз(20) + ; 1+ == ` 20) Formula (7) 

= - Ёё 5 соз(20) " `1 + с08(40)] 

= : + 3 соз(20) + 4 os(40) “ж 


\ Now Work PRoBLEM 43 


| EXAMPLE 4 | Solving a Trigonometric Equation Using Identities 


Solve the equation: sin@cos@ = - 0x0 < 2т 


Solution The left side of the equation, except for a factor of 2, is in the form of the 
Double-angle Formula, 2 sin@cos@ = sin(20). Multiply both sides by 2. 


| 1 
0соѕ0 = —= 
sin 0 cos 


2 sin@cos@ = —1 Multiply both sides by 2. 
sin(20) = —1 . Double-angle Formula 


The argument is 20. Write the general formula that gives all the solutions of this 
equation, and then list those that are in the interval [0, 27). In the interval [0, 27) 


the sine function equals —1 at эт The general formula that gives all the solutions is 


ео 2km Кап іпіевег 
0 = ЭТ + kr 
4 
pa ieee Pee i est. = Rie ee” йе ЭТ дот un Мт 
4 4 4 
if Т T T 
k=-1 К жеч) k=l kez 


(continued) 
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The solutions in the interval [0, 27) are 
Зп "m 
0 = 0 = 
4 4 


The solution set is GE. In \. 
4° 4 


^, Now Work PRoBLEM 73 


| EXAMPLES | Projectile Motion 


An object is propelled upward at an angle 0 to the horizontal with an initial velocity 


of v, feet per second. See Figure 32. If air resistance is ignored, the range R—the 
Ө horizontal distance that the object travels—is given by the function 


R(0) = ud sin 0cos0 


- R 4 
Figure 32 


(a) Show that R(0) — zi sin(20). 
(b) Find the angle 0 for which R is a maximum. 


Solution (a) Rewrite the expression for the range using the Double-angle Formula 
sin(20) = 2sin0cos0. Then 


R(0) — + 12 sindcosé = 1 y2 2 Sin @cosé = 1 


= L y2sin(20 
16 160 72 30000201 


(b) In this form, the largest value for the range R can be found. For a fixed initial 
speed v,, the angle 0 of inclination to the horizontal determines the value of А. 
The largest value of a sine function is 1, which occurs when the argument 20 
is 90°. For maximum R, it follows that 


20 = 90° 
0 = 45° 
An inclination to the horizontal of 45° results in the maximum range. B 


3 Use Half-angle Formulas to Find Exact Values 
Another important use of formulas (6) through (8) is to prove the Half-angle 


Formulas. In formulas (6) through (8), let 0 = a Then 


Solving for the trigonometric functions on the left sides of equations (9) gives 
the Half-angle Formulas. 


THEOREM Half-angle Formulas 


where the + or — sign is determined by the quadrant of the angle 
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| EXAMPLES | Finding Exact Values Using Half-angle Formulas 


Solution 


Use a Half-angle Formula to find the exact value of: 
(a) cos15? (b) sin(—15?) 


(a) Because 15? — = 20, use the Half-angle Formula for cos 5 with a = 30°. Also, 
because 15° is in quadrant I, cos15° > 0, so choose the + sign in using formula (11). 


cos15° = соѕ29 = ‚|1 + ©0530 


2 ЕГИ "ДЕЕ _ ETE 
E 2 i 4 7 2 
(b) Use the fact that sin(—15°) = —sin15°, and then use formula (10). 
А . 30° [1 — cos30° 
—15°) = = 
sin ( ) sin 2 2 
IPOD ee SP: 
2 B 4 7 2 D 


It is interesting to compare the answer found in Example 6(a) with the answer 
to Example 2 of Section 6.5. There it was calculated that 


т b 1 
c0515 = cos15? — д^ + 42) 


Based on this and the result of Example 6(a), 


(6 + 42) and v2 45 


are equal. (Since each expression is positive, you can verify this equality by squaring 
each expression.) Two very different-looking, yet correct, answers can be obtained, 
depending on the approach taken to solve a problem. 


\ Now Work PRoBLEM 21 


| EXAMPLE7 | Finding Exact Values Using Half-angle Formulas 


Solution 


Ifcosa = = -2, т< а < st, find the exact value of: 


. a a a 
(a) sig (b) cos 5 (c) tan 


First, observethatifz < о < T then? « 2 « Эл Asa result, lies in quadrant II. 


(a) Because 5 = lies in quadrant П, sin > 0,so use the + sign in formula (10) to get 


sing — C — cosa zu J V5 
2 4 Е 


(b) Because 5 © lies in quadrant П, cos 5 < 0, ѕо use the — sign in formula (11) to get 


[1 EE cosa T БЕ ШП V5 
5 


(continued) 
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(c) Because 2 lies in quadrant П, {ап < 0,so use the — sign in formula (12) to get 


a 
N 


_B 


Another way to solve Example 7(c) is to use the results of parts (a) and (b). 


. a 24/5 
" sin 2 Em А 
tan = = = 
cos = V5 


\ Now Work PRoBLEMS 9(c), (d), AND (f) 


There is a formula for апт that does not contain + апа — signs, making it more 


useful than formula (12).To derive it, use the formulas 


1 — cosa = 2 sin? 2 Formula (9) 


and 
sina = sin(2 . 2j = 2 sin 5 cos 5 Double-angle Formula 
Then 
ae 25іп2 Z sin 2 
- = 2 = 2 —{ап©® 
sina a 2 


2sin € cos cos— 
2 2 2 


Because it also can be shown that 


1 — cosa sina 
sina 1 + cosa 


this results in the following two Half-angle Formulas: 


Half-angle Formulas for tan 2 


a  1-—cosa _ sina 


tan - = 
2 sina 1 + cosa 


(13) 


With this formula, the solution to Example 7(c) can be obtained as follows: 


3 3« 
cosa г mo «c QUE —- 


2 
sina = — X1 — cos?o = —,/1 ” Ка 4 
25 25 5 


Then, by equation (13), 


= = = == 2 
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6.6 Assess Your Understanding 


Concepts and Vocabulary 


1. соѕ(20) = соѕ20 = —1 7. Multiple Choice Choose the expression that completes the 


= 1= Half-angle Formula for cosine functions: cos? = . 

2. sin? _ 1- cos0 
Deu = 2 (a) + [1 — cosa (b) + [1 + cosa 
0 1 — cos0 2 2 

К ап = id + [cosa — sina (d) + [1 — cosa 

Stand n 2 1 + cosa 
4. True or False tan(20) = —————— 

1 — tan? 0 F ; : 1 — cos0 : 
8. Multiple Choice If sina = + св > then which 


5. True or False sin( 20) has two equivalent forms: 


: , statement describes how 0 is related to a? 
2sin@cos@ and ѕіп20 — соѕ20 
a 


= — —_ — = 2 
6. True or False tan(20) + tan(20) = tan(40) use Oe 2 беа (ауса 
Skill Building 
In Problems 9-20, use the information given about the angle 0, 0 < 0 < 2r, to find the exact value оў: 
(a) sin(20) (b) cos(20) (c) sing (d) соз” (e) tan(20) (f) tan? 
Ns sino = 3, 0<0<7 10. со = 2, 0 <0 < Я П. tand = É, т< 0 < 27 
E! Зл o v6 т ‚ „_ N3 Зп 
12. tanü = PE "7«0« 3 13. соѕ0 = 3° 2 «0-cm 14. sind = 3° 2 « 0 < 2n 
15. sec = 3, sin0 > 0 16. cscü = —V5, cos < 0 17. cot? = —2, sec < 0 
18. ѕес0 = 2, csc < 0 19. tand = —3, sind < 0 20. сої0 = 3, cos? < 0 
In Problems 21-30, use Half-angle Formulas to find the exact value of each expression. 
\ 21. sin22.5° 22. cos 22.5° 23. гап. т 24. гапат 
о : о 157 7т 
25. cos165 26. sin195 27. а 28. г 
29 (7) 30. cos(-27) 
" 8 ` 8 
In Problems 31-42, f (x) = sinx, g(x) = cosx,and h(x) = tanx. Use the figures below to evaluate each function. 
yt y) 
31. f (20) 32. g(20) 
24 y2=5 x2 + y2=1 
33. (4) 34. /(5) (a, 2) ns y 
Ө a 
0 SA we G> > 
35. h(20) 36. a($) Ӯ; x x 
Ci b) 
37. g(2a) 38. f (2a) 
9, (8) 40. (8) 41. па) 42. 02 
39. f 2 0. g 2 ? (2a 
KN 43. Show that sin^0 = 5 — 3 соз(20) + 1005640). 44. Show that sin(40) = (cos0)(4sin0 — 8sin?0). 
А 45. Show that sin? 0 cos?0 = 1 соз(40). A 46. Show thatsin^0 cos^0 — ES cos(40) + T cos(80). 
8 8 128 32 128 


м1. Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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47. Find an expression for cos(30) as a third-degree polynomial 
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in the variable cos @. 


49. Find an expression for sin (50) as a fifth-degree polynomial 


in the variable sin 0. 


In Problems 51—72, 


establish each identity. 


51. cos^0 — sin*^0 = cos(20) 


54. cot(20) — Zoto — tan) 


57. 


60. 


v 
cot?- = 


63. 
2 


66. 1 — 5511020) 


68 cos + sind 


cos?(2u) — sin?(2u) = cos(4u) 


sin?0cos? 0 = Ísin? (20) 


secv + 1 
secv — 1 


sin? + cos? 0 
sin + cosé 


соѕ0 — sind 


соѕ0 — sind 


cos + sind 


= 2 tan(20) 


48. 


50. 


Find an expression for cos(4@) as a fourth-degree polynomial 
in the variable соб. 

Find an expression for cos(50) as a fifth-degree polynomial in 
the variable cos. 


70. tan + tan(0 + 120°) + tan(@ + 240°) = 


72. In |cos6]| 


(In|1 + cos(20)| — In 2) 


1 
2 


In Problems 73-82, solve each equation on the interval0 < 0 < 27. 
“ы 73. cos(20) + 6sin?0 = 4 


76. sin(20) = cos0 


79. 3 — sind 


81. tan(20) 


= cos(20) 


+ 25100 = 0 


74. cos(20) = 2 — 2sin? 
77. sin(20) + sin(40) = 


80. 


82. 


In Problems 83—94, find the exact value of each expression. 


83. sin | 2 sin 


87. tan|2 cost (-2]] 


91. sin? (5 cos! 2) 


84. sin 


ai) 
2 


5 


Applications and Extensions 


In Problems 95—100, find the real zeros of each trigonometric 


function on the interval0 < 0 < 27. 


95. f(x) = 
96. f(x) — 
97. f(x) = 
98. f(x) = 
99. f(x) — 


100. f(x) = 


sin(2x) — sinx 


cos(2x) + cosx 


cos(2x) + sin? x 
2 sin? x — sin(2x) 
sin(2x) + cosx 


cos(2x) — 5cosx — 2 


25іп-1 = 
2 

_,3 

88. tan(2 tan e 


92. cos? | ; sin-! 2) 


V3 


5 


M 
. cos 2 віп-1 =| 
cos sin 5 

| 4 
„ sin(2 cos-! J 
sin[ cos 5 


. sec(2 tan- 2) 
4 


0 — tano cot?0 — 1 
52, cole — tanl _ cos(20 53. cot(20) = “2 —- 
coté + tan соз 20) 2 cot 
2 
55. sec(20) = ее 56. csc(20) = узесбсзсө 
58. (4sinucosu)(1 — 2sin?u) = sin(4u) 59. соѕ(20) — cotó -1 
1 + sin(20) cotü +1 
61. вес2 © eee ЫЕ 62. csc? = 2 
2 1 + cos 1 — cos 
1 tan? 
64. tant = cscv — cotv 65. cos? = - 
2 1 + їап2 = 
2 
67. sin(30)  cos(30) . 2 
sind cos@ 
3tan0 — tan?0 
tan(30) — 
N ө, 122030 = TTC, 
3tan(30) 71. In|sin0| — gan — cos(20)| — In 2) 


0 75. cos(20) = cos0 


78. cos(20) + cos(40) = 0 


соѕ(20) + 5 соѕ0 -- 3 = 0 


tan(20) + 2cos0 = 0 


86. cos( 2 cos"! £) 


90. cos|2 tan-!(—)| 


94. сьс[2 51п т! (-3)] 


101. Area of an Octagon 


(a) The area A of a regular 
octagon is given by the 


formula A = 8r2tan4, 


where r is the apothem, 

which is a line segment 

from the center of the 

octagon perpendicular 

to a side. See the figure. 

Find the exact area of a regular octagon whose 
apothem is 12 inches. 


(continued) 


(b) The area A of a regular octagon is also given by the 
formula A = 2a? cot в where а is the length of а side. 


Find the exact area of a regular octagon whose side is 
9 centimeters. 


102. Constructing a Rain Gutter A rain gutter is to be 
constructed of aluminum sheets 12 inches wide. After 
marking off a length of 4 inches from each edge, the builder 
bends this length up at an angle 0. See the figure. The area 
A of the opening as a function of 0 is given by 


А(0) = 16sin0(cos0 +1) 0? < 0 < 90° 


[< 4 іп. —>}«— 4 in.—»]«— 4 in.—»] 


| 12 іп. >| 


Х (а) In calculus, you will be asked to find the angle 0 that 
maximizes A by solving the equation 


соѕ(20) + cos = 0 0? < 0 < 90° 


Solve this equation for 0. 
(b) What is the maximum area A of the opening? 
fe (c) Graph A = А(0), 0° < 0 < 90°, and find the angle 6 
that maximizes the area A. Also find the maximum area. 


103. Laser Projection In a laser projection system, the optical 
angle or scanning angle 0 is related to the throw distance D 
from the scanner to the screen and the projected image 
width W by the equation 

lw 

—2?_ 

csc — cot0 


(a) Show that the projected image width is given by 
W = 2р tan? 
2 


(b) Find the optical angle if the throw distance is 15 feet and 
the projected image width is 6.5 feet. 


Source: Pangolin Laser Systems, Inc. 


104. Product of Inertia The product of inertia for an area about 
inclined axes is given by the formula 


Iw = I,sin0cos0 — I,sin0cos0 + I, (cos? 0 — sin?0) 


Show that this is equivalent to 


1„—1,, 
ГИРЕ —— 811020) + I,, cos(20) 
Source: Adapted from Hibbeler, Engineering Mechanics: 
Statics, 13th ed., Pearson O 2013. 


105. Projectile Motion An object is propelled upward at an 
angle 0, 45? < 0 « 90°, to the horizontal with an initial 
velocity of v, feet per second from the base of a plane that 
makes an angle of 45? with the horizontal. See the figure 
atop the right column. If air resistance is ignored, the 
distance R that it travels up the inclined plane is given by 
the function 


v2V2 


R(0) = cos0(sin@ — cos@) 
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(a) Show that 


v2V2 


R(0) = [sin(20) — cos(20) — 1] 


32 


A (b) In calculus, you will be asked to find the angle 0 that 
maximizes R by solving the equation 


sin(20) + cos(20) = 0 
Solve this equation for 0. 
(c) What is the maximum distance R if vj = 32 feet per 
second? 
te (d) Graph R = R(0), 45° € 0 < 90°, and find the angle 0 
that maximizes the distance R. Also find the maximum 


distance. Use v, = 32 feet per second. Compare the 
results with the answers found in parts (b) and (c). 


106. Sawtooth Curve An oscilloscope often displays a sawtooth 
curve. This curve can be approximated by sinusoidal curves 
of varying periods and amplitudes. A first approximation to 
the sawtooth curve is given by 


у= Ssin(2rx) + isin (dnx) 


Show that y = sin(27x)cos? (x). 


| Vi 2B. Gm.V | Trig TVline OH1 


107. Area of an Isosceles Triangle Show that the area A of an 
isosceles triangle whose equal sides are of length s, and 
where 0 is the angle between them, is 


А = 12 sind 
2 


[Hint: See the figure. The height Л bisects the angle Ө and is 
the perpendicular bisector of the base.] 


<> 
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108. Geometry A rectangle is inscribed in a semicircle of radius 1. 115. Graph f(x) = sin? x = 
See the figure. 


1 


= oe for0 < x < 2r by 
using transformations. 

116. Repeat Problem 115 for g(x) = cos? x. 

117. Use the fact that 


ni 
созу = 4076 + 2) 


to find sin and cos. 
24 24 


(a) Express the area A of the rectangle as a function of the 118. Show that 
angle 0 shown in the figure. m 242 
(b) Show that A(0) = sin(20). cosg = КЕЕ 
(c) Find the angle 0 that results in the largest area A. 
(d) Find the dimensions of this largest rectangle. and use it to find зїп ҮЕ апа cos. 
109. If x = 2tan0, express sin(20) as a function of x. 


119. Challenge Problem Show that 


110. If x = 2tan0, express cos(20) as a function of x. А 
А 111. Find the value of the number С: sin? @ + sin?(0 + 120°) + sin3(@ + 240°) = —78in (38) 
1.5 o1 0 
PESK qe —4995(2x) 120. Challenge Problem If tan = a (ап, 0 = 0, express 
0. 
Х 112. Find the value of the number С: tanz in terms of a. 


X 113. If 


Х 114. If 


Explai 


121. Challenge Problem 


ded +C = 1соз(2х) 
2 4 If cos(2x) + (2m — 1)sinx + m — 1 = 0,Їїпа т so that 


z = tan, show that sina = 22 there is exactly one real solution for х, = <x< » 
2 13 z* 
1 22 ‘Courtesy of Joliet Junior College Mathematics Department 
a 2 
z = tan—,show that cosa = . 
2 1+ 2? 
ning Concepts: Discussion and Writing 


122. Research Chebyshév polynomials. Write a report on your findings. 


Retain Your Knowledge 


Problems 123-132 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 


so that 


you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


123. Find an equation of the line that contains the point (2, —3) and is perpendicular to the line у = —2x + 9. 


124 


125. Find the exact value of sint — cos—. 


126 


127. 
128. The function f(x) = 


129. 
130. 


Х 131. 
/Х 132. 


. Graph f(x) = —х? + бх + 7. Label the vertex and any intercepts. 


4т 
3 


. Graph у = —2 cos( 7x]. Show at least two periods. 


Find a polynomial function of degree 3 whose real zeros are —5, —2, and 2. Use 1 for the leading coefficient. 
i is one-to-one. Find f -!. 
Solve: 2*+7 = 3х+2 


Find the distance between the vertices of the parabolas f(x) = x? — 4x — 1 and g(x) = —x? — 6x — 2. 


Find the average rate of change of f(x) — log, x from 4 to 16. 


Solve for D: бх — 5xD — 5y + 4ур +3 – 4р = 0 
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6.7 Product-to-Sum and Sum-to-Product Formulas 


OBJECTIVES 1 Express Products as Sums (p. 563) 
2 Express Sums as Products (p. 564) 


1 Express Products as Sums 


Sum and Difference Formulas can be used to derive formulas for writing the products 
of sines and/or cosines as sums or differences. These identities are usually called the 
Product-to-Sum Formulas. 


THEOREM Product-to-Sum Formulas 


e sinasin = 


2 [costo = В) cos(a t 8) 


e cosacos = [costa — 8) + cos(a + 8, 


e sinacosZ = ЕС + 8) + sin(a — 8) 


These formulas do not have to be memorized. Instead, remember how they are 
derived. Then, when you want to use them, either look them up or derive them, 
as needed. 

To derive Product-to-Sum Formulas (1) and (2), write down the Sum and 
Difference Formulas for cosine: 


соѕ(а — В) = cosacos 8 + sinasin 8 (4) 


cos(a + 8) = cosacosZ — sinasin 8 (5) 
To derive formula (1), subtract equation (5) from equation (4) 
cos(a — 8) — cos(a + B) = 2sinasin 8 
from which 


sinoasin = - cos(a — 8) — cos(a + B) 


To derive formula (2), add equations (4) and (5) 


cos(a — 8) + cos(a + 8) = 2cosacosZ 


from which 


cosacos 8 = 5 |eos(a — 8) + cos(a + 8) 


To derive Product-to-Sum Formula (3), use the Sum and Difference Formulas 
for sine in a similar way. (You are asked to do this in Problem 55.) 


| EXAMPLE 1 | Expressing Products as Sums 


Express each of the following products as a sum containing only sines or only cosines. 


(а) sin(60) sin( 40) (b) cos(30) соѕ0 (c) sin(30) cos(50) 
(continued) 
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Solution (а) Use formula (1) to get 


sin( 60) sin(40) = 5 cos(60 — 40) — соѕ(60 + 46) 
= 5 соѕ(20) — соѕ(100)| 
(b) Use formula (2) to get 
cos(30) cos0 = ; cos(30 — 0) + cos(30 + 6) 
= - cos(20) 4- cos(40), 


(c) Use formula (3) to get 


sin(30)cos(50) =» 


sin(30 + 50) + sin(30 — 50) 
1 


sin (80) + sin(—26)| = 5 |sin (80) — sin(20) 


\ Now Work PRoBLEM 7 


2 Express Sums as Products 


THEOREM Sum-to-Product Formulas 


sina + sing = 25іп 5 


, : . а = 
sina — sin = 2sin 


cosa + соѕ б = 2cos 


—— 


cosa = cos B = 


Formula (6) is derived here. The derivations of formulas (7) through (9) are left 
as exercises (see Problems 56 through 58). 


Proof 
-atp a-8_, l folat 1 а- 8 («+8 а- 6 
2sin 2 cos 2 E. 5 [sin{ 2 + 2 |+ sin 22 2 || 
Product-to-Sum Formula (3) 


= sin 20 + sine = sina + sin 


| EXAMPLE 2 | Expressing Sums (or Differences) as Products 


Express each sum or difference as a product of sines and/or cosines. 
(a) sin(50) — sin(30) (b) cos(30) + cos(20) 


(continued) 
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Solution (а) Use formula (7) to get 


sin( 50) — sin(30) = 2sin 20 m 30 sos? + 30 


2 
= 2sin0cos(40) 
(b) cos(30) + cos(20) = d Formula (8) 
= 2cos cos? 
2 2 —» 
\ Now Work PROBLEM 17 
6.7 Assess Your Understanding 
Skill Building 
In Problems 1—6, find the exact value of each expression. 
1. sin195° - cos 75? 2. cos285? - cos195? 3. sin285? . sin 75? 
4. sin 75? + sin15? 5. cos255? — cos195? 6. sin255? — sin15? 
In Problems 7-16, express each product as a sum containing only sines or only cosines. 
\ 7. sin(40) sin(20) 8. cos(40) cos(20) 9. sin(40) cos(20) 10. sin(30) sin( 50) 11. cos(30) cos(50) 
12. sin(40) cos(60) 13. 5іп 0510 (20) 14. соѕ(30) соѕ(40) 15. sin 30 cos? 16. sin cos 
In Problems 17—24, express each sum or difference as a product of sines and/or cosines. 
М 17. sin(40) — sin(20) 18. sin(40) + sin(20) 19. cos(20) + cos(40) 20. cos(50) — cos(30) 
21. sind + sin(30) 22. соѕ0 + cos(30) 23. созо — cos 7 24. sing — sin? 
In Problems 25-42, establish each identity. 
25. sind + sin( 30) cost 26. cos@ + соѕ(30) _ — 21. sin(40) + sin(20) _ tan(36) 
2 sin(20) 2 cos(20) cos(40) + cos(20) 
28. COSO — GORI) L tan(20) gg, E899 = COSC) аи 30. 5059 — соз(50) _ tan(20) 
sin(30) — sin 5100 + sin(30) 51п@ + sin( 50) 
31. sinf [sin + sin(30)] = cos [cos — cos(30)] 32. sin@[sin(30) + sin(50)] = cos@[cos(30) — cos(50)] 
in( 40) + sin( 80) sin(40) — sin(80) 
3a, un — tan(60 34. = —cot(60 
cos(40) + cos( 80) а соѕ(40) — соѕ(80) око) 
35. їп (40) + їп (80) _ _ tan(6@) 36. cos(40) — cos(80) _ tan(26) tan(60) 
sin(40) — sin(80) tan(20) cos(40) + cos( 80) 
37. sino E sing sans B cot 4— B 38. cosa cp GOS 2 cot 4 + B соіа B 
sina — sin 8 2 2 cosa — cos 2 2 
39. sina + sing _ гап ®* + B 40. sina — sing _ -cot E B 
cosa + cos д 2 cosa — cos б 2 


41. 1 + cos(20) + cos(40) + cos(60) = 4 cos0cos(20)cos(30) 42. 1 — cos(20) + cos(40) — cos(60) = 4sin0cos(20)sin(30) 


Ж 43. Show that sin^0cos?0 = E — э 0520) — ig cos(40) + 35905060). 
KX 44. Show that sin?0cos^0 = E + 35 0520) — 75008148) = 35 0568). 
Ж 45. Show that sinf 0 = 2. — 12 cos(20) + 2.с05(40) — 35 005060). 
Х 46. Show that соѕё0 = 3 + 15 cos(20) + З со8(40) + 1 cos(60). 

16 32 16 32 


\1. Now Work @ 1. Modeling 1. Writing he 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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In Problems 47-50, solve each equation on the interval 0 < 0 < 2m. 


47. sin(20) + sin(40) = 0 48. cos(20) + cos(40) = 0 


49. cos(40) — cos(60) = 0 50. sin(40) — sin(60) — 0 
Applications and Extensions 


51. Our Menu Has Changed "Please listen carefully; our menu necessary to compute moments of inertia with respect to a set 


has changed. On your touch-tone phone, press 1 for Sales, 
press 2 for Returns, etc." For each number pressed a unique 
sound is produced. The sound produced is the sum of two 
tones, given by 


of rotated axes. These moments are given by the equations 
I, = I,cos?0 + I,sin?0 — 21,, ѕіпӨсоѕ0 
I, = I,sin?0 + I,cos?0 + 2I,, ѕіпбсоѕ0 


= sin(2nit) and y = sin(2rht) Use Product-to-Sum Formulas to show that 


where / and Л are the low and high frequencies (cycles per Bod. dg dy . 
second) shown on the illustration. For example, if you touch 7, и = 7 + 2 cos(20) — I,,sin(20) 
the low frequency is / — 852 cycles per second and the high 
frequency is Л = 1209 cycles per second. The sound emitted 
when you touch 7 is 


y = sin[27(852)t] + sin[21(1209)t] 


and 


| a da=, ; 
=% - y — *cos(20) + I, sin(20) 


Source: Adapted from Hibbeler, Engineering Mechanics: 
Statics, 13th ed., Pearson O 2013. 


Projectile Motion The range К of a projectile propelled 
downward from the top of an inclined plane at an angle 0 
to the inclined plane is given by 
2vé 5іп0соѕ(0 — ф) 

gcos? o 
where v, is the initial velocity of the projectile, ¢ is the 
angle the plane makes with respect to the horizontal, and g 


Touch-tone phone 


O Ө O < T 
A A » cycles/sec 
0600 —== 
} A ; cycles/sec 
O Ө O = 
) = 3 cycles/sec 
O O O = 
j ) 2 cycles/sec ‘ А : 
is acceleration due to gravity. 


| | (a) Show that for fixed vy and ¢, the maximum range down 
1209 1477 T em v2 
cycles/sec | cycles/sec the incline is given by Rmax = 2d — sind) 


1336 
cycles/sec (b) Determine the maximum range if the projectile has an 
initial velocity of 50 meters/second, the angle of the plane 
is ¢ = 35°, and g = 9.8 meters/second’. 


55. Derive formula (3). 56. Derive formula (7). 
57. Derive formula (8). 58. Derive formula (9). 
59. Challenge Problem If o + 8 + y = т, show that 


К(0) = 


(а) Write this sound as a product of sines and/or cosines. 
(b) Determine the maximum value of y. 
ta (c) Graph the sound emitted when 7 is touched. 


52. Touch-tone Phones See Problem 51. 
(a) Write, as a product of sines and/or cosines, the sound 
emitted when the # key is touched. 
(b) Determine the maximum value of y. 
fe (c) Graph the sound emitted when the # key is touched. 
53. Moment of Inertia The moment of inertia J of an object 
is a measure of how easy it is to rotate the object about 
some fixed point. In engineering mechanics, it is sometimes 


sin(2a) + sin(28) + sin(2y) = 4sinasin Gsiny 
60. Challenge Problem If a + 8 


y = m, show that 


tana 4 


tan + tany = tanatan tany 


Retain Your Knowledge 


Problems 61—70 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


61. Solve: 275—1 = 9*+5 
62. For y = 5cos (4x — 7), find the amplitude, the period, and the phase shift. 


63. Find the exact value of cos | csc7! 1). 


64. Find the inverse function f^! of f(x) = 3 sinx – 5, -= < x € 


< a Find the range of f and the domain and range of f -!. 


SIE 


65. Find the exact value of tan[- 7]. 


(continued) 


6б. 


67. 


Chapter Review 567 


Complete the square to write the quadratic function f(x) = ie — 2x — 2 in vertex form. 


The figure shows two flywheels connected by a belt. If the 6-inch diameter flywheel spins at 


2000 revolutions per minute, how fast does the 2.5-inch diameter flywheel spin? 


68. 


Х 69. 


Solve the formula A — n for A. 


Х 70. Find the difference quotient of f(x) = ox + 9. 


Chapter Review 


Things to Know 


Definitions of the six inverse trigonometric functions 


у = sin x ifandonlyif х = siny 
у =cos-!x ifandonlyif x = cosy 
у = їап-! х ifandonly if. х = tany 
у =sec!x ifandonlyif х = secy 
у = сѕс-! х ifandonlyif x = сѕсу 
у = cot! х ifandonlyif x = coty 


Sum and Difference Formulas (pp. 539, 542, 


cos(a + B) = cosacosÜ — sinasin 8 
sin(a + B) = sinacosÜ + cososin 8 
tanta Hy = tana + tang 


1 — tanatan 8 


Double-angle Formulas (pp. 553 and 554) 
sin(20) = 2 sinĝ cos 
cos(20) = 2 соѕ20 — 1 


Half-angle Formulas (рр. 556 and 558) 


"PT" 1 — cosa 
sin? = = —————— 
2 2 


тб П — cosa 
sin = г 
2 2 


where 
where 


where 
where 


where 


where 


and 544) 


cos(20) = cos? 0 — sin? 0 


2 
3 


Given f(x) = 2x? — 3xand g(x) = 4x — 3, determine where f(x) < g(x). 


(p. 502) 


(p. 504) 


eyes (р.506) 


2 2 
Ix} >1, O< y<qa, йаз. (р. 515) 
\х\|>1, —^<у< 7, y-0 (р.515) 
-0 <x<o, 0 <у<т (р. 515) 


cos(a — B) = cosacos(@ + sinasin 8 
sin(a — 8) = sinacosÜ — cososin 8 


tana — tan 


cos(20) — 1— 2sin?0 


a 
cos? = = 


2 


tan = 
ae) 1+ tanatan б 
2 апд 
tan(20) = ————— 
(20) 1 — tan? 0 
1 + cosa tan2 € = 1 — cosa 
2 2 1+ cosa 
eos’ = + [1 + cosa jeg =a [1 соѕа _ 1 — cosa _ sina 
2 2 2 1+ cosa sina 1+ cosa 


where the + or — sign is determined by the quadrant of A 


Product-to-Sum Formulas (p. 563) 


sinasin 8 = sleos(a В) — cos(a + 8)] 
cosacos 8 = Sleos(a — В) + cos(a + 8)] 
sinacosZ = jisinta + 8) + sin(a — 8)] 
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Sum-to-Product Formulas (p. 564) 
a — B 


sina + sinB = 2 sin sina — 5108 = 2 sin cos 


= Joost SS 


2 2 2 
а+ 8. а -– 


cosa + cos = 2 cos € E Pepe -$ cosa — cos 2 sin sin 


2 2 2 


Objectives 
Section 


6.1 


You should be able to... 

Define the inverse sine function (p. 501) 

Find the value of an inverse sine function (p. 502) 
Define the inverse cosine function (p. 504) 

Find the value of an inverse cosine function (p. 505) 
Define the inverse tangent function (p. 506) 


Find the value of an inverse tangent function (p. 507) 


ч Oc Uu 5 U гу мн 


Use properties of inverse functions to find exact values of certain 
composite functions (p. 508) 


Find the inverse function of a trigonometric function (p. 510) 
Solve equations involving inverse trigonometric functions (p. 510) 


6.2 Define the inverse secant, cosecant, and cotangent functions (p. 515) 


ш m e о со 


Find the exact value of composite functions involving the inverse 
trigonometric functions (p. 517) 

Write a trigonometric expression as an algebraic expression (р. 518) 
6.3 Solve equations involving a single trigonometric function (p. 521) 
Solve trigonometric equations using a calculator (p. 524) 

Solve trigonometric equations quadratic in form (p. 524) 


Solve trigonometric equations using fundamental identities (p. 525) 


Solve trigonometric equations using a graphing utility (p. 526) 


ts 


6.4 Use algebra to simplify trigonometric expressions (p. 532) 
Establish identities (p. 533) 
6.5 Use Sum and Difference Formulas to find exact values (p. 540) 


Use Sum and Difference Formulas to establish identities (p. 541) 


ш N e гу FP щл d» Uu гу H 4A 


Use Sum and Difference Formulas involving inverse trigonometric 
functions (p. 545) 

Solve trigonometric equations linear in sine and cosine (p. 546) 

6.6 Use Double-angle Formulas to find exact values (p. 553) 
Use Double-angle Formulas to establish identities (p. 553) 
Use Half-angle Formulas to find exact values (p. 556) 


6.7 Express products as sums (p. 563) 


N e WN H fF 


Express sums as products (p. 564) 


Review Exercises 

In Problems 1—6, state the domain and range of each function. 
1. у = ѕір-!х 2. y = cos! x 

4. y = sec !x 5. у = csc ix 

In Problems 7-14, find the exact value of each expression. Do not use a calculator. 


7. sin-!1 8. cos-!0 9. tan-!1 


11. cos 3 | 12. tan-!(—V3) 13. sec-! V2 


Find the value of inverse secant, cosecant, and cotangent functions (p. 515) 


Example(s) 
p.502 

1-3 

p.504 

4,5 

p. 506 

6 

7-9 


сы 
< 
I 


6. y = cot! х 


tan-!x 


Review Exercises 
1 

710 

2 

8,11 

3 

9,12 

15-23 


30,31 
90,91 
4-6 

13,14 
24—29 


32,33 
70-74 

75 

78 

76,77,79 

87-89 

34-50 

34-42 

51-56, 59-63(a)-(d), 92 
43,44 

64—67 


81 
59—63(е), (f), 68, 69, 93 
46, 47, 80 

57,58, 59-63(g), (h), 92 
48 

49, 50 


10. sin (-2) 


14. cot! (-1) 
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In Problems 15-29, find the exact value, if any, of each composite function. If there is no value, say it is “not defined.” Do not use a calculator. 


15. sin (sin?) 16. cos! {cos} 17. tan~'(tan ==) 18. соз-!{ сов 2 
8 4 3 7 
19. sin-!|sin(- 52] 20. sin(sin ^! 0.9) 21. соѕ(соѕ 10.6) 22. tan[tan ! 5] 
23. cos[cos~!(—1.6)] 24. sin-! соз) 25. cos"! tan) 26. tan Е) 
27. елап 22) 28. sin(cot-12) 29. tan [sin (-2)] 


In Problems 30 and 31, find the inverse function f~! of each function f. Find the range of f and the domain and range of f~t. 


30. f(x) = 2sin(3x) -> < х < 31. f(x) = —-cosx +3 0€ x € « 


x ш 
6 6 
In Problems 32 and 33, write each trigonometric expression as an algebraic expression in и. 


32. cos(sin-!w) 33. tan(csc^! и) 


In Problems 34—50, establish each identity. 


34. tanÜcot0 — sin?0 = cos?0 35. sin? 0(1 + cot? 0) = 1 36. 5 cos? 0 + 3sin?0 = 3 + 2cos?0 

1 — cosé sind cosé 1 csc 1 — sind 
37. = 2 0 38. = Д = 
51п б 1 — cosé EM cos@ — sin 1 — tan 1 + csc cos? 0 
cw 3 cu uin 
40. csc — sind = cos0cotó 41. 1— ѕіпб _ cos o 42. 1 - 2 sin" _ сої0 — tan 
sec 1+ sind sin бсоѕб 

43. Sone X 8) _ cot 3 — tana 44, costa — 8) = 1 + tanatan 8 45. (1 + соз@)їап® = sind 
cosasin 3 cosacos 3 2 

46. 2 cot@cot(20) = cot?0 — 1 47. 1 — 8sin?0cos?0 = cos(40) 48. sin (38 )cos0 = sindicos(38) _ 1 

sin(20) 

in(20) + sin(40) cos(20) — cos(40) 

49, Sin — tan(30 50. tandtan(30) = 0 
cos(20) + cos(40) Bo) cos(20) + cos(40) атаи 

In Problems 51—58, find the exact value of each expression. 

51. sin165° 52. tan105° 

53. сов27 54. sin{- | 

12 12 
55. cos80°cos20° + sin80°sin 20° 56. sin70°cos40° — cos70°sin 40° 
57. tana 58. sin 
8 8 

In Problems 59-63, use the information given about the angles а and B to find the exact value оў: 

(a) sin(a + 8) (b) cos(a + 8) (c) sin(a — 8) (d) tan(a + 8) 

(e) sin(2a) (f) cos(28) (g) sing (h) cos? 

59. sina = 2,0 < a < F; sing =2,2<6<n 60. sina = 3, < a < 27, соз8 = 12, 37 < 8 < 2л 

3 3m. 12 T T | Зп 
61. tana = 5, п < а < =; tanG=—,0< 8 < = 62. seca = 2, —— < а < 0; sec = 3, — < B < 2m 
4 2 5 2 2 2 
63. sina = EI <a< i, соѕ 8 = -ha «б< „т 


In Problems 64—69, find the exact value of each expression. 


64. cos(sin- ^ 2 — cos"! 5) 65. sin dup — a 
5 2 13 


5 
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66. tan [sin (7) = tan-!i] 67. cos|tan-! (1) + cost (-2]] 


68. sin|2 eos (-2)] 69. cos(2 tan-12) 


In Problems 70-81, solve each equation on the interval 0 < 0 < 2m. 


70. соѕ0 = j 71. tand + V3 = 0 72. sin(20) +1 = 0 
73. tan(20) = 0 74. ѕес20 = 4 75. 0.2 sind = 0.05 
76. sin0 + sin(20) = 0 77. sin(20) — cos? — 2 5110 +1 = 0 

78. 2sin?0 —3sind+1=0 79. 4 sin?0 = 1 + 4cosé 

80. sin(20) = V2 cos 81. sind — соѕ0 = 1 


In Problems 82—86, use a calculator to find an approximate value for each expression, rounded to two decimal places. 
82. sin! 0.7 83. tan-1 (—2) 84. cos-1(—0.2) 


85. ѕес-!3 86. сої-1(—4) 
Г 
(& In Problems 87-89, use a graphing utility to solve each equation on the interval 0 < x < 2т. Approximate any solutions rounded to 
two decimal places. 


87. 2x = 5cosx 88. 2 sinx + 3cosx = 4x 89. sinx = Inx 


In Problems 90 and 91, find the exact solution of each equation. 


90. 3 sin! x = пт 91. 2 соѕ !x + 7 = 4cos ! x 


92. Use a Half-angle Formula to find the exact value of sin 15?. Then use a Difference Formula to find the exact value of sin 15°. Show 
that the answers you found are the same. 


93. If you are given the value of cos@ and want the exact value of cos( 20), what form of the Double-angle Formula for cos(20) is most 
efficient to use? 


CHAPTER 


Test Pre The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Chapter Test Mid 


exercises. These videos are available in MyLab™ Math. 


In Problems 1—10, find the exact value of each expression. Express angles in radians. 


1. sec[ 7, 2. (22) 3. tan! (-/3) 4. соѕ 10 5. сої-11 
' ‚11 7 3 
6. cese (—2) 7. sin (sin ££) 8. tan(tan- 7) 9. cot(csc-! v10) 10. sec(cos-(-1)) 


In Problems 11—14, use a calculator to evaluate each expression. Express angles in radians rounded to two decimal places. 
11. sin ^! 0.382 D sec iA 13. {ап-13 14. cot-!5 


In Problems 15-20 establish each identity. 
csc + cotü _ sec — tan0 
'secÓ + tanÜ сѕс0 — сої 
8 sin(a + B) 
' tana + tang 


16. sintan + соѕ0 = ѕесб 17. tan0 + cotü = 2 csc(20) 


0 tanÜ — сої _ 1 


» 2 cos? 0 
tan + cot 


= cosacos f 19. sin(30) = 3 sind — Asin?0 
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In Problems 21-28 use sum, difference, product, or half-angle formulas to find the exact value of each expression. 


21. cosis" 22. tan 75° 


24. tan(2 sin! £) 
27. sin75° + sin15° 


In Problems 29-33, solve each equation оп О < 0 < 2r. 
29. Asin 0 — 3 = 0 


32. sin(0 + 1) = cos@ 


Cumulative Review 


1. Find the real solutions, if any, of the equation3x? + x — 1 = 0. 


2. Find an equation for the line containing the points (—2, 5) 
and (4, —1). What is the distance between these points? 
What is their midpoint? 

3. Test the equation 3x + y? = 9 for symmetry with respect to 
the x-axis, y-axis, and origin. List the intercepts. 

4. Use transformations to graph the equation y = |x — 3| + 2. 


5. Use transformations to graph the equation y — 3e* — 2. 


6. Use transformations to graph the equation 
T 
= = == 
у cos X z) 
7. Graph each of the following functions. Label at least three 


points on each graph. Name the inverse function of each and 
show its graph. 


(а) y = x3 (b у = ех 
(с) у = sinx, = SES 
(d у 2cosx, 0 < x € v 
8. 105100 = E andr «60 < = find the exact value of: 
(a) cos0 (b) tan (c) sin(20) 


(d) cos(20) (e) sin( 0] (0 cos( 20) 


9. Find the exact value of cos(tan~! 2). 


25. соз|зіп-15 + 13) 


30. —3 cos[ 2 — 0) = tang 


23. sin( cos! =) 


26. sin75°cos15° 


28. cos65°cos20° + sin65°sin 20° 


31. cos? 0 + 2sin0cos0 — sin?0 = 0 


33. 4 sin? 0 + 7sinü = 2 


10. If sina = £, Z <a < m, and cos = -i,r < 8 < 27, 


find the exact value of: 


(a) cosa (b) sin 8 (c) cos(2a) 
(d) cos(a + 8) (e) sing 


11. Consider the function 
f(x) = 2х5 = x* — 4x3 + 2x? + 2x — 1 


(a) Find the real zeros and their multiplicity. 
(b) Find the intercepts. 
(c) Find the power function that the graph of f resembles for 
large | x|. 

та (d) Graph f using a graphing utility. 
(e) Approximate the turning points, if any exist. 

(f) Use the information obtained in parts (a)-(e) to graph f 
by hand. 

(g) Identify the intervals on which f is increasing, decreasing, 
or constant. 


12. It f(x) = 2x? + 3x + land g(x) = x? + 3x + 2, solve: 


(a) f(x) = 0 
(с) f(x) > 0 


(b) f(x) = g(x) 
(d) f(x) > g(x) 
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Chapter Projects 


Credit: Andrea Danti/Shutterstock 


1. 


@) Internet-based Project 


Mapping Your Mind The goal of this project is to organize 
the material learned in Chapters 5 and 6 in our minds. To do 
this, we will use mind-mapping software called Mindomo. 
Mindomo is free software that enables you to organize your 
thoughts digitally and share these thoughts with anyone on the 
Web. By organizing your thoughts, you can see the big picture 
and then communicate this big picture to others. You are also 
able to see how various concepts are related to each other. 


1. 


Go to http://www.mindomo.com and register. Learn how 
to use Mindomo. A video on using Mindomo can be 
found at http://www.screencast.com/t/ZPwJQDs4 


Use an Internet search engine to research Mind Mapping. 
Write a few paragraphs that explain the history and 
benefit of mind mapping. 


Create a MindMap that explains the following: 
(a) The six trigonometric functions and their properties 
(including the inverses of these functions) 
(b) The fundamental trigonometric identities 
When creating your map, be creative! Perhaps you can 
share ideas about when a particular identity might be 
used, or when a particular identity cannot be used. 


Share the MindMap so that students in your class can 
view it. 


The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 


П. Waves Wave motion is described by a sinusoidal equation. The Principle of Superposition of two waves is discussed. 

Ш. Project at Motorola Sending Pictures Wirelessly The electronic transmission of pictures is made practical by image compression, 
mathematical methods that greatly reduce the number of bits of data used to compose the picture. 

IV. Calculus of Differences Finding consecutive difference quotients is called finding finite differences and is used to analyze the graph 


of an unknown function. 


Applications of 


Trigonometric Functions 


The Lewis and Clark Expedition 


In today’s world of GPS and smart phone apps 
that can precisely track one’s location, it is difficult 
to fathom the magnitude of the challenge that 
confronted Meriwether Lewis and William Clark 
in 1804. 

But Lewis and Clark managed. Commissioned 
by President Thomas Jefferson to explore the 
newly purchased Louisiana Territory, the co- 
captains led their expedition—the Corps of 
Discovery—on a journey that took nearly two 
and a half years and carried them more than 7000 
miles. Starting at St. Louis, Missouri, they traveled 
up the Missouri River, across the Great Plains, 
over the Rocky Mountains, down the Columbia 
River to the Pacific Ocean, and then back. Along 
the way, using limited tools such as a compass and Credit: North Wind Picture Archives/Alamy Stock Photo 
octant, they created more than 130 maps of the 
area with remarkable detail and accuracy. 


—See Chapter Project П— 


Outline 


In Chapter 5, we defined the six trigonometric functions using right triangles and then extended 7.1 Applications Involving Right 


this definition to include any angle. In particular, we learned to evaluate the trigonometric Triangles 
functions. We also learned how to graph sinusoidal functions. In Chapter 6, we defined the 7.2 The Law of Sines 
inverse trigonometric functions and solved equations involving the trigonometric functions. 73 The Law of Cosines 


7.4 Area ofa Triangle 
7.5 Simple Harmonic Motion; Damped 


In this chapter, we use the trigonometric functions to solve applied problems. The first four Motion; Combining Waves 
sections deal with applications involving right triangles and oblique triangles, triangles that do Chapter Review 
not have a right angle. To solve problems involving oblique triangles, we will develop the Law of Chapter Test 
Sines and the Law of Cosines. We will also develop formulas for finding the area of a triangle. Cumulative Review 
The final section deals with applications of sinusoidal functions involving simple harmonic Chapter Projects 


motion and damped motion. 
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7.1 Applications Involving Right Triangles 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Pythagorean Theorem (Appendix A, Section A.2, e Finding the Length of an Arc of a Circle (Section 5.1, 
pp. A14-A15) pp. 398-401) 

Finding sin 0 and tan 0 for a 3-4-5 Triangle Trigonometric Equations (Section 6.3, pp. 521-526) 
(Section 5.2, pp. 408-410) Complementary Angle Theorem (Section 5.2, 
Finding the Exact Values of an Inverse Trigonometric pp. 414-416) 

Function (Section 6.1, pp. 501—507) 


\ Now Work the ‘Are You Prepared?’ problems оп page 577. 


OBJECTIVES 1 Solve Right Triangles (p. 574) 
2 Solve Applied Problems (p. 575) 


1 Solve Right Triangles 


In the discussion that follows, a right triangle is always labeled so that side a is 

C a b opposite angle A, side b is opposite angle B, and side c is the hypotenuse, as shown 

in Figure 1. To solve a right triangle means to find the lengths of its sides and the 

Н measurements of its angles. We express the lengths of the sides rounded to two 

decimal places and angle measures in degrees rounded to one decimal place. (Be 
sure that your calculator is in degree mode.) 

To solve a right triangle, we need to know one of the acute angles A or B anda 
side, or else two sides (in which case the Pythagorean Theorem can be used). Also, 
because the sum of the measures of the angles of a triangle is 180°, the sum of the 
measures of angles A and B in a right triangle is 90°. 


a 


Figure 1 Right triangle 


THEOREM Properties of a Right Triangle 


For the right triangle shown in Figure 1, we have 
с2 = а2 +627 A+B = 90° 


Solving а Right Triangle 
Use Figure 2. If b. = 2 and A = 40°, find a, c, and B. 


Solution Because A = 40? and A+ B = 90°, it follows that В = 50°. To find the sides a 
and c, use the facts that 


tan40° = 2 and cos 40° = 2 
2 с 
Now solve for а and с. 
а = 2tan40? ~ 1.68 and c= —— ~x 2.61 
cos40 D 
Figure 2 
\ Now Work PRoBLEM 11 
Solving a Right Triangle 
Use Figure 3.If a = 3and b = 2, find c, A, and В. 
C Р 
2 Solution — Sincea = 3andb = 2, then, by the Pythagorean Theorem, 
" с? = д? 4 Б? = 3? +2? = 9 44 = 13 
3 


с = V13 ~ 3.61 | 
Figure 3 (continued) 
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NOTE To avoid round-off errors when То find angle A, use the fact that 

using a calculator, store unrounded 

values in memory for use in subsequent tanA = 3 so A = tan"! 3 
calculations. 8 2 2 


Use a calculator with the mode set to degrees to find that A = 56.3? rounded to one 
decimal place. Because A + В = 90°, this means that В = 33.7°. D 


\ Now Work PROBLEM 21 


2 Solve Applied Problems 


© In Section 5.3, we used right triangle trigonometry to find the lengths of unknown 
sides of a right triangle, given the measure of an angle and the length of a side. Now 
that we understand the concept of inverse trigonometric functions and know how to 
solve trigonometric equations, we can solve applied problems that require finding the 
measure of an angle given the lengths of two sides in a right triangle. 


| EXAMPLE 3 | Finding the Inclination of a Mountain Trail 


A straight trail leads from the Alpine Hotel, elevation 8000 feet, to a scenic overlook, 
elevation 11,100 feet. The length of the trail is 14,100 feet. What is the inclination 
(grade) of the trail? That is, what is the measure of angle B in Figure 4? 


Solution From Figure 4, the length of the side opposite angle В is 11,100 — 8000 = 3100 feet, 
and the length of the hypotenuse is 14,100 feet. Then angle B satisfies the equation 


А 3100 
sin B = 
Overlook 14,100 


elevation ; i А : 
Trail A 11,100 ft Since angle B is acute, using a calculator's ѕіп -! key returns the value of В we are 


14,100 ft — looking for. 
Be 
2—68 - В = sin-1 3100.  12,]7° 


Hotel 


sin 
Elevation 14,100 
8000 ft 
Figure 4 The inclination (grade) of the trail is approximately 12.7°. D 


\ Now Work PROBLEM 29 


| EXAMPLE 4 | The Gibb's Hill Lighthouse, Southampton, Bermuda 


In operation since 1846, the Gibb’s Hill Lighthouse stands 117 feet high on a 
hill 245 feet high, so its beam of light is 362 feet above sea level. A brochure states 
that the light can be seen on the horizon about 26 miles distant. Verify the accuracy 
of this statement. 


Solution Figure 5 illustrates the situation. The central angle 0, positioned at the center of Earth, 
radius 3960 miles, satisfies the equation 


= 0.999982687 1 mile = 5280 feet 


Solving for 0 yields 1? = 60! 
3960 mi 


SEP 0 = cos-! 0.999982687 ~ 0.33715? = (0.33715)(60') ~ 20.23' 


The brochure does not indicate whether the distance is measured in nautical miles 
(see Problem 120 in Section 5.1) or statute miles. Let's calculate both distances. 

The distance s in nautical miles is the measure of the angle 0 in minutes, 
sos z 20.23 nautical miles. 


Figure 5 (continued) 
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The distance s in statute miles is given by the formula s = r0, where 0 is measured 


4 Need to Review? = in radians. Then, because 
Converting between decimal ó : 
C and degree, minute, second 0 = 0.33715? ~ 0.00588 radian 
^ measures for angles is discussed T 
^ inSection 5.1, p. 397. 1° = igo "аап 
2: 


the light can be seen for 
s = r0 ~ 3960 - 0.00588 ғ 23.3 miles 


In either case, it would seem that the brochure overstated the distance somewhat. . g 


In navigation and surveying, the direction or bearing from a point O to a point P 

E equals the acute angle 0 between the ray OP and the vertical line through О, the 
north-south line. 

Figure 6 illustrates some bearings. Notice that the bearing from O to P, is denoted 

N30°E, indicating that the bearing is 30° east of north. In writing the bearing from 


S50°W Р, О to Р, the direction north or south always appears first, followed by an acute angle, 
followed by east or west. In Figure 6, the bearing from О to Р, is S50°W, and from 
Е О to P, it is N70°W. 
Figure 6 


| EXAMPLE 5 | Finding the Bearing of an Object 


In Figure 6, what is the bearing from O to an object at P,? 


Solution Тһе acute angle between the ray OP, and the north-south line through О is 20°. The 
bearing from O to P, is S20°E. _в 


| EXAMPLE6 | Finding the Bearing of an Airplane 


A Boeing 777 aircraft takes off from Nashville International Airport on runway 
2 LEFT, which has a bearing of N20°E.* After flying for 1 mile, the pilot of the 
aircraft requests permission to turn 90° and head toward the northwest. The request 
is granted. After the plane goes 2 miles in this direction, what bearing should the 
control tower use to locate the aircraft? 


Solution Figure 7 illustrates the situation. After flying 1 mile from the airport О (the control 
tower), the aircraft is at P. After turning 90° toward the northwest and flying 2 miles, 
the aircraft is at the point Q. In triangle OPQ, the angle 0 satisfies the equation 


tanü = п = 2 so 0 = tan-! 2 ~ 63.4? 


The acute angle between north and the ray ОО is 63.4° — 20° = 43.4°. The bearing 
yea of the aircraft from О to О is N43.4°W. -" 
N fl Runway 2 LEFT 
0 


\ Now Work PROBLEM 37 


Figure 7 
à *[n air navigation, the term azimuth denotes the positive angle measured clockwise from the north (N) 
to a ray OP. In Figure 6, the azimuth from О to P, is 30°; the azimuth from О to Р, is 230°; the azimuth 
from О to P, is 290°. In naming runways, the units digit is left off the azimuth. Runway 2 LEFT means 
the left runway with a direction of azimuth 20° (bearing N20°E). Runway 23 is the runway with 
azimuth 230° and bearing S50°W. 


7.1 Assess Your Understanding 
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‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. In a right triangle, if the length of the hypotenuse is 65 and 
the length of one of the other sides is 63, what is the length 
of the third side? (p. A14) 


2. True or False sin 52° = cos 48°. (pp. 414-416) 
3. Find the length of the arc of a circle of radius 5 feet 


subtended by a central angle of 2.7 radians. 
(pp. 398-399) 


Concepts and Vocabulary 


7. Multiple Choice The sum of the measures of the two acute 
angles in a right triangle is . 
(a) 45° (b) 90° (с) 180° (d) 360° 

8. In navigation or surveying, the or from 
a point О to a point P equals the acute angle 0 between ray 
OP and the vertical line through O, the north-south line. 


Skill Building 


4. If 0 is an acute angle, solve the equation tan? = 2 Express 
your answer in degrees, rounded to one decimal place. 
(pp. 521—522) 


5. Find the exact values of sin and tan~! 1. Express your 


answer in degrees. (pp. 501-507) 
6. Use the right triangle to find sin A and tan А. 5 4 
(pp. 408-410) 


9. True or False In a right triangle, if two sides are known, we 
can solve the triangle. 
10. True or False In a right triangle, if we know the two acute 
angles, we can solve the triangle. 


In Problems 11-24, use the right triangle shown here. Then, using the given information, solve the triangle. 


; “ма. eos В = 20°, finda, Sand 
b dXacü B= 40°, findb,c,and A 
[|] 


a 15. b = 7, А = 14°; finda, c, and B 


17.a = 5, А = 25°; findb, c, and B 
19. с = 9, B = 20°; findb, a,and A 
N 2La=5, ь= 3; findc, A,and B 
23. a = 3, c = 11; findb, A, and B 


Applications and Extensions 


25. Geometry The hypotenuse of a right triangle is 5 inches. If 
one leg is 2 inches, find the degree measure of each angle. 


26. Geometry The hypotenuse of a right triangle is 3 feet. If one 
leg is 1 foot, find the degree measure of each angle. 


27. Geometry A right triangle has a hypotenuse of length 
8 inches. If one angle is 35°, find the length of each leg. 


28. Geometry A right triangle has a hypotenuse of length 
10 centimeters. If one angle is 40°, find the length of each leg. 


М 29. Finding the Angle of Elevation of the Sun At 10 am on 
w April 26, 2022, a building 300 feet high cast a shadow 50 feet 
long. What was the angle of elevation of the Sun? 


30. Directing a Laser Beam See the figure. A laser beam is to 
be directed through a small hole in the center of a circle of 
radius 10 feet. The origin of the beam is 35 feet from the 
circle. At what angle of elevation should the beam be aimed 
to ensure that it goes through the hole? 


Nd. Now Work 


Q 1. Modeling 


1. Writing 


5 1. Graphing Tech 


12. b= 4, В = 105 finda, c, and A 


14. a = 7, В = 505; findb, с, and A 
16. b = 6, A = 205 finda, c, and B 
18. a = 6, A = 405 findb, c, and B 
20. с= 10, A = 405 findb, a,and B 
22. а= 2, b = 8; брас, А, апа B 
24. b = 4, c = 6; finda, А, апа B 


31. Finding the Speed of a Truck A state trooper is hidden 
30 feet from a highway. One second after a truck passes, the 
angle 0 between the highway and the line of observation 
from the patrol car to the truck is measured. See the figure. 


(a) If the angle measures 15°, how fast is the truck traveling? 
Express the answer in feet per second and in miles per 
hour. 

(b) If the angle measures 20°, how fast is the truck traveling? 
Express the answer in feet per second and in miles per 
hour. 

(c) If the speed limit is 55 miles per hour and a speeding ticket 
is issued for speeds of 5 miles per hour or more over the 
limit, for what angles should the trooper issue a ticket? 


Х Calculus Preview == 1. Applet-Based 
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32. 


33. 


34. 


35. 


36. 


\ з, 


Security A security camera in a neighborhood bank is 
mounted on a wall 9 feet above the floor. What angle of 
depression should be used if the camera is to be directed to a 
spot 6 feet above the floor and 12 feet from the wall? 


Frictional Force A box sitting on a flat surface has a 
coefficient of static friction of џи, = 0.3. If one end of the 
surface is raised, static friction prevents the box from sliding 
until the force of static friction is overcome. The critical angle 
at which the box begins to slide, 0,, can be found from the 
equation tanÜ, = џ,. 
(a) What is the critical angle for the : 
ithe „ы 
(b) Ifthe boxis 5 ft from the pivot point, 
at what height will the box begin to Pivot 5 
slide? See the figure. point 


Frictional Force (See Problem 33.) Once the box begins 
to slide and accelerate, kinetic friction acts to slow the box 
with a coefficient of kinetic friction jj, = 0.1. The raised 
end of the surface can be lowered to a point where the box 
continues sliding but does not accelerate. The critical angle 
at which this happens, 6/, can be found from the equation 
їапӨ! = ш. 

(a) What is this critical angle for the box? 

(b) If the box is 5 ft from the pivot point, at what height will 

the box stop accelerating? 


Parallax One method of measuring the distance from Earth 
to a star is the parallax method. The idea behind computing 
this distance is to measure the angle formed between Earth 
and the star at two different points in time. Typically, the 
measurements are taken so that the side opposite the angle 
is as large as possible. Therefore, the optimal approach is to 
measure the angle when Earth is on opposite sides of the 
Sun, as shown in the figure. 


Earth’s 
orbit Earth at time 1 
s _ 
z^ Star 
/ Su / 2 
І ЕЕ 


Parallax 
Earth at time 2 


(a) Proxima Centauri is 4.22 light-years from Earth. If 
1 light-year is about 5.9 trillion miles, how many miles 
is Proxima Centauri from Earth? 

(b) The mean distance from Earth to the Sun is 93,000,000 
miles. What is the parallax of Proxima Centauri? 


Parallax See Problem 35. The star 61 Cygni, sometimes 

called Bessel’s Star (after Friedrich Bessel, who measured 

the distance from Earth to the star in 1838), is a star in the 

constellation Cygnus. 

(a) If 61 Cygni is 11.14 light-years from Earth and 1 light- 
year is about 5.9 trillion miles, how many miles is 
61 Cygni from Earth? 

(b) The mean distance from Earth to the Sun is 93,000,000 
miles. What is the parallax of 61 Cygni? 


Finding the Bearing of an Aircraft An Airbus a380 aircraft 
leaves Midway Airport from runway 4 RIGHT, whose bearing is 
N40°E. After flying for j mile, the pilot requests permission 


to turn 90? and head toward the southeast. The permission is 
granted. After the airplane goes 1 mile in this direction, what 
bearing should the control tower use to locate the aircraft? 


38. 


39. 


40. 


41. 


42. 


Finding the Bearing of a Ship A ship leaves the port of 
Miami with a bearing of S80°E and a speed of 15 knots. After 
1 hour, the ship turns 90° toward the south. After 2 hours, 
maintaining the same speed, what is the bearing to the ship 
from the port? 


Niagara Falls Incline Railway Situated between Portage 
Road and the Niagara Parkway directly across from the 
Canadian Horseshoe Falls, the Falls Incline Railway is a 
funicular that carries passengers up an embankment to 
Table Rock Observation Point. If the length of the track is 
51.8 meters and the angle of inclination is 36?2', determine 
the height of the embankment. 


Source: www.niagaraparks.com 


Willis Tower The Willis Tower in Chicago is the second 
tallest building in the United States and is topped by a high 
antenna. A surveyor on the ground makes the following 
measurements: 


* The angle of elevation from her position to the top of the 
building is 34°. 

* The distance from her position to the top of the building 
is 2595 feet. 


* The distance from her position to the top of the antenna 
is 2760 feet. 

(a) How far away from the base of the building is the 
surveyor located? 

(b) How tall is the building? 

(c) What is the angle of elevation from the surveyor to the 
top of the antenna? 

(d) How tall is the antenna? 


Source: Council on Tall Buildings and Urban Habitat 


Chicago Skyscrapers The angle of inclination from the 
base of the John Hancock Center to the top of the main 
structure of the Willis Tower is approximately 10.3°. If the 
main structure of the Willis Tower is 1451 feet tall, how far 
apart are the two skyscrapers? Assume the bases of the two 
buildings are at the same elevation. 


Source: Council on Tall Buildings and Urban Habitat 


Estimating the Width of the Mississippi River A tourist at 
the top of the Gateway Arch (height 630 feet) in St. Louis, 
Missouri, observes a boat moored on the Illinois side of the 
Mississippi River 2070 feet directly across from the Arch. 
She also observes a boat moored on the Missouri side 
directly across from the first boat (see the figure). Given 


that B = cot"! £, estimate the width of the Mississippi 
River at the St. Louis riverfront. 


Source: U.S. Army Corps of Engineers 


2070 ft 4 


43. 


44. 


45. 


Finding the Pitch of а Roof A carpenter is preparing to 
put a roof on a garage that is 20 feet by 40 feet by 20 feet. 
A steel support beam 46 feet in length is positioned in the 
center of the garage. To support the roof, another beam will 
be attached to the top of the center beam (see the figure). 
At what angle of elevation is the new beam? In other words, 
what is the pitch of the roof? 


New > 
beam 


Shooting Free Throws in Basketball The eyes of a basketball 
player are 6 feet above the floor. The player is at the free- 
throw line, which is 15 feet from the center of the basket 
rim (see the figure). What is the angle of elevation from the 
player’s eyes to the center of the rim? 


[Hint: The rim is 10 feet above the floor.] 


Geometry Find the value of the angle 0 (see the figure) in 
degrees rounded to the nearest tenth of a degree. 


Explaining Concepts: Discussion and Writing 
49. The Gibb’s Hill Lighthouse, Southampton, Bermuda In 


operation since 1846, the Gibb’s Hill Lighthouse stands 
117 feet high on a hill 245 feet high, so its beam of light 
is 362 feet above sea level. A brochure states that ships 


46. 


47. 


48. 
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Surveillance Satellites A surveillance satellite circles Earth 

at a height of Л miles above the surface. Suppose that d is 

the distance, in miles, on the surface of Earth that can be 

observed from the satellite. See the figure. 

(a) Find an equation that relates the central angle 0 (in 
radians) to the height Л. 

(b) Find an equation that relates the observable distance d 
and б. 

(c) Find an equation that relates d and Л. 

(d) If d is to be 2500 miles, how high must the satellite orbit 
above Earth? 

(e) If the satellite orbits at a height of 300 miles, what 
distance d on the surface can be observed? 


Challenge Problem Drive Wheel of an Engine The drive 
wheel of an engine is 13 inches in diameter, and the pulley on 
the rotary pump is 5 inches in diameter. If the shafts of the 
drive wheel and the pulley are 2 feet apart, what length of belt 
is required to join them as shown in the figure? 


Challenge Problem Rework Problem 47 if the belt is crossed, 
as shown in the figure. 


k 2ft 4 


40 miles away can see the light and planes flying at 10,000 feet 
can see it 120 miles away. Verify the accuracy of these 
statements. What assumption did the brochure make about 
the height of the ship? 
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Retain Your Knowledge 


Problems 50-59 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind so 

that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 
50. Determine whether x — 3 is a factor of 55. If a 4th degree polynomial function with real coefficients 
x^ + 2x? — 21x? + 19x — 3. has zeros of 2, 7 and 3 — V5, what is the remaining zero? 


51. Find the exact value of sin. . Simplify (е2х — 1)? + (2e*y | 
12 (е?х +1)? 
. If f(x) = Vx, fin £2 = IU orx = 5, 4.5, and 4.1. . What is the remainder when P(x) = 2х* — 3x3 — x +7 
x—4 is divided by x + 2? 
Round results to three decimal places. 


. Solve 2sin? 0 — sind + 5 = 6 for 0 < 0 < 2m. 


. Write the equation of a circle with radius г = V5 and 
center ( 4, 0) in standard from. 


. If the two triangles shown are similar, find x. . Find the domain of g(x) — 3|x? — 1| — 5. 


14 Ў LN 


‘Are You Prepared?’ Answers 


1.16 2. False 3  135feet 4, 26.6° 5.30°45° 6. sinA = 3; tanA = 


BIW 


7.2 The Law of Sines 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Trigonometric Equations (Section 6.3, pp. 521—526) e Approximating the Value of a Trigonometric 
e Difference Formula for the Sine Function Function (Section 5.3, pp. 423-424) 

(Section 6.5, p. 542) Approximating the Value of an Inverse Trigonometric 
* Geometry Essentials (Appendix A, Function (Section 6.2, pp. 515-517) 

Section A2, pp. A14-A19) 


\ Now Work the ‘Are You Prepared?’ problems on page 587. 


OBJECTIVES 1 Solve SAA or ASA Triangles (p. 581) 
2 Solve SSA Triangles (p. 582) 
3 Solve Applied Problems (p. 584) 


If none of the angles of a triangle is a right angle, the triangle is called oblique. 
An oblique triangle will have either three acute angles or two acute angles and one 
obtuse angle (an angle measuring between 90° and 180°). See Figure 8. 


Obtuse angle 


(a) All angles are acute (b) Two acute angles and one obtuse angle 
Figure 8 


In the discussion that follows, an oblique triangle is always labeled so that side a 
b is opposite angle A, side b is opposite angle B, and side c is opposite angle С, аз shown 
Figure 9 Oblique triangle in Figure 9. 
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ÆN CAUTION Obli que triangles To solve an oblique triangle means to find the lengths of its sides and the measures 
cannot be solved using the methods of of its angles. To do this, we need to know the length of one side,* along with (i) two 
Section 71. Do you know why? m angles, (ii) one angle and one other side, or (iii) the other two sides. There are four 


possibilities to consider. 


CASE 1: One side and two angles are known (ASA or SAA). 

CASE 2: Two sides and the angle opposite one of them are known (SSA). 
CASE 3: Two sides and the included angle are known (SAS). 

CASE 4: Three sides are known (SSS). 


Figure 10 illustrates the four cases, where the known measurements are shown 


in blue. 
ia м. м. Гай т а 
A^ N Z\ N AZ N Z\ N 
S S S 
Case 1: ASA Case 1: SAA Case 2: SSA Case 3: SAS Case 4: SSS 


Figure 10 


The Law of Sines is used to solve triangles for which Case 1 or 2 holds. Cases 3 
and 4 are considered when we study the Law of Cosines in the next section. 


THEOREM Law of Sines 
For a triangle with sides a, b, c and opposite angles A, B, C, respectively, 
sinA _ sinB  sinC (0 


а b Č 


A proof of the Law of Sines is given at the end of this section. 
The Law of Sines consists of three equalities: 


.SInA _ sinc .SinB _ sinc 


a G b С 


Formula (1) is a compact way to write these three equations. 
To solve triangles with the Law of Sines, we use the fact that the sum of the angles 
of any triangle equals 180°; that is, 


A+B+C = 180° (2) 


1 Solve SAA ог ASA Triangles 


The first two examples show how to solve a triangle when one side and two angles 
are known (Case 1: SAA or ASA). 


| €XAMPLE1 | Using the Law of Sines to Solve an SAA Triangle 


Solve the triangle: A = 40°, В = 60°, а = 4 


Solution Figure 11 on the next page shows the triangle to be solved. The third angle C is found 
using formula (2). 


A+ BC = 180° 
40° + 60° + C = 180° 
С = 80° 


(continued) 


*The length of one side must be known because knowing only the angles results in a family of similar triangles. 
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Now use the Law of Sines (twice) to find the unknown sides b and c. 


sinA  sinB sinA  sinC 


a b a с 


Because a = 4, А = 40°, В = 60°, апас = 80°, we have 


ѕіп 40° _ 51п60° ѕіп 40° _ sin80° 


Figure 11 4 b 4 7 С 
Solving for b апа с yields 
NOTE Although it is not a complete . : . А 
check, the reasonableness of answers Ь = 4 sin 60 x 5.39 с = 4 51080 ~ 6.13 
can be verified by determining whether sin 40° sin 40° -B 


the longest side is opposite the largest 

angle and the shortest side 15 opposite 

the smallest angle. и Notice in Example 1 that b and c are found by working with the given side a. This 
is better than finding b first and working with a rounded value of b to find c. 


^, Now Work PROBLEM 11 


Using the Law of Sines to Solve an ASA Triangle 
Solve the triangle: A = 35°, B = 15°,c = 5 


Solution Figure 12 illustrates the triangle to be solved. Two angles are known (A = 35° 
and B = 15°). Find the third angle using formula (2): 


A+ B+C = 180° 
35? + 15? + C = 180° 
C = 130° 


Now the three angles and one side (c = 5) of the triangle are known. To find the 
remaining two sides a and b, use the Law of Sines (twice). 


Figure 12 sinA _ sinC sinB _ sinC 
a с Ь с 
sin35° _ sin130° sinl5°  sin130? 
a 5 b — 5 
= 5839" алд — 25Ш15° 5 16 
51п 130° 51п 130° _B 


^. Now Work PRoBLEM 25 


2 Solve SSA Triangles 


Case 2 (SSA), which describes triangles for which two sides and the angle opposite 
one of them are known, is referred to as the ambiguous case, because the known 
information may result in one triangle, two triangles, or no triangle at all. Suppose 
that sides a and b and angle A are given, as illustrated in Figure 13. The key to 
determining how many triangles, if any, can be formed from the given information lies 
primarily with the relative size of side a, the height h, and the fact that = b sin A. 


Figure 13 h — bsinA 


No Triangle If a < h = bsin A, then OneRightTriangle If a = h = b sin A, 
side a is not long enough to form a then side a is just long enough to form 
triangle. See Figure 14. one right triangle. See Figure 15. 


Figure 14 a < h = bsinA Figure 15 a — h — bsinA 
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Two Triangles If; = bsinA < aand  OneTriangle Ifa > Б, only one triangle 
a < b,then two distinct triangles can be сап be formed. See Figure 17 
formed from the given information. See 


Figure 16. 
b | ; b а 
а 1 = bsinA 
Раф | 
Figure 16 bsinA < а Figure 17 a > b 
anda « b 


Fortunately, it is not necessary to rely on a figure or on complicated relationships 
to draw the correct conclusion in the ambiguous case. The Law of Sines leads us to 
the correct determination. Let's see how. 


Using the Law of Sines to Solve an SSA Triangle (No Solution) 


Solve the triangle: a 2,6 Loc 50° 


Solution Because a = 2, с = 1, and C = 50? are known, use the Law of Sines to find the 


angle A. 
sin A = sinC 
a с 
sin A = sin 50? 
2 1 


sin A = 2 sin 50° z 1.53 


Since there is no angle A for which sin A > 1, there is no triangle with the given 
measurements. Figure 18 illustrates the measurements given. Note that no matter how 
Figure 18 side c is positioned, it will never touch side b to form a triangle. D 


| EXAMPLE 4 | Using the Law of Sines to Solve an SSA Triangle (One Solution) 


Solve the triangle:a = 3,b = 2,A = 40° 


Solution See Figure 19(a). Because a = 3, b = 2, and A = 40° are known, use the Law of 
Sines to find the angle B. 


sinA  sinB 


a b 
Then 
sin40°  sinB 
Figure 19(a) 3 ES 
sing = 251140 . 0.43 
3 
There are two angles B, 0° < В < 180°, for which sin B ғ 0.43. 
NOTE The angle B, was determined by B, я 25.4° and B, ғ 180? — 25.4? = 154.6? 


finding the value of sini (251400) DP А : 

3 The angle В, ~ 154.6° is discarded because the sum of the angles in a triangle must 
Using the rounded value and evaluating — equal 180? and A + В, ~ 40° + 154.6? = 194.6? > 180°. Using B, ~ 25.4? gives 
sin-1 (0.43) will yield а slightly different 
result. н С = 180? — A — В, ~ 180° — 40° — 25.4? = 114.6? 


(continued) 
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The third side c can now be determined using the Law of Sines. 


sinA  sinC 


a с 
sin40° _ sin114.6° 
3 i 
PE 3 sin114.6 SAIA 
sin 40° 
Figure 19(b) Figure 19(b) illustrates the solved triangle. -» 


| EXAMPLE 5 | Using the Law of Sines to Solve an SSA Triangle (Two Solutions) 


Solve the triangle: a 6, b 8, А 35° 


Solution Because a = 6, b = 8, and A = 35° are known, use the Law of Sines to find the 


angle B. 
sin A _ sin B 
a b 
Then 
sin 35? _ sin B 
6 8 
sinB = LM. & 0.76 


" 20 B, ~ 49.0? or В, ~ 180? — 49.9? = 130.1? 
igure 20(a 

Both values of B result in A + В < 180°. There are two triangles, one containing 
the angle B, ~ 49.9? and the other containing the angle В, ~ 130.1°.See Figure 20(a). 


The third angle C is either 
C, = 180° – А – B, = 95.1* ог С, = 180 — A — B, e 14.9? 
|| T 
A = 39° А =35° 
B, = 49.9? Bm 130.17 


Now, use the Law of Sines to find the third side c. 


sinA _ sinC, sinA — sinC, 
а Cy a С 
| sin35° _ sin95.1° sin35°  sin14.9? 

n z = = 

C, = 2.69 | 6 с, 6 Co 

~ ж 6 sin 95.1? 6 sin 14.9* 
Figure 20(b) C, = "nds z 10.42 C5 — EU vi 2.69 

The two solved triangles are illustrated in Figure 20(b). 8 


\ Now Work PRoBLEMS 27 AND 33 


6 3 Solve Applied Problems 


| EXAMPLE6 | Finding the Height of a Mountain 


To measure the height of a mountain, a surveyor takes two sightings of the peak at 
a distance 900 meters apart on a direct line to the mountain.* See Figure 21(a) on 
the next page. The first observation results in an angle of elevation of 47°, and the 
second results in an angle of elevation of 35°. If the transit is 2 meters high, what is 
the height h of the mountain? 


(continued) 
*For simplicity, assume that these sightings are at the same level. 


Figure 22 
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Figure 21 


Solution Figure 21(b) shows the triangles that model the situation in Figure 21(a). Since 
C + 47° = 180°, this means that C = 133°. Also, since A + C + 35? = 180°, this 
means that А = 180? — 35? — C = 145? — 133? = 12?. Use the Law of Sines to find c. 

sin А sinC 


= A= 125C == 133°, = 900 
а с 
900 sin 133° 


С = ————— «= 3165.86 
sin12? 


Using the larger right triangle gives 

b 

с 

b = 3165.86 sin35° ~ 1815.86 ~ 1816 meters 


sin35° = 


The height of the peak from ground level is approximately 1816 + 2 = 1818 meters. 
—-» 


\ Now Work PRoBLEM 39 


| EXAMPLE | Rescue at Sea 


Coast Guard Station Zulu is located 120 miles due west of Station X-ray. A ship at sea 
sends an SOS call that is received by each station. The call to Station Zulu indicates 
that the bearing of the ship from Zulu is N40°E (40° east of north). The call to Station 
X-ray indicates that the bearing of the ship from X-ray is N30°W (30° west of north). 


(a) How far is each station from the ship? 


(b) If a helicopter capable of flying 200 miles per hour is dispatched from the nearest 
station to the ship, how long will it take to reach the ship? 


Solution (а) Figure 22 illustrates the situation. The angle C is found to be 
C = 180° — 50° — 60° = 70° 


The Law of Sines can now be used to find the two distances a and b that are 
needed. 


sin50° _ sin70° 


a 120 


а = 120sin50° „, 97.82 miles 
sin 70° 
sin 60° _ sin 70° 


b 120 


p = 120sin60" ~ 110.59 miles 
sin 70 


Station Zulu is about 111 miles from the ship, and Station X-ray is about 98 miles 


from the ship. (continued) 
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(b) The time t needed for the helicopter to reach the ship from Station X-ray is found 
by using the formula 


(Rate, r)(Time, t) — Distance, a 


Then 
р= 2 = eee d 0.49 hour ~ 29 minutes 
r 200 
It will take about 29 minutes for the helicopter to reach the ship. _B 


^, Now Work PROBLEM 49 


Proof of the Law of Sines To prove the Law of Sines, construct an altitude of length Л 
from one of the vertices of a triangle. Figure 23(a) shows Л for a triangle with three 


/ x acute angles, and Figure 23(b) shows A for a triangle with an obtuse angle. In each 
H case, the altitude is drawn from the vertex at B. Using either figure, 
" sinC — 2 
(а) à 
from which 
; y h = asinC (3) 
i From Figure 23(a), it also follows that 
үт А b 
Wee sinA = А 
(b) 
Figure 23 from which 
h=csinA (4) 


From Figure 23(b), it follows that 


sin(180° — A) = sinA = h 
С. 
1 
sin(180° — A) = sin180?cos A — cos180?sin A = sin A 
which again gives 
h = csin A 
So, whether the triangle has three acute angles or has two acute angles and one obtuse 


angle, equations (3) and (4) hold. As a result, the expressions for h in equations (3) 
and (4) are equal. That is, 


á P. A a sinC = csin A 
from which 


b sin А _ sinC (5) 


a c 
(a) 
In a similar manner, constructing the altitude h’ from the vertex of angle A, as 
shown in Figure 24, reveals that 


[7 a 
/ / 
с Ь 
b 


Equating the expressions for h’ gives 


h' = csinB = bsinC 
Figure 24 
from which 


— _ sinC (6) 
с 


When equations (5) and (6) are combined, the result is the Law of Sines. a 


7.2 Assess Your Understanding 
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‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The difference formula for the sine function is 
sin(A — B) = ‚ (р. 542) 


2. Solve sin А = 510 < А < п. (рр. 521-522) 


Concepts апа Vocabulary 


5. Multiple Choice If none of the angles of a triangle is a right 
angle, the triangle is called 


(a) oblique (b) obtuse (с) acute (d) scalene 
6. For a triangle with sides a, b,c and opposite angles A, B, C, the 
Law of Sines states that А 


7. Multiple Choice If two angles of a triangle measure 48° 
and 93°, what is the measure of the third angle? 


(a) 132° (b) 77° (с) 42° (d) 39° 
Skill Building 
In Problems 11-18, solve each triangle. 
Nan 12. 
s o C 
a 95 b a b 
45° A 40° 45° 
5 4 


In Problems 19-26, solve each triangle. 


3. Approximate sin 40° and sin 80°. (pp. 423-424) 


4. Approximate sin-! 0.76. Express the answer in degrees. 
(pp. 516—517) 


8. True or False When two sides and an angle are given at least 
one triangle can be formed. 


9. True or False The Law of Sines can be used to solve triangles 
where three sides are known. 


10. Triangles for which two sides and the angle opposite 
one of them are known (SSA) are referred to as the 


13. 14. 
85° а 125° N 10 
а З 
30° А 
C 
B 50° 
с 


17. 18. 
ü iih 2 5 C 
6 
40* A 30° 100° 
C C 


19. А = 55°, В = 25°, a=4 20. А = 50°, С = 20°, а = 3 21. В = 64°, C = 47°, b = 6 
22. А = 70°, В = 60°, с = 4 23. А = 110°, С = 30°, с = 3 24. В = 10°, С = 100°, = 2 
N 25. A = 40°, B = 40°, c=2 26. В = 20°, C = 70°, a= 1 


In Problems 27-38, two sides and ап angle are given. Determine whether the given information results in one triangle, two triangles, or no 


triangle at all. Solve any resulting triangle(s). 


27. а= 3, b=2, А = 50° 28. b= 4, с= 3, В = 40° 29. р = 9, с= 4, В = 115° 
30. а= 2, с= 1, А = 120° 31. а= 7, b = 14, А = 30° 32. b= 2, с= 3, В = 40° 
М 33.b = 4, c= 6, В = 20° 34.a —3 b=7, А = 70° 35. a = 8, c = 3, С = 125? 
36.b = 4, c=5, В = 95° эт„й-= 7, е==3 С = 12° 38. b = 4, c= 5, В = 40° 


^ 


Applications and Extensions 


v 39. Finding the Length of a Ski Lift Consult the figure on the 
right. To find the length of the span of a proposed ski lift from 
P to Q,asurveyor measures Z DPQ to be 25? and then walks 
back a distance of 1000 feet to R and measures 7PRQ to be 
15°. What is the distance from P to О? 


40. Finding the Height ofa Mountain Use the figure in Problem 39 
to find the height QD of the mountain. 


(1. Now Work Q 1. Modeling 1. Writing 


qu 1. Graphing Tech 


D HF——— 1000 ft ——1 


Х Calculus Preview == 1. Applet-Based 
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41. Finding the Height of an Airplane An aircraft is spotted by 48. Time Lost to a Navigation Error In attempting to fly 
two observers who are 1000 feet apart. As the airplane passes from city P to city Q, an aircraft followed a course that 
over the line joining them, each observer takes a sighting of was 10° in error, as indicated in the figure. After flying a 
the angle of elevation to the plane, as indicated in the figure. distance of 50 miles, the pilot corrected the course by turning 
How high is the airplane? at point R and flying 300 miles farther. If the constant speed 

of the aircraft was 250 miles per hour, how much time was 
lost due to the error? 
і p 1000 ft 0 ( Q 
ALAB 
42. Finding the Height of the Bridge p 300 mi ^ 31]. 


over the Royal Gorge The highest 
bridge in the United States is the 
bridge over the Royal Gorge of 
the Arkansas River in Colorado. 
Sightings to the same point at 
water level directly under the 
bridge are taken from each side 
of the 880-foot-long bridge, as 
indicated in the figure. How high 
is the bridge? 


Source: highestbridges.com 


\ 49. 


al 50m R 
| 


i xl 


Rescue at Sea Coast Guard Station Able is located 150 miles 
due south of Station Baker. A ship at sea sends an SOS call 
that is received by each station. The call to Station Able 
indicates the bearing of the ship is N55°E; the call to Station 
Baker indicates the bearing of the ship is S60°E. 

(a) How far is each station from the ship? 


43. Land Dimensions A triangular plot of land has one side along (b) If a helicopter capable of flying 200 miles per hour is 
a straight road measuring 200 feet. A second side makes a 50° dispatched from the station nearest the ship, how long 
angle with the road, and the third side makes a 43° angle with will it take to reach the ship? 
the road. How long are the other two sides? 50. Distance to the Moon Moon 

44. Distance Between Runners Two runners in a marathon At exactly the same 
determine that the angles of elevation of a news helicopter time, Tom and Alice 
covering the race are 38° and 45°. If the helicopter is 1700 feet measured the angle 
directly above the finish line, how far apart are the runners? of elevation to the 

: . . moon while standing 

45. Landscaping Pat needs to determine the height of a tree exactly 300 km apart. 
before cutting it down to be sure that it will not fall on a The angle of elevation 
nearby fence. The angle of elevation of the tree from one to the moon for Tom довуд» 
position on a flat path from the tree is 30^, and from a second was 49.8974°, and the ' 
position 40 feet farther along this path it is 20°. What is the angle of elevation to m 
height of the tree? the moon for Alice bois 

46. Construction A loading ramp 10 feet long that makes an angle was 49.9312°. See the TOM 300 km Alice 
of 18? with the horizontal is to be replaced by one that makes figure. To the nearest 1000 km, how far was the moon from 
an angle of 12? with the horizontal. How long is the new ramp? Earth when the measurements were obtained? 

47. Commercial Navigation Adam must fly home to St. Louis 51. Finding the Lean of the 


from a business meeting in Oklahoma City. One flight option 
flies directly to St. Louis, a distance of about 461.1 miles. 
A second flight option flies first to Kansas City and then 
connects to St. Louis. The bearing from Oklahoma City to 
Kansas City is N29.6°E, and the bearing from Oklahoma 
City to St. Louis is N57.7°E. The bearing from St. Louis to 
Oklahoma City is S57.7°W, and the bearing from St. Louis 
to Kansas City is N79.4°W. How many more frequent flyer 
miles will Adam receive if he takes the connecting flight 
rather than the direct flight? 


Source: www.landings.com 


Leaning Tower of Pisa 
The famous Leaning Tower 
of Pisa was originally 
184.5 feet high.* At a 
distance of 123 feet from 
the base of the tower, the 
angle of elevation to the top 
of the tower is found to be 
60°. Find ZRPO indicated 
in the figure. Also, find 
the perpendicular distance 
from R to PQ. 


*On February 27 1964, the government of Italy requested aid in preventing the tower from toppling. A multinational task force of engineers, 


mathematicians, and historians was assigned and met on the Azores islands to discuss stabilization methods. After over two decades of work on the 
subject, the tower was closed to the public in January 1990. During the time that the tower was closed, the bells were removed to relieve it of some weight, 
and cables were cinched around the third level and anchored several hundred meters away. Apartments and houses in the path of the tower were vacated 
for safety concerns. After a decade of corrective reconstruction and stabilization efforts, the tower was reopened to the public on December 15, 2001. 
Many methods were proposed to stabilize the tower, including the addition of 800 metric tons of lead counterweights to the raised end of the base. The 
final solution was to remove 38 cubic meters of soil from underneath the raised end. The tower has been declared stable for at least another 300 years. 
Source: https:/www.history.com/this-day-in-history/leaning-tower-needs-help 


52. 


53. 


54. 


55. 


Crankshafts on Cars On a certain automobile, the crankshaft 
is 3 inches long and the connecting rod is 9 inches long (see 
the figure). At the time when /ОРО is 15°, how far is the 
piston (P) from the center (O) of the crankshaft? 


Constructing a Highway 
US. 41, a highway whose 
primary direction is 
north-south, is being 
constructed along the 
west coast of Florida. 
Near Naples, a bay 
obstructs the straight 
path of the road. Since 
the cost of a bridge is 
prohibitive, engineers 
decide to go around the 
bay. The figure shows the 
path that they decide on 
and the measurements 
taken. What is the length 
of highway needed to go 


around the bay? > Highway 


U.S. 41 


Calculating Distances at Sea The navigator of a ship at sea 
spots two lighthouses that she knows to be 3 miles apart along 
a straight seashore. She determines that the angles formed 
between two line-of-sight observations of the lighthouses 
and the line from the ship directly to shore are 15° and 35°. 
See the figure. 

(a) How far is the ship from lighthouse P? 

(b) How far is the ship from lighthouse Q? 

(c) How far is the ship from shore? 


Designing an Awning An awning 
that covers a sliding glass door 
that is 88 inches tall forms an angle 
of 50° with the wall. The purpose 
of the awning is to prevent sunlight 
from entering the house when the 
angle of elevation of the Sun is 
more than 65°. See the figure. Find 
the length L of the awning. 


56. 


57. 


58. 


59. 
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Finding Distances A forest ranger is walking on a path 
inclined at 5° to the horizontal directly toward a 100-foot-tall 
fire observation tower. The angle of elevation from the path 
to the top of the tower is 40°. How far is the ranger from the 
tower at this time? 


Great Pyramid of Cheops One of the original Seven 
Wonders of the World, the Great Pyramid of Cheops was 
built about 2580 вс. Its original height was 480 feet 11 inches, 
but owing to the loss of its topmost stones, it is now shorter. 
Find the current height of the Great Pyramid using the 
information given in the figure. 


Source: Guinness Book of World Records 


Determining the Height of an Aircraft Two sensors are 
spaced 700 feet apart along the approach to a small airport. 
When an aircraft is nearing the airport, the angle of elevation 
from the first sensor to the aircraft is 20°, and from the 
second sensor to the aircraft it is 15°. Determine how high 
the aircraft is at this time. 


Mercury The distance from the Sun to Earth is approximately 
149,600,000 kilometers (km). The distance from the Sun to 
Mercury is approximately 57910,000 km. The elongation 
angle o is the angle formed between the line of sight from 
Earth to the Sun and the line of sight from Earth to Mercury. 
See the figure. Suppose that the elongation angle for Mercury 
is 15?. Use this information to find the possible distances 
between Earth and Mercury. 


/ 

/ Mercury = 
I 
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=- 
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60. Venus The distance from the Sun to Earth is 
© approximately 149,600,000 km. The distance from the Sun 
to Venus is approximately 108,200,000 km. The elongation 
angle a is the angle formed between the line of sight from 
Earth to the Sun and the line of sight from Earth to Venus. 
Suppose that the elongation angle for Venus is 10°. Use 
this information to find the possible distances between 
Earth and Venus. 


61. The Original Ferris Wheel George Washington Gale 
Ferris, Jr., designed the original Ferris wheel for the 1893 
World’s Columbian Exposition in Chicago, Illinois. The 
wheel had 36 equally spaced cars each the size of a school 
bus. The distance between adjacent cars was approximately 
22 feet. Determine the diameter of the wheel to the nearest 
foot. 


Source: Carnegie Library of Pittsburgh, www.clpgh.org 


62. Challenge Problem Mollweide’s Formula For any triangle, 
Mollweide’s Formula (named after Karl Mollweide, 
1774-1825) states that 


xb cos |] (A — B) 
E sin (26) 


Derive it. 

[Hint: Use the Law of Sines and then a Sum-to-Product 
Formula.] Notice that this formula involves all six parts 
of a triangle. As a result, it is sometimes used to check the 
solution of a triangle. 


Explaining Concepts: Discussion and Writing 


67. Make up three problems involving oblique triangles. One 
should result in one triangle, the second in two triangles, and 
the third in no triangle. 

68. What do you do first if you are asked to solve a triangle and 
are given one side and two angles? 


Retain Your Knowledge 


63. Challenge Problem Mollweide's Formula Another form of 
Mollweide's Formula is 

. [1 
a=b sin [А — B)| 


E cos (2c) 


Derive it. 
64. Challenge Problem For any triangle, derive the formula 
а = bcosC + c cosB 
65. Challenge Problem Law of Tangents For any triangle, derive 
the Law of Tangents: 


amb tan [2А - B)| 


a+b гап |504 + B)| 


66. Challenge Problem Circumscribing a Triangle Show that 


sin A sinB sinC 1 
a b c 2r 


See the figure, where r is the radius of the circle circumscribing 
the triangle POR whose sides are a, b, and c, and PP’ = 2ris 


a diameter of the circle. 
Q 
FA 
y | 
R 


12 


NES 


69. What do you do first if you are asked to solve a triangle and 
are given two sides and the angle opposite one of them? 

70. Solve Example 6 using right triangle geometry. Comment on 
which solution, using the Law of Sines or using right triangles, 
you prefer. Give reasons. 


Problems 71—80 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


71. Solve:3x? + 4x? — 27x — 36 = 0 

72. Find the exact distance between P, — (—1, —7) 
and P, = (2, —1). Then approximate the distance 
to two decimal places. 


. Find the exact value of tan |cos-! (-). 


. Graph у = 4 sin | 5х), Show at least two periods. 


. Write the equation 100 = a??* in logarithmic form. 


. Approximate the average rate of change for 
g(x) = e?* + 31п х on the interval [1, 3]. Round to 
three decimal places. 


‘Are You Prepared?’ Answers 


1. sin Acos B — cos Asin В 


3. sin40? = 0.64; sin 80? = 0.98 


77. Find the horizontal asymptote of 
3x? — 7x +1 
4 — 9x? 


h(x) = = 


A 78. Find an equation of the line perpendicular to y = -2x +7 


that contains the point (—2, —5). 


79. Determine whether h(x) = 5x? — 4x + 1is even, odd, or 
neither. 


80. Solve: (д —6)+4x>0 


4. 49.5° 
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7.3 The Law of Cosines 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Trigonometric Equations (Section 6.3, pp. 521-526) e Distance Formula (Foundations, Section F.1, p. 3) 


v Now Work the 'Are You Prepared?' problems on page 594. 


OBJECTIVES 1 Solve SAS Triangles (p. 592) 


(a cos C, a sin C) 


Figure 25 


(b) Angle C is obtuse 


2 Solve SSS Triangles (p. 592) 
3 Solve Applied Problems (p. 593) 


In the previous section, the Law of Sines was used to solve Case 1 (SAA or ASA) 
and Case 2 (SSA) of an oblique triangle. In this section, the Law of Cosines is derived 
and used to solve Cases 3 and 4. 


CASE 3: Two sides and the included angle are known (SAS). 
CASE 4: Three sides are known (SSS). 


THEOREM Law of Cosines 


For a triangle with sides a, b, c and opposite angles A, B, C, respectively, 


a2 + b? — 2abcosC 
= a? + c? — 2accos B 


= b? + c? — 2bccos A 


Proof Only formula (1) is proved here. Formulas (2) and (3) can be proved using 
the same argument. 

Begin by strategically placing a triangle on a rectangular coordinate system so 
that the vertex of angle C is at the origin and side b lies along the positive x-axis. 
Regardless of whether C is acute, as in Figure 25(a), or obtuse, as in Figure 25(b), 
the vertex of angle B has coordinates (a cosC, a їп С). The vertex of angle A has 
coordinates (Р, 0). 

Use the distance formula to compute c?. 


c? = (b — асоѕС)? + (0— asinC)* 
= b? — 2abcosC + a?cos? С + a?sin? C 
= b? — 2abcosC + a?(cos? С + sin? С) 
= а? + b? — 2abcosC n 


Each of formulas (1), (2), and (3) may be stated in words as follows: 


THEOREM Law of Cosines 


The square of one side of a triangle equals the sum of the squares of the other 
two sides, minus twice their product times the cosine of their included angle. 


Observe that if the triangle is a right triangle (so that, say, C = 90°), formula (1) 
becomes the familiar Pythagorean Theorem:c? = а? + b?. That is, the Pythagorean 
Theorem is a special case of the Law of Cosines. 
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1 Solve SAS Triangles 


The Law of Cosines is used to solve Case 3 (SAS), which applies to triangles for which 
two sides and the included angle are known. 


| ЕХАМРІЕ1 | Using the Law of Cosines їо Solve an SAS Triangle 


Solve the triangle: a = 2, b = 3, C = 60° 


Solution See Figure 26. Because two sides, a and b, and the included angle, C = 60°, are 
known, the Law of Cosines makes it easy to find the third side, c. 


c? = a? + b? — 2abcosC 
= 22 + 32-—2-2-3-cos60° a= 2,b = 3, C = 60° 


1 
= 1312.2 = 7 
2 
с = X7 


Side c is of length V7. To find the angles A and В, either the Law of Sines ог the Law 
of Cosines may be used. 

It is preferable to use the Law of Cosines because it will lead to an equation 
with one solution whether solving for A or B. Using the Law of Sines would lead to 
an equation with two solutions that would need to be checked to determine which 
solution fits the given data.* 

We choose to use formulas (2) and (3) of the Law of Cosines to find A and B. 


Figure 26 


For A: 
а? = b? + с? — 2bccos A 
2bccosA = b? + c? — a? 
бей? аа р Е 12 _ 24/7 
2bc 2537 64/7 7 
А = jag e 40.9? 
7 
For B: 
; ! ы b? = a? + c? — 2accos B 
NOTE The angle B can also be 
found using A + B + C = 180°, cos B — gc eb _4+7-9_ 2 АТ 
soB = 180? — 40.9? — 60° = 79.1°. m 2ac 4/7 4/7 14 
V7 
В = 12 g 79.1? 
cos id 
Notice that A + В + C = 40.9° + 79.1? + 60° = 180°, as required. NE 


^. Now Work PRoBLEMS 9 AND 17 


2 Solve SSS Triangles 


The next example uses the Law of Cosines to solve a triangle when three sides are 
known, Case 4 (SSS). 


*The Law of Sines can be used when seeking the angle opposite the smaller side, since it is acute. 
(In Figure 26, use the Law of Sines to find A, the angle opposite the smaller side.) 
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Using the Law of Cosines to Solve an SSS Triangle 


Solve the triangle: a 4,b IC 6 


Solution See Figure 27. To find the angles А, B, and C, use the Law of Cosines. 


For A: 
b2 + c? — a? 9+ 36 — 16 29 
A = == = 
PS 2bc 2.3.6 36 
А = соѕ-129 x 36.3? 
6 36 
4 
For В: 
2 9 p2 = 
т cosB = 2 +c b _ 16+ 36 9 43 
2ac 2.4.6 48 
Figure 27 
8 В = cos"! 43 & 26.4? 
Now use A and B to find C: 
С = 180° — A — В z 180° — 36.3? — 26.4? = 117.3? E 8 


\ Now Work PRoBLEMS 15 AND 25 


Q9 3 Solve Applied Problems 


Correcting a Navigational Error 


A motorized sailboat leaves Naples, Florida, bound for Key West, 150 miles 
away. Maintaining a constant speed of 15 miles per hour, but encountering heavy 
crosswinds and strong currents, the crew finds, after 4 hours, that the sailboat is off 
course by 20°. 

(a) How far is the sailboat from Key West at this time? 

(b) Through what angle should the sailboat turn to correct its course? 


(c) How much time has been added to the trip because of this? (Assume that the 
speed remains at 15 miles per hour.) 


Solution See Figure 28. With a speed of 15 miles per hour, the sailboat has gone 60 miles after 
4 hours. The distance x of the sailboat from Key West is to be found, along with the 
angle 0 that the sailboat should turn through to correct its course. 


(a) To find x, use the Law of Cosines, because two sides and the included angle are 
known. 
x? = 150? + 60? — 2-150 · 60. cos20° ~ 9185.53 
x ғ 95.8 
The sailboat is about 96 miles from Key West. 


| (b) With all three sides of the triangle now known, use the Law of Cosines again to 
Key West $ find the angle A opposite the side of length 150 miles. 


150? = 96? + 602 —2-96-60-cosA 
9684 = —11,520cos A 
cos А ~ —0.8406 

A ғ 147.2? 


Figure 28 


Q 


So, 
0 = 180° — A & 180° — 147.2° = 32.8° 


The sailboat should turn through an angle of about 33° to correct its course. 
(continued) 
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(c) The total length of the trip is now 60 + 96 = 156 miles. The extra 6 miles will 
only require about 0.4 hour, or 24 minutes, more if the speed of 15 miles per hour 


is maintained. 


\ Now Work PROBLEM 


Historical Feature 


T 


he Law of Sines was known vaguely long before it was 
explicitly stated by Nasir Eddin (about Ар 1250). Ptolemy 
(about Ар 150) was aware of it in a form using a chord function 
instead of the sine function. But it was first clearly stated in Europe 
by Regiomontanus, who wrote in 1464. 

The Law of Cosines appears first in Euclid's Elements (Book II), 
but in a well-disguised form in which squares built on the sides of 
triangles are added and a rectangle representing the cosine term is 
subtracted. It was thus known to all mathematicians because of their 


_8 
47 


familiarity with Euclid's work. An early modern form of the Law of 
Cosines, that for finding the angle when the sides are known, was 
stated by Francois Viéte (in 1593). 

The Law of Tangents (see Problem 65 in Section 7.2) has become 
obsolete. In the past it was used in place of the Law of Cosines, 
because the Law of Cosines was very inconvenient for calculation 
with logarithms or slide rules. Mixing of addition and multiplication is 
now very easy on a calculator, however, and the Law of Tangents has 
been shelved along with the slide rule. 


7.3 Assess Your Understanding 


‘Are You Pre pa red?' Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Write the formula for the distance d from P, = (x4, yı) 
to Py = (x5; y)-(p.3) 


Concepts and Vocabulary 
3. If three sides of a triangle are known, the Law of is 
used to solve the triangle. 


4. Multiple Choice 1f one side and two angles of a triangle are 
known, which law can be used to solve the triangle? 
(a) Law of Sines (b) Law of Cosines 


(c) Either a or b (d) The triangle cannot be solved. 


. Multiple Choice 1f two sides and the included angle of 
a triangle are known, which law can be used to solve the 
triangle? 

(a) Law of Sines 
(c) Either a or b 


(b) Law of Cosines 
(d) The triangle cannot be solved. 


Skill Building 


2. If 0 is an acute angle, solve the equation cos0 = №. 


(рр. 521-522) 


6. True or False Given only the three sides of a triangle, there 
is insufficient information to solve the triangle. 


7. True or False The Law of Cosines states that the square of 
one side of a triangle equals the sum of the squares of the 
other two sides, minus twice their product. 


8. True or False A special case of the Law of Cosines is the 
Pythagorean Theorem. 


In Problems 9-16, solve each triangle. 


Na’. 


10. 


fx 


4 4 
12. 2 Де b 13. 
6 5 8 
i rt | 
N 15. 16. 8 4 
9 : 3 
6 
4 4 
NI Now Work [*] 1. Modeling 1. Writing ta 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 


In Problems 17-32, solve each triangle. 


Ма 
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3, b= 4, С = 40° 18. а= 2, c=1, В = 10° 19.5 = 2, с= 4, А = 75° 
20. а= 6, Б = 4, С = 60° 21. а = 5, с = 3, В = 105° 22.b = 4, с= 1, А = 120° 
23. а= 2, Б = 3, С = 70° 24. а = 3, с= 2, В = 90° N 25. a = 20, b= 29, с = 21 
26. a 4. bom 3 27. a 2, bm2, с=2 28. a 3 b—3,c 2 
29. а = 6, b=11, ¢ = 12 30. а= 4, Б = 3, с= 6 31.0 — 15, Б=13„ 623 
32. а= 9, Б = 7, с= 10 
Mixed Practice In Problems 33—44, solve each triangle. 
33. В = 20°, С = 75°,b = 5 34. A = 50, В = 55°, с = 9 35. а = 6, b = 8, с = 9 
36. а = 14, b = 7, А = 85° 37. В = 35°, С = 65°, а = 15 38. a = 4, с = 5, В = 55° 
39. с = 8, А = 38°, В = 52° 40. a = 20, A = 73°, С = 17° 41. А = 10°, a = 3, b = 10 
42. А = 65°, В = 72°, b = 7 43. b = 5, с = 12, A = 60° 44. а = 10, b = 10, с = 15 


Applications and Extensions 


45. 


46. 


Distance to the Green A golfer 
hits an errant tee shot that lands in 
the rough. A marker in the center 
of the fairway is 150 yards from the 
center of the green. While standing 
on the marker and facing the green, 
the golfer turns 110° toward his 
ball. He then paces off 35 yards 
to his ball. See the figure. How far 
is the ball from the center of the 
green? 


150 yd 


marker 35 yd 


Navigation An airplane flies due north from Ft. Myers to 

Sarasota, a distance of 150 miles, and then turns through an 

angle of 50° and flies to Orlando, a distance of 100 miles. See 

the figure. 

(a) How far is it directly from Ft. Myers to Orlando? 

(b) What bearing should the pilot use to fly directly from 
Ft. Myers to Orlando? 


A 


Sarasota 


М 47. Avoiding a Tropical Storm A cruise ship maintains an average 


speed of 15 knots in going from San Juan, Puerto Rico, to 
Barbados, a distance of 600 nautical miles. To avoid a tropical 
storm, the captain heads out of San Juan in a direction 20° 


off a direct heading to Barbados. The captain maintains the 

15-knot speed for 10 hours, after which time the path to 

Barbados becomes clear of storms. 

(a) Through what angle should the captain turn to head 
directly to Barbados? 

(b) Once the turn is made, how long will it be before the 
ship reaches Barbados if the same 15-knot speed is 
maintained? 


48. Revising a Flight Plan In attempting to fly from Chicago to 

Louisville, a distance of 330 miles, a pilot inadvertently took 

a course that was 10° in error, as indicated in the figure. 

(a) If the aircraft maintains an average speed of 220 miles 
per hour, and if the error in direction is discovered after 
15 minutes, through what angle should the pilot turn to 
head toward Louisville? 

(b) What new average speed should the pilot maintain so 
that the total time of the trip is 90 minutes? 


ul 


^ Louisville 
/ 


Chicago 


here 


=? 
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49. 


50. 


51. 


52. 


53. 


Major League Baseball Field A major league baseball 

diamond is actually a square 90 feet on a side. The pitching 

rubber is located 60.5 feet from home plate on a line joining 

home plate and second base. 

(a) How far is it from the pitching rubber to first base? 

(b) How far is it from the pitching rubber to second base? 

(c) Ifa pitcher faces home plate, through what angle does he 
need to turn to face first base? 


Little League Baseball Field According to Little League 

baseball official regulations, the diamond is a square 60 feet 

on a side. The pitching rubber is located 46 feet from home 

plate on a line joining home plate and second base. 

(a) How far is it from the pitching rubber to first base? 

(b) How far is it from the pitching rubber to second base? 

(c) Ifa pitcher faces home plate, through what angle does he 
need to turn to face first base? 


Finding the Length of a Guy Wire The height of a radio 
tower is 500 feet, and the ground on one side of the tower 
slopes upward at an angle of 10? (see the figure). 

(a) How long should a guy q 
wire be if it is to connect 
to the top of the tower 
and be secured at a point 
on the sloped side 100 feet 
from the base of the 
tower? 

(b) How long should a second 
guy wire be if it is to 
connect to the middle of 
the tower and be secured 
at a position 100 feet 
from the base on the flat 
side? 

Finding the Length of a Guy 
Wire A radio tower 500 feet 
high is located on the side of a 
hill with an inclination to the 
horizontal of 5?. See the figure. 
How long should two guy wires 
be if they are to connect to the 
top of the tower and be secured at 
two points 100 feet directly above 
and directly below the base of the 
tower? 


Identifying Remains The Purkait triangle, located at the 
proximal end of the femur, has been used to identify the sex 
of fragmented skeletal remains. See the figure. 

(a) Given AB — 30.1 mm, 
AC = 51.4 mm, and 
A = 89.2°, find the length 
of BC. 

(b) If the average length of BC 
is 59.4 mm for men and 
53.3 mm for women, which 
sex would be identified 
for the measurements in 
part (a)? 


54. 


55. 


56. 


Identifying Remains Like the Purkait triangle in Problem 53, 
the metric triangle is located at the proximal end of the 
femur and has been used to identify the sex of fragmented 


e 


skeletal remains. See the figure. 
(a) If AC = 48.8 mm, BC = 62.2 mm, 
and C = 89°, find the length 
of AB. 
(b) If AB < 80 mm typically 
indicates a woman and 
AB » 80 mm typically 
indicates a man, which sex, 
if any, would be identified from 
the measurements in 
part (a)? 


Soccer Angles A soccer goal is 8 yards wide. Suppose a 
goalie is standing on her line in the center of her goal as a 
striker from the opposing team moves the ball towards her. 
The near post angle, o, is formed by rays extending from the 
ball to the near post and the goalie. Similarly, the far post 
angle, 8, is formed by rays extending from the ball to the far 
post and the goalie. See the figure. 


Goalie Far 


post 


Near 
post 


[< 8 yd >| 


(a) Determine the near post angle and the far post angle 
when the striker is 20 yards from the near post and 
24 yards from the far post. 

(b) How far is the goalie from the ball? 

(c) To cover the near post, the goalie moves toward the near 
post to make the near post angle and the far post angle 
equal. How far toward her near post does the goalie need 
to move? 


Covering the Angles In soccer, a defending goalkeeper 
wants to take up a position which bisects the angle that needs 
to be covered. See the figure. The keeper stands square to 
the ball—that is, perpendicular to the line of bisection—at 
a point where the area covered (shaded) lies completely 
outside the goal. How far is the goalkeeper from the center 
of the goal line if an attacking striker is 24 yards from the 
near post and 30 yards from the far post? 


SECTION 7.3 The Law of Cosines 597 


57. Wrigley Field, Home of the Chicago Cubs The distance from where 0 is the angle of rotation of rod OA. 
home plate to the fence in dead center in Wrigley Field is 
400 feet (see the figure). How far is it from the fence in dead 
center to third base? 


61. Challenge Problem Geometry Show that the length d of a 
chord of a circle of radius r is given by the formula 


d — 2r sin? 


2 AN 
where 0, 0 < 0 < 7, is the central angle D 


formed by the radii to the ends of the 


58. Little League Baseball The distance from home plate to the chord. See the figure. Use this result to 
fence in dead center at the Oak Lawn Little League field is derive the fact that sin? < 0, where 0 is 
280 feet. How far is it from the fence in dead center to third measured in radians. 
base? 62. Challenge Problem For any triangle, show that 
[Hint: The distance between the bases in Little League is 60 feet.] C 
[з5(5— c 
59. Building a Swing Set Clint is building a wooden swing set for SEE TAE. С 
his children. Each supporting end of the swing set is to be an 1 
A-frame constructed with two 10-foot-long 4 by 4's joined where s — ge +b +c). 


at a 45° angle. To prevent the swing set from tipping over, 
Clint wants to secure the base of each A-frame to concrete 


footings. How far apart should the footings for each A-frame ii С | Ks-a)ls-— b) 
be? 2 ab 


60. Rods and Pistons See the figure (top, right). Rod OA rotates 
about the fixed point O so that point A travels on a circle 
of radius r. Connected to point A is another rod AB of 64 
length L > 2r, and point B is connected to a piston. Show 
that the distance x between point O and point B is given by 


63. Challenge Problem For any triangle, show that 


where s = ja + р + с). 


. Challenge Problem Use the Law of Cosines to prove the 
identity 


cosA , cosB 4 cosC _ a? +b? + с? 


x = rcosé + Jr?cos?0 + I2 — r? a т Ь с 2аЬс 


Explaining Concepts: Discussion and Writing 


65. What do you do first if you are asked to solve a triangle and 67. Make up an applied problem that requires using the Law of 
are given two sides and the included angle? Cosines. 
66. What do you do first if you are asked to solve a triangle and 68. Write down your strategy for solving an oblique triangle. 


are given three sides? 


69. State the Law of Cosines in words. 


Retain Your Knowledge 


Problems 70-79 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


70. Graph: R(x) = = 73. Find an equation for the graph. 
71. Solve 4* = 3**!. Express the solution in exact form. 
72. If tan = E and cos = -2, find the exact value of 


each of the four remaining trigonometric functions. 


(continued) 
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74. Find f! (x) if f(x) = 2 ‚ А = 0. . боїуе:[4х—3| 2 х +1 
5x + 2 


. Convert 96° to radians. 


KX 75. W(x) = -% + 3x + C and [a, b] = (1, 21, 


. If f(x) = ax? — 2x + 5anda < 0, in which quadrant is 
find F(b) — F(a). the vertex located? How many x-intercepts does the graph 

9 
4:35 In3 oat? 4.38.5. xl SDN 


(vx) 


/& 76. Simplify: 


‘Are You Prepared?’ Answers 


1. d = V(x, — ху)? + (у — у)? 2.0 = 45° or 7 


7.4 Area of a Triangle 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Geometry Formulas (Appendix A, Section A.2, * Using Half-angle Formulas to Find Exact Values 
pp. A15-A16) (Section 6.6, pp. 556-558) 


М. Now Work the ‘Are You Prepared?’ problems on page 601. 


OBJECTIVES 1 Find the Area of SAS Triangles (p. 598) 
2 Find the Area of SSS Triangles (p. 599) 


In this section, several formulas for calculating the area of a triangle are derived. 


NOTE Typically, A is used for area. THEOREM Area of a Triangle 
However, because A is also used as the 
measure of an angle, K is used here for 
area to avoid confusion. п 


The area K of a triangle is 
к =1bh а) 
2 


where b is the base and A is the altitude drawn to that base. 


Proof Look at the triangle in Figure 29. Around the triangle construct a rectangle of 
altitude Л and base b, as shown in Figure 30. 

Triangles 1 and 2 in Figure 30 are equal in area, as are triangles 3 and 4. 
Consequently, the area of the triangle with base b and altitude h is exactly half the 
area of the rectangle, which is bh. 


Figure 29 Figure 30 a 


1 Find the Area of SAS Triangles 


If the base b and the altitude Л to that base are known, then the area of the triangle 
can be found using formula (1). Usually, though, the information required to 
use formula (1) is not given. Suppose, for example, that two sides a and b and 
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the included angle C are known. See Figure 31. Then the altitude Л can be found 
P by noting that 


h = sinC 
a 


Я 50 
Figure 31 


h = asinC 


Using this fact in formula (1) produces 
K = bh = Sb(asinC) = SabsinC 


The area K of the triangle is given by the formula 
THEOREM Area of an SAS Triangle 


i= Tab sinC (2) 


Dropping altitudes from the other two vertices of the triangle leads to the 
following corresponding formulas: 


It is easiest to remember these formulas by using the following wording: 


THEOREM Area of an SAS Triangle 


The area K of a triangle equals one-half the product of two of its sides times 
the sine of their included angle. 


| €XAMPLE 1 | Finding the Area of an SAS Triangle 


Find the area К of the triangle for whicha = 8, b = 6,andC = 30°. 


Solution See Figure 32. Use formula (2) to get 


К = jab sinC — 5 -8 - 6- sin30° = 12 square units 


\\ Now Work PRoBLEMS 9 AND 17 


Figure 32 


2 Find the Area of SSS Triangles 


If the three sides of a triangle are known, another formula, called Heron's Formula 
(named after Heron of Alexandria), can be used to find the area of a triangle. 


THEOREM Heron's Formula 


The area K of a triangle with sides a, b, and c is 


К = Vs(s — a)(s — b)(s — c) (5) 


where s = La + р + с). 
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| EXAMPLE 2 | Finding the Area of an SSS Triangle 


Find the area of a triangle whose sides are 4,5, and 7 


Solution Leta = 4, b = 5,andc = 7. Then 


o)-i4e547)-8 


Heron’s Formula gives the area K as 


К = Vs(s — a)(s — b)(s — с) = 48(8— 4)(8 — 5)(8 — 7) 
= V8-4-.3-1 = V96 = 4V6 square units _в 
, Now Work PRoBLEMS 15 АМО 23 
Proof of Heron's Formula The proof given here uses the Law of Cosines. 
From the Law of Cosines, 
c? = a? + b? — 2abcosC 
and the Half-angle Formula, 
С _ 1+ cosC 
26 _ LF cose 
соз? = 7 
it follows that 
а? + Ь2 — с? 
пс 1+ cosC _ = 2ab 
2 2 2 
_ а?+2аЬ+Ь?°—с? _ (a+b)? — с? 
4аЬ 4аЬ 
(а+Ь—с)(а+Ь+с) _ 2(s-c¢c):2s_ s(s-c) (6) 
4ab 4ab ab 
Difference of two squares a+b-c=a+b+c-2c 
= 2s — 2c = 2(s— c) 
Similarly, using sin? S = — it follows that 
„оС Qe b) 
2 = 
sin? > E C) 
Now use formula (2) for the area. 
K = zab sin C 
— duros С ERES UNDE HE 
= ab 2 sin, cos sin C sin|2()| 2 sin cos 
— — b) |s(s—c) : 
_ rf a)(s 
a ab E Use equations (6) and (7) 
= ws(s-—a)(s — Б)(= — с) з 


Historical Feature 


devices, has survived and was discovered in 1896 in the city of 


expressed by Heron of Alexandria (first century Ар), 
who had, besides his mathematical talents, engineering 
skills. In various temples, his mechanical devices produced 
effects that seemed supernatural and supposedly moved 
visitors to generosity. Heron’s book Metrica, on making such 


| | eron's Formula (also known as Hero's Formula) was first 


Constantinople. 

Heron's Formulas for the area of a triangle caused some mild 
discomfort in Greek mathematics, because a product with two 
factors was an area and one with three factors was a volume, but 
four factors seemed contradictory in Heron's time. 


7.4 Assess Your Understanding 
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‘Are You Pre pa red?’ The answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The area K of a triangle whose base is b and whose altitude 
is his ‚ (р. А15) 


Concepts and Vocabulary 


3. If two sides a and b and the included angle C are known 
in a triangle, then the area K is found using the formula 
К = ; 

4. The area К of a triangle with sides a, b, and c is 
K= , 
where s = 


5. Find the area of the right triangle whose legs are of length 
3 and 4. 


Skill Building 


2. 


6. 


1+ Sin 
2 


True or False cos? = рр. 556—558) 


True or False The area of a triangle equals one-half the 
product of the lengths of two of its sides times the sine of 
their included angle. 


7. Multiple Choice Given two sides of a triangle, b and c, and 


8. 


the included angle A, the altitude Л from angle B to side b is 
given by 


(a) jab sinA (b) bsinA (c csinA (d) 26е sin А 
Multiple Choice Heron’s Formula is used to find the area 


of triangles. 
(a) ASA (b) SAS (c) SSS (d) AAS 


In Problems 9-16, find the area of each triangle. Round answers to two decimal places. 


No. 10. п. 
2 D b yy  <« y X 
B 30* 
B A 
4 
4 C 
12. 13. 14. 
2 b í 4 
p" —— в 
5 9 5 
3 5. 16. 4 
9 4 3 
6 
4 4 
In Problems 17-28, find the area of each triangle. Round answers to two decimal places. 
N 1. а= 3, b=4, С = 50° 18. а = 2, с= 1, В = 10° 1.6 = 1, с= 8, А = 75° 
20. а = 6, Б = 4, С = 60° 21. а= 3, с= 2, В = 115? 22. b = 4, с= 1, А = 120° 
N 23. а = 12, b= 35, с = 37 24. а = 4, Б = 5, с= 3 25. а= 4, Б = 4, с= 4 
26. а= 3, Ь = 3, с= 2 27. а = 11, Ь = 14, c = 20 28. а= 4, b=3, с= 6 


Applications and Extensions 


29. Area of an ASA Triangle If two angles and the included 
side are given, the third angle is easy to find. Use the Law 
of Sines to show that the area K of a triangle with side a and 
angles A, B, and C is 


a? sin BsinC 


К = - 
2sinA 


30. Area of a Triangle Prove the two other forms of the formula 


for the area K of a triangle given in Problem 29. 


WM : ana А 
b? sin AsinC and A =e sin Asin B 


К = : : 
2sinB 2 sinC 


NT. Now Work @ 1. Modeling 1. Writing та 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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In Problems 31-36, use the results of Problem 29 or 30 to find the area of each triangle. Round answers to two decimal places. 


31. A = 40°, B= 20°, a=2 32. A = 50°, C = 20°, a=3 33. В = 70°, С = 10°, b=5 
34. А = 70°, В = 60°, с = 4 35. A = 110°, С = 30°, с = 3 36. В = 10°, С = 100°, b = 2 
37. Area of a Segment Find the area of the 45. Geometry See the figure, which shows 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


segment (shaded in blue in the figure) of 
a circle whose radius is 8 feet, formed by 
a central angle of 70°. 


> 


Area of a Segment Find the area of the segment of a circle 
whose radius is 5 inches, formed by a central angle of 40°. 


[Hint: Subtract the area of the triangle 
from the area of the sector to obtain the 
area of the segment.] 


Cost of a Triangular Lot The dimensions of a triangular lot 
are 100 feet by 50 feet by 75 feet. If the price of the land is 
$300 per square foot, how much does the lot cost? 


Amount of Material to Make a Tent A cone-shaped tent is 
made from a circular piece of canvas 24 feet in diameter by 
removing a sector with central angle 100? and connecting the 
ends. What is the surface area of the tent? 


Fighter Jet Design The Eurofighter Typhoon has a canard- 
delta wing design that contains a large triangular main wing. 
Use the dimensions shown to approximate the area of one 
of the main wings. 


4.55 m]) 


Credit: sam-whitfieldl/Shutterstock 


Property Area A lot for sale in a 
subdivision has the shape of the 
quadrilateral shown in the figure. Find 
the area of the lot to the nearest square 


foot. A^ 


86 ft 


138 ft 


38 ft 
Dimensions of Home Plate The dimensions of home plate at 
any major league baseball stadium are shown. Find the area 
of home plate. 


8.5 in. 8.5 in. 


17 in. 


Computing Areas See the Q 
figure. Find the area of the 

shaded region enclosed in a 

semicircle of diameter 10 inches. 

The length of the chord PQ is р R 
8 inches. 10 


[Hint: Triangle РОК is a right triangle.] 


46 


b 


47. 


48. 


49. 


50. 


a circle of radius r with center at O. 
Find the area K of the shaded region as 
a function of the central angle 0. 


2 
МЫР, 


Approximating the Area of a Lake То approximate the area 
of a lake, a surveyor walks around the perimeter of the lake, 
taking the measurements shown in the figure. Using this 
technique, what is the approximate area of the lake? 


[Hint: Use the Law of Cosines on the three triangles shown, 
and then find the sum of their areas. ] 


The Flatiron Building Completed in 1902 in New York City, 
the Flatiron Building is triangular shaped and bounded by 
22nd Street, Broadway, and 5th Avenue. The building measures 
approximately 87 feet on the 22nd Street side, 190 feet on the 
Broadway side, and 173 feet on the 5th Avenue side. Approximate 
the ground area covered by the building. 


Source: Sarah Bradford Landau and Carl W. Condit, Rise of 
the New York Skyscraper: 1865—1913. New Haven, CT: Yale 
University Press, 1996 


Bermuda Triangle The Bermuda Triangle is roughly defined 
by Hamilton, Bermuda; San Juan, Puerto Rico; and Fort 
Lauderdale, Florida. The distances from Hamilton to Fort 
Lauderdale, Fort Lauderdale to San Juan, and San Juan 
to Hamilton are approximately 1028, 1046, and 965 miles, 
respectively. Ignoring the curvature of Earth, approximate 
the area of the Bermuda Triangle. 


Source: www.worldatlas.com 


Bretschneider's Formula There is a Heron-type formula that 
can be used to find the area of a general quadrilateral. 


К = Vs abcd соз? 0 


where a, b, c, and d are the side lengths, 0 is half the sum of 
two opposite angles, and s is half the perimeter. 

Show that if a triangle is considered a quadrilateral with 
one side equal to 0, Bretschneider's Formula reduces to 
Heron's Formula. 


b)(s — c)(s — d) 


a)(s 


(a) Show that the area of a regular dodecagon (12-sided 


polygon) is given by К = 3a?cot D or K — 12r?tan 5 


where a is the length of one of the sides and r is the 
radius of the inscribed circle. 
(b) Given that each interior angle of a regular n-sided 


(n—c2)-:m 
n 


polygon(n > 3) measures , generalize these 


formulas for any regular polygon. 


51. Geometry Refer to the figure. If |OA| = 1, show that: 


(a) Area AOAC = jsinacosa 


(b) Area AOCB — 5 OB/' sin соз 8 


(c) Area AOAB — АОВ! sin(a + 8) 


cosa 
cos B 


(e) sin(a + 8) 
= sinacosZ + cosasin 8 


(d) |OB| = 


[Hint: Area AOAB = Area AOAC + Area AOCB.] 


A 52. Geometry Refer to the figure, in which a unit circle is drawn. 
The line segment DB is tangent to the circle and 0 is acute. 
(a) Express the area of AOBC in terms of sin and соѕ0. 
(b) Express the area of AOBD in terms of sin@ and соб. 


(c) The area of the sector OBC of the circle is 10, where 0 is 


measured in radians. Use the results of parts (a) and (b) 


and the fact that 
Area AOBC < Area OBC < Area AOBD 
to show that 


i224 


sind cos 


53. The Cow Problem* A cow is tethered to one corner of a 
w square barn, 10 feet by 10 feet, with a rope 100 feet long. 
What is the maximum grazing area for the cow? See the 


figure. 
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54. Another Cow Problem If the barn in Problem 53 is 
rectangular, 10 feet by 20 feet, what is the maximum grazing 
area for the cow? 


55. Perfect Triangles A perfect triangle is one having integers 
for sides for which the area is numerically equal to the 
perimeter. Show that the triangles with the given side lengths 
are perfect. 

(a) 9,10,17 (b) 6, 25, 29 
Source: M.V. Bonsangue, G. E. Gannon, E. Buchman, and 
М. Gross, “In Search of Perfect Triangles,” Mathematics 
Teacher, Vol. 92, No. 1, 1999: 56—61 


56. Ifh,, h;, and h, are the altitudes dropped from Р, Q, and R, 
respectively, in a triangle (see the figure), show that 


1,1,1 s 


where K is the area of the triangle and s — ja + Б + с). 


[Hint: 4, = 2К | 


а 


57. Show that a formula for the altitude Л from a vertex to the 
opposite side a of a triangle is 


_ asinBsinC 
sin A 


58. Challenge Problem A triangle has vertices A(0, 0), B(1, 0), 
and C, where C is the point on the unit circle corresponding 
to an angle of 105° when it is drawn in standard position. 
Find the area of the triangle. State the answer in complete 
simplified form with a rationalized denominator. 


Challenge Problems Inscribed Circle For Problems 59-02, the lines 
that bisect each angle of a triangle meet in a single point O, and the 
perpendicular distance r from O to each side of the triangle is the 
same. The circle with center at O and radius r is called the inscribed 
circle of the triangle (see the figure). 


59. Use the formula from Problem 57 with triangle OPQ to 
show that 


*Suggested by Professor Teddy Koukounas of Suffolk Community College, who learned of it from an old farmer in Virginia. 
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60. Use the result of Problem 59 and the results of Problems 62 62. Show that the area K of triangle POR is K = rs, 


and 63 in Section 7.3 to show that Slims = 1 (а + Б + c). Then show that 


C_s-c 
со == 
к JE -a(s — b)(s — с) 
where s — ja b с). $ 
61. Show that 
cot + cot Fcot— = 


Explaining Concepts: Discussion and Writing 


63. What do you do first if you are asked to find the area of a triangle and are given two sides and the included angle? 
64. What do you do first if you are asked to find the area of a triangle and are given three sides? 
65. State the formula for finding the area of an SAS triangle in words. 


Retain Your Knowledge 


Problems 66—75 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


66. Without graphing, determine whether the quadratic function 70. Find the domain of f(x) = In(x? — 25) 4+ 3. 
f(x) = —3x? + 12x +5 has a maximum value or a 71. A rectangle has a diagonal of length 12. Express the 
minimum value, and then find the value. perimeter P as a function of its width, w. 


xm , «0 72. Listallpotentialrationalzerosof Р(х) = 2x? — 5x? + 13x + 6. 
x2 — 


Х 73. Solve: |(5х — 7) — 5| < 0.05 
| is the point on the unit circle that 74. $оїуе:х(х — 7) = 18 


67. Solve the inequality: 


3 
corresponds to a real number t. Find the exact values of A 75. The slope m of the tangent line to the graph of 
f(x) = 3x4 — 7x? + 2 at any number x is given 
бут = f'(x) = 12x? — 14x. Find an equation of the 
tangentline at x — 1. 


the six trigonometric functions of t. 
69. Establish the identity: сѕс0 — 5100 = cos0cot0 


‘Are You Prepared?’ Answers 


а = топ 2. False 


7.5 Simple Harmonic Motion; Damped Motion; 
Combining Waves 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Sinusoidal Graphs (Section 5.6, pp. 456-465) e Angular Speed (Section 5.1, pp. 402-403) 
N Now Work the ‘Are You Prepared?’ problems on page 610. 


OBJECTIVES 1 Build a Model for an Object in Simple Harmonic Motion (р. 604) 
2 Analyze Simple Harmonic Motion (p. 606) 
3 Analyze an Object in Damped Motion (p. 607) 
4 Graph the Sum of Two Functions (p. 609) 


1 Build a Model for an Object in Simple Harmonic Motion 


Many physical phenomena can be described as simple harmonic motion. Radio and 
television waves, light waves, sound waves, and water waves exhibit motion that is 
simple harmonic. 
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The swinging of a pendulum, the vibrations of a tuning fork, and the bobbing of a 
weight attached to a coiled spring are examples of vibrational motion. In this type of 
motion, an object swings back and forth over the same path. In Figure 33, the point B 
is the equilibrium (rest) position of the vibrating object. The amplitude is the distance 
from the object’s rest position to its point of greatest displacement (either point A or 
point C in Figure 33). The period is the time required to complete one vibration—that 
is, the time it takes to go from, say, point A through B to C and back to A. 


Tuning fork 
Credit: dionisvero/iStock/Getty Images Simple harmonic motion is a special kind of vibrational motion in which 
the acceleration a of the object is directly proportional to the negative of its 
displacement d from its rest position. Thatis,a = —kd, k > 0. 


For example, when the mass hanging from the spring in Figure 33 is pulled 
down from its rest position В to the point C, the force of the spring tries to restore 
Amplitude the mass to its rest position. Assuming that there is no frictional force to retard the 
motion, the amplitude will remain constant. The force increases in direct proportion 
B Rest + to the distance that the mass is pulled from its rest position. Since the force increases 
directly, the acceleration of the mass of the object must do likewise, because (by 
Amplitude Newton’s Second Law of Motion) force is directly proportional to acceleration. As 
a result, the acceleration of the object varies directly with its displacement, and the 
motion is an example of simple harmonic motion. 

Simple harmonic motion is related to circular motion. To see this relationship, 
consider a circle of radius a, with center at (0, 0). See Figure 34. Suppose that an 
object initially placed at(a, 0) moves counterclockwise around the circle at a constant 
angular speed о. Suppose further that after time t has elapsed the object is at the point 
Р = (x, y)onthe circle. The angle 0, in radians, swept out by the ray OP in this time ris 


0 = wt dnd 
t 


A Compressed s 


C Stretched X 


Figure 33 Coiled spring 


The coordinates of the point P at time t are 


x = a cos = acos(ut) 
y = asin = asin(wt) 


Corresponding to each position P = (x, y) of the object moving about the circle, 
there is the point Q = (x, 0), called the projection of P on the x-axis. As P moves 
around the circle at a constant rate, the point Q moves back and forth between the 
points (a, 0) and (—a, 0) along the x-axis with a motion that is simple harmonic. 
Similarly, for each point P there is a point Q’ = (0, y), called the projection of P on 
the y-axis. As P moves around the circle, the point Q’ moves back and forth between 
the points (0, а) and (0, —a) on the y-axis with a motion that is simple harmonic. 
Therefore, simple harmonic motion can be described as the projection of constant 
circular motion on a coordinate axis. 

To illustrate, again consider a mass hanging from a spring where the mass is 
pulled down from its rest position to the point C and then released. See Figure 35(a). 
The graph shown in Figure 35(b) describes the displacement d of the object from its 
rest position as a function of time t, assuming that no frictional force is present. 


Figure 34 


da 


A 


i 
* 


Figure 35 (a) (b) 
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THEOREM Simple Harmonic Motion 


An object that moves on a coordinate axis so that the displacement d from its 
rest position at time fis given by either 


d(t) = acos(wt) or d(t) = asin(ut) 


where a and w > 0 are constants, moves with simple harmonic motion. The 


motion has amplitude |a| and period T = cap 
ш 


The frequency f of an object in simple harmonic motion is the number of 
oscillations per unit time. Since the period is the time required for one oscillation, it 
follows that the frequency is the reciprocal of the period; that is, 


| €XAMPLE1 | Build a Model for an Object in Simple Harmonic Motion 


Suppose that an object attached to a coiled spring is pulled down a distance 
of 5 inches from its rest position and then released. If the time for one oscillation 


dA 
is 3 seconds, develop a model that relates the displacement d of the object from its rest 
position after time t (in seconds). Assume no friction. 
3p Solution Тһе motion of the object is simple harmonic. See Figure 36. When the object is 
released (t = 0), the displacement of the object from the rest position is —5 units 
(since the object was pulled down). Because d = —5 when t = 0), it is easier to use 
the cosine function 
0r Rest position d(t) = acos(ut) 
to describe the motion.* The amplitude is |—5| = 5 and the period is 3, so 
а = —5 and AR period = 3, sow = em 
w 3 
E | eu A function that models the motion of the object is 
2m 
i d(t) — -5 cos( t) 
Figure 36 (0 3 -B 
NOTE In the solution to Example 1, 
а = —5 because the object is initially N Now Work PROBLEM 7 
pulled down. (If the initial direction is 
up, then usea = 5.) ш 


2 Analyze Simple Harmonic Motion 


| EXAMPLE 2 | Analyzing the Motion of an Object 


Suppose that the displacement d (in meters) of an object at time t (in seconds) is 
given by the function 
d(t) = 10 sin(5r) 
(a) Describe the motion of the object. 
(b) What is the maximum displacement from its rest position? 
(c) What is the time required for one oscillation? 


(d) What is the frequency? 
(continued) 
*No phase shift is required if a cosine function is used. 


Solution 
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The function d(t) = 10 sin(5t) is of the form 
d(t) = a sin(wt) 

where а = 10 апаш = 5. 

(a) The motion is simple harmonic. 


(b) The maximum displacement of the object from its rest position is the 
amplitude: |a| = 10 meters. 
(c) The time required for one oscillation is the period: 
2m 


Period = T = = 27 seconds 
ш 5 


(а) The frequency is the reciprocal of the period. 


Frequency = f = ; = = oscillation per second 
T 


\ Now Work PRoBLEM 15 


3 Analyze an Object in Damped Motion 


In the models discussed up to now, the motion was simple harmonic. That is, they 
assumed no force was retarding the motion. However, most physical phenomena 
are affected by friction or other resistive forces. These forces remove energy from a 
moving system and thereby damp its motion. For example, when a mass hanging from 
a spring is pulled down a distance a and released, the friction in the spring causes the 
distance the mass moves from its rest position to decrease over time. As a result, the 
amplitude of any real oscillating spring or swinging pendulum decreases with time 
due to air resistance, friction, or other forces. See Figure 37 


A 
a 


~ ү 


=й 


Figure 37 Damped motion 


A model that describes this phenomenon maintains a sinusoidal component, but 
the amplitude of this component decreases with time to account for the damping 
effect. Moreover, the period of the oscillating component is affected by the damping. 
The next theorem, from physics, describes damped motion. 


THEOREM Damped Motion 


The displacement d of an oscillating object from its rest position at time f is 
given by 


2 
d(t) = ae~*/@2m) cos| [2 — b t 
4m? 


where b is the damping factor or damping coefficient and т is the mass of the 


oscillating object. Here |а| is the displacement at t = 0, and 28 is the period 
under simple harmonic motion (no damping). E 
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Notice that for b = 0 (zero damping), we have the formula for simple harmonic 


motion with amplitude |a| and period zm. 
ш 


| EXAMPLE3 | Analyzing the Graph of ап Object in Damped Motion 


Analyze the graph of an object in damped motion modeled by 


d(t) = e*/"cost t >0 


Solution Тһе displacement d is the product of у = e-'/7 and y = cost. Using properties of 
absolute value and the fact that |cost| < 1, it follows that 


|d(£)| = |e™/7 сов = [e-*/*|[cosz| < [е] = ev 
1 
g-tiv > 
As a result, 
—е-—!/т < d(t) < ev 


This means that the graph of d lies between the graphs of y = e~™/7 and y = —e~'/", 
called the bounding curves of d. 

Also, the graph of d touches the graphs of the bounding curves when |cos t| = 1; 
that is, when t = 0, лт, 27, and so on. The x-intercepts of the graph of d occur when 


т Зл Sr 


cost = 0; Һа is,at—, —, 2, апа so on. See Table 1. 
2 2° 2 
Table 1 
етл 
cost 
d(t) = e-t/7 cost 
Point on graph of d (0, 1) 
Figure 38 shows the graph of у = cost, in black, the graphs of у = e^'/7 and 
y = —e~/™, the bounding curves, in red, and the graph of d(t) = e-'/7 cost in blue. 
da 
y= cost 
1 
а@ = е" cos t 
-1 
NORMAL FLOAT AUTO REAL RADIAN MP ñ 
CALC MINIMUM " " A " + 
Figure 38 Damped vibration graph with bounding curves D 
1 —g Xm 
Y, = е^" cosx 
| Я | Exploration 
AD GraphY, = e-*/cos х, along with Y> = e-*/"andY3; = —e-*/7, forO < x < 2s. Determine where Y, has 
5 its first turning point (local minimum). Compare this to where Y, intersects Y3. 
Свака Result Figure 39 shows the graphs of Y, = e-*/"cosx, Y; = e-*/", and Y = —e-*/* ona TI-84 Plus CE. 
z2. 6 Y=".3866784 А " : А 
ке? sos Using MINIMUM, the first turning point occurs at x ~ 2.83; Y, INTERSECTS Y at x = т ~ 3.14. 
Figure 39 


\ Now Work PROBLEM 23 
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Situations also exist where external forces cause a vibrating system to oscillate at 
larger and larger amplitudes. This phenomenon, known as resonance from the Latin 
resonare (meaning *resound") or resonantia (meaning “echo”), occurs when external 
vibrations match the natural frequency of the vibrating system. Resonance can be 
destructive to bridges, buildings, or even mechanical devices. For example, bridges can 
be affected by soldiers marching in step, buildings can be affected by blowing winds, 
and automobiles can be affected by the vibrations of its tires. Engineers account for 
expected external vibrations in their designs and incorporate shock absorbers or 
dampers to counter the effect of resonance. 


4 Graph the Sum of Two Functions 


Many physical and biological applications require the graph of the sum of two 
functions, such as 


f(x) x- sinx or g(x) = sinx + cos(2x) 


For example, if two tones are emitted, the sound produced is the sum of the 
waves produced by the two tones. See Problem 51 in Section 6.7 for an explanation 
of Touch-tone phones. 

To graph the sum of two (or more) functions, add the y-coordinates that 
correspond to equal values of x. 


| EXAMPLE 4 | Graphing the Sum of Two Functions 


Graph f(x) = x + sinx. 
Solution First, graph the component functions, 
у= /(®) = х у= р(х) = sinx 
оп the same coordinate axes. See Figure 40(а). Now, select several values of x, say 


T 3m 
х= 0 х= = х= т х = — 


апа x = 2m 
2. 2. 


and use them to compute f(x) = ў, (х) + f; (x). Table 2 shows the computations. 
Plot these points and connect them to get the graph, as shown in Figure 40(b). 


Table 2 


zi) = 


= e sm 


f(x) = x + sinx 


Point on graph of f (0, 0) (z, 2.57) 


Va f(x) = x + sin x 
(2, 21) 


fa v/Check: Graph Y, = x, Y, = sinx, 
and Y, = x + sinx and compare 
the result with Figure 40(b). Use 
INTERSECT to verify that the 
graphs of Y, and Y, intersect 
whensinx = 0. 


Figure 40 
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In Figure 40(b), notice that the graph of f(x) = x + sinx intersects the 
line у = x whenever sinx = 0. Also, notice that the graph of f is not periodic. 
The next example shows a periodic graph. 


| €XAMPLE5 | Graphing the Sum of Two Sinusoidal Functions 


Graph f(x) = sinx + cos(2x). 


Solution Graph f by adding the y-coordinates of y = sinx and y = cos(2x). Table 3 
shows the steps for computing several points on the graph of f. Figure 41 
illustrates the graphs of the component functions, у = f,;(x) = sinx (in blue), 
and у = f,(x) = cos(2x) (in black), and the graph of f(x) = sinx + cos(2x), 
which is shown in red. 


Table 3 
p = d = mx 


y? = uU) = ee) 


f(x) = sinx + cos(2x) 


Point on graph of f (-2- -2) (0, 1) (5 0) (т, 1) (=. -2) (27, 1) 


Figure 41 
Notice that the function f(x) = sinx + cos(2x)is periodic, with period 27. 


v/ Check: Graph Y, = sinx, Y, = cos(2x), and Y, = sinx + cos(2x) and compare 
the result with Figure 41. 8 


^, Now Work PROBLEM 27 


7.5 Assess Your Understanding 


‘Are You Pre pa red?’ The answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. The amplitude A and period T of f(x) = 5 sin(4x) are 3. Write an equation for a sine function with period 12 and 
and . (pp. 459-461) amplitude 7 (p. 465) 


2. Approximate the angular speed of the second hand on a clock 
in rad/sec. (Round to three decimal places.) (pp. 402-403) 


^, 1. Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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Concepts and Vocabulary 


4. The motion of an object is given by d(t) = 4 cos(6t). Such 
motion is described as . The number 4 
is called the 


5. When a mass hanging from a spring is pulled down and then 
released, the motion is called if there 


Skill Building 


is no frictional force to retard the motion, and the motion is 
called if there is friction. 


6. True or False If the distance d of an object from its rest 
position at time t is given by a sinusoidal graph, the motion 
of the object is simple harmonic motion. 


In Problems 7-10, an object attached to a coiled spring is pulled down a distance a from its rest position and then released. Assuming that 
the motion is simple harmonic with period T, find a function that relates the displacement d of the object from its rest position after t seconds. 


Assume that the positive direction of the motion is up. 


N T а= 5; T = 2seconds 
9. а = 7, T = 5r seconds 


11. Rework Problem 7 under the same conditions, except that 
at time t = 0, the object is at its rest position and moving 


8. а = 10; T = 3seconds 


10. а= & T= 5 seconds 


12. Rework Problem 8 under the same conditions, except that 
at time ¢ = 0, the object is at its rest position and moving 


down. down 

13. Rework Problem 9 under the same conditions, except that 
at time ¢ = 0, the object is at its rest position and moving 
down. 


14. Rework Problem 10 under the same conditions, except that 
at time ¢ = 0, the object is at its rest position and moving 
down. 


In Problems 15-22, the displacement d (in meters) of an object at time t (in seconds) is given. 
(a) Describe the motion of the object. 
(b) What is the maximum displacement from its rest position? 
(c) What is the time required for one oscillation? 
(d) What is the frequency? 
\ 15. d(t) = 5 sin(3t) 


19. d(t) = —9 sin( 47 


16. d(t) = 4sin(2r) 17. d(t) = 8 cos(2nt) 18. d(t) = 5 cos( £7] 


20. d(t) = —2 cos(2t) 21. d(t) = 3 + 7 cos(3zt) 22. d(t) = 4 + 3 ѕіп(ті) 
In Problems 23-26, graph each damped vibration curve for0 < t < 27. 

N 23. d(t) = е!" cos(2t) 24. d(t) = е?" cos(2t) 25. d(t) = е?" cost 26. d(t) = e~/4" cost 
In Problems 27—34, graph each function by adding y-coordinates. 

\ 27. f(x) = x + cosx 28. f(x) = x + cos(2x) 
30. f(x) = x — cosx 31. f(x) = sinx + cosx 
33. g(x) = sinx + sin(2x) 


29. f(x) = x — sinx 
32. f(x) = sin(2x) + cosx 
34. g(x) = cos(2x) + cosx 


Mixed Practice In Problems 35—40, (a) use the Product-to-Sum Formulas to express each product as a sum, and (b) use the method of 
adding y-coordinates to graph each function on the interval (0, 2 ]. 


35. f(x) — sin(2x)sinx 36. F(x) = sin(3x) sinx 
38. h(x) = cos(2x) cosx 39. H(x) = 2 sin(3x) cosx 


37. G(x) = cos(4x) cos(2x ) 
40. g(x) = 2 sinx cos(3x) 


Applications and Extensions 


In Problems 41—46, an object of mass m (in grams) attached to a coiled spring with damping factor b (in grams per second) is pulled down 
a distance a (in centimeters) from its rest position and then released. Assume that the positive direction of the motion is up and the period 
is T (in seconds) under simple harmonic motion. 

(a) Find a function that relates the displacement d of the object from its rest position after t seconds. 

(b) Graph the function found in part (a) for 5 oscillations using a graphing utility. 


41. т = 25, а = 10, b= 0.7, T=5 42. т = 20, а = 15, Б = 0.75, Т = 6 
43. т = 30, а = 18, b = 0.6, Т = 4 44. т = 15, а = 16, Ь = 0.65, Т = 
45. т = 10, а = 5, b= 0.8, Т = 3 46. m = 10, а = 5, Б = 07, Т = 3 
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In Problems 47-52, the function d models the distance (in meters) of the bob of a pendulum of mass m (in kilograms) from its rest position 
at time t (in seconds). The bob is released from the left of its rest position and represents a negative direction. 


(a) Describe the motion of the object. Be sure to give the mass and damping factor. 
(b) What is the initial displacement of the bob? That is, what is the displacement att = 0? 


te (c) Graph the motion using a graphing utility. 


(d) What is the displacement of the bob at the start of the second oscillation? 
(e) What happens to the displacement of the bob as time increases without bound? 


47. d(t) = —20e-9?!/? cos (22) = и ] 48. d(t) = —20e-98:/40 os| (22) = — ] 
49. d(t) = —30е-%/% os| a = — | 50. d(t) = 30e times] (sy E ] 
51. d(t) = —15е-09:/30 e| B = Wu | 52. d(t) = —10¢-08"/30 os| (22) " uu | 
53. Loudspeaker A loudspeaker diaphragm is oscillating in simple (c) When is the voltage V between —0.4 and 0.4 volt? 


54. 


59: 


56. 


57. 


harmonic motion described by the functiond(t) = а cos(wt) 
with a frequency of 520 hertz (cycles per second) and a 
maximum displacement of 0.80 millimeter. Find w and 
then find a function that describes the movement of the 
diaphragm. 

Colossus Added to Six Flags St. Louis in 1986, the Colossus 
is a giant Ferris wheel. Its diameter is 165 feet; it rotates at a 
rate of about 1.6 revolutions per minute; and the bottom of 
the wheel is 15 feet above the ground. Find a function that 


relates a rider’s height л above the ground at time t. Assume 


the passenger begins the ride at the bottom of the wheel. ta 58. The Sawtooth Curve An oscilloscope often displays a 
sawtooth curve. This curve can be approximated by sinusoidal 


curves of varying periods and amplitudes. 


Capacitor 


Source: Six Flags Theme Parks, Inc. 


Tuning Fork The end of a tuning fork moves in simple (a) Use a graphing utility to graph the following function, 
harmonic motion described by the function d(t) =a sin(wt ). which can be used to approximate the sawtooth curve. 
If a tuning fork for the note A above middle C on an 

even-tempered scale (A,, the tone by which an orchestra f(x) = lsn(2nx) 4 ant Aas O0<x<4 


tunes itself) has a frequency of 440 hertz (cycles per second), 
find w. If the maximum displacement of the end of the tuning 
fork is 0.01 millimeter, find a function that describes the 
movement of the tuning fork. 


(b) A better approximation to the sawtooth curve is given by 


f(x). = абон + Tanto) + 1зйп(8тх) 
Source: David Lapp. Physics of Music and Musical 2 4 8 


Instruments. Medford, MA: Tufts University, 2003 Use a graphing utility to graph this function for 


Tuning Fork The end of a tuning fork moves in simple 0 € x € 4and compare the result to the graph obtained 
harmonic motion described by the function d(t) = a sin(wt). in part (a). 

If a tuning fork for the note E above middle C on an (c) A third and even better approximation to the sawtooth 
even-tempered scale ( E, ) has a frequency of approximately curve is given by 


329.63 hertz (cycles per second), find ш. If the maximum 
displacement of the end of the tuning fork is 0.025 millimeter, f(x) = Laat Ks + 1зїп(4тх) + dein 8лх) + I їп(16лтх) 
find a function that describes the movement of the tuning 2 4 8 16 


fork. Use a graphing utility to graph this function for 
Source: David Lapp. Physics of Music and Musical 0 < x < 4and compare the result to the graphs obtained 
Instruments. Medford, MA: Tufts University, 2003 in parts (a) and (b). 


(d) What do you think the next approximation to the 


Charging a Capacitor See the figure (top, right). If a charged Я 
sawtooth curve is? 


capacitor is connected to a coil by closing a switch, energy 
is transferred to the coil and then back to the capacitor in ° ° 
e 


an oscillatory motion. The voltage V (in volts) across the Кешш Б Дын i | 
capacitor will gradually diminish to 0 with time t (in seconds). al 


(a) Graph the function relating V апат: 


V(t) = e-/5 cos( nt) 0<t<3 z | | 
(b) At what times t does the graph of V touch the graph E П 275 Е Ex US TIT ЕЕЕ ER 


Obase1 
—- 


of у = e-!/?? When does the graph of V touch the graph 
of y = —e-t/5? 


kB 


Es 


as 
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59. A Clock Signal A clock signal is a non-sinusoidal signal 
used to coordinate actions of a digital circuit. Such signals 
oscillate between two levels, high and low, “instantaneously” 
at regular intervals. The most common clock signal has the 
form of a square wave and can be approximated by the sum 
of simple harmonic sinusoidal waves, such as 


8 


sin(5x) 
5 


sin(9x) 
9 


sin( 7x) 
7 


sin(3x) 


f(x) = 2.35 + sinx + 3 


+ + 


+ 


Graph this function for —4r < x < 4r. 


60. Non-Sinusoidal Waves Both the sawtooth and square waves 
(see Problems 58 and 59) are examples of non-sinusoidal 
waves. Another type of non-sinusoidal wave is illustrated by 
the function 


f(x) = 1.6 + cosx 4 F cos(3x) + эесов(5х) + 2 cos(7x) 


Graph the function for —S5a < x < 5m. 


61. Graph the sound emitted by the * key on a Touch-tone phone. 


See Problem 51 in Section 6.7. 
62. CBL Experiment The sound from a tuning fork is collected 
over time. A model of the form у = A cos[B(x — C)]is 
fitted to the data. Find the amplitude, frequency, and period 


of the graph. 
(Activity 23, Real-World Math with the CBL System) 


Explaining Concepts: Discussion and Writing 


sin x 


65. Graph the function f(x) = , x > 0. Based on the 


sin x 


graph, what do you conjecture about the value of for 


x close to 0? 


66. Graph y = x sinx, у = x?sinx,andy = x?sinxforx > 0. 
What patterns do you observe? 


Retain Your Knowledge 


63. CBL Experiment Pendulum motion is analyzed to estimate 
simple harmonic motion. A plot is generated with the 
position of the pendulum over time. The graph is used to find 
a sinusoidal curve of the form у = A cos[B(x — C)] + D. 
Find the amplitude, period, and frequency. 


(Activity 16, Real-World Math with the CBL System) 


Challenge Problem Beats When two sinusoidal waves travel 
through the same medium, a third wave is formed that is 
the sum of the two original waves. If the two waves have 
slightly different frequencies, the sum of the waves results 
in an interference pattern known as a beat. Musicians use 
this idea when tuning an instrument with the aid of a tuning 
fork. If the instrument and the tuning fork play the same 
frequency, no beat is heard. Suppose two waves given by 
the functions, y, = 3 cos(w,t) and у, = 3 cos(w,t) where 
шу > w, pass through the same medium, and each has a 
maximum atf = 0 sec. 

(a) How long does it take the sum function у; = y, + y; 
to equal 0 for the first time? 

(b) Ifthe periods ofthe two functions y, and y, are7, = 19sec 
and T, = 20 sec, respectively, find the first time the 
sum уз = y, + y, = 0. 

(c) Use the values from part (b) to graph y, over the interval 
0 € x < 600. Do the waves appear to be in tune? 


64. 


. Graphy — lsinx, y= + sin x, and y = + sin x for x > 0. 
х х? x? 
What patterns do you observe? 


How would you explain simple harmonic motion to a friend? 
How would you explain damped motion? 


Problems 69—78 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


69. The function f(x) — x —3 
xX—4 


Find its inverse function. 


A 


, x = 4,is one-to-one. 


70. 
71. 


Write as a single logarithm:log, x + 3 log, y — log,(x + y) 
Solve: log(x + 1) + log(x — 2) = 1 


72. Ifcosa = 3, О<а < 5! find the exact value of: 


5 


а КЕ a 
(a) с08 (b) sinz (с) гап 
. If f(x) = У3 – 5x andg(x) = x? + 7,find g( f ( x)) and 


its domain. 


. If cosü = ы апа tan 0 < 0, what is the value of csc 0? 


‘Are You Prepared?’ Answers 


LA=5T= 5 2. 0.105 rad/sec 3. у = 7 sin(=*) 


75. The normal line to a graph at a point is the line perpendicular 
to the tangent line of the graph at the point. If the tangent 


lineis y = 25 — 1when f(3) = 1, find an equation of the 


normal line. 


T 
х 


(x2)? 
77. If h(x) is a function with range [—5, 8], what is the range 
of h(2x + 3)? 


x2 
76. Solve: 


78. Solve: x2(5x — 3)(х + 2) < 0 


614 CHAPTER7 Applications of Trigonometric Functions 


Chapter Review 


Things to Know 
Formulas 


snA  sinB  sinC 
a b e 


Law of Sines (p. 581) 


Law of Cosines (p. 591) c? = a? + b? — 2abcosC 
b? = a? + c? — 2accosB 
a? = b? + c? — 2bc cos A 


Area of a triangle (рр. 598-600) К = тәп K= Tab sinC K = тос snA К = jac sin B 


K = Vs(s —a)(s —b)(s — с), where s = za + b + c) (Heron’s Formula) 


Objectives 


Section You should be able to... Example(s) Review Exercises 


Fl. Solve right triangles (p. 574) 1,2 1,2 

23, 30 

3,14 

4,111, 13,17 
24, 25 

6,10, 15 


Solve applied problems (р. 575) 3-6 
1.2. Solve SAA or ASA triangles (p. 581) 1,2 
Solve SSA triangles (p. 582) 3-5 
Solve applied problems (p. 584) 6,7 
Solve SAS triangles (р. 592) 1 


Solve SSS triangles (p. 592) 

Solve applied problems (p. 593) 

Find the area of SAS triangles (p. 598) 
Find the area of SSS triangles (р. 599) 


Build a model for an object in simple harmonic motion (p. 604) 


Analyze simple harmonic motion (p. 606) 


Analyze an object in damped motion (p. 607) 


Graph the sum of two functions (p. 609) 


Review Exercises 


In Problems 1 and 2, solve each triangle. 


1. 10 
b 
[ ] 


Pat. 
[ ] 


a 


In Problems 3-17 solve each triangle, if one exists. If no triangle exists, write, “No triangle." 


5,8,9,12,16 

26 

18, 19, 22, 27, 28, 29 
20,21 

31 

32,33 

34,35 

36 


3. А = 50°, В = 30°, a=1 4. А = 100°, а = 5, с= 2 5. а= 2.4, b= 7.4, с = 7 
б.а = 3, с= 1, В = 100° 7 а= 3, Б = 5, В = 80° 8 a=2, Б = 3, с= 1 
9. а= 10, Б = 7, с= 8 10. a= 1, b = 3, С = 40° П. a = 5, Б = 3, А = 80° 
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12.a = 1, b 3 с= 3 13. a= 3, А = 10°, Б = 4 14. a = 4, А = 20°, B = 100° 
15. с = 5, Ь = 4, А = 70° 16. а = 65, b = 63, c = 16 17. а= 3, с= 1, С = 110° 
In Problems 18-22, find the area of each triangle. 

18. a = 2, b = 3, C = 40° 19. b= 4, c = 10, A = 70° 20. a= 4, b=3, c=5 


1. a = 4, b=2, c=5 


23. Finding the Grade of a Mountain Trail A straight trail with a 
є uniform inclination leads from а hotel, elevation 5000 feet, to 
a lake in a valley, elevation 4100 feet. The length of the trail is 

4100 feet. What is the inclination (grade) of the trail? 


24. Finding the Height of а Helicopter Two observers 
simultaneously measure the angle of elevation of a 
helicopter. One angle is measured as 25°, the other as 40° 
(see the figure). If the observers are 100 feet apart and the 
helicopter lies over the line joining them, how high is the 
helicopter? 


25. Constructing a Highway A highway whose primary directions 
are north-south is being constructed along the west coast of 
Florida. Near Naples, a bay obstructs the straight path of the 
road. Because the cost of a bridge is prohibitive, engineers 
decide to go around the bay. The figure shows the path that 
they decide on and the measurements taken. What is the 
length of highway needed to go around the bay? 


bo 


i " 
Gulf lS mi 
A Y M 
3 mi ; Clam | ws 
1 Bay 4 ee 
! E 
б ;mi 


26. Correcting a Navigational Error A sailboat leaves St. Thomas 
bound for an island in the British West Indies, 200 miles 
away. Maintaining a constant speed of 18 miles per hour, but 
encountering heavy crosswinds and strong currents, the crew 
finds after 4 hours that the sailboat is off course by 15°. 

(a) How far is the sailboat from the island at this time? 
(b) Through what angle should the sailboat turn to correct 
its course? 


22. A = 50°, В = 30°, а = 1 


(с) How much time has been added to the trip because of 
this? (Assume that the speed remains at 18 miles per 
hour.) 


British 
West Indies 


St. Thomas 200 mi () 


Q2 


15 E 


27. Approximating the Area of a Lake To approximate the 
area of a lake, Cindy walks around the perimeter of the lake, 
taking the measurements shown in the figure. Using this 
technique, what approximate area does she find? 


[Hint: Use the Law of Cosines on the three triangles shown, 
and then find the sum of their areas.] 


28. Calculating the Cost of Land The irregular parcel of land 
shown in the figure is being sold for $100 per square foot. 
What is the cost of this parcel? 


20 ft 


O’ 
50 ft 100° 
/\40° 


100 ft 


29. Area of a Segment Find the area of the segment of a circle 
whose radius is 6 inches formed by a central angle of 50°. 


30. Finding the Bearing of a Ship The Majesty leaves the 
Port at Boston for Bermuda with a bearing of S80°E at 
an average speed of 10 knots. After 1 hour, the ship turns 
90° toward the southwest. After 2 hours at an average 
speed of 20 knots, what is the bearing of the ship from 
Boston? 
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31. Simple Harmonic Motion An object attached to a coiled 
spring is pulled down a distance a = 3 from its rest position 
and then released. Assuming that the motion is simple 
harmonic with period T = 4 seconds, find a model that 
relates the displacement d of the object from its rest position 
after t seconds. Also assume that the positive direction of the 
motion is up. 


In Problems 32 and 33, the displacement d (in feet) of an object at 
time t (in seconds) is given. 
(a) Describe the motion of the object. 
(b) What is the maximum displacement from its rest position? 
(c) What is the time required for one oscillation? 
(d) What is the frequency? 
32. d(t) = 6sin(2t) 33. d(t) = —2 cos(at) 


34. Damped Harmonic Motion An object of massm = 40 grams 
attached to a coiled spring with damping factor 
b = 0.75 gram/second is pulled down а distance 
a = 15 cm from its rest position and then released. Assume 


CHAPTER 


Chapter Test 


VIDEOS 


that the positive direction of the motion is up and the period 
is T = 5 seconds under simple harmonic motion. 
(a) Find a function that models the displacement d of the 
object from its rest position after t seconds. 
te (b) Graph the function found in part (a) for 5 oscillations. 


35. Damped Motion The displacement d (in meters) of the bob 
of a pendulum of mass 20 kilograms from its rest position at 
time f (in seconds) is modeled by 

2n j _ 0.36 ] 


d(t) = —15e-961/40 co (= 1600 


(a) Describe the motion of the object. 
(b) What is the initial displacement of the bob? That is, what 
is the displacement att = 0? 

fa (c) Graph the function d. 

(d) What is the displacement of the bob at the start of the 
second oscillation? 

(e) What happens to the displacement of the bob as time 
increases without bound? 


36. Graph у = 2sinx + cos(2x) by adding y-coordinates. 


T Pr The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
est ep exercises. These videos are available in MyLab™ Math, 


1. A 12-foot ladder leans against a building. The top of the 
ladder leans against the wall 10.5 feet from the ground. What 
is the angle formed by the ground and the ladder? 


In Problems 3—8, use the given information to solve each triangle. 


2. A hot-air balloon is flying at a height of 600 feet and is 
directly above the Marshall Space Flight Center in Huntsville, 
Alabama. The pilot of the balloon looks down at the airport, 
which is known to be 5 miles from the Marshall Space Flight 
Center. What is the angle of depression from the balloon to 
the airport? 


3. 4. S; 
Е 12 5 8 
17 а 
с 
10 
19 


С = 55 Ci — 20 ee an Па v= A 


40° but =, = ЛС = TR 


9. Find the area of the triangle described in Problem 8. 


11. Find the area of the shaded region enclosed in a semicircle 
of diameter 8 centimeters. The length of the chord AB is 
6 centimeters. 


[Hint: Triangle ABC is a right triangle. | 


B 


10. Find the area of the triangle described in Problem 5. 


12. Find the area of the quadrilateral shown. 


13. 


15. 


See the figure. Madison wants to swim across Lake William 
from the fishing lodge (point A) to the boat ramp (point B), 
but she wants to know the distance first. Highway 20 goes 
right past the boat ramp, and County Road 3 goes to the 
lodge. The two roads intersect at point C, 4.2 miles from the 
ramp and 3.5 miles from the lodge. Madison uses a transit 
and finds the angle of intersection of the two roads to be 32°. 
How far will she need to swim? 


The area of the triangle shown below is 54V6 square units. 
Find the lengths of the sides. 


5x 6x 


TBS 


Cumulative Review 


1. 


Find the real solutions, if any, of the equation 3x? + 1 = 4x. 


2. Find an equation for the circle with center at the 


. Graph the function: y — 


point (—5, 1) and radius 3. Graph this circle. 


. Find the domain of the function 


f(x) = мх? – Зх – 4 


3 sin(7x) 


. Graph the function: у = —2 cos(2x — п) 
"Itam and Эт < 0 < 2m, find the exact value of: 
(a) sino (b) соѕ0 


(c) sin(20) 
Т 
(е) ШЕ) 


(а) cos(20) 
1 
(f) cos 58) 


. Graph each of the following functions on the interval [0, 4]: 
(a) y = e* (b) y = sinx 
(c) y = e* sinx (d) y = 2x + sinx 


. Graph each the following functions: 
(а) у = х (b) y = x? 
(9 у = yx (d) y = x? 
(е) y = е (f) y 2 Inx 
(g) y = sinx (h) y = cosx 


(i) y = tanx 


14 


16 


9 


10 


11 


12 
13 
14 
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. Given that AOAB is an isosceles triangle and the shaded 
sector is a semicircle, find the area of the entire region. Express 
your answer as a decimal rounded to two places. 


. Logan is playing on her swing. One full swing (front to back 
to front) takes 6 seconds, and at the peak of her swing she 
is at an angle of 42° with the vertical. If her swing is 5 feet 
long, and we ignore all resistive forces, find a function that 
models her horizontal displacement (from the rest position) 
after time t. 


. Solve the triangle for which side a is 20, side c is 15, and 
angle C is 40°. 


. In the complex number system, solve the equation 


ax? —]T0x4 213 = 42x2 4 36x — 8 = 0 


. Graph the rational function 
2x? — 7x — 4 
R — = 
9 x? + 2х – 15 


. Solve 3х = 12. Round your answer to two decimal places. 
. Solve: log,(x + 8) + logax = 2 
. Suppose that f(x) = 4x + 5 and g(x) = x? + 5x — 24. 
(a) Solve f(x) = 0. 
(b) Solve f(x) = 13. 
(c) Solve f(x) = g(x). 
(d) Solve f(x) > 0. 
(e) Solve g(x) < 0. 
(f) Graph y = f(x). 
(в) Graph y = g(x). 
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Chapter Projects 


1. 


П. 


Spherical Trigonometry When the distance between two 
locations on the surface of Earth is small, we can treat Earth 
as a plane and compute the distance in statutory miles. 
Using this assumption, we can use the Law of Sines and 
the Law of Cosines to approximate distances and angles. 
However, the Earth is a sphere, so as the distance between 
two points on its surface increases, the linear distance is 
less accurate. Under this circumstance, we need to take into 
account the curvature of Earth when using the Law of Sines 
and the Law of Cosines. 


1. See the figure. The points A, B, and С are the vertices of 
a spherical triangle with sides a, b, and c, a three-sided 
figure drawn on the surface of a sphere with center at the 
point O. Connect each vertex by a radius to the center O 
of the sphere. Now draw tangent lines to the sides a and b 
of the triangle that go through C. Extend the lines OA 
and OB to intersect the tangent lines at P and Q, 
respectively. List the plane right triangles. Find the 
measures of the central angles. 


2. Use the Law of Cosines with triangles OPQ and CPQ to 
find two expressions for the length of PQ. 


3. Subtract the expressions in part (2) from each other. 
Solve for the term containing cos c. 


4. Use the Pythagorean Theorem to find another value for 
OQ? — CQ? and OP? — CP?. Now solve for cos c. 


5. Replacing the ratios in part (4) by the cosines of the sides 
of the spherical triangle, you should now have the Law of 
Cosines for spherical triangles: 


cosc = cosa cosb + sina sinb cosC 


Source: For the spherical Law of Cosines, see Mathematics 
from the Birth of Numbers by Jan Gullberg. W. W. Norton & 
Co., Publishers, 1996, pp. 491—494. 


The Lewis and Clark Expedition Lewis and Clark followed 
several rivers in their trek from what is now Great Falls, 
Montana, to the Pacific coast. First, they went down the 
Missouri and Jefferson rivers from Great Falls to Lemhi, 
Idaho. Because the two cities are at different longitudes and 
different latitudes, we must account for the curvature of Earth 
when computing the distance that they traveled. Assume that 
the radius of Earth is 3960 miles. 


E» 


Credit: North Wind Picture Archives/ 
Alamy Stock Photo 


1. Great Falls is at approximately 47.5?N and 111.3°W. 
Lemhi is at approximately 45.5?N and 113.5°W. (We 
will assume that the rivers flow straight from Great 
Falls to Lemhi on the surface of Earth.) This line is 
called a geodesic line. Use the Law of Cosines for a 
spherical triangle [see Project I, part (5)] to find the 
angle between Great Falls and Lemhi. (The central 
angles are found by using the differences in the 
latitudes and longitudes of the towns. See the figure.) 
Then find the length of the arc joining the two towns. 
(Recalls = r0.) 


A North 
Great 


Falls 


South 


2. From Lemhi, they went up the Bitteroot River and the 
Snake River to what is now Lewiston and Clarkston 
on the border of Idaho and Washington. Although this 
is not really a side to a triangle, we will make a side 
that goes from Lemhi to Lewiston and Clarkston. If 
Lewiston and Clarkston are at about 46.5°N 117.0°W, 
find the distance from Lemhi using the Law of Cosines 
for a spherical triangle and the arc length. 


3. How far did the explorers travel just to get that far? 


4. Draw a plane triangle connecting the three towns. If 
the distance from Lewiston to Great Falls is 282 miles 
and the angle at Great Falls is 42° and the angle at 
Lewiston is 48.5°, find the distance from Great Falls 
to Lemhi and from Lemhi to Lewiston. How do these 
distances compare with the ones computed in parts (1) 
and (2)? 

Source: For Lewis and Clark Expedition: American Journey: 

The Quest for Liberty to 1877 Texas Edition. Prentice Hall, 

1992, p. 345. 


Source: For map coordinates: National Geographic Atlas of 
the World, published by National Geographic Society, 1981, 
pp. 74-75. 
Citation: Used with permission of Technology Review, 
from W. Roush, “From Lewis and Clark to Landsat: David 
Rumsey's Digital Maps Marry Past and Present,” 108, no. 7, 
€ 2005; permission conveyed through Copyright Clearance 
Center, Inc. 
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The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 


Ш. Project at Motorola: How Can You Build or Analyze a Vibration Profile? Fourier functions not only are important to analyze 
vibrations but also are what a mathematician would call interesting. Complete the project to see why. 


IV. Leaning Tower of Pisa Trigonometry is used to analyze the apparent height and tilt of the Leaning Tower of Pisa. 
V. Locating Lost Treasure Clever treasure seekers who know the Law of Sines are able to find a buried treasure efficiently. 


VI. Progressive Field Angles of elevation and the Law of Sines are used to determine the height of the stadium wall and the distance 
from home plate to the top of the wall. 


Polar Coordinates; 


Vectors 


How Airplanes Fly 


Four aerodynamic forces act on an airplane in flight: lift, drag, thrust, and weight (gravity). 

Drag is the resistance of air molecules hitting the airplane (the backward force), thrust is 
the power of the airplane’s engine (the forward force), lift is the upward force, and weight 
is the downward force. So for airplanes to fly and stay airborne, the thrust must be greater than 
the drag, and the lift must be greater than the weight. 

This is certainly the case when an airplane takes off or climbs. However, when it is in straight 
and level flight, the opposing forces of lift and weight are balanced. During a descent, weight 
exceeds lift, and to slow the airplane, drag has to overcome thrust. 


rplane S engine 
7 mit "in 
П 


j (propeller or jet), weight is created by the natural 
Credit: Skycolors/Shutterstock 


force of gravity acting on the airplane, and drag 
comes from friction as the plane moves through 
air molecules. Drag is also a reaction to lift, and this lift 
must be generated by the airplane in flight. This is done by 
the wings of the airplane. 

A cross section of a typical airplane wing shows the top 
surface to be more curved than the bottom surface. This shaped profile is called an airfoil 
(or aerofoil), and the shape is used because an airfoil generates significantly more lift than 
opposing drag. In other words, it is very efficient at generating lift. 

During flight, air naturally flows over and beneath the wing and is deflected upward over 
the top surface and downward beneath the lower surface. Any difference in deflection causes a 
difference in air pressure (pressure gradient), and because of the airfoil shape, the pressure of the 
deflected air is lower above the airfoil than below it. As a result the wing is “pushed” upward by 
the higher pressure beneath, or, you can argue, it is “sucked” upward by the lower pressure above. 


ттн d е 


Source: Adapted from Pete Carpenter. How Airplanes Fly — The Basic Principles of Flight 
http://www.rc-airplane-world.com/how-airplanes-fly.html, 
accessed May 2018. © rc-airplane-world.com 


—See Chapter Project I— 


Outline 


8.1 Polar Coordinates This chapter is in two parts: Polar Coordinates (Sections 8.1—8.3) and Vectors 
8.2 Polar Equations and Graphs (Sections 8.4—8.7). They are independent of each other and may be covered in either order. 
8.3 The Complex Plane; Sections 8.1—8.3: In Chapter F, we introduced rectangular coordinates (the xy-plane) and 
De Moivre's Theorem discussed the graph of an equation in two variables involving x and y. In Sections 8.1 and 8.2, 
8.4 Vectors we introduce polar coordinates, an alternative to rectangular coordinates, and discuss graphing 
8.5 The Dot Product equations that involve polar coordinates. In Section 4.3, we discussed raising a real number to a 
8.6 Vectors in Space real power. In Section 8.3, we extend this idea by raising a complex number to a real power. 
8:7 Thetross Product As it turns out, polar coordinates are useful for the discussion. 
Chapter Review Sections 8.4—8.7: We have seen in many chapters that we are often required to solve an 
Chapter Test equation to obtain a solution to applied problems. In the last four sections of this chapter, we 


develop the notion of a vector and show how it can be used to model applied problems in physics 
and engineering. 


Cumulative Review 
Chapter Projects 
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8.1 Polar Coordinates 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Rectangular Coordinates (Foundations, Section E.1, Inverse Tangent Function (Section 6.1, pp. 506-507) 
pp. 2-3) 
Definition of the Trigonometric Functions (Section 5.4, pp. А40-А41) 
p. 432) 
The Distance Formula (Foundations, Section E.1, pp. 395-398) 


pp. 3-5) 


Completing the Square (Appendix A, Section A.4, 


Angles; Degree Measure; Radian Measure (Section 5.1, 


v. Now Work the 'Are You Prepared?' problems on page 628. 


OBJECTIVES 1 Plot Points Using Polar Coordinates (p. 621) 


Polar axis 


= 


0 


Figure 1 


Pole 


x 


2 Convert from Polar Coordinates to Rectangular Coordinates (p. 623) 
3 Convert from Rectangular Coordinates to Polar Coordinates (p. 625) 
4 Transform Equations Between Polar and Rectangular Forms (p. 627) 


So far, we have always used a system of rectangular coordinates to plot points in 
the plane. Now we are ready to describe another system, called polar coordinates. 
In many instances, polar coordinates offer certain advantages over rectangular 
coordinates. 

In a rectangular coordinate system, you will recall, a point in the plane is 
represented by an ordered pair of numbers (x, y), where x and y equal the signed 
distances of the point from the y-axis and the x-axis, respectively. In a polar coordinate 
system, we select a point, called the pole, and then a ray with vertex at the pole, 
called the polar axis. See Figure 1. Comparing the rectangular and polar coordinate 
systems, note that the origin in rectangular coordinates coincides with the pole in 
polar coordinates, and the positive x-axis in rectangular coordinates coincides with 
the polar axis in polar coordinates. 


Plot Points Using Polar Coordinates 


See Figure 2. A point P in a polar coordinate system is represented by an ordered 
pair (r, 0) of numbers. If7 > 0, then ris the distance of the point from the pole; 0 is an 
angle (in degrees or radians) formed by the polar axis and a ray from the pole through 
the point. We call the ordered pair (r, 0) the polar coordinates of the point. See Figure 2. 


As an example, suppose that a point P has polar coordinates (2. z), Locate P 


by first drawing an angle of 7 radian, placing its vertex at the pole and its initial side 


along the polar axis. Then go out a distance of 2 units along the terminal side of the 
angle to reach the point P. See Figure 3. 


Polar axis Polar axis 


О Pole О Pole 
Figure 2 Figure 3 


In using polar coordinates (r, 0), it is possible for r to be negative. When this 
happens, instead of the point being on the terminal side of 0, it is on the ray from the 
pole extending in the direction opposite the terminal side of 0 at a distance |r| units 
from the pole. See Figure 4 on the next page for an illustration. 
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For example, to plot the point (-3, z), use the ray in the opposite direction 


of e and go out |—3| = 3units along that ray. See Figure 5. 


Figure 4 Figure 5 


Plotting Points Using Polar Coordinates 


Plot the points with the following polar coordinates: 


@ (327)  e(z-2 eco @(-2 4) 


Solution Figure 6 shows the points. 


5T 
х) 
d 0 (8,0) 
(3.55) 
Figure 6 (a) (b) (c) (d) -B 


\ Now Work PROBLEMS 13, 25, AND 31 


Recall that an angle measured counterclockwise is positive and an angle 
measured clockwise is negative. This convention has some interesting consequences 
related to polar coordinates. 


Finding Several Polar Coordinates of a Single Point 


Consider again the point P with polar coordinates (2. z), as shown in Figure 7(a). 


Because 2° Эл, апа ES all have the same terminal side, this point P also can be 


located by using the polar coordinates (2. az) or the polar coordinates (2. -=), 


as shown in Figures 7(b) and 7(c). The point (2. z) can also be represented by the 
polar coordinates (-2, >т). See Figure 7(d). 


Figure 7 (a) (b) 
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| EXAMPLE 3 | Finding Other Polar Coordinates of a Given Point 


Plot the point P with polar coordinates (3, z), and find other polar coordinates 
(r, 0) of this same point for which: 


(а) л> 0, 27 € 0 < 4r (60) < 0, 0 < 0 < 2r 
(с) л> 0, -2» € 0«0 


Solution Тһе point (3, z) is plotted in Figure 8. 


(a) Add 1 revolution (27 radians) to the angle е to get 


0 
Figure 8 See Figure 9. 


(b) Add Н revolution (7 radians) to the angle e and replace 3 by —3 to 


get P = (-3 ae т) = (-3, m. See Figure 10. 


(c) Subtract 27 from the angle Р to get P= (3, м 27) = (3, кы See 
Figure 11. 


Figure 9 Figure 10 Figure 11 D 


These examples show a major difference between rectangular coordinates and 
polar coordinates. A point has exactly one pair of rectangular coordinates; however, 
a point has infinitely many pairs of polar coordinates. 


SUMMARY 


A point with polar coordinates (r, 0), 0 in radians, can also be represented by either of the following: 


(r, 0 + 27к) or (-r, 0 + m + 2rk) k an integer 


The polar coordinates of the pole are (0, 0), where 0 can be any angle. 


\ Now Work PROBLEM 35 


2 Convert from Polar Coordinates to Rectangular Coordinates 


Sometimes it is necessary to convert coordinates or equations in rectangular form to 
polar form, and vice versa. To do this, recall that the origin in rectangular coordinates 
is the pole in polar coordinates and that the positive x-axis in rectangular coordinates 
is the polar axis in polar coordinates. 


THEOREM Conversion from Polar Coordinates to Rectangular Coordinates 


If P is a point with polar coordinates (r, 0), the rectangular coordinates (х, у) 
of P are given by 


x = rcosé у = rsin (1) 
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Д 


Figure 12 


Need to Review? 
The sum formulas for 
cosine and sine are on 
^ pages 539 and 542, 

С respectively. 


Proof Suppose that P has the polar coordinates (r, 0). We seek the rectangular 
coordinates ( x, y) of P. Refer to Figure 12. 


e Ifr = 0, then, regardless of 0, the point P is the pole, for which the rectangular 
coordinates are (0, 0). Formula (1) is valid for r — 0. 


e [fr > 0,the point Pis on the terminal side of 0, andr = d(O, P) = yx? + y?. 
Because 


cos@ = 5 sind = X 
r r 
this means 
x = r cos y = rsing 
e If r < О and @ is in radians, then the point Р = (r, 0) can be represented 
as(—r, т + 0), where —r > 0. Because 


cos(z + 0) = —cos0 = x sin(7 + 8) = —sin@ = 2 
—r a 


this means 


x = rcosé у = rsing B 


| EXAMPLE4 | Converting from Polar Coordinates to Rectangular Coordinates 


Solution 


(b) 


Figure 13 


COMMENT Many calculators have 
the capability of converting from polar 
coordinates to rectangular coordinates. 
Consult your user's manual for the 
proper keystrokes. In most cases this 
procedure is tedious, so you will probably 
find using equations (1) is faster. " 


Find the rectangular coordinates of the points with polar coordinates: 
6, z) b (-4, -7) 

(a) (6, * (b) : 

Use equations (1): x = r cos0 and y = r sinð. 


(a) Figure 13(a) shows (6, z) plotted. Notice that (6, z) lies in quadrant I of the 


rectangular coordinate system. So both the x-coordinate and the y-coordinate 


will be positive. Substituting r = 6 and0 = - gives 


x = rcosé = 6cos t = 6. №? = 343 
6 2 
. , 1 
= 0 = б^ =6.—=3 
у rsin sinc 2 


The rectangular coordinates of the point (6, z) are (343, 3), which lies in 
quadrant I, as expected. 


(b) Figure 13(b) shows (-4, -7) plotted. Notice that (-4, -7]) lies in quadrant II 
of the rectangular coordinate system. Substituting r = —4 and 0 = =, gives 
x = ҮС050 = 4соз( z) = 4.22 — 245 
4 2 
y = rsin = 4 sin( z) = 4 | = 2б 


The rectangular coordinates of the point (-4 -7) are (-242, 242 ), which 
lies in quadrant II, as expected. B 


\ Now Work PROBLEMS 43 AND 55 
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3 Convert from Rectangular Coordinates to Polar Coordinates 


Converting from rectangular coordinates (x, y) to polar coordinates (r, @) is a little 
more complicated. Notice that each solution begins by plotting the given rectangular 
coordinates. 


| €XAMPLE 5 | How to Convert from Rectangular Coordinates to Polar Coordinates 


Step-by-Step Solution 
Step 1: Plot the point(x, y) and 


note the quadrant the point lies in 


or the coordinate axis the point 
lies on. 


Where the Point Lies on a Coordinate Axis 


Find polar coordinates of a point whose rectangular coordinates are (0, 3). 


y 
(x, y) = (0, 3) 


Ve 


Plot the point (0, 3) in a rectangular 
coordinate system. See Figure 14. The point 
lies on the positive y-axis. 


xy 


Figure 14 


Step 2: Find the distance r from 
the origin to the point. 


The point (0, 3) lies on the y-axis a distance of 3 units from the origin (pole), 
sor = 3. 


Step 3: Determine 0. 


A ray with vertex at the pole through (0, 3) forms an angle 0 = 5 with the polar axis. 


Polar coordinates for this point can be given by (3, z). Other possible 
representations include [ —3, -7) and (3, эл), 
2 2 -5 


Figure 15 shows polar coordinates of points that lie on either the x-axis or 
the y-axis. In each illustration,a > 0. 


YA YA (x y) = (0, a) Y4 YA 
€ (70) = (a, 1) 


е X i e i x Е 
а а 


(x y) = (0, —a) 
(0) = (a, T) * 


(a) (x, y) = (a, 0), a > 0 (d) (х, y) = (0, —a),a>0 


Figure 15 


(b (х,у) = (0, a),a>0 (с) (х, у) = (–а, 0), а> 0 


\ Now Work PROBLEM 59 


| EXAMPLES | How to Convert from Rectangular Coordinates to Polar Coordinates 


Where the Point Lies in a Quadrant 


Find the polar coordinates of a point whose rectangular coordinates are (2, —2). 


Step-by-Step Solution 


Step 1: Plotthe point(x, y) and 
note the quadrant the point lies in 
or the coordinate axis the point 
lies on. 


Plot the point (2, —2) in a rectangular 
coordinate system. See Figure 16. The point 
lies in quadrant IV. 


| wy) = 02, -2) 
Figure 16 


(continued) 
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Step 2: Find the distance r from r = Jx? + у? = 422 + (-2)? = V8 = 242 


the origin to the point. 


Step 3: Determine б. Find @ by recalling that tané = X вов = tan~! 2, = IO we 5. Because (2, —2) 
х х 


lies in quadrant IV, this means that E < 0 < 0. As a result, 


ER _1{-2 _ T 
Rf] COMMENT Many calculators have 0 = tan E — tan (=) = tan! (—1) = -7 
the capability of converting from 
rectangular coordinates to polar Polar coordinates for the point (2, —2) are (273, -£. Other possible 
coordinates. Consult your user's 4 


manual for the proper keystrokes. m representations include (242, 77 ) and ( 255, эт, P 


Converting from Rectangular Coordinates to Polar Coordinates 


Find polar coordinates of a point whose rectangular coordinates are (—1, —v3 | 


Solution ЅтЕр 1: See Figure 17 The point lies in quadrant Ш. 
STEP 2: The distance r from the origin to the point (—1, — V3) is 


VA 
Ө reyi ee = a 
E STEP 3: To find ө, use 
r „ос ot E E et 
x —1 3 2 2 
( y) = (=1, — 48) Since the point (-1, -v3 ) lies in quadrant Ш and the inverse tangent function gives 
Figure 17 an angle in quadrant I, add 7 to the result to obtain an angle in quadrant III. Then 
_ 4r 


Ө = п+а = т + їап-У3 = r +2 = 57 


3 3 
Polar coordinates for this point are [5 =), Other possible representations 
include (2, Z) and (2, -£) 
3 3 


-—» 


Figure 18 shows how to find polar coordinates of a point that lies in a quadrant 
when its rectangular coordinates ( x, y) are given. 


YA YA YA 
(x, у) 
r 0 0 
x x 0х 
T r 
(x у) (х, y) 
Figure18 (а) r= үх? + у? (b = Ух? + у? (с) г= Ух + у? (d г= үх2 + у? 


Ө = іап! У Ө= т + tan! У Ө = т tan |J ө = іап! У 
X X X X 
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THEOREM Converting from Rectangular Coordinates to Polar Coordinates 


If P is a point with rectangular coordinates (x, y), the polar coordinates (r, 0) 
of P are given by 


er = д” зу? їап@ 


er= y 0 


У 
X 
un 
2 


To use equations (2) effectively, follow these steps: 


Steps for Converting from Rectangular to Polar Coordinates 


STEP 1: Plot the point (x, y), as shown in Examples 5,6, and 7 
SrEP2: If x = O or y = 0, use the graph to find r. 
If x = O0 and y = 0,thenr = Vx? + y?. 
STEP 3: Find 6. If x = O or y = 0, use the graph to find 0. 
Ifx = O andy = 0, note the quadrant in which the point lies. 


Quadrant І ог ГУ: 6 = tan~! Je 
Xx 


Quadrant П or III: 0 = т + tan~! X 
x 
\ Now Work PROBLEM 63 


4 Transform Equations Between Polar and Rectangular Forms 


Equations (1) and (2) can be used to transform equations from polar form to 
rectangular form, and vice versa. Two common techniques for transforming an 
equation from polar form to rectangular form are to 

* Multiply both sides of the equation by r 


e Square both sides of the equation 


| EXAMPLES | PLE 8 Transforming an Equation from Polar to Rectangular Form 


Transform the equation r = 6cos@ from polar coordinates to rectangular 
coordinates, and identify the graph. 


Solution Multiplying both sides by r makes it easier to use equations (1) and (2). 


r = 6cos0 
r? = 6rcos@ Multiply both sides by r. 
x? + y? = 6x r2 = x? + у2; х = rcosü 
This is the equation of a circle. Complete the square to obtain the standard form. 
x? + у? = 6x 
(х2 — 6x) + y? = 0 | General form 
(x? — бх+9)+ у? = 9 Complete the square in x. 


(х—3)°-+ у2 = 9 Еасїог. 


This is the standard form of the equation of a circle with center (3, 0) and radius 3. 


\ Now Work PRoBLEM 79 
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| EXAMPLES | Transforming an Equation from Rectangular to Polar Form 


Transform the equation 4xy = 9 from rectangular coordinates to polar coordinates. 


Solution Use x = rcos@and y = rsiné. 
4xy = 9 
4(7соѕ0)(7 5100) = 9 x = rcosð, y = rsing 
4r? соѕ0 sind = 9 
This is the polar form of the equation. It can be simplified as follows: 
2r?(2sin8cos0) = 9 Factor out 2r?. 
2r?sin(20) = 9 Double-angle Formula D 


\ Now Work PROBLEM 73 


8.1 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Plot the point whose rectangular coordinates are (3, —1). 4. Draw the angle x in standard position. (pp. 395-398) 


ОРЕШКИ Н 
ыиман парен ен 5. If P = (x, у) is a point оп the terminal side of the 


2. The distance between two points P, = (x, у) angle 0 at a distance r from the origin, then tan? = 


and P, = (x,, y,)isd(P,, Р,) = . (p. 432) 
(pp. 3-4) 6. tan! (-1) = . (pp. 506-507) 
3. To complete the square of x? + бх, add ——. (pp. A40-A41) 
Concepts and Vocabulary 
7. The origin in rectangular coordinates coincides with 10. Multiple Choice The point (5. т. can also be represented 
the in polar coordinates; the positive x-axis in by which polar coordinates? 
rectangular coordinates coincides with the т 137 
in polar coordinates. (a) (5, -2) (b) [-5. =) 
8. If Pisa point with polar coordinates ( r, 0), the rectangular (c) | 5 — Sa | (4) (- 5 =) 
coordinates (x, y) of P are given by x = > 6 ' 6 
andy—  ——.— . 11. True or False In the polar coordinates (r, 0), r can be 
9. Multiple Choice In a rectangular coordinate system, where negative. 
does the point with polar coordinates (1. -£| lie? 12. True or False The polar coordinates of a point are unique. 
(a) in quadrant IV (b) on the y-axis 
(c) in quadrant II (d) on the x-axis 
Skill Building 
In Problems 13—20, match each point in polar coordinates with either A, B, C, or D on the graph. " B 
М 11т T T Tr Ts 22е т 
=. XE. Е ud ME Ue E E 
Эт _2, 97 _, Tn lir 2477 7$. 
17. (2, 2) 18. (2, 22) 19. (2, 2) 20. (2, +) xp a 
In Problems 21-34, plot each point given in polar coordinates. 
21. (3, 7) 22. (4, эл) 23. (—2, 0) 24. (—3, т) \ 25. (6, z) 
5n Зл 2т 2т 5n 
26. (5, 27. 27. (-2, =) 28. (-3, = 29. (4. -) 30. (2, 21, 
T Зл т 
N 1 (-1, -2) 32, (-3, -=2) 33. (-2, —7) 34. (-3, -2) 
NAL Now Work [^] 1. Modeling 1. Writing Е 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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In Problems 35—42, plot each point given in polar coordinates, and find other polar coordinates (r, 0) of the point for which: 


(a) г> 0 -2r <6<0 (b) r <0, 0€ 0 < 27 (c) п> 0, 27 € 0 < 4r 
N 35. (5 z) 36. (4, эт) 37. (—2, 37) 38. (—3, 47) 
39. (1, z) 40. (2, 7) 41. (-3 -£ 42. (-2. -21) 
In Problems 43-58, polar coordinates of a point are given. Find the rectangular coordinates of each point. 
\ 43. (3, т) 44. (4, эл) 45. (—2, 0) 46. (—3, т) 
47. (6, эл) 48. (5, эт) 4. (—2, žr) 50. (—2, "| 
51. (—5, -3) 52. (—6, -7) 53. (—2,—т) 54. (—3, -3) 
Мыл uz 56. [—3.1, A) 57. (6.3, 3.8) 58. (8.1, 5.2) 
In Problems 59—70, the rectangular coordinates of a point are given. Find polar coordinates for each point. 
М. 59. (3, 0) 60. (0, 2) 61. (—1, 0) 62. (0, —2) 
\ 63. (1, —1) 64. (—3, 3) 65. (5, 543) 66. E EI 
67. (1.3, —2.1) 68. (—0.8, —2.1) 69. (8.3, 4.2) 70. (—2.3, 0.2) 


In Problems 71—78, the letters x and y represent rectangular coordinates. Write each equation using polar coordinates ( r, 0). 


71. 2x? + 2y? = 72. x? + y? =x N 73. x? = 4y 74. y? = 2x 
75. 2ху = 1 76. 4х?у = 1 77. х = 4 78. y = —3 
In Problems 79-86, the letters ғ and 0 represent polar coordinates. Write each equation using rectangular coordinates ( x, у). 
N 79. r = cos 80. r = 5110 + 1 81. r? = cos 82. r = sinf — cos0 
4 3 
. = 2 4. = 4 " = —— a: = ————— 
83. r 84. r 85. r pep 86. r жабай 


Applications and Extensions 


87. Chicago In Chicago, the road system is set up like a Cartesian City of Chicago, Illinois 
plane, where streets are indicated by the number of blocks TEN TEN ‚ишн 
they are from Madison Street and State Street. For example, Шах p 
Wrigley Field in Chicago is located at 1060 West Addison, Addison Street 
which is 10 blocks west of State Street and 36 blocks north Tl à D 
of Madison Street. Treat the intersection of Madison Street 
and State Street as the origin of a coordinate system, with 
east being the positive x-axis. 

(a) Write the location of Wrigley Field using rectangular 


coordinates. Wrigley Field _ 

(b) Write the location of Wrigley Field using polar 1060 West Addison 
coordinates. Use the east direction for the polar axis. 
Express 0 in degrees. " 

(c) Guaranteed Rate Field, home of the White Sox, is ETT Rate Field 
located at 35th and Princeton, which is 3 blocks west АСТР: nceton 


of State Street and 35 blocks south of Madison. Write 
the location of Guaranteed Rate Field using rectangular 
coordinates. 

(d) Write the location of Guaranteed Rate Field using polar 
coordinates. Use the east direction for the polar axis. 
Express 0 in degrees. 

88. Show that the formula for the distance d between two 
points P, = (тл, 0, )and P, = (љ, 0) is 


d = Jr? + r — 2n r,cos(0, — 0,) 
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89. Challenge Problem Radar Detection At 10:15 am, a 
radar station detects an aircraft at a point 80 miles away 
and 25 degrees north of due east. At 10:25 am, the aircraft 
is 110 miles away and 5 degrees south of due east. 

(a) Using the radar station as the pole and due east as the 
polar axis, write the two locations of the aircraft in polar 
coordinates. 

(b) Write the two locations of the aircraft in rectangular 
coordinates. Round answers to two decimal places. 

(c) What is the speed of the aircraft in miles per hour? 
Round the answer to one decimal place. 


90. 


Explaining Concepts: Discussion and Writing 


91. In converting from polar coordinates to rectangular 93. 


coordinates, what equations will you use? 


92. Explain how to convert from rectangular coordinates to 
polar coordinates. 


Retain Your Knowledge 


Challenge Problem Radar station A uses a coordinate 
system where A is located at the pole and due east is the 
polar axis. On this system, two other radar stations, B 
and C, are located at coordinates(150, —24°)and(100, 32°), 
respectively. If radar station B uses a coordinate system 
where B is located at the pole and due east is the polar 
axis, then what are the coordinates of radar stations A 
and C on this second system? Round answers to one decimal 
place. 


Is the street system in your town based on a rectangular 
coordinate system, a polar coordinate system, or some other 
system? Explain. 


Problems 94-103 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


94. Solve: log,(x + 3) — log,(x - 1) = 2 


95. Use Descartes’ Rule of Signs to determine the possible 
number of positive or negative real zeros for the function 


f(x) 2x3 8 


101. 


ДХ 102. 
/Х 103. 


96. Find the midpoint of the line segment connecting the 
points (—3, 7) and (5, 2); 


97. Given that the point (3, 8) is on the graph of y = f(x), 
what is the corresponding point on the graph 
of y = -2f (x + 3) + 5? 


‘Are You Prepared?’ Answers 


98. 
99. 
100. 


Ifz = 2 — 5i andw = 4-+ї,Їїпйг. w. 
Solve the equation: 45іп0 соѕ0 = 1, 0 < 0 < 27 
A = 65°, B = 37°,c = 10 


Find the exact value of sin in 


12- 
5x? . 3e? — ex . 10x 
pe 
Show that sin x = sinx — 2 cos? x sinx + cos? x sin x. 


Solve the triangle: 


Simplify: 


1 y ;quadranfV 2. JG = x, +02 — X)? 39 4. y 57 6-7 
2 ba 
L 5т 
Lt LIII, 6 
—2 204 X 
ә (3, -1) | X 


8.2 Polar Equations and Graphs 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Symmetry (Foundations, Section E2, pp. 13-16) 
Circles (Foundations, Section Е4, pp. 36-40) 

* Even-Odd Properties of Trigonometric Functions 
(Section 5.5, pp. 450-451) 


% Now Work the ‘Are You Prepared?’ problems on page 643. 


e Difference Formulas for Sine and Cosine 


(Section 6.5, pp. 539 and 542) 


e Values of the Sine and Cosine Functions at Certain 


Angles (Section 5.3, pp. 421-423; Section 5.4, 
pp. 432-434; Section 5.5, pp. 451-452) 


OBJECTIVES 1 Identify and Graph Polar Equations by Converting to Rectangular 


Equations (p. 631) 


2 Test Polar Equations for Symmetry (p. 634) 
3 Graph Polar Equations by Plotting Points (p. 635) 


SECTION 8.2 Polar Equations and Graphs 631 


Just as a rectangular grid may be used to plot points given by rectangular coordinates, 
such as the points (—3, 1) and (1, 2) shown in Figure 19(a), a grid consisting of 
concentric circles (with centers at the pole) and rays (with vertices at the pole) can be 


used to plot points given by polar coordinates, such as the points (4. >т) апа (2, 4 


shown in Figure 19(b). Such polar grids are used to graph polar equations. 


Figure 19 (a) Rectangular grid (b) Polar grid 


DEFINITION Polar Equation 


An equation whose variables are polar coordinates is called a polar equation. 
The graph of a polar equation consists of all points whose polar coordinates 
satisfy the equation. 


l Identify and Graph Polar Equations by Converting 
to Rectangular Equations 


One method that can be used to graph a polar equation is to convert the equation to 
rectangular coordinates. In the following discussion, (x, y ) represents the rectangular 
coordinates of a point P, and (r, 0) represents polar coordinates of the point Р. 


| ЕХАМРІЕ1 | Identifying and Graphing а Polar Equation (Circle) 


Identify and graph the equation:r = 3 


Solution Convert the polar equation to a rectangular equation. 
r=3 
r? = 9 Square both sides. 
х2 + у? = 9 r? = х? + у? 


The graph of r = 3isa circle, with center at the pole and radius 3. See Figure 20. 


Figure 20 г = 30rx?+y2=9 —» 
\ Now Work PROBLEM 15 
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| EXAMPLE 2 | Identifying and Graphing a Polar Equation (Line) 


Solution 


Figure 21 0 = 3 or y = V3x 


Identify and graph the equation: 0 = а 


Convert the polar equation to a rectangular equation. 


T 


3 


tanü = tanz Find the tangent of both sides. 


V3 tanü = * tant = МЗ 
х 


= 3x 


The graph of = - is a line passing through the pole making an angle от with the 


polar axis. See Figure 21. B 


\ Now Work PROBLEM 17 


| EXAMPLE 3 | Identifying and Graphing a Polar Equation (Horizontal Line) 


Solution 


jJ? COMMENT A graphing utility can be 
‘used to graph polar equations. Read 
Using a Graphing Utility to Graph a Polar 
Equation, Appendix B, Section B.8. ш 


Identify and graph the equation: r sin = 2 


Because y = rsin, we can write the 
equation as 
y-2 


Therefore, the graph of rsinü — 2isa 
horizontal line 2 units above the pole. 
See Figure 22. 


Figure 22 rsind = 20гу = 2 D 


| EXAMPLE 4 | Identifying and Graphing a Polar Equation (Vertical Line) 


Solution 


Identify and graph the equation: r соѕ0 = —3 


Since x = rcos@, we can write the y 
equation as 
x = –3 


Therefore, the graph of rcosü = —3 
is a vertical line 3 units to the left of 
the pole. See Figure 23. 


Figure 23 гсоѕ0 = -30r x = -3 y 
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Examples 3 and 4 on the previous page lead to the following results. (The proofs 
are left as exercises. See Problems 83 and 84.) 


THEOREM 


Let a be a real number. Then the graph of the equation 


rsindé=a 


is a horizontal line. It lies a units above the pole ifa > 0 and lies | a| units below 
the pole ifa < 0. 
The graph of the equation 


rcosÜ— a 


is a vertical line. It lies a units to the right of the pole ifa > 0 and lies |a| units 
to the left of the pole ifa « 0. 


\ Now Work PROBLEM 21 


| ЕХАМРІЕ 5 | Identifying and Graphing a Polar Equation (Circle) 


Identify and graph the equation:r = 4 sin 
Yh Solution To transform the polar equation to rectangular coordinates, multiply both sides by r. 
r? = 4rsin6 
Now use the facts that r? = x? + y? and y = rsin0. Then 
x2 + у? = 4у 
x? + (y? —4у) = 0 


x? + (y? – 4у + 4) = 4 Complete the square in y. 


х2 + (у= 2)? = 4 Еасїог. 


This is the standard equation of a circle with center (0, 2) in rectangular coordinates 


Figure 24 : | 
and radius 2. See Figure 24. B 


г = 4sinĝ orx? +(y—2)° = 4 


| EXAMPLE6 | Identifying and Graphing a Polar Equation (Circle) 


Identify and graph the equation:r = —2 cosé 


To transform the polar equation to rectangular coordinates, multiply both sides by r. 
r? = —2r cos0 
x2 + y? = —2х re = xe + yes x = reos 
X 
-0 x74+2x+ у? = 0 
(x? + 2х +1) + у? = 1 Complete the square іп x. 
(x+1) 421 Factor. 

Figure 25 This is the standard equation of a circle with center ( — 1, 0) in rectangular coordinates 


г = —2cosóor(x +1) + y? 21 and radius 1. See Figure 25. E 
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[ Exploration 


Be sure the mode of your graphing utility is set to polar coordinates and radian measure. Using a 
square screen, graph г, = sind, г = 2sin6, and г; = 3sin6. Do you see the pattern? Clear the screen 


and graph г, = —sin0, r, = —2sin6, and r} = —3sin0. Do you see the pattern? Clear the screen and 
graph г, = соѕ0, г = 2cos0, and г = 3соѕ0. Do you see the pattern? Clear the screen and graph 
г, = —COSO, Г, = —2cos0, andr, = —3 соѕ0. Do you see the pattern? 


Based on Examples 5 and 6 and the Exploration above, we are led to the following 
results. (The proofs are left as exercises. See Problems 85-88.) 


THEOREM 
Suppose a is a positive real number. Then 
Polar Equation Description in Rectangular Coordinates 
e r = sino Circle: radius а; center at (0, а) 
e r = —2asing Circle: radius a; center at (0, —a) 
ОА = ое Circle: radius a; center at (а, 0) 
e r = —2a cosl Circle: radius a; center at (—a, 0) 


Each circle passes through the pole. 


\ Now Work PROBLEM 23 


The method of converting a polar equation to an identifiable rectangular 
equation to obtain the graph is not always helpful, nor is it always necessary. 
Usually, a table is created that lists several points on the graph. By checking for 
symmetry, it may be possible to reduce the number of points needed to draw the 
graph. 


Test Polar Equations for Symmetry 


In polar coordinates, the points (r, 0) and (r, —0) = (—r, т — 0) are symmetric 
with respect to the polar axis (and to the x-axis). See Figure 26(a). The points (r, 0) 


and(r, x — 0) = (—r, —0)are symmetric with respect to the line? = a (the y-axis). 


See Figure 26(b). The points (r, 0) and (—r, 0) = (r, 0 + п) are symmetric with 
respect to the pole (the origin). See Figure 26(c). 


(a) Points symmetric with 
respect to the polar axis 


Figure 26 


(b) Points symmetric with (c) Points symmetric with 
respect to the line 0 — T respect to the pole 


SECTION 8.2 Polar Equations andGraphs 635 
The following tests are a consequence of these observations. 


THEOREM Tests for Symmetry 


* Symmetry with Respect to the Polar Axis (x-Axis) 
In a polar equation, replace 0 by —0, or replace r by —r and 0 by x — 0. If an 
equivalent equation results from either substitution, the graph is symmetric 
with respect to the polar axis. 

e Symmetry with Respect to the Line Ө = o (y-Axis) 


In a polar equation, replace 0 by m — 0, or replace r by —r and 0 by —0. If an 
equivalent equation results from either substitution, the graph is symmetric 


with respect to the line 0 = 2 


e Symmetry with Respect to the Pole (Origin) 
In a polar equation, replace r by —r, or replace 0 by 0 + т. If an equivalent 
equation results from either substitution, the graph is symmetric with respect 
to the pole. 


The tests for symmetry are sufficient conditions for symmetry, but they are not 
necessary conditions. That is, an equation may fail these tests and still have a graph 


that is symmetric with respect to the polar axis, the line 0 = 5! or the pole. 


3 Graph Polar Equations by Plotting Points 


| EXAMPLE7 | Graphing a Polar Equation (Cardioid) 


Graph the equation: r = 1 — sin0 


Solution Check for symmetry first. 

Polar Axis: Replace 0 by —0. The result is 

r = 1 — sin(—0) = 1 + sinf sin(—0) = -sin 
The test fails. Replace r by —r and 0 by m — 0. The result is 
r = 1 — sin(vr — 0) 
—г = 1 — [sinzcos0 — coss sing] 
1 — [0 · cos — (—1)sin 8] 
—r = 1 — sin 
r = —1-4 sind 


| 
ч 
II 


This test also fails, so the graph may or may not be symmetric with respect to the 
polar axis. 


NOTE For each symmetry test, if one The Line 0 = 7: Replace 0 by m — 0. The result is 
condition is satisfied, then the symmetry 2 
is guaranteed and we do not need to r = 1-—sin(a — 0) = 1 — (sinz cos — созт sin@) 


check the other condition. a = 1 — [0 . cos — (—1)sin6] = 1 — sing 


The test is satisfied, so the graph is symmetric with respect to the line 0 = 2 


The Pole: Replace r by —r. Then the result is—r = 1 — sin0,sor = —1 + 5100. The 
test fails. Replace 0 by 0 + т. The result is 
r—1-sin(0 + 7) 

= 1 — [5100 соѕт + соѕ0 ѕіпт | 

= 1 — [5100 - (—1) + соѕ0 · 0] 

= 1 + 8900 
This test also fails, so the graph may ог may not be symmetric with respect to the pole. 

(continued) 
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Table 1 Next, identify points on the graph by assigning values to the angle 0 and 


calculating the corresponding values of r. Due to the periodicity of the sine function 
T 


and the symmetry with respect to the line 0 = 91 just assign values to 0 from ES 
to 2 as given in Table 1. 

Now plot the points ( r, 0) from Table 1 and trace out the graph, beginning at the 
point (2. -7]) and ending at the point (o, z), Then reflect this portion of the graph 


about the line 0 = 2 (the y-axis) to obtain the complete graph. Figure 27 shows 


the graph. 


| Exploration 


(Graph r, —1-sin6.Clear the screen and 

graph г, = 1— соѕ0. Clear the screen 
and graph г, = 1 + соѕ0. Do you see a 
pattern? 


Figure 27 г = 1 — sin B 


The curve in Figure 27 is an example of a cardioid (a heart-shaped curve). 


DEFINITION Cardioids 


Cardioids are characterized by equations of the form 


e r = a(1 + cos0) e r = a(1 — соѕ0) 


e r — а(1 + 5100) e r = a(1 — 5100) 


where a > 0.The graph of a cardioid passes through the pole. 


\ Now Work PROBLEM 39 


| EXAMPLES | PLE 8 Graphing a Polar Equation (Limacon Without an Inner Loop) 


Graph the equation: r = 3 + 2 cosé 
Solution Check for symmetry first. 
Polar Axis: Replace 0 by —0. The result is 
r = 3 + 2с05(—0) = 3 + 2cos0 cos(—0) = cos0 
The test is satisfied, so the graph is symmetric with respect to the polar axis. 


The Line 0 = 2 Replace 0 Бут — 0. The result is 


r = 3 + 2cos(m — 0) = 3 + 2(cosm cos0 + sins sing) 
= 3 — 2с050 


The test fails. 
(continued) 


Table 2 


Ө r = 3 + 2 соѕ0 
0 5 


[ Exploration 


M Graph п, = 3 – 2cos0. Clear the screen 


and graph r, = 3 + 25іп0. Clear the 
screen and graph г, = 3 — 2siné. Do you 


see a pattern? | 
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Replace r by —r and 0 by —0. The result is 
—r = 3 + 2cos(—0) 
—r = 3 + 2cos0 cos(—0) = cosh 
r = —3 – 2 соѕб 


This test also fails, so the graph may or may not be symmetric with respect to the 


lined = 7. 
ine 2 


The Pole: Replace r by —r. The test fails. Replace 0 by 0 + т. This test also fails, so 
the graph may or may not be symmetric with respect to the pole. 

Next, identify points on the graph by assigning values to the angle 0 and 
calculating the corresponding values of r. Due to the periodicity of the cosine function 
and the symmetry with respect to the polar axis, just assign values to 0 from 0 to m, 
as given in Table 2. 

Now plot the points (r, 0) from Table 2 and trace out the graph, beginning 
at the point (5, 0) and ending at the point (1, 7). Then reflect this portion of the 
graph about the polar axis (the x-axis) to obtain the complete graph. Figure 28 
shows the graph. 


Figure 28 r = 3 + 2cos0 _в 


The curve in Figure 28 is an example of a limaçon (a French word for snail) 
without an inner loop. 


DEFINITION Limacons Without an Inner Loop 


Limacons without an inner loop are characterized by equations of the form 


- bcos0 e r = а — bcosO 


| bsind e r = а — bsinO 


where a > b > 0. The graph of a limaçon without an inner loop does not pass 
through the pole. 


\ Now Work PROBLEM 45 


| EXAMPLES | Graphing a Polar Equation (Limacon with an Inner Loop) 


Graph the equation:r = 1 + 2cos0 


(continued) 


=) 
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Solution 


Table 3 


0 r= 1+ 2 соѕб 


[ Exploration 


M Graph г, = 1 – 2cos 0. Clear the screen 


and graph n = 1--2sin6. Clear the 
screen and graph г, = 1 — 2sin6. Do you 


See a pattern? | 


First, check for symmetry. 
Polar Axis: Replace 0 by —0. The result is 
r = 1+ 2cos(—0) = 1 + 2cos0 
The test is satisfied, so the graph is symmetric with respect to the polar axis. 


т 


The Line 0 = 3 Replace 0 by т — 0. The result is 


г = 1 + 2 соѕ (п — 0) = 1 + 2(соѕтсоѕ0 + sins sing) 


—1-2cos0 
The test fails. Replace r by —r and 0 by —0. The result is 
—r = 1 + 2 со5(—0) 
—r = 1 + 2 соѕ0 cos(—0) = cos 


г = —1 — 200680 
This test also fails, so the graph may or тау not be symmetric with respect to the 
lined = 1. 
2 
The Pole: Replace r by —r. The test fails. Replace 0 by 0 + т. This test also fails, so 
the graph may or may not be symmetric with respect to the pole. 

Next, identify points on the graph of r = 1 + 2 соѕ0 by assigning values to the 
angle 0 and calculating the corresponding values of r. Due to the periodicity of the 
cosine function and the symmetry with respect to the polar axis, just assign values 
to 0 from 0 to 7, as given in Table 3. 

Now plot the points (r, 0) from Table 3, beginning at (3, 0) and ending 
at (—1, 7). See Figure 29(a). Finally, reflect this portion of the graph about the polar 
axis (the x-axis) to obtain the complete graph. See Figure 29(b). 


б=т В x E 
CP 0-0 


Figure 29 (a) (b) r-1-2cos0 


The curve in Figure 29(b) is an example of a limaçon with an inner loop. 


DEFINITION Limacons With an Inner Loop 


Limacons with an inner loop are characterized by equations of the form 


а + bcos а + bsinO 


а = bsin0 


а — bcos0 


where р > a > 0. The graph of a limaçon with an inner loop passes through 
the pole twice. 


\ Now Work PROBLEM 47 


=) 
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| EXAMPLE 10 | Graphing a Polar Equation (Rose) 


Graph the equation: r = 2 cos(26) 
Solution Check for symmetry. 
Polar Axis: Replace 0 by —0. The result is 
r = 2cos[2(—0)] = 2cos(20) 
The test is satisfied, so the graph is symmetric with respect to the polar axis. 


The Line Ө = Replace 0 Бут — 0. The result is 


r = 2cos[2(« — 0)] = 2cos(27m — 20) = 2 соѕ(20) 


The test is satisfied, so the graph is symmetric with respect to the line 0 = 2 


Table 4 The Pole: Since the graph is symmetric with respect to both the polar axis and the 
Ө r = 2cos(20) lineo = 2: it must be symmetric with respect to the pole. 
; Next, construct Table 4. Because of the periodicity of the cosine function and 
the symmetry with respect to the polar axis, the line 0 = 2, and the pole, only list 
т 2 
values of 0 from 0 to 7 


Plot and connect these points as shown in Figure 30(a). Finally, because of 
symmetry, reflect this portion of the graph first about the polar axis (the x-axis) and 


then about the line 0 = 2 (the y-axis) to obtain the complete graph. See Figure 30(b). 
2 plete grap 8 


—3T7 
6-5 


(b) r= 2 cos (20) 
Figure 30 — 


The curve in Figure 30(b) is called a rose with four petals. 


Exploration DEFINITION Rose 


Graphr, = 2cos(40); clear the screen and 
graphr, = 2cos(60). How many petals did Rose curves are characterized by equations of the form 
each of these graphs have? 

Clear the screen and graph, in order, 
each on a clear screen, г = 2cos(30), 
г, =2cos(50), апа п, = 2с05(70). 
What do you notice about the number of 
petals? If nis even, the rose has |2n| petals; if n is odd, the rose has |n| petals. 


e r = acos(n0) e r = asin(n0) a == () 


where п = О апап >= +1 is an integer. Their graphs are rose shaped. 


\ Now Work PROBLEM 51 
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| EXAMPLE 11 | Graphing a Polar Equation (Lemniscate) 


Graph the equation: r? = 4sin(20) 

Solution We leave it to you to verify that the graph is symmetric with respect to the 
pole. Because of the symmetry with respect to the pole, only list those values 
of 0 between 0 = 0 and 0 = m. Note that for? « 0 « m (quadrant II) there are no 
points on the graph since г? « 0 for such values. Table 5 lists points on the graph for 

Table 5 values of 0 = 0 through 0 = 2 The points from Table 5 where r > 0 are plotted 

in Figure 31(a). The remaining points on the graph may be obtained by using 


symmetry. Figure 31(b) shows the final graph drawn. 


Figure 31 (b) r?-4sin (20) E 


The curve in Figure 31(b) is an example of a lemniscate (from the Greek word 
for ribbon). 


DEFINITION Lemniscates 


Lemniscates are characterized by equations of the form 


ө 12 = asin 20) eu = a7 Cos(20)) 


where a = 0, and have graphs that are propeller shaped. 


\ Now Work PROBLEM 55 


| EXAMPLE 12 | Graphing a Polar Equation (Spiral) 


Graph the equation: r = e?/> 


Solution Тһе tests for symmetry with respect to the pole, the polar axis, and the line 0 = Е 


fail. Furthermore, there is no number 0 for which r = 0, so the graph does not pass 
through the pole. From the equation, note that r is positive for all 0, r increases as 0 
increases, r —› 0 as 0 —5 —oo, and r — œ as 0 — оо. 


(continued) 


Table 7 


Description 


Rectangular equation 
Polar equation 


Typical graph 


Description 


Rectangular equation 
Polar equation 


Typical graph 
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Figure 32 г = e?/5 


Classification of Polar Equations 


The equations of some lines and circles in polar coordinates and their corresponding 
equations in rectangular coordinates are given in Table 7. Also included are the names 
and graphs of a few of the more frequently encountered polar equations. 


Line passing through the 
pole making an angle a 
with the polar axis 


y = (tana)x 


() — @ 


n 


Xx 


Center at the pole, radius a 


Vertical line 


= а 


= а 


У} 
pe 
X 


Circles 


Passing through the pole, 
tangent to the line 


0 = z! center on the 


polar axis, radius a 


A Ve = Ei qm m 


Р e sme. ms @ 


With the help of a calculator, the values in Table 6 can be obtained. See Figure 32. 


The curve in Figure 32 is called a logarithmic spiral, since its equation may be 
written as 0 = 5Inr and it spirals infinitely both toward the pole and away from it. 


Horizontal line 


y 


r sin 


у} 
== 


Passing through the pole, 
tangent to the polar 


axis, center on the line 0 = 2: 
radius a 


Ep Aye = dE m m 


П = sEZGHm. «> (0) 


у} y) у} 
NAS em e E 
oe D X т 


(continued) 
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Table 7 (Continued) 


Other Equations 
Name Cardioid Limagon without inner loop Limagon with inner loop 
Polar equations = (ав 099905 a> Е рсоѕб, а> Б> 0 p й чє (0099090), i 22 0 2 (0) 


= a НЕ 73M, a> 00) Dome o > > 0 r a ШЕ ЮБИ. D >a > (0) 
Typical graph YA у} YA 


Name Lemniscate Rose with three petals Rose with four petals 
Polar equations re e wee m == (0) r= gem @ > (0 fa П) 1 5200) 
r? = а? sin(20), а = 0 rf = (Мз ж m =o Г =з басс 20) 0. > (0 


Typical graph YA JA y) 


Sketching Quickly 


If a polar equation involves only a sine (or cosine) function, you can quickly obtain 
its graph by making use of Table 7 periodicity, and a short table. 


Sketching the Graph of a Polar Equation Quickly 


Graph the equation: r = 2 + 2sin0 


Solution Весаџѕеа = b = 2, Һе graph of this polar equation is a cardioid. The period of sin 0 
is27, so forma table using0 < 0 < 2r, compute ғ, plot the points (r, 0), and sketch 
the graph of a cardioid as 0 varies from 0 to 27. See Table 8 and Figure 33. 


Table 8 


0 r = 2 + 2sinO 


24+2-0=2 
2+2.1= 4 


420-2 


2+ A=) = © 


Asp (0) = 7 


Figure 33 г = 2 + 2sino —» 


Calculus Comment For those of you planning to study calculus, a comment about one 
important role of polar equations is in order. 
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In rectangular coordinates, the equation x? + у? = 1, whose graph is the unit 
circle, is not the graph of a function. In fact, it requires two functions to obtain the 
graph of the unit circle: 


yı = V1 — x? Uppersemicircle у, = —V1 — x? Lower semicircle 


In polar coordinates, the equation r — 1, whose graph is also the unit circle, does 
define a function. For each choice of 6, there is only one corresponding value of r, 
that is, г = 1. Since many problems in calculus require the use of functions, the 
opportunity to express nonfunctions in rectangular coordinates as functions in polar 
coordinates becomes extremely useful. 

Note also that the vertical-line test for functions is valid only for equations in 
rectangular coordinates. 


Historical Feature 


olar coordinates seem to have been who used them for describing odd curves. Finally, about the 
invented by Jakob Bernoulli (1654—1705) mid-1800s, applied mathematicians realized the tremendous 
in about 1691, although, as with most simplification that polar coordinates make possible in the description 
such ideas, earlier traces of the notion exist. of objects with circular or cylindrical symmetry. From then on, their 
Early users of calculus remained committed to use became widespread. 
rectangular coordinates, and polar coordinates 
did not become widely used until the early 


poe 1800s. Even then, it was mostly geometers 


(1654-1705) 


8.2 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. If the rectangular coordinates of a point are (4, —6), 4. Is the sine function even, odd, or neither? (pp. 450-451) 
the point symmetric to it with respect to the origin КО 
is (pp. 13-14 5. sin?” = (pp. 451-452) 
LLL (pp. ) 4 
2. The difference formula for cosine is cos( A — B) — ; 2n 
(p. 539) 6. cos = (pp. 451-452) 
3. The standard equation of a circle with center at (—2, 5) and 
radius 3 is - (pp. 36-37) 


Concepts and Vocabulary 


7. An equation whose variables are polar coordinates is called 12. True or False ^ cardioid passes through the pole. 
ап. 13. Multiple Choice For а positive real number a, which polar 
8. True or False The tests for symmetry in polar coordinates equation is a circle with radius a and center (a, 0) in rectangular 
are always conclusive. coordinates? 
9. To test whether the graph of a polar equation may be (а) r = 2asin (b) r = —2asinó 
symmetric with respect to the polar axis, replace 0 by : (с) r = 2acosé (d) r = —2acos0 
10. To test whether the graph of a polar equation may be 14. Multiple Choice In polar coordinates, the points (r, 0) 
symmetric with respect to the line 0 = 5. replace 0 by ы are symmetric with respect to which of the 
11. Rose curves are characterized by equations of the (a) the polar axis (or x-axis) (b) the pole (or origin) 
formr = acos(n 0) orr = asin(n 0),a = 0. Еп = Ois : A | | " 
even, the rose has petals; if п + +1 is odd, the rose (c) the line 0 = 2 (or y-axis) (d) the line 0 = 4 
has ^ petals. (or y = x) 
Skill Building 
In Problems 15—30, transform each polar equation to an equation in rectangular coordinates. Then identify and graph the equation. 
Nds r-4 16. r = 2 \in9= 4 18.0 = -7 
19. rsinü0 = 4 20. гсоѕ0 = 4 N21. rcosü = —2 22.rsinü — —2 


XL Now Work @ 1. Modeling 1. Writing 9 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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“М. 23. = 2cos0 24. г = 2sin0 25. г = —4sin0 26. г = —Acos0 
27.rsecü = 4 28. г сѕс0 = 8 29. r csch = —2 30. r ѕес0 = —4 


In Problems 31-38, match each of the graphs (A) through (Н) to one of the following polar equations. 


31.722 32.0 — | 33. r = 2cosd 34. rcos@ = 2 
35. 36. r = 2sin0 37.0 = т 38. r sino = 2 


216 
CON 


In Problems 39-62, identify and graph each polar equation. 


N 39. r = 2 + 2cosó 40. r = 1 + sind 41. r = 3 — 3510 42. г = 2 — 2 соѕ0 
43. г = 2 + 5110 44. г = 2 — cosÜ N 45. r = 4 — 2с050 46. г = 4 + 25100 
N aur =14 2sing 48. г = 1 —2sin0 49. г = 2 — 3cos0 50. г = 2 + 4cos0 
\ 51. r = 3cos(20) 52. г = 2sin(30) 53. r = 4sin(50) 54. т = 3cos(40) 
М 55. r? = 9cos(20) 56. r? = sin(20) 57. г = 2° 58. r = 3° 
59. г = 1 — cos 60. r = 3 + cos0 61. r = 1 — 3cos0 62. r = 4cos(30) 


Applications and Extensions 


In Problems 63—66, the polar equation for each graph is either r = a + bcos@orr = а + bsin0, a > 0. Select the correct equation and 
find the values of a and b. 


S 
ES 
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In Problems 67-72, graph each pair of polar equations on the same polar grid. Find the polar coordinates of the point(s) of intersection 
and label the point(s) on the graph. 


67. т = 8cos0; г = 2sec0 68. r = 85110; r = 4cscÓ 69. r = sin; г = 1 + cos0 
70. r = 3; г = 2 + 2 соѕ0 71. r = 1 + 5100; r = 1 + cos 72. r = 1 + соѕ0; r = 3cos0 
In Problems 73-82, graph each polar equation. 
2 2 

73. г = ——— bol 74. r = ————__ (hyperbol 

3. r = ease (parabola) Эл ey 77 (hyperbola) 

75. = > > (ellipse) 76. r = = (parabola) 

3 — 2cos0 1 — cos0 

77.r = 0, 0 > 0 (spiral of Archimedes) 78. r = 2 (reciprocal spiral) 

79. r = cscO— 2, 0 < 0 < т (conchoid) 80. r = sinf апд  (cissoid) 

81. r = tand, =, «0« с (kappa curve) 82. r = cos 

83. Show that the graph of the equationr sin? = aisahorizontal 84. Show that the graph of the equation r cos? = a is a vertical 


85. 


87. 


D 


line a units above the pole if a > 0 and |a| units below the 
pole ifa « 0. 


Show that the graph of the equation r = 2asin0, a > 0, 
is a circle of radius a with center (0, а) in rectangular 
coordinates. 


Show that the graph of the equation r = 2a cos, а > 0, 
is a circle of radius a with center (a, 0) in rectangular 
coordinates. 


86. 


88. 


line a units to the right of the pole if a > 0 and |a| units to 
the left of the pole ifa < 0. 


Show that the graph of the equation r = —2asin0,a > 0, 
is a circle of radius a with center (0, —a) in rectangular 
coordinates. 


Show that the graph of the equation r = —2a cos0, а > 0, 
is a circle of radius a with center (—a, 0) in rectangular 
coordinates. 


89. 


90. 


91. 


Sailing Polar plots provide attainable speeds of a specific 
sailboat sailing at different angles to a wind of given speed. 
See the figure. Use the plot to approximate the attainable 
speed of the sailboat for the given conditions. 
(a) Sailing at a 140? angle to a 6-knot wind. 
(b) Sailing at a 160? angle to a 10-knot wind. 
(c) Sailing at a 80? angle to a 20-knot wind. 
(d) If the wind blows at 20 knots, for what angles 
will the sailboat attain a speed of 10 knots or 
faster? 
(e) If the wind blows at 10 knots, what is the maximum 
attainable speed of the sailboat? For what angle(s) does 
this speed occur? 


Source: myhanse.com 


Challenge Problem Showthatr = а соѕ0 + bsin0, with a,b 
not both zero, is the equation of a circle. Find the center and 
radius of the circle. 

Challenge Problem Express r? — 
coordinates free of radicals. 


cos(20) in rectangular 


Explaining Concepts: Discussion and Writing 


93. 


Write down two different tests for symmetry with respect to 
the polar axis. Find examples in which one test works and 
the other fails. Which test do you prefer to use? Justify your 
answer. 


92. 


94. 


Wind 
Direction 
E a " Wind Speed 
20° 1912—10 -e- 6 knots 
=e 10 knots 
=e 20 knots 


[| CONSE 
А СЯ 
ЕХ А 


160 170° 160° 


170° 180° 


Challenge Problem Prove that the area of the triangle with 
vertices (0, 0),(7, 0; ),and(1,, 0,),0 < 0, < 0, < m,is 


K= jnh sin(9, — 6) 


Explain why the vertical-line test used to identify functions 
in rectangular coordinates does not work for equations 
expressed in polar coordinates. 
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Retain Your Knowledge 


Problems 95—104 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


95. Solve: a >1 99, Find the remainder when 3x? — 2x? + 7x — 5 is divided 
x-3 Бух — 1. 
96. Convert a radians to degrees. 100. Find the area of a triangle with sides 6, 11, and 13. 
101. Solve: 321-3 = 91-* 


97. Determine the amplitude and period of y = —2 ѕіп(5х) 102. Solve: 6x2 + 7x = 20 
without graphing. 


XX 103. m = f'(x) = 3x? + 8x gives the slope of the tangent 
line to the graph of f(x) = x? + 4x? — 5 at апу 
X43 number x. Find an equation of the tangent line to f 


Куку 3 atx — —2. 


98. Find any asymptotes for the graph of 


K 104. Show that cos? x = cosx — sin? x cosx. 


‘Are You Prepared?’ Answers 


1. (—4, 6) 2. cos A cos B + sin A sin В 3.(x +2)? + (у = 5) 29 4. Оаа 5. — 


8.3 The Complex Plane; De Moivre's Theorem 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Complex Numbers (Appendix A, Section A.11, e Sum and Difference Formulas for Sine and Cosine 
pp. A92-A97) (Section 6.5, pp. 539 and 542) 
Values of the Sine and Cosine Functions at Certain * Laws of Exponents (Appendix A, Section A.1, 
Angles (Section 5.3, pp. 421—423; Section 5.4, pp. A7-A9) 
pp. 432-434; Section 5.5, pp. 451-452) 


\ Now Work the ‘Are You Prepared?’ problems on page 653. 


OBJECTIVES 1 Plot Points in the Complex Plane (p. 646) 


2 Convert a Complex Number Between Rectangular Form and Polar Form 
or Exponential Form (p. 647) 


3 Find Products and Quotients of Complex Numbers (p. 649) 
4 Use De Moivre's Theorem (р. 650) 
5 Find Complex Roots (p. 651) 


1 Plot Points in the Complex Plane 


Complex numbers are discussed in Appendix A, Section A.11. In that discussion, we 


Imaginary were not prepared to give a geometric interpretation of a complex number. Now 
ШЫ we are ready. 

A complex number z = x + yi can be interpreted geometrically as the 

Ур ez=x+yi point (x, y)in the xy-plane. Each point in the plane corresponds to a complex number, 


and conversely, each complex number corresponds to a point in the plane. The 
„Real ^ collection of such points is referred to as the complex plane. The x-axis is referred to as 
the real axis, because any point that lies on the real axis is ofthe formz = x + Oi = x, 
a real number. The y-axis is called the imaginary axis, because any point that lies on 
the imaginary axis is of the form z = 0 + yi = yi, a pure imaginary number. See 
Figure 34 Complex plane Figure 34. 
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| €XAMPLE1 | Plotting a Point in the Complex Plane 


Plot the point corresponding to z = V3 — i in the complex plane. 


Imaginary 


Solution Тһе point corresponding to z = V3 — ihas the ans 


rectangular coordinates (V3, —1). This point, 2- 
located in quadrant IV, is plotted in Figure 35. i Bon 
= | 0 | 2 = ахіѕ 
*8-i 
-2L 2 1 
Figure 35 —» 


DEFINITION Magnitude or Modulus 


Suppose z = x + yi is a complex number. The magnitude or modulus of z, 
denoted | z|, is the distance from the origin to the point ( x, y). That is, 


ЕЕ (1) 


Imaginary 
axis See Figure 36 for an illustration. 

This definition for | z| is consistent with the definition for the absolute value of a 
real number: If = x + yiisa real number then z = x + 0i and 


X 2=х+ уі 
v | |а| = Vx2 +02 = Vx? = |х] 
| , Real 


0 x 9*5 For this reason, the magnitude of z is sometimes called the absolute value of z. 

Recall that if z = x + yi, then its conjugate, denoted z, is z = x — yi. 
Because zz = x? + у? is a nonnegative real number, it follows from equation (1) 
Figure 36 that the magnitude of z can be written as 


са 


Iz] = Jzz (2) 


2 Convert a Complex Number Between Rectangular Form and 
Polar Form or Exponential Form 


When a complex number is written in the standard form z = x + yi, it is in 
rectangular, or Cartesian, form, because ( x, y) are the rectangular coordinates of the 
corresponding point in the complex plane. Suppose that ( r, 0) are polar coordinates 
of this point. Then 


x = rcosÜ y = rsin 


DEFINITION Polar Form of a Complex Number 


Ifr > 0 and 0 < 0 < 2r, the complex number z = x + yi can be written 
Imaginary in polar form as 
axis 
z = x + yi = ғсоѕ0 + (rsinü)i = r(cos + ising) 


m See Figure 37 
If z = r(cos0 + isin0ü) is the polar form of a complex number,* the 


2= X * yi = r(cos 0 + i sin Ө), angle 0, 0 < 0 < 2m,iscalled the argument of z. 
г20,0= 0 < 27 


Figure 37 *Some texts abbreviate the polar form using с = г(сов@ + їзїпӨ) = r cis 0. 
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Also, becauser > 0,wehaver = yx? + y?.From equation (1), it follows that 
the magnitude of z = r(cos0 + isin@) is 


lz) = г 


^ Need to Review? а 

^ The number e is defined in Leonhard Euler (1707-1783) established a relationship, known as Euler's 
C Section 4.3, p. 318. Formula, between complex numbers and the number e. 

2 


THEOREM Euler's Formula 


For any real number 6, 


e? = cos0 + ising 


The proof of Euler’s Formula requires mathematics beyond the level of this text, so 
it is not included here. 

Euler’s Formula allows us to write the polar form of a complex number using 
exponential notation. 


r(cos@ + isin0) = ге! (4) 


When a complex number is written in the form z = ret’, it is said to be written in 
exponential form. Note in Euler's Formula that 0 is a real number. That is, 0 is in 
radians. 


| EXAMPLE 2 | Writing a Complex Number in Polar Form and in Exponential Form 


Write с = V3 — iin polar form and in exponential form. 


Solution Because x = V3 and y = —1, it follows that 


r= Vx? + у? = (МЗ) +(-1) = 44-2 


50 


r 2 


bs 


cos = Ž = 

F 
Theangle0, 0 < 0 < 2r, that satisfies both equations 15 0 = llT уһ = lir 
andr = 2, the polar form ofz = V3 — iis 6 6 


z = r(cosÜ + isinĝ) = 2(cos HT + i sin HT) 


The exponential form of z = V3 — iis 


z = rei? = Dei llr/6 0 — utr == 


\ Now Work PROBLEM 13 


| EXAMPLE 3 | Plotting a Point in the Complex Plane and Converting It to 


Rectangular Form 
Plot the point corresponding to z = 2 cos +i sin Z) = 2e''7/° in the complex 


plane, and convert z to rectangular form. 


(continued) 
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Solution То plot the complex number z = 2( cost + isinz) = 2e'7/5. plot the point 


Imaginary 
axis n whose polar coordinates are (r, 0) — (2. z) as shown in Figure 38. To express z in 
2F z= 2(cos 7 + i sinẸ) ae" " е 
Lo т rectangular form, expand z = 2 (cos? + isin?) 
6, Real 6 6 
0 2 axis 
E z= 2( cost + isinz) = [> + ii = МЗ +і ET 


Figure 38 z = 2еѓт/6 
\ Now Work PROBLEM 25 


3 Find Products and Quotients of Complex Numbers 


The exponential form of a complex number is particularly useful for finding 
products and quotients of complex numbers. The following theorem states that the 
laws of exponents can be used. 


Need to Review? c THEOREM 
The Laws of Exponents are 
discussed in Appendix A, 
m Section A.1, pp. A7-A9. 


Suppose z; = һе! andz, = ње! are two complex numbers. Then 


ете Ta е ap T (5) 


Ifz, = 0, then 
In Words 
The magnitude of a complex 
number z is r, and its argument 
is 0, so when 


z rei 


— OR Q0 - 6) 


Hp. c eee Ру 


2 = r(cos0 +15110) = rei? 


the magnitude of the product Proof We prove formula (5). The proof of formula (6) is left as an exercise (see 
(quotient) of two complex numbers Problem 70). 

equals the product (quotient) of a " 

their magnitudes; the argument 4122 = пе nes 


of the product (quotient) of two = rn (cos; + isin, ) · rj(cos0, + ising, ) 
complex numbers is determined 


by the sum (difference) of з м m s a м 


their arguments. y = гр, [(с050; со50, — sind, sin0,) + i(sin0, соѕ0, + cos, sin0,)] 
= nrj[cos(0, + 05) + isin(0, + 0, )] 
= rre + 05) " 
| EXAMPLE4 | Finding Products and Quotients of Complex Numbers 


lfz- 3(cost + їзїп) andw = 5(со557 + isin), find 


(a) zw (b) 2 


Express the answers in polar form and in exponential form. 


Solution (a) zw= 3(cost + isin?) . (cos? + isin) 


Write the complex numbers in 


= Зеїт/9 . Sei 51/9 : 
exponential form. 
—3.5.gi (1/9 + 57/9) Use formula (5). 
= ise" Exponential form of the product zw 
= 15(соз = + isin = Polar form of the product zw 


(continued) 
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3( cost + isinZ) 


(b) Be _ 9 E 3ei 7/9? Write the complex numbers in 
w 5(соѕ27 + їз 27) 5e!?7/? exponential form. 
= 3 1:(7/9— 57/9) — 3 i-(—47/9) 
= 56 E e Use formula (6). 
s|c0s(—) im) 
= =| cos| —— | + 1510 | — — 
5 9 
" | co 147 +i r] The argument must be between 0 and 27. 
5 9 9 Polar form of the quotient = 
— Зыргаат/ 


А Е 
Exponential form of the quotient > 


\ Now Work PROBLEM 37 


Notice that the solution to Example 4(b) demonstrates that the argument of a 
complex number is periodic. 


THEOREM 


The argument of a complex number is periodic. 
rei? = re? + 207) Kk an integer 


You are asked to prove this theorem in Problem 71. 


4 Use De Moivre's Theorem 


We have seen that the four fundamental operations of addition, subtraction, 
multiplication, and division can be performed with complex numbers. 

De Moivre’s Theorem, stated by Abraham De Moivre (1667-1754) in 1730, but 
already known to many people by 1710, is important because it allows the last two 
fundamental algebraic operations, raising to a power and extracting roots, to be used 
with complex numbers. 

De Moivre's Theorem, in its most basic form, is a formula for raising a complex 
number z to the power n, where n > 1 is an integer. 

Suppose z = re!’ is a complex number. Then 


n=2: z? = (кеі)? = ret? . pei? = p2gi20) Formula (5) 
п= 3: z? = (reit)? = rei?” . pei? = үзе) — Formula (5) 
n=4: z^ =(rei#)* = r3ei(90 . rei? = r4e4®) Formula (5) 


Do you see the pattern? When written in exponential form, rules for exponents can 
be used to raise a complex number to a positive integer power. 


THEOREM De Moivre's Theorem 


Ifz = ге! is a complex number, then 


zn = гпе!"п0) 


where n > 115 an integer. 
The proof of De Moivre’s Theorem requires mathematical induction (which is 


not discussed until Section 11.4), so it is omitted here. The theorem is actually true 
for all integers и. You are asked to prove this in Problem 73. 
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| EXAMPLE 5 | Using De Moivre’s Theorem 


3 
Express I2(cos + isinz | in exponential form rei? and in rectangular 


form x + yi. 


3 3 
Solution I2[cosz d sinz) = е] Convert the complex number 
9 9 to exponential form. 
= 23е (357/9) = 8еїт/3 Use De Moivre’s Theorem. 
= 8( cost +i sinZ) Convert the complex number 
to polar form. 
= s4 + 2) = 44 448i 


3 
So, 02| совт +i sinc | = 8eí7/? = 44 A4 3j. 


\ Now Work PROBLEM 45 


| EXAMPLES | Using De Moivre's Theorem 


Express (1 + i)? in exponential form re/? and in rectangular form x + yi. 


Solution To use De Moivre's Theorem, first convert the complex number to exponential form. 
Since the magnitude of 1 + iis 1? + 12 = V2, begin by writing 


1+i= A27 + 5i) = V2 {cost + {зїп = V2ei7/4 
NOTE Inthe solution of Example 6, the 


approach used in Example 2 could also Then 
be used to write 1 + i in polar form. m 


(1+ D? = (егт) = (V2) eel = 4/2е!-5л/4 


-— Ja 5n А 1 эт — | 1 | | 1 | — ] 
4V2( cost + isin?Z] 42-5 Jli 4 — 4i 
So,(1 + i = 442ei57/^ = —4 — 4i. D 


5 Find Complex Roots 


Suppose w is a complex number, and n > 2 is a positive integer. Any complex 
number z that satisfies the equation 


1" = у 


is a complex nth root of w. In keeping with previous usage, if n = 2, the solutions 
of the equation z* = w are called complex square roots of w, and if n = 3, the 
solutions of the equation z? = w are called complex cube roots of w. 


THEOREM Finding Complex Roots 


Suppose w = re’? is a complex number and n > 2 is an integer. If w = 0, 
there are n distinct complex roots of w, given by the formula 


д = afr еї1/п)0 + 2kr) (7) 


wherek = Оо и 


652 CHAPTERS Polar Coordinates; Vectors 


Proof (Outline) We do not prove this result in its entirety. Instead, we show only 
that each z, in formula (7) satisfies the equation z? = w, proving that each z, is a 
complex nth root of w. 


n 


zł = Yr е 1/п)00 + 2kr) 


— (Уу) git-a/m ө + 2k рей +2kr) — rei? = w 


De Moivre’s Theorem The argument of a complex 
number is periodic. 


So each z,,k = 0, 1,..., п – 1, is a complex nth root of w. To complete the proof, 
we need to show that each z,, k = 0, 1,...,n — 1, is in fact, distinct and that there 
are no complex nth roots of w other than those given by formula (7). о 


| ЕХАМРІЕ7 | Finding Complex Cube Roots 


Find the complex cube roots of —1 + V3i. Express the answers in exponential form. 


Solution First, express —1 + V3iin exponential form. 


—1 + V3i = 2-3 + 5 7 2( cos + isin} = 2gi21/3 
cos l aid _ УЗ p = 22 
2 2 3 


Then using formula (7), the three complex cube roots of —1 + V3i = 2ei:?7/3 are 
д = 3/2 еї1/3\(2т/3 + 6кт/3) — 3/9 ойт + 6k)/9 k = 0,1,2 
That is, 
Zo = 3/2 еї2т + 6:0-т)/9 — 3/9 еі:27/9 
д = 3/2 еї?т + 6-1-т)/9 — $/7е1-8т/9 
Z, = 3/2 eilr  6:2:)/9 — 3/7 і-14т/9 


_B 


Notice that each complex root of —1 + V3i has the same magnitude, 3/2. This 
means that the point corresponding to each cube root is the same distance from the 
origin and lies on a circle with center at the origin and radius V2. Furthermore, the 

2т 8r 147 


arguments of these cube roots are 9° 9° and g^ and the difference of consecutive 
pairs isi 2m = 27 This means that the three points are equally spaced on the circle, 


as shown in Figure 39. These results are not coincidental. In fact, you are asked to 
show that these results hold for complex nth roots in Problems 67 through 69. 


Imaginary 
axis 


Figure 39 


\ Now Work PROBLEM 57 
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Historical Feature 


he Babylonians, Greeks, and Arabs mathematicians worked with complex numbers without much belief 
considered square roots of negative in their actual existence. In 1673, John Wallis appears to have been 
quantities to be impossible and equations the first to suggest the graphical representation of complex numbers, 
with complex solutions to be unsolvable. The a truly significant idea that was not pursued further until about 1800. 
first hint that there was some connection Several people, including Karl Friedrich Gauss (1777—1855), then 
between real solutions of equations and rediscovered the idea, and graphical representation helped to establish 


complex numbers came when Girolamo Cardano complex numbers as equal members of the number family. In practical 

John Wallis (1501—1576) and Tartaglia (1499—1557) found applications, complex numbers have found their greatest uses in the 
realroots of cubic equations by taking cube roots study of alternating current, where they are a commonplace tool, and 
of complex quantities. For centuries thereafter, in the field of subatomic physics. 


Historical Problems 
1. The quadratic formula works perfectly well if the coefficients are complex numbers. Solve the following. 
(a) 22 —(2+51/)2-34+51=0 (b) z? —(1+i)z-2-i=0 


8.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The conjugate of —4 — 315 _______.(рр.А94-А96б) 3. sin 27. = eee! _ (pp. 451-452) 

2. The Sum Formulas for the sine and cosine functions are: 3 3 
(a) sin(A + B) = ‚ (р. 542) 4. Simplify: е2 - е5 = (et) = (pp. A7-A9) 
(b) cos(A + B) = . (p. 539) 


Concepts and Vocabulary 


5. In the complex plane, the x-axis is referred to as the 11. Multiple Choice If z = x + yi is a complex number, then 
axis, and the y-axis is called the axis. the magnitude of z is: 
6. When a complex number z is written in the polar (а) x? + y? (b) 1х1 * [yl 
be = r(cos@ + i sin0),the jii number г (с) Vx? у? (d) J] xl [У 
t Я t " ; i _ i 
ж Jozo А ше о p М е 12. Multiple ido Ifz, = ei^ апі 2, = re are complex 
7. Suppose z; = ле! and z, = re’ are two complex numbers, then т,” Z2 = 0, equals: 
numbers. Тер z,;z, = : 
8. True or False If z = ге! is a complex number and n is an (a) E (b) x ей: 02) 
integer, then z” = r"e!, п : 
9. Every nonzero complex number has exactly distinct (c) L0 + 6) (d) 2 /82) 
complex cube roots. g * 
10. True or False The polar form of a nonzero complex number 
is unique. 
Skill Building 
In Problems 13—24, plot each complex number in the complex plane and write it in polar form and in exponential form. 
Nii 14. -1 +i 15. V3 - i 16. 1 — V3i 17. 3i 18. —2 
19. 4 — 4i 20. 94/3 + 9i 21. 3 — 4i 22. 2 + 43i 23. —2 + 3i 24. V5 - i 
In Problems 25—36, write each complex number in rectangular form. 
N 25. 2 (cos? + i sin) 26. 3(cos 2 +i sin) 27. 4ei 77/4 
28. 2e! 5/6 29. 3(соз 27 + {зїп 30. 4 cos? + isin7) 
2 2 2 2 
31. Те! 32. зел? 33. 0.2( cos + {зїп э) 
34. 0.4 cos“ + 1) 35. 2ei7/18 36. Зеѓ-т/10 


ND Now Work [*] 1. Modeling 1. Writing та 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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In Problems 37—44, find zw and = Write each answer in polar form and in exponential form. 
w 


“ы 37. z = 2(сов 27 | i sin) 38. z = сов27 + isin2™ 39. z = 3ei 137/18 
9 9 3 3 | 
T T 5r 5r w = де зт? 
w = 4 cos + isin | w = cos + i sin 
9 9 9 9 
40. z = 2ei-47/9 41. z = 2| cost | isin?) 42. z = 4(соз 7 + їзїп) 
w = беї10т/9 
T 2. T7 On . . OT 
w= 2| cos i sin | w= 2| cos + isin | 
10 10 16 16 
43.72 = 2 + 2i 44.z7—1-i 
w=v3-i w=1- 43i 
In Problems 45—56, write each expression in rectangular form x + yi and in exponential form геї. 
3 3 5 
\ 45. 4(соз27 + isin) 46. 3(cos $= + isin) 47. 2| созт. + isin TJ 
4 6 5 
48. V2 cos 77 + i sin22)| 49. УЗ cos + {зїп )| 50. (cos == + isin) 
51. | VSei 37/16] 52. | J3ei 5s ns |? 53. (1 — i 
54. (V3 — i) 55. (2 – i) 56. (1— 45i) 


In Problems 57—64, find all the complex roots. Write your answers in exponential form. 


М 57. The complex cube roots of 1 + i 
59. The complex fourth roots of 4 — 4V3i 
61. The complex fourth roots of —16i 
63. The complex fifth roots of i 


Applications and Extensions 


65. Find the four complex fourth roots of unity, 1, and plot them. 
66. Find the six complex sixth roots of unity, 1, and plot them. 


67. Show that each complex nth root of a nonzero complex 
number w has the same magnitude. 


68. Use the result of Problem 67 to draw the conclusion that each 
complex nth root lies on a circle with center at the origin. 
What is the radius of this circle? 


69. Refer to Problem 68. Show that the complex nth roots of a 
nonzero complex number w are equally spaced on the circle. 


70. Prove formula (6). 
71. Prove re’? = re? + 267), k an integer. 
72. Euler’s Identity Show that e’* + 1 = 0. 


73. Prove that De Moivre’s Theorem is true for all integers n by 
assuming it is true for integers п > 1 and then showing it is 
true for 0 and for negative integers. 


Hint: Multiply the numerator and the denominator by the 
conjugate of the denominator, and use even-odd properties. 


74. Mandelbrot Sets 

(a) Consider the expression a, = (a, 4)? + z, where z is 
some complex number (called the seed) and а, = z. 
Compute a,(=aj +z), а,(=а? +z), a4(—a2 +z), dy, as, 
and a, for the following seeds: z, = 0.1 — 0.4i, 
z) = 0.5 + 0.81, z} = —0.9 + 0.7i, z, = —1.1 + 0.1, 
25 = 0 – 13i, and zę = 1 + 1i. 

(b) The dark portion of the graph represents the set of 
all values z = x + yi that аге in the Mandelbrot set. 


58. The complex fourth roots of V3 — i 
60. The complex cube roots of —8 — 8i 
62. The complex cube roots of —8 

64. The complex fifth roots of —i 


Determine which complex numbers in part (a) are in 
this set by plotting them on the graph. Do the complex 
numbers that are not in the Mandelbrot set have any 
common characteristics regarding the values of a, found 
in part (a)? 

(c) Compute |z| = yx? + y? for each of the complex 
numbers in part (a). Now compute |а, | for each of 
the complex numbers in part (a). For which complex 
numbers is |a,| < |z| and |z| € 2? Conclude that the 
criterion for a complex number to be in the Mandelbrot 
setis that |a,| € |z| and |z| € 2. 


Imaginary axis 


75. Challenge Problem Solve e*t»! = 7. 
76. Challenge Problem Solve e*t»! = 6i. 
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Retain Your Knowledge 


Problems 77-86 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


77. Find the area of the triangle with a = 8,b = 11, and 82. Write as a single logarithm:3 log, x + 2 log, y — 5 log, 2 


С = 113°. 83. Solve: log; vx + 4 = 2 


78. Convert 240? to radians. Express your answer as a 84. Given f(x) = 3x? — 4x and g(x) = 5х3, find (f o g)(x) 
multiple of т. | ` 


79. Simplify: 3/24x2 y5 
80. Determine whether f(x) = 5x? — 12x + 4 has a maximum 


value or a minimum value, and then find the value. A 86. Show that /16 sec? x — 16 = 4 tanx. 
81. Solve the triangle:a = 6, b = 8, c = 12 


85. Find an equation of the line perpendicular to the graph 
of f(x) — fx —Satx ET. 


‘Are You Prepared?’ Answers 


1 
Е 


OBJECTIVES 1 Graph Vectors (р. 657) 
2 Find a Position Vector (p. 658) 
3 Add and Subtract Vectors Algebraically (p. 660) 
4 Find a Scalar Multiple and the Magnitude of a Vector (р. 660) 
5 Find a Unit Vector (p. 661) 
6 Find a Vector from Its Direction and Magnitude (p. 662) 
7 Model with Vectors (p. 663) 


1. —4 + 3i 2. (а) sin A соѕ В + cosAsinB (b) cos А соѕ В — sin A sin B 3. >з 


In simple terms, а vector (derived from the Latin vehere, meaning “to carry”) is а 
quantity that has both magnitude and direction. It is customary to represent a vector 
by using an arrow. The length of the arrow represents the magnitude of the vector, 
and the arrowhead indicates the direction of the vector. 

Many quantities in physics can be represented by vectors. For example, the 
velocity of an aircraft can be represented by an arrow that points in the direction of 


i» 
Л i: movement; the length of the arrow represents the speed. If the aircraft speeds up, we 
I lengthen the arrow; if the aircraft changes direction, we introduce an arrow in the new 


direction. See Figure 40. Based on this representation, it is not surprising that vectors 
and directed line segments are somehow related. 
Figure 40 


Geometric Vectors 


If P and Q are two distinct points in the xy-plane, there is exactly one line containing 
both P and Q [Figure 41(a)]. The points on that part of the line that joins P to Q, 
including P and Q, form what is called the line segment PQ [Figure 41(b)]. Ordering 
the points so that they proceed from P to Q results in a directed line segment from P 
to О, or a geometric vector, denoted by PO. In a directed line segment PQ, Pis called 
the initial point and О the terminal point, as indicated in Figure 41(c). 


Q Q Qe 
Terminal 
point 
Initial 
int 
P P poi p 


Figure 41 (a) Line containing P and Q (b) Line segment PQ (c) Directed line segment PQ 
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NOTE In print, boldface letters are 
used to denote vectors, to distinguish 
them from numbers. For handwritten 
work, an arrow is placed over a letter to 
denote a vector. п 


Figure 42 Equal vectors 


! Initial point of v - 


Figure 43 Adding vectors 


Figure 44 у + м = м + ~ 


= У + (м) 


Terminal point of W^ | 


The magnitude of the directed line segment PÓis the distance from the point P 
to the point Q; that is, it is the length of the line segment. The direction of РО is from 
P to Q. If a vector v has the same magnitude and the same direction as the directed 
line segment РО, then 


y = РО 


The vector v whose magnitude is 0 is called the zero vector, 0. The zero vector is 
assigned no direction. 
Two vectors v and w are equal, written 


v= ж 


if they have the same magnitude and the same direction. 

For example, the three vectors shown in Figure 42 have the same magnitude and 
the same direction, so they are equal, even though they have different initial points 
and different terminal points. As a result, it is useful to think of a vector simply as 
an arrow, keeping in mind that two arrows (vectors) are equal if they have the same 
direction and the same magnitude (length). 


Adding Vectors Geometrically 


The sum v + w of two vectors is defined as follows: Position the vectors v and w so 
that the terminal point of v coincides with the initial point of w, as shown in Figure 43. 
The vector v + w is then the unique vector whose initial point coincides with the 
initial point of v and whose terminal point coincides with the terminal point of w. 


Vector addition is commutative. That is, if у and w are any two vectors, then 


v+w=wey 


Figure 44 illustrates this fact. (Observe that the commutative property is another 
way of saying that opposite sides of a parallelogram are equal and parallel.) 


Vector addition is also associative. That is, if п, v, and w are vectors, then 


пуу Ug. ту 


Figure 45 illustrates the associative property for vectors. 


The zero vector 0 has the property that 
v--0-—0--v—'v 


for any vector v. 


If vis a vector, then —v is the vector that has the same magnitude as v, but whose 
direction is opposite to v, as shown in Figure 46. 
Furthermore, 


v+(-v) = 0 


If v and ware two vectors, then the difference v — w is defined as 
v—w-—v-c(-w) 


Figure 47 illustrates the relationships among v, w, and v — w. 
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Multiplying Vectors by Numbers Geometrically 


When using vectors, real numbers are referred to as sealars. Scalars are quantities that 
have only magnitude. Examples of scalar quantities from physics are temperature, 
speed, and time. We now define how to multiply a vector by a scalar. 


DEFINITION Scalar Multiple 
If a is a scalar and v is a vector, the scalar multiple av is defined as follows: 


* Ifa > 0, av is the vector whose magnitude is a times the magnitude of v and 
whose direction is the same as that of v. 

e Ifa < 0, av is the vector whose magnitude is |a| times the magnitude of v 
and whose direction is opposite that of v. 

e Ifa = Oorifv = 0,thenav = 0. 


See Figure 48 for some illustrations. 

For example, if a is the acceleration of an object of mass т due to a force Е being 
exerted on it, then, by Newton’s second law of motion, F = ma. Here, ma is the 
product of the scalar m and the vector a. 

Scalar multiples have the following properties: 


Figure 48 Scalar multiples 


e0v—0 elv=v e-1v—-—v 
* (а + B)v = оу + бу *a(v+w) = ov + ом 


• a(fv) = (aB)v 


1 Graph Vectors 


| EXAMPLE 1 | Graphing Vectors 


Use the vectors illustrated in Figure 49 to graph each of the following vectors: 
(a) v—w (b) 2v + 3w (с) 2v ж - u 


Solution Figure 50 shows each graph. 


Figure 49 


Figure 50 (а) v—-w (b) 2v + 3w (с) 2v- м +и B 


\ Now Work PROBLEMS 11 AND 13 
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Figure 51 


Position vector v 


Magnitude of Vectors 


The symbol ||v|| represents the magnitude of a vector v. Since ||v|| equals the length 
of a directed line segment, it follows that ||v|| has the following properties: 


THEOREM Properties of the Magnitude ||v|| of a Vector v 
If vis a vector and if a is a scalar, then 

(a) уһ > 0 (b) ||v|| = Oif and only if v = 0 

(с) 1—11 = llvll (d) |lav|| = lol 11У|| 


Property (a) is a consequence of the fact that distance is a nonnegative 
number. Property (b) follows because the length of the directed line segment РО 
is positive unless Р апа О are the same point, in which case the length is 0. 
Property (c) follows because the length of the line segment PQ equals the length 
of the line segment ОР. Property (а) is a direct consequence of the definition of a 
scalar multiple. 


DEFINITION Unit Vector 


A vector u for which ||u|| = 1 is called a unit vector. 


Find a Position Vector 


To find the magnitude and direction of a vector, an algebraic way of representing 
vectors is needed. 


DEFINITION Algebraic Vector 


An algebraic vector v is represented as 
y= ab) 


where a and b are real numbers (scalars) called the components of the vector v. 


A rectangular coordinate system is used to represent algebraic vectors in the 
plane. Ifv = (a, b) is an algebraic vector whose initial point is at the origin, then v is 
called a position vector. See Figure 51. Notice that the terminal point of the position 
vector v = (a, Б) is the point P = (a, b). 

The next theorem states that any vector whose initial point is not at the origin is 
equal to a unique position vector. 


THEOREM 


Suppose that v is a vector with initial point Р, = (x,, y, ), not necessarily the 
origin, and terminal point P, = (x,, у). Ifv = P,P, then v is equal to the 
position vector 


у = (X3 — Xp Y2 — Y1) (1) 
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To see why this is true, look at Figure 52. 


Figure 52 v = (a, b) = (x; — х}, V; — Vi) 


Triangle ОРА and triangle P,P,Q are congruent. [Do you see why? The line 
segments have the same magnitude, so d(O, P) = d(P,, P,); and they have 
the same direction, so ZPOA = ZP,P,Q. Since the triangles are right triangles, 
we have angle-side-angle.] It follows that corresponding sides are equal. As a 
result, x; — x, = aand y, — y, = b,so v may be written as 

v = (a, b) = (x; — Xy Y2 — у) 


Because of this result, any algebraic vector can be replaced by a unique position 
vector, and vice versa. This flexibility is one of the main reasons for the wide use of 
vectors. 


| EXAMPLE2 | Finding a Position Vector 


Find the position vector of the vector v = P,P, if P, = (—1, 2) and P, = (4, 6). 
Solution By equation (1), the position vector equal to v is 
v—(4-(-1,6-2) = (5, 4) 
See Figure 53. 8 


Two position vectors v апа w are equal if and only if the terminal point of у is the 
same as the terminal point of w. This leads to the following theorem: 


THEOREM Equality of Vectors 


Two vectors v and w are equal if and only if their corresponding components 
are equal. That is, 


Шу = ar Ру ап w= a ру 


then у = w ifandonlyif a, =a, and b, = b,. 


We now present an alternative representation of a vector in the plane that is 
common in the physical sciences. Let i denote the unit vector whose direction is along 
the positive x-axis; let j denote the unit vector whose direction is along the positive 
y-axis. Theni = (1, 0) and j = (0, 1), as shown in Figure 54. Any vector v = (a, b) 
can be written using the unit vectors i and j as follows: 


у = (a, b) = а(1, 0) + b(0, 1) = ai + bj 


The quantities a and b are called the horizontal and vertical components of v, 
respectively. For example,ifv = (5, 4) = 5i + 4j, then 5 is the horizontal component 
Figure 54 Unit vectors i and j and 4 is the vertical component. 


\ Now Work PROBLEM 29 
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3 Add and Subtract Vectors Algebraically 


The sum, difference, scalar multiple, and magnitude of algebraic vectors are defined 
in terms of their components. 


DEFINITION 


Suppose v = aj + b,j = (а, bj) and w = aji + b,j = (a, b;) are two 
vectors, and a is a scalar. Then 


у + Ww = (a4 + a5)i + (b; + b,)j = (а, за Dy T C) 


In Words ЕСЕ ЭБЕ) БЕСИ ЛЫ, 
To add two vectors, add 
corresponding components. To 


subtract two vectors, subtract y lvl] = Га? + b? 


av = (aa,)i+ (ab, )j = (аа, ab) 


corresponding components. 


These definitions are compatible with the geometric definitions given earlier in 
this section. See Figure 55. 


Figure 55 (a) Illustration of property (2) (b) Illustration of property (4), o. > 0 (c) Illustration of property (5): 


Il v Il = Distance from 0 to Р, 
ll vll = маё + b? 


| ЕХАМРІЕЗ | Adding and Subtracting Vectors 


Ifv = 2i + 3j = (2, 3) andw = 3i — 4j = (3, —4), find: 


(a) v+w (b) v—w 
Solution (а) v+ w = (21 + 3j) + (31 — 4j = (2 + 3i + (3 – 4)j = 5i -j 
or 
v+w = (2, 3) + (3, –4) = (2 + 3,3 +(-4)) = (5, —1) 


(b) v — w = (21 + 3j) – (3i -4) = (2 – 3i + [3 - (-4)]j = –і + 7] 
or 
v—w = (2, 3) – (3, -4) = (2-3,3-(-4)) = (—1,7) B 


4 Find a Scalar Multiple and the Magnitude of a Vector 


| EXAMPLE 4 | Finding Scalar Multiples and Magnitudes of Vectors 


Ifv = 2i + 3j = (2, 3) andw = 3i — 4j = (3, —4), find: 


(a) 3v (b) 2v — 3w (c) ШУ! 
(continued) 
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Solution (а) Зу = 3(2i + 3j) = 6i + 9j 
or 
Зу = 30,3 = (6,9) 
(b) 2v — 3w = 2(2i + 3j) — 3(3i — 4j) = 4i + 6j — 91 + 12j = —5i + 18] 
Or 
2v — 3w = 2(2, 3) — 3(3, —4) = (4, 6) - (9, –12) 
= (4—9, 6 — (—12)) = (-5, 18) 


(с) УІ = 12#+ 3jl| = V2? + 32 = -Л3 " 


\ Now Work PROBLEMS 35 AND 43 


5 Find a Unit Vector 


Recall that a unit vector u is a vector for which ||u|| = 1. In many applications, it is 
useful to be able to find a unit vector u that has the same direction as a given vector v. 


THEOREM Unit Vector in the Direction of v 


For any nonzero vector v, the vector 


о = Y. (6) 
МІ 


is a unit vector that has the same direction as у. 


Proof Let v = ai + bj. Then ||v|| = va? + b? and 


у ai + bj a b j 


u — = і + 
ПУП — Ja? + b? Ja? + b? Ja? + P? 


The vector u has the same direction as v, since ||v|| > 0. Also, 


| a? b? a? + b2 
= = = 1 
lul] a2 + b2 + a2 + b2 az + b2 


That is, u is a unit vector that has the same direction as v. H 


The following is a consequence of this theorem. 


If u is a unit vector that has the same direction as a vector v, then v can be 
expressed as 


v = ||v||u (7) 


| €XAMPLE5 | Finding a Unit Vector 


Find a unit vector that has the same direction as v = 4i — 3j. 


Solution Find ||v|| first. 
Iivi = 141 — 3jl|] = v16 +9 = 5 


(continued) 
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Now multiply v by the scalar E e L A unit vector that has the same direction 


as v is 11м |1 5 


LS 4i — 3j _ 4i 3 
Пу 5 5 5 


A check: This vector is a unit vector because 


| |- (4) +(-3) = 1612 (25 i 


5 5) №25 25 25 .— _в 
\ Now Work PROBLEM 53 


у 
[Iv] 


6 Find a Vector from Its Direction and Magnitude 


If a vector represents the speed and direction of an object, it is called a velocity 
vector. If a vector represents the direction and amount of a force acting on an object, 
it is called a force vector. In many applications, a vector is described in terms of its 
magnitude and direction, rather than in terms of its components. For example, a ball 
thrown with an initial speed of 25 miles per hour at an angle of 30° to the horizontal 
is a velocity vector. 

Suppose that we are given the magnitude ||v|| of a nonzero vector v and the 
direction angle o, 0° < a < 360°, between v and i. To express v in terms of ||v|| 
ando, first find the unit vector u having the same direction as v. 

Look at Figure 56. The coordinates of the terminal point of u are (cosa, sina). 
Thenu = cosai + sinaj and, from equation (7), 


v = ||v||(cosai + sino j) (8) 


where a is the direction angle between v and i. 


Figure 56 v = ||v||(cosai-+ sinaj) 


Finding a Vector when Its Magnitude and Direction Are Given 


A ball is thrown with an initial speed of 25 miles per hour in a direction that makes 
an angle of 30° with the positive x-axis. Express the velocity vector v in terms of i 
and j. What is the initial speed in the horizontal direction? What is the initial speed 
in the vertical direction? 


Solution The magnitude of v is ||v|| = 25 miles per hour, and the angle between the direction 
of v and i, the positive x-axis, isa = 30°. By equation (8), 
у =|lv||(cosai + sinaj) = 25(cos30*i + sin30°j) 
Мз. 1.) 2543... 25. 
2124) = 2 1+ 74 


E 


ЕАО The initial speed of the ball in the horizontal direction is the horizontal component 


25V3 
у, —— 


of c 21.65 miles per hour. The initial speed in the vertical direction is the 


21.651 2165 * vertical component of v, = = 12.5 miles per hour. See Figure 57 E 


Figure 57 


\ Now Work PROBLEM 61 
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| EXAMPLE 7 | Finding the Direction Angle of a Vector 


Solution 


xY 


Figure 58 


Resultant 


Figure 59 Resultant force 


Solution 


Figure 60 


Find the direction angle а of v = 4i — 4j. 


Figure 58 shows the vector v and its direction angle o. To find o, use the terminal 
point (4, —4) and the fact that 


A 
{апо = Č = -1 
апа 4 


Because 0° € a < 360°, the direction angle isa = 315°. 


\ Now Work PROBLEM 67 


7 Model with Vectors 


Because forces can be represented by vectors, two forces “combine” the way that 
vectors “add.” If F, and F, are two forces simultaneously acting on an object, the 
vector sum F, + F, is the resultant force. The resultant force produces the same 
effect on the object as that obtained when the two forces Е, and Е, act on the object. 
See Figure 59. 


| EXAMPLES | PLE 8 Finding the Actual Speed and Direction of an Aircraft 


A Boeing 767 aircraft maintains a constant airspeed of 500 miles per hour headed 
due south. The jet stream is 80 miles per hour in the northeasterly direction. 


(a) Express the velocity у, of the 767 relative to the air and the velocity v,, of the jet 
stream in terms of i and j. 


(b) Find the velocity of the 767 relative to the ground. 


(c) Find the actual speed and direction of the 767 relative to the ground. 


(a) Set up a coordinate system in which north (N) is along the positive y-axis. See 
Figure 60. The velocity of the 767 relative to the air is v, —500j. The velocity 
of the jet stream v,, has magnitude 80 and direction NE (northeast), so the angle 
between v „ and i is 45°. Express v,, in terms of i and j as 


80(соѕ45° + sin45?j) = во i + žil = 40V2(i + j) 


Vy = 


(b) The velocity of the 767 relative to the ground v, is 


V, = Va + Vy = —500j + 40V2(i + j) = 40V2i + (40V2 — 500)j 


(c) The actual speed of the 767 is 


v,|| = 4(40V2) + (40V2 — 500)’ ~ 447 miles per hour 
\у. | = (4092) р 


To find the actual direction of the 767 relative to the ground, determine the 
direction angle of v,. The direction angle is found by solving 


40V2 — 500 
402 


—82.7°. The 767 is traveling S7.3°E. 


tano — 


Then a 


Dd 
2 


\ Now Work PROBLEM 79 
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@ | EXAMPLES | Finding the Weight of a Piano 


Two movers require a force of magnitude 300 pounds to push a piano up a ramp 
inclined at an angle of 20° from the horizontal. How much does the piano weigh? 


Solution Let F, represent the force of gravity, F, represent the force required to move the piano 
up the ramp, and Е, represent the force of the piano against the ramp. See Figure 61. 
The angle between the ground and the ramp is the same as the angle between F, 
and Е, because triangles ABC and BDE are similar,so “ВАС = ZDBE = 20?. To 
find the magnitude of F, (the weight of the piano), calculate 


sin20° = [Fall — 300 
ПЕ, 1 IE || 
300 Ib 
Fl = ~ 877 Ib 
үк! sin 20° 
ОСЕТЕ ОРВИ ОШИ в DOBHUS = 


In Figure 61, the triangle formed by the force vectors (in blue) is called a force 

diagram. 

Figure 61 An object is said to be in static equilibrium if the object is at rest and the sum of 
all forces acting on the object is zero —that is, if the resultant force is 0. 


| EXAMPLE 10 | Analyzing an Object in Static Equilibrium 


A box of supplies that weighs 1200 pounds is suspended by two cables attached to 
the ceiling, as shown in Figure 62. What are the tensions in the two cables? 


Solution Draw a force diagram using the vectors as shown in Figure 63. The tensions in the 
cables are the magnitudes ||F, || and |[Е, || of the force vectors Е, and F,. The magnitude 
of the force vector Е, equals 1200 pounds, the weight of the box. Now write each force 


vector in terms of the unit vectors i and j. For F; and F,, use v = ||v||(cosai + sinaj), 
where a is the angle between the vector and the positive x-axis. 
"MM е Мз. ds EI i 
F, = IF. cos 150% + sin 15075) = || + $3) = ЕИ + Sr 
T 
v = ||у||(созе1 + sinaj) 
шы de ees 42, 42.) v2 . v2 : 
Е, = ||F,||(cos 45° + sin 45°j) = iei ic i = IF, [li + —- IE Ij 
1 2 2 2 2 
у = ||у||(созей + sinaj) 
F, = —1200j 


For static equilibrium, the sum of the force vectors must equal the zero vector. 


Mian pe д. Lanse peace Ste te a 7: А ; 
F; + F, + F, = erm + э FIN F 2 MET + > Held — 1200j = 0 
The i component and j component must both equal zero. This results in the two 
Figure 63 Force diagram equations 
V3 v2 
ees El + Pal = 0 (9) 
2 2 
1 v2 
БЕ! + 11811 1200 = 0 (10) 
Solve equation (9) for ||F,|| to obtain 
Уз 
[Кү (11) 


(continued) 
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Substituting into equation (10) and solving for ||F; || yields 


1 42 (V3 | 
Е. Е 1200 = 0 
He 22 [s 
1 УЗ 
ПЕ + УЭЕ - 1200 = 0 
1+ УЗ\рү| 1200 
2400 
F, || = ——s z 878.5 pounds 
к! = 22409. " 


Substituting this value into equation (11) gives ||F, ||. 


ПЕ || = 


Уз Уз 


2400 


V2 


ПЕ || = = 1075.9 pounds 


42 143 


The left cable has tension of approximately 878.5 pounds, and the right cable has 


tension of approximately 1075.9 pounds. 


8 


\ Now Work PROBLEM 89 


Historical Feature 


he history of vectors is surprisingly 

complicated for such a natural 

concept. In the xy-plane, complex 
numbers do a good job of imitating vectors. 
About 1840, mathematicians became 
interested in finding a system that would 
do for three dimensions what the complex 
numbers do for two dimensions. Hermann 
Grassmann (1809—1877), in Germany, and 
William Rowan Hamilton (1805—1865), in 
Ireland, both attempted to find solutions. 


Josiah Gibbs (1839—1903) 


Credit FLHC NV7/ 
Alamy Stock Photo 


Hamilton's system was the quaternions, which are best thought 
of as a real number plus a vector; they do for four dimensions what 
complex numbers do for two dimensions. In this system the order of 
multiplication matters; that is, ab = ba. Also, two products of vectors 


emerged, the scalar product (or dot product) and the vector product 
(or cross product). 

Grassmann's abstract style, although easily read today, was almost 
impenetrable during the nineteenth century, and only a few of his 
ideas were appreciated. Among those few were the same scalar and 
vector products that Hamilton had found. 

About 1880, the American physicist Josiah Willard Gibbs 
(1839—1903) worked out an algebra involving only the simplest 
concepts: the vectors and the two products. He then added some 
calculus, and the resulting system was simple, flexible, and well 
adapted to expressing a large number of physical laws. This system 
remains in use essentially unchanged. Hamilton's and Grassmann's 
more extensive systems each gave birth to much interesting 
mathematics, but little of it is seen at elementary levels. 


8.4 Assess Your Understanding 


Concepts and Vocabulary 


LA is a quantity that has both magnitude and 


direction. 
2. If vis a vector, then v + (—v) = 
3. A vector u for which ||u|| = 1 is called a(n) vector. 


4. Ifv = (a, b) is an algebraic vector whose initial point is the 
origin, then v is called a(n) vector. 


5. If v = ai + bj, then a is called the 
of v and b is called the component of v. 


6. IfF, and F, are two forces acting on an object, the vector sum 
Е, + Е, is called the force. 


7. True or False Force is an example of a vector. 


component 


8. True or False Mass is an example of a vector. 


(1. Now Work @ 1. Modeling 


1. Writing та 1. Graphing Tech 


9. Multiple Choice If v is a vector with initial point (x,, yı) 
and terminal point (x5, y,), then which of the following is 
the position vector that equals v? 


(a) (x4 — ху, Y2 — у) (b) (x, — х, у — y2) 
Xa 7X1 Y2 7 yı Xx; tX) 1e) 
ME D 
10. Multiple Choice If v is a nonzero vector with direction 
angle a, 0? € a « 360°, between v and i, then v equals 
which of the following? 


(a) ||v||(cosai — sinaj) (b) ||v||(cosai + sinaj) 


(с) ||v||(sinai — cosaj) (d) ||v||(sinai + cosaj) 


Х Calculus Preview == 1. Applet-Based 
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Skill Building 
In Problems 11-18, use the vectors in the figure at the right to graph each of the following vectors. 
N IL vow 12. 0 +v 
N 13. 3v 14. 2w 
15.v — w 16. u — v 
17. 3v + u — 2w 18. 2u — 3v + w 


In Problems 19-26, use the figure at the right. Determine whether each statement given is true or false. 


19. A +B = F 20.K+G=F 

21.C = D-E+F 22.G+H+E=D 
23.E+D=G+H 24.H- C- G-F 
2.A+B+K+G=0 26.A+B+C+H+G=0 


In Problems 27-34, the vector у has initial point Р and terminal point О. Find its position vector. That is, express у in the form ai + bj. 


27. Р = (0, 0); О = (3, 4) 28. Р = (0, 0); О = (-3, –5) 

N 29. Р = (3, 2); О = (5, 6) 30. Р = (3, 2); О = (6, 5) 

31. Р = (-2, -15 О = (6, -2) 32. P = (-1, 4); О = (6, 2) 
33. Р = (1,0); О = (0, 1) 34. Р = (1,1); О = (2, 2) 
In Problems 35—42, find ||v ||. 

N 35. v = 3i — 4j 36. v = —5i + 12] 31v-i-j 
38. у = -i-j 39. у = —2i + 3j 40. v = 6i + 2j 
41. v = cosi + sin0j 42. у = i + cotój 
In Problems 43-48, find each quantity ify = 3i — Sjandw = —2i + 3j. 

N 43. 2v + 3w 44. 3v — 2w 45. lv — wil 
46. ||v + wll 47. Цу — Iwil 48. Iivi] + Iwi] 


In Problems 49—54, find the unit vector in the same direction as v. 


49. v — 5i 50. v — —3j 51. v — 3i — 4j 

52. v = —5i + 12] NS. v-i-j 54. v = 2i - ј 

55. If ||v|| = 4, what is the magnitude of Sv + 3v? 56. If ||v|| = 2, what is the magnitude of 2? 

57. Find a vector v whose magnitude is 4 and whose component 58. Find a vector v whose magnitude is 3 and whose component in 
in the i direction is twice the component in the j direction. the i direction is equal to the component in the j direction. 

59. If v = 2i — j and w = xi + 3j, find all numbers x for 60. IfP = (—3, 1) andQ = (x, 4),find all numbers x so that the 
which ||v + w|| = 5. vector represented by РО has length 5. 

In Problems 61—66, write the vector v in the form ai + bj, given its magnitude ||v|| and the angle a it makes with the positive x-axis. 
N 61. |у|| = 5, a = 60° 62. |v|| = 8, a = 45? 63. ||v|| = 14, а = 120° 
64. ||v|| = 3, а = 240° 65. ||v|| = 25, а = 330° 66. ||| = 15, а = 315° 


In Problems 67-74, find the direction angle of v. 


N 67. v = 314 3j 68. у = i + V3j 69. у = —3V3i + 3j 7. v = —5i — 5j 
71. v = 4i - 2j 72. v = 6i — 4j 73. v = i — 5j 74. v = -i+ 3j 


Applications and Extensions 


75. 


76 


b 


77. 


78. 


80. 


Force Vectors A child pulls а wagon with a force 
of 40 pounds. The handle of the wagon makes an angle 
of 30° with the ground. Express the force vector F in terms 
of i and j. 

Force Vectors A man pushes a wheelbarrow up an incline 
of 20? with a force of 100 pounds. Express the force vector F 
in terms of i and j. 


Resultant Force Two forces of magnitude 40 newtons (N) 
and 60 N act on an object at angles of 30? and —45? with the 
positive x-axis, as shown in the figure. Find the direction and 
magnitude of the resultant force; that is, find Е, + Е,. 


YA 
ЈЕ, = 40 N 


30° 
z 
—45° * 


IF| = 60 N 


al 


Resultant Force Two forces of magnitude 30 newtons (N) 
and 70 N act on an object at angles of 45° and 120° with the 
positive x-axis, as shown in the figure. Find the direction and 
magnitude of the resultant force; that is, find Е, + Е,. 


| = 70 N 
y 
ЈЕ = 30 N 


120° 
45° 


хү 


Finding the Actual Speed and Direction of an Aircraft А 

Boeing 787 Dreamliner maintains a constant airspeed 

of 550 miles per hour (mph) headed due north. The jet stream 

is 100 mph in the northeasterly direction. 

(a) Express the velocity v, of the 787 relative to the air and 
the velocity у „ of the jet stream in terms of i and j. 

(b) Find the velocity of the 787 relative to the ground. 

(c) Find the actual speed and direction of the 787 relative to 
the ground. 


Finding the Actual Speed and Direction of an Aircraft An 

Airbus A320 jet maintains a constant airspeed of 500 mph 

headed due west. The jet stream is 100 mph in the southeasterly 

direction. 

(a) Express the velocity v, of the A320 relative to the air and 
the velocity v „ of the jet stream in terms of i and j. 

(b) Find the velocity of the A320 relative to the ground. 

(c) Find the actual speed and direction of the A320 relative 
to the ground. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 
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Ground Speed and Direction of an Airplane An airplane 
has an airspeed of 500 kilometers per hour (km/h) 
bearing N45°E. The wind velocity is 60 km/h in the 
direction N30°W. Find the resultant vector representing 
the path of the plane relative to the ground. What is the 
groundspeed of the plane? What is its direction? 


Ground Speed and Direction of an Airplane An airplane has 
an airspeed of 600 km/h bearing S30°E. The wind velocity 
is 40 km/h in the direction $45°E. Find the resultant vector 
representing the path of the plane relative to the ground. 
What is the groundspeed of the plane? What is its direction? 


Weight of a Boat A force of magnitude 700 pounds is 
required to hold a boat and its trailer in place on a ramp 
whose incline is 10? to the horizontal. What is the combined 
weight of the boat and its trailer? 


Weight of a Car A force of magnitude 1200 pounds is 
required to prevent a car from rolling down a hill whose 
incline is 15? to the horizontal. What is the weight of 
the car? 


Correct Direction 
for Crossing a River 
A river has a 
constant current 
of 3 km/h. At what 
angle to a boat 
dock should a 
motorboat capable 
of maintaining a 
constant speed 

of 20 km/h be 
headed in order 


05 
Boat 


Direction of boat 
due to current 


—_ 
Current —- E 


to reach a 1 
point directly opposite the dock? If the river is — kilometer 
wide, how long will it take to cross? 


Finding the Correct Compass Heading The pilot of an 
aircraft wishes to head directly east but is faced with a wind 
speed of 40 mph from the northwest. If the pilot maintains 
an airspeed of 250 mph, what compass heading should be 
maintained to head directly east? What is the actual speed 
of the aircraft? 


Charting a Course A helicopter pilot needs to travel to a 

regional airport 25 miles away. She flies at an actual heading 

of N16.26°E with an airspeed of 120 mph, and there is a wind 

blowing directly east at 20 mph. 

(a) Determine the compass heading that the pilot needs to 
reach her destination. 

(b) How long will it take her to reach her destination? 
Round to the nearest minute. 


Crossing a River A captain needs to pilot a boat across a 
river that is 2 km wide. The current in the river is 2 km/h and 
the speed of the boat in still water is 10 km/h. The desired 
landing point on the other side is 1 km upstream. 

(a) Find the direction that the captain should take. 

(b) How long will the trip take? 
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N 89. Static Equilibrium A weight of 1000 pounds is suspended 
from two cables, as shown in the figure. What are the tensions 
in the two cables? 


90. Static Equilibrium A weight of 800 pounds is suspended 
from two cables, as shown in the figure. What are the tensions 
in the two cables? 


91. Static Equilibrium A tightrope walker located at a certain 
point deflects the rope as indicated in the figure. If the weight 
of the tightrope walker is 150 pounds, how much tension is in 
each part of the rope? 


150 pounds 


92. Static Equilibrium Repeat Problem 91 if the angle on the left 
is 3.8°, the angle on the right is 2.6°, and the weight of the 
tightrope walker is 135 pounds. 


93. Static Friction A 20-pound box sits at rest on a horizontal 
surface, and there is friction between the box and the surface. 
One side of the surface is raised slowly to create a ramp. 
The friction force f opposes the direction of motion and is 
proportional to the normal force Fy exerted by the surface on 
the box. The proportionality constant is called the coefficient 
of friction, р. When the angle of the ramp, 8, reaches 20°, the 
box begins to slide. Find the value of р to two decimal places. 


Fy 


20 pounds ò 


94. Inclined Ramp A 2-pound weight is attached to a 3-pound 
weight by a rope that passes over an ideal pulley. The smaller 
weight hangs vertically, while the larger weight sits on a 
frictionless inclined ramp with angle 0. The rope exerts a 


95. 


96. 


97. 


98. 


tension force T on both weights along the direction of the 
rope. Find the angle measure for 0 that is needed to keep 
the larger weight from sliding down the ramp. Round your 
answer to the nearest tenth of a degree. 


3 pounds 
2 pounds 


Inclined Ramp A box sitting on a horizontal surface is attached 
to a second box sitting on an inclined ramp by a rope that passes 
over an ideal pulley. The rope exerts a tension force T on both 
weights along the direction of the rope, and the coefficient of 
friction between the surface and boxes is 0.6 (see Problem 93). 
If the box on the right weighs 100 pounds and the angle of the 
ramp is 35°, how much must the box on the left weigh for the 
system to be in static equilibrium? Round your answer to two 
decimal places. 


35° 


Muscle Force Two muscles exert force on a bone at the 
same point. The first muscle exerts a force of 800 N at a 
10° angle with the bone. The second muscle exerts a force 
of 710 N at a 35? angle with the bone. What are the direction 
and magnitude of the resulting force on the bone? 


Truck Pull At a county fair truck pull, two pickup trucks are 
attached to the back end of a monster truck as illustrated 
in the figure. One of the pickups pulls with a force 
of 2000 pounds, and the other pulls with a force of 3000 pounds. 
There is an angle of 45? between them. With how much force 
must the monster truck pull in order to remain unmoved? 


[Hint: Find the resultant force of the two trucks.] 


Removing a Stump A farmer wishes to remove a stump 
from a field by pulling it out with his tractor. Having 
removed many stumps before, he estimates that he will 
need 6 tons (12,000 pounds) of force to remove the stump. 
However, his tractor is only capable of pulling with a force of 
7000 pounds, so he asks his neighbor to help. His neighbor's 
tractor can pull with a force of 5500 pounds. They attach the 
two tractors to the stump with a 40? angle between the forces, 
as shown in the figure on the next page. 
(a) Assuming the farmer's estimate of a needed 6-ton force 
is correct, will the farmer be successful in removing the 
stump? (continued) 


(b) Had the farmer arranged the tractors with a 25° angle 
between the forces, would he have been successful in 
removing the stump? 


© 
N 
2 


40° 
7000 Ib 


99. Computer Graphics The field of computer graphics utilizes 

© vectors to compute translations of points. For example, 
if the point (—3, 2), represented by vector п = (—3, 2), 
is to be translated by v = (5, 2), then the new location 
will be u^ = u + у = (—3, 2) + (5, 2) = (2, 4). So, the 
point ( —3, 2)is translated by v to(2, 4) as shown in the figure. 
(a) Determine the new coordinates of (3, —1) if it is 

translated by v = (—4, 5). 

(b) Illustrate this translation graphically. 


Source: Phil Dadd. Vectors and Matrices: A Primer. www 
.gamedev.net/articles/programming/math-and-physics/ 
vectors-and-matrices-a-primer-r1832/ 


Explaining Concepts: Discussion and Writing 


104. Explain in your own words what a vector is. Give an example 
of a vector. 


105. Write a brief paragraph comparing the algebra of complex 
numbers and the algebra of vectors. 


Retain Your Knowledge 
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100. Computer Graphics Refer to Problem 99. The points 
(—3, 0), (—1, —2), (3, 1), and (1, 3) are the vertices of a 
parallelogram ABCD. 

(a) Find the vertices of a new parallelogram A'B'C'D' if 
ABCD is translated by v — (3, —2). 
(b) Find the vertices of a new parallelogram A'B'C'D' if 


ABCD is translated by - 


101. Static Equilibrium Show on the following graph the force 
needed for the object at P to be in static equilibrium. 


Challenge Problem Landscaping To drag a 500-pound 
boulder into place, Tyrone, Bill, and Chuck attach three 
ropes to the boulder as shown in the diagram. If Tyrone 
pulls with 240 pounds of force and Chuck pulls with 
110 pounds of force, then Bill must pull with how much 
force in order for the boulder to move? 


102 


103. Challenge Problem See Problem 102. If Bill pulls due east 
with 200 pounds of force, then what direction does the 
boulder move? 


106. Explain the difference between an algebraic vector and a 
position vector. 


Problems 107—116 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


107. Solve: Vx — 2 = 3 
108. Factor —3x? + 12x? + 36x completely. 


109. Find the exact value of tan| cos-! (у) 


110. Find the amplitude, period, and phase shift of 


y= S cos 6x + 37) 


Graph the function, showing at least two periods. 


111. Find the distance between the points (—5, —8) and(7, 1). Х 116. If f(0) 


K 115. If f(x) = 


112. Write the equation of the circle in standard form: 
x? + y? —20x + 4y + 55 = 0 

113. Find all the intercepts of the graph of 
f(x) = x? + 2x? — 9x — 18 

114. Solve: 4(x — 5)! + 9 = 53 


x^ fin 2) = £O» 
x—3 


X25 — 0? and g(0) = 5sin6, — 
show that (f o g)(0) = 5 соѕ0. 
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8.5 The Dot Product 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Law of Cosines (Section 7.3, pp. 591—594) 


\ Now Work the ‘Are You Prepared?’ problem on page 675. 


OBJECTIVES 1 Find the Dot Product of Two Vectors (p. 670) 
2 Find the Angle Between Two Vectors (p. 671) 
3 Determine Whether Two Vectors Are Parallel (p. 672) 
4 Determine Whether Two Vectors Are Orthogonal (p. 672) 
5 Decompose a Vector into Two Orthogonal Vectors (p. 672) 
6 Compute Work (p. 674) 


1 Find the Dot Product of Two Vectors 


In Section 8.4, we defined the product of a scalar and a vector. Here we define the 
product of two vectors, called a dot product. 


DEFINITION Dot Product 


Ifv = ai + b,j andw = a,i + b,j are two vectors, the dot product v - w is 
defined as 


V-w = aa, + bib, (1) 


| EXAMPLE 1 | Finding Dot Products 


Ifv = 2i — 3jand w = Si + 3j, find: 
(a) vw | (bw.v (с) у-у (dw.w (е) |У (0) Iwil 


Solution (а) v-w=2-5+(-3)3=1 (D w-v = 5-24+3(-3) = 1 
(с) v-v = 2-2 + (—3)(-3) = 13 (d)w-w=5-543-3 = 34 
2 

(e) IIVI = N22 + (-3)? = 413 (f) м = V5? + 32 = V34 B 
COMMENT A scalar multiple av is a Since the dot product v - w of two vectors v and w is a real number (a scalar), the 
vector. A dot product u- v is a scalar — dot product is sometimes referred to as the scalar product. 
Feat NUMIT). ы e results obtained in Example 1 suggest some general properties of the dot 
(real number) Th Its obtained in Example 1 sugg g І properties of the d 

product. 


THEOREM Properties of the Dot Product 
If u, v, and w are vectors, then 


Commutative Property 


u-v=v-u (2) 

Distributive Property 
u-(v+w)=u:-v+u-w (3) 
v.v = ||? (4) 


0-v=0 (5) 
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Proof We prove properties (2) and (4) here and leave properties (3) and (5) as 
exercises (see Problems 38 and 39). 
To prove property (2), letu = аі + b,jandv = a,i + b,j. Then 


u-v = aa, + bb, = aja, + bb, = у-и 
To prove property (4), let v = ai + bj. Then 


v.v = a? +b? = |у? и 


2 Find the Angle Between Two Vectors 


One use of the dot product is to find the angle between two vectors. 

Let u and v be two vectors with the same initial point A. Then the vectors u, v, 
and u — v form a triangle. See Figure 64. The angle 0 at vertex A of the triangle is 
the angle between the vectors u and v. We wish to find a formula for calculating the 


angle 0. 
. The sides of the triangle have lengths || ||, |u|], and о — v||, and 0 is the included 
Figure 64 angle between the sides of length ||v|| and ||u||. The Law of Cosines (Section 7.3) can 


be used to find the cosine of the included angle. 
lu — vi? = lul. + livi? — 2Iluliliviicosé 


Now use property (4) to rewrite this equation in terms of dot products. 


(u—v)-(u— v) = u-u-c v. v — 2yj[ul||||v|| cos (6) 
Then use the distributive property (3) twice on the left side of (6) to obtain 
(u—v)-(u—v)—u-(u—v)—v-(u — V) 
=u-u-u-v—-v-u+yv-v 
=u-u+v-v—-2u-v (7) 


| 


Commutative Property (2) 
Combining equations (6) and (7) gives 
u-u-c-v.v-2u-.v—u-u-cv-v-— 2||ul|||V||Cosé 
u-v = |lull||v||cosé 


THEOREM Angle Between Vectors 
If u and v are two nonzero vectors, the angle 0, 0 < 0 < m, between u and v is 


determined by the formula 


| wu: v 


ШИША 


| EXAMPLE 2 | Finding the Angle Ө Between Two Vectors 


Find the angle 0 betweenu = 4i — 3jandv = 2i + 5j. 
Solution — Findu - v, ||u||, and ||v|l. 
u-v—4.24-(-3).52 -7 
V4? (03) = 5 


Пу = V22 + 52 = V29 


ИШ 


By formula (8), if 0 is the angle between п and v, then 


Gost E Y c. e цо 
N | ПУ — 529 
Figure 65 0 ~ 105° Therefore, 0 ~ cos-!1(—0.26) ~ 105°. See Figure 65. D 


\ Now Work PRoBLEM 9(a) AND (b) 
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3 Determine Whether Two Vectors Are Parallel 


Two vectors v and w are said to be parallel if there is a nonzero scalar a so 
that v = aw. In this case, the angle 0 between v and w is 0 огт. 


Determining Whether Two Vectors Are Parallel 


The vectors v = 3i — j and w = 6i — 2jare parallel, since v = Tw. Furthermore, 


since 
vow 18 + 2 20 
cos = = = =Í 
llviiliwi| 10/40 ~400 
the angle 0 between v and wis 0. B 


4 Determine Whether Two Vectors Are Orthogonal 


If the angle 0 between two nonzero vectors v and w is 7 the vectors v and w are 
ti у called orthogonal. See Figure 66. 


. | Since cos“ = 0, it follows from formula (8) that if the vectors v and w are 
Figure 66 vis orthogonal to w. 2 


orthogonal, then v · w = 0. 
On the other hand,ifv · w = 0,thenv = богу = Oorcos@ = O.Ifcos0 = 0, 


NOTE Orthogonal, perpendicular, and then 0 = ш and у and w are orthogonal. If v ог w is the zero vector, then, since the 
normal are all terms that mean “meet at 2 
a right angle.” It is customary to refer to 
two vectors as being orthogonal, to two 
lines as being perpendicular, and to a line 
and a plane or a vector and a plane as 


being normal. н ТНЕОВЕМ 


zero vector has no specific direction, we adopt the convention that the zero vector is 
orthogonal to every vector. 


Two vectors v and w are orthogonal if and only if 


у.у = 0 


Determining Whether Two Vectors Are Orthogonal 
The vectors 


у = 2i-—j and ж = 3i+ 6j 


are orthogonal, since 


v-w=6-6=0 


See Figure 67 E 


BLLELI 


\ Now Work PRoBLEM 9(c) 


Figure 67 


5 Decompose a Vector into Two Orthogonal Vectors 


In many physical applications, it is necessary to find *how much" of a vector is applied 
in a given direction. Look at Figure 68. The force F due to gravity is pulling straight 
down (toward the center of Earth) on the block. To study the effect of gravity on the 
block, it is necessary to determine how much of F is actually pushing the block down 
the incline (Е, ) and how much is pressing the block against the incline (Е, ), at a right 
angle to the incline. Knowing the decomposition of F often enables us to determine 
when friction (the force holding the block in place on the incline) is overcome and 
Figure 68 the block will slide down the incline. 
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Suppose that v and w are two nonzero, nonorthogonal vectors with the same 
Y initial point P. We seek to decompose v into two vectors: v,, which is parallel to w, 
and v,, which is orthogonal to w. See Figure 69(a) and (b). The vector v, is called the 


Я M ч vector projection of v onto w. 
(a) The vector v, is obtained by dropping a perpendicular from the terminal point 
of v to the line containing w. The vector v, is the vector from P to the intersection of 
NÉ Av, the line containing w and the perpendicular. The vector у, is given by v; = v — у}. 
| Note thatv = v, + V5, the vector v, is parallel to w, and the vector у, is orthogonal 
| to w. This is the decomposition of v that was sought. 
wp с? Now we seek a formula for v, that is based оп a knowledge of the vectors у 
апа w. Since v = v, + v,, we have 
b 
Figure 69 P у-у = (У У): = Ур + VW (9) 


Since v, is orthogonal to w, we have у, · у = 0. Since v, is parallel to w, we 
have v, — ow for some scalar o. Equation (9) can be written as 


У-Ү = aw-w= allw? у, = OW; Y  w=0 
= У. ү 
Thad 
Then 
= У. ү 
: МЕ 
THEOREM 


If v and w are two nonzero, nonorthogonal vectors, the vector projection of v 
onto w is 


The decomposition of v into v, and v,, where v, is parallel to w, and v, is 
orthogonal to w, is 


| EXAMPLES | Decomposing a Vector into Two Orthogonal Vectors 


Find the vector projection of v = і + 3j onto w = i+ j. Decompose v into two 
vectors, v, and v,, where v, is parallel to w, and у, is orthogonal to w. 


Solution Use formulas (10) and (11). 


vow 1+3 И 
у, = w= w = 2w = 2(i+ j) 
tO wÊ (2) 
WV =(i+3j)-2(ü+j)=-i+j 
See Figure 70. _B 
Figure 7 \ Now Work PROBLEM 21 


@ | EXAMPLES | Finding the Force Required to Hold a Wagon on a Hill 


A wagon with two small children as occupants weighs 100 pounds and is on a hill 
with a grade of 20°. What is the magnitude of the force that is required to keep the 


wagon from rolling down the hill? 
(continued) 
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Solution 


gi 
w p 
20° Fy 


Figure 71 


Figure 72 


See Figure 71. We need to find the magnitude of the force v that would cause the 
wagon to roll down the hill. A force with the same magnitude in the opposite direction 
of v will keep the wagon from rolling down the hill. The force of gravity is orthogonal 
to the level ground, so the force of the wagon due to gravity can be represented by 
the vector 


F, = —100j 


Determine the vector projection of F, onto w, which is the force parallel to the hill. 
The vector w is given by 


w = cos20°i + sin 20°j 
The vector projection of F, onto w is 


Fow 


м 
= ___2100(81120)_(сов20° + sin 20°) 
( Vcos? 20? + sin? 20°) 


= —34.2(cos 207i + sin 20?j) 


The magnitude of v is 34.2 pounds, so the magnitude of the force required to keep 
the wagon from rolling down the hill is 34.2 pounds. E 


6 Compute Work 


In elementary physics, the work W done by a constant force F in moving an object 
from a point A to a point B is defined as 


W = (magnitude of force)(distance) = ||F|| IEVAI 


Work is commonly measured in foot-pounds or in newton-meters (joules). 

In this definition, 1 is assumed that the force Е is applied along the line of motion. 
If the constant force F is not along the line of motion, but instead is at an angle 0 to 
the direction of the motion, as illustrated in Figure 72, then the work W done by F in 
moving an object from A to B is defined as 


W = Е. AB (12) 
This definition is compatible with the force-times-distance definition, since 
W = (amount of force in the direction of AB )( distance ) 


F. AB — 


= ||projection of F on AB|| || 4B || = || AB || || AB || = F. AB 


— 
+ [48] 
Use formula (10) 


Figure 73 


Computing Work 


A girl is pulling a wagon with a force of 50 pounds. How much work is done in 
moving the wagon 100 feet if the handle makes an angle of 30° with the ground? See 
Figure 73(a). 


50(sin 30°) j 
1Е| = 50 


(0, 0) 50(cos 30°)i (100, 0) X 
(a) (b) 


(continued) 


Solution 
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Position the vectors in a coordinate system in such a way that the wagon is moved 


from (0, 0) to (100, 0). The motion is from A — (0,0) to B — (100,0), 
so AB — 100i. The force vector F, as shown in Figure 73(b), is 


Е = 50(cos 30° + sin 30°j) = s + si] = 25(V3i + j) 


By formula (12), the work done is 
W = F- AB = 25(V3i + j) - 100i = 2500V3 foot-pounds B 


\ Now Work PROBLEM 29 


Historical Feature 


e stated in the Historical Feature in Section 8.4 that 
complex numbers were used as vectors in the plane before 


the general notion of a vector was clarified. Suppose that we 
make the correspondence 


Vector — Complex number 
ai+ bj ^ a+ bi 
ci 4- dj o c 4 di 


8.5 Assess Your Understanding 


Show that 
(ai + bj) - (ci 4- dj) = real part [(a n bi) |(c + di) 


This is how the dot product was found originally. The imaginary part is 
also interesting. It is a determinant (see Section 10.3) and represents 
the area of the parallelogram whose edges are the vectors. This is 
close to some of Hermann Grassmann's ideas and is also connected 
with the scalar triple product of three-dimensional vectors. 


‘Are You Pre pa red?' The answer is given at the end of these exercises. If you get the wrong answer, read the page listed in red. 


1. In a triangle with sides a, b, c and angles A, B, C, the Law of Cosines states that ‚ (p. 591) 


Concepts and Vocabulary 


2. Пу = аў + b,j and w = a,i + b,j are two vectors, then 


the is defined as v · w = аа, + bby. 


3. If v - w = 0, еп the two vectors v and w are 


A 


. If v — 3w,then the two vectors v and w are 


Un 


. True or False Given two nonzero, nonorthogonal vectors v 
and w, it is always possible to decompose v into two vectors, 
one parallel to w and the other orthogonal to w. 


6. True or False Work is a physical example of a vector. 


Skill Building 


7. Multiple Choice The angle 0, 0 € 0 € m, between two 
nonzero vectors u and v can be found using what formula? 


(a) sind = lul (b) cos? = Пы! 
Iivi] Iivi] 

(с) sing = —— (d) созө = 17 
ЕА] ЕА] 


8. Multiple Choice If two nonzero vectors у апа w аге 
orthogonal, then the angle between them has what measure? 


@т (92 (9T (2 


In Problems 9-18, (a) find the dot product v - ж; (b) find the angle between v and w; (c) state whether the vectors are parallel, orthogonal, 


or neither. 
N9v-i-j w-isj 
12. v = 2i - 2j w=i+ 2j 


10. v 


15. v = 31 + 4j, w = —6i — 8j 
17. у = 41, w-j 


19. Find a so that the vectors у = i — aj 
and w = 2i + 3j аге orthogonal. 


i+j w=-it+j 
13. у = Bi-j w=i4+ j 


П. у= 1+} w=i-2j 
14. у= і+ 3) w=i-j 
16. v = 3i - 4j, w = 9i — 12j 

18. v =i, w = —3j 


20. Find b so that the vectors v = i + j 
and w = і + Бј аге orthogonal. 


In Problems 21-26, decompose v into two vectors v and v,, where у , is parallel to w, and v, is orthogonal to w. 


Nb y= 21-3) w=i-j 
24.v = 2i- j м = і – 2] 


(1. Now Work @ 1. Modeling 1. Writing 


22. у ——3i + 2j, w = 21 + j 
25. v = 3i+ j, w= —2i- ј 


9 1. Graphing Tech 


23. v=i-j, w--i-2j 
26.v = і – 3j, 


w= 4і – ј 


A Calculus Preview == 1. Applet-Based 
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Applications and Extensions 


27. Find a vector of magnitude 15 that is parallel 


28. 


М. 29. 


30. 


31. 


32. 


to 41 — 3j. 

Find a vector of magnitude 5 that is parallel 

to —12i + 9j. 

Computing Work Find the work done by a force of 3 pounds 
acting in a direction of 60? to the horizontal in moving an 
object 6 feet from (0, 0) to (6, 0). 

Computing Work A wagon is pulled horizontally by exerting 
a force of 20 pounds on the handle at an angle of 30? with 
the horizontal. How much work is done in moving the 
wagon 100 feet? 


Solar Energy The amount of energy collected by a solar 
panel depends on the intensity of the sun's rays and the area 
of the panel. Let the vector I represent the intensity, in watts 
per square centimeter, having the direction of the sun's rays. 
Let the vector A represent the area, in square centimeters, 
whose direction is the orientation of a solar panel. See the 
figure. The total number of watts collected by the panel is 
given byW = |I - AJ. 


Suppose that I — (—0.02, —0.01) and A — (300, 400). 

(a) Find || and |А ||, and interpret the meaning of each. 

(b) Compute W and interpret its meaning. 

(c) If the solar panel is to collect the maximum number of 
watts, what must be true about I and A? 


Rainfall Measurement Letthe vector R represent the amount 
of rainfall, in inches, whose direction is the inclination of 
the rain to a rain gauge. Let the vector A represent the 
area, in square inches, whose direction is the orientation of 
the opening of the rain gauge. See the figure. The volume 
of rain collected in the gauge, in cubic inches, is given 
by V = |R - A|, even when the rain falls in a slanted 
direction or the gauge is not perfectly vertical. 


ANAN 


A 


— № CO 4 O1 о У CO CO 


0. 


Suppose that R = (0.75, —1.75) and A = (0.3, 1). 

(a) Find |К and |[А ||, and interpret the meaning of each. 

(b) Compute V and interpret its meaning. 

(c) If the gauge is to collect the maximum volume of rain, 
what must be true about R and A? 


33. 


34. 


35. 


36. 


37. 


38. 


39. 
40. 


41. 


42. 


Braking Load A Ford Explorer with a gross weight 
of 5300 pounds is parked on a street with an 8? grade. See the 
figure. Find the magnitude of the force required to keep the 
Explorer from rolling down the hill. What is the magnitude 
of the force perpendicular to the hill? 


Weight — 5300 pounds 


Braking Load A Chevrolet Silverado with a gross weight 
of 4500 pounds is parked on a street with a 10? grade. Find 
the magnitude of the force required to keep the Silverado 
from rolling down the hill. What is the magnitude of the force 
perpendicular to the hill? 


Ramp Angle Billy and Timmy are using a ramp to load 
furniture into a truck. While rolling a 250-pound piano up 
the ramp, they discover that the truck is too full of other 
furniture for the piano to fit. Timmy holds the piano in place 
on the ramp while Billy repositions other items to make 
room for it in the truck. If the angle of inclination of the 
ramp is 20°, how many pounds of force must Timmy exert to 
hold the piano in position? 


Incline Angle A bulldozer exerts 1000 pounds of force to 
prevent a 5000-pound boulder from rolling down a hill. 
Determine the angle of inclination of the hill. 


Find the acute angle that a constant unit force vector makes 
with the positive x-axis if the work done by the force in 
moving a particle from (0, 0) to (4, 0) equals 2. 


Prove the distributive property: 
u-(v+w)=u-v+u-w 
Prove property (5): 0-v = 0 


If у is a unit vector and the angle between у andi is a, show 
that v = cosai + sinaj. 


Suppose that у and w are unit vectors. If the angle between у 
and iis o and the angle between w andi is (, use the idea of 
the dot product v - w to prove that 


cos(a — 8) = сова cos + sina sin 3 


Show that the projection of v onto iis(v · i)i. Then show that 
we can always write a vector v as 


v=(v-Di+(v- jj 


43. 


44. 


45. 


46. 


47. 


48. 


Let у апа w denote two nonzero vectors. Show that the 
vectors ||w||v + ||v]|w and ||w||v — [уэ are orthogonal. 


Let v and w denote two nonzero vectors. Show that the 
А : v-w 
vector v — aw is orthogonal to w ifa = wie 
w 


Given vectorsu = i + 5jandv = 4i + yj,find y so that the 
angle between the vectors is 60°. 

Given vectorsu = xi + 2jandv = 7i — 3j, find x so that 
the angle between the vectors is 30°. 

Given vectors u = 2xi + 3j and v = xi — 8j, find x so 
that u and v are orthogonal. 


In the definition of work given in this section, what is the 
work done if F is orthogonal to AB? 


*Courtesy of the Joliet Junior College Mathematics Department 


Explaining Concepts: Discussion and Writing 


49. 


50. 
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Challenge Problem 

(a) If u and v have the same ^ 
magnitude, show that u 4- v Oe: 

and и — v are orthogonal. 

(b) Use this to prove that an 


angle inscribed in a 
semicircle is a right angle 
(see the figure). 


Challenge Problem Prove the polarization identity, 


lu + vi — lu — vi? = 4(и-у) 


51. Create an application (different from any found in the text) that requires a dot product. 


Retain Your Knowledge 


Problems 52-61 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


/Х52. Find the average rate of change of f(x) = x? — Sx? + 27 


from —3 to 2. 


53. Find the exact value of 5 cos 60? + 2 tant. Do not use a 


calculator. 


54. Establish the identity: (1 — sin?0)(1 + tan?0) = 1 
55. Volume of a Box An open-top box is made from a sheet of 


metal by cutting squares from each corner and folding up 
the sides. The sheet has a length of 19 inches and a width 
of 13 inches. If x is the length of one side of each square 
to be cut out, write a function, V ( x), for the volume of the 
box in terms of x. 


56. Solve: 7:71 = 3. 2:+4 


‘Are You Prepared?’ Answers 
1. c? = a? + b? — 2abcosC 


8.6 Vectors in Space 


57. 


58. 


59. 
60. 


X 61. 


What is the function that is graphed after the graph 
of y = Vx is shifted left 4 units and up 9 units? 


2 _ 
Find all asymptotes of the graph of f(x) = 2x" -5 
x? — 2x — 15 


Find the exact value of cos 80? cos70? — sin 80? sin 70°. 


Find the vertex and determine if the graph of 


f(x) = ox? — 12x + 10 is concave up or concave down. 


1 
(x? +9 


(Ро g)(x) = 


If f(x) = and g(x) = 3tanx, show that 


y 


_ — 
27 |sec? x| 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Distance Formula (Foundations, Section F.1, pp. 3—5) 


Мс Now Work the ‘Are You Prepared?’ problem on page 685. 


OBJECTIVES 1 Find the Distance Between Two Points in Space (p. 678) 
2 Find Position Vectors in Space (p. 679) 
3 Perform Operations on Vectors (p. 680) 
4 Find the Dot Product (p. 681) 
5 Find the Angle Between Two Vectors (p. 682) 
6 Find the Direction Angles of a Vector (p. 683) 
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Rectangular Coordinates in Space 


In the plane, each point is associated with an ordered pair of real numbers. In space, 
each point is associated with an ordered triple of real numbers. Through a fixed point, 
called the origin O, draw three mutually perpendicular lines: the x-axis, the y-axis, 
and the z-axis. On each of these axes, select an appropriate scale and the positive 
direction. See Figure 74. 

The direction chosen for the positive z-axis in Figure 74 makes the system 
right-handed. This conforms to the right-hand rule, which states that if the index 
finger of the right hand points in the direction of the positive x-axis and the middle 
finger points in the direction of the positive y-axis, then the thumb will point in the 
direction of the positive z-axis. See Figure 75. 


Figure 74 Figure 75 


24 Associate with each point Р an ordered triple (х, у, 2) of real numbers, the 
coordinates of P. For example, the point (2, 3, 4) is located by starting at the origin 
and moving 2 units along the positive x-axis, 3 units in the direction of the positive 
y-axis, and 4 units in the direction of the positive z-axis. See Figure 76. 

Figure 76 also shows the location of the points (2, 0, 0), (0, 3, 0), (0, 0, 4), 
and (2, 3, 0). Points of the form (x, 0, 0) lie on the x-axis, and points of the 
forms (0, y, 0) and (0, 0, z) lie on the y-axis and z-axis, respectively. Points of the 
form (x, y, 0) lie in a plane called the xy-plane. Its equation is z = 0. Similarly, 
points of the form (x, 0, z) lie in the xz-plane (equation y — 0), and points of the 
form (0, y, z)liein the yz-plane (equation x = 0). See Figure 77(a). By extension of 
these ideas, all points obeying the equation z — 3 will lie in a plane parallel to and 
3 units above the xy-plane. The equation y — 4 represents a plane parallel to the 
xz-plane and 4 units to the right of the plane у = 0. See Figure 77(b). 


Figure 76 


Plane z = 3 


(a) (b) 


Figure 77 


\ Now Work PROBLEM 9 


1 Find the Distance Between Two Points in Space 


The formula for the distance between two points in space is an extension of the 
Distance Formula for points in the plane given in Foundations, Section ЕЛ. 


Figure 78 
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THEOREM Distance Formula in Space 


ЕР, = (ху, у, zı and P, = (x54, Y2, z; ) are two points in space, the distance d 
from P, to P, is 


d= Mee ds + (Vo yD F (22 as (1) 


The proof, which we omit, utilizes a double application of the Pythagorean Theorem. 


| EXAMPLE 1 | Using the Distance Formula 


Solution 


a, b, C) 
ө 


v=ai+ bj + ск 


Find the distance from P, = (—1, 3,2) to P, = (4, —2, 5). 


d= /[4-(-DP +[-2- 37 +15 27 = 423 +25 +9 = V59 


\ Now Work PROBLEM 15 


2 Find Position Vectors in Space 


To represent vectors in space, we introduce the unit vectors i, j, and k whose directions 
are along the positive x-axis, the positive y-axis, and the positive z-axis, respectively. 
If vis a vector with initial point at the origin О and terminal point at Р = (a, b, c), 
then we can represent v in terms of the vectors i, j, and К as 


See Figure 78. 

The scalars a, b, and c are called the components of the vector v — ai 4- bj 4- ck, 
with a being the component in the direction i, b the component in the direction j, 
and c the component in the direction k. 

A vector whose initial point is at the origin is called a position vector. The next 
result states that any vector whose initial point is not at the origin is equal to a unique 
position vector. 


THEOREM 


Suppose that v is a vector with initial point P, = (x, уу, z, ), not necessarily 
the origin, and terminal point Р, = (x5, yj, z;). Шу = RE, then v is equal 
to the position vector 


у= (х — xj)ài + (у — у1)ј + (5 – К (2) 


Figure 79 illustrates this result. 


) 


X 


Figure 79 
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| EXAMPLE 2 | Finding a Position Vector 
Find the position vector ofthe vectorv = P,P, ЁР = (—1,2,3)andP, = (4, 6, 2). 


Solution Ву equation (2), the position vector equal to v is 
v—[4-(-1)]i + (6 – 2)ј + (2 – 3k = Si + 4) – k B 


\ Now Work PROBLEM 29 


3 Perform Operations on Vectors 


Equality, addition, subtraction, scalar product, and magnitude can be defined in terms 
of the components of a vector. 


DEFINITION 


Let v = aj + bij + cık and w = a,i + b,j + c;k be two vectors, and let a 
be a scalar. Then 


* у = w ifandonlyif a, = aj, b, = b,,andc, = c, 


* v --Ww = (а, + a,)i + (b + b5)j + (с, + с„)К 


v- w = (a, — a)i + (b, — b;)j + (cı – e2)k 
av = (aa,)i+ (ab,)j + (ac, )k 


||| = Ja? + b2 + с? 


These definitions are compatible with the geometric definitions given in Section 8.4 
for vectors in a plane. 


| EXAMPLE 3 | Adding and Subtracting Vectors 


Ifv = 2i + 3j — 2k and w = 3i — 4j + 5k, find: 
(a) v+w (b) v—w 


Solution (а) v + w = (2i + 3j – 2k) + (3i — 4j + 5k) 
=(2+3)i4+ (3 – 4)j + (-2 + 5)k 
= 5i — ј + 3k 


(b) v — w = (21 + 3j — 2k) — (3i — 4j + 5k) 
= (2 — 3)i + [3 —(-4)]j + [-2 — 5]k 
= -i +7j- 7k 8 


| EXAMPLE4 | Finding Scalar Products апа Magnitudes 


Ifv = 2i + 3j — 2k and w = 3i — 4j + 5k, find: 
(a) Зу (b) 2v — 3w (с) Ivl 


Solution (а) Зу = 3(2i + 3j – 2k) = 6i + 9j — 6k 
(b) 2v — 3w = 2(2i + 3j — 2k) — 3(3i — 4j + 5k) 
= 4i + 6j — 4k — 91 + 12j — 15k = —5i + 18j — 19k 


(c) Цу = ||2i + 3j — 26| = N2? + 32 + (2 = 417 = 


“Мом Work PROBLEMS 33 AND 39 
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Recall that a unit vector о is one for which ||u|| = 1. In many applications, it is 
useful to be able to find a unit vector u that has the same direction as a given vector v. 


THEOREM Unit Vector in the Direction of v 


For any nonzero vector v, the vector 


у 


МІ 


is a unit vector that has the same direction as у. 


The following is a consequence of this theorem. 


v = |lvilu 
| EXAMPLE 5 | Finding a Unit Vector 


Find the unit vector in the same direction as v = 2i — 3j — 6k. 


Solution Find ||v|| first. 


Цу = 1122 — 3j — 6k|| = V4 F4 9 + 36 = V49 = 7 


Now multiply v by the scalar Im = +.The result is the unit vector 
у 
A oem 2i — 3j — 6k _ 2i 3, 6k 
МІ 7 7 7 7 D 


\ Now Work PROBLEM 47 


4 Find the Dot Product 


The definition of dot product in space is an extension of the definition given for 
vectors in a plane. 


DEFINITION Dot Product 
If v = aj + bij + cık and w = a,i + b,j + c;k are two vectors, the dot 
product v - w is defined as 


Vw = ауа» + bib; + с\с» (3) 


| EXAMPLE 6 | Finding Dot Products 


Ifv = 2i — 3j + 6k and w = 5i + 3j — k, find: 
(a) v. w (b) w-v (c) v.v 


(d) ж.м (е) ЦУ! (f) Iwll 


(continued) 
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Solution 


(a) v-w=2-5+4(-3)34+ 6(-1) = —5 
(D w-v = 5-2 + 3(-3) + (-1)-6 = —5 
(с) v-v = 2-2 + (-3)(-3) - 6-6 = 49 
(d) w-w = 5-543-34(-1)(-1) = 35 
(e) Шу = N22 + (-3)? + 62 = V49 = 7 
(f) Iwil = 452 + 32 + (-1)? = V35 _в 


The dot product in space has the same properties as the dot product in the plane. 


THEOREM Properties of the Dot Product 
If u, v, and w are vectors, then 


Commutative Property 


Distributive Property 


u-(v+w)=u-v+u-w 


5 Find the Angle Between Two Vectors 


The angle 0 between two vectors in space follows the same formula as for two vectors 
in the plane. 


THEOREM Angle Between Vectors 
If u and v are two nonzero vectors, the angle 0, 0 < 0 < m, between u and v is 


determined by the formula 


cos ee (4) 
Hull Iivi] 


| EXAMPLE | Finding the Angle Between Two Vectors 


Solution 


Find the angle 0 betweenu = 2i — 3j + 6kandv = 2i + 5j — k. 


Compute the quantities u · v, |[u||, and ||v ||. 
u-v = 2.2 + (-3):5 + 6(-1) = -17 
lall = V2? + (3)? + 62 = 549 = 7 
lIvil = N22 + 52 + (-1)? = V30 


By formula (4), if 0 is the angle between u and v, then 


—17 
Q2. 7 _. д —0.443 
ull lvl] = 74/30 
$0,0 = cos-1(—0.443) ғ 116.3°. N 


\ Now Work PROBLEM 51 
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6 Find the Direction Angles of a Vector 


A nonzero vector v in space can be described by specifying its magnitude and its three 
direction angles a, 5, and y. These direction angles are defined as 
a = the angle between v and i, the positive x-axis, 0 < a 
B = the angle between v and j, the positive y-axis, 0 < 8 
y = the angle between v and k, the positive z-axis, 0 < y 
See Figure 80. 


^ 
IA IA IA 


C — (0, 0, с) 


0s<a<=7,0=6s7,05ys7 


Figure 80 Direction angles 


Our first goal is to find expressions for a, 3, and y in terms of the components 
of a vector. Let v = ai + bj + ck denote a nonzero vector. The angle a between v 
andi, the positive x-axis, obeys 


ay UE ue Wt 
УШ! ШУП 
Similarly, 
cos = 2H. and cosy — = 3 
Пу || Пу || 


Since ||v||= Va? + b? + c?, the following result is obtained. 


THEOREM Direction Angles 


If v = ai + bj + ck is a nonzero vector in space, the direction angles a, #, 
апа у obey 


* соз = b = 2 


Ма? + b? + с? Пу || 


e^ - А. 


C 


= (5) 


Ml 


The numbers cosa, cos 8, and cos» are called the direction cosines of the vector v. 


| EXAMPLE 8 | PLE 8 Finding the Direction Angles of a Vector 


Find the direction angles of v = —3i + 2j — 6k. 


Solution — |lvl| = v(—3) + 22 + (-6)? = V49 = 7 
Using the formulas in (5), we have 

-z3 = 

cosa = 7 cos 8 = 


a ғ 115.4° В oz 
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THEOREM Property of the Direction Cosines 


If a, б, and y are the direction angles of a nonzero vector v in space, then 


cos? о + cos? + соѕ2 у = 1 (6) 


The proof is a direct consequence of the equations in (5). 

Based on equation (6), when two direction cosines are known, the third is 
determined up to its sign. Knowing two direction cosines is not sufficient to uniquely 
determine the direction of a vector in space. 


| EXAMPLES | Finding a Direction Angle of a Vector 


The vector v makes an angle of a = a with the positive x-axis, an angle of 8 = 2 


with the positive y-axis, and an acute angle у with the positive z-axis. Find y. 
Solution Ву equation (6), we have 


cos? (2) + cos? =) + cos? у = 1 


3 
2 2 
(5) + (5 + cos? y = 1 
1 
Tapa E 
тео 
cosy = — ог cos "E, 
ЕЕ тс? 
3т 


Since y must be acute, у = re a 


The direction cosines of a vector give information about only the direction of 
the vector; they provide no information about its magnitude. For example, any vector 


that is parallel to the xy-plane and makes an angle of 7 radian with the positive x-axis 
and y-axis has direction cosines 


v2 v2 
cosa = E cos — > cosy = 0 


However, if the direction angles and the magnitude of a vector are known, the vector 
is uniquely determined. 


| EXAMPLE 10 | Writing a Vector in Terms of Its Magnitude and Direction Cosines 


Show that any nonzero vector v in space can be written in terms of its magnitude and 
direction cosines as 


у = ||| [(cosa)i + (cos8)j + (cosy)k] (7) 


Solution Letv = ai + bj + ck. From the equations in (5), note that 


а = ||v||cosa b = |[v||cos 8 c = ||v||cosy 
(continued) 
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Substituting gives 
у = ai + bj + ck = ||У||(соѕа)і + ||v||(cos 8)j + ||v||(cosy)k 
= ||v||[(cosa)i + (cos 8) j + (cosy)k] _в 


\ Now Work PROBLEM 59 


Example 10 shows that the direction cosines of a vector v are also the components 
of the unit vector in the direction of v. 


8.6 Assess Your Understanding 
‘Are You Pre pa red?’ The answer is given at the end of these exercises. If you get the wrong answer, read the page listed in red. 
1. The distance d from Р, = (x4, y,) to P; = (x3, y,)isd = (руд) 


Concepts and Vocabulary 


2. Ifv = ai + bj + ck is a vector in space, the scalars a, b,c are 5. True or False A vector in space may be described by 
called the of v. specifying its magnitude and its direction angles. 
3. The squares of the direction cosines of a vector in space add 6. Multiple Choice In space, points of the form ( x, y, 0) lie in: 
up to | (а) the xy-plane (b) the xz-plane 
(c) the yz-plane (d) none of these 


4. True or False In space, the dot product of two vectors is a 
positive number. 


Skill Building 
In Problems 7-14, describe the set of points ( x, у, z) defined by the equation(s). 
7. у = 0 8. х= 0 N9,2—2 10. y = 3 
П. x = —4 12. z = -3 13. x = landy = 2 14. x = 3andz = 1 
In Problems 15-20, find the distance from P, to P,. 
N 15. Р, = (0, 0, 0) and P, = (4, 1, 2) 16. P, = (0, 0, 0) and P, = (1, —2, 3) 
17. P, = (—1, 2, —3) and P, = (0, —2, 1) 18. P, = (-2, 2, 3) and P, = (4, 0, —3) 
19. P, = (4, -2, -2) and P, = (3,2, 1) 20. P, = (2, -3, —3) and P, = (4,1, -1) 


In Problems 21—26, opposite vertices of a rectangular box whose edges are parallel to the coordinate axes are given. List the coordinates of 
the other six vertices of the box. 


21. (0, 0, 0); (2, 1, 3) 22. (000,05; (42,2) 23. (1, 2, 3); (3,4, 5) 
24. (5, 6, 1); (3,8,2) 25. (1, 0, 2); (4, 2, 5) 26. (-2, —3, 0); (—6, 7, 1) 
In Problems 27-32, the vector у has initial point Р and terminal point О. Write v in the form ai + bj + ck; that is, find its position vector. 
27. Р = (0,0,0); О = (3, 4, -1) 28. P = (00,0; О = (-3, —5S, 4) 
N 29. Р = (3, 2, -1); О = (5, 6, 0) 30. Р = (-3, 2,0); О = (6, 5, –1) 
31. Р = (2, –1, 4); О = (6, —2, 4) 32. Р = (1, 4, –2); О = (6, 2, 2) 
In Problems 33-38, find ||v ||. 
N 33. v = 3i — 6j — 2k 34. v = —6i + 12j + 4k 35. у =i-j+k 
36. v = -i-jtk 37. v = —2i + 3j — 3k 38. v = 6i + 2j — 2k 
In Problems 39—44, find each quantity ifv = 3i — 5j + 2kand w = —2i + 3j — 2k. 
\ 39. 2v + 3w 40. Зу — 2w 41. |lv — wil 
42. ||v + wll 43. Цу — Iwi] 44. Iivi] + Iwi] 
In Problems 45-50, find the unit vector in the same direction as v. 
45. у = 5i 46. v = —3] N S.v = 3i — 6j — 2k 
48. v = —6i + 12j + 4k 4.v=i+jtk 50. v = 2i— j+ k 


м1. Now Work @ 1. Modeling 1. Writing E 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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In Problems 51—58, find the dot product v - w and the angle between v and w. 


NsL.v-i-j 


w=i+jik 


53. v = 2i + j-3k, w=i+2j+2k 
55. v = 3i- j+ 2k, w=i+j-k 
57. v = 3i + 4j + k, w = 6i + 8j + 2k 


In Problems 59—66, find the direction angles of each vector. Write each vector in the form of equation (7). 


N 9. у = 


63. v = 


3i — 6j — 2k 
i+j 


60. v = 
64. v = 


—6i + 12j + 4k 


j+ k 


Applications and Extensions 


67. Robotic Arm Consider the double- 
jointed robotic arm shown in 
the figure. Let the lower arm 
be modeled bya = (2, 3, 4), 
the middle arm be modeled 
by b = (1, —1, 3), and the 
upper arm be modeled by 
€ = (4, —1, —2), where units 
are in feet. 
(a) Find a vector d that represents 
the position of the hand. 
(b) Determine the distance of the hand from the origin. 


68. The Sphere In space, the collection of all points that are the 
same distance from some fixed point is called a sphere. See 
the illustration. The constant distance is called the radius, 
and the fixed point is the center of the sphere. Show that an 


equation of a sphere with center at ( xy, Yo, Zo ) and radius r is 
(x — хо)? (у= Yo)” +(z- 20)? = г? 


[Hint: Use the Distance Formula (1).] 
2 


P= (x, y, 2) 


" 
i Po = (Xo; Yo: Zo) 


y 
X 


Retain Your Knowledge 


52.v—icj w--i-cj-k 

54. v = 2i +2] – К, w = і + 2j + 3k 

56. v = і + 3ј + 2k, w=i-jt+k 

58. v = 31 — 4) + К, w = 6i — 8j + 2k 

61. у= і+ј+ К 62. у= і– ј – К 
65. v = 3i — 5j + 2k 66. у = 2i + 3j — 4k 


In Problems 69 and 70, find an equation of a sphere with radius ғ 
and center Py. 


69. r = E Py = (3,1,1) 
70. r = 2; Py = (1, 2, 2) 

In Problems 71-76, find the radius and center of each sphere. 
[Hint: Complete the square in each variable. | 

71. x? + y? +z? + 2x – 2у = 2 

72. x? + y? + z? + 2х - 22 = -1 


73. x? + y? + 22 — 4х + 4у + 22 = 0 
74. x? + y? + 22 – 4х = 0 

75. 2x? + 2y? + 2z? — 8x + 4z = —1 
76. 3x? + 3y? + 3z? + 6x – бу = 3 


The work W done by а constant force Е in moving an object from 
a point A in space to a point B in space is defined asW = Е - AB. 
Use this definition in Problems 77—70. 
77. Work Find the work done by a force of 3 newtons acting in 
the direction 2i + j + 2k іп moving an object 2 meters from 
(0, 0, 0) to (0, 2, 0). 


78. Work Find the work done by a force of 1 newton acting in 


the direction 2i + 2j + k in moving an object 3 meters from 
(0, 0, 0) to (1, 2, 2). 


79. Work Find the work done in moving an object along 
a vector и = 3i + 2j — 5k if the applied force is 
F — 2i — j — k. Use meters for distance and newtons for 


force. 


Problems 80—88 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


80. Solve: > 5 


x-—2 ~~ 
81. Given f(x) = 2x —3andg(x) = x? + x-1,find(f o g)(x). 
82. Find the exact value of sin 80°cos 50° — cos 80°sin 50°. 


83. Solve the triangle. 


A 


6 
84. Find the distance between the points Р, = (—1, —2) 
апа P, = (9, 3). 


‘Are You Prepared?’ Answer 


1. af (25 = x + (у — у) 


88. 


85. Form a polynomial function with real coefficients having 


degree 4 and zeros —i and 1 — 3i. 
86. 


The function f(x) = 5 is one-to-one. Find its 
x 


inverse. 


. Find the average rate of change of f(x) = 3 tan(2x) from 
T T 
—— to —. 
8 8 
Find the area of the region enclosed by f(x) = У36 — x? 
and g(x) = 6 — x. 
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8.7 The Cross Product 


OBJECTIVES 1 Find the Cross Product of Two Vectors (p. 687) 
2 Know Algebraic Properties of the Cross Product (p. 688) 
3 Know Geometric Properties of the Cross Product (p. 689) 
4 Find a Vector Orthogonal to Two Given Vectors (p. 690) 
5 Find the Area of a Parallelogram (p. 690) 


1 Find the Cross Product of Two Vectors 


For vectors in space, and only for vectors in space, a second product of two vectors is 
defined, called the cross product. The cross product of two vectors in space is also a 
vector that has applications in both geometry and physics. 


DEFINITION Cross Product 


Ifv = aj + b,j + c,k andw = a,i + b,j + с,К are two vectors in space, the 
cross product v x w is defined as the vector 


Notice that the cross product v x w of two vectors is a vector. Because of this, it 
is sometimes referred to as the vector product. 


| ЕХАМР\Е1 | Finding a Cross Product Using Equation (1) 


Ifv = 2i + 3j + Sk and w = i + 2j + ЗК, find v x w. 


Solution vxw=(3-3-2-5)i-(2-3-1-5)j+(2-2-—1-3)k Equation (1) 
= (9 —10)i – (6 – 5)j + (4 – 3)k 
=-i-j+k B 


Determinants* may be used as an aid in computing cross products. 
A 2 by 2 determinant, symbolized by 


a, bi 
a, b, 
has the value a,b, — a,b,; that is, 
a b 
! [Z2 ab, — аЬ, 
d; b, 


A 3 by 3 determinant has the value 


by с 


A B C 
a b ef=] 


b, c, 


*Determinants are discussed in detail in Section 10.3. 
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| EXAMPLE 2 | Evaluating Determinants 


(a) 2 31=2.2-1.3=4-3=1 
АВС 

6) |2 3 5 -[2 34-12 38412 3e 
4210 — 13 12 


—(9—10)A—(6—5)B + (4— 3)C 
=-A-B+C E 


\ Now Work PROBLEM 7 


The cross product ofthe vectorsv = аі + b,j + cık and w = a,i + b,j + cok, 
that is, 


v x w= (bie; — Рс) — (ас, — ancy) Jj + (a,b, — ab, )k 


may be written symbolically using determinants as 


i j k 
b, с |, a, с, a, b, 
vxw=|a, b с! = — k 
b b, c, а Cj d; b, 
а 05 с, 


| EXAMPLE 3 | Using Determinants to Find Cross Products 


Ifv = 2i + 3j + 5k andw = i + 2j + 3k, find: 


(a) Vx Ww (б) уху (c) v x v (d) wxw 
ijk 
Solution (а) vxw-2|235|- 2 56-2 Siel? 3-а 
123 2 3 1 3 12 
ij К 
()уеху=|123|= 2 30-5 shit 12 i4j-k 
235 3 5 PASS 23 
І с, 2 5 2 3 
(с) vxv=/2 3 5 -| Ца li k= oi- of + ok =0 
235 PS 2 5 2 3 
ij 
(d)wxw=]1 2 3 
12 3 
HDHH Be е 
= i- 1+ k = 01 — Oj — 0k = 0 
23 13 12 B 


\ Now Work PROBLEM 15 


2 Know Algebraic Properties of the Cross Product 


Notice in Examples 3(a) and (b) that v x w and w x у are negatives of one another. 
From Examples 3(c) and (d), one might conjecture that the cross product of a vector 
with itself is the zero vector. These and other algebraic properties of the cross product 
are given next. 
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THEOREM Algebraic Properties of the Cross Product 


If u, v, and w are vectors in space and if a is a scalar, then 


e ухи = 0 


euxv= (ухи) 


e a(u ху) = (au) ху = u X (av) 


eux(v+w)=(uxv)+(ux w) 


Proof We will prove properties (2) and (4) here and leave properties (3) and (5) as 
exercises (see Problems 60 and 61). 


To prove property (2), letu = a,i + b,j + ck. Then 


i j К 
by с |. 1 Cihla a, b 
uxu=|a, b с |= і – 1+ k 
by c ау € a, b 
a by с, 


= 01 — 0j + 0k = 0 
To prove property (4), letu = a,i+ b,j + c,k and v = a,i + b,j + c,k. Then 


«(и x v) = al[(byc, — boc, )i — (aye, — a50,)j + (a,b, — a5b,)k] 


Apply (1). 
= a(b,c, — b,c, )i — a(a,c, — a,c, )j + a(a,b, — a,b, )k (6) 
Since au = аай + ab,j + ack, we have 


(au) x v = (abc, — Рас; )i — (аас — a,ac,)j + (аа, — aab )k 


=a(b,c, — b,c;)i — a (ac, — a,c, )j + a(a,b, — а,Ь, )k (7) 


Based on equations (6) and (7), the first part of property (4) follows. The second part 
can be proved in like fashion. m 


\ Now Work PROBLEM 17 


3 Know Geometric Properties of the Cross Product 


THEOREM Geometric Properties of the Cross Product 


Let u and у be vectors in space. 
e ux у is orthogonal to both u and v. 
* jju ху|| = [ull [|v|| sin6, 


where 0 is the angle between u and v. 


e ||u x v|| is the area of the parallelogram 


having и = 0 and v = 0 as adjacent sides. 


e ux v = Oif and only if u and v are parallel. 
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Proof of Property (8) Letu = ai + b,j + ck and v = a,i + b,j + c;k. Then 
u u x v = (bic; — bci )i — (aye, — a50,)] + (a,b, — a,b; )k 
Now compute the dot product u · (u x v). 


Е u-(u x v) = (ai + bij + с,К).[(Бус, — bye, )і — (ас — anc, )j + (a,b, – а,Ь, )Ҝ] 


a, (bic, — bci) — by (аус — азс) + с, (a,b, — azb) = 0 


Since two vectors are orthogonal if their dot product is zero, it follows that u and 


Figure 81 u х v are orthogonal. Similarly, v · (и x v) = 0, so vandu x у аге orthogonal. m 
4 Find a Vector Orthogonal to Two Given Vectors 
u оху As long as the vectors и апа у аге not parallel, they will form a plane in space. 
See Figure 81. Based on property (8), the vector u x v is normal to this plane. As 
Figure 81 illustrates, there are essentially (without regard to magnitude) two vectors 
normal to the plane containing u and v. It can be shown that the vector u x v is the 
y one determined by the thumb of the right hand when the other fingers of the right 
Figure 82 hand are cupped so that they point in a direction from u to v. See Figure 82.* 
Finding a Vector Orthogonal to Two Given Vectors 
Find a vector that is orthogonal tou = 3i — 2j + k and v = -i + 3j — К. 
Solution Based on property (8), such a vector isu x v. 
i j k 
uxv=/ 3 -2 1|2(2—34-—[-3-(-1)]]--(9 = 2)k = —i + 2j + 7k 
-1 3 -1 
The vector —i + 2j + 7k is orthogonal to both u and v. 
AV check: Two vectors are orthogonal if their dot product is zero. 
u: (—i + 2j+ 7k) = (3i - 2j + k). (—i + 2j - 7k) = -3-4+7=0 
v-(-i+ 2j + 7k) = (-i+ 3j - k). (7i -2j- 7k) =1+6-7=0 p 
\ Now Work PRoBLEM 41 
The proof of property (9) is left as an exercise. See Problem 62. 
5 Find the Area of a Parallelogram 
Proof of Property (10) Suppose that u and v are adjacent sides of a parallelogram. 
See Figure 83. Then the lengths of these sides are ||| and ||ү|. If 0 is the angle 
ү between u and v, then the height of the parallelogram is ||v||sin@ and its area is 
[X н Area of parallelogram = Base x Height = ||u||[||v|| sin 0] T |[u x vll 
Figure 83 Property (9) [s 


Finding the Area of a Parallelogram 


Find the area of the parallelogram whose vertices are P, = (0, 0, 0), P; = (3, —2, 1), 
P, = (—-1, 3, -1), and P, = (2, 1, 0). 


(continued) 


* This is a consequence of using a “right-handed” coordinate system. 
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Solution Two adjacent sides of this parallelogram are 


ZA CAUTION Not all pairs of vertices u = PP, = 31-2) +К and v= P,P, = -i + 3j- k 
give rise to a side. For example, P,P, is 
a diagonal of the parallelogram since 
P,P; + PP, = P,P,. Also, P,P, and P,P, 

are not adjacent sides; they are parallel 
sides. a \ Now Work PRoBLEM 49 


Since u x v = —i + 2j + 7k (Example 4), the area of the parallelogram is 


Area of parallelogram = |[и x v|| = ӘЛ + 4 + 49 = 454 = 346 square Mu 


Proof of Property (11) The proof requires two parts. If u and v are parallel, then 
there is a scalar o such that u = ov. Then 


uxv=(av)xv=a(vxv) = 0 
T [i 
Property (4) Property (2) 


Ifu x v = 0, then, by property (9), we have 
По x у| = 1131 11У sind = 0 


Since u = 0 and v = 0, we must have sin0 = 0, so 0 = 0 or 0 = т. In either case, 
since 0 is the angle between u and v, then u and v are parallel. m 


8.7 Assess Your Understanding 


Concepts and Vocabulary 


м1. Now Work 


@ 1. Modeling 


1. True or False If wand v are parallel vectors, then u x у = 0. 5. True or False ||u x v|| = ||ull ||v|| cos, where 0 is the angle 
2. True or False For any vector v, v x v = 0. between u and v. 
3. True or False Ifuand vare vectorsthenu x v + v xu = 0. 6. True or False The area of the parallelogram having u and v 
. . as adjacent sides is the magnitude of the cross product of u 
4. True or False u x v is a vector that is parallel to both u € 
and v. ` 
Skill Building 
In Problems 7-14, find the value of each determinant. 
3 4 —2 5 6 5 —4 0 
N T 9, 10. 
12 5 | 2 —3 | -2 ; 0 | 5 sl 
A BC ABC A B C A B C 
11. 2 1 4 123.) 0 2 4 13. | -1 3 5 14. 1 -2 —3 
13 1 3-1 3 5 0 —2 2 -2 
In Problems 15-22, find (a) v x w, (b) w x v, (c) w x w, and (d) v x v. 
N 15. v 22i - 3j k 16. v = —i + 3j + 2k “у= ++ ј 18. v = i — 4j + 2k 
w = 3і – 2ј – К w= 31 – 2) – К w = 21 + ј + К w = 31 + 2ј + К 
19. у = 2i ј + 2k 20. у = 3i + j + 3k 21v —i-j-k 22. v — 2i — 3j 
w=j-k w—i-k w — 4i — 3k w = 3j -2k 
In Problems 23—44, use the given vectors u, v, and w to find each expression. 
u = 2i-3j+k v=-3i+3j+2k w=i+j+ 3k 
23. u x v 24. v x w 25. v xu 
26.wxv 27. уху 28. w x w 
29. (3u) x v 30. v x (4w) 31. u x (2v) 
32. (-3v) x w 33. u - (u x v) 34. v. (v x w) 
35. u- (v x w) 36. (ux v): w 37. v. (ux w) 
38. (v xu): w 39. u x (v x v) 40. (wx w)xv 


1. Writing та 1. Graphing Tech 


Х Calculus Preview == 1. Applet-Based 
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\ 41. Find а vector orthogonal to both u and у. 
43. Find a vector orthogonal to both u andi + j. 


42. Find a vector orthogonal to both u and w. 
44. Find a vector orthogonal to both u and j + К. 


In Problems 45—48, find the area of the parallelogram with one corner at P, and adjacent sides P,P, and P,P}. 


45. P, = (0, 0, 0), Р, = (1, 2, 3), Р, = (-2, 3, 0) 
47. Р, = (1, 2,0), Р, = (-2, 3, 4), P, = (0,—2, 3) 


46. Р, = (0, 0, 0), Р, = (2, 3, 1), Р, = (-2, 4, 1) 
48. Р, = (2, 0, 2), Р, = (2, 1-1), Р, = (2,-1, 2) 


In Problems 49-52, find the area of the parallelogram with vertices P,, P5, P}, and P}. 


N dE P, ed Dy. P, =(1,2,3), Р, = (-2, 3, 0), 
P, = (-2, 4,1) 

51. Р, = (1, 2, —1), P, =(4,2,—3), P, = (6, —5, 2), 
P, = (9, —5, 0) 


Applications and Extensions 


53. Find a unit vector normal to the plane containing 
v = i + 3j — 2k andw = —2i + j + ЗК. 

54. Find a unit vector normal to the plane containing 
у = 2i + 3j — k and w = —2i — 4j — ЗК. 

55. Volume of a Parallelepiped A parallelepiped is a prism 
whose faces are all parallelograms. Let A, B, and C be the 
vectors that define the parallelepiped shown in the figure. 


The volume V of the parallelepiped is given by the formula 
V =|(A xB). C]. 


Find the volume of a parallelepiped if the defining 
vectors аге А = 3i — 2j + AK, B = 2i + j – 2k, and 
C = 3i — 6j – 2k. 
56. Volume of a Parallelepiped Refer to Problem 55. Find the 
volume of a parallelepiped whose defining vectors are 
A = i + 6k, B = 2i + 3j — 8k,and C = 8i — 5j + 6k. 
57. Prove for vectors u and v that 


2 Ет) 2 
Пи x vif = ППУ — Cu - v) 


[Hint: Proceed as in the proof of property (4), computing first 
the left side and then the right side.] 


Discussion and Writing 


50. P, = (2,1,1), Р, =(2,3,1), P, 
Р, = (—2, 6,1) 

52. Р, = (—1,1,1), P, =(—1,2,2), P, = (-3, 4, —5), 
P, = (—3,5,—4) 


(—2, 4, 1), 


58. Show that if u and v are orthogonal, then 


Ju x vil = [lull Ivi 


59. Show that if u and v are orthogonal unit vectors, then u x v 
is also a unit vector. 


60. 
61. Prove property (5). 


= 


Prove property (3). 


62. Prove property (9). 


[Hint: Use the result of Problem 57 and the fact that if 0 is 
the angle between u and v, then u · у = ||ul| ||у|| cos.] 


63. Challenge Problem Show that the vector 2v x 3w is 
orthogonal to both v and w. 


64. Challenge Problem If v, w,u and a,b, c are vectors for which 


a-v р.у c-u 1 


and 


a-w a-u р.у b-u с.у с. ү 0 


show that 
а = wxu = uxv = у хуу 
У: (уха) У: (0 ху) 0: (vxw) 


65. Пи · у = Oandu x v = 0, what, if anything, can you conclude about и and у? 


Retain Your Knowledge 


Problems 66—75 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


66. Find the exact value of cos~! (=). 
v2 
67. Find two pairs of polar coordinates (r, 0), one with 
г> 0 and the other with r < 0, for the point with 
rectangular coordinates (—8, —15). Express @ in 
radians. 


68. For f(x) = 7*-! + 5, find f! (x). 


69. Use properties of logarithms to write jog, = as a 
2 


sum or difference of logarithms. Express powers as 
factors. 


70. Find the exact value of sec 


ХЕ 


(continued) 
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71. Find the domain of f(x) = > LL XTN. Rationalize the numerator: Ух —4 
х2 — 


72. If cos0 = = Zeg< т, find the exact value of sin B 


75. Find the average rate of change of f(x) = сѕс-! x from 1 


8 2 102. 


73. Find the area of the triangle for whicha = 8, b = 9, 
andC = 60°. 


Chapter Review 


Things to Know 
Polar Coordinates (pp. 621-628) 


Relationship between polar 
coordinates (r, 0) and 
rectangular coordinates (x, y) 
(pp. 623 and 627) 


x = rcosé, у = r sin 


r? = x? + y?, tanb = X х= 0 
х 


л= у, 0 = 5, ifx = 0 


Complex Numbers апа De Moivre’s Theorem (pp. 646—652) 


Polar form of a complex 
number (p. 647) 


Exponential form of a complex 
number (p. 648) 


De Moivre’s Theorem (p. 650) 


nth root of a complex number 
w = rei?^,w = 0 (р. 651) 


Vectors (pp. 655-665) 


Position vector (pp. 658 and 679) 
Unit vector (pp. 658, 661 and 681) 
Direction angle of a vector v (p. 662) 


Dot product (pp. 670 and 681) 


Angle 0 between two nonzero 
vectors и and v (p. 671) 


Work (p. 674) 


Direction angles of a 
vector in space (p. 683) 


Cross product (p. 687) 


Area of a parallelogram (p. 690) 


Objectives 
Section You should be able to... Example(s) Review Exercises 
8.1 1 Plot points using polar coordinates (p. 621) 1-3 1-3 
2 Convert from polar coordinates to rectangular coordinates (p. 623) 4 1-3 
3 Convert from rectangular coordinates to polar coordinates (p. 625) 5-7 4—6 
4 Transform equations between polar and rectangular forms (р. 627) 8,9 7(a)-10(a) 


Ifz = x + yi, thenz = r(cos0 + i sin0), 
wherer > 0 and 0 € 0 < 2m. 


z = rei’, where ei? = cos + i sin, 0 in radians 


Ifz = re, ћеп 2" = "е", where n > 1 is an integer. 


zę = Vr eil/mos2k. k = 0,...,n—1, wheren > 2 is an integer 


A quantity having magnitude and direction; equivalent to a directed line segment PO 
A vector whose initial point is at the origin 
A vector whose magnitude is 1 
The angle a, 0° € a < 360°, between i and v 
Ifv = аі + bjjandw = a,i + b,j, thenv -w = aja, + ЬЬ,. 
u-v 


0 = ,0x0zxm 
ШТ АЫ 


Work W = (magnitude of force)(distance) = ||Е|| |AB| 


W = Е. АВ 
Ifv = ai + bj + ck, then v = ||у||[(соз@)ї + (cosZ)j + (cosy)k], 
where cosa = LA cos? = b. and cosy = Е 20 
[КД] А Iivi] 


Ifv = aj + bij + ci«k and w = a,i + b,j + cok, 


then v x w = [b,c, — b,c, li —[a,c, — acı ]j + [а,Ь„ — а,Ь, |К. 


Пи x у|| = llul] ПУ 5100, where 0 is the angle between the two adjacent 
sides u and v. 
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Section You should be able to... Example(s) Review Exercises 


8.2 1 Identify and graph polar equations by converting to rectangular 1-6 7(b)-10(b) 
equations (p. 631) 


2 Test polar equations for symmetry (p. 634) 7-10 11-13 
3 Graph polar equations by plotting points (p. 635) 7-13 11-13 
8.3 1 Plot points in the complex plane (p. 646) 1 16-18 
2 Convert a complex number between rectangular form and polar 2,3 14-18 


form or exponential form (p. 647) 


3 Find products and quotients of complex numbers (p. 649) 4 19-21 
4 Use De Moivre's Theorem (p. 650) 5,6 22-25 
5 Find complex roots (p. 651) 7 26 

8.4 1 Graph vectors (p. 657) 1 27,28 
2 Find a position vector (р. 658) 2 29, 30 
3 Add and subtract vectors algebraically (p. 660) 9 31 
4 Finda scalar multiple and the magnitude of a vector (p. 660) 4 29, 30, 32-34 
5 Find a unit vector (p. 661) 5 35 
6 Find a vector from its direction and magnitude (p. 662) 6 36,37 
7 Model with vectors (p. 663) 8-10 59, 60 

8.5 1 Find the dot product of two vectors (p. 670) 1 46, 47 
2 Find the angle between two vectors (p. 671) 2 46, 47 
3 Determine whether two vectors are parallel (p. 672) 3 50-52 
4 Determine whether two vectors are orthogonal (p. 672) 4 50-52 
5 Decompose a vector into two orthogonal vectors (p. 672) 5,6 53, 54, 62 
6 Compute work (p. 674) 7 61 

8.6 1 Find the distance between two points in space (р. 678) 1 38 
2 Find position vectors in space (p. 679) 2 39 
3 Perform operations on vectors (p. 680) 3-5 40-42 
4 Find the dot product (p. 681) 6 48, 49 
5 Find the angle between two vectors (p. 682) 7 48, 49 
6 Find the direction angles of a vector (p. 683) 8-10 55 

8.7 1 Find the cross product of two vectors (p. 687) 1-3 43,44 
2 Know algebraic properties of the cross product (p. 688) p. 689 57,58 
3 Know geometric properties of the cross product (p. 689) p. 689 56 
4 Find a vector orthogonal to two given vectors (p. 690) 4 45 
5 Find the area of a parallelogram (p. 690) 5 56 


Review Exercises 


In Problems 1-3, plot each point given in polar coordinates, and find its rectangular coordinates. 
4т т 
1. (3, z) 2. (-2, tr) 3. [—3, =f) 
6 3 2 
In Problems 4—6, the rectangular coordinates of a point are given. Find two pairs of polar coordinates (r, 0) for each point, one withr > 0 
and the other with r « 0. Express 0 in radians. 


4. (—3, 3) 5. (0, —2) 6. (3, 4) 


In Problems 7-10, the variables r and 0 represent polar coordinates. 
(a) Write each polar equation as an equation in rectangular coordinates ( x, y). (b) Identify the equation and graph it. 


7. г = 2sin0 8.r—5 sieg 10. r? + 4r sin — 8r cos = 5 
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In Problems 11-13, graph each polar equation. Be sure to test for symmetry. 
11. r = 4 cos 12. г = 3 — 3 sin 13. r = 4 — cos0 


In Problems 14 and 15, write each complex number in polar form and in exponential form. 
14. -C1- i 15. 4 — 3i 
In Problems 16—18, write each complex number in rectangular form, and plot each in the complex plane. 


16. 2e 57/6 17. 3(сов т + {зїп т) 18. 0.1e/ 357/18 


In Problems 19-21, find zw and Z Write your answers in polar form and in exponential form. 
w 


19. z = cos = + isin 20. z = З(соѕ27 + isin) 21. z = s(cos-— + isin) 
w= cosa + i sins w= 2(соз + isinZ} w= cos I + isin 17 
In Problems 22-25, write each expression in rectangular form x + yi and in exponential form re”. 
3 4 
22. [3(cosz + isinz 23. [22 [cos 22 + T 
24. (1 — V3i)° 25. (3 + 4i 


26. Find all the complex cube roots of 27 


In Problems 27 and 28, use the figure to graph each of the following: 
27. u-- v 
28. 2u + 3v 


In Problems 29 and 30, the vector v is represented by the directed line segment РО. Write v in the form ai + bj and find |\у||. 
29. Р = (1-2); Q = (3, -6) 30. Р = (0, 2); О = (-1 1) 


In Problems 31—35, use the vectors v = —2i + jandw = 4i — 3j to find: 
З. v +w 32. 4v — Зуу 33. ||у|| 34. ||[у|| + II wll 
35. A unit vector in the same direction as v. 
36. Find the vector v in the xy-plane with magnitude 3 if the direction angle of v is 60°. 
37. Find the direction angle a of v = —i + V3j. 
38. Find the distance from P, = (1, 3, —2) to P, = (4, 2, 1). 39, A vector v has initial point P = (1, 3, —2) and terminal 
point О = (4, —2, 1). Write vin the form v = ai + bj + ck. 


In Problems 40-45, use the vectors v = 3i + j — 2k and w = —3i + 2j — k to find each expression. 
40. 4v — 3w 41. ||v — wil 42. ||у|| — IIwll 


43. v x w 44. v - (V xw) 45. Find a unit vector orthogonal to 
both v and w. 


In Problems 46-49, find the dot product v - w and the angle between v and w. 
46.v = —2i + j у = di — 3j 4.v-—i-3j ж = –і + ј 
48. у= і+ј + К, w=i-j+k 49. v = 4i — j+ 2k, w = і – 2j – 3k 


In Problems 50-52, determine whether у апа w are parallel, orthogonal, or neither. 


50. v = 2i +3; w = —4i — 6j 51. v = —2i + 2j w = —3i + 2j 52. v —3i —2j; w = 4i + 6j 


In Problems 53 and 54, decompose v into two vectors, one parallel to w and the other orthogonal to w. 
53. у = 2i+ j w= —4i + 3j 54. v = 21 + 3j у = 31+] 
55. Find the direction angles of the vector v = 3i — 4j + 2k. 56. Find the area of the parallelogram with vertices P, — (1, 1, 1), 
P, = (2, 3, 4), Р, = (6, 5, 2), and P, = (7, 7, 5). 


57. Ifu x v = 2i — 3j + К, what is v x u? 58. Suppose thatu = Зу. What isu x v? 
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59. Actual Speed and Direction of a Swimmer A swimmer 

(e can maintain a constant speed of 2 miles per hour. If the 
swimmer heads directly across a river that has a current 
moving at the rate of 5 miles per hour, what is the actual 
speed of the swimmer? (See the figure.) If the river is 1 mile 
wide, how far downstream will the swimmer end up 
from the point directly across the river from the starting 
point? 


— | 
Current ——-— 
— 


=з 
ve 


la 


Swimmer's 

direction OG PA 
? Direction 
OG - 
К of swimmer 


due to current 


CHAPTER 


Test Prep 


VIDEOS 


Chapter Test 


60. Static Equilibrium A weight of 2000 pounds is suspended 
from two cables, as shown in the figure. What are the tensions 
in the two cables? 


61. Computing Work Find the work done by a force of 5 pounds 
acting in the direction 60° to the horizontal in moving an 
object 20 feet from (0, 0) to (20, 0). 


62. Braking Load A moving van with a gross weight 
of 8000 pounds is parked on a street with a 5? grade. Find 
the magnitude of the force required to keep the van from 
rolling down the hill. What is the magnitude of the force 
perpendicular to the hill? 


The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
exercises. These videos are available in MyLab™ Math. 


In Problems 1—3, plot each point given in polar coordinates. 


«(5 2 (8-2 


3. [-4 z) 


4. Convert (2, 243 ) from rectangular coordinates to polar coordinates (r, 0), wherer > 0 and 0 < 0 < 2r. 


In Problems 5—7 convert the polar equation to a rectangular equation. Graph the equation. 


Ewa) 6. tanl = 3 


п rsin- o = 8 sind = + 


In Problems 8 and 9, test the polar equation for symmetry with 


respect to the pole, the polar axis, and the line 0. = 2: 


8. r?cos0 = 5 9. г = 5 siné cos?0 
In Problems 10—12, perform the given operation, where 
— 2(cos 177 H {зїп and w = 3( соз H i sin ZZ), 
36 36 90 90 
Write the answer in polar form and in exponential form. 
10. 2. п.” 12. w5 
z 


13. Find all the complex cube roots of —8 + 83i. Then plot 
them in the complex plane. 


In Problems 14-18, P, = (342, 74/2) and P, = (842, 242). 
14. Find the position vector v equal to BP. 
15. Find ||v|I. 
16. Find the unit vector in the direction of v. 
17. Find the direction angle of v. 


18. Write the vector v in terms of its vertical and horizontal 
components. 


In Problems 19-22, v, = 4i + 6j, v, = —3i 
and v, = 10i + 15j. 
19. Find the vector v, + 2v, — v,. 


6j v, = —8i + 4j, 


20. Which two vectors are parallel? 
21. Which two vectors are orthogonal? 
22. Find the angle between the vectors v, andv,. 


In Problems 23-25, use the vectors u = 2i — 3j + К and 
y = -i+ 3j + 2k. 

23. Find u x v. 

24. Find the direction angles for u. 


25. Find the area of the parallelogram that has u and v as 
adjacent sides. 


26. A 1200-pound chandelier is to be suspended over a large 
ballroom; the chandelier will be hung on two cables of 
equal length whose ends will be attached to the 
ceiling, 16 feet apart. The chandelier will be free-hanging 
so that the ends of the cable will make equal angles with 
the ceiling. If the top of the chandelier is to be 16 feet from 
the ceiling, what is the minimum tension each cable must 
be able to endure? 
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Cumulative Review 


1. Find the real solutions, if any, of the equation 6. Graph the function у = |In х|. 
222921 7. Graph the function у = |sin x}. 
2. Find an equation for the line containing the origin that Таро ооо y = Kina 1 
makes an angle of 30? with the positive x-axis. 9. Find the exact value оЁѕіп т! (-5 ү 
3. Find an equation for the circle with center at the point (0, 1) 10. Graph the equations x = 3 and y = 4 on the same set of 
and radius 3. Graph this circle. rectangular coordinates. 
4. What is the domain of the function f(x) = In(1 — 2x)? 11. Graph the equations г = 2 and 0 = 2 on the same set of 
5. Test the equation x? + y? = 2x* for symmetry with respect polar coordinates. 3 
to the x-axis, the y-axis, and the origin. 12. What are the amplitude and period of y = —4 cos(nx)? 


Chapter Projects 


1 


In 1903 the Wright brothers made the first controlled 
powered flight. The weight of their plane was approximately 
700 pounds (Ib). Newton's Second Law of Motion states 
that force = mass x acceleration (F = ma). If the 
mass is measured in kilograms (kg) and acceleration in 
meters per second squared ( m /s? ), then the force will be 
measured in newtons (N).[ Note: 1 N — 1 kg - m/s?.] 


Credit: Skycolors/Shutterstock 


І. Modeling Aircraft Motion Four aerodynamic forces act on an 5. Iflkg = 2.205 lb, convert the weight of the Wright 
airplane in flight: lift, weight, thrust, and drag. While an aircraft brothers’ plane to kilograms. 
is in flight, these four forces continuously battle each other. 6. Ifacceleration due to gravity isa = 9.80 m/s?, determine 
Weight opposes lift, and drag opposes thrust. See the diagram the force due to weight on the Wright brothers’ plane. 
below. In balanced flight at constant speed, the lift and weight 7. What must be true about the lift force of the Wright 


are equal, and the thrust and drag are equal. brothers’ plane for it to get off the ground? 


1. What will happen to the aircraft if the lift is held constant 8. The weight of a fully loaded Cessna 172P is 2400 Ib. What 
while the weight is decreased (say, from burning off fuel)? lift force is required to get this plane off the ground? 
2. What will happen to the aircraft if the lift is decreased 9 


hile th isht is held tant? The maximum gross weight of a Boeing 787 is 560,000 Ib. 
while the weight is held constant? 


What lift force is required to get this jet off the ground? 
3. What will happen to the aircraft if the thrust is increased 
while the drag is held constant? 


4. What will happen to the aircraft if the drag is increased 
while the thrust is held constant? 


The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 


П. Project at Motorola Signal Fades Due to Interference Complex trigonometric functions are used to ensure that a cellphone has 
optimal reception as the user travels up and down an elevator. 


III. Compound Interest The effect of continuously compounded interest is analyzed using polar coordinates. 


IV. Complex Equations Analysis of complex equations illustrates the connections between complex and real equations. At times, using 
complex equations is more efficient for proving mathematical theorems. 


Analytic Geometry 


The Orbit of Comet Hale-Bopp 


The orbits of Comet Hale-Bopp and Earth can be modeled using 
ellipses, the subject of Section 9.3. The Internet-based Project 
at the end of this chapter explores the possibility of Comet 


9.4 
9.5 


9.6 
9.7 
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Credit: Rawan Hussein/123RE.com 


Outline 


The Hyperbola 

Rotation of Axes; General 
Form of a Conic 

Polar Equations of Conics 
Plane Curves and Parametric 


Hale-Bopp colliding with Earth. 
( M ) — See the Internet-based Chapter Project I— 


9.1 Conics In the Foundations chapter, we introduced rectangular coordinates and showed how geometry 
9.2 The Parabola problems can be solved algebraically. We defined a circle geometrically and then used the 
9.3 The Ellipse distance formula and rectangular coordinates to obtain an equation for a circle. 


In this chapter, geometric definitions are given for the conics, and the distance formula and 
rectangular coordinates are used to obtain their equations. 
Historically, Apollonius (200 sc) was among the first to study conics and discover some 


Equations of their interesting properties. Today, conics are still studied because of their many uses. 
Chapter Review Paraboloids of revolution (parabolas rotated about their axes of symmetry) are used as signal 
Chapter Test collectors (the satellite dishes used with radar and dish TV, for example), as solar energy 


Cumulative Review 
Chapter Projects 


collectors, and as reflectors (telescopes, light projection, and so on). The planets circle the Sun 
in approximately elliptical orbits. Elliptical surfaces are used to reflect signals such as light and 
sound from one place to another. A third conic, the hyperbola, is used to determine the location 
of ships or sound sources, such as lightning strikes. 

The Greeks used Euclidean geometry to study conics. However, we use the more powerful 
methods of analytic geometry, which uses both algebra and geometry, for our study of conics. 

In Section 9.7, we introduce parametric equations, which allow us to represent graphs of 
curves that are not the graph of a function, such as a circle. 
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Nappes <— Vertex, V 


Figure 1 Right circular cone 


OBJECTIVE 1 Know the Names of the Conics (p. 699) 


1 Know the Names of the Conics 


The word conic derives from the word cone, which is a geometric figure that can be 
constructed in the following way: Let a and g be two distinct lines that intersect at 
a point V. Keep the line a fixed. Now rotate the line g about a, while maintaining 
the same angle between a and g. The collection of points swept out (generated) by 
the line g is called a right circular cone. See Figure 1. The fixed line a is called the 
axis of the cone; the point V is its vertex; the lines that pass through V and make 
the same angle with a as g are generators of the cone. Each generator is a line that 
lies entirely on the cone. The cone consists of two parts, called nappes, that intersect 
at the vertex. 

Conics, an abbreviation for conic sections, are curves that result from the 
intersection of a right circular cone and a plane. We discuss only conics formed where 
the plane does not contain the vertex. These conics are circles when the plane is 
perpendicular to the axis of the cone and intersects each generator; ellipses when 
the plane is tilted slightly so that it intersects each generator, but intersects only one 
nappe of the cone; parabolas when the plane is tilted farther so that it is parallel 
to one (and only one) generator and intersects only one nappe of the cone; and 
hyperbolas when the plane intersects both nappes. See Figure 2. 


Axis 


Generator 


(a) Circle (b) Ellipse (c) Parabola (d) Hyperbola 
Figure 2 


If the plane contains the vertex, the intersection of the plane and the cone is a 
point, a line, or a pair of intersecting lines. These are called degenerate conics. 

Conic sections are used in modeling many applications. For example, parabolas 
are used in describing searchlights and telescopes (see Figures 14 and 15 on 
page 705). Ellipses are used to model the orbits of planets and whispering chambers 
(see pages 715—716). And hyperbolas are used to locate lightning strikes and model 
nuclear cooling towers (see Problems 78 and 79 in Section 9.4). 
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а(Р, D) 


9.2 The Parabola 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Foundations, Section F.1, pp. 3-5) e Graphing Techniques: Transformations (Section 1.5, 


Symmetry (Foundations, Section E2, pp. 13-16) pp. 96-106) 


Square Root Method (Section 2.3, pp. 151-152) 


* Properties of Quadratic Functions (Section 2.4, 


Completing the Square (Appendix A, pp. 161-170) 
Section A.4, pp. A40-A41) 


“М. Now Work the ‘Are You Prepared?’ problems on page 706. 


Axis of symmetry 


a(F, P) 


И 


7 
"d 

F 

% 


Directrix D 


Figure 3 Parabola 


f 
7 


X 
Figure 4 


OBJECTIVES 1 Analyze Parabolas with Vertex at the Origin (p. 700) 


2 Analyze Parabolas with Vertex at ( h, К) (p. 703) 
3 Solve Applied Problems Involving Parabolas (p. 705) 


In Section 2.4, we learned that the graph of a quadratic function is a parabola. In this 
section, we give a geometric definition of a parabola and use it to obtain an equation. 


DEFINITION Parabola 


A parabola is the collection of all points P in a plane that are the same distance d 
from a fixed point F as they are from a fixed line D. The point F is called the 
focus of the parabola, and the line D is its directrix. As a result, a parabola is 
the set of points P for which 


d(F, P) = d(P, D) (1) 


Figure 3 shows a parabola (in blue). The line through the focus F and 
perpendicular to the directrix D is the axis of symmetry of the parabola. The point of 
intersection of the parabola with its axis of symmetry is the vertex V. 

Because the vertex V lies on the parabola, it must satisfy equation (1): 
d(F, V) = d(V, D).The vertex is midway between the focus and the directrix. We 
let a equal the distance d( F, V) from F to V. To derive an equation for a parabola, 
we use a rectangular system of coordinates positioned so that the vertex V, focus F, 
and directrix D of the parabola are conveniently located. 


Analyze Parabolas with Vertex at the Origin 

If we locate the vertex V at the origin (0, 0), we can conveniently position the focus F 
on either the x-axis or the y-axis. First, consider the case where the focus F is on 
the positive x-axis, as shown in Figure 4. Because the distance from F to V is a, the 
coordinates of F will be (a, 0) with a > 0. Similarly, because the distance from V to 
the directrix D is also a, and because D is perpendicular to the x-axis (since the x-axis 
is the axis of symmetry), the equation of the directrix Dis x — —a. 

Now,if P — (x, y)isany point on the parabola, then P satisfies equation (1): 


d(F, P) = d(P,D) 
So we have 


\/(х — a}? + (у— 0)? =|x+al 


(х- а)? + y? = (х + а) 


Use the Distance Formula. 


Square both sides. 


x? — 2ax + a? + у? = x? + 2ах + a? Multiply out. 


у? = 4ах Simplify. 


d 
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THEOREM Equation of a Parabola: Vertex at (0, 0), Focus at (a, 0),a > 0 


The equation of a parabola with vertex at (0, 0), focus at (a, 0), and directrix 
с meis sts 


у? = dax (2) 


Recall that a is the distance from the vertex to the focus of a parabola. When 
graphing the parabola y? = 4ax, it is helpful to determine the “opening” by finding 
the points that lie directly above and below the focus (a, 0). Do this by substituting 
x = ain y? = 4ax,so y? = 4a -a = 4a?, or у = +2a. The line segment joining 
the two points, (a, 2а) and (a, —2a), is called the latus rectum; its length is 4a. 


| €XAMPLE1 | Finding the Equation of a Parabola and Graphing It 


Find an equation of the parabola with vertex at (0, 0) and focus at (3, 0). Graph the 
equation. 


Solution The distance from the vertex (0, 0) to the focus (3, 0) isa = 3. Теп, the equation 
of the parabola is 


4ax Equation (2) 
у? = 12х a=3 


To graph the parabola, find the two points that determine the latus rectum by 
substituting x = 3. Then 


у? = 12х =12-3=36 x=3 
= +6 Solve for у. 


The points (3, 6) and (3, —6) determine the latus rectum. These points help graph 
the parabola because they determine the “opening.” See Figure 5. N 


Figure 5 y? — 12x : 
\ Now Work PROBLEM 23 


р COMMENT To graph the parabola By reversing the steps used to obtain equation (2), it follows that the graph of 
y? — 12x discussed in Example 1, an equation of the form y? — 4ax is a parabola; its vertex is at (0, 0), its focus is 
graph the two functions Y, = V12x at (a, 0), its directrix is the line x = —a, and its axis of symmetry is the x-axis. 
апа Y, = —V12x. Do this and compare For the remainder of this section, the direction “Analyze the equation” means to 
what you see with Figure 5. m find the vertex, focus, and directrix of the parabola and graph it. 

| EXAMPLE 2 | Analyzing the Equation of a Parabola 
Dx--2, Analyze the equation y? — 8x. 
А A 
5 = 


(2, 4) Solution The equation y? = 8xisoftheform y? = 4ax,where4a = 8,soa = 2. 
Consequently, the graph of the equation is a parabola with vertex at (0, 0) and focus 
on the positive x-axis at (а, 0) = (2, 0). The directrix is the vertical line a = 2 units 


Latus rectum 


Е = (2, 0) 


x to the left of the y-axis. That is, x = —2. The two points that determine the latus 
rectum are obtained by substituting x = 21п Ше equation y? = 8x. Then y? = 16, 
so y = +4. The points (2, —4) and (2, 4) determine the latus rectum. See Figure 6 
for the graph. D 


Figure 6 y? = 8x 
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Recall that we obtained equation (2) after placing the focus on the positive x-axis. 
Placing the focus on the negative x-axis, positive y-axis, or negative y-axis results in a 
different form of the equation for the parabola. The four forms of the equation of a 
parabola with vertex at (0, 0) and focus on a coordinate axis a distance a from (0, 0) 
are given in Table 1, and their graphs are given in Figure 7 Notice that each graph is 
symmetric with respect to its axis of symmetry. 


Table 1 Equations of a Parabola: Vertex at (0, 0); Focus on an Axis; a > 0 
Vertex Focus Directrix Equation Description 
Axis of symmetry is the x-axis, the parabola opens right 
Axis of symmetry is the x-axis, the parabola opens left 
Axis of symmetry is the y -axis, the parabola opens up 
(is concave up) 
Axis of symmetry is the y-axis, the parabola opens 
down (is concave down) 
Y Т 
Figure 7 (а) у2= 4ах (b) y^- —4ax (с) x? = 4ay (d) x? = —4ay 
Analyzing the Equation of а Parabola 
Yh Analyze the equation x? = —12y. 
6 - 
B Solution Тһе equation x? = —12y is of the form x? = —4ay, with a = 3. Consequently, 
P sicat NN the graph of the equation is a parabola with vertex at (0, 0), focus at (0, —3), and 
vC directrix the line у = 3. The parabola opens down (is concave down), and its axis of 


5 symmetry is the y-axis. To obtain the points defining the latus rectum, let у = —3. 
Bow Then x? = 36, so x = +6. The points (—6, —3) and (6, —3) determine the latus 
rectum. See Figure 8 for the graph. D 


F= (0, —3) 


TT # тт 
© 
| 
©? 
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Figure 8 x? = -12y 


Finding the Equation of a Parabola 


Find the equation of the parabola with focus at (0, 4) and directrix the line y — —4. 
Graph the equation. 


Solution А parabola whose focus is at (0, 4) and whose directrix is the horizontal 
line y = —4has its vertex at (0, 0). (Do you see why? The vertex is midway between 
the focus and the directrix.) Since the focus is on the positive y-axis at (0, 4), the 
equation of the parabola is of the form x? — 4ay, witha — 4. That is, 


x? = 4ay = 4-4y = 16у 
T 


L a=4 
—10- 


Substituting y = 4in the equation x? = 16yyields x? = 64,sox = +8.The points 
(8, 4) and (—8, 4) determine the latus rectum. Figure 9 shows the graph of x? = 16у. 
Figure 9 x? — 16y D 
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| EXAMPLES | Finding the Equation of a Parabola 


Solution 


Y 


Figure 10 уг = —8x 


NOTE Rather than memorizing Table 2, 
use transformations (shift horizontally 
h units, vertically k units) and the fact 
that a is the distance from the vertex to 
the focus to determine the parabola. m 


Table 2 


Find the equation of a parabola with vertex at (0, 0) if its axis of symmetry is the 


x-axis and its graph contains the point (-5, 2). Find its focus and directrix, and 
graph the equation. 


The vertex is at the origin, the axis of symmetry is the x-axis, and the graph contains 
a point in the second quadrant, so the parabola opens to the left. From Table 1, note 
that the form of the equation is 


у? = —4ax 
Because the point (-5, 2) is оп the parabola, the coordinates х = - y=2 
satisfy y? = —4ax. Substituting x = d and y — 2 into the equation leads to 
22 — 4a| 3 E tpe 
2 2 
do Solve for a. 
The equation of the parabola is 
у? = —4.2х = —8х 

The focus is (—2, 0) and the directrix is the line x = 2. Substituting x = —2 in the 
equation y? = —8x gives у = +4. The points (—2, 4) and (—2, —4) determine the 


latus rectum. See Figure 10. B 
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2 Analyze Parabolas with Vertex at (h, k) 


If a parabola with vertex at the origin and axis of symmetry along a coordinate axis 
is shifted horizontally Л units and then vertically k units, the result is a parabola with 
vertex at (Л, k) and axis of symmetry parallel to a coordinate axis. The equations of 
such parabolas have the same forms as those in Table 1, but with x replaced by x — h 
(the horizontal shift) and y replaced by y — k (the vertical shift). Table 2 gives the 
forms of the equations of such parabolas. Figures 11(a)-(d) on page 694 illustrate the 
graphs for h > 0, k > 0. 


Equations of a Parabola: Vertex at (h, К); Axis of Symmetry Parallel to a Coordinate Axis; a > 0 


Vertex Focus 


(h +a, К) 


(h — a, k) 


(А, k + a) 


(h, k — a) 


Directrix Equation Description 


(y — k = 4a(x — h) Axis of symmetry is parallel to the x-axis, the 


parabola opens right 


h) 


4a(x Axis of symmetry is parallel to the x-axis, the 


parabola opens left 


4a(y — k) Axis of symmetry is parallel to the y -axis, the 


parabola opens up (is concave up) 


k) 


Axis of symmetry is parallel to the y-axis, the 
parabola opens down (is concave down) 


4а(у 
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Axis of Axis of 
symmetry symmetry 
х=! x-h 


xY 


D:y=k-a 
F=(h,k- a) 


(а) (y— kK? = 4a(x — h) (b) (у – К)? = —4a(x — I) (с) (x— h? = 4a(y — K) (9) (x— hf = —4aly — k) 
Figure 11 


| EXAMPLE6 | Finding the Equation of a Parabola, Vertex Not at the Origin 


Find an equation of the parabola with vertex at (—2, 3) and focus at (0, 3). Graph 
the equation. 


Solution Тһе vertex ( —2, 3) and focus (0, 3) both lie on the horizontal line у = 3 (the axis 
of symmetry). The distance a from the vertex (—2, 3) to the focus (0, 3) isa = 2. 


Bic Because the focus lies to the right of the vertex, the parabola opens to the right. 
Á YA Consequently, the form of the equation is 
ony (у = К)? = 4a(x — h) 
Ё Axis of where (h, k) = (—2,3) anda = 2. Therefore, the equation is 


(y — 3)? = 4-2[x - (-2)] 
(y-3) = 8(х + 2) 


Figure 12 (y -3? = 8(x + 2) 


6 x Since the vertex is midway between the focus and the directrix, the line x = —4 is the 

а directrix of the parabola. To find the points that define the latus rectum, substitute 

- x = 0 in the equation (y — 3? = 8(x + 2). Then y 3 = +4, so y = –1 

Y =f or у = 7. The points (0, —1) and (0, 7) determine the latus rectum. See Figure 12. gy 
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Polynomial equations involving two variables define parabolas whenever they are 
quadratic in one variable and linear in the other. 


| EXAMPLE7 | Analyzing the Equation of a Parabola 


Analyze the equation x? + 4x — 4y = 0. 


Solution To analyze the equation x? + 4x — 4y = 0, complete the square involving the 
variable x. 


x? + 4х — 4y = 0 


Axis of x? + 4x = 4y Isolate the terms involving x on the left side. 
p У} x? + 4х +4 = 4у +4 Complete the square on the left side. 
= 4L 


В (x +2)? = 4(у + 1) Factor. 


The equation is of the form (x — hy = 4a(y — k), with Л = —2,k = —1, and 
a = 1. The graph is a parabola with vertex at (Л, К) = (—2, —1) that opens up 
(is concave up). The focus is a = 1 unit above the vertex at (—2, 0), and the 
directrix is the line y = —2. See Figure 13. _B 


Figure 13 x? + 4x – 4y = 0 \ Now Work PRoBLEM 5 1 
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3 Solve Applied Problems Involving Parabolas 


e Parabolas occur in many applications. For example, as discussed in Section 2.4, 
suspension bridges have cables in the shape of a parabola. Parabolas also have a 
reflecting property that is used in applications. 

A parabola that is rotated about its axis of symmetry generates a surface called a 
paraboloid of revolution. If a light (or any other emitting source) is placed at the focus 
of the parabola, all the rays emanating from the light will reflect off the paraboloid 
of revolution in lines parallel to the axis of symmetry of the parabola. This principle 
is used in the design of searchlights, flashlights, certain automobile headlights, and 
other such devices. See Figure 14. 

Conversely, suppose that rays of light (or other signals) emanate from a distant 
source so that they are essentially parallel. When these rays strike the surface of a 
parabolic mirror whose axis of symmetry is parallel to these rays, they are reflected 
to a single point at the focus. This principle is used in the design of some solar 
energy devices, satellite dishes, and the mirrors used in some types of telescopes. 
See Figure 15. 


Light at A 
focus /7; -A 


Len 
» 


--78 


À 


Figure 14 Searchlight Figure 15 Telescope 


EXAMPLE 8 Satellite Dish 


A satellite dish is shaped like a paraboloid of revolution. The signals that emanate 
from a satellite strike the surface of the dish and are reflected to a single point, where 
the receiver is located. If the dish is 8 feet across at its opening and 3 feet deep at its 
center, at what position should the receiver be placed? That is, where is the focus? 


Solution Figure 16(a) shows the satellite dish. On a rectangular coordinate system, draw the 
parabola used to form the dish so that the vertex of the parabola is at the origin and 
its focus is on the positive y-axis. See Figure 16(b). 


УА 
- s y 
E (4,3) 
F= (0, a) 
26 А 
ны шш. pq i г >] a 
USA = 0 2 4 x 
M Cable. = 
(a) (b) Satellite dish model 


Figure 16 


The form of the equation of the parabola is 


x? = 4ay 
(continued) 
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and its focus is at (0, a). Since (4, 3) is a point on the graph, this gives 


4? = Aq: 3 х2 = 40ух =4.y = 3 
4 


а = = Solve for a. 


The receiver should be located Е feet (1 foot, 4 inches) from the base of the dish, 
along its axis of symmetry. D 
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9.2 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The formula for the distance d from P, = (x4, y1) 
to P, = (xj, y,)isd = p.33 
2. To complete the square of x? — 4x, add ‚ (p. A40) 


3. Use the Square Root Method to find the real solutions of 
(x + 4)? = 9. (pp.151-152) 


Concepts and Vocabulary 


7. A(n) is the collection of all points in a plane that 
are the same distance from a fixed point as they are from 
a fixed line. The line through the focus and perpendicular 
to the directrix is called the of the 
parabola. 


8. For the parabola y? = 4ax, the line segment joining the two 

points (a, 2a) and (a, —2a) is called the 

== 9, Interactive Figure Exercise Exploring the Graph of a 

Parabola Open the “Parabola Left Right" interactive 

figure, which is available in the Video & Resource Library of 

MyLab Math (under Interactive Figures) or at bit.ly/3raFUGB. 

(a) Grab the directrix slider so that the directrix is x — —2. 
Grab the point F (the focus) and move to (4, 2). Check 
the box *Show Point on Parabola." Grab point P and 
move it around the Cartesian Plane. Notice the distance 
from P to F and the distance from P to the directrix 
is computed. Move P to the point (4, 8). What is the 
distance from P to F? 

(b) Continue to trace out the parabola. Notice the focus is 
to the right of the directrix. The parabola opens 
(up/down/left/right). 

(c) Whatis the distance,a, from the focus to the vertex? What 
is the distance, a, from the vertex to the directrix? 

(d) What are the coordinates of the vertex? Write your 
answer as an ordered pair. 

(e) Check the box *Show Parabola." What is the equation 
of the parabola? Write your answer in the form 
(y = k = 4а(х — h). 

(f) Reset the interactive figure by clicking Çh. Move the 
focus (point F) to(—8, 2). Change the directrix tox = 2. 
What are the coordinates of the vertex? 


4. The point that is symmetric with respect to the x-axis to the 


point (—2, 5) is - (pp. 13-14) 
5. To graph y = (x — 3)? + 1, shift the graphof y = x? to the 
right units and then 1 unit. (pp. 97-100) 
. The graph of y = (x — 3)? — 5 has vertex and 
axis of symmetry . (pp. 162-164) 


(g) Check the box “Show Point on Parabola.” Grab 
point P and move it around the Cartesian Plane. Notice 
the distance from P to F and the distance from P to the 
directrix is computed. Move P to the point (—8, —8). 
What is the distance from P to F? 

(h) Continue to trace out the parabola. Notice the focus is 
to the left of the directrix. The parabola opens 
(up/down/left/right). 

(i) Check the box “Show Parabola.” What is the equation 
of the parabola? Write your answer in the form 
(y = К)? = 4a(x — h). 


Interactive Figure Exercise Exploring the Graph of a 

Parabola Open the “Parabola Up Down" interactive figure, 

which is available in the Video & Resource Library of 

MyLab Math (under Interactive Figures) or at bit.ly/3raFUGB. 

(a) Use the sliders to set a to —2; Л to 0; k to 0. What are the 
coordinates of the vertex? What are the coordinates of 
the focus? What is the distance from the vertex to the 
focus? 

(b) Does the parabola open up or down? 

(c) Change a to 2, but leave Л and К set to 0. What are the 
coordinates of the vertex? What are the coordinates of 
the focus? What is the distance from the vertex to the 
focus? 

(d) Does the parabola open up or down? 

(e) Leave a set to 2. Change h to 1 and k to 3. What is the 
distance from the vertex to the focus? What are the 
coordinates of the vertex? What is the equation of 
the parabola? What is the equation of the directrix? 
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Answer Problems 11-14 using the figure shown to the right. 


11. Multiple Choice If a > 0, the equation of the parabola is of the form 


(а) (y —k)? = 4a(x — h) (b) (y = & = —4a(x — h) 
(с) (x — A)? = 4a(y — k) (d) (x — Л)? = —4a(y — k) 
12. The coordinates of the vertex are 
13. Multiple Choice If a = 4, then the coordinates of the focus are 
(а) (—1, 2) (b) (3, —2) (c) (7, 2) (d) (3, 6) 
14. True or False If a = 4, then the equation of the directrix is x = 3. 
Skill Building 
In Problems 15-22, the graph of a parabola is given. Match each graph to its equation. 
(A) y? = 4x (С) у? = —4х (Е) (y - 1? = 4(x - 1) 
(B) x? = 4y (D) x? = —4у (F) (x +1)? = 4(y +1) 
15. Y4 
PF фу 
=2 2 Xx 
—2 ы 
19. Va 
2 = 
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V=(3 
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‚2) 


(G) (y - 1? = -4(x - 1) 
(Н) (x + D? = -4(y +1) 


18. 


22. 


In Problems 23-40, find the equation of the parabola described. Find the two points that define the latus rectum, and graph the equation. 


М. 23. 


25. 


24. 
26. 


Focus at (4, 0) vertex at (0, 0) 
Focus at (0, —3); vertex at (0, 0) 


Focus at (0, 2); vertex at (0, 0) 
Focus at (—4, 0); vertex at (0, 0) 


27. Focus at (—2, 0); directrix the line x = 2 28. Focus at (0, —1); directrix the line y = 1 
29. Directrix the line y = -y vertex at (0, 0) 30. Directrix the line x — -y vertex at (0, 0) 
N 31. Vertex at (0, 0); axis of symmetry the y-axis; containing the 32. Vertex at (0, 0); axis of symmetry the x-axis; containing the 


point (2, 3) 
Vertex at (2, —3); focus at (2, —5) 


point (2, 3) 


\ зз, 


. Vertex at (4, —2); focus at (6, —2) 


48. (y +1)? = -4(x - 2) 


35. Vertex at ( —1, —2); focus at (0, —2) 36. Vertex at (3, 0); focus at (3, —2) 

37. Focus at ( —3, 4); directrix the line y — 2 38. Focus at (2, 4); directrix the line x = —4 

39. Focus at (—3, —2); directrix the line x = 1 40. Focus at (—4, 4); directrix the line y — —2 
In Problems 41—58, find the vertex, focus, and directrix of each parabola. Graph the equation. 

41. x? — 4y 42. y? — 8x 43. y? = —16x 44. x? = —4y 

45. (у — 2)? = 8x +1) 46. (x + 4 = 16(y + 2) 47. (x — 3)? = -(y +1) 

49. (у +3)? = 8(x – 2) 50. (x — 2)? = 4(y – 3) 51. y? — 4у + 4х +4 = 0 


53. x? + 8x = 4y – 8 
57. x? — 4х = у+4 


54. y? — 2y = 8x – 1 55. y? -2y— x = 0 


58. y? + 12у = —x +1 


In Problems 59-66, write an equation for each parabola. 


59. УА 60. УА 61. УА 
(1, 2) 
27 7,2) d 2r 
L (2,1 

0,1) d 2,1) 

| П г> | 1 l Па > | П 1 

=2 X —2 2 XX —2 (1, 0) 
-2r —2r z2r 


52. x? + бх - 4у +1 = 0 
56. x? — 4х = 2y 


62. 
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63. 


А 64. у 
2r 2 
2,2) 

w (0, 1) 
| I аа »- L | Doy 
—2 2 X —2 2 X 

| (t, -1) 
-2- -2 


Applications and Extensions 


67. Suspension Bridge The cables of a suspension bridge are in 


68. 


69. 


70. 


Мол. 


72. 


73. 


the shape of a parabola, as shown in the figure. The towers 
supporting the cable are 600 feet apart and 80 feet high. If 
the cables touch the road surface midway between the 
towers, what is the height of the cable from the road at a 
point 150 feet from the center of the bridge? 


—150 ft —- 
600 ft 


Suspension Bridge The cables of a suspension bridge are 
in the shape of a parabola. The towers supporting the cable 
are 400 feet apart and 100 feet high. If the cables are at a 
height of 10 feet midway between the towers, what is the 
height of the cable at a point 50 feet from the center of the 
bridge? 

Parabolic Arch Bridge A bridge is built in the shape of a 
parabolic arch. The arch has a span of 120 feet and a maximum 
height of 25 feet above the water. See the figure. Choose a 
suitable rectangular coordinate system and find the height of 
the arch at distances of 10, 30, and 50 feet from the center. 


Parabolic Arch Bridge A bridge is to be built in the shape of 
a parabolic arch and is to have a span of 100 feet. The height 
of the arch a distance of 40 feet from the center is to be 
10 feet. Find the height of the arch at its center. 


Satellite Dish A satellite dish is shaped like a paraboloid of 
revolution. The signals that emanate from a satellite strike 
the surface of the dish and are reflected to a single point, 
where the receiver is located. If the dish is 10 feet across at its 
opening and 4 feet deep at its center, at what position should 
the receiver be placed? 


Constructing a TV Dish A cable TV receiving dish is in the 
shape of a paraboloid of revolution. Find the location of 
the receiver, which is placed at the focus, if the dish is 6 feet 
across at its opening and 2 feet deep. 


Constructing a Flashlight The reflector of a flashlight is 
in the shape of a paraboloid of revolution. Its diameter is 
4 inches and its depth is 1 inch. How far from the vertex 
should the light bulb be placed so that the rays will be 
reflected parallel to the axis? 


65. Y4 66. y 
2r 2 
(0,1) (0, 1) 
L Doy l (1,0) = 
(2,0) = =e ^4 
-2r -2 


74. Constructing a Headlight A sealed-beam headlight is in 
the shape of a paraboloid of revolution. The bulb, which is 
placed at the focus, is 1 inch from the vertex. If the depth 
is to be 2 inches, what is the diameter of the headlight at 
its opening? 

75. Searchlight A searchlight is shaped like a paraboloid of 
revolution. If the light source is located 2 feet from the base 
along the axis of symmetry and the opening is 5 feet across, 
how deep should the searchlight be? 


76. Searchlight A searchlight is shaped like a paraboloid of 
revolution. If the light source is located 2 feet from the base 
along the axis of symmetry and the depth of the searchlight 
is 4 feet, what should the width of the opening be? 


TT. Solar Heat A mirror is shaped like a paraboloid of revolution 
and will be used to concentrate the rays of the sun at its 
focus, creating a heat source. See the figure. If the mirror is 
20 inches across at its opening and is 6 inches deep, where 
will the heat source be concentrated? 


78. Reflecting Telescope A reflecting telescope contains a 
mirror shaped like a paraboloid of revolution. If the mirror 
is 4 inches across at its opening and is 3 inches deep, where 
will the collected light be concentrated? 


79. Gateway Arch The Gateway Arch in St. Louis is often 
mistaken to be parabolic in shape. In fact, it is a catenary, 
which has a more complicated formula than a parabola. The 
Arch is 630 feet high and 630 feet wide at its base. 

(a) Find the equation of a parabola with the same 
dimensions. Let x equal the horizontal distance from the 
center of the arch. 

(b) The table below gives the height of the Arch at various 
widths; find the corresponding heights for the parabola 
found in (a). 


Width (ft) 


Height (ft) 


(c) Do the data support the notion that the Arch is in the 
shape of a parabola? 


Source: gatewayarch.com 
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80. Show that an equation of the form (c) Is two vertical lines if E = 0 and D? — 4AF > 0. 
Ax? + Ey = 0 А =0,Е=0 (d) Contains no points if Е = 0 and D? — 4AF < 0. 
83. Challenge Problem Show that the graph of an equation of 
the form 


Cy? + Dx + Еу + Е = 0 С = 0 


is the equation of a parabola with vertex at (0, 0) and axis of 
symmetry the y-axis. Find its focus and directrix. 


81. Show that an equation of the form 


Cy! + Dx = 0 Cz0D—z0 (a) Is a parabola if D = 0. 
(b) Is a horizontal line if D = 0 and E? — 4CF = 0. 
is the equation of a parabola with vertex at (0, 0) and axis of (c) Is two horizontal lines if D = 0 and E? — 4CF > 0. 
symmetry the x-axis. Find its focus and directrix. (d) Contains no points if D = 0 and E? — АСЕ « 0. 
82. Challenge Problem Show that the graph of an equation of 84. Challenge Problem Let A be either endpoint of the latus 
the form rectum of the parabola y? — 2y — 8x + 1 = 0, and let V 
Ax? + Dx + Ey - F = 0 A20 be the vertex. Find the exact distance from A to УЛ 
(a) Is a parabola if E = 0. *Courtesy of the Joliet Junior College Mathematics Department 


(b) Is a vertical line if E = 0 and D? — 4AF = 0. 


Retain Your Knowledge 


Problems 85—94 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


85. Forx = 9y? — 36, list the intercepts and test for symmetry. 91. In 1978, Congress created a gas guzzler tax on vehicles with 
86. Solve: 4*+! = gx-1 a fuel economy of less than 22.5 miles per gallon (mpg). 

| Bg . Today, a car getting 20 mpg has a tax of $1700 and a car 
87. Given tan? = 7$2* 0 < m, find the exact value of getting 15 mpg has a tax of $4500. If the tax decreases 


each of the remaining trigonometric functions. exponentially as fuel economy increases, determine the 
tax on a vehicle getting 13 mpg to the nearest $100. 


| . A13 
. Find the exact value: tan| cos-! (-5)) X92 


. Given f(x) = In(x + 3), find the average rate of change 


1 of f from 1 to 5. 
. Find the exact distance between the points | —3, 5) and 


| 2 _ s) 93. Express 4 cm as a single trigonometric function. 


3 
. Find the standard form of the equation of a circle with radius 94. Solve: |x? — 5x| - 2 = 4 
V6 and center ( —12, 7). 


‘Are You Prepared?’ Answers 


La; XJ 4g») 2.4 3. (-7, -1} 4. (—2, —5) 5. 3up 6. (3, 55x = 3 


9.3 The Ellipse 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Foundations, Section F.1, pp. 3-5) * Symmetry (Foundations, Section E2, pp. 13-16) 

Completing the Square (Appendix A, Section A.4, * Circles (Foundations, Section Е4, pp. 36—39) 

pp. A40-A41) * Graphing Techniques: Transformations (Section 1.5, 
* Intercepts (Foundations, Section E2, pp. 12-13) pp. 96-106) 


М. Now Work the ‘Are You Prepared?’ problems on page 716. 


OBJECTIVES 1 Analyze Ellipses with Center at the Origin (p. 710) 
2 Analyze Ellipses with Center at (h, К) (p. 713) 
3 Solve Applied Problems Involving Ellipses (p. 715) 


DEFINITION Ellipse 


An ellipse is the collection of all points in a plane the sum of whose distances 
from two fixed points, called the foci, is a constant. 
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*Y 


Figure 18 


The definition contains within it a physical means for drawing an ellipse. Find a 
piece of string (the length of the string is the constant referred to in the definition). 
Then take two thumbtacks (the foci) and stick them into a piece of cardboard so that 
the distance between them is less than the length of the string. Now attach the ends 
of the string to the thumbtacks and, using the point of a pencil, pull the string taut. 
See Figure 17 Keeping the string taut, rotate the pencil around the two thumbtacks. 
The pencil traces out an ellipse, as shown in Figure 17 

In Figure 17 the foci are labeled F, and F,. The line containing the foci is called the 
major axis. The midpoint of the line segment joining the foci is the center of the ellipse. 
The line through the center and perpendicular to the major axis is the minor axis. 

The two points of intersection of the ellipse and the major axis are the vertices, 
V, and V,, of the ellipse. The distance from one vertex to the other is the length of 
the major axis. The ellipse is symmetric with respect to its major axis, with respect to 
its minor axis, and with respect to its center. 


1 Analyze Ellipses with Center at the Origin 


With these ideas in mind, we are ready to find the equation of an ellipse in a 
rectangular coordinate system. First, place the center of the ellipse at the origin. 
Second, position the ellipse so that its major axis coincides with a coordinate axis, say 
the x-axis, as shown in Figure 18. If c is the distance from the center to a focus, one 
focus will be at А = (—c, 0) and the other at F, = (c, 0). 

As we shall see, it is convenient to let 2a denote the constant distance referred 
to in the definition. Then, if P — (x, y)is any point on the ellipse, 


d(F,, P) -- d(Fj, Р) = 2а The sum of the distances from P 


to the foci equals a constant, 2a. 


(x + c)? + y? + V(x — С) + y? = 2a Use the Distance Formula. 


V(x + c» + y? = 2а – V(x – с)? + у? Isolate one radical. 
(x +c)? + у? = 4a? — Aad(x – c + y? Square both sides. 
+ (х= с)? + у? 


x? + 2cx + c? + y? = 4a? — 4а(х — с)? + y? Multiply out. 


+x? – 2сх +c? + у? 
4cx — 4a? = —4aJ(x – с)? + у? Simplify; isolate the radical. 
cx — а? = —ad(x — с)? + у? Divide both sides by 4. 


(cx – а?)? = а?|(х ay ч у? | Square both sides again. 


c?x? — 2a?cx + a^ = а? (х? – 2сх +c? + y?) Multiply out. 
(c? — a?)x? — а?у? = а?с? — a4 Rearrange the terms. 
(a? — c?)x? + а?у? = a? (a? — c?) Multiply both sides by —1; (1) 
factor out a? on the right side. 
To obtain points on the ellipse that are not on the major axis, we must havea > c. 
To see why, look again at Figure 18. Then 
d(F,, P) + d(F, P) а(Е, Е,) The sum of the lengths of any two sides ofa | 
triangle is greater than the length of the third side. 
2a > 2c d(F,, P) + d(F,, P) = 2a; d(F,, Fy) = 2c 


a>c 


Because a > c > 0, this means a? > c2,s0a? — c? > 0.Letb? = a? — c2,b > 0. 
Thena > band equation (1) can be written as 


b2x2 + а?у? = a2b? 
х2 у? 


PORE —1 Divide both sides by a?b?. 
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The graph of the equation has symmetry with respect to the x-axis, the y-axis, 
and the origin. 
Because the major axis is the x-axis, the vertices lie on the x-axis. So the vertices 


2 
satisfy the equation I = 1, the solutions of which are x = +a. Consequently, the 
a 


vertices of the ellipse are V, = (—a, 0)andV, = (a, 0). The y-intercepts of the ellipse, 
found by substituting x = 0 in the equation, have coordinates (0, —b) and (0, b). 
The four intercepts,(a, 0), (—a, 0), (0, b), and(0, —b), are used to graph the ellipse. 


THEOREM Equation of an Ellipse: Center at (0, 0); Major Axis Along 
the x-Axis 


An equation of the ellipse with center at (0, 0), foci at (—c, 0) and (c, 0), and 
vertices at ( Ca, 0) and (a, 0) is 


Figure 19 x + 5 -1a»5b50 The major axis is the x-axis. See Figure 19. 
Notice in Figure 19 the points (0, 0), (c, 0), and (0, 5) form a right triangle. 
Because b? = a? — c?(or b? + c? = a?), the distance from the focus at (c, 0) to 
the point (0, 5) is a. 
This can be seen another way. Look at the two right triangles in Figure 19. They 
are congruent. Do you see why? Because the sum of the distances from the foci to a 
point on the ellipse is 2a, it follows that the distance from (c, 0) to(0, b) is a. 


Finding an Equation of an Ellipse 


Find an equation of the ellipse with center at the origin, one focus at (3, 0), and a 
vertex at (—4, 0). Graph the equation. 
Solution Тһе ellipse has its center at the origin, and since the given focus and vertex lie on 
the x-axis, the major axis is the x-axis. The distance from the center, (0, 0), to one 
Yh of the foci, (3, 0), is с = 3. The distance from the center, (0, 0), to one of the 
5r vertices, (—4, 0),isa = 4. From equation (2), it follows that 
b?—a?—c?—16-9-27 
so an equation of the ellipse is 
x? у 
Сте: AR 
16 * 7 
Figure 20 shows the graph. B 


In Figure 20, the intercepts of the equation are used to graph the ellipse. Following 
this practice makes it easier to obtain an accurate graph of an ellipse. 


—5r- 


Figure 20 x +0 =1 \ Now Work PRoBLEM 29 


te COMMENT The intercepts of the ellipse also provide information about how to set the viewing 
rectangle for graphing an ellipse. To graph the ellipse 
х2 y? 
СЕТ ыш“ 
16 T 7 
set the viewing rectangle using a square screen that includes the intercepts, 
perhaps —4.8 € x € 4.8, —3 € y < 3. Then solve the equation for y: 


х2 у? 


La] 
16 T 7 
y? x? x? Р 
— =1- Subtract — from both sides. 
7 16 16 
2 
у= 7(1 — x<) Multiply both sides by 7. 
2: 
= + 71 — x) Use the Square Root Method. 
4 16 3 (continued) 
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М = 7(1 Ш ra) Now graph the two functions 
NORMAL FLOAT AUTO REAL RADIAN/ MP ñ 2 2 
3 v, = Jr - 4) andy, = – 701-5) 
16 16 
Figure 21 shows the result on a TI-84 Plus CE. a 
74.8 4.8 
d For the remainder of this section, the direction ^Analyze the equation" means to 
iS find the center, major axis, foci, and vertices of the ellipse and graph it. 
2 
њ= –ү7(1- fe) 
Figure 21 
Analyzing the Equation of ап Ellipse 
2 2 
Analyze the equation = + 2 = 1. 
У a 25 9 


Solution Тһе equation is of the form of equation (2), witha? = 25andb? = 9.The equation 
is that of an ellipse with center at (0, 0) and major axis along the x-axis. The vertices 
are at (+a, 0) = (+5, 0). Because b? = a? — c?, this means 

с2 = а? – ? = 25 – 9 = 16 


The foci are at (+c, 0) = (+4, 0). The y-intercepts are (0, +b) = (0, +3). 
Figure 22 shows the graph. 


i R 
Figure 22 55 + 9 =1 B 


A Now Work PRoBLEM 19 


If the major axis of an ellipse with center at (0, 0) lies on the y-axis, the foci are 
at(0, —c)and(0, c). Using the same steps as before, the definition of an ellipse leads 
to the following result. 


THEOREM Equation of an Ellipse: Center at (0, 0); Major Axis Along 
the y-Axis 


An equation of the ellipse with center at (0, 0), foci at (0, —c) and (0, c), and 
vertices at (0, —a) and (0, a)is 


The major axis is the y-axis. 
(~b, 0) 
Figure 23 illustrates the graph of such an ellipse.A gain, notice the right triangle formed 
by the points at (0, 0),(b, 0), апа (0, c),sothata? = b? + c? (or b? = a? — c?). 
Look closely at equations (2) and (3). Although they may look alike, there 
is a difference! In equation (2), the larger number, a?, is in the denominator of 
Figure 23 x + ye zd es d edd the x? егт, so the major axis ofthe ellipse is along the x-axis. In equation (3), the larger 
b а number, a’, is in the denominator of the y?-term, so the major axis is along the y-axis. 


Fi = (0, =0) 
V, = (0, —a) 
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Analyzing the Equation of an Ellipse 


Analyze the equation 9x? + y? = 9. 


Solution Тори the equation in proper form, divide both sides by 9. 


ИЛ 
31 Vy = (0,3) 2 
x? + i-e 
F = (0,2V2) 
The larger denominator, 9, is in the y?-term so, based on equation (3), this is the 
ERE p . equation of an ellipse with center at the origin and major axis along the y-axis. 
-3 (71,0) (1,0) 3 x Also, а? = 9, b? = 1, and c? = a? — b? = 9 —1 = 8. The vertices are 
at (0, +a) = (0, +3), and the foci are at (0, tc) = (0, +242). The x-intercepts 
F, = (0, -2N2) are at (+b, 0) = (+1, 0). Figure 24 shows the graph. B 
“STK = 0, -3) A Now Work PRoBLEM 23 


Figure 24 9x? + y? = 9 


Finding an Equation of an Ellipse 


Find an equation of the ellipse having one focus at (0, 2) and vertices at (0, —3) 
and (0, 3). Graph the equation. 


Solution Plot the given focus and vertices, and note that the major axis is the y-axis. Because 
the vertices are at (0, —3) and (0, 3), the center of the ellipse is at their midpoint, 


Yh the origin. The distance from the center, (0, 0), to the given focus, (0, 2),isc = 2. 
Fp = (0,2) 3412 = (0,3) The distance from the center, (0, 0), to one of the vertices, (0, 3), is a = 3. 
Sob? = a? — c? = 9 — 4 = 5.The form of the equation of the ellipse is given by 
equation (3). 
(75,0) (5,0) х? | y si 
-3 3x b? а? 
x2 у? 
Nope 1 
5 9 
ib ЪЗ? = (0, 3) Figure 25 shows the graph. D 
Figure 25 XÉ =1 N Now Work PRoBLEM 31 


A circle may be considered a special kind of ellipse. To see why, let a = b in 
equation (2) or (3). Then 


x? y 
a? a? 
x24 y2 =a 


= 1 


This is the equation of a circle with center at the origin and radius a. The value of c is 


с2 = а? — Ь? = 0 
T 
a=) 


This indicates that the closer the two foci of an ellipse are to the center, the more the 
ellipse will look like a circle. 


2 Analyze Ellipses with Center at (h, k) 


If an ellipse with center at the origin and major axis coinciding with a coordinate 
axis is shifted horizontally Л units and then vertically k units, the result is an ellipse 
with center at (Л, k) and major axis parallel to a coordinate axis. The equations of 
such ellipses have the same forms as those given in equations (2) and (3), except that 
x is replaced by x — h (the horizontal shift) and y is replaced by y — k (the vertical 
shift). Table 3 on the next page gives the forms of the equations of such ellipses, and 
Figure 26 on the next page shows their graphs. 
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NOTE Rather than memorizing Table 3, 
use transformations (shift horizontally 


h units, vertically К 


Table 3 


Equations of an Ellipse: Center at (h, К); Major Axis Parallel to a Coordinate Axis 
Center Major Axis Foci Vertices Equation 


І (х= 27 (у =)? _ 
units), along with the (h, k) Parallel to the x-axis (h + с, k) Z + Б? 1 


facts that a represents the distance from (he E) AES [у> ande bz 


the center to the vertices, с represents 
the distance from the center to the foci, 


and b? = a? —c?( 


(х = А)? y-k’ 
b? F а? 3 


ieee (А, k) Parallel to the y-axis (h, k + c) 


(h, k — c) @ m [б > (0 emel fe 


YA Major axis 
І 
^ (h, k+ a)! 
(h, k + с) 
(п = с, Ю (h+ c, k) 
Major axis " К 
(h —a,k) (h +a, K) 7 
> (h, k — с) 
X (h, k — a) 
2 hy = 2 y= п? =k 2 
Figure 26 (a) amen (b) ( = zs = 


Finding an Equation of an Ellipse, Center Not at the Origin 


Find an equation of the ellipse with center at (2, —3), one focus at (3, —3), and one 
vertex at (5, —3). Graph the equation. 


Solution The center is at(h, К) = (2, —3),soh = 2andk = —3.Note that the center, focus, 
and vertex all lie on the line y = —3. Therefore, the major axis is parallel to the x-axis. 
The distance from the center (2, —3) to a focus (3, —3) isc = 1; the distance from 
the center (2, —3) to a vertex (5, —3)isa = 3.Thenb? = a? — с? = 9 – 1 = 8. 
The form of the equation is 


x-hy (y-k? _ 
a? < b? B 


(x-2 | (y+3¥ _, 
9 8 


1 


h= 2, b= 3, a? = 9,Ь? =8 


The major axis is parallel to the x-axis, so the vertices are a = 3 units left and 


YA right of the center (2, —3). Therefore, the vertices are 
2-  (2,-3 + 212) 
E. V 2(2-3,-3)2(-1-3) and У, =(2+3,—3) = (5, -3) 
Lg pq. IIi, 
-2 6 x Note that the vertex (5, —3) agrees with the information given in the problem. 
(3, =3) Since с = 1 and the major axis is parallel to the x-axis, the foci are 1 unit left and 


|, = (5, —3) right of the center. Therefore, the foci are 


F, = (2-1,-3) = (1, -3) and F, = (2 + 1, —3) = (3, -3) 


\ Finally, use the value of b = 24/2 to find the two points above and below the center. 
Bogen (3 3-52) аай 3490) 


Figure 27 X E 


E LUcm a : | ' 
pu 8 l Use these two points and the vertices to obtain the graph. See Figure 27 B 


\ Now Work PROBLEM 57 
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| EXAMPLES | Analyzing the Equation of an Ellipse 


Analyze the equation 4x? + y? — 8x + 4y +4 = 0. 
Solution — Complete the squares in x and in у. 


4х2 2—8 4 4=0 
“у “а Group like variables; place the 


4x? — 8х + y? + 4у = —4 constant оп the right side. 


Factor out 4 from the first 
2 E 2 L — 
A(x 2x) T (y 4y) * two terms. 


4(x? — 2x +1) (у? + Ay + 4) = –4 + 4 + 4 Complete each square. 
4(х—1)°+(у+2)° 4 Еасїог. 


L 2 
(х= 1)? + Е = 1 Divide both sides by 4. 


This is the equation of an ellipse with center at (1, —2) and major axis parallel 
to the y-axis. Since a? = 4 and b? = 1, we have c? = а? – b? = 4—1 = 3. The 
vertices are at (h, k + a) = (1, -2 + 2), or (1, —4) and (1, 0). The foci are at 
(h, k +c) = (1, —2 + V3), or (1,-2 – V3) and (1, —2 + V3). Figure 28 
shows the graph. E 


Figure 28 
4x2 + y? - 8x + 4у +4 0 \ Now Work PRoBLEM 49 


3 Solve Applied Problems Involving Ellipses 


o Ellipses are found in many applications in science and engineering. For example, the 
orbits of the planets around the Sun are elliptical, with the Sun's position at a focus. 
See Figure 29. 


Jupiter 


= 


Asteroids’. 


Figure 29 Elliptical orbits 


Stone and concrete bridges are often shaped as semielliptical arches. Elliptical 
gears are used in machinery when a variable rate of motion is required. 

Ellipses also have an interesting reflection property. If a source of light (or sound) 
is placed at one focus, the waves transmitted by the source will reflect off the ellipse 
and concentrate at the other focus. This is the principle behind whispering galleries, 
which are rooms designed with elliptical ceilings. A person standing at one focus of 
the ellipse can whisper and be heard by a person standing at the other focus, because 
all the sound waves that reach the ceiling are reflected to the other person. 


| EXAMPLE 7 | A Whispering Gallery 


The whispering gallery in the Museum of Science and Industry in Chicago can be 
modeled by the top half of a three-dimensional ellipse, which is called an ellipsoid. 
The gallery is 473 feet long. The distance from the center of the room to the foci 
is 20.3 feet. Find an equation that describes the shape of the room. How high is the 
room at its center? 


Source: Chicago Museum of Science and Industry Web site; www.msichicago.org 
(continued) 
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(—23.65, 0) 
Y 


Figure 30 Whispering gallery model 


Solution 


(23.65, 0) 

LI I je] i=. 
j 25 х 

(20.3, 0) 


-25 \ 
(—20.3, 0) 


9.3 Assess Your Understanding 


Set up a rectangular coordinate system so that the center of the ellipse is at the origin 
and the major axis is along the x-axis. The equation of the ellipse is 


x2 у? 


qo. 


Since the length of the room is 473 feet, the distance from the center of the room to 


47.3 


each vertex (the end of the room) will be D = 23.65 feet;so а = 23.65 feet. The 


distance from the center of the room to each focusisc — 20.3 feet. See Figure 30. 
Because b? = a? — c?, this means that b? = 23.65? — 20.32 = 147.2325. An 
equation that describes the shape of the room is given by 


x? y? 


23.65? 
The height of the room at its center is b. = 147.2325 х= 12.1 feet. 
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E 
+ 147.2325 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. 


The distance d from Р, = (2, —5) to Р, = (4, —2) is 
d= . (pp. 3-4) 


. To complete the square of x? — 3x, add ‚ (p. A40) 
. Find the intercepts of the graph of y? = 16 — 4x?. 


(р. 13) 


. The point symmetric with respect to the y-axis to the point 


(—2, 5)is . (pp. 13-14) 


Concepts and Vocabulary 


7. 


AL. Now Work 


A(n) is the collection of all points in a plane the 
sum of whose distances from two fixed points is a constant. 


. Multiple Choice For an ellipse, the foci lie on a line called 


the 
(a) minor axis 
(c) directrix 


(b) major axis 
(d) latus rectum 


Interactive Figure Exercise Exploring the Graph of an 

Ellipse Open the “Ellipse” interactive figure, which is 

available in the Video & Resource Library of MyLab Math 

(under Interactive Figures) or at bit.ly/3raFUGB. 

(a) Uncheck the box “Equation of Ellipse.” Grab the point А, 
which represents a focus of an ellipse, and move the 
point F, to( —2, 2). Grab the point F, , which represents the 
other focus of an ellipse, and move the point F, to(6, 4). 
What is the center of the ellipse? Write your answer as 
an ordered pair. Confirm the center of the ellipse is at 
the midpoint of the two foci. 

(b) Click *Show Trace." Grab Point A and move it around 
the Cartesian plane. Complete a trace of the entire 
ellipse. What is the sum of the distances from the foci to 
any point on the ellipse? 

(c) Hit the reset button (С) on the interactive figure 
(upper-right corner). Uncheck the box “Equation of 
Ellipse.” Move the point F, to (—4, 0) and move the 


@ 1. Modeling 1. Writing 


qu 1. Graphing Tech 


5. To graph y = (x + 1)? — 4, shift the graph of y = x? to the 


. . unit(s) and then 
(left/right) 
(pp. 97-100) 


unit(s). 
(up/down) 


6. The standard equation of a circle with center at (2, —3) and 


radius 1 is . (pp. 36-37) 


point F, to (4, 0). Click “Show Ellipse.” The value of a 
is defined as the distance from the center of the ellipse 
to either vertex (V; or V, ). What is the value of a? 

(d) From the question in part (c), notice that the sum of the 
distances from the foci to any point on the ellipse is 2a. 
What is the value of c, the distance from the center to 
either focus? 

(e) The major axis is the line drawn through the foci of the 
ellipse. We define b as the distance from the center to 
points on the ellipse directly above and below the center 
(when the major axis is parallel to, or on, the x-axis). 
What is the value of b? 

(f) How are a,b, and c related to each other? 
© @tib? (2 
© 7-с? =Ь% 

«* g2 =c% p 

(g) Click “Equation of Ellipse.” Notice the value of a? is 
the denominator of the x?-term and the value of b? is 
the denominator of the y?-term. Now move F, to (0, 3) 
and F, to (0, —3). What is the value of a? What is the 
value of c? What is the value of b? 

(h) What is the equation of the ellipse drawn in part (g)? 
What do you notice about the denominators of the 
x?-term and y?-term? 


Х Calculus Preview == 1. Applet-Based 


== 10. Interactive Figure Exercise Exploring the Graph of an 


Ellipse Open the “Ellipse” interactive figure, which is 
available in the Video & Resource Library of MyLab Math 
(under Interactive Figures) or at bit.ly/3raFUGB. 

(a) Check the box “Show Ellipse.” Move F, to(—1, —3) and 
Р, to (7, —3). Look at the equation of the ellipse and 
note the center. What is the value of a? What is the value 
of b? What is the major axis? Note the denominators in 
the equation of the ellipse. 

Move F, to (2, 3) and F, to (2, —3). Look at the 
equation of the ellipse and note the center. What is the 
value of a? What is the value of b? What is the major 
axis? Note the denominators in the equation of the 
ellipse. 


(b) 


п. 


12. 


13. 


14. 
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2: 2 
For the ellipse P + as — ], the vertices are the points 
and 
: x2 у? à 
For the ellipse 28 + g^ 1, the value ofa is  ,thevalue 
of b is ‚апа the major axis is the -axis. 


If the center of an ellipse is(2, —3), the major axis is parallel 
to the x-axis, and the distance from the center of the ellipse 
toavertexisa = 4 units, then the coordinates of the vertices 
are and 


Multiple Choice If the foci of an ellipse are (—4, 4) 
and (6, 4), then the coordinates of the center of the ellipse 
are : 


(c) If the major axis is parallel to the x-axis, then the (а) к s > т 
equation of the ellipse is of the form: ©) (1,0) @) (5, 
2 
e et Ok а 
а? b? 
2 
‚ Bat Ok 14 
b? a? 
Skill Building 
In Problems 15-18, the graph of an ellipse is given. Match each graph to its equation. 
2 2 2 2 2 2 
А) х +у2=1 (В) х2 +2 =1 BP (ру ї 
(A) E+ y B) X (oT (D) 2 +2 
15. Y4 16. Yh 17. Y4 18. Va 
4r 3r 3r 
> L1 DIY. L1 |_|, П Шы 
X —4 4 x -3 3x -3 3x 
-4r -3r -8r 
In Problems 19—28, analyze each equation. That is, find the center, vertices, and foci of each ellipse and graph it. 
2 2 2 2 2 2 2 
ou 27 aa w. 2+% —1 21. “+7 —1 2.024% = Ҹ 23, 4x2 + y? = 16 
25 4 9*4 9 ' 25 * T 16 кк? 
24. x? + 9y? = 18 25. 4y? + x? = 8 26. 4у2 + 0x? = 36 27. x? + у? = 16 28. x? + y? = 4 


In Problems 29-40, find an equation for each ellipse. Graph the equation. 


\ 29. 
\ з, 


. Focus at 


Center at (0, 0); 
Center at (0, 0); 
Foci at (+2, 0); 

—4, 0); 


. Foci at (0, +3); 
. Center at (0, 0); 


focus at (3, 0); 
focus at (0, —4); 
length of the major 


vertices at (+5, 0) 
x-intercepts are +2 
vertex at(0, 4); b 


vertex at (5, 0) 


vertex at (0, 5) 


axis is 6 


= it 


In Problems 41—44, find an equation for each ellipse. 


41. 


Yh 42. Y4 

-— 3r 

(71.1) E 
| 1 | lj 1 | l |: 
—3 3 x =З 3x 

-ar C1, =1) МАЗЬ 


30. Center at (0, 0); 
32. Center at (0, 0); 
34. Foci at(0, +2); 

36. Focus at (0, —4); 
38. Vertices at (+4, 0); 


focus at ( —1, 0); 
focus at (0, 1); 


length of the major axis is 8 


vertex at (3, 0) 


vertex at (0, —2) 


vertices at (0, +8) 


y-intercepts are +1 


40. Vertices at (+5, 0); с = 2 
43. YA 44. VA 
3r 3r 
L I | |, | XU» Ly 
—3 3 Х —3 3x 
—-3-7 —-3r 


In Problems 45—56, analyze each equation; that is, find the center, foci, and vertices of each ellipse. Graph each equation. 
2 2 
дЕ a P Au BEN] 


4 


9 


де: СЭРА? OY P 


9 


| 47. (x +5)’ + 4(y — 4)? = 16 
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48. 
51. 
54. 


9(x – 3)2 +(y +2)? = 18 


N 49. x? + 4x + 4y? — 8y 4.4 = 0 


50. x? + 3y? – 12у -9 = 0 


2x? + 3y? — 8x + бу + 5 = 0 52. 4x? 


x? + 9y? + бх – 18у +9 = 0 


Зу? + 8х 
55. 4х? + y? + 4у = 0 


бу = 5 


In Problems 57-66, find ап equation for each ellipse. Graph the equation. 


b 


57. 
59. 
61. 
63. 
65. 


Center at (2, —2); 
Vertices at (4, 3) and (4, 9); 
Foci at (5, 1) and (—1, 1); 

Center at(1, 2); focusat(4, 2); 
Center at(1, 2); vertex at(4, 2); 


vertex at(7, —2); focusat(4, —2) 
focus at (4, 8) 

length of the major axis is 8 

contains the point (1, 3) 


contains the point (1, 5) 


58. 
60. 
62. 
64. 
66. 


53. 9x? + 4y? — 18x + 16у – 11 = 0 
56. 9x? + y? — 18x = 0 


Centerat(—3, 1); vertex at(—3, 3); focusat(—3, 0) 
Foci at (1, 2) and(—3, 2); vertex at(—4, 2) 

Vertices at (2, 5) and(2, –1); с = 2 

Center at(1, 2); focus at (1, 4); 


Center at(1, 2); vertex at (1, 4); 
point (1 + V3, 3) 


contains the point (2, 2) 


contains the 


In Problems 67-70, graph each function. Be sure to label all the intercepts. [Hint: Notice that each function is half an ellipse.] 


67. 


f(x) = V16 — 4x? 68. f(x) = V9 — 9x? 


Applications and Extensions 


71. 


72. 


N 73. 


74. 


75. 


76. 


77. 


Semielliptical Arch Bridge An arch in the shape of the upper 
half of an ellipse is used to support a bridge that is to span a 
river 20 meters wide. The center of the arch is 6 meters above 
the center of the river. See the figure. Find an equation for 
the ellipse in which the x-axis coincides with the water level 
and the y-axis passes through the center of the arch. 


Semielliptical Arch Bridge The arch of a bridge is a 
semiellipse with a horizontal major axis. The span is 30 feet, 
and the top of the arch is 10 feet above the major axis. The 
roadway is horizontal and is 2 feet above the top of the arch. 
Find the vertical distance from the roadway to the arch at 
5-foot intervals along the roadway. 


Whispering Gallery A hall 100 feet in length is to be designed 
as a whispering gallery. If the foci are located 25 feet from the 
center, how high will the ceiling be at the center? 


Whispering Gallery Jim, standing at one focus of a 
whispering gallery, is 6 feet from the nearest wall. His friend 
is standing at the other focus, 100 feet away. What is the 
length of this whispering gallery? How high is its elliptical 
ceiling at the center? 


Semielliptical Arch Bridge A bridge is built in the shape 
of a semielliptical arch. The arch has a span of 120 feet and 
a maximum height of 25 feet. Choose a suitable rectangular 
coordinate system and find the height of the arch at distances 
of 10,30, and 50 feet from the center. 


Semielliptical Arch Bridge A bridge is to be built in the 
shape of a semielliptical arch and is to have a span of 100 feet. 
The height of the arch, at a distance of 40 feet from the 
center, is to be 10 feet. Find the height of the arch at its 
center. 

Racetrack Design Consult the figure in the next column. 
A racetrack is in the shape of an ellipse 100 feet long and 
50 feet wide. What is the width 10 feet from a vertex? 


69. 


78. 


79. 


80. 


f(x) = —у64 — 16x? 70. f(x) = —V4 — 4x? 


Semielliptical Arch Bridge An arch for a bridge over a 
highway is in the form of half an ellipse. The top of the arch 
is 20 feet above the ground level (the major axis). The 
highway has four lanes, each 12 feet wide; a center safety 
strip 8 feet wide; and two side strips, each 4 feet wide. What 
should the span of the arch be (the length of its major axis) if 
the height 28 feet from the center is to be 13 feet? 


Installing a Vent Pipe A homeowner is putting in a fireplace 
that has a 4-inch-radius vent pipe. He needs to cut an 
elliptical hole in his roof to accommodate the pipe. If the 


pitch of his roof is (a rise of 5, run of 4), what are the 


dimensions of the hole? 
Source: www.doe.virginia.gov 


Volume of a Football A football is in the shape of a prolate 

spheroid, which is simply a solid obtained by rotating an 
2 2 

x + га = 1 Jabout its major axis. An inflated NFL 

a? 

football averages 11.125 inches in length and 28.25 inches in 

center circumference. If the volume of a prolate spheroid is 


ellipse 


5 rab’, how much air does the football contain? (Neglect 


material thickness.) 


Source: nfl.com 


In Problems 81-85, use the fact that the orbit of a planet about the 
Sun is an ellipse, with the Sun at one focus. The aphelion of a planet 
is its greatest distance from the Sun, and the perihelion is its shortest 
distance. The mean distance of a planet from the Sun is the length 
of the semimajor axis of the elliptical orbit. See the figure. 


Mean distance 


„еп Major 


Q » axis 


Center 


Aphelion 


81. 


83. 


84. 


85. 


86. 


87. 


Earth The mean distance of Earth from the Sun is 93 million 
miles. If the aphelion of Earth is 94.5 million miles, what 
is the perihelion? Find an equation for the orbit of Earth 
around the Sun. 


. Mars The mean distance of Mars from the Sun is 142 million 


miles. If the perihelion of Mars is 128.5 million miles, what is 
the aphelion? Find an equation for the orbit of Mars about 
the Sun. 


Jupiter The aphelion of Jupiter is 507 million miles. If the 
distance from the center of its elliptical orbit to the Sun 
is 23.2 million miles, what is the perihelion? What is the 
mean distance? Find an equation for the orbit of Jupiter 
around the Sun. 


Pluto The perihelion of Pluto is 4551 million miles, and 
the distance from the center of its elliptical orbit to the Sun 
is 8975 million miles. Find the aphelion of Pluto. What is the 
mean distance of Pluto from the Sun? Find an equation for 
the orbit of Pluto about the Sun. 


Elliptical Orbit A planet orbits a star in an elliptical orbit 
with the star located at one focus. The perihelion of the 
planet is 5 million miles. The eccentricity e of a conic section 


is e = ©. If the eccentricity of the orbit is 0.75, find the 
a 


aphelion of the planet.’ 


A rectangle is inscribed in an ellipse with major axis of 
length 14 meters and minor axis of length 4 meters. Find the 
maximum area of a rectangle inscribed in the ellipse. Round 
your answer to two decimal places.‘ 


Lithotripsy Extracorporeal shock wave lithotripsy is 
a procedure that uses shockwaves to fragment kidney 
stones without the need for surgery. Using an elliptical 
reflector, a shock wave generator is placed at one focus 
and the kidney stone is positioned at the other focus. Shock 
waves pass through a water column and disintegrate the 
stone, allowing it to be passed out of the body naturally. 
If the equation of the ellipse formed by the reflector 

x2 у? 

? 324 * 100 
the shock wave generator need to be placed? (Units are in 
centimeters.) 


= 1, how far from the kidney stone does 


Discussion and Writing 


88. 


89. 


90. 


91. 


92. 
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Elliptical Trainer The pedals of an elliptical exercise machine 
travel an elliptical path as the user is exercising. If the stride 
length (length of the major axis) for one machine is 20 inches 
and the maximum vertical pedal displacement (length of the 
minor axis) is 9 inches, find the equation of the pedal path, 
assuming it is centered at the origin. 


Challenge Problem For the ellipse, x? + 5y? = 20, let V 
be the vertex with the smaller x-coordinate and let B be the 
endpoint on the minor axis with the larger y-coordinate. Find 
the y-coordinate of the point M that is on the line x + 5 = 0 
and is equidistant from V and B. 

Challenge Problem Consider the circle (x — 2)? + y? = 1 
and the ellipse with vertices at (2, 0) and (6, 0) and one 
focus at (4 + V3, 0). Find the points of intersection of the 
circle and the ellipse.’ 


Challenge Problem Show that an equation of the form 
Ax? + Cy? +F=0 А = 0,С =0,Е=0 


where А апа С are of the same sign апа F is of opposite sign, 

(a) is the equation of an ellipse with center at (0, 0) 
if A = C. 

(b) is the equation of a circle with center (0, 0) if A — C. 


Challenge Problem Show that the graph of an equation of 
the form 


2 + Су? + "Рх + Еу + Е = 0 Ат 0, С #0 
where А апа С are of the same sign, 
(a) is an ellipse if "m + E — Е 15 the same sign as А. 
E2 
(b) is a point it P + € — Е = 0. 
A A : Е? А А К 
(с) contains no points if P р + aC F is of opposite sign 


to A. 


"Courtesy of the Joliet Junior College Mathematics Department 


93. The eccentricity e of an ellipse is defined as the number © where a is the distance of a vertex from the center and c is the distance 


Retain Your Knowledge 


a 
of a focus from the center. Because a > c, it follows that e « 1. Write a brief paragraph about the general shape of each of the 
following ellipses. Be sure to justify your conclusions. 
(b) Eccentricity — 0.5 


(a) Eccentricity close to 0 


(c) Eccentricity close to 1 


Problems 94—103 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


94. Find 


95. Find the domain of the rational function f(x) — 


the zeros of the function 


f(x) = x- 5) 
the graph of the function? 


quadratic 


2x —3 
—5' 
Find any horizontal, vertical, or oblique asymptotes. 


96. Find the work done by a force of 80 pounds acting in the 


direction of 50? to the horizontal in moving an object 12 feet 
from(0, 0) to(12, 0). Round to one decimal place. 


— 12. What are the x-intercepts, if any, of 


97. Solve the right triangle shown. 


14 


(continued) 
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98. Solve 2V3 tan(5x) + 7 = 9for0 < х < 7 ДХ 101. Find the difference quotient of f(x) = 2x? — 7x ash 0. 
Di 102. Solve: оо, | X — 1) =4 
/Х 99. What value does R(x) = a 14x n approach as (5 
Ж + = 
x — —4? " 103. Solve:(x + 3? = 20 


100. Solve e?**! = 8 rounded to four decimal places. 


‘Are You Prepared?’ Answers 


1. v13 2 i 3. (—2, 0), (2, 0), (0, –4), (0, 4) 4.(2,5) 5. left;l;down;4  6.(x—2) + (y +3)? 21 


9.4 The Hyperbola 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Foundations, Section E.1, pp. 3-5) e Asymptotes (Section 3.5, pp. 250-256) 

Completing the Square (Appendix A, Section A.4, * Graphing Techniques: Transformations (Section 1.5, 
pp. А40-А41) pp. 96-106) 

Intercepts (Foundations, Section E2, pp. 12-13) Square Root Method (Section 2.3, pp. 151-152) 
Symmetry (Foundations, Section E2, pp. 13-16) 


\ Now Work the ‘Are You Prepared?’ problems on page 729. 


OBJECTIVES 1 Analyze Hyperbolas with Center at the Origin (p. 720) 
2 Find the Asymptotes of a Hyperbola (p. 724) 
3 Analyze Hyperbolas with Center at (h, k) (p. 726) 
4 Solve Applied Problems Involving Hyperbolas (p. 728) 


Conjugate 
ae Transverse 
= DEFINITION 

A hyperbola is the collection of all points in a plane the difference of whose 


distances from two fixed points, called the foci, is a constant. 


Figure 31 illustrates a hyperbola with foci F, and F,. The line containing the 
foci is called the transverse axis. The midpoint of the line segment joining the foci 
is the center of the hyperbola. The line through the center and perpendicular to the 
Figure 31 Hyperbola transverse axis is the conjugate axis. The hyperbola consists of two separate curves, 
called branches, that are symmetric with respect to the transverse axis, conjugate axis, 
and center. The two points of intersection of the hyperbola and the transverse axis 
аге the vertices, V, and V,, of the hyperbola. 


Analyze Hyperbolas with Center at the Origin 


> With these ideas in mind, we are now ready to find the equation of a hyperbola in the 
im m Fo (6.0) * rectangular coordinate system. First, place the center at the origin. Next, position the 
hyperbola so that its transverse axis coincides with a coordinate axis. Suppose that 
the transverse axis coincides with the x-axis, as shown in Figure 32. 

If c is the distance from the center to a focus, one focus will be at F, — (—c, 0) 
and the other at F, = (с, 0). Now we let the constant difference of the distances 
Figure 32 d(F,, P) - d(F,, P) = +2a from any point Р = (x, у) оп ће hyperbola to the foci Р, and Р, be denoted by +2a, 


Transverse (Е, P) 
axis 
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where a > 0. (If P is on the right branch, the + sign is used; if P is on the left branch, 
the — sign is used.) The coordinates of P must satisfy the equation 


d(Fj, P) - d(Fj, P) = +2а Difference of the distances 
from P to the foci equals +2a. 
Vx +c) +y? — Vx = c + y? = +2а Use the Distance Formula. 


(x +c)? + y? = +2а + V(x – с)? + у? Isolate one radical. 
(x+c) + y? = 4a? + 4ay(x — ey + y? | Square both sides. 
jiu + у? 
х2 + 2сх + с? + y? = 4a? + 4ay(x— c)? + y? Multiply. 
+x? — 2сх +c? + у? 
Acx — 4a? = +4a(x — с)? + у? Simplify; isolate the radical. 
cx — a? = +ay (x — с)? + у? Divide both sides by 4. 


(cx — а? )? = а?|(х — + у? | Square both sides. 


c?x? — 2ca?x + a^ = а? (х? – 2сх + с? + y?) Multiply. 


c?x? + аќ = a?x? + arc? + а?у? Distribute and simplify. 
(c? — a*)x? — а?у? = a?c? — а* Rearrange terms. 
(c? — a?) x? — а?у? = a? (c? — a?) Factor a? on the right side. (1) 


To obtain points on the hyperbola off the x-axis, we must havea « c. To see why, 
look again at Figure 32. 


d(F, P) « d(F,, P) +а(Е, Е) Use triangle F,PF,. 


d(F,,P)—d(Fj, Р) < d(F,, F5) P ison the right branch, so 
ceo d(F,, P) - d( E, P) = 2a; 
dE. Е,) = 2c. 
а<с 


Sincea < c,wealso havea? < с2, ѕ0с2 — a? > 0.Letb? = c? —a?, b > 0. 
Then equation (1) can be written as 


b2x2 — а?у? = a?b? 
——L—zzl1 Divide both sides by a?b?. 


To find the vertices of the hyperbola, substitute y = 0 in the equation. The vertices 


2 
satisfy the equation I = 1, the solutions of which are x = +a. Consequently, the 
a 


vertices of the hyperbola are V, = (—a, 0) and V, = (a, 0). Notice that the distance 
from the center (0, 0) to either vertex is a. 


THEOREM Equation of a Hyperbola: Center at (0, 0); Transverse Axis 
Along the x-Axis 


V4 = (—a, 0) 


Transverse EX 
axis 


Е = (—с, 0) 


V> = (a, 0) An equation of the hyperbola with center at (0, 0), foci at (—c, 0) and (c, 0), 
and vertices at (—a, 0) and (a, 0) is 


The transverse axis is the x-axis. 


Figure 33 Х2 LY —1 b? = cœ? аг 
a? pe" See Figure 33. 
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The hyperbola defined by equation (2) is symmetric with respect to the x-axis, 
y-axis, and origin. To find the y-intercepts, if any, let x = 0 in equation (2). This 
2 
results in the equation га = —], which has no real solution, so the hyperbola 
x? 2 
defined by i MN (2) has no y-intercepts. In fact, since = == dE ~ > 0, it 


follows that 7 — > 1. There are no points on the graph for —a < x <a. 


| EXAMPLE 1 | Finding and Graphing an Equation of a Hyperbola 


Find an equation of the hyperbola with center at the origin, one focus at (3, 0), and 
one vertex at (—2, 0). Graph the equation. 


Solution Тһе hyperbola has its center at the origin. Plot the center, focus, and vertex. Since 
they all lie on the x-axis, the transverse axis coincides with the x-axis. One focus 
is at (c, 0) = (3, 0), so с = 3. One vertex is at (—a, 0) = (—2, 0), soa = 2. 
From equation (2), it follows that b? = c? — a? = 9 — 4 = 5, so an equation of 


the hyperbola is 
x2 y? 
Ж шо? эш] 
4 5 
To graph a hyperbola, it is helpful to locate and plot other points on the graph. For 
example, to find the points above and below the foci, let x = +3.Then 
x2 y? 
NEN D RET 
4 3 
852 2 
E» x х= +3 
4 5 
9 y 
Za zv 
4 5 
2 
5 4 
25 
2 _ ^2 
у = 
= 
Tog 


The points above and below the foci are (23, >) and (23, -2). These points 


determine the “opening” of the hyperbola. See Figure 34. E 


z 
gi COMMENT то со the hyperbola E — L = 1, graph the two functions Y, = V5 — — 1 and 


= —\/5 „|2 — 1. Do this and compare the result with Figure 34. a 


\ Now Work PRoBLEM 21 


For the next two examples, the direction ^Analyze the equation" means to find 
the center, transverse axis, vertices, and foci of the hyperbola and graph it. 


Analyzing the кы of а Hyperbola 
2 
Analyze the equation ~ £ = Z= = 


Solution Тһе equation is of the form of equation (2), witha? = 16 and b? = 4. The graph of 
the equation is a hyperbola with center at (0, 0) and transverse axis along the x-axis. 


Also, с? = а? + b? = 164+ 4 = 20. The vertices are at (ta, 0) = (+4, 0), and 
the foci are at (+c, 0) = (22N5, 0). 


(continued) 
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To locate the points on the graph above and below the foci, let x = +2V5 
in the equation. Then 


х? у 
2—2 —– 1 
16 4 
X245 а 2 
| ) mr 08 1 x = 43/5 
16 4 
20 y? _ 
E 4 ТЕ 16 4 : 
(-2N5, 1) (2N5, 1) 2 
| Vie C40) V, = (4, 0) \ 5_У _1 
5 | | | Ig | > 4 yi 
> Ans Р = a уз 1 
7 ово p 550 / 4 4 
(-2V5, -1) à (2\5, -1) у=+1 


The points above and below the foci are (62-5, 1) апа (2-5, -1). See 


i XE y*. 
Figure 35 16 4 i Figure 35. B 


THEOREM Equation of a Hyperbola: Center at (0, 0); Transverse Axis 
Along the y-Axis 


An equation of the hyperbola with center at (0, 0), foci at (0, —c) and (0, с), 
and vertices at (0, —a) and (0, a) is 


The transverse axis is the y-axis. 


Figure 36 shows the graph of a typical hyperbola defined by equation (3). Let’s 


Ys compare equations (2) and (3). 
"e c et An equation of the form of equation (2) S у — ], is the equation of a 
ug B , 
у= (0,4) hyperbola with center at the origin, foci on the x-axis at (—c, 0) and (c, 0), where 
Ф " b? = c? — a’, and transverse axis along the x-axis. 
2 
V = (0, –а) An equation of the form of equation (3), = = = = 1, is the equation of a 
" hyperbola with center at the origin, foci on the y-axis at (0, —c) and (0, c), where 
Р = (0, –с) b? = c? — a’, and transverse axis along the y-axis. 
Figure 36 Notice the difference in the forms of equations (2) and (3). When the y?-term is 
TM RN О TS subtracted from the x?-term, the transverse axis is along the x-axis. When the x?-term 
а^ be i is subtracted from the y?-term, the transverse axis is along the y-axis. 


| EXAMPLE3 | Analyzing the Equation of a Hyperbola 


Analyze the equation 4y? — x? = 4. 


Solution To put the equation in proper form, divide both sides by 4: 


2 
PESE 
y 74 
Since the x?-term is subtracted from the y?-term, the equation is that of a hyperbola 
with center at the origin and transverse axis along the y-axis. Also, comparing the 
equation to equation (3), note that a? = 1, b? = 4, and c? = a? + b? = 5. The 
vertices are at (0, ta) = (0, +1), and the foci are at (0, tc) = (0, 34/5). 


(continued) 
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Ag To locate points on the graph to the left and right of the foci, let у = +V5 in 
L the equation. Then 
Е, = (0, S wen 
" 4y?—x?—4 
Cem b o) E 
LI l1 l1 jp qu 4(+V5) = х2 = 4 y = +75 
-6 4,-V5) 6 x 
(-4, -N5) Г ( | ) 20—х° = 4 
AL x? = 16 
F, = (0,-V5) | й = (0,-1) x= +4 
-6L 


Four other points on the graph are (+4, V5 ) and (+4, —V5 ). See Figure 37 D 
Figure 37 4y? – x? = 4 


| EXAMPLE 4 | Finding an Equation of a Hyperbola 


Find an equation of the hyperbola that has one vertex at (0, 2) and foci at (0, —3) 
and (0, 3). Graph the equation. 


Solution Since the foci are at (0, —3) and (0, 3), the center of the hyperbola, which is at their 
midpoint, is the origin. Also, the transverse axis is along the y-axis. This information 


Y4 tells us that c = 3, a = 2, and b? = c? — a? = 9 — 4 = 5. The form of the 
" | Fo = (0, 3) equation of the hyperbola is given by equation (3): 
Cha M. а) te 
V, = (0, 2) “mz pra! 
L I | I |I ЖЕЛ ТЫЛ ORN Se 
—5 5x y? a, 1 
V, = (0, -2) oe 
а 6) 
TF o- Let y = 3 to obtain points on the graph on either side of each focus. See Figure 38. 
[= 0.-9 "E 


Figure 38 yx =i. 
\ Now Work PRoBLEMS 17 АМО 23 


Look at the equations of the hyperbolas in Examples 2 and 4. For the hyperbola in 
Example 2,a? = 16andb? = 4,soa > b;for the hyperbola in Example 4,a? = 4 
апа р? = 5,soa < b. This indicates that for hyperbolas, there are no requirements 
involving the relative sizes of a and b. Contrast this situation to the case of an ellipse, 
in which the relative sizes of a and b dictate which axis is the major axis. Hyperbolas 
have another feature to distinguish them from ellipses and parabolas: hyperbolas 
have asymptotes. 


2 Find the Asymptotes of a Hyperbola 


Recall from Section 3.5 that a horizontal or oblique asymptote of a graph is a line 
with the property that the distance from the line to points on the graph approaches 0 
asx — —coorasx — oo. Asymptotes provide information about the end behavior 
of the graph of a hyperbola. 


THEOREM Asymptotes of a Hyperbola; Transverse Axis Along the x-Axis 


2 2 
The hyperbola 2 = з = jhasthe two oblique asymptotes 


у = by and y= E (4) 
a а 
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Proof Begin by solving for y in the equation of the hyperbola. 


xe y? 
a? Е b2 1 
y? x? 
b? a? -1 
x? 
y? = px == 1) 


b?x? a? 

» a? (1 а) 
2 

у= 4 bx 1 == Z 
a x 


2 
a . 

Now,asx — —ooorasx — оо, the term — approaches 0,so the expression under the 
x 


radical approaches 1. So as x — —oooras x — оо, the value of y approaches + BE. 
a 


that is, the graph of the hyperbola approaches the lines 
jat and yet 
a a 
These lines are oblique asymptotes of the hyperbola. п 


The asymptotes of a hyperbola are not part of the hyperbola, but they serve as 
a guide for graphing the hyperbola. For example, suppose that we want to graph the 
equation 


x? y? = 
a а. 


Begin by plotting the vertices (—a, 0) and (a, 0). Then plot the points (0, —b) 
and (0, b) and use these four points to construct a rectangle, as shown in Figure 39. 


The diagonals of this rectangle have slopes 4 and um and their extensions are the 
а а 


asymptotes of the hyperbola, у = by and y = -Bg If we graph the asymptotes, 
a а 


we сап use them to establish the “opening” of the hyperbola and avoid plotting other 
points. 


THEOREM Asymptotes of a Hyperbola; Transverse Axis Along the y-Axis 


а 


2 2 
The hyperbola zx cm 1has the two oblique asymptotes 


у == РХ апа у = -рх (5) 


You are asked to prove this result in Problem 88. 

For the remainder of this section, the direction “Analyze the equation” means 
to find the center, transverse axis, vertices, foci, and asymptotes of the hyperbola and 
graph it. 


| EXAMPLES | Analyzing the Equation of a Hyperbola 
2 
Analyze the equation T = х? = 1. 


(continued) 
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у= —2х у f 2x Solution Since the x?-term is subtracted from the y?-term, the equation is of the 
form of equation (3) and is a hyperbola with center at the origin and transverse axis 
along the y-axis. Comparing the equation to equation (3), note thata? = 4, b? = 1, 
апа с? = a? + b? = 5.The vertices are at (0, ta) = (0, +2), and the foci are at 
(0, +c) = (0, E45 J: Using equation (5) witha = 2 andb = 1, the asymptotes are 


the lines y = ы = 2x and y = = 7 = —2х. Form the rectangle containing the 


points (0, +a) = (0, +2) and (+b, 0) = (+1, 0). The extensions of the diagonals 
of the rectangle are the asymptotes. Now graph the asymptotes and the hyperbola. 
See Figure 40. D 


Figure 40 5 —X5-—1 


| EXAMPLE6 | Analyzing the Equation of a Hyperbola 


Analyze the equation 9x? — 4y? = 36. 


Solution Divide both sides of the equation by 36 to put the equation in proper form. 


N 


х? y =f 

4 9 
The center of the hyperbola is the origin. Since the y?-term is subtracted from the 
x?-term, the transverse axis is along the x-axis, and the vertices and foci will lie on 
the x-axis. Using equation (2), note thata? = 4, b? = 9,andc? = a? + b? = 13. 
The vertices are a = 2 units left and right of the center at (+a, 0) = (+2, 0), the 
foci arec = V13 units left and right of the center at (+c, 0) = (+V13, 0), and the 

x asymptotes have the equations 


F, = (413,0) |. b. 3 || b. 3 
у= X= 5х апа yeso wee 
a 


To graph the hyperbola, form the rectangle containing the points (+a, 0) 
and (0, +b), that is, (C2, 0), (2, 0), (0, —3), and (0, 3). The extensions of the 
Figure 41 9x? — 4y? — 36 diagonals of the rectangle are the asymptotes. See Figure 41 for the graph. B 
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3 Analyze Hyperbolas with Center at (h, k) 


If a hyperbola with center at the origin and transverse axis coinciding with a 
coordinate axis is shifted horizontally Л units and then vertically k units, the result is 
a hyperbola with center at (Л, k) and transverse axis parallel to a coordinate axis. The 
equations of such hyperbolas have the same forms as those given in equations (2) 
and (3), except that x is replaced by x — h (the horizontal shift) and y is replaced 
by y — k (the vertical shift). Table 4 gives the forms of the equations of such 
hyperbolas. 


Table 4 


Equations of a Hyperbola: Center at (h, k); Transverse Axis Parallel to a Coordinate Axis 


Transverse 
Center Axis Foci Vertices Equation Asymptotes 


Parallel to 2 fos 
the x-axis (пс, к) (һ+а, к) CU zu = -5 = 1.09 = 02 00 yok 


Parallel to 2 2 
the y-axis (hk+c) (h kta) © m Us a = 102 = c2—a2 y—k 
a 


NOTE Rather than memorize 
Table 4, use transformations (shift 
horizontally h units, vertically k units), 
along with the facts thata represents the 
distance from the center to the vertices, 
c represents the distance from the 
center to the foci, andb2 = c? — a2. m 


Figure 42 
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See Figure 42 for typical graphs of hyperbolas with center at (Л, К). 


YA | Transverse 
axis 
Transverse 
axis Е 
X 
ы C 0-8 _, у 0-0 
а? № 2 p 


| EXAMPLE 7 | Finding an Equation of a Hyperbola, Center Not at the Origin 


Solution 


Find an equation for the hyperbola with center at (1, —2), one focus at (4, —2), and 
one vertex at (3, —2). Graph the equation. 


The center is at (л, k) = (1, 2), so Л = 1and k = —2. Since the center, focus, 

and vertex all lie on the line y = —2, the transverse axis is parallel to the x-axis. The 

distance from the center (1, —2) to the focus(4, —2) isc = 3; Һе distance from the 

center (1, —2) to the vertex (3, -2)isa = 2.Thenb? = c? — a? = 9—4 = 5. 
The equation of the hyperbola is 


hy? (y-kY у 
a2 b2 E 
Ca д 
4 5 7 


Form the rectangle containing the vertices: (—1, —2), (3, —2), and the points 
(А, К + by (1, —2 — У), (1, —2 + V5). Extend the diagonals of the rectangle to 
obtain the asymptotes. See Figure 43. 8 
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| EXAMPLE 8 | PLE 8 Analyzing the Equation of a Hyperbola 


Solution 


Transverse 
axis 


Analyze the equation —х? + 4y? — 2x — 16у +11 = 0. 
Complete the squares in x and in y. 
—x? + 4y? – 2х —16y +11 = 0 
—(x? + 2х) + 4(y? — 4у) = –11 
(х2 + 2х +1) + 4(у2 – 4у +4) = —11 — 1+ 16 


Group terms. 


Complete each square. 


—(x+1)? + 4(у – 2)? 
(x +1)? 


= 4 


1 


Еасїог. 


(у 


2)? 


4 


Divide both sides by 4. 


Figure 44 
-x? + 4y? -2x - 16у +11 = 0 


This is the equation of a hyperbola with center at (—1, 2) and transverse axis 
parallel to the y-axis. Also, a? = 1 and b? = 4, so c? = a? + b? = 5. Since the 
transverse axis is parallel to the y-axis, the vertices and foci are located a and c units 
above and below the center,respectively. The vertices are at(h, k + a) = (—1, 2 1), 
or(—1, 1)апа(—1, 3). The foci areat(A, k + c) = (—1, 2 + V5). The asymptotes 


arey—2 = TE + 1)and y – 2 = -50 + 1). Figure 44 shows the graph. 
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4 Solve Applied Problems Involving Hyperbolas 


w Look at Figure 45. Suppose that three microphones are located at points O,, О,, 
and О, (the foci of the two hyperbolas). In addition, suppose that a gun is fired at S 
and the microphone at О, records the gunshot 1 second after the microphone at O,. 
Because sound travels at about 1100 feet per second, we conclude that the microphone 
at О, is 1100 feet farther from the gunshot than O,. This situation is modeled by 
placing $ on a branch of a hyperbola with foci at О, and O,. (Do you see why? The 
difference of the distances from 5 to О, and from S to О, is the constant 1100.) If the 
third microphone at O, records the gunshot 2 seconds after O,, then S lies on a branch 
of a second hyperbola with foci at О, and O,. In this case, the constant difference will 
be 2200. The intersection of the two hyperbolas identifies the location of S. 


| ЕХАМРІЕ 9 | Lightning Strikes 


Suppose that two people standing 1 mile apart both see a flash of lightning. After a 
period of time, the person standing at point A hears the thunder. One second later, 
the person standing at point B hears the thunder. If the person at B is due west of 
the person at A and the lightning strike is known to occur due north of the person 
standing at A, where did the lightning strike occur? 


Figure 45 


Solution See Figure 46, where the point (x, y) represents the location of the lightning 
strike. Sound travels at 1100 feet per second, so the person at point A is 1100 feet 
closer to the lightning strike than the person at point B. Since the difference of the 
distance from (x, y) to B and the distance from (x, y) to A is the constant 1100, the 
point (x, y) lies on a hyperbola whose foci are at A and В. 


North 
n 


B = (-2640,0) | (7% 9 (a, 0) 
1 mile — 5280 feet 


Figure 46 Lightning strike model 


An equation of the hyperbola is 


where 2a — 1100, ora — 550. 
Because the distance between the two people is 1 mile (5280 feet) and each 
person is at a focus of the hyperbola, then 


2c — 5280 
gu — = 2640 


Since b? = c? — a? = 2640? — 550? = 6,667,100, the equation of the hyperbola 
that describes the location of the lightning strike is 
E S M 
550? 6,667,100 
(continued) 
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Refer to Figure 46 on the previous page. Since the lightning strike occurred due 
north of the individual at the point A = (2640, 0), let x = 2640 and solve the 


resulting equation. 


26402 у? 
= = 2640 
550? 6,667,100 х 
САП» = —22.04 Subtract AL from both sides. 


y? — 146,942,884 
y = 12,122 


Multiply both sides by —6,667,100. 


y > O since the lightning strike 
occurred in quadrant I. 


The lightning strike occurred 12,122 feet north of the person standing at point A. 


A check: The difference between the distance from (2640, 12122) to the person at the 
point B = (—2640, 0) and the distance from (2640, 12122) to the person 
at the point A = (2640, 0) should be 1100. Using the distance formula, the 
difference of the distances is 


412640 — (—2640)]? + (12,122 — 0)? — 4(2640 — 2640)? + (12,122 — 0)? = 1100 


as required. 
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9.4 Assess Your Understanding 


_B 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The distance d from Р, = (3, —4) to P, = (—2, 1) is 


а= . (рр. 3-4) 

2. To complete the square of x? + 5x, add . (р. A40) 

3. Find the intercepts of the graph of у? = 9 4 4x?. 
(p.13) 


4. True or False The equation y? = 9 + x? is symmetric with 
respect to the x-axis, the y-axis, and the origin. (pp. 13-16) 


Concepts and Vocabulary 


7. A(n) is the collection of points in a plane, the 
difference of whose distances from two fixed points is a 
constant. 


8. For a hyperbola, the foci lie on a line called the 


Answer Problems 9-11 using the figure below. 


YA | Transverse 
axis 


1. Writing 


(1. Now Work @ 1. Modeling 


fe 1. Graphing Tech 


5. To graph y = (x — 5)? — 4, shift the graph of y = x? to 
the . . unit(s) and 
(left/right ) 
(pp. 96-100) 
6. Find the vertical asymptotes, if any, and the horizontal or 


2 
oblique asymptote, if any, of y — Е 2, (pp. 252-256) 
x? — 


unit(s). 
(up/down) 


9. Multiple Choice The equation of the hyperbola is of the 


form 
(x-hy (y—-ky _ 
(a) ai bi 1 
(у = К) (x-hy _ 
o 2 z> =1 
x-hy (y-k? _ 
(с) P TT 1 
eddy (y-k? _ 
Qt a 1 
10. If the center of the hyperbola is (2, 1) anda = 3, then the 
coordinates of the vertices are and А 
11. If the center of the hyperbola is (2, 1) and c = 5, then the 
coordinates of the foci are and А 
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Zz 12. Interactive Figure Exercise Exploring the Graph of a 


Hyperbola Open the *Hyperbola" interactive figure, which 
is available in the Video & Resource Library of MyLab Math 
(under Interactive Figures) or at bit.ly/3raFUGB. 
(a) Set the slider to a = 2. Grab the point F,, which 
represents a focus of a hyperbola, and move the point F, 
to( —2, 1). Grab the point F,, which represents the other 
focus of a hyperbola, and move the point F, to (4, —3). 
What is the center of the hyperbola? Write your answer 
as an ordered pair. Confirm the center of the hyperbola 
is at the midpoint of the two foci. 
Click “Show Trace.” Grab Point A and move it around the 
Cartesian plane. Complete a trace of the entire hyperbola 
(be sure your hyperbola has two branches). What is the 
absolute value of the difference of the distances from the 
foci to any point on the hyperbola? 
Hit the reset button (C) on the interactive figure 
(upper-right corner). Move the point F, to (—4, 0) and 
move the point F, to (4, 0). Click “Show Hyperbola.” 
Use the a slider to change the value of a from 2 to 3. 
What happens to the vertices as a changes? What does 
the value of a represent? Notice that the absolute value 
of the difference of the distances from the foci to any 
point on the hyperbola is 2a. Click “Show Trace" to verify 
this. 
(d) What is the value of c, the distance from the center to 
either focus? 
(e) Check the box “Show Equation of Hyperbola." What is 
the equation of the hyperbola? 


(b) 


(c) 


e. х2 у? = 1 ° MN n == 1 
9 7 7 9 

° у? x ze) e. yt ou L1 
9 7 7 9 


(f) Hit the reset button (C on the interactive figure 
(upper-right corner). Move the point F, to (0, —5) and 
move the point F, to(0, 5). Set the value of a to 3. Check 
the box “Show Hyperbola." What is the value of c, the 


distance from the center to either focus? 


(g) Click “Show Equation of Hyperbola.” What is the 
equation of the hyperbola? 
x? y? x2 у? 
ALS c — — 1] 
'16 9 ' 9 16 
e y? = x? = 1 ° E = x? = 1 
16 9 9 16 
Skill Building 


==: 13. 


14. 


15. 


16 


b 


(h) If the graph of a hyperbola opens left and right, then 


the -term must be first in the equation of the 
hyperbola. 
e x2 e y? 


Interactive Figure Exercise Exploring the Graph of a 
Hyperbola Open the *Hyperbola" interactive figure, which 
is available in the Video & Resource Library of MyLab Math 
(under Interactive Figures) or at bit.ly/3raFUGB. Check the 
boxes “Show Hyperbola" and “Show Equation of Hyperbola.” 
(a) Set the value of a to 2. Move F, to (2, 2) and Р, to 
(2, —4). Look at the equation of the hyperbola and 
note the center. The transverse axis is the line through 
the vertices, foci, and center. What is the equation of the 
transverse axis? 
Move F, to (—4, —4). Look at the equation of the 
hyperbola and note the center. What is the value of c, 
the distance from the center to either focus? 
Leave the value of a at 2. Move F, to (—6, —1) and F, 
to (2, —1). Look at the equation of the hyperbola and 
note the center. If the transverse axis is parallel to the 
x-axis, then the equation of the hyperbola is of the form 
(х= А) (»y-kY _, 

a? b? 
(у =)? (x-hy? . 

a? b? 
If the transverse axis is parallel to the y-axis, then the 
equation of the hyperbola is of the form 
œw- (y-kY у 

a? b2 


(y-k? (x- 
а? Ь? 


(b) 


(c) 


1 


(d) 


я hy 


=1 


Multiple Choice In a hyperbola, ifa = 3 andc = 5, then 
b= : 


(a) 1 


(b)2 (04 (48 


2 2 
For the hyperbola 7 — E 


1, the value ofa is  ,the 
value of b is ,and the transverse axis is the -axis. 

у? x 
— — > = 1, the asymptotes 
16 81 a 


and 


For the hyperbola 


are 


In Problems 17-20, the graph of a hyperbola is given. Match each graph to its equation. 


Nn. 


(B) х2 - 9 


(А) ŽŽ -y =1 1 
4% 4 
УА 18. YA 
| Y 
1 | | 1 Lx LLLI |i К TN 
-3 | 3x 74 - 4x 


2 
(©) -2-1 


2 
(D) у?-5-=1 


19. Y4 20. YA 
4r- 3r 

L Ta 

LiY [uU йг. L I | je Te 

—4 E 4x е 
—4rT —3rT 


In Problems 21—30, find an equation for the hyperbola described. Graph the equation. 


N 21. Center at (0, 0); focus at (3, 0); vertex at (1, 0) 
М. 23. Center at (0, 0); focus at (0, —6); vertex at (0, 4) 
25. Foci at (—5, 0) and (5, 0); vertex at (3, 0) 


22. Center at (0, 0); focus at (0, 5); vertex at (0, 3) 
24. Center at (0, 0); focus at (—3, 0); vertex at (2, 0) 
26. Focus at (0, 6); vertices at(0, —2) and (0, 2) 


27. Vertices at (0, —6) and (0, 6); asymptote the line y = 2x 
29. Foci at (—4, 0) and (4, 0); asymptote the line y = —x 
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28. Vertices at ( —4, 0) and (4, 0); asymptote the line у = 2x 
30. Fociat(0, —2) and (0, 2); asymptote the line y = —x 


In Problems 31—38, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation. 


E lg anc ew eg N 33. 4x? — y? = 16 34. dy? — x? = 16 
25 9 16 4 „ж: dins 
37. y? — x? = 25 38. 2х2 — y? = 4 
41. = =y Ya y=2x 42. — Ya =2x 
i uu gee aud ор 6 
"s B Pd Ec 
N-- em I&- -L M 
US БЕ Пар 
p- 6o [ua | | E 
LLL nm үл г jq oppor pp ер 
—5 | x Ps | 5x —5 / B. 5x 
| | В 
L / EN 
----Х 
X Fsk 4 


In Problems 43-50, find an equation for the hyperbola described. Graph the equation. 


\ 43. 
45. 
47. 
49. 


Center at (4, —1); focus at (7, —1); vertex at (6, —1) 
Center at ( 3, —4); focus at (—3, —8); vertex at( —3, —2) 
Foci at (3, 7) and (7, 7); vertex at(6, 7) 

Vertices at ( —1, —1) and (3, —1); 

asymptote the line y 4- 1 — i — 1) 


44. 
46. 
48. 
50. 


Center at (—3, 1); focus at (—3, 6); vertex at (—3, 4) 
Center at (1, 4); focus at (—2, 4); vertex at (0, 4) 
Focus at (—4, 0); vertices at (—4, 4) and(—4, 2) 
Vertices at (1, —3) and (1, 1); 


asymptote the line y + 1 = i — 1) 


In Problems 51—64, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation. 


51. 


54. (х + 4 —9(y – 3)? = 9 
Ў 57 x? 


60. 2x? — y? + 4х + 4y – 4 = 0 


63. 


2 2 ES 2 
(239 yu Vu 52, (7+3) 


(x-2) _ 


4 9 4 


9 


1 53. (у – 2)2 – 4(х+ 2)? = 4 


55. (x +1)? (у 


y? – 2х – 2у -1 = 0 


61. 4х2 
4х2 


16х 19 = 0 


у? 2у 


2) =4 

58. y? — x? —4y+4x-1=0 

— y? – 24x —4y 16 = 0 
64. x? — 3y? + 8x – бу +4 = 0 


56. (у — 3)? — (x +2)? = 4 
59. y? — 4х? - 4y – 8x —4 = 0 
62. 2y? — x? + 2x + 8y +3 = 0 


In Problems 65—68, graph each function. Be sure to label any intercepts. [Hint: Notice that each function is half a hyperbola.] 


65. f(x) = N16 + 4x? 


66. f(x) = —/9 + 9x? 


Mixed Practice In Problems 69—76, analyze each equation. 


69. 


72. 
75. 


67. f(x) = —4-25 + x? 


68. f(x) = V-I F x? 


(х—3)? y? (у+2)* _(х—2)? 
es) eee шш] 70. = ij Thx? = 16(у—3 
4 25 16 4 =з) 
y2 = —12(х+1) 73. 25x? + 9y? — 250x + 400 = 0 74. x2 + 36у? — 2x + 288y + 541 = 0 
x? — бх — 8y - 31 = 0 76. 9x? — y? — 18x — 8y — 88 = 0 


Applications and Extensions 


N. 
e 


78. 


Fireworks Display Suppose that two people standing 2 miles 
apart both see the burst from a fireworks display. After a 
period of time the first person, standing at point A, hears 
the burst. One second later the second person, standing at 
point B, hears the burst. If the person at point B is due west 
of the person at point A, and if the display is known to occur 
due north of the person at point A, where did the fireworks 
display occur? 

Lightning Strikes Suppose that two people standing 1 mile 
apart both see a flash of lightning. After a period of time 
the first person, standing at point A, hears the thunder. 
Two seconds later the second person, standing at point B, 
hears the thunder. If the person at point B is due west of the 


79. 


person at point A, and if the lightning strike is known to occur 
due north of the person standing at point A, where did the 
lightning strike occur? 


Nuclear Power Plant Some nuclear power plants utilize 
"natural draft" cooling towers in the shape of a hyperboloid, 
a solid obtained by rotating a hyperbola about its conjugate 
axis. Suppose that such a cooling tower has a base diameter of 
400 feet, and the diameter at its narrowest point, 360 feet 
above the ground, is 200 feet. If the diameter at the top of the 
tower is 300 feet, how tall is the tower? 


Source: Bay Area Air Quality Management District 
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80. 


81. 


82. 


83. 


An Explosion Two recording devices are set 2400 feet 
apart, with the device at point A to the west of the device 
at point B. At a point between the devices 300 feet from 
point B, a small amount of explosive is detonated. The 
recording devices record the time until the sound reaches 
each. How far directly north of point B should a second 
explosion be done so that the measured time difference 
recorded by the devices is the same as that for the first 
detonation? 


Rutherford’s Experiment In May 1911, Ernest Rutherford 
published a paper in Philosophical Magazine. In this article, 
he described the motion of alpha particles as they are shot 
at a piece of gold foil 0.00004 cm thick. Before conducting 
this experiment, Rutherford expected that the alpha particles 
would shoot through the foil just as a bullet would shoot 
through snow. Instead, a small fraction of the alpha particles 
bounced off the foil. This led to the conclusion that the 
nucleus of an atom is dense, while the remainder of the atom 
is sparse. Only the density of the nucleus could cause the 
alpha particles to deviate from their path. The figure shows 
a diagram from Rutherford’s paper that indicates that the 
deflected alpha particles follow the path of one branch of a 
hyperbola. 


(a) Find an equation of the asymptotes under this scenario. 

(b) If the vertex of the path of the alpha particles is 10 cm 
from the center of the hyperbola, find a model that 
describes the path of the particle. 


Hyperbolic Mirrors Hyperbolas have interesting reflective 
properties that make them useful for lenses and mirrors. 
For example, if a ray of light strikes a convex hyperbolic 
mirror on a line that would (theoretically) pass through 
its rear focus, it is reflected through the front focus. This 
property, and that of the parabola, were used to develop 
the Cassegrain telescope in 1672. The focus of the parabolic 
mirror and the rear focus of the hyperbolic mirror are the 
same point. The rays are collected by the parabolic mirror, 
then reflected toward the (common) focus, and thus are 
reflected by the hyperbolic mirror through the opening to its 
front focus, where the eyepiece is located. If the equation of 


2 2 
the hyperbola is E — de = 1and the focal length (distance 
from the vertex to the focus) of the parabola is 6, find the 
equation of the parabola. 
Source: www.enchantedlearning.com 


Lamp Shadow The light from a lamp creates a shadow on 
a wall with a hyperbolic border. Find the equation of the 
border if the distance between the vertices is 18 inches and 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


the foci are 4 inches from the vertices. Assume the center of 
the hyperbola is at the origin. 


Credit: cosma/Shutterstock 


Sonic Boom Aircraft such as fighter jets routinely go 
supersonic (faster than the speed of sound). An aircraft moving 
faster than the speed of sound produces a cone-shaped shock 
wave that “booms” as it trails the vehicle. The wave intersects 
the ground in the shape of one half of a hyperbola and the 
area over which the “boom” is audible is called the “boom 
carpet.” If an aircraft creates a shock wave that intersects the 
; х? у 2 Е 
ground in the shape of the hyperbola "YET = 1 (units 
in miles), how wide is the “boom carpet” 32 miles behind 
the aircraft? 


The eccentricity e of a hyperbola is defined as the number £ 
a 


where a is the distance of a vertex from the center and c is the 
distance of a focus from the center. Because c > a, it follows 
thate > 1. Describe the general shape of a hyperbola whose 
eccentricity is close to 1. What is the shape if e is very large? 


A hyperbola for which a = b is called an equilateral 
hyperbola. Find the eccentricity e of an equilateral 
hyperbola. 
[Note:The eccentricity of a hyperbola is defined in Problem 85.] 
Two hyperbolas that have the same set of asymptotes are 
called conjugate. Show that the hyperbolas 
x? 2 
4 
are conjugate. Graph each hyperbola on the same set of 
coordinate axes. 


Prove that the hyperbola 


VF _, 


has the two oblique asymptotes 
a 


у = Рх апа ge 


Challenge Problem Show that the graph of an equation of 
the form 


Ax? + Cy +Е = 0 А = 0, С = 0, Е = 0 


where A апа С аге opposite іп sign, is a hyperbola with 
center at (0, 0). 


Challenge Problem Show that the graph of an equation of 
the form 


Ax? + Cy? + Dx + Ej + Е = 0 А = 0, С = 0 
where А апа С are opposite in sign, 
. D E 
h bola if — + — — Е = 0. 
(a) is a hyperbola i 4A + 4C = 
2 2 
(b) is two intersecting lines ir D^. + м Е = 0); 


4A 4C 
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Retain Your Knowledge 


Problems 91—99 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


91. For f(x) = -jsinGx + л) + 5, find the amplitude, 95. What is the inverse function for f(x) = 3e*! + 4? 
period, phase shift, and vertical shift. /& 96. Find the area of the region enclosed by the graphs 


92. Solve the triangle described: a — 7, b — 10, and of y = V9 — x? and y = x + 3. 
C — 100? 


93. Find the rectangular coordinates of the point with the polar 


97. Solve (2x + 3)? + x? = 5x(2 + x) +1. 


98. Find the midpoint of the line segment connecting the 
coordinates (12, -i) points (3, —8) and (—2, 5). 


. Transform the polar equation r — 6 sin 0 to an equation . Evaluate cos[ sin! (ž)). 
in rectangular coordinates. Then identify and graph the 
equation. 


‘Are You Prepared?’ Answers 


1. 5V2 2. L 3. (0, —3), (0, 3) 4. True 5. right; 5; down; 4 6. Vertical: x = —2, x = 2; horizontal: y = 1 


9.5 Rotation of Axes; General Form of a Conic 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Sum Formulas for Sine and Cosine (Section 6.5, e Double-angle Formulas for Sine and Cosine 
pp. 539 and 542) (Section 6.6, p. 553) 

* Half-angle Formulas for Sine and Cosine 
(Section 6.6, p. 556) 


\ Now Work the ‘Are You Prepared?’ problems on page 739. 


OBJECTIVES 1 Identify a Conic (p. 733) 
2 Use a Rotation of Axes to Transform Equations (p. 734) 
3 Analyze an Equation Using a Rotation of Axes (p. 737) 
4 |dentify Conics Without Rotating the Axes (p. 739) 


In this section, we show that the graph of a general second-degree polynomial 
equation containing two variables x and y— that is, an equation of the form 


Ax? + Bxy + Cy? + Dx + Еу + Е = 0 (1) 


where А, В, апа С are not all 0—15 а conic. We are not concerned with the degenerate 
cases of equation (1), such as x? + y? = 0, whose graph is a single point (0, 0); or 
x? + 3y? + 3 = 0, whose graph contains no points; or x? — 4y? = 0, whose graph 
is two lines, x — 2y = 0 and x + 2y = 0. 

We begin with the case where В = 0. In this case, the term containing xy is not 
present, so equation (1) has the form 


Ax? + Cy? + Dx + Еу + Е = 0 (2) 


where А апа С are not both zero. 


1 Identify a Conic 


We have already discussed how to identify the graph of an equation of this form. We 
complete the squares of the quadratic expressions in x or y, or both. Then the conic can 
be identified by comparing it to one of the forms studied in Sections 9.2 through 9.4. 

But the conic can be identified directly from its equation without completing 
the squares. 
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THEOREM Identifying Conics Without Completing the Squares 


Excluding degenerate cases, the equation 


Ax? + Cy? + рх + Ey+F=0 


where A and C are not both equal to zero: 


e Defines a parabola if AC = 0. 
e Defines an ellipse (or a circle) if AC > 0. 
e Defines a hyperbola if AC < 0. 


Proof 
e If AC = 0,theneither = ОогС = 0, but not both, so the form of equation (2) 
is either 
Ax? + рх + Еу + Е = 0 А = 0 
ог 


Cy? + Dx+ Ey+F=0 С=0 
Using the results of Problems 82 and 83 at the end of Section 9.2, it follows that, 
except for the degenerate cases, the equation is a parabola. 
e If AC > 0, then A and C have the same sign. Using the results of Problem 92 at 
the end of Section 9.3, except for the degenerate cases, the equation is an ellipse. 
e If AC < 0, then A and C have opposite signs. Using the results of Problem 90 at the 
end of Section 9.4, except for the degenerate cases, the equation isa hyperbola. m 


Although we are not studying the degenerate cases of equation (2), in practice, 
you should be alert to the possibility of degeneracy. 


Identifying a Conic without Completing the Squares 

Identify the graph of each equation without completing the squares. 

(а) 3x? + бу? + бх – 12у = 0 (b) 2x? – 3у2 + бу +4 = 0 
(с) y? –- 2+4 = 0 


Solution (а) Note that A = 3 апа С = 6. Since АС = 18 > 0, the equation defines an 
ellipse. 


(b) Here A = 2andC = —3,soAC = —6 < 0. Те equation defines a hyperbola. 
(c) Here A = OandC = 1,so AC = 0.The equation defines a parabola. E 


^, Now Work PRoBLEM 11 


Although we can now identify the type of conic represented by any general 
second-degree equation of the form of equation (2) without completing the squares, 
we still need to complete the squares if we desire additional information about the 
conic, such as its graph. 


y n 
pa x 2 Use a Rotation of Axes to Transform Equations 
Y Now let's suppose that B = 0. To discuss this case, we introduce a new procedure: 
г = rotation of axes. 
In a rotation of axes, the origin remains fixed while the x-axis and y-axis are 
rotated through an angle @ to a new position; the new positions of the x-axis and 


Figure 47(a) Rotation of axes the y-axis are denoted by x’ and y’, respectively, as shown in Figure 47(a). 


Р = (х,у) = (х,у) 


Figure 47(b) Rotation of axes 
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Now look at Figure 47(b). There the point P has the coordinates (х, y) relative to 


the xy-plane, while the same point P has coordinates ( x^, y’) relative to the x/y'-plane. 
We need relationships that enable us to express x and y in terms of x’, y’, and б. 


As Figure 47(b) shows, r denotes the distance from the origin O to the point P, 


and a denotes the angle between the positive x'-axis and the ray from О through P. 
Then, using the definitions of sine and cosine, we have 


x’ = rcosa y = rsina (3) 
x = rcos(0 + a) y = rsin(0 + a) (4) 
Now 
x = ғс05(0 + a) 
= r(cosÓ0 cosa — sinô sina) Use the Sum Formula for cosine. 
= (r cosa): соѕ0 — (r sina) - sind 
= х'соѕ0 — y'sin0 By equation (3) 
Similarly, 


y=rsin(@+ a) 
= r(sin@ cosa + cos@ sina) Use the Sum Formula for sine. 


= x'sinÓ + y'cos0 By equation (3) 


THEOREM Rotation Formulas 


If the x- and y-axes are rotated through an angle 0, the coordinates (x, y) of a 
point P relative to the xy-plane and the coordinates ( x’, y’) of the same point 
relative to the new x’- and y'-axes are related by the formulas 


x = x'cosÓ — y'sinÜü у = x'sin0 + y'cos0 


| EXAMPLE? | Rotating Axes 


Solution 


Figure 48 xy — 1 


Express the equation xy = 1 in terms of new x'y'-coordinates by rotating the axes 
through a 45? angle. Discuss the new equation. 


Let 6 = 45° іп formulas (5). Then 


x — x'cos45? — y'sin45? — yw у = ы y) 
y = x'sin45? + y'cos45? = хз? + y = eu ty) 


Fe- e] 
an – y2)=1 
ср БИ 

2 2 


This is the equation of a hyperbola with center at (0, 0) and transverse axis along 
the x’-axis. The vertices are at (+V2, 0) on the x'-axis; the asymptotes аге у = x’ 
and y' = —x' (which correspond to the original x- and y-axes). See Figure 48 for the 


graph of xy — 1. B 
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As Example 2 illustrates, a rotation of axes through an appropriate angle can 
transform a second-degree equation in x and y containing an xy-term into one 
in x’ and y’ in which no x’y’-term appears. In fact, a rotation of axes through an 
appropriate angle will transform any equation of the form of equation (1) into an 
equation in x’ and y’ without an x/y'-term. 

To find the formula for choosing an appropriate angle 0 through which to rotate 
the axes, begin with equation (1), 


Ax? + Вху + Су? + Dx+ Еу + Е = 0 В = 0 


Now rotate the х- and y-axes through an angle 0 using the rotation formulas (5). 


A(x'cos0 — y'sin0)? + B(x'cos0 — y'sin0)(x'sin0 + y'cos0) 
+ C(x'sin0 + y'cos0)? + D(x'cos0 — y'sin) 
+ E(x'sinü + y'cos) + Е = 0 


Expanding and collecting like terms gives 


(A cos? 0 + B sin0 cos + C sin? 0)x’? + [В(соѕ20 — sin? 0) + 2(C — A)(sin0 cos0)]|x/y' 


Z\ CAUTION Be careful if you use а 
calculator to solve equation (7). 


If cot(20) — 0, then 20 — 90? and 
0 = 45°. 


If cot(20) = 0, first find cos(20). 
Then use the inverse cosine function 
key(s) toobtain20, 0° < 20 < 180°. 
Finally, divide by 2 to obtain the 
correct acute angle 0. и 


+ (Asin?0 — В sin0cos0 + C соѕ20)у'? 
+ (D cos0 + E sin@) x’ 
+ (—D sinb + E соѕв)у + Е = 0 (6) 


In equation (6), the coefficient of x/y' is 
B(cos?0 — sin?0) -- 2(C — A)(sin0 cos0) 
To eliminate the x'y'-term, select an angle 0 so that this coefficient is 0. 
В(соѕ20 — sin?0) + 2(C — A)(sin@ cosé) = 0 
В cos(20) + (C — A)sin(20) = 0  Double-angle Formulas 
B cos(20) — (A — C)sin(20) 


A-C 


cot(20) = В = 0 


THEOREM Transformation Angle 
To transform the equation 


Ax? + Bxy + Cy? + "Рх + Еу + Е = 0 В = 0 


into an equation in x’ and y’ without an x/y'-term, rotate the axes through ап 
angle 0 that satisfies the equation 


А6 


со 20= B 


(7) 


Equation (7) has an infinite number of solutions for 0. We follow the convention 
of choosing the acute angle 0 that satisfies (7). There are two possibilities: 


Ifcot(20) > 0, then 0° < 20 < 905,500? < 0 < 45°. 
Ifcot(20) < 0, then 90? < 20 < 180°, ѕо 45° < 0 < 90°. 


Each of these results in а counter-clockwise rotation of the axes through an acute 
angle 0.* 


2 а А – РЕТ 
* Апу rotation through an angle 0 that satisfies cot(20) = © will eliminate the x'y'-term. 


However, the final form of the transformed equation may be different (but equivalent), depending on 
the angle chosen. 
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3 Analyze an Equation Using a Rotation of Axes 


For the remainder of this section, the direction “Analyze the equation” means to 
transform the given equation so that it contains no xy-term and to graph the equation. 


| EXAMPLE 3 | Analyzing an Equation Using a Rotation of Axes 


Analyze the equation x? + V3xy + 2y? — 10 = 0. 


Solution Since ап xy-term is present, rotate the axes. Using A = 1, В = V3,andC = 2 in 
equation (7), the acute angle 0 of rotation satisfies the equation 


A-C_-1__N3 


0° < 20 < 180° 
B V3 3 


cot(20) = 


Since cot(20) = a this means 20 = 120°, so 0 = 60°. Using formulas (5), 


1 By- Lw Узу') 


x = x'cos60? — y'sin60? = 


у = x'sin60? + y'cos60? = х + у = +(x! + у) 


Substituting these values into the original equation and simplifying gives 


x? + V3xy + 2у2 – 10 = 0 
1 / / 1 / / 1 / / 1 / f 
E(x! Зу) + V3 E- V8») (Зу) +2-|2(УЗх' + у) | = 10 


Multiply both sides by 4 and expand to obtain 


x'? — 2/Зх'у' + Зу? + V3 (V3x/2 — 2x!y! — J3y?) + 2(3x? + 2V3x'/y! + y?) = 40 
10x"? + 2у'? = 40 
x2 у? 


+ =i 
4 ' 20 


This is the equation of an ellipse with center at (0, 0) and major axis along the y'-axis. 
The vertices are at (0, +2V5 ) on the y'-axis. See Figure 49 for the graph. B 


\ Now Work PRoBLEMS 21 АМО 31 
X 
(0, -2N5) 


In Example 3, the acute angle 0 of rotation was easy to find because of the 
A-C 
Figure 49 2 4 V2 _ 1 а жаса?” р . _ 

4 ' 20 oes not have such a “nice” solution. As the next example shows, we can still find 
the appropriate rotation formulas without a calculator approximation by using 
Half-angle Formulas. 


numbers used in the given equation. In general, the equation cot(20) — 


Analyzing an Equation Using a Rotation of Axes 
Analyze the equation 4x? — 4ху + y? + 5V5 x + 5 = 0. 


(continued) 
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Solution Letting A = 4, B = —4, and C = 1 in equation (7), the acute angle 0 to rotate the 
axes satisfies 
cot(20) — A-C_3_ 3 
B —4 4 
To use the rotation formulas (5), we need to know the values of sin 0 and cos. 
Because the angle 0 is acute, we know that sind > 0 and cos0 > 0. Use the 
Half-angle Formulas in the form 
Co = 1 — cos(20) coso = П + cos(20) 
2 2 
See Figure 50. Because cot(20) — -4, then 90? < 20 < 180°, so cos(20) = -3. 
Then 
І 1 І > 


M 


Figure 50 cos(20) = x = = 


imos. 9 
2 2 5 ds 5 

3 
cos 2 П eos (20) _ Ж 1 45 
B 2 Е 2 - NS A8 5 


With these values, the rotation formulas (5) are 


y 


DEB, 4 MS 


5 y = S ay T3) 


Substituting these values in the original equation and simplifying gives 


4x? — 4ху + y? + 545x +5 = 0 
2 
[Suv — y) dS ay Fo + ») 


5 
2 
+ E + ») + s 5 iSo — y) =-5 


Multiply both sides by 5 and expand to obtain 


4(x'? — 4х/у + 4у'?) — A(2x'? — 3x!y' — 2у'?) 
+ 4x? + Agty! + y? + 25( x" — 2у') = —25 
25у'? — 50y! + 25x’ = —25 Combine like terms. 
y? — 2у' + х! = -1 Divide both sides by 25. 
y? — 2у' + 1 = —x' Complete the square in у’. 
(y! - 1)? = =x! 


This is the equation of a parabola with vertex at (0, 1) in the x’y’-plane. The axis 


of symmetry is parallel to the x'-axis. Use a calculator to solve sin? = 245. d 
Figure 51 (y – 1) = —x' find that 0 zz 63.4?. See Figure 51 for the graph. E 


\ Now Work PRoBLEM 37 
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4 Identify Conics Without Rotating the Axes 


Suppose that we are required only to identify (rather than analyze) the graph of an 
equation of the form 


Ax? + Вху + Cy? + Dx + Еу + Е = 0 В = 0 (8) 
Applying the rotation formulas (5) to this equation gives an equation of the form 
A'x'? + B'x!y! + С'у'? + "Р! х! + E!y! + ЕЁ! = 0 (9) 
where A’, В’, C', D', E', and Е! can be expressed in terms of A, B, C, D, E, F and the 
angle 0 of rotation (see Problem 55). It can be shown that the value of B? — 4AC in 
equation (8) and the value of B’? — 4A'C' in equation (9) are equal no matter what 
angle 0 of rotation is chosen (see Problem 57). In particular, if the angle 0 of rotation 


satisfies equation (7), then B’ = Oin equation (9),and B? — 4AC = —4A’C" Since 
equation (9) then has the form of equation (2), 


A'x'? + Cy? + D'x! + Еу! + Е! = 0 


we can identify its graph without completing the squares, as we did in the beginning 
of this section. In fact, now we can identify the conic described by any equation of 
the form of equation (8) without rotating the axes. 


THEOREM Identifying Conics Without Rotating the Axes 


Except for degenerate cases, the equation 


Ax? + Вху + Cy? + Dx + Еу + Е = 0 (10) 


e Defines a parabola if B? — 4AC = 0. 
e Defines an ellipse (or a circle) if B? — 4АС < 0. 
e Defines a hyperbola if B? — 4AC > 0. 


You are asked to prove this theorem in Problem 58. Because of the above 
theorem, equation (10) is called the general equation of a conic. 


| EXAMPLE 5 | Identifying a Conic without Rotating the Axes 


Identify the graph of the equation 8x? — 12xy + 17у? — 4 5x — 2V5y — 15 = 0. 


Solution Here A = 8, B = —12,andC = 17,so B? — 4АС = —400. Since B? — 4АС < 0, 
the equation defines an ellipse. B 


A Now Work PROBLEM 43 


9.5 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The sum formula for the sine function 3. If 0 is acute, the Half-angle Formula for the sine function 
зш А-ы B= gus 18 sing = . (p. 556) 


2. The Double-angle Formula for the sine function 


ian 4. If 0 is acute, the Half-angle Formula for the cosine function 
issin(20) — . (p. 553) 


is созо = . (р. 556) 


Nt Now Work [*] 1. Modeling 1. Writing 5 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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Concepts and Vocabulary 
5. To transform the equation 
Ax? + Bxy + Cy? + Dx + Еу + Е = 0 В = 0 


into one іп x’ and y’ without an х’у'-(егт, rotate the axes 
through an acute angle 0 that satisfies the equation 


7. Except for degenerate cases, the equation 
Ax? + Вху + Cy? + Dx + Еу + Е = 0 


defines an ellipse if 


9. True or False The equation 3x? + Bxy + 12y? = 10 defines 
a parabola if B = —12. 


Skill Building 


6. Multiple Choice Except for degenerate cases, the equation 
Ах? + Bxy + Cy? + Dx + Ey+F=0 
defines a(n) if B? — ААС = 0. 
(a) circle (b) ellipse (c) hyperbola (d) parabola 


8. Multiple Choice The equationax? + 6y? + 12y = 0 defines 
an ellipse if 


(а) а< 0 (b) a = 0 (с) а > 0 (d) ais any real number 


10. True or False To eliminate the xy-term from the equation 
x? — 2xy + y? — 2x + 3y + 5 = 0, rotate the axes through 
an angle 0, where cotü = B? — 4AC. 


In Problems 11—20, identify the graph of each equation without completing the squares. 


Мах +4х+у+3=0 
13. 6x? + 3y? — 12x + бу = 0 
15. 3x? — 2y? + 6x +4 = 0 
17. 2y? — x? - у+х = 0 
19. x? + y? - 8х + 4у = 0 


12. 2y? – Зу + 3x = 0 

14. 2x? + y? - 8х + 4у +2 = 0 
16. 4х2 — 3y? – 8х + бу +1 = 0 
18. y? — 8х2 – 2х – y = 0 

20. 2x? + 2y? — 8х + 8y = 0 


In Problems 21-30, determine the appropriate rotation formulas to use so that the new equation contains no xy-term. 


N 21. x? + 4xy + y?-3=0 
23. 5x? + бху + 5y? - 8 = 0 
25. 13x? — 6V3xy + 7? — 16 = 0 
27. Ax? — 4ху + y? — 8V5x — 16V5y = 0 
29. 25x? — 36xy + 40y? — 12V13x — 8/13y = 0 


22. x? - Axy + y? - 3-2 0 

24. 3x? — 10ху + 3y? – 32 = 0 

26. 11x? + 10V3xy + y? 4 = 0 
28. x? + 4xy + 4y? + 545y + 5 = 0 
30. 34x? — 24xy + 41у? — 25 = 0 


In Problems 31—42, rotate the axes so that the new equation contains no xy-term. Analyze and graph the new equation. Refer to 


Problems 21—30 for Problems 31—40. 
N 3L x? + 4Axy + y? -3— 0 
33. 5x? + бху + Sy? - 8 = 0 
35. 13x? — 6V3xy + 7y? – 16 = 0 
\ зт, 4x2 — 4ху + y? — 8V5x — 16V5y = 0 
39. 25x? — 36xy + 40у? — 12V13x — 8V13y = 0 
41. 16x? + 24xy + 9y? — 130x + 90у = 0 


32. x? — 4xy + y? - 320 

34. 3x? — 10ху + 3y? - 32 = 0 

36. 11x? + 10V3xy + y? 4 = 0 

38. x? + 4ху + Ay? + 5V5y +5 = 0 

40. 34x? — 24xy + 41у2 - 25 = 0 

42. 16x? + 24xy + 9y? — 60x + 80у = 0 


In Problems 43—52, identify the graph of each equation without applying a rotation of axes. 


NB. x? + 3xy — 2y? + 3х + 2у + 5 = 0 
45. x? — 7ху + 3y? - y - 10 = 0 
47. 9х? + 12ху + 4у2 x y = 0 
49. 10x? – 12ху + 4y? - x -y 10 = 0 
51. 3х2 — 2xy + y? + 4x + 2у - 1-0 


Applications апа Extensions 


53. Satellite Receiver A parabolic satellite receiver is initially 
positioned so its axis of symmetry is parallel to the x-axis. 
A motor allows the receiver to rotate and track the satellite 
signal. If the rotated receiver has the equation 


4х2 — 4V21xy — ы, + 21y? —171y + 324 = 0 


through what acute angle did the receiver rotate, to the 
nearest tenth of a degree? 


44. 2x? — Зху + 4y? + 2х + Зу – 5 = 0 
46. 2x? — Зху + 2y? – 4x -2 = 0 
48. 10x? + 12ху + 4y? - x - у +10 = 0 
50. 4х2 + 12ху + 9y? - x - у= 0 
52. 3х? + 2xy + y? + 4х – 2у +10 = 0 


54. Elliptical Trainer A runner on an elliptical trainer inclines the 
machine to increase the difficulty of her workout. If the initial 
elliptic path of the pedals had a horizontal major axis, and the 
inclined path has the equation 

19 48 


20x? — 10xy ;* + 89y? — 89у 4 5 0 


through what acute angle did the runner incline the machine, 
to the nearest tenth of a degree? 
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In Problems 55-58, apply the rotation formulas (5) to 58. Prove that, except for degenerate cases, the equation 
Ax? + Вху + Cy? + Dx + Еу + Е = 0 Ах? + Вху + Су? + Dx + Еу + Е = 0 
to obtain the equation (a) Defines a parabola if B? — 4AC = 0. 


(b) Defines an ellipse (or a circle) if B? — 4АС < 0. 
(с) Defines a hyperbola if В? — ААС > 0. 


55. Express A’, В’, C', D', E', and F’ in terms of A, B, C, D, E, Е, 59. Challenge Problem Use the rotation formulas (5) to show 


A'x'? + B'x! y! + Cry? + D'x'! + Е'у! + F' — 0 


and the angle 0 of rotation. [Hint: Refer to equation (6).] that distance is invariant under a rotation of axes. That is, 
56. Show that A + C = А! + C', which proves that A + C is show that the distance from P, = (xı, y1) to P, = (22, y2) 
invariant; that is, its value does not change under a rotation in the xy-plane equals the distance from P, = (х1, у) 
of axes. to P, = (x5, y5)in the x’y’-plane. 
57. Refer to Problem 56. Show that B? — 4AC is invariant. 60. Challenge Problem Show that the graph of the equation 


x12 + yl/2 = qV?, a > 0,is part of the graph of a parabola. 


Explaining Concepts: Discussion and Writing 


61. Formulate a strategy for analyzing and graphing an equation 62. Explain how your strategy presented in Problem 61 changes 
of the form if the equation is of the form 
Ax? + Cy? + "рх + Ey+F=0 Ax? + Вху + Cy? + Dx + Еу + Е = 0 


Retain Your Knowledge 


Problems 63-71 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


63. Solve the triangle:a = 7, b = 9, апіс = 11 68. Find the horizontal asymptote for the graph of 


64. Find the area of the triangle:a = 14, b = 11, C = 30° f(x) = 4e*1-—5 


65. Transform the equation xy = 1 from rectangular 69. Solve the equation log;x + log;(x — 4) = 1. 
coordinates to polar coordinates. 


. The graph of f(x) = Vx? + 25 + 568 — х) has ап 


66. Write the complex number 2 — Si in polar form. А 10 


Х 67. Simplify: х 1 


асве == = 0. What is the 


minimum value rounded to two decimal places? 
. Ifg(x) = Vx — 7 + 2, find g-! (3). 


absolute minimum when 
(4x2 —1)* . 32x + 3? .2 — (2x + 3? .8(4х2 — 1) - 8x 
[(4x - DS] 


‘Are You Prepared?’ Answers 


1. sin A cos B + cos A sin B 2. 2 5100 cos 3. —— 4. PE 


9.6 Polar Equations of Conics 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Polar Coordinates (Section 8.1, pp. 621—628) 


\ Now Work the ‘Are You Prepared?’ problems on page 746. 


OBJECTIVES 1 Analyze and Graph Polar Equations of Conics (p. 741) 
2 Convert the Polar Equation of a Conic to a Rectangular Equation (p. 745) 


1 Analyze and Graph Polar Equations of Conics 


In Sections 9.2 through 9.4, we gave individual definitions for a parabola, ellipse, 
and hyperbola based on geometric properties and the distance formula. This section 
presents an alternative definition that simultaneously defines all these conics and is 
well suited to polar coordinate representation. (Refer to Section 8.1.) 
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DEFINITION Conic 


Let D denote a fixed line called the directrix; let F denote a fixed point called 
the focus, which is not on D; and let e be a fixed positive number called the 
eccentricity. A conic is the set of points P in a plane for which the ratio of 
the distance from F to P to the distance from D to P equals e. That is, a conic is 
the collection of points P for which 


ChE dE m 
Jupes c t a) 


e Ife = 1, the conic is a parabola. 
e Ife < 1, the conic is an ellipse. 
e Ife > 1, the conic is a hyperbola. 


Observe that ife = 1, the definition of a parabola in equation (1) is exactly the 
same as the definition used earlier in Section 9.2. 

In the case of an ellipse, the major axis is a line through the focus perpendicular 
to the directrix. In the case of a hyperbola, the transverse axis is a line through 
the focus perpendicular to the directrix. For both an ellipse and a hyperbola, the 
eccentricity e satisfies 


e=£ (2) 
a 


where c is the distance from the center to the focus, and a is the distance from 
the center to a vertex. 


Just as we did earlier using rectangular coordinates, we derive equations for the 
conics in polar coordinates by choosing a convenient position for the focus F and the 
directrix D. The focus F is positioned at the pole, and the directrix D is either parallel 


or perpendicular to the polar axis. 
Directrix D 


: P- (r.6) Suppose that we start with the directrix D perpendicular to the polar axis at a 
» d(D, P) " | distance p units to the left of the pole (the focus F). See Figure 52. 
, | If P = (r, 0) is any point on the conic, then, by equation (1), 
‹ : | d(F, Р) 
р `9 d ‚ Polar dD. P) ~ e or d(F,P)=e-d(D,P) (3) 
Pole 0 Q as . . . . 
(Focus F) Now use the point Q obtained by dropping the perpendicular from P to the polar 
axis to calculate d( D, Р). 
Y 
Figure 52 а(р, P) = p + d(O, Q) = p+rcosé (4) 


Since the focus F is at the pole (origin), it follows that 
d(F, Р) = 4(0,Р) = ғ (5) 

Use the results іп equations (4) апа (5) in equation (3). 
Then 

d(F,P)-—e-d(D,P) Equation (3) 
e(p+rcosé) d(F,P)=r,d(D,P) = p+rcosd 
ep + er cos0 
ep 
r(1 — ecos0) = ep 


r 


r 


г — er cosl 


ер 


| = ——— 
1 — есоѕӣ 
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THEOREM Polar Equation of a Conic; Focus at the Pole; Directrix 
Perpendicular to the Polar Axis a Distance p to the Left of the Pole 


The polar equation of a conic with focus at the pole and directrix perpendicular 
to the polar axis at a distance p to the left of the pole is 


ep 
Pe ae O 6 
1 1 — ecosé o 


where e is the eccentricity of the conic. 


| ЕХАМРІЕ 1 | Analyzing and Graphing the Polar Equation of a Conic 


4 


Anal d h th ti = ———.. 
nalyze and graph the equation r = „———.„ 


Solution The equation is not quite in the form of equation (6), since the first term in the 
denominator is 2 instead of 1. Divide the numerator and denominator by 2 to obtain 


2 ep 


DESC ед 0 
1 – 50080 ТРИ 


This equation is in the form of equation (6), with 


1 
e 2 and ep 


Then 


1 
— = 2. 
2 р SO p 


ll 
A 


Sincee = - < 1, the conic is an ellipse. One focus is at the pole, and the directrix 


is perpendicular to the polar axis, p = 4 units to the left of the pole. The major axis 
is along the polar axis. To find the vertices, let Ө = 0 and@ = m. The vertices of the 


ellipse are (4, 0) and (5. т). The center of the ellipse is the midpoint of the vertices, 
namely, ($, о). [Do you see why? The vertices (4, 0) and (5. т) in polar coordinates 
are (4, 0) and (-5, 0) in rectangular coordinates. The midpoint in rectangular 


coordinates is (5. 0), which is also (3. 0) in polar coordinates.] Then а = distance 


Directrix с 
A 


from the center to a vertex = - Usinga — Š ande = jin equation (2),e = =, 
a 


yields c = ae = 2. Finally, using a = 5 апас = iin b? — a? — c? yields 
„ Polar 
aA b2 — a2 — c2 204. 10 . 48 
9 9 9 
p &3 
Y 3 
Fi _ 4 
igure 53 г = ———— . 
2 — cose Figure 53 shows the graph. N 


М, Now Work PRoBLEM 11 
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[ Exploration 


AD Graph №, = and compare the result with Figure 53. What do you conclude? Clear the 


(87 


2 + с050 


screen and graph r, = Compare each of these graphs with 


4 
d th == =з, 
2—sing ?^ en п = 2 1sinó 


Figure 53. What do you conclude? | 


Equation (6) assumes that the directrix is perpendicular to the polar axis at a 
distance p units to the left of the pole. If the directrix is perpendicular to the polar 
axis at a distance p units to the right of the pole, then 


= ep 
1+ ecosdé 


r 


See Problem 43. 

In Problems 44 and 45, you are asked to derive the polar equations of conics 
with focus at the pole and directrix parallel to the polar axis. Table 5 summarizes the 
polar equations of conics. 


Table 5 Polar Equations of Conics (Focus at the Pole, Eccentricity e) 
Equation Description 


ep 


TE 26050 Directrix is perpendicular to the polar axis at a distance p units to the left of the pole. 


ep 


ес. Directrix is perpendicular to the polar axis at a distance р units to the right of the pole. 


ep 


ТОБЕ? Directrix is parallel to the polar axis at a distance p units above the pole. 


е 
= Р Directrix is parallel їо the polar axis at a distance р units below the pole. 
Eccentricity 
e Ife = 1, the conic is a parabola; the axis of symmetry is perpendicular to the directrix. 


e Ife < 1,the conic is an ellipse; the major axis is perpendicular to the directrix. 


< 
= 


e Ife > 1, the conic is a hyperbola; the transverse axis is perpendicular to the directrix. 


Analyzing and Graphing the Polar Equation of a Conic 
6 


Anal d h th ti ——————. 
nalyze and graph the equation r = = + Зай 
Solution To put the equation in proper form, divide the numerator and denominator by 3. 


ле мы A 
1+ sind 1 + еѕіпб 


See Table 5. This conic has its directrix parallel to the polar axis, a distance р units 
above the pole. 


e=1 and ep=2 


p=2 e=1 

| ve "E Sincee = 1,the conic is a parabola with focus at the pole. The directrix is parallel 
s y а. to the polar axis 2 units above the pole; the axis of symmetry is perpendicular to the 

2, 2,0 ; А . 
EUM z сн > E polar axis. The vertex of the parabola is at [1 т). (Do you see why?) See Figure 54 
for the graph. Notice that two additional points, (2, 0) and (2, т), are plotted to assist 
in graphing. _B 

Figure 54 r = 6 


3 + 3sind \ Now Work PRoBLEM 13 
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| EXAMPLE 3 | Analyzing and Graphing the Polar Equation of a Conic 


3 


Anal d h th ti CA ү ES) 
nalyze and grap e equalon.r 14- 3cos0 


Solution Тһе conic has its directrix perpendicular to the polar axis, a distance p units to the 
right of the pole. See Table 5. 


e—3 and ep=3 
p=1 e=3 


Since е = 3 > 1, the conic is a hyperbola with a focus at the pole. The directrix 
is perpendicular to the polar axis, 1 unit to the right of the pole. The transverse 


axis is along the polar axis. To find the vertices, let 0 = 0 and 0 = 7. The vertices 


are (5. 0) and(—3, n). The center, which is at the midpoint of (2, 0) and(—3, т), 


15 | d 0) .Thenc = distance from the center to a focus = = Using equation (2), we get 


9 
22 ора WE 
3= = ee 
Pol 
ais Then, 
81 9 12: 9 
b2 == 2 2. 2 ===, == = 
C 7 764 64 6 8 
b = 3. = 382 
2/2 4 
А Е 3 : : o А т эл) 
Figure 55 г = Па TTT Figure 55 shows the graph. Notice two additional points, (3, =) and (3, z p are 


plotted on the left branch and symmetry is used to obtain the right branch. The 
asymptotes of the hyperbola were found by constructing the rectangle shown. _g 
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2 Convert the Polar Equation of a Conic to a Rectangular Equation 


| EXAMPLE 4 | Converting a Polar Equation to a Rectangular Equation 


Convert the polar equation 


1 


к= ———— 
3 — 3cos0 
to a rectangular equation. 


Solution Тһе strategy here is to rearrange the equation and square both sides before converting 
the equation in polar coordinates to an equation in rectangular coordinates. 


Puce 
3 — 3cos0 
3r — 3rcos0 = 1 
3r = 1 + 3r cos0 Rearrange the equation. 
9r? = (1 + 3r cos0)? Square both sides. 
9(x? + у?) = (1+ 3x»? х? + у? = 2; х = ғсоѕ0 
9x? + 9y? = Ox? + 6x +1 
9у2 = бх +1 
This is the equation of a parabola in rectangular coordinates. D 
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9.6 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. If (x, у) are the rectangular coordinates of a point P and 
(r, 0) are its polar coordinates, then x — andy = 
(pp. 623-624) 


Concepts and Vocabulary 


3. A is the set of points P in a plane for which 
the ratio of the distance from a fixed point F, called 
the , to P to the distance from a fixed line D, 
called the , to P equals a constant e. 


4. A conic has eccentricity e. 
Ife = 1, the conic is a(n) 
Ife < 1, the conic is a(n) 


Ife > 1, the conic is a(n) 


2. Transform the equationr = 6 cos@ from polar coordinates to 
rectangular coordinates. (pp. 627-628) 


5. Multiple Choice If (г, 0) are polar coordinates, the equation 


= = a defines a(an) 


(a) parabola (b) hyperbola (с) ellipse (d) circle 


r 


6. True or False The eccentricity e of an ellipse is £ where a is 
a 


the distance of a vertex from the center and c is the distance 
of a focus from the center. 


Skill Building 
In Problems 7-12, identify the conic defined by each polar equation. Also give the position of the directrix. 
1 3 
Lr ————— Lg Lx 
i 1 + cos nd 1 — sind 
10. r = ЛИБЕ та _ 
1 + 2 cos 4 — 2 cos 


In Problems 13-24, analyze each equation and graph it. 


\ 13. г = — 08 14. Рт —3 
1 + cos 1 — sind 
9 12 
r = 18. г = ————— — 
\ r 3 — 6cos0 d 4+ 8 5100 


21. (3 — 25110) = 6 22. r(2 — cos@) = 2 


In Problems 25-36, convert each polar equation to a rectangular equation. 


1 3 
2B, fL ————_~ 26. г = ———— 
N mr 1 + cos d 1 — sind 
9 12: 
29. г = ———— —— 30. r = —————— 
r 3 — 6 соѕӣ i 4+ 8 5100 


33. r(3 — 25110) = 6 34. (2 — cos0) = 2 


4 
9. р = —— 
r 2 — 3 5110 
12. r= ET 2S 
8 + 2 sind 
j MEE ДЕБЕ igo 
4+ 3 sind 5 + 4 cos0 
8 8 
19.г=-—— 20. г = —————— 
r 2 — sind pet 2 + 4с050 
6 sec 3 сѕсб 
23. r = ——— —— 24. r — 
d 2secü — 1 i csc — 1 
mro 28. r= 10 EE 
4 + 3sin 5 + 4 cos0 
8 8 
k r= Dype _. 
e 2 — sind ede 2 + Acos0 
||  6secÓ |.  3cscÓ 
Sedes о оше ЫЕ гш 


In Problems 37-42, find a polar equation for each conic. For each, a focus is at the pole. 


37. e = 1; directrix is parallel to the polar axis, 1 unit above 
the pole. 


39. e = = directrix is perpendicular to the polar axis, 3 units to 


the left of the pole. 


41. e = 6; directrix is parallel to the polar axis, 2 units below 
the pole. 


Applications and Extensions 


38. e = 1; directrix is parallel to the polar axis, 2 units below 
the pole. 


40. e = =: directrix is parallel to the polar axis, 3 units above 


the pole. 


42. e = 5; directrix is perpendicular to the polar axis, 5 units to 
the right of the pole. 


43. Deriver = — _ from Table 5. 44. Deriver = СЕС. _. from Table 5. 45. Deriver = —P_ from Table 5. 
1 + e cos 1+ esin 1 — e sin 
AL. Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 


та 46. 


48. 


Retain Your Knowledge 


Orbit of Mercury The planet Mercury travels around the 
Sun in an elliptical orbit given approximately by 


r = _3:442 x 107 
1 — 0.206 cos0 
where r is measured in miles and the Sun is at the pole. Find 
the distance from Mercury to the Sun at aphelion (greatest 
distance from the Sun) and at perihelion (shortest distance 
from the Sun). See the figure. Use the aphelion and perihelion 
to graph the orbit of Mercury using a graphing utility. 


Mercury 


Perihelion 


A Aphelion 


Sun 


. Halley's Comet Halley's comet travels around the Sun in an 


elliptical orbit given approximately by 


k= 1.155 
1 — 0.967 cos0 

where the Sun is at the pole and r is measured in AU 
(astronomical units). Find the distance from Halley's comet 
to the Sun at aphelion and at perihelion. Use the aphelion 
and perihelion to graph the orbit of Halley's comet using a 
graphing utility. 

Challenge Problem Water Leak А tank is punctured on its 
side, and water begins to stream out in a parabolic path. If the 
path of the water is given by 


" 0.8 
1+ 5100 


and the water hits the 
ground 4 inches away from 
the base of the tank, what is 
the height of the puncture 
from the base of the tank? 
Assume the focus is at 
the pole. 


4in. 


49. 


50. 


51. 
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Challenge Problem Board Deflection A crate is placed at 
the center of a 5-meter board that is supported only at its 
ends. The weight of the crate causes a deflection of the board 
at its center. If the shape of the deflected board is a parabola 
given by 


250 


T 7 1— sind 


determine the amount of deflection at the center assuming 
the focus is at the pole. 


Displacement 


(Not to scale) 


Challenge Problem Suppose that a conic has an equation 


of the form r = ——“? — If the polar coordinates of two 
l—esin0 
т 37 


points on the graph are | М, 2 | апа | т, = |, show that 


M-m 
е = апар = 
М+т 


2mM 
M-m 


Challenge Problem Escape Velocity From physics, the 
equation for the free-flight trajectory of a satellite launched 
a distance r, from the center of the earth is given by the polar 
equation 

_ GM, 


2 
Tovo 


GM, 


2559 
ro Và 


Е + 


where М, is the mass of the earth, С is the gravitational 
constant, and v, is the initial velocity of the satellite. If the 
initial velocity is equal to the escape velocity (the velocity 
needed to overcome Earth's gravitational pull) then the 
resulting trajectory follows a parabolic path. What is the 
escape velocity? 


Problems 52-61 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


52. Find the area of the triangle described: a — 7, b — 8, А 58. Determine where the function 


53. 


andc = 10. Round to two decimal places. 


Without graphing, determine the amplitude and period 
of y = 4cos( x]. 
5 


. Solve:2cos?x + cosx — 1 0,0 < x < 2r 
. Forv = 10i — 24), find ||v |l. 
. If an arc length of 14 feet subtends a central angle of 105°, 


what is the radius of the circle? 


. A radioactive substance has a half-life of 15 years. How long 


until there is 4096 of a sample remaining? 


59. 
60. 


x+3 if-2zx«-1 
x? +1 if x >i 


is increasing, decreasing, and constant. 


f(t) = 


Find k so that y = sin(kx) has a period of 2, 


Write the vertex form of the quadratic function whose 
graph has vertex (—3, 8) and y-intercept 5. 


A 61. Find the area of the region bounded by the graph of 


f(x) = 5х + 3, the x-axis, and the vertical lines х = 0 


andx = 8. 
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‘Are You Prepared?’ Answers 


1. г cos6; r sind 


2. x2 + y? = 6xor (x —3)? + у? = 9 


9.7 Plane Curves and Parametric Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Amplitude and Period of Sinusoidal Graphs (Section 5.6, pp. 459-461) 


v. Now Work the 'Are You Prepared?' problem on page 757. 


A= (ха), ya) 


Figure 56 Plane curve 


OBJECTIVES 1 Graph Parametric Equations (p. 748) 


B = (x(b), у(0)) 
t=b 


2 Find a Rectangular Equation for a Plane Curve Defined Parametrically (p. 749) 
3 Use Time as a Parameter in Parametric Equations (p. 751) 


4 Find Parametric Equations for Plane Curves Defined by Rectangular 
Equations (p. 754) 


Equations of the form y = f(x), where f is a function, have graphs that are intersected 
no more than once by any vertical line. The graphs of many of the conics and certain 
other, more complicated graphs do not have this characteristic. Yet each graph, like the 
graph of a function, is a collection of points(x, y) in the xy-plane; that is, each is a plane 
curve. This section discusses another way of representing such graphs. 


DEFINITION Parametric Equations and Plane Curves 


Suppose x = x(t)and y = y(t) аге two functions of a third variable t, called 
the parameter, that are defined on the same interval 7. Then the equations 


хт = eb) y= y(t) 


where f is in Z, are called parametric equations, and the graph of the points 
defined by 


(x, у) = (x(t), y(0) 


is called a plane curve. 


1 Graph Parametric Equations 


Parametric equations are particularly useful in describing movement along a plane 
curve. Suppose that a plane curve is defined by the parametric equations 


x = x(t) y= y(t) a<t<b 


where each function is defined over the interval a < t < b. For a given value of t, 
the values of x = x(t)and y = y(t) determine a point (x, y) on the curve. In fact, 
ast varies over the interval from? = atot = b, successive values of t determine the 
direction of the movement along the curve. That is, the curve is traced out in a certain 
direction by the corresponding succession of points(x, y). See Figure 56. The arrows 
show the direction, or orientation, along the curve as ¢ varies from a to b. 
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| EXAMPLE 1 | Graphing a Plane Curve 


Graph the plane curve defined by the parametric equations 


x(t) = 312 y(t) = 2t =) Sf <2 (1) 


Solution For each number t, —2 < t < 2, there corresponds a number x and a number у. 

For example, when? = —2, then x = 3(—2)? = 12 and y = 2(-2) = —4. When 

COMMENT Most graphing utilities have t = O,thenx = O and y = O.Setup а table listing various choices of the parameter t 

the capability of graphing parametric and the corresponding values for x and y, as shown in Table 6. Plot these points and 

equations. See Appendix B, Section B2. ^ connect them with a smooth curve, as shown in Figure 57 The arrows in Figure 57 
indicate the orientation. 


Table 6 x(t) y(t) (х,у) (12, 4) 


(3, —2) 


(12, —4) 


Figure 57 
x(t) = 3t2, y(t) =2t, -2<t<2 B 


[ Exploration 


2 Graph the following parametric equations using a graphing utility with Xmin = 0, Xmax = 15, 
Ymin = —5, Ymax = 5, and Tstep = 0.1. 


3t2 
1. xt) = 21,00) = 16-45154 
2. x(t) 2 312 + 12t + 12, y(t) = 21+ 4, -A«t «0 
2 
3. x(t) 2 313, y(t) = 2%, -8 <t < 8 


Compare these graphs to Figure 57. Conclude that parametric equations defining a plane curve аге not 


unique; that is, different parametric equations can represent the same graph. | 


2 Find a Rectangular Equation for a Plane Curve Defined 
Parametrically 
The plane curve given in Example 1 should look familiar. To identify it accurately, 


find the corresponding rectangular equation by eliminating the parameter ¢ from the 
parametric equations given in Example 1: 


x(t) = 312 y(t) = 2t —2<t<2 


Solve for t in у = 2t, obtaining t = 2 and substitute this expression in the other 


equation to get 


2 2 

x = 3? = 3(2] = 

2 4 

T 
ter 
2 
; З зу? à. лд. c a ; : 
This equation, x — E (or y^ $x), is the equation of a parabola with vertex 


at(0, 0) and axis of symmetry along the x-axis that opens to the right. We refer to this 
equation as the rectangular equation of the curve to distinguish it from the parametric 
equations. 
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( Exploration Note that the plane curve oon by equation (1) and shown in Figure 57 is only 


po 
(x 


_ 3y? 


a part of the parabola x = + The graph of the rectangular equation obtained 


4 


using a graphing utility with Xmin = 0, 
Xmax = 15, Үтіп = —5, Ymax = 5. 


| yi ү and y; = J2 by eliminating the parameter will, in general, contain more points than the original 
plane curve. Care must therefore be taken when a plane curve is graphed after 


eliminating the parameter. Even so, eliminating the parameter t from the parametric 


Compare the graph with Figure 57. equations to identify a plane curve accurately is sometimes a better approach than 


Why do the graphs differ? | plotting points. 


Finding the Rectangular Equation of a Plane Curve Defined 
Parametrically 


Find the rectangular equation of the plane curve whose parametric equations are 
x(t) = acost y(t) = asint —oo < t < oo 


where a > Oisa constant. Graph the plane curve, and indicate its orientation. 


Solution Тһе presence of sines and cosines in the parametric equations suggests using a 
Pythagorean Identity. In fact, since 


cost = ~ and sint = > 
а а 
Y4 this means that 
(0, a) А 
2 
(=) «(2j = 1 cos?t + sin?t = 1 
a a 
(a, b х?+ у? = а? 
(~a, 0) X 

The plane curve is a circle with center at (0, 0) and radius a. As the parameter t 
increases, say from t = 0 [the point (a, 0)]to = 2 [the point (0, a)] tot = т 
Figure 58 [the point (—a, 0)], the corresponding points are traced in a counter-clockwise 
x(t) = acost, y(t) = asint direction around the circle. The orientation is as indicated in Figure 58. D 


\ Now Work PRoBLEMS 7 AND 19 


Let’s analyze the plane curve in Example 2 further. The domain of each 
parametric equation is —оо < t < ov. So, the graph in Figure 58 is repeated each 
time that f increases by 27. 

If we wanted the curve to consist of exactly 1 revolution in the counter-clockwise 
direction, we could write 


x(t) = acost y(t) = asint 0<t<27 


This curve starts att = 0 [the point (a, 0), proceeds counter-clockwise around the 
circle, and ends att = 27 [also the point (a, 0)]. 

If we wanted the curve to consist of exactly three revolutions in the counter- 
clockwise direction, we could write 


x(t) = acost y(t) = asint —2m < t < 4r 
or 
x(t) = acost y(t) = asint 0 < г< бт 
or 


x(t) = acost y(t) = asint 2m € t € 8r 
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(0, а) 


Describing Parametric Equations 


Find rectangular equations for the following plane curves defined by parametric 
equations. Graph each curve. 


(a) x(t) = acost y(t) = asint O<t<a a»0 


IA 


(b) x(t) = —a sint y(t) = -acot 0<t<z7 a»0 
Solution (а) Eliminate the parameter t using a Pythagorean Identity. 
cos?t + sin?t = 1 
d (2) E 
а 


x2 + у? = а? 


The plane curve defined by these parametric equations lies on a circle with 
radius a and center at (0, 0). The curve begins at the point (a, 0), whent = 0; 


passes through the point (0, a), when t = 2! and ends at the point (—a, 0), 


when t = m. The parametric equations define the upper semicircle of a circle of 
radius a with a counter-clockwise orientation. See Figure 59. 
The rectangular equation is 


(~a, 0) 
Figure 59 


(a, 0) 


> 
x 


-а<х<а 


x(t) = acost y(t) = asint 


O<t<z7a>0 


(b) Eliminate the parameter t using a Pythagorean Identity. 


sin?t + cos?t=1 


УА 2 2 
Ж (=) «(x -1 
—a —a 
x24 у? = а? 
(~a, 0) à The plane curve defined by the parametric equations lies on a circle with 
radius a and center at (0, 0). The curve begins at the point (0, —a), when t = 0; 
(0, —a) passes through the point (—a, 0), when t = 3 and ends at the point (0, a), 
Figure 60 when t = т. The parametric equations define the left semicircle of a circle of 
x(t) =—asint y(t) = —acost radius a with a clockwise orientation. See Figure 60. 


O<t<a7a>0 


The rectangular equation is 


x = ya? — y? -a<y<a _в 


Example 3 illustrates the versatility of parametric equations for replacing 
complicated rectangular equations, while providing additional information about 
orientation. These characteristics make parametric equations very useful in 
applications, such as projectile motion. 


@ 3 Use Time as a Parameter in Parametric Equations 


If we think of the parameter t as time, then the parametric equations x = x(t) and 
y = y(t) specify how the x- and y-coordinates of a moving point vary with time. 

For example, we can use parametric equations to model the motion of an object, 
sometimes referred to as curvilinear motion. Using parametric equations, we can 
specify not only where the object travels —that is, its location (x, y)—but also when 
it gets there — that is, the time t. 

When an object is propelled upward at an inclination 0 to the horizontal with 
initial speed у, the resulting motion is called projectile motion. 
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-———— 


Figure 61 Projectile motion 


A In calculus the following result is proved. 


The parametric equations of the path of a projectile fired at an inclination 0 to 
the horizontal, with an initial speed vy, from a height л above the horizontal, are 


x(t) = (vycos80)t y(t) = -igt + (vsinQ)t + А (2) 


where t is time and g is the constant acceleration due to gravity (approximately 
32 ft/sec?, or 9.8 m/sec?). 


See Figure 61. 


30* 


Figure 62 
Solution 


Need to Review? 

The vertex of a quadratic function 
у= Ё(х) = ах? + бх + са = 0, 
m isthe poine(—, т 
“Refer to Section 2.4, pp. 162—164. 


Projectile Motion 


Suppose that Jim hit a golf ball with an initial speed of 150 feet per second at an angle 
of 30° to the horizontal. See Figure 62. 


(a) Find parametric equations that describe the position of the ball as a function 
of time. 


(b) How long was the golf ball in the air? 
(c) When was the ball at its maximum height? Find the maximum height of the ball. 
(d) Find the distance that the ball traveled. 


(a) We have v, = 150 ft/sec, 0 = 30°, h = 0 ft (the ball is on the ground), 
and g = 32 ft/sec? (since the units are in feet and seconds). Substitute these 
values into equations (2) to get 


x(t) = (у0с050) = (150 cos30°)t = 7543 t 
y(t) = -igt + (vosin)t +h = E .32 «1? + (150 sin30°)t + 0 = —16t2 + 75t 


(b) To find the length of time that the ball was in the air, solve the equation y(t) = 0. 


—1612 + 75t = 0 
t(—16t + 75) = 0 


t= 0 ѕес or t= E — 4.6875 sec 


The ball struck the ground after 4.6875 seconds. 


(c) Notice that the height y of the ball is a quadratic function of t, so the maximum 
height of the ball can be found by determining the vertex of y(t) = —16t? + 75t. 
The value of t at the vertex is 


r= — = 2.34375 sec 


The ball was at its maximum height after 2.34375 seconds. The maximum height 
of the ball is found by evaluating the function y(t)att = 2.34375 seconds. 


Maximum height = —16 - (2.34375)? + 75 - 2.34375 ~ 87.89 feet 


(d) Since the ball was in the air for 4.6875 seconds, the horizontal distance that the 
ball traveled is 


x = 75V3 - 4.6875 ~ 608.92 feet _в 
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d 
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[ Exploration 


n Simulate the motion of a ball thrown straight up with an initial speed of 100 feet per second from a height 


of 5 feet above the ground. Use PARAMETRIC mode on a TI-84 Plus CE with Tmin = 0, Tmax = 6.5, 
Tstep = 0.1, Xmin = 0, Xmax = 5, Ymin = 0, and Ymax = 180. What happens to the speed with which 
the graph is drawn as the ball goes up and then comes back down? How do you interpret this physically? 
Repeat the experiment using other values for Tstep. How does this affect the experiment? 


[Hint: In the projectile motion equations, let 0 = 90°, vy = 100, h = 5, and g = 32. Use x = 3 instead 
of x = 0 tosee the vertical motion better.] 


Result In Figure 63(a), the ball is going up. In Figure 63(b), the ball is near its highest point. Finally, in 
Figure 63(c), the ball is coming back down. 


NORMAL FLOAT AUTO REAL RADIAN MP ñ NORMAL FLOAT AUTO REAL RADIAN MP ñ NORMAL FLOAT AUTO REAL RADIAN MP ñ 


180 


180 | 
›5 0 " " 5 0 " a 5 


Figure 63 


(t~ 0.7) (t= 3) (t~ 4) 


(a) (b) (c) 


Notice that as the ball goes up, its speed decreases, until at the highest point it is zero. Then the speed 


increases as the ball comes back down. | 
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Solution 


A graphing utility can be used to simulate other kinds of motion as well. Let's 
work Example 5 from Section A.9 using parametric equations. 


ЧЫ | EXAMPLES | Simulating Motion 


Tanya, who is a long-distance runner, runs at an average speed of 8 miles per hour. 
Two hours after Tanya leaves your house, you leave in your Honda and follow the 
same route. See Figure 64. If the Honda’s average speed is 40 miles per hour, how 
long is it before you catch up to Tanya? Use a simulation of the two motions to verify 
the answer. 


— 2hr " 4 


Figure 64 


Begin with two sets of parametric equations: опе to describe Tanya’s motion, the 
other to describe the motion of the Honda. We choose time t = 0 to be when Tanya 
leaves the house. If we choose y, = 2 as Tanya’s path, then we can use y, = 4 
as the parallel path of the Honda. The horizontal distances traversed in time t 
(Distance = Rate x Time) are 


Tanya: x,(f) = 8t Honda: x,(t) = 40(t — 2) 


(continued) 
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You catch up to Tanya when x, = Xp. 


8t = 40(t — 2) 
8t — 40t — 80 
—32t — —80 
—80 
t= —— = 2.5 
—32 


You catch up to Tanya 2.5 hours after Tanya leaves the house. 
In PARAMETRIC mode with Tstep — 0.01, simultaneously graph 


Tanya: x,(t)=8t Honda: x,(t) = 40(t — 2) 
y(t) = 2 у) = 4 


for0 < 1 < 3. 
Figure 65 shows the relative positions of Tanya and the Honda for 
t = 0, t = 2, t = 2.25, t = 2.5,andt = 2.75 ona TI-84 Plus CE. 


NORMAL FLOAT AUTO REAL RADIAN МР f NORMAL FLOAT AUTO REAL RADIAN MP ñ NORMAL FLOAT AUTO REAL RADIAN MP ñ 


5 5 5 
4k, 
| : | E 
0 40 о; ч ишитти. 0 111 2b 40 
t=0 


t=2 #=2.25 


NORMAL FLOAT AUTO REAL RADIAN МР ñ NORMAL FLOAT AUTO REAL RADIAN MP ñ 
p 


= = 
% ч ч ч 0 0 ч А ч (40 
t=2.5 


Figure 65 =2. t=2.75 B 


4 Find Parametric Equations for Plane Curves Defined 
by Rectangular Equations 


If a plane curve is defined by the function y = f(x), one way of finding parametric 
equations is to let x = t. Then у = f(t), and 


x(t)=t y(t) = f(t) t in the domain of f 


are parametric equations of the plane curve. 


Finding Parametric Equations for a Plane Curve Defined 
by a Rectangular Equation 


Find two different pairs of parametric equations for the function у = x? — 4. 
Solution For the first pair of parametric equations, let x = t. Then the parametric equations are 
x(t) = y(t) = 12 – 4 —oo « f < oo 


A second pair of parametric equations is found by letting x = t?. Then the 
parametric equations become 


x(t) = t? y(t)2195—4 –00<1 < оо D 
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Care must be taken when using the second approach in Example 6. The 
substitution for x must be a function that allows x to take on all the values in the 
domain of f. For example, letting x(t) = t?so that y(t) = t^ — 4 does not result in 
equivalent parametric equations for y = x? — 4, since only points for which x > 0 
are obtained; yet the domain of y = x? — 4is {x|x is any real number }. 
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| EXAMPLE 7 | Finding Parametric Equations for an Object in Motion 


Find parametric equations for the ellipse 


у? 
х? + = = 1 
УА 9 


where the parameter t is time (in seconds) and 


(a) The motion around the ellipse is clockwise, begins at the point (0, 3), and 
requires 1 second for a complete revolution. 


(1, 0) (1,0) x (b) The motion around the ellipse is counter-clockwise, begins at the point (1, 0), 
and requires 2 seconds for a complete revolution. 


Solution (а 


— 


Figure 66 shows the graph of the ellipse. Since the motion begins at the 
point (0, 3), we want x = О and y = 3 whent = 0. Let 


(0, —3) 
: x(t) = sin(wt) and y(t) = 3cos(ut) 
Figure 66 хг + = = 1 with 


pH | for some constant ш. These parametric equations satisfy the equation of the 
clockwise orientation 


ellipse. They also satisfy the requirement that whent = 0,thenx = Oandy = 3. 
For the motion to be clockwise, the motion has to begin with the value of x 


С Need to Review? 98 increasing апа the value of y decreasing as t increases. This requires that о > 0. 
Ф ihe period of a sinusoidal [Do you know why? If w > 0, then x(t) = sin(wt) is increasing when t > 0 is 
^ graph is discussed in Section 5.6, near zero, and y(t) = 3 cos(wt) is decreasing when: > 0 is near zero.] See the 
е рр. 459—461. red part of the graph in Figure 66. 


Finally, since 1 revolution takes 1 second, the period 2i 1, sow = 2m. 
w 


Parametric equations that satisfy the conditions stipulated are 


x(t) = sin(2zt) y(t) = 3cos(2mnt) 0<1<1 (3) 
JA (b) See Figure 67. Since the motion begins at the point (1, 0), we want x — 1 
(0, 3) and y = 0 when: = 0. The equation is an ellipse, so begin by letting 


x(t) = cos(wt) and y(t) = 3sin(ot) 


for some constant w. These parametric equations satisfy the equation of the 


(1, 0) ellipse. Furthermore, with this choice, when t = 0 we have x = land y = 0. 


> 
(71,0 * For the motion to be counter-clockwise, the motion has to begin with the 
value of x decreasing and the value of y increasing as t increases. This requires 
that w > 0. (Do you know why?) Finally, since 1 revolution requires 2 seconds, 
(0, —3) the period is Ta 2, so w = m. The parametric equations that satisfy the 
ý ш 
> conditions stipulated аге 

Figure 67 x? + L = 1 with 

counter-clockwise orientation x(t) = соз(т) y(t) -3sinst) OSt<2 (4) y 


Either equations (3) or equations (4) can serve as parametric equations for 
2 
the ellipse x? + T = 1. The direction of the motion, the beginning point, and the 


time for 1 revolution give a particular parametric representation. 


^, Now Work PRoBLEM 39 
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( Exploration 


Graph x(t) = t —sint, y(t) = 1 — cost, 
0 < t < 37, using your graphing utility 


with Tstep = 3E and a square screen. 


Compare your results with Figure 68. | 


NOTE In Greek, brachistochrone means 
“the shortest time” and tautochrone 
“equal time.” " 


The Cycloid 


Suppose that a circle of radius a rolls along a horizontal line without slipping. As 
the circle rolls along the line, a point P on the circle will trace out a curve called a 
cycloid (see Figure 68). Deriving the equation of a cycloid in rectangular coordinates 
is difficult, but the task is relatively easy using parametric equations. 


xY 


0| X A 


Figure 68 Cycloid 


Begin with a circle of radius a and take the fixed line on which the circle rolls as 
the x-axis. Let the origin be one of the points at which the point P comes in contact 
with the x-axis. Figure 68 shows the position of this point P after the circle has rolled 
a bit. The angle t (in radians) measures the angle through which the circle has rolled. 

Since we require no slippage, it follows that 


Arc AP — d(O, A) 
The length of arc AP is given by s — r0, wherer — a and0 — t radians. Then 
at = d(O, A) s = r0, wherer = a and 0 = t 
The x-coordinate of the point P is 
d(O, X) = d(O, A) — d(X, A) = at — asint = a(t — sint) 
The y-coordinate of the point P is 
d(O, Y) = d(A, С) — а(В, С) = а — a cost = a(1 — cost) 


THEOREM Parametric Equations of a Cycloid 


The parametric equations of a cycloid are 


x(t) — a(t — sint) y(t) = a(1 — cost) (5) 


Applications to Mechanics 


If a < 0 in equation (5), we obtain an inverted cycloid, as shown in Figure 69(a). 
The inverted cycloid occurs as a result of some remarkable applications in the field 
of mechanics. We mention two of them: the brachistochrone and the tautochrone. 


(a) Inverted cycloid (b) Curve of quickest descent (c) All reach Q at 
the same time 


Figure 69 


The brachistochrone is the curve of quickest descent. If a particle is constrained to 
follow some path from one point A to a lower point B (not on the same vertical line) 
and is acted on only by gravity, the time needed to make the descent is least if the 
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path is an inverted cycloid. See Figure 69(b). For example, to slide packages from 
a loading dock onto a truck, a ramp in the shape of an inverted cycloid might be 
used, so the packages get to the truck in the least amount of time. This remarkable 
discovery, which has been attributed to many famous mathematicians (including 
Johann Bernoulli and Blaise Pascal), was a significant step in creating the branch of 
mathematics known as the calculus of variations. 

To define the tautochrone, let О be the lowest point on an inverted cycloid. If 
several particles placed at various positions on an inverted cycloid simultaneously 
begin to slide down the cycloid, they will reach the point Q at the same time, as 
indicated in Figure 69(c). The tautochrone property of the cycloid was used by 
Christiaan Huygens (1629-1695), the Dutch mathematician, physicist, and astronomer, 
to construct a pendulum clock with a bob that swings along a cycloid (see Figure 70). 
In Huygens’s clock, the bob was made to swing along a cycloid by suspending the 
bob on a thin wire constrained by two plates shaped like cycloids. In a clock of this 
design, the period of the pendulum is independent of its amplitude. 


Cycloid N, 
зм»: 


Figure 70 


9.7 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The function f(x) = 3 sin(4x) has amplitude and period . (pp. 459-461) 


Concepts and Vocabulary 


2. Suppose x = x(t)andy = y(t) are two functions of a third 4. Multiple Choice If a circle rolls along a horizontal line 


variable ¢ that are defined on the same interval Т. The graph 
of the collection of points defined by (x, y) = (x(t), y(t)) 
is called a (n) . The variable t is called a (n) 


. Multiple Choice The parametric equations 


without slipping, a fixed point P on the circle will trace out a 
curve called a(n) 
(a) cycloid 

(c) hyptrochoid 


(b) epitrochoid 
(d) pendulum 


3 5. True or False Parametric equations defining a curve are 
x(t) = 2sint y(t) = 3cost unique. 
6. True or False Plane curves defined using parametric 


define a (n) 
(a) circle (b) ellipse (c) hyperbola (d) parabola 


Skill Building 


In Problems 7—26, graph the plane curve whose parametric equations are given, and show its orientation. Find the rectangular equation of 
each curve. 


N 5 


x(t) = 3t+2, у) = +0 0<t<4 


equations have an orientation. 


x(t) =t—3, yt) =2t+4 O<t <2 


9. x(t) = 1+2, yt) = У t>0 10. x(t) = V2t, y(t) 245 t 20 
11. x(t) = t? +4, y(t) =t? — 4; —oo <t < oo 12. x(t) = Vt +4, y(th=vt-4 t>0 
13. x(t) = 312, y(t)=t+1; -œ < t< œ 14. x(t) = 2t 4, y(t) = 42; —oo «t < oo 
15. x(t) = 2e', у(ў=1+е!; t 20 16. x(t) = e', yt) = е; t 20 
17. x(t) = Vt, y(t) = 13/2; t 20 18. x(t) = 02 +1, yr) = У t > 0 
М. 19. x(t) = 2cost, y(t) = 3sint, 0€ t € 2x 20. x(t) = 2 cost, y(t) = 3505; 0c t € «v 
21. x(t) = 2 cost, y(t) = 3sint, -r <t <0 22. x(t) = 2cost, y(t) = вш; O<t< 5 
23. x(t) = sect, y(t) = tan; 0 < < a 24. x(t) = csct, y(t) = cott; " «p 2 
25. x(t) = sin?t, y(t) = cos?t; 0 € < 27 26. x(t) = 12, y(t) = Int; t >0 
In Problems 27-34, find two different pairs of parametric equations for each rectangular equation. 
27. у = 4х – 1 28. у = —8x + 3 29. у= x? +1 30. у = -2x? + 1 
31. y = x? 32. у = xt +1 N33, x = уз? 34. х = Jy 
М1. Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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In Problems 35-38, find parametric equations that define the plane curve shown. 


35. y, 36. 37. Y4 
6r (7, 5) 2 
4 = 
2 L 2 > 
(2, 0) 3 id 
| l D E pep eg 
L 2 4 6 X —2 


5 2 
In Problems 39-42, find parametric equations for an object that moves along the ellipse T + D = 1 with the motion described. 
v 39. The motion begins at (2, 0), is clockwise, and requires 40. The motion begins at(0, 3),is counter-clockwise, and requires 
2 seconds for a complete revolution. 1 second for a complete revolution. 
41. The motion begins at (0, 3), is clockwise, and requires 42. The motion begins at (2, 0), is counter-clockwise, and 
1 second for a complete revolution. requires 3 seconds for a complete revolution. 


In Problems 43 and 44, parametric equations of four plane curves are given. Graph each of them, indicating the orientation. 


43. С x(t)=t, y(t) = 12; -4<t<4 44. C: xt) =f, y(t)2vN1—-P; -1<t<1 
Cy: x(t) = cost, y(t) 21—sii?t Octzm Cy: x(t) = sint, y(t) = cost; 0 € t € 2m 
C4: x(t) = е, yt) = е; 0€ t € In4 C3: x(t) = cost, y(t) = sint; 0 € t € 27 
Cy ха) 2 Nt, yt) = 6 0t < 16 Cy x(t) = N1- £C, y(t) 25 -1<t<1 

n In Problems 45—48, use a graphing utility to graph the plane curve defined by the given parametric equations. 

45. x(t) = t sint, y(t) = tcost, t > 0 46. x(t) = sint + cost, y = sint — cost 

47. x(t) = 4sint — 2 sin (21) 48. x(t) = 4sint + 2 sin(2t) 
y(t) = 4 cost — 2 cos(2r) y(t) = 4 cost + 2 cos(2t) 


Applications and Extensions 


N 49. Projectile Motion Bob throws a ball straight up with an E (c) Simulate the motion of the train and Bill by 
o initial speed of 50 feet per second from a height of 6 feet. simultaneously graphing the equations found in part (a). 
(a) Find parametric equations that model the motion of the 52 

ball as a function of time. 


. Catching a Bus Jodi's bus leaves at 5:30 pm and accelerates 
at the rate of 3 meters per second per second. Jodi, who can 


(b) How long is the ball in the air? . | run 5 meters per second, arrives at the bus station 2 seconds 
(c) When is the ball at its maximum height? Determine the after the bus has left and runs for the bus. 
maximum height of the ball. (a) Find parametric equations that model the motions of 


the bus and Jodi as a function of time. 
[Hint: The position s at time t of an object having 


e (d) Simulate the motion of the ball by graphing the equations 
found in part (a). 


50. Projectile Motion Alice throws a ball straight up with an 


| А 1 
Sy : lerat = lat?. 
initial speed of 40 feet per second from a height of 5 feet. qud DUE 2° 


(a) Find parametric equations that model the motion of the (b) Determine algebraically whether Jodi will catch the bus. 
ball as a function of time. If so, when? 

(b) How long is the ball in the air? m (c) Simulate the motion of the bus and Jodi by graphing 

(c) When is the ball at its maximum height? Determine the simultaneously the equations found in part (a). 
maximum height of the ball. \ 53. Projectile Motion Sean throws a baseball with an initial 


e (d) Simulate the motion of the ball by graphing the equations 


: speed of 145 feet per second at an angle of 20? to the 
found in part (a). 


horizontal. The ball leaves Sean's hand at a height of 5 feet. 


51. Catching a Train Bill's train leaves at 8:06 AM and accelerates (a) Find parametric equations that model the position of 

at the rate of 2 meters per second per second. Bill, who can the ball as a function of time. 

run 5 meters per second, arrives at the train station 5 seconds (b) How long is the ball in the air? 

after the train has left and runs for the train. (c) Determine the horizontal distance that the ball travels. 

(a) Find parametric equations that model the motions of the (d) When is the ball at its maximum height? Determine the 
train and Bill as a function of time. maximum height of the ball. 
[Hint: The position s at time ¢ of an object having Е (е) Using a graphing utility, simultaneously graph the 
acceleration is <= ja] equations found in part (a). 


(b) Determine algebraically whether Bill will catch the train. 
If so, when? 


54. 


56. 


8 


Projectile Motion Billy hit а baseball with an initial speed 

of 125 feet per second at an angle of 40° to the horizontal. 

The ball was hit at a height of 3 feet above the ground. 

(a) Find parametric equations that model the position of 
the ball as a function of time. 

(b) How long was the ball in the air? 

(c) Determine the horizontal distance that the ball traveled. 

(d) When was the ball at its maximum height? Determine 
the maximum height of the ball. 


D (e) Using a graphing utility, simultaneously graph the 


equations found in part (a). 


. Projectile Motion Suppose that Adam hits a golf ball off a 


cliff 300 meters high with an initial speed of 40 meters per 

second at an angle of 45? to the horizontal. 

(a) Find parametric equations that model the position of the 
ball as a function of time. 

(b) How long is the ball in the air? 

(c) Determine the horizontal distance that the ball travels. 

(d) When is the ball at its maximum height? Determine the 
maximum height of the ball. 

(e) Using a graphing utility, simultaneously graph the 
equations found in part (a). 

Projectile Motion Suppose that Karla hits a golf ball off a 

cliff 300 meters high with an initial speed of 40 meters per 

second at an angle of 45? to the horizontal on the Moon 

(gravity on the Moon is one-sixth of that on Earth). 

(a) Find parametric equations that model the position of the 
ball as a function of time. 

(b) How long is the ball in the air? 

(c) Determine the horizontal distance that the ball travels. 

(d) When is the ball at its maximum height? Determine the 
maximum height of the ball. 


D (e) Using a graphing utility, simultaneously graph the 


equations found in part (a). 


. Uniform Motion A Toyota Camry (traveling east at 40 mph) 


and a Chevy Impala (traveling north at 30 mph) are heading 
toward the same intersection. The Camry is 5 miles from the 
intersection when the Impala is 4 miles from the intersection. 
See the figure. 


4 mi 


30 mph 


(a) Find parametric equations that model the motion of the 
Camry and the Impala. 

(b) Find a formula for the distance between the cars as a 
function of time. 

(c) Graph the function in part (b) using a graphing utility. 

(d) What is the minimum distance between the cars? When 
are the cars closest? 

(e) Simulate the motion of the cars by simultaneously 
graphing the equations found in part (a). 


58. 


59, 


60. 
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Uniform Motion A Cessna heading south at 120 mph and 
a Boeing 737 heading west at 600 mph are flying toward 
the same point at the same altitude. The Cessna is 100 miles 
from the point where the flight patterns intersect, and the 737 
is 550 miles from this intersection point. See the figure. 


"fru mph N 
= wf E 
100 mi 


| 


600 mph 


F 550 mi > 


(a) Find parametric equations that model the motion of the 
Cessna and the 737 

(b) Find a formula for the distance between the planes as a 
function of time. 

(c) Graph the function in part (b) using a graphing utility. 

(d) What is the minimum distance between the planes? 
When are the planes closest? 

(e) Simulate the motion of the planes by simultaneously 
graphing the equations found in part (a). 

The Green Monster The left field wall at Fenway Park is 

310 feet from home plate; the wall itself (affectionately named 

the Green Monster) is 37 feet high. A batted ball must clear 

the wall to be a home run. Suppose a ball leaves the bat 3 feet 
above the ground, at an angle of 45°. Use g = 32 ft/sec? as 
the acceleration due to gravity, and ignore any air resistance. 

(a) Find parametric equations that model the position of the 
ball as a function of time. 

(b) What is the maximum height of the ball if it leaves the 
bat with a speed of 90 miles per hour? Give your answer 
in feet. 

(c) How far is the ball from home plate at its maximum 
height? Give your answer in feet. 

(d) If the ball is hit straight down the left field line, will it 
clear the Green Monster? If it does, by how much does 
it clear the wall? 


Source: The Boston Red Sox 
Projectile Motion The position of a projectile fired with an 
initial velocity vy feet per second and at an angle 0 to the 


horizontal at the end of t seconds is given by the parametric 


equations 
x(t) = (vo cos0)t y(t) = (vosin0)t — 1612 


See the figure. 


(a) Obtain a rectangular equation of the trajectory, and 
identify the curve. 

(b) Show that the projectile hits the ground (y — 0) 
when: = ig" sin 0. 


(continued) 
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(c) How far has the projectile traveled (horizontally) when 
it strikes the ground? In other words, find the range R. 

(d) Find the time t when x = y. Next find the horizontal 
distance x and the vertical distance y traveled by the 
projectile in this time. Then compute yx? + y?. This is 
the distance R, the range, that the projectile travels up a 
plane inclined at 45° to the horizontal(x = у). See the 
following figure. (See also Problem 105 in Section 6.6.) 


61. Show that parametric equations for a line passing through 
the points (x,, y, ) and (x5, y; ) are 


x(t) = (x4 — x3)t + x4 
y(t) = (у; = у) + yı 


What is the orientation of this line? 


co«t«oo 


Explaining Concepts: Discussion and Writing 


65. In Problem 62, we graphed the hypocycloid. Now graph the 
rectangular equations of the hypocycloid. Did you obtain a 
complete graph? If not, experiment until you do. 


Retain Your Knowledge 


62. Hypocycloid The hypocycloid is a plane curve defined by the 
parametric equations 


x(t) = cost y(t) = sin?t 0€ t € 2x 


Б (a) Graph the hypocycloid using a graphing utility. 
> (b) Find a rectangular equation of the hypocycloid. 


63. Challenge Problem Find parametric equations for the 
circlex? + y? = R*, using as the parameter the slope т of the 
line through the point(—R, 0) anda general point P = (x, у) 
on the circle. 

64. Challenge Problem Find parametric equations for the 
parabola у = х2, using as the parameter the slope т of the 
line joining the point (1, 1) to a general point Р = (x, y) of 
the parabola. 


66. Research plane curves called hypocycloid and epicycloid. 
Write a report on what you find. Compare and contrast them 
to a cycloid. 


Problems 67—75 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


67. Graph the equation 3x — 4y = 8 on the xy-plane. 


69. The International Space Station (ISS) orbits Earth at a 
height of approximately 248 miles above the surface. What 
is the distance, in miles, on the surface of Earth that can 
be observed from the ISS? Assume that Earth's radius is 
3960 miles. 


Source: nasa.gov 


p 
. Find the oblique asymptote of R(x) — 4х? —9x +7 
2x +1 


. Find the exact value of cos 285°. 


Х 72. Find the difference quotient of f(x) = 1 
x 


68. Graph y = 2 cos(2x) + sin( = on the xy-plane. 


70. The displacement d (in meters) of an object at time t (in 
seconds) is given by d(t) = 2 cos(4t). 
(a) Describe the motion of the object. 
(b) What is the maximum displacement of the object from 
its rest position? 
(c) What is the time required for 1 oscillation? 


(d) What is the frequency? 


ash — 0. 
+3 


74. Solvelog;(7 — х) + log;(3x + 5) = 1ор„(24х). 


е ТЕРС) = ax + landg(x) = 2x. find all numbers c in the interval [0, 2] where g(c) equals the average rate of change of f 


over the interval. 


‘Are You Prepared?’ Answers 


1. 3; 


Chapter Review 


Things to Know 
Equations 
Parabola (pp. 700-703) 
Ellipse (pp. 709-716) 
Hyperbola (рр. 720-729) 


General equation of a сопіс (р. 739) 


Polar equations of a conic with focus 


at the pole (pp. 741-745) 


Parametric equations of a plane curve (p. 748) 


Definitions 
Parabola (p. 700) 


Ellipse (p. 709) 


Hyperbola (p. 720) 


Conic in polar coordinates (p. 742) 


Formulas 


Rotation formulas (p. 735) 


Angle 0 of rotation that 


eliminates the x'y'-term (p. 736) 


Objectives 

Section You should be able to... Example(s) Review Exercises 

9.1 1 Know the names of the conics (p. 699) 1-16 

9.2 1 Analyze parabolas with vertex at the origin (p. 700) 1-5 1,11 
2 Analyze parabolas with vertex at (Л, К) (р. 703) 6,7 4, 6,9, 14 
3 Solve applied problems involving parabolas (p. 705) 8 39 

9.3 1 Analyze ellipses with center at the origin (p. 710) 1-4 3,13 
2 Analyze ellipses with center at (Л, К) (p. 713) 5,6 8, 10, 16, 38 
3 Solve applied problems involving ellipses (p. 715) 7 40 

9.4 1 Analyze hyperbolas with center at the origin (p. 720) 1-4 2,5,12,37 
2 Find the asymptotes of a hyperbola (р. 724) 5,6 2,5,7 
3 Analyze hyperbolas with center at (A, К) (р. 726) 78 11 15,1718 
4 Solve applied problems involving hyperbolas (p. 728) 9 41 

9:5 1 Identify a conic (p. 733) 1 19, 20 
2 Use a rotation of axes to transform equations (p. 734) 2 24—26 
3 Analyze an equation using a rotation of axes (р. 737) 3,4 24-26, 44 
4 Identify conics without rotating the axes (p. 739) 5 21-23 
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See Tables 1 and 2 (pp. 702 and 703). 

See Table 3 (p. 714). 

See Table 4 (p. 726). 

Ax? + Вху + Cy? + Dx + Еу + Е = 0 Parabola if B? – 4АС = 0 
Ellipse (or circle) if B? – 4AC < 0 
Hyperbola if B? — 4AC > 0 

See Table 5 (p. 744). 


x = x(t), y = y(t), tisthe parameter 


Set of points P in a plane for which d( F, Р) = d(P, D), where F is the focus 
and D is the directrix 


Set of points P in a plane the sum of whose distances from two fixed points 
(the foci) is a constant 


Set of points P in a plane the difference of whose distances from two fixed points 
(the foci) is a constant 


The collection of points P for Parabola ife = 1 


which 20%: Р) _ 


= Ellipse ife < 1 
d(D, P) 


Hyperbola ife > 1 


x = x'cosÜ — y'sin0 
y = x'sinO + y'cos0 
A-C 


cot(20) — 0? < 0 < 90° 
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Section You should be able to... Example(s) Review Exercises 
9.6 1 Analyze and graph polar equations of conics (p. 741) 1-3 27-29 

2 Convert the polar equation of a conic to a rectangular equation (p. 745) 4 30, 31 
9.7 1 Graph parametric equations (p. 748) 1 32-34 

2 Find a rectangular equation for a plane curve defined parametrically (p. 749) 2,3 32-34 

3 Use time as a parameter in parametric equations (p. 751) 4,5 42, 43 

4 Find parametric equations for plane curves defined by rectangular 6,7 35,36 


equations (p. 754) 


Review Exercises 


In Problems 1—10, identify each equation. If it is a parabola, give its vertex, focus, and directrix; if it is an ellipse, give its center, vertices, and 
foci; if it is a hyperbola, give its center, vertices, foci, and asymptotes. 


1. y? = —16x 2 2-52 = з. 202—1 

4. x? + 4у = 4 5. 4х? – у? = 8 6. x? — 4х = 2y 

7. y? – 4у – 4х? + 8х = 4 8. 4х2 + 9y? — 16x — 18у = 11 9. 4х2 – 16х + 16у + 32 = 0 

10. 9х2 + 4y? — 18x + 8y = 23 

In Problems 11-18, find an equation of the conic described. Graph the equation. 

11. Parabola; focus at (—2, 0); directrix the line x = 2 12. Hyperbola; center at (0, 0); focus at (0, 4); vertex at (0, —2) 

13. Ellipse; foci at (—3, 0) and (3, 0); vertex at (4, 0) 14. Parabola; vertex at (2, —3); focus at (2, —4) 

15. Hyperbola; center at (C2, —3); focus at ( C4, —3); vertex at 16. Ellipse; foci at (—4, 2) and (—4, 8); vertex at (—4, 10) 
(—3, —3) 

17. Center at ( —1, 2); а = 3; с = 4; transverse axis parallel to 18. Vertices at(0, 1) and(6, 1); asymptote the line3y + 2x = 9 
the x-axis 


In Problems 19-23, identify each conic without completing the squares and without applying a rotation of axes. 
19. y? + 4x + 3y – 8 = 0 20. x? + 2y? + 4х – 8у +2 = 0 
21. 9x? — 12xy + 4y? + 8х + 12у = 0 22. 4x? + 10ху + 4у2 – 9 = 0 
23. x? — 2xy + 3y? + 2x + 4у - 1-20 


In Problems 24—26, rotate the axes so that the new equation contains по xy-term. Analyze and graph the new equation. 


24. 2x? + 5ху + 2y? – 2 = 0 


25. 6x? + 4xy + 9у2 — 20 = 0 
26. 4х2 — 12xy + 9y? + 12x + 8y = 0 


In Problems 27-29, identify the conic that each polar equation represents, and graph it. 


4 6 8 
27. r = ———_ 28. г = ———— 29, r= ——9 
T 1 — cos0 d 2 — sind i 4+ 8 cos0 


In Problems 30 and 31, convert each polar equation to a rectangular equation. 


4 8 
Ld m. 1. r= ——— 
Mer 1 — cos0 ый 4+ 8 cos0 


In Problems 32—34, graph the plane curve whose parametric equations are given, and show its orientation. Find a rectangular equation of 
each curve. 


32. x(t) = 4t - 2, y(t) = 1-65 —oo«t « oo 


33. x(t) = 3sint, y(t) = 4cost + 2; 0€ t € 27 


34. x(t) = sec?t, y(t) = tan? O<t< 2 
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35. Find two different pairs of parametric equations for the second explosion be chosen so that the measured time 
y = —2х + 4. difference recorded by the devices for the second detonation 


36. Find parametric equations for an object that moves along the is the same as that recorded for the first detonation? 


2 2 А ; > ; | 
ellipse х^ „у c 1, where the motion begins at (4, 0), is 42. Uniform Motion Mary’s train leaves at 7:15 АМ and 
16 9 accelerates at the rate of 3 meters per second per second. 
counter-clockwise, and requires 4 seconds for a complete Mary, who can run 6 meters per second, arrives at the train 
revolution. station 2 seconds after the train has left. 
37. Find an equation of the hyperbola whose foci are the vertices (a) Find parametric equations that model the motion of the 
ofthe ellipse 4x? + 9y? = 36andwhose vertices are the foci train and Mary as a function of time. 
of this ellipse. [Hint: The position s at time t of an object having 
38. Describe the collection of points in a plane so that the acceleration a is = ja] 
distance from each point to the point (3, 0) is three-fourths (b) Determine algebraically whether Mary will catch the 
of its distance from the line x — 16 train. If so, when? 
: . . 3 А . w (c) Simulate the motions of the train and Mary by 
39. Searchlight A searchlight is shaped like a paraboloid of 


simultaneously graphing the equations found in part (a). 


43. Projectile Motion Patrick Mahomes throws a football with 
an initial speed of 80 feet per second at an angle of 35° to the 
horizontal. The ball leaves his hand at a height of 6 feet. 


e revolution. If a light source is located 1 foot from the vertex 
along the axis of symmetry and the opening is 2 feet across, 
how deep should the mirror be in order to reflect the light 


rays parallel to the axis of symmetry? И . | M 
. . 2. (а) Find parametric equations that model the position of the 
40. Semielliptical Arch Bridge A bridge is built in the shape of ball asa function of time. 


a semielliptical arch. The bridge has a span of 60 feet and a (b) How long is the ball in the air? 
maximum height of 20 feet. Find the height of the arch at 


й (с) When is the ball at its maximum height? Determine the 
distances of 5, 10, and 20 feet from the center. 


maximum height of the ball. 

41. Calibrating Instruments In a test of their recording devices, (d) Determine the horizontal distance that the ball travels. 
a team of seismologists positioned two devices 2000 feet E (e) Using a graphing utility, simultaneously graph the 
apart, with the device at point A to the west of the device at equations found in part (a). 
point B. At a point between the devices and 200 feet from 44 
point B, a small amount of explosive was detonated and 
a note made of the time at which the sound reached each 
device. A second explosion is to be carried out at a point Ax? + Bxy + Cy? + Dx + Ey+F=0 
directly north of point B. How far north should the site of 


. Formulate a strategy for discussing and graphing an equation 
of the form 


CHAPTER 
Test Prep The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Chapter Test VIDEOS 


exercises. These videos are available in MyLab™ Math. 


In Problems 1-3, identify each equation. If it is a parabola, give its vertex, focus, and directrix; if an ellipse, give its center, vertices, and foci; 
if a hyperbola, give its center, vertices, foci, and asymptotes. 


2 2 
„+ ay 2. 8y = (x —1)" —4 3. 2x? + Зу? + 4х — бу = 13 


In Problems 4-6, find an equation of the conic described; graph the equation. 
4. Parabola: focus (—1, 4.5), vertex (—1, 3) 
5. Ellipse: center (0, 0), vertex (0, —4), focus(0, 3) 
6. Hyperbola: center (2, 2), vertex (2, 4), contains the point (2 +10, 5 ) 


In Problems 7-9, identify each conic without completing the square or rotating axes. 
7. 2x? + 5xy + 3y? + 3х – 7 = 0 8. 3x2 — xy + 2y? + 3у -1— 0 9. x? — бху + 9y? + 2х – 3у - 220 


10. Given the equation 41x? — 24xy + 34y? — 25 = 0), rotate the axes so that there is no xy-term. Analyze and graph the new equation. 

SS RE 

1—2cos0 

12. Graph the plane curve whose parametric equations are given, and show its orientation. Find the rectangular equation for the plane curve. 
x(t) = 31-2  y(t)—21-4t O<t<9 

13. A parabolic reflector (paraboloid of revolution) is used by TV crews at football games to pick up the referee's announcements, 


quarterback signals, and so on. A microphone is placed at the focus of the parabola. If a certain reflector is 4 feet wide and 1.5 feet 
deep, where should the microphone be placed? 


11. Identify the conic represented by the polar equation r = . Find the rectangular equation. 
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Cumulative Review 


1. For f(x) = —3x? + 5x — 2, find 4. (a) Find the domain and range of y = 3* + 2. 
f +h) = ftx) (b) Find the inverse of y = 3* + 2andstate its domain and 
h h = 0 тапре. 
2. In the complex number system, solve the equation 5. f(x) = logy(x — 2) 


Sol =3 
Oat Sane шл зоо Gy Sele ie) 


b) Sol = 2. 
3. For what numbers x is6 — x > x2? (b) Solve Fons 
6. Find an equation for each of the following graphs. 
(a) Line: (b) Circle: (c) Ellipse: 
УА УА 
2 - 
1 1 > > 
=] 4 x =з OE 
Т =2 
(d) Parabola: (e) Hyperbola: (f) Exponential: 
n4 Y4 
I | ESS 
ZU ES 
L ї_ | 618256 
а (0,1) 
Istis m 
-2rT X 
7. Find all the solutions of the equation sin(20) — 0.5. 10. What is the domain of the function f(x) — — 
| | К xa M sinx 4- cosx 
8. Find a polar RU for the line containing the origin that ПШ сорнай) рО US 
makes an angle of 30° with the positive x-axis. | А 
9. Find a polar equation for the circle with center at the 1, па шепнш Sameton Oi Une plane curve 
point (0, 4) and radius 4. Graph this circle. О) Stai y(t) = 5 sect x «oe Э 


Chapter Projects 


@) Internet-based Project 


I. Comet Hale-Bopp The orbits of planets and some comets 
about the Sun are ellipses, with the Sun at one focus. The 
aphelion of a planet is its greatest distance from the Sun, and 
the perihelion is its shortest distance. The mean distance of a 
planet from the Sun is the length of the semimajor axis of the 
elliptical orbit. See the figure. 


Mean distance 


Aphelion Ned Major 


Ф Ө Ф axis 


Center 
ee S 


Credit: Rawan Hussein/123RE.com 


Research the history of Comet Hale-Bopp on the Internet. 
In particular, determine the aphelion and perihelion. 
Often these values are given in terms of astronomical 
units. What is an astronomical unit? What is it equivalent 
to in miles? In kilometers? What is the orbital period of 
Comet Hale-Bopp? When will it next be visible from 
Earth? How close does it come to Earth? 


[| 4. 
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Comet Hale-Bopp has an orbit that is roughly 
perpendicular to that of Earth. Find a model for the orbit 
of Earth using the y-axis as the major axis. 


Use a graphing utility or some other graphing technology 
to graph the paths of the orbits. Based on the graphs, do 
the paths of the orbits intersect? Does this mean that 
Comet Hale-Bopp will collide with Earth? 


Find a model for the orbit of Comet Hale-Bopp around 
the Sun. Use the x-axis as the major axis. 
The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 


П. The Orbits of Neptune and Pluto The astronomical body known as Pluto and the planet Neptune travel around the Sun in elliptical 
orbits. Pluto, at times, comes closer to the Sun than Neptune, the outermost planet. This project examines and analyzes the two orbits. 


Ш. Project at Motorola Distorted Deployable Space Reflector Antennas An engineer designs an antenna that will deploy in space to 
collect sunlight. 


IV. Constructing a Bridge over the East River The size of ships using a river and fluctuations in water height due to tides or flooding must 
be considered when designing a bridge that will cross a major waterway. 


V. Systems of Parametric Equations Which approach to use when solving a system of equations depends on the form of the system 
and on the domains of the equations. 


10 Systems of Equations 


and Inequalities 


Economic Outcomes 


Annual Earnings of Young Adults 


Earnings increase with education: full-time workers with at least a bachelor’s 
degree have higher mean earnings than those with less education. Males and 
females who dropped out of high school earned 20% and 23% less, respectively, 
than high school completers. 

The mean full-time earnings of young adults who had at least a bachelor’s 
degree declined in the 1970s relative to their counterparts who were high school 
completers, before increasing between 1980 and 2019. Males with a bachelor’s 
degree or higher had earnings 19% higher than male high school completers in 
1980 and had earnings 92% higher in 2019. Among females, those with at least a 
bachelor’s degree had earnings 34% higher than female high school completers 
in 1980, compared with earnings 83% higher in 2019. 


Source: U. S. Census Bureau 


( @ ) —See Chapter Project 1— 
v 


Credit: Ground Picture/Shutterstock 


Outline 


10.1 Systems of Linear Equations: In Appendix A, Section A.8, and in Chapters 2, 3, and 4, we solved various kinds of equations and 
Substitution and Elimination inequalities involving a single variable. 

10.2 Systems of Linear Equations: 
Matrices 

10.3 Systems of Linear Equations: In this chapter we take up the problem of solving equations and inequalities containing two or 
Determinants more variables. There are various ways to solve such problems. 

10.4 Matrix Algebra The method of substitution for solving equations in several variables dates back to ancient 

10.5 Partial Fraction Decomposition times. 

10.6 Systems of Nonlinear Equations The method of elimination, although it had existed for centuries, was put into systematic 

10.7 Systems of Inequalities order by Karl Friedrich Gauss (1777—1855) and by Camille Jordan (1838—1922). 

10.8 Linear Programming The theory of matrices was developed in 1857 by Arthur Cayley (1821—1895), although 


only later were matrices used as we use them in this chapter. Matrices are useful in almost all 
areas of mathematics. 

The method of determinants was invented by Takakazu Seki Kôwa (1642—1708) in 1683 
in Japan and by Gottfried Wilhelm von Leibniz (1646—1716) in 1693 in Germany. Cramer's 
Rule is named after Gabriel Cramer (1704—1752) of Switzerland, who popularized the use of 
determinants for solving linear systems. 

Section 10.5, on partial fraction decomposition, is an application of systems of equations 
and is used in integral calculus. 

Section 10.8 introduces linear programming, a modern application of linear inequalities. This 
topic is particularly useful for students interested in operations research. 


Chapter Review 
Chapter Test 
Cumulative Review 
Chapter Projects 
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10.1 Systems of Linear Equations: Substitution 
and Elimination 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Linear Equations (Appendix A, Section A.8, e Lines (Foundations, Section ЕЗ, pp. 21-32) 
pp. A66-A69) 


\ Now Work the ‘Are You Prepared?’ problems оп page 777. 


OBJECTIVES 1 Solve Systems of Equations by Substitution (p. 770) 
2 Solve Systems of Equations by Elimination (p. 770) 
3 Identify Inconsistent Systems of Equations Containing Two Variables (p. 772) 


4 Express the Solution of a System of Dependent Equations Containing Two 
Variables (p. 772) 


Solve Systems of Three Equations Containing Three Variables (p. 773) 
6 Identify Inconsistent Systems of Equations Containing Three Variables (p. 775) 


Express the Solution of a System of Dependent Equations Containing Three 
Variables (p. 775) 


л 


ч 


| EXAMPLE 1 | Movie Theater Ticket Sales 


A movie theater sells tickets for $16.00 each, with seniors receiving a discount 
of $2.00. One evening the theater had $7780 in revenue. If x represents the number of 
tickets sold at $16.00 and y the number of tickets sold at the discounted price of $14.00, 
write an equation that relates these variables. 


Solution Басһ nondiscounted ticket costs $16.00, so x tickets bring in 16x dollars. Similarly, 
y discounted tickets bring in 14y dollars. Because the total revenue is $7780, we 
must have 


16x + 14у = 7780 B 


In Example 1, suppose that we also know that 525 tickets were sold that evening. 
Then we have another equation relating the variables x and y: 


x+y = 525 
The two equations 
16x + 14у = 7780 
| x+ у= 525 


form a system of equations. 
In general, a system of equations is a collection of two or more equations, each 
containing one or more variables. Example 2 gives some illustrations of systems of 


equations. 
| EXAMPLE 2 | Examples of Systems of Equations 
2x+ y= 5 (1) Two equations containing two variables, x and y 
a 
(а) —4x + 6y = –2 (2) 
(b) x+y? = 5 (1) Two equations containing two variables, x апа у 
2х+у =4 (2) 


(continued) 
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x+ yt z- (1) Three equations containing three variables, x, y, and z 
(с) 4 3x — 2y + 4z = (2) 
x= у— z= (3) 
x+y+z=5 (1) Two equations containing three variables, x, y, and z 
(4) 
х+у+ = (1) Four equations containing three variables, x, y, and z 
2x tLe = (2) 
(e) _ 
yt 2=2 (3) 


We use a brace to remind us that we are dealing with a system of equations, and 
we number each equation in the system for convenient reference. 


A solution of a system of equations consists of values for the variables that are 
solutions of each equation of the system. To solve a system of equations means to 
find all solutions of the system. 


For example,x = 2, у = 1 is a solution of the system in Example 2(a), because 


2х+ y= 5 (1) 2-24 1= 441= 5 
—4х+бу=—2 (2) pD-44346:19-—8462-—2 


This solution may also be written as the ordered pair (2, 1). 


A solution of the system in Example 2(b) is х = 1, у = 2, because 


II 
UA 


Aa ye a (1) 1+27=-144 
2х+у =4 (2) |2:1-2 2242-4 


11 


Another solution of the system in Example 2(b) is x = Да -5, which you can 


check for yourself. 


A solution of the system in Example 2(c) is x = 3, у = 2, z = 1, because 


x+ y+ Z=6 (1) 34+ 24 1=6 
Зх —2y+4z=9 (2) 43-3-2-244-1=9-444=9 
x- yr z=0 (3) a= 2— 1=0 


This solution may also be written as the ordered triple (3, 2, 1). 


Note that x = 3, у = 3, z = 0 is nota solution of the system in Example 2(c). 


x+ y+ z=6 (1) 3+ 3+ 0=6 
3х-2у+4&=9 (2) 143-3—2.3+4.0=3=9 
х= у— z=0 (3) 3 – 3 – 0 = 0 


Although х = 3, у = 3, and z = Osatisfy equations (1) апа (3), they do not satisfy 
equation (2). Any solution of the system must satisfy each equation of the system. 


\ Now Work PROBLEM 11 


When a system of equations has at least one solution, it is said to be consistent. 
When a system of equations has no solution, it is called inconsistent. 


Solution 
—4x + бу = 42 
ju TE { ү. 
-6 6 x 
2Х+у=е -1 


Figure 2 
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An equation in и variables is said to be linear if it is equivalent to an equation 
of the form 


A,X, + A,X, +++ а@а„Х„ = b 


where x4, X,,..., x, are n distinct variables, а, a,,..., а„, b are constants, and at 
least one of the a’s is not 0. 


Some examples of linear equations are 


n? 


2х + Зу = 2 5x — 2y + 3z = 10 8х + 8у – 22 + 5и = 0 


If each equation in а system of equations is linear, we have a system of linear 
equations. The systems in Examples 2(a), (с), (а), and (е) are linear, but the system 
in Example 2(b) is nonlinear. In this chapter we solve linear systems in Sections 10.1 
to 10.3. Nonlinear systems are discussed in Section 10.6. 

We begin by discussing a system of two linear equations containing two variables. 
The problem of solving such a system can be viewed as a geometry problem. The 
graph of each equation in such a system is a line. So a system of two linear equations 
containing two variables represents a pair of lines. The lines may intersect, be parallel, 
or be coincident (that is, identical). 


e If the lines intersect, the system of equations has one solution, given by the point 
of intersection. The system is consistent and the equations are independent. See 
Figure 1(a). 

e Ifthe lines are parallel, the system of equations has no solution, because the lines 
never intersect. The system is inconsistent. See Figure 1(b). 

e If the lines are coincident (the lines lie on top of each other), the system of 
equations has infinitely many solutions, represented by all of the points on the 
line. The system is consistent, and the equations are dependent. See Figure 1(c). 


Consistent and Independent Inconsistent Consistent and Dependent 
YA Solution у у 
> > 
X X | X 
(а) Intersecting lines; system (b) Parallel lines; system (c) Coincident lines; system 
has one solution has no solution has infinitely many solutions 
Figure 1 


Graphing a System of Linear Equations 
2х+ y=-1 (1) 
—4x + 6y= 42 (2) 


Graph the system of linear equations: 


First, solve each equation for y. That is, write each equation in slope-intercept 
form. Equation (1) in slope-intercept form is y = —2x — 1, which has slope —2 


and y-intercept —1. Equation (2) in slope-intercept form is y = Zx + 7, which has 


slope = and y-intercept 7. Figure 2 shows their graphs. ig 


From the graph in Figure 2, we see that the lines intersect, so the system given in 
Example 3 is consistent. The graph can also be used to approximate the solution. For 
this system, the solution appears to be the point (—3, 5). 
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Step-by-Step Solution 


Step 1: Pick one of the equations, 
and solve for one variable in terms 
of the remaining variable(s). 
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1 Solve Systems of Equations by Substitution 


Most of the time we use algebraic methods to obtain exact solutions. A number of 
methods are available for solving systems of linear equations algebraically. In this 
section, we introduce two methods: substitution and elimination. We illustrate the 
method of substitution by solving the system given in Example 3. 


| EXAMPLE 4 | How to Solve a System of Linear Equations by Substitution 


2x+ y=-1 (1 
Solve: 
—4x + 6y= 42 (2) 
Solve equation (1) for y. 
2х + у= –1 
у= —2x – 


Equation (1) 
1 


Step 2: Substitute the result into 
the remaining equation(s). 


Substitute —2x — 1 for y in equation (2). The result is an equation containing just the 


variable x, which we can solve. 


—4x + бу = 42 Equation (2) 


—4x + 6(—2x —1) = 42 Substitute —2x — 1 for y in (2). 

Step 3: If one equation in one —4x—12x—6— 42  Distribute. 
variable results, solve this equation. баб д0 оона ти. 
Otherwise, repeat Steps 1 and 2. A6e= А8: Addio des 
until a single equation with one 

А . x = -3 Solve for x. 
variable remains. 
Step 4: Find the values of Because we know that x = —3, we can find the value of y by back-substitution, that 


the remaining variables by 
back-substitution. 


is, by substituting —3 for x in one of the original equations. Equation (1) seems easier 
to work with, so we will back-substitute into equation (1). 


2х + y=-—1 Equation (1) 
2(—3) + y = —1 Substitute —3 for x. 
—6 + y = —1 Simplify. 
y= Solve for y. 
Step 5: Check the solution found. We have x = —3 and y = 5. Verify that both equations are satisfied (true) for these 
values. 
2x+ y=-1 2(—3)+ 5 = —6 + 5 = =1 
—4х + бу = 42 —4(—3) + 6-5 = 12 + 30 = 42 

The solution of the system is x = —3 апа у = 5.The solution can also be written as 


the ordered pair (—3, 5). 


-» 
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2 Solve Systems of Equations by Elimination 


A second method for solving a system of linear equations is the method of elimination. 
This method is usually preferred over substitution if substitution leads to fractions 
or if the system contains more than two variables. Elimination also provides the 
motivation for solving systems using matrices (the subject of Section 10.2). 


In Words 

When using elimination, get the 
coefficient of one variable to 

be opposite that of the other. 
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The idea behind the method of elimination is to replace the original system of 
equations by an equivalent system so that adding two of the equations eliminates a 
variable. The rules for obtaining equivalent equations are the same as those studied 
earlier. We may also interchange any two equations of the system and/or replace any 
equation in the system by the sum (or difference) of that equation and a nonzero 
multiple of any other equation in the system. 


Rules for Obtaining an Equivalent System of Equations 


e Interchange any two equations of the system. 

* Multiply (or divide) both sides of an equation by the same nonzero 
constant. 

* Replace any equation in the system by the sum (or difference) of that 
equation and a nonzero multiple of any other equation in the system. 


An example will give you the idea. As you work through the example, pay 
particular attention to the pattern being followed. 


| €XAMPLE 5 | How to Solve a System of Linear Equations by Elimination 


Step-by-Step Solution 


Step 1: Multiply both sides of one 
or both equations by a nonzero 
constant so that the coefficients 
of one of the variables are additive 
inverses. 


2x+3y= 1 (1) 
-x+ y--3 Q) 


Solve: | 


Multiply equation (2) by 2 so that the coefficients of х in the two equations are 
additive inverses. 


к а 1 (1) 


-x+ y=-3 (2) 


2х + 3y = (1) 
2(—x + у) = 2(-3) (2) Multiply by 2. 


+2y=-6 0 


Step 2: Add the equations to 
eliminate the variable. Solve the 
resulting equation. 


2x+3y= 1 (1) 


2x+3y= 1 (1) 
x 


5у = —5 Add equations (1) апа (2). 
y=-l Solve for y. 
Step 3: Back-substitute the value Back-substitute y = —1 into equation (1) and solve for x. 


of the variable found in Step 2 into 
one of the original equations to find 
the value of the remaining variable. 


2х + Зу = 1 Equation (1) 
2x + 3(—1)= 1 Substitute y = —1. 
2x —3=1 Simplify 
2x =4 Add 3 to both sides. 
x —2 Solve for x. 


Step 4: Check the solution found. 


The check is left to you. 
The solution of the system is х = 2and y = —1. The solution also can be written 
as the ordered pair (2, —1). -» 
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\ Now Work Example 4 Using Elimination and Example 5 Using Substitution. 
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| EXAMPLES | Movie Theater Ticket Sales 


A movie theater sells tickets for $16.00 each, with seniors receiving a discount 
of $2.00. One evening the theater sold 525 tickets and had revenue of $7780. How 
many of each type of ticket were sold? 


Solution Ifx represents the number of tickets sold at $16.00 and y the number of tickets sold at the 
discounted price of $14.00, then the given information results in the system of equations 

16x + 14у = 7780 (1) 

х+ у= 525 (2) 


Using the method of elimination, first multiply equation (2) by —14, and then add 
the equations. 


16x + 14у = 7780 
—14x – 14у = —7350 Multiply equation (2) by —14. 
2x — 430 Add the equations. 


x= 215 
Since x + y = 525, ћеп у = 525 — x = 525 — 215 = 310. $0 215 nondiscounted 
tickets and 310 senior discount tickets were sold. E 8 


3 Identify Inconsistent Systems of Equations Containing 
Two Variables 


The previous examples dealt with consistent systems of equations that had a single 
solution. The next two examples deal with two other possibilities that may occur, the 
first being a system that has no solution. 


| EXAMPLE7 | Identifying an Inconsistent System of Linear Equations 


2x+ y=5 (1) 


Solve: 
4x+2y=8 (2) 


Solution Ме choose to use the method of substitution and solve equation (1) for y. 
2х+у=5 (1) 
у =—2х + 5 Subtract 2x from both sides. 
Now substitute —2x + 5 for y in equation (2) and solve for x. 
4x+2y=8 (2) 
4x + 2(—2x + 5) = 8 Substitute y = —2x + 5. 
4x — 4х +10 = 8 Multiply out. 
10 = 8 Simplify. 


y=-2x+4 
у= —2х+5 This statement is false. We conclude that the system has no solution and is inconsistent. ys 

Figure 3 illustrates the pair of lines whose equations form the system in Example 7 
Notice that the graphs of the two equations are lines, each with slope —2; one has a 


хү 


y-intercept of 5, the other a y-intercept of 4. The lines are parallel апа have no point 
of intersection. This geometric statement is equivalent to the algebraic statement that 
Figure 3 the system has no solution. 


4 Express the Solution of a System of Dependent Equations 
Containing Two Variables 


| EXAMPLES | PLE 8 Solving a System of Dependent Equations 


2x+ y= 4 (1) 


Solve: 
dis —6x —3y 2 —12 (2) (continued) 


Figure 4 y = —2x + 4 


Solution 
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We choose to use the method of elimination. 


2x+ y= 4 (1) 
—6x —3y=-12 (2) 


бх + Зу = 12 (1) Multiply equation (1) by 3. 
—6x — 3y = —12 (2) 
0= 0 Add equations (1) and (2). 


The statement 0 = 0 means the original system is equivalent to a system 
containing one equation,2x + y = 4. So the equations of the system are dependent. 
Furthermore, any values of x and y that satisfy 2x + y = 4 are solutions. 

For example, x = 2, y = 0; x = 0, y = 4; x = —1, y = 6; x = 4, y = —4are 
solutions. There are, in fact, infinitely many values of x and y for which 2x + y = 4, 
so the original system has infinitely many solutions. We write the solution of the 
original system either as 


у = —2х + 4, where x сап be any real number 
or as 
X= -2y +2, where y can be any real number 


The solution can also be expressed using set notation: 


{(х, у)|у = —2х + 4, x any real number } or 


(5 y)|x = -5y + 2, y any real number } 


—» 

Figure 4 illustrates the system given in Example 8. Notice that the graphs of the 
two equations are lines, each with slope —2 and each with y-intercept 4. The lines are 
coincident, and the solutions of the system, such as (—1, 6), (0, 4), and (2, 0), are 
points on the line. Notice also that equation (2) in the original system is —3 times 
equation (1), indicating that the two equations are dependent. 


\ Now Work PROBLEMS 27 AND 31 


5 Solve Systems of Three Equations Containing 


Ф Pe 


Three Variables 
Just like a system of two linear equations containing two variables, a system of three 
linear equations containing three variables has 
e Exactly one solution (a consistent system with independent equations) 
* No solution (an inconsistent system) 
e Infinitely many solutions (a consistent system with dependent equations) 
The problem of solving a system of three linear equations containing three 
variables can be viewed as a geometry problem. The graph of each equation in such 


a system is a plane in space. A system of three linear equations containing three 
variables represents three planes in space. Figure 5 illustrates some of the possibilities. 


Solutions 


(a) Consistent system; Solutions ^ (b) Consistent system; (c) Inconsistent system; 


one solution 


Figure 5 


infinite number of solutions no solution 
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Recall that a solution to a system of equations consists of values for the variables 
that are solutions of each equation of the system. 


For example, x = 3, у = —1, z = —5 isa solution to the system of equations 
хь yo re -9 0) |Э+(=1у+ S= =3 
2x —3y+6z=-21 (2) 2-3—3(-1)+ 6(-5) = 6+3 – 30 = –21 
—3х + 5y =-14 (3) —3-34+5(-1) = -9-5 = -14 


because these values of the variables are solutions of each equation. 

Typically, when solving a system of three linear equations containing three 
variables, we use the method of elimination. Recall that the idea behind the method 
of elimination is to form equivalent equations so that adding two of the equations 
eliminates a variable. 


| EXAMPLES | Solving a System of Three Linear Equations with Three Variables 


Use the method of elimination to solve the system of equations. 
x+ у= z=-1 (1) 
4x – Зу + 2z = 16 (2) 
2x – 2у – 35 = 5 (3) 


Solution For a system of three equations, attempt to eliminate one variable at a time, using 
pairs of equations, until an equation with a single variable remains. Our strategy 
for solving this system will be to use equation (1) to eliminate the variable x from 
equations (2) and (3). We can then treat the new equations (2) and (3) as a system 
with two variables. Alternatively, we could use equation (1) to eliminate either y or z 
from equations (2) and (3). Try one of these approaches for yourself. 

We begin by multiplying both sides of equation (1) by —4 and adding the result to 
equation (2). (Do you see why? The coefficients of x are now opposites of one another.) 
We also multiply equation (1) by —2 and add the result to equation (3). Notice that these 
two procedures result in the elimination of the variable x from equations (2) and (3). 


x+ у= z—-1 (1) Multiply by —4. —4x — 4y + 4z= 4 (1) 
4x — Зу + 2z = 16 (2) 4x — Зу + 2z = 16 (2) 


—7y + 6z = 20 Add. х+у— z=-1 (1) 
x+ y— z=-1 (1) Multiply by -2. | —2х – 2у + 22=2 (1) 7 (3) 


2х – 2у – З= 5 (3) 2x 2у - 32-25 (3) "udi 
Add. 


—4y — z=7 


Now concentrate on the new equations (2) and (3), treating them as a 
system of two equations containing two variables. It is easier to eliminate z. Multiply 
equation (3) by 6, and add equations (2) and (3). 


—7y 4-62 —20 (2) —7у + 6z = 20 (2) xd y- z—-1 (1) 
—4y — z= 7 (3) Multiply by 6. —24y — 6z = 42 (3) —7y + 6z = 20 (2) 
—31у = 62 Ааа. — —»| —31у = 62 (3) 


Now solve the new equation (3) for y by dividing both sides of the equation by —31. 


x+- у= z-—-1 (1) 

—Ty + 6z = 20 (2) 

y =-2 (3) 

Back-substitute y = —2 in equation (2) and solve for z. 
—7y + 6z = 20 Equation (2) 
—7(—2)-- 6z = 20 Substitute y = —2. 
6z=6 Subtract 14 from both sides of the equation. 
Z=1 боје for z. (continued) 
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Finally, back-substitute у = —2 апа z = 1 in equation (1) and solve for x. 


xt+y-z=-1 (1) 
x +(—2)— 1=-—1 Substitute y = —2 andz = 1. 
x—3=-1 Simplify. 
x= 2. Solve for x. 


The solution of the original system is x = 2, y = —2, z = 1 or, using an ordered 
triple, (2, —2, 1). You should check this solution. D 


Look back over the solution to Example 9. Note the pattern of eliminating one 
of the variables from two of the equations, followed by solving the resulting system 
of two equations and two variables. Although the variables to eliminate is your 
choice, the method is the same for all systems. 


\ Now Work PRoBLEM 45 


6 Identify Inconsistent Systems of Equations 
Containing Three Variables 


| EXAMPLE 10 | Identifying an Inconsistent System of Linear Equations 


2х+ y-z=—2 (1) 
Solve: X+2y—-—zZ=-9 (2) 
x-4y+z= 1 @) 


Solution Our strategy is the same as in Example 9. However, in this system, it seems easiest to 
eliminate the variable z first. Do you see why? 
Multiply equation (1) by —1, and add the result to equation (2). Also, add 
equations (2) and (3). 


2x+ y—z=-—2 (1) Muliplyby-1. -2x- y+z= 2 (1) 
x+2y-z=-9 (2) x+2y—z=-9 (2) 
—x t y = —7 Add. 2х+ y-z--2 (1) 
ы 
=х т у = —7 (2) 
х+2у—-=—9 (2) eer --8 (9 
x—-4y+z= 1 (3) ee ш 
2x—2y =-8 Add 


Now concentrate on the new equations (2) and (3), treating them as a system 
of two equations containing two variables. Multiply equation (2) by 2, and add the 
result to equation (3). 


—x+ y=-7 (2) Multiply by 2. —2x + 2y = —14 (2) 2x+ y= z= —2 (1) 
2x — 2y 2—8 (3) 2x —2y= —8 (3) —х + y = -7 (2) 
0 = —22 Add. ——> 0 = —22 (3) 

Equation (3) has no solution, so the system is inconsistent. B 


7 Express the Solution of a System of Dependent Equations 
Containing Three Variables 


| EXAMPLE 11 | Solving a System of Dependent Equations 


x-2y- z= 8 (1) 
Solve: 12x — Зу + z=23 (2) 
4x — 5y + 52 = 53 (3) (continued) 
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Solution Our plan is to eliminate x from equations (2) and (3). Multiply equation (1) by —2, 
and add the result to equation (2). Also, multiply equation (1) by —4, and add the 
result to equation (3). 


x—2y—z=8 (1) Multiplyby—2. —2x + 4y + 2z = —16 (1) 
2x —3y+z=23 (2) 2x – Зу + z= 23 (2) 
y+3z= 7 Add. x—-2y— z= 8 (1) 
| Бр. y+32= 7 © 
x—2y — z=8 (1) Multiply by —4. —4x + 8y + 4z = —32 (1) 3y4 97-21 (3) 
4x — 5y + 5z = 53 (3) 4x — 5у + 52 = 53 (3) m cd 
3y+9z= 21 Add. 


Treat equations (2) and (3) as a system of two equations containing two variables, 
and eliminate the variable y by multiplying equation (2) by —3 and adding the result 
to equation (3). 


y+ 3z= 7 (2) Multiply by —3. Зу — 9z = —21 x=2y= ws (1) 
3y + 9z = 21 (3) Зу + 9z = 21 Add. y+3z=7 (2) 
0= 0—— 0=0 (3) 


The original system is equivalent to a system containing two equations, so the 
equations are dependent and the system has infinitely many solutions. If we solve 
equation (2) for y, we can express y in terms of z as y = —3z + 7. Substitute this 
expression into equation (1) to determine x in terms of z. 


x—-2y-z-8 Equation (1) 
x= 2-37 + 7) — 2S 8 Substitute y = —3z + 7. 
x+6z-14-z=8 Multiply out. 
x+5z= 22 Combine like terms. 


x = —5z + 22 Solve for x. 
We will write the solution to the system as 
| x = —5z + 22 


уа dg de 7 where z сап be any real number. 
This way of writing the solution makes it easier to find specific solutions. To find 
specific solutions, choose any value of z and use the equations x = —5z + 22 and 
у = —3z + 7 to determine x and y. For example, if z = 0,thenx = 22 andy = 7, 
andifz = 1,thenx = 17andy = 4. 
Using ordered triples, the solution is 


{(x, y, z)|x = —5z + 22, y = —3z + 7, z any real number] _в 


\ Now Work PRoBLEM 47 
Two distinct points in the Cartesian plane determine a unique line. Given three 


noncollinear points, we can find the unique quadratic function whose graph contains 
these three points. 


| EXAMPLE 12 | Curve Fitting 


Find real numbers a, b, and c so that the graph of the quadratic function 
y = ax? + bx + c contains the points (—1, —4),(1, 6), and (3, 0). 


Solution Тһе three points must satisfy the equation y = ax? + bx + c. 
For the point (—1, —4) we have: —4 = a(—1) + Ь(—1)+с -4=a-b+c 
For the point (1, 6) we have: 6=a-1274+5b-1lt+e 6=a+b+c 


O=a-32+b-34+c 0=9a+ 3b+c 


(continued) 


For the point (3, 0) we have: 
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(1, 6) 


Figure 6 y = -2x? + 5x + З 


10.1 Assess Your Understanding 


у = —2x? + 5x +3 у= ах? c bx tc, a 


Figure 6 shows the graph of the function, along with the three points. 


\ Now Work PROBLEM 73 


Determine a, b, and c so that each equation is satisfied. That is, solve the system of 
three equations containing three variables: 


—4 (1) 
6 (2) 
0 (3) 


II 


Solving this system of equations, we obtain a = —2, b = 5, and c = 3. So the 
quadratic function whose graph contains the points (—1, —4), (1, 6), and (3, 0) is 


—2,b=5,c = 3 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve the equation: 3x + 4 = 8 — x (pp. A66-A69) 2. (a) Graph the line: 3x + 4y = 12 
(b) What is the slope of a line parallel to this line? 
(pp. 29-30) 
Concepts and Vocabulary 
3. True or False If a system of equations has no solution, it is 7. Multiple Choice If a system of two linear equations in two 
said to be dependent. variables is inconsistent, then the graphs of the lines in the 
4. If a system of equations has one solution, the system is system are __ 
and the equations are (a) intersecting (b) parallel 
5. If the only solution to a system of two linear equations ©) pas . (а perpendicular . 
containing two variables is x — 3, y — —2, then the graphs 8. Multiple Choice ЇЇ a system of dependent equations 
of the lines in the system intersect at the point containing three variables has the general solution 
6. If the lines that make up a system of two linear equations {œ у, &)|х ж БОН 4 у 0 + 5, zisany realnumber} 
ae i then is one of the infinite number of solutions of the 
are coincident, then the system is and the system 
н (a) (1,—1,3) (b) (0,4,5) (9) (4—3,0) (d) (—1,5,7) 
Skill Building 
In Problems 9-18, verify that the values of the variables listed are solutions of the system of equations. 
1 
2 5 3x42 > 3x — 4у= 4 2x+=y= 0 
ы ae x = 
ee À 10. а N11. 11 TAE D. 19 
5х + 2у = 8 x — 7у = —30 vars 3x- 4y = -7 
x = 2, y = —1; (2, -1) x = —2, y = 4;(—2, 4) 
TEE ЕЕЕ 
2 2° Ы 2 x 2° y > , 
dy Е 3x + Зу + 22 = 4 4х = ug 
13. | | 14. Са 15.1 x- у= z= 0 16.; 8х + 5y – z=0 
27 + у = 3х + у= 1 
2у —3z=-8 =х = у+ 5: = 6 
х= 4у= 1; (4,1) ла шш. x=1,y=-1,z= 2 x=2y=-32=1; 
(1, -1, 2) (2, -3, 1) 
3x+3y+2z= 4 4x —5z— 6 
17.1 x -3y - z=10 18. 5y — g—-—17 
5x —2y —3z= 8 —x —6y + 52 = 24 
х= 2, у 2:20:02. 2,23 х= 4, у 3,2 = 2; (4, -3, 2) 
М1. Now Work © 1. Modeling 1. Writing fe 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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In Problems 19-56, solve each system of equations. If the system has no solution, state that it is inconsistent. For Problems 19-30, graph 
the lines of the system. 


+у=8 + 2у = –7 5x — у= 21 + Зу = 5 
1,17 T dl RT MM 7 Меи 
х= у= 4 x+ y=-3 2х + Зу = —12 2x —3y = —8 
2 
= 4x + 5y = —3 3x — 6y =2 2x+4y= = 
23. Кое. a? < Р И nile ug 
x y= —2y = —8 5x + 4y = 3x — 5y = —10 
\ 2х + y=1 x- у= 5 2х- у= 0 3x + 3y =-1 
27. 28. 29. 30. 8 
4х + 2у = 3 —3x + 3y = 2 4x + 2y = 12 4х + у= 3 
+2y=4 3x- у= 7 2x – Зу = –1 3x — 2у= 0 
Nag ml ИШЕ и 34. : 
2x+4y=8 9x — 3y = 21 10x + у= 11 5x + 10у = 4 
1 1 1 3 
2x + 3y=6 1 =y y= 3 =x – у= –5 
= = 9 
35. 1 36. | gem 37. | : 38. à : 
x= J557 —2у= 8 Ze cem =e ope 11 
2 c a^ 3 1 73. 
1,1 4 3 
- = =f == 8 2-2 af 
3x = 6y — 7 2x pev ey x у 
39. 40. 1 3 41. 42. 
5x —2y — 5 х+=у= = 3. 3. 6 3. 
9 2 =-—==0 = +5 = 2 
х у х 2y 
Hint: Let и = 1 and v = -, and solve for и and v. Then 
x y 
Xx. landy E L| 
u v 
x+ у = 9 2x+ y = —4 x – 2y + 3z = 
43. | 2x — 2=13 44. -2y44z- 0 N 45) 2x - yt z= 4 
3y +2z= 7 3x — 2z = —11 Зх + 2y — 2z = —10 
2x+ y-3z= 0 x- y-z=1 2х – 3y- z «0 
46. | 2х +2y + z=-7 Мол. 12x -3y - z 52 48. | -x 4 2y t z—5 
3x —4y —3z— 7 3x + 2y = 3x — 4y- z=1 
x- y- z= 1 2x —-3y — z=0 2x —2y + 32 = 6 Зх – 2у + 22= 6 
49. х + 2y – 3z = —4 50. } 3x + 2y +2z=2 51. 4x — Зу + 25: = 0 52.1 7x – Зу + 2z = –1 
3x —2y – 74 = 0 х + 5у + 35 = 2 —2х + 3y – 75 = 1 2х – Зу + 4: = 0 
х+ у— = 6 X— y+ z= —4 х+2у— z=-3 x + 4y — 3z = —8 
53.) 3x -2y + z=-5 54. | 2x — Зу + 4z = —15 55. 2x = 4y + z=-7 56. | 3x — у + 32 = 12 
х + 3y – 2z = 14 5х + y—2z= 12 —2х + 2у – 32 = 4 x+ y+6z= 1 
Applications and Extensions 
57. The perimeter of a rectangular floor is 90 feet. Find the 60. Movie Theater Tickets A movie theater charges $15.00 for 
dimensions of the floor if the length is twice the width. adults and $13.00 for senior citizens. Оп a day when 325 people 
58. The length of fence required to enclose a rectangular field paid for admission, the total receipts were $4445 - How many 
is 3000 meters. What are the dimensions of the field if it is who paid were adults? How many were seniors? 
known that the difference between its length and width is 61. Mixing Nuts A store sells cashews for $5.00 per pound 
50 meters? and peanuts for $1.50 per pound. The manager decides 
59. Orbital Launches In 2017 there was a total of 469 commercial to mix 30 pounds of peanuts with some cashews and sell 


the mixture for $3.00 per pound. How many pounds of 
cashews should be mixed with the peanuts so that the 
mixture will produce the same revenue as selling the nuts 
separately? 


G and noncommercial orbital launches worldwide. In addition, 

the number of noncommercial orbital launches was 31 
more than half the number of commercial orbital launches. 
Determine the number of commercial and noncommercial 
orbital launches in 2017 


Source: Federal Aviation Administration 


62. 


63. 


64. 


65. 


6б. 


67. 


68. 
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Mixing a Solution A chemist wants to make 14 liters of a 
40% acid solution. She has solutions that are 30% acid and 
65% acid. How much of each must she mix? 


Presale Order A wireless store owner takes presale orders 
for a new smartphone and tablet. He gets 340 preorders 
for the smartphone and 250 preorders for the tablet. The 
combined value of the preorders is $486,000. If the price of 
a smartphone and tablet together is $1665, how much does 
each device cost? 


Financial Planning A recently retired couple needs $12,000 

per year to supplement their Social Security. They have 

$300,000 to invest to obtain this income. They have decided 

on two investment options: AA bonds yielding 5% per 

annum and a Bank Certificate yielding 2.5%. 

(a) How much should be invested in each to realize exactly 
$12,000? 

(b) If, after 2 years, the couple requires $14,000 per year in 
income, how should they reallocate their investment to 
achieve the new amount? 


Computing Wind Speed With a tail wind, a small Piper 
aircraft can fly 600 miles in 3 hours. Against this same wind, 
the Piper can fly the same distance in 4 hours. Find the 
average wind speed and the average airspeed of the Piper. 


4 hours 


Computing Wind Speed The average airspeed of a single- 
engine aircraft is 150 miles per hour. If the aircraft flew the 
same distance in 2 hours with the wind as it flew in 3 hours 
against the wind, what was the wind speed? 


Restaurant Management A restaurant manager wants to 
purchase 200 sets of dishes. One design costs $25 per set, 
and another costs $45 per set. If she has only $7400 to spend, 
how many sets of each design should she order? 


Cost of Fast Food One group of people purchased 10 hot 
dogs and 5 soft drinks at a cost of $35.00. A second bought 7 
hot dogs and 4 soft drinks at a cost of $25.25. What is the cost 
of a single hot dog? A single soft drink? 


We paid $35.00. 
How much is one hot dog? 
How much is one soda? 


We paid $25.25. 
How much is one hot dog? 
How much is one soda? 


HOT DOGS 


SODA 


69. 


70. 


71. 


72. 


74. 


75. 


76. 


Computing a Refund The grocery store we use does not 
mark prices on its goods. My wife went to this store, bought 
three 1-pound packages of bacon and two cartons of eggs, 
and paid a total of $13.45. Not knowing that she went to 
the store, I also went to the same store, purchased two 
1-pound packages of bacon and three cartons of eggs, and 
paid a total of $11.45. Now we want to return two 1-pound 
packages of bacon and two cartons of eggs. How much will 
be refunded? 


Finding the Current of a Stream Pamela requires 3 hours to 
swim 15 miles downstream on the Illinois River. The return 
trip upstream takes 5 hours. Find Pamela's average speed in 
still water. How fast is the current? (Assume that Pamela's 
speed is the same in each direction.) 


Pharmacy A doctor's prescription calls for a daily intake 
containing 40 milligrams (mg) of vitamin C and 30 mg of 
vitamin D. Your pharmacy stocks two liquids that can be 
used: One contains 2096 vitamin C and 3096 vitamin D, 
the other 40% vitamin C and 20% vitamin D. How many 
milligrams of each compound should be mixed to fill the 
prescription? 

Pharmacy А doctor's prescription calls for the creation 
of pills that contain 12 units of vitamin B,, and 12 units of 
vitamin E. Your pharmacy stocks two powders that can be 
used to make these pills: One contains 20% vitamin B,, 
and 30% vitamin E, the other 40% vitamin B,, and 20% 
vitamin E. How many units of each powder should be mixed 
in each pill? 


. Curve Fitting Find real numbers a, b, and c so that the 


graph of the function y = ax? + bx + c contains the 
points ( — 1, 4), (2, 3), and (0, 1). 
Curve Fitting Find real numbers a, b, and c so that the 
graph of the function y = ax? + bx + c contains the 
points ( —1, —2), (1, —4), and (2, 4). 

IS-LM Model in Economics In economics, the IS curve is a 
linear equation that represents all combinations of income Y 
and interest rates r that maintain an equilibrium in the market 
for goods in the economy. The LM curve is a linear equation 
that represents all combinations of income Y and interest 
rates r that maintain an equilibrium in the market for money 
in the economy. In an economy, suppose that the equilibrium 
level of income (in millions of dollars) and interest rates 
satisfy the system of equations 


0.06Y — 5000r — 240 
0.06Y 4- 6000r — 900 


Find the equilibrium level of income and interest rates. 


IS-LM Model in Economics In economics, the IS curve is a 
linear equation that represents all combinations of income Y 
and interest rates r that maintain an equilibrium in the market 
for goods in the economy. The LM curve is a linear equation 
that represents all combinations of income Y and interest 
rates r that maintain an equilibrium in the market for money 
in the economy. In an economy, suppose that the equilibrium 
level of income (in millions of dollars) and interest rates 
satisfy the system of equations 


0.05Y — 1000r — 10 
0.05Y + 800r = 100 


Find the equilibrium level of income and interest rates. 
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77. Electricity: Kirchhoff’s Rules An application of Kirchhoff’s 
Rules to the circuit shown results in the following system of 
equations: 


It Hy 
5—31, — 51, =0 
10 — 57; — 71, = 0 


Find the currents 74, Z}, and Z}. 


Source: Physics for Scientists & Engineers, 9th ed., by Serway. 
O 2013 Cengage Learning. 

78. Electricity: Kirchhoff's Rules An application of Kirchhoff's 
Rules to the circuit shown below results in the following 
system of equations: 


35 g of carbohydrates, and 200 mg of calcium. Each serving 
of corn has 3 g of protein, 16 g of carbohydrates, and 10 mg 
of calcium. Each glass of 2?6 milk has 9 g of protein, 13 g of 
carbohydrates, and 300 mg of calcium. How many servings 
of each food should the dietitian provide for the patient? 


. Investments Asako has $20,000 to invest. As her financial 


planner, you recommend that she diversify into three 
investments: Treasury bills that yield 5% simple interest, 
Treasury bonds that yield 7% simple interest, and corporate 
bonds that yield 1096 simple interest. Asako wishes to earn 
$1390 per year in income. Also, Asako wants her investment 
in Treasury bills to be $3000 more than her investment in 
corporate bonds. How much money should Asako place in 
each investment? 


. Prices of Fast Food One group of customers bought 


8 deluxe hamburgers, 6 orders of large fries, and 6 large colas 
for $26.10. A second group ordered 10 deluxe hamburgers, 
6 large fries, and 8 large colas and paid $31.60. Is there 
sufficient information to determine the price of each 
food item? If not, construct a table showing the various 
possibilities. Assume that the hamburgers cost between $1.75 
and $2.25, the fries between $0.75 and $1.00, and the colas 
between $0.60 and $0.90. 


. Prices of Fast Food Use the information given in Problem 83. 


Suppose that a third group purchased 3 deluxe hamburgers, 


Id 2 large fries, and 4 large colas for $10.95. Now is there 
8 = 41, +61 sufficient information to determine the price of each food 
f item? If so, determine each price. 
81, = 4+ 6I, 


85. Painting a House Three painters (Beth, Solana, and Edie), 
working together, can paint the exterior of a home in 
10 hours (h). Solana and Edie together have painted a similar 
house in 15 h. One day, all three worked on this same kind of 
house for 4 h, after which Edie left. Beth and Solana required 
8 more hours to finish. Assuming no gain or loss in efficiency, 
how long should it take each person to complete such a job 
alone? 


Find the currents /,, Z}, and Z}. 


Source: Physics for Scientists & Engineers, 9th ed., by Serway. 
© 2013 Cengage Learning. 


79. Theater Revenues A Broadway theater has 500 seats, 
w divided into orchestra, main, and balcony seating. Orchestra 
seats sell for $150, main seats for $135, and balcony seats for 
$110. If all the seats are sold, the gross revenue to the theater 86. Challenge Problem Solve for x and y, assuming a = 0 
is $64,250. If all the main and balcony seats are sold, but only andb = 0. 
half the orchestra seats are sold, the gross revenue is $56,750. 
How many of each kind of seat are there? 


ax +by =a+b 
Бро 
80. Theater Revenues A movie theater charges $11.00 for adults, ae ak gn 
$6.50 for children, and $9.00 for senior citizens. One day the 87. 
theater sold 405 tickets and collected $3315 in receipts. Twice 
as many children’s tickets were sold as adult tickets. How 


Challenge Problem Solve for x, y, and z, 
assuming а = 0,b = 0,andc = 0. 


D 


many adults, children, and senior citizens went to the theater ax by+cz =а+Ь-+с 
that day? a?x + b?y + c?z = ac + ab + bc 
81. Nutrition A dietitian wishes a patient to have a meal abx 4- bcy = bc + ac 


that has 66 grams (g) of protein, 94.5 g of carbohydrates, and 
910 milligrams (mg) of calcium. The hospital food service 
tells the dietitian that the dinner for today is chicken, corn, 
and 2% milk. Each serving of chicken has 30 g of protein, 
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Explaining Concepts: Discussion and Writing 


88. Make up a system of three linear equations containing three 89. Write a brief paragraph outlining your strategy for solving a 
variables that has: system of two linear equations containing two variables. 
(a) No solution 
(b) Exactly one solution 
(c) Infinitely many solutions 


90. Do you prefer the method of substitution or the method 
of elimination for solving a system of two linear equations 
containing two variables? Give your reasons. 

Give the three systems to a friend to solve and critique. 


Retain Your Knowledge 


Problems 91-100 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


91. Graph f(x) = —3.-* + 2. 97. If z = 6ei77/^ and w = 2e!:57/5, find zw and =. Write the 
: w 
4X92. Factor each of the following: answers in polar form and in exponential form. 


(a) 4(2x — 3)?-2-(x3 +5) +2(x3 + 5):3х2.(2х — 3)* 98. Find the principal needed now to get $5000 after 18 months 
1 E a a 4 1 at 4% interest compounded monthly. 
(b) gu E P Lu 16 fi 2% + 3) 2 (3х — 5)2 ZX 99. Find the average rate of change of f(x) = соѕ 1х 
ç 1 1 
. Find the exact value of sin-!| i 9 J| from x = ED) ох = 2 
100. Find the area of the triangle with vertices at (0, 5), (3, 9), 


. Write —/3 + i in polar form and in exponential form. and (12, 0). 


.1£ A = {2,4,6,...,30} апа B = {3,6,9,..., 30}, 
find A П B. 


. Find an equation of an ellipse if the center is at the origin, 
the length of the major axis is 20 along the x-axis, and the 
length of the minor axis is 12. 


‘Are You Prepared?’ Answers 


1. {1} 2. (a) 


10.2 Systems of Linear Equations: Matrices 


OBJECTIVES 1 Write the Augmented Matrix of a System of Linear Equations (p. 782) 
2 Write the System of Equations from the Augmented Matrix (p. 783) 
3 Perform Row Operations on a Matrix (p. 783) 
4 Solve a System of Linear Equations Using Matrices (p. 785) 


The systematic approach of the method of elimination for solving a system of linear 
equations provides another method of solution that involves a simplified notation. 
Consider the following system of linear equations: 


x+4y=14 
3x -—2y= 0 
If we choose not to write the variables, we can represent this system as 
1 4 14 
3 -2 0 


where it is understood that the first column represents the coefficients of the 
variable x, the second column the coefficients of y, and the third column the constants 
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on the right side of the equal signs. The vertical bar serves as a reminder of the equal 
signs. The large square brackets are used to denote a matrix in algebra. 


DEFINITION Matrix 


A matrix is defined as a rectangular array of numbers: 


Column 1 Column 2 Column j Column n 
Row 1 955 Я е» йт» 


Row 2 


Row i 


Row m 


Each number a; in the matrix has two indexes: the row index i and the column 
index j. The matrix shown in display (1) has m rows and n columns. The numbers a; 
are usually referred to as the entries of the matrix. For example, a»; refers to the entry 
in the second row, third column. 


1 Write the Augmented Matrix of a System of Linear Equations 


Now we will use matrix notation to represent a system of linear equations. The matrix 
А used to represent а system of linear equations is called an augmented matrix. In 
or expand. An augmented matrix en ; i 
: writing the augmented matrix of a system, the variables of each equation must be on 
broadens the idea of matrices the left side of th ls d th tant thé nohtside A iable that d 
to systems of linear equations. A e left side of the equal sign and the constants on the right side. A variable that does 
not appear in an equation has a coefficient of 0. 


| EXAMPLE1 | Writing the Augmented Matrix of a System of Linear Equations 


Write the augmented matrix of each system of equations. 


E е ү 2x — y+tz=0 (1) 
(a) ——— ^ (b| x+ z—120 (2) 
СЕЗ x+2y-8=0 (3) 


In Words 


To augment means to increase 


Solution (а) The augmented matrix is 


2 —3 


(b) Care must be taken that the system be written so that the coefficients of all 
variables are present (if any variable is missing, its coefficient is 0). Also, all 
constants must be to the right of the equal sign. We need to rearrange the given 
system to put it into the required form. 


2x — y+z=0 (1) 
x+ 4—1 0 (2) 
x+2y-8=0 (3) 


2x- yt z=0 (1) 
х+0.у+ z=1 (2) 
{М CAUTION Be sure variables and x+ 2y+0-z=8 (3) 
constants are lined up correctly before я 
writing the augmented matrix. m The augmented matrix is 
2 -1 1 0 
1 0 1 1 
1 2 0 8 
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If we do not include the constants to the right of the equal sign (that is, to the right 
of the vertical bar in the augmented matrix of a system of equations), the resulting 
matrix is called the coefficient matrix of the system. For the systems discussed in 
Example 1, the coefficient matrices are 


8 4 
2 -3 


2 
and 1 

1 
\ Now Work PROBLEM 9 


2 Write the System of Equations from the Augmented Matrix 


| EXAMPLE 2 | Writing the System of Linear Equations from the Augmented Matrix 


Write the system of linear equations that corresponds to each augmented matrix. 
3 —1 -1 7 

0) 12 0 2 8 
0 1 1 0 


(a) 


5 2 13 
-3 1 


Solution (a) The augmented matrix has two rows and so represents a system of two equations. 
The two columns to the left of the vertical bar indicate that the system has two 
variables. If x and y are used to denote these variables, the system of equations is 


| 5х+2у= 13 (1) 


—3x+ y=-10 (2) 


(b) Since the augmented matrix has three rows, it represents a system of three 
equations. Since there are three columns to the left of the vertical bar, the 
system contains three variables. If x, y, and z are the three variables, the system 
of equations is 

3х-у— z=7 (1) 
2x +2z=8 (2) 
y+ z=0 (3) B 


3 Perform Row Operations on a Matrix 


Row operations on a matrix are used to solve systems of equations when the system 
is written as an augmented matrix. There are three basic row operations. 


Row Operations 


e Interchange any two rows. 
e Replace a row by a nonzero multiple of that row. 


e Replace a row by the sum of that row and a constant nonzero multiple of 
some other row. 


These three row operations correspond to the three rules given earlier for 
obtaining an equivalent system of equations. When a row operation is performed 
on a matrix, the resulting matrix represents a system of equations equivalent to the 
system represented by the original matrix. 

For example, consider the augmented matrix 


1 2 |3 
A =й |9 
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Suppose we want to use a row operation that results in a matrix whose entry in row 2, 
column 1 is 0. The row operation to use is 


Multiply each entry in row 1 by —4, and add the result (2) 


to the corresponding entries in row 2. 


If we use R, to represent the new entries in row 2 and r, and r, to represent the 
original entries in rows 1 and 2, respectively, we can represent the row operation in 
statement (2) by 


R,-—-4n tr, 


Then 
1 2 3 = 1 2 3 _ 1 2 3 
4 —1 2 —4.1--4 -4.24(-1) —4.3+2 0 —9 —10 


К, = —4n + Р, 


We now have the entry 0 in row 2, column 1. 


| EXAMPLE 3 | Using a Row Operation on an Augmented Matrix 


Use the row operation R, = —3r, + r, on the augmented matrix 
1 -2 2 
3: =) 9 
Solution Тһе row operation R, = —3r, + r, replaces the entries іп row 2 by the entries 


obtained after multiplying each entry in row 1 by —3 and adding the result to the 
corresponding entries in row 2. 


1 -2 2 _ 1 —2 2 _]|1 -2 2 
3 —5 9 —3-143 3.(—2)+(—5) 3.24-9| |0 1 3 
К = -3n +h -B 


\ Now Work PROBLEM 19 


| EXAMPLE 4 | Finding a Row Operation 


Find a row operation that results in the augmented matrix 


having 0 in row 1, column 2. 


Solution We want 0 in row 1, column 2. Because the entry in row 2, column 2 is 1, multiply 
row 2 by 2 and add the result to row 1. That is, use the row operation К, = 27, + rj. 


1 -2 2|  |2:-0+1 2.1+(—2) 2.342] l1 0 8 
0 1 3 | 0 1 3 fO 1 3 
R =2n+%7 B 


A word about notation: The row operation R, = 2r, + r changes the entries in 
row 1. We change the entries in row 1 by multiplying the entries in some other row by 
a nonzero number and adding the results to the original entries of row 1. 
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4 Solve a System of Linear Equations Using Matrices 


To solve a system of linear equations using matrices, use row operations on the 
augmented matrix of the system to obtain a matrix that is in row echelon form. 


DEFINITION Row Echelon Form 


A matrix is in row echelon form when the following conditions are met: 
e The entry in row 1, column 1 is a 1, and only 0’s appear below it. 


e The first nonzero entry in each row after the first row is a 1, only 0’s appear 
below it, and the 1 appears to the right of the first nonzero entry in any row 
above. 

e Any rows that contain all 0’s to the left of the vertical bar appear at the 
bottom. 


For example, for a system of three equations containing three variables, x, y, and z, 
with a unique solution, the augmented matrix is in row echelon form if it is of the form 


1a b d 
0 1 c e 
0 0 1 f 


where a, b, c, d, e, and f are real numbers. The last row of this augmented matrix 
states that z = f. We then determine the value of y using back-substitution with 
z = f,since row 2 represents the equation y + cz = e. Finally, x is determined using 
back-substitution again. 

Two advantages of solving a system of equations by writing the augmented 
matrix in row echelon form are the following: 


e The process is algorithmic; that is, it consists of repetitive steps that can be 
programmed on a computer. 


e The process works on any system of linear equations, no matter how many 
equations or variables are present. 


The next example shows how to solve a system of linear equations by writing its 
augmented matrix in row echelon form. 


| EXAMPLE5 | How to Solve a System of Linear Equations Using Matrices 


(Row Echelon Form) 
2x + 2y = 6 (1) 
Solve:} x+ y+z= 1 (2) 
3x +4y—z=13 (3) 


Step-by-Step Solution 


Step 1: Write the augmented Write the augmented matrix of the system. 


matrix that represents the system. 
Р y 22 0]| 6 


11 1 1 
3.4 -1 13 


Step 2: Use row operations to To get 1 in row 1, column 1, interchange rows 1 and 2. [Note that this is equivalent to 
obtain 1 in row 1, column 1. interchanging equations (1) and (2) of the system.] 

11 1 1 

22 0 6 

3.4 -1 13 


(continued) 
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Step 3: Use row operations that 
leave row 1 unchanged, but change 
the entries in column 1 below row 
1 to 0's. 


Next, we want 0 in row 2, column 1 and 0 in row 3, column 1. Use the row operations 


R, = —2r, + nand R} = —3r, + r4. Note that row 1 is unchanged using these row 
operations. 

11 1 1 11 1 1 

2 2 6|—^5/00 -2 4 

3.4 —1 13 0 1 —4 10 


з = -2 +h 


| 


К, = -3A +7 


Step 4: Use row operations to 
obtain 1 in row 2, column 2, and 0 
below it. 


We want the entry in row 2, column 2 to be 1. We also want to have 0 below the 1 in 
row 2, column 2. Interchanging rows 2 and 3 will accomplish both goals. 


11 1 1 1 1 1 1 


0 0 -2 4|—|0 1 —4 10 
0 1 —4 10 0.0 -2 4 


Step 5: Repeat Step 4 to obtain 1 To obtain 1 in row 3, column 3, use the row operation R; = -in The result is 
in row 3, column 3. 
11 1 1 11 1 1 
0 1 -4 101-10 1 -4 10 
0 0 -2 4 1 00 1 -2 
R= zh 
Step 6: The matrix on the right The third row of the augmented matrix represents the equation z = —2. 
in Step 5 is the row echelon form Usingz — —2, back-substitute into the equation y — 4z — 10 (row 2) and obtain 
of the augmented matrix. Use ade —10 
back-substitution to solve the “ Е 
original system. y-4(-2) —10 г=-2 
у = 2  Solvefor y. 
Finally, back-substitute у = 2 апа = = —2 into the equation x + y + z = 1 (гож 1) 
and obtain 
x+y+z=1 
ATS eel ye$ree- 


In Words 

To obtain an augmented matrix in 

row echelon form: 

* Add rows, exchange rows, or 
multiply a row by a nonzero 
constant. 

* Work from top to bottom and 
left to right. 

* Get T's in the main diagonal with 
0's below the 15. 

* Once the entry in row 1, column 1 
is 1 with O's below it, do not use 
row 1 in your row operations. 

* Once the entries in row 1, 
column 1 and row 2, column 2. 
are 1 with O's below, do not 
use row 10r 2 in your row 
operations (and so on). A 


x = І Solve for x. 


The solution of the system is x = 1, y = 2, z = —2 or, using an ordered triple, 
(1, 2, —2). — 
Matrix Method for Solving a System of Linear Equations (Row Echelon Form) 


STEP 1: 
STEP 2: 
STEP 3: 


Write the augmented matrix that represents the system. 
Use row operations to obtain 1 in row 1, column 1. 


Use row operations that leave row 1 unchanged, but change the entries 
in column 1 below row 1 to 0’s. 


STEP 4: Use row operations to obtain 1 in row 2, column 2, but leave the 
entries in columns to the left unchanged. If it is impossible to place 1 in 
row 2, column 2, place 1 in row 2, column 3. Once the 1 is in place, use 
row operations to obtain 0’s below it. (Place any rows that contain 


only 0 on the left side of the vertical bar, at the bottom of the matrix.) 


STEP 5: Now repeat Step 4 to obtain 1 in the next row, but one column to the 


right. Continue until the bottom row or the vertical bar is reached. 


STEP 6: Тһе matrix that results is the row echelon form of the augmented 
matrix. Analyze the system of equations corresponding to it to solve 


the original system. 
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| EXAMPLES | Solving a System of Linear Equations Using Matrices 


(Row Echelon Form) 


Solve: 


Solution STEP 1: 


STEP 2: 


STEP 3: 


STEP 4: 


STEP 5: 


STEP 6: 


x- y+ z= 8 (1) 
2х+Зу— z=-2 (2) 
Зх —2y-9z= 9 (3) 


The augmented matrix of the system is 


1-1 1 8 
2 3 -1 —2 
3 -2 -9 9 
Because 1 is already in row 1, column 1, go to Step 3. 
Perform the row operations А, = —2r, + n and К, = —3r, + r4. Each of 
these leaves row 1 unchanged, while causing 0’s in column 1 of the other rows. 
1 -1 1 8 1 -1 1 8 
2 3 -1 —2|ә|0 5 = -3 —18 
3 -2 —9 9 T 0 1 -12 —15 
a= vos чы 
К, = -3f + r 


The easiest way to obtain the entry 1 in row 2, column 2 without altering 
column 1 is to interchange rows 2 and 3 (another way would be to multiply 


row 2 by 3 but this introduces fractions). 


1 -1 1 8 
0 l 212 —15 
0 5 —3 —18 


To obtain 0 under the 1 in row 2, column 2, use the row operation 
В, = —5r, + 5. 


1 -1 1 8 1 -1 1 8 
0 1 =12 —15 | > |0 1 -12 —15 
0 5 =з —18 0 0 57 57 


Continuing, obtain 1 in row 3, column 3 by using А, = aN. 
1 -1 1 8 1 -1 1 8 
0 1 -12 —15/|— 0 1 -12 —15 
0 0 57 57 f 0 0 1 1 
1 
R; = 572 


The matrix on the right is the row echelon form of the augmented matrix. 
The system of equations represented by the matrix in row echelon form is 


х=у+ z= 8 (1 
y—12z=-15 (2) 
ge d Зз) 
Using z — 1, back-substitute to get 
х-у+ 1= 8 (1) х-у= 7 (1) 
y-12.12-15 (2) — y=-3 (2 
Simplify. 


Using y — —3,back-substitute into x — y — 7togetx — 4. Thesolution of the 
system is x 4, y —3, z 1 ог, using an ordered triple,(4, -3, 1). yg 
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Sometimes it is advantageous to write a matrix in reduced row echelon form. 
In this form, row operations are used to obtain entries that are 0 above (as well as 
below) the leading 1 in a row. For example, the row echelon form obtained in the 
solution to Example 6 is 


1 -1 1 8 
0 1 -12 —15 
0 0 1 1 


To write this matrix in reduced row echelon form, proceed as follows: 


1 -1 1 8 1 0 -11 —7 100 4 
0 1 —12 —15 |10 1 —12 15| +1010 —3 
0 0 if 1 T 0 0 1 || t 001 1 
aah В, =ЇЙ +7, 
К, = 12r, + ~ 


The matrix is now written in reduced row echelon form. The advantage of writing 
the matrix in this form is that the solution to the system, x = 4, y = —3, z = 1, 
can be read from the matrix without the need to back-substitute. Another 
advantage will be seen in Section 10.4, where the inverse of a matrix is discussed. 
The method used to write a matrix in reduced row echelon form is called 
Gauss-Jordan elimination. 


\ Now Work PROBLEMS 39 AND 49 


The matrix method for solving a system of linear equations also identifies systems 
that have infinitely many solutions and systems that are inconsistent. 


| EXAMPLE 7 | Solving a Dependent System of Linear Equations Using Matrices 


Solution 


6x— y- z= 4 (1) 
—12x+2y+2z=-8 (2) 
5x+ y- z= 3 (3) 


Solve: 


Start with the augmented matrix of the system and use row operations to obtain 1 in 
row 1, column 1 with 0’s below. 


6 —1 —1 4 1-2 0 1 1 -2 0 1 

-12 2 2 | -8|>|-12 2 2 | -8|>]|0 -22 2 4 

5 1-1 оү 5 12 3| 7 [0 n-c1[ 2 
Hoch Dae К = 2n + 


R, = –5һ + 


We can obtain 1 in row 2, column 2 without altering column 1 by using either 


R, = -5n or R, = =r, + r,.We use the first of these here. Then we proceed to 
get a 0 in row 3, column 2. 
E ES 1 ЗЕ? : : Toe р ) 
-22 2 41510 1 ›|0 1 -> —— 
0 11-1 _ 11 11 11 11 
T 0 11 -1 —2 ii 0 0 0 
1 
Ke = 35h AR. = =l 


(continued) 
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This matrix is in row echelon form. Because the bottom row consists entirely 
of 0’s, the system actually consists of only two equations. 


x— 2у = 1 (1) 
1 

acc 2 

Усту 11 (2 


To make it easier to write some of the solutions, we express both x and yin terms of z. 


From the second equation, y — Т а= E Now back-substitute this solution for 


y into the first equation to get 


1 2 2 T 
= 2y+1= 2| | +1= 
diio d H' nu түктү 
The original system is equivalent to the system 
== Zu L (1) 
11 11 
1 ) where z can be any real number 
elu ec. qu 
pepe ar ЧН 


Let's look at the situation. The original system of three equations is equivalent 
to a system containing two equations. This means that any values of x, y, z that satisfy 


both 
_ 2 7 Em E 
ү Б ыд: 
І 7 2 9 1 
1 t .F 1 = 0 = — = ——' 1 recie — 
are solutions. For example, z х= qp у 11; & (X — туў п: 
апа 2 = =I х = 2, y= E are three of the solutions of the original system. 


There are, in fact, infinitely many values of x, y, and z for which the two equations 
are satisfied. That is, the original system has infinitely many solutions. We write the 
solution of the original system as 


2 7 
= 4z + — 
11 11 
1 А where z can be any real number 
тт 
ог, using ordered triples, as 
los y, z)|x = T + L, y= az Z, z any real number } 


\ Now Work PROBLEM 55 


| EXAMPLES | PLE 8 Identifying an Inconsistent System of Linear Equations Using Matrices 


x+ y+ z=6 
Solve: 42x у= z=3 
x+2y+2z=0 


Solution Begin with the augmented matrix, and use row operations to write the matrix in row 
echelon form. 


t 1 1 6 I 1. 1 6 T. L | 6 111 6 

2 =l «1 31510 -3 -3 91510 1 1 =6| 510 1 1 —6 

1 2 2 0 T 0 1 1 —6 T 0 -3 -3 =9 i 0 0 0 —27 
R, = -2һ + Interchange rows2and3. А, = 3r, + № 


(continued) 
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The bottom row is equivalent to the equation 
Ox + Oy + 0z = —27 


which has no solution. The original system is inconsistent. E 


\ Now Work PROBLEM 29 


The matrix method is especially effective for systems of equations for which 
the number of equations and the number of variables are unequal. Here, too, such a 
system is either inconsistent or consistent. If it is consistent, it will have either exactly 
one solution or infinitely many solutions. 


| ЕХАМРІЕ 9 | Solving a System of Linear Equations Using Matrices 


х-2у+ z= 0 (1) 
x+2y—3z=-3 (2) 
у= z=-1 (3) 
—x+4y+2z= 13 (4) 


Solve: 


Solution This is a system of four equations containing three variables. Begin with the 
augmented matrix, and use row operations to write the matrix in row echelon form. 


]. =2 1 0 1 -2 1 0 1 -2 1 0 
2 2 —3 —3 0 —5 —3 0 1 —1 —1 
— — 

0 1 -1 —1 0 1 -1 —1 0 6 —5 —3 
—1 4 2 13 I 0 2 3 13 li 0 2 3 13 

Ry = =27, 4 Interchange rows 2 and 3. 
Ка =f +r 
1 -2 1 0 1 -2 1 0 
0 1 —1 —1 0 1 -1 —1 
— — 
0 0 1 0 0 1 3 
T 0 0 15 T 0 0 0 
Ка = 65, FU R, = —5r, + 1% 
Ry = —2, +, 


Since the matrix is in row echelon form, we could now back-substitute z = 3 to 
find x and y. Or we can continue and obtain the reduced row echelon form. 


1 -2 1 0 1 0 -1 —2 1 0 0 1 

0 1 —1 —1 0 1 -1 —1 0. 1 0 2 
— Ес 

0 0 1 3 0 0 1 3 0 0 1 3 

0 0 0 0 | 0 0 0 0 T 0 0 0 0 
Ky = 2g F К; rn +! 


The matrix is now in reduced row echelon form, and we can see that the solution 
is x ly 2. £ З or, using an ordered triple, (1, 2, 3). D 


\ Now Work PROBLEM 71 


E 
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| EXAMPLE 10 | Financial Planning 


Solution 


1 1 
0.03 0.05 0 
1 -1 


COMMENT Most graphing utilities 
have the capability to put an augmented 
matrix into row echelon form (ref) and 
also reduced row echelon form (rref). 
See Appendix B, Section B.7, for a 
discussion. н 


Adam and Michelle require an additional $25,000 in annual income (beyond their 
pension benefits). They are rather risk averse and have narrowed their investment 
choices down to Treasury notes that yield 3%, Treasury bonds that yield 5%, and 
corporate bonds that yield 6%. They have $600,000 to invest and want the amount 
invested in Treasury notes to equal the total amount invested in Treasury bonds and 
corporate bonds. How much should they place in each investment? 


Let n, b, and c represent the amounts invested in Treasury notes, Treasury bonds, and 
corporate bonds, respectively. There is a total of $600,000 to invest, which means that 
the sum of the amounts invested in Treasury notes, Treasury bonds, and corporate 
bonds should equal $600,000. The first equation is 


n+b+c = 600,000 (1) 


If $100,000 is invested in Treasury notes, the income is 0.03 - $100,000 = $3000. In 
general, if n dollars are invested in Treasury notes, the income is 0.03л. Since the total 
income is to be $25,000, the second equation is 


0.03n + 0.055 + 0.06с = 25,000 (2) 


The amount invested in Treasury notes must equal the sum of the amounts invested 
in Treasury bonds and corporate bonds, so the third equation is 


n=b+c or n—b—c=0O0 (3) 


We have the following system of equations: 


n+ b+ с = 600,000 (1) 
0.03n + 0.05b + 0.06c = 25,000 (2) 


Begin with the augmented matrix, and use row operations to write the matrix in row 
echelon form. 


1 600,000 1 1 1 600,000 
‚06 25,000 | — 10 0.02 0.03 7000 
—1 0 | 0 -2 -2 —600,000 
R, = —0.03r + 7 
К, = -f +h 
1 1 1 600,000 1 11 600,000 
—^|0 1 1.5 350,000 | = 10 1 1.5 350,000 
T 0 -2 -2 —600,000 ji 0 0 1 100,000 
1 
R, = 002” К, = 27, + т 


The matrix is now in row echelon form. The final matrix represents the system 


n+b+c = 600,000 (1) 
b + 1.5с = 350,000 (2) 
c = 100,000 (3) 


From equation (3), we determine that Adam and Michelle should invest $100,000 in 
corporate bonds. Back-substitute $100,000 into equation (2) to find thatb = 200,000, 
so Adam and Michelle should invest $200,000 in Treasury bonds. Back-substitute 
these values into equation (1) and find that л = $300,000, so $300,000 should be 
invested in Treasury notes. D 
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10.2 Assess Your Understanding 


Concepts and Vocabulary 


1-3 —2 
1. Ап т by п rectangular array of numbers is called 5. True or False The matrix| 0 1 5 | is in row echelon 
a(n) ; form. 0 0 0 
2. The matrix used to represent a system of linear equations is 6. Multiple Choice Which statement describes the system of 
called a(n) matrix. 152 3 
3. The notation a}; refers to the entry in the row equations represented by| 0 1 3 212 
and column of a matrix. 00 0 5 


4. Multiple Choice Which matrix is in reduced row echelon form? 
(a) The system has one solution. 


(a) к 2 9 (b) 2 9 | (b) The system has infinitely many solutions. 
ee -1 0 1 4 (c) The system has no solution. 
12 9 12 9 (d) The number of solutions cannot be determined. 
d 
olia | os | eli 
Skill Building 
In Problems 7-18, write the augmented matrix of the given system of equations. 
—S5y=5 3x + 4у = 7 2х + 3у = 6 = 0 9х - у= 0 
РМ 8. : No. 4 10. T 
4х + Зу = 6 4х – 2у = 5 4х —6y +2 = 0 3x- у-– 4 = 
4 3 3 = y+ z=10 5x — exe 
0.01x — 0.03y — 0.06 queue de abs in 
К e 13. 3x+3y= 5 14. x+ у= 5 
0.13х + 0.10у = 0.20 1 1. 2 
=a. ee 3 x+ y+2z= 2 2x —3z=2 
x- y- z=10 
x+ y- z=2 2х + Зу – 4: = 0 X— yt2z- w= 
2х + y+2z=-1 
15. 3x – 2у = 2 16.3 x—5z+ 2= 0 17. 3 4 5 18.4 x+3y —4z + 20 = 
—Зх + = 
5x+3y- z=1 x + 2y —3z=-2 И 3x y = 52 w= 
4x – 5у + z= 0 


In Problems 19-26, write the system of equations corresponding to each augmented matrix. Then perform the indicated row operation(s) 
on the given augmented matrix. 


Nas. | —3 i REUS SIUS 30,11 73 | -3| R = —-2n +n 
2 —5 5 2 —5 —4 
1-34 3| К, = —3л +”, 1-3 3 -5| К = 4ђ tr 
21. 3 —5 6 6| R = 5һ + 22. 4 -5 —3 5| А, = 3n + 
-5 3 4 6 -3 —2 4 6 
1-32 | -6| R =-2n +n 1-3 -4 | -6| К, =-6, +" 
23.| 2 —5 3 —4) К; = Зу tn 24. 6 -5 6 -6| Rí,—nc-dcn 
—-3 —6 4 6 -] 1 4 6 
5 —3 1 2) R =-2n + 4 -3 -1 2| Жү = =» чей 
25. 2 —5 6 =2 | К, =2n4+7, 26. 9r 25 "5 6| RSH ee 
=& 14 6 3.6 4 | 6 


In Problems 27-38, the reduced row echelon form of a system of linear equations is given. Write the system of equations corresponding 
to the given matrix. Use x, y; or x, у, 2; Or X4, X2, X3, X4 as variables. Determine whether the system is consistent or inconsistent. If it is 
consistent, give the solution. 


100 | 1 
„| % | : || | ә ото | 2 
i 00013 


AL. Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 


30. 


33. 


36. 


\ зо, 


42. 


45. 


48. 


51. 


54. 


57. 


60. 


63. 


66. 


69. 


72. 


оо н 
он о он о 
н © © ооо 
N 


=. 
rR © 
= © 
о о 
NR 


x+y=8 
х- у = 
3x + Зу = 3 
8 
4х + 2у = 5 
X хе 
2x + Зу = 6 
x- у= 1 
"2 


—2x + 3y —3z= 7 


2x —3y —z=0 


od 
+ 
N 
< 
+ 
N 

| 
сл 


—2х+3у—72=1 


х++у+@ +} 
—х+2у+{ 
2x+3y+z-—w 
—2x + y — 2z + 2w 


I 
Ё 
[ 
| к= 
ET 
Е 
| 


x- yt z= 
Зх + 2y = 22 = 
x—3yd z—1 
2x — y—4z=0 
х – Зу + 24 = 1 

х 2у = 5 
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10 2 —1 

31. |0 1 —4 —2 32. 
00 0 0 
1 0 0 0 1 

34 010 2 2 35. 
0013 0 
100 1 —2 
010 2 2 

37. . 
0.0 1 -1 0 ae 
000 0 0 


+2y=5 
| d 
x+ y=3 


x+2y=4 

43. 44. 
2x+4y=8 
1 
2 SEI 

"EE АД. 47. 
х-32у= 8 
x— y= 6 
2x — 3z = 16 50. 
2y+ z= 4 
2x+ y—3z= 0 

52. 2x+2y+ z=-7 53. 


3x — 4y —- 3z = 7 


x + 2y – 3z = —4 56. 


7x — 3y + 2z = —1 59. 


2x 4y + z=-7 62. 


65. 


1 
2x- y+2z=2 68. 
3 


4 +z- w= 
E Т" e 74. 
x—y+2z+3w=3 


10 4 4 
0 13 2 
ооо 0 
1004 2 
0 113 3 
0000 0 
1000 1 
0 10 0 2 
00 10 3 
000 1 0 
3x — 6y = —4 
5x + 4у = 5 


3x – 5у= 3 
15x + 5y = 21 


2x+ у= —4 
—2y+4z= 0 
3x – 2z = —11 
2x – 2y – 22 = 2 
2x + Зу + 2= 2 

Зх + 2у = 0 


2х —3y – z=0 
3x + 2у + 25 = 2 
х + 5у + 32 = 2 


x+ y- z= 6 
3x —2yd =—5 
x+3y—2z= 14 
X + 4y – 3z = —8 
3x — y+3z= 12 
x+ y+6z= 1 


x+y+z+w= 


2х-у+{ 


3x +2y+z-w= 
x — 2y – 2z + 2w = 


—4х+у=5 
2x-y+z—-w=5 
z+w=4 
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Applications and Extensions 


75. 


76. 


77. 


78. 


80. 


81. 


82. 


83. 


Curve Fitting Find the function у = ах? + bx + c whose 
graph contains the points (1, 2), (—2, —7), and (2, —3). 


Curve Fitting Find the function y = ax? + bx + c whose 
graph contains the points (1, —1), (3, —1), and ( 2, 14). 


Curve Fitting Find the function f (x) = ax? + bx? + сх + d 
for which f(—3) = —112, f(-1) = -2, f(1) = 4, 
and f(2) — 13. 


Curve Fitting Find the function f (x) = ax? + bx? + сх + d 
for which f(—2) = —10, f(-1) = 3, f(1) = 5, 
and f(3) = 15. 


Nutrition A dietitian at Palos Community Hospital wants 
a patient to have a meal that has 78 grams (g) of protein, 
59 g of carbohydrates, and 75 milligrams (mg) of vitamin A. 
The hospital food service tells the dietitian that the dinner 
for today is salmon steak, baked eggs, and acorn squash. 
Each serving of salmon steak has 30 g of protein, 20 g of 
carbohydrates, and 2 mg of vitamin A. Each serving of baked 
eggs contains 15 g of protein,2 g of carbohydrates, and 20 mg 
of vitamin A. Each serving of acorn squash contains 3 g of 
protein, 25 g of carbohydrates, and 32 mg of vitamin A. How 
many servings of each food should the dietitian provide for 
the patient? 


Nutrition A dietitian at General Hospital wants a patient 
to have a meal that has 47 grams (g) of protein, 58 g of 
carbohydrates, and 630 milligrams (mg) of calcium. The 
hospital food service tells the dietitian that the dinner for 
today is pork chops, corn on the cob, and 2% milk. Each 
serving of pork chops has 23 g of protein, 0 g of carbohydrates, 
and 10 mg of calcium. Each serving of corn on the cob 
contains 3 g of protein, 16 g of carbohydrates, and 10 mg of 
calcium. Each glass of 2% milk contains 9 р of protein, 13 g 
of carbohydrates, and 300 mg of calcium. How many servings 
of each food should the dietitian provide for the patient? 


Financial Planning Carletta has $10,000 to invest. As her 
financial consultant, you recommend that she invest in 
Treasury bills that yield 6%, Treasury bonds that yield 7%, 
and corporate bonds that yield 8%. Carletta wants to have an 
annual income of $680, and the amount invested in corporate 
bonds must be half that invested in Treasury bills. Find the 
amount in each investment. 


Landscaping A landscape company is hired to plant trees in 
three new subdivisions. The company charges the developer 
for each tree planted, an hourly rate to plant the trees, and 
a fixed delivery charge. In one subdivision it took 166 labor 
hours to plant 250 trees for a cost of $7520. In a second 
subdivision it took 124 labor hours to plant 200 trees for a cost 
of $5945. In the final subdivision it took 200 labor hours to 
plant 300 trees for a cost of $8985. Determine the cost for each 
tree, the hourly labor charge, and the fixed delivery charge. 


Source: www.bx.org 


Production To manufacture an automobile requires 
painting, drying, and polishing. Epsilon Motor Company 
produces three types of cars: the Delta, the Beta, and the 
Sigma. Each Delta requires 10 hours (h) for painting, 3 h 
for drying, and 2 h for polishing. A Beta requires 16 h for 
painting, 5 h for drying, and 3 h for polishing, and a Sigma 
requires 8 h for painting, 2 h for drying, and 1 h for polishing. 
If the company has 240 h for painting, 69 h for drying, and 
41 h for polishing per month, how many of each type of car 
are produced? 


84. 


85. 


86. 


Production A Florida juice company completes the 
preparation of its products by sterilizing, filling, and labeling 
bottles. Each case of orange juice requires 9 minutes (min) 
for sterilizing, 6 min for filling, and 1 min for labeling. Each 
case of grapefruit juice requires 10 min for sterilizing, 4 min 
for filling, and 2 min for labeling. Each case of tomato juice 
requires 12 min for sterilizing, 4 min for filling, and 1 min 
for labeling. If the company runs the sterilizing machine for 
398 min, the filling machine for 164 min, and the labeling 
machine for 58 min, how many cases of each type of juice are 
prepared? 

Electricity: Kirchhoff's Rules An application of Kirchhoff's 
Rules to the circuit shown results in the following system of 
equations: 


hip +i ety 
~2001, — 40 + 807, = 0 
360 — 207, — 801, + 40 = 0 
80 + 701, — 2001, = 0 


Find the currents /,, 7,, I}, and /,. 


Source: Based on Raymond A. Serway and John W. Jewett, 
Jr. Physics for Scientists and Engineers with Modern Physics, 
9th ed. (Boston: Brooks/Cole, Cengage Learning, 2014) Prob.30, 
pp. 860-861. 


Electricity: Kirchhoff’s Rules An application of Kirchhoff’s 
Rules to the circuit shown results in the following system of 
equations: 


I cg 
24 61, - 31, = 0 
12 + 24 — 61, – 61, = 0 


Source: Ibid., Prob. 36, p. 861. 


87. Financial Planning Three retired couples each require ап 
additional annual income of $2000 per year. As their financial 
consultant, you recommend that they invest some money in 
Treasury bills that yield 7%, some money in corporate bonds 
that yield 9%, and some money in “junk bonds” that yield 
11%. Prepare a table for each couple showing the various 
ways that their goals can be achieved: 

(a) If the first couple has $20,000 to invest. 

(b) If the second couple has $25,000 to invest. 

(c) If the third couple has $30,000 to invest. 

(d) What advice would you give each couple regarding the 
amount to invest and the choices available? 


[Hint: Higher yields generally carry more risk.] 


88. Financial Planning A young couple has $25,000 to invest. As 
their financial consultant, you recommend that they invest 
some money in Treasury bills that yield 7%, some money 
in corporate bonds that yield 9%, and some money in junk 
bonds that yield 11%. Prepare a table showing the various 
ways that this couple can achieve the following goals: 

(a) $1500 per year in income 

(b) $2000 per year in income 

(c) $2500 per year in income 

(d) What advice would you give this couple regarding the 
income that they require and the choices available? 


[Hint: Higher yields generally carry more risk.] 


Explaining Concepts: Discussion and Writing 


91. Write a brief paragraph or two outlining your strategy for 
solving a system of linear equations using matrices. 


92. When solving a system of linear equations using matrices, 
do you prefer to place the augmented matrix in row echelon 
form or in reduced row echelon form? Give reasons for your 
choice. 


Retain Your Knowledge 
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89. Pharmacy A doctor’s prescription calls for a daily intake of 
a supplement containing 40 milligrams (mg) of vitamin C and 
30 mg of vitamin D. Your pharmacy stocks three supplements 
that can be used: one contains 20% vitamin C and 30% 
vitamin D; a second, 40% vitamin C and 20% vitamin D; 
and a third, 30% vitamin C and 50% vitamin D. Create a 
table showing the possible combinations that could be used 
to fill the prescription. 


90. Pharmacy A doctor’s prescription calls for the creation 
of pills that contain 12 units of vitamin B,, and 12 units of 
vitamin E. Your pharmacy stocks three powders that can be 
used to make these pills: one contains 20% vitamin B,, and 
30% vitamin E; a second, 40% vitamin B}, and 20% vitamin 
E; and a third, 30% vitamin B,, and 40% vitamin E. Create 
a table showing the possible combinations of these powders 
that could be mixed in each pill. 


[Hint: 10 units of the first powder contains 10 - 0.2 — 2 units 
of vitamin B,,.] 


93. Make up a system of three linear equations containing three 
variables that have: 
(a) No solution 
(b) Exactly one solution 
(c) Infinitely many solutions 


Give the three systems to a friend to solve and critique. 


Problems 94—103 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


94. Solve: x2 — 3x < 6 + 2x 
2x?— x—-1 
95, Graph: f(x) — FORE CEA 
96. State the domain of f(x) = —e*^? — 6. 
97. Use a calculator to approximate cos-! (—0.75) in radians, 
rounded to two decimal places. 
18x4y5 Y 
27x? y? | 
99, Find an equation of the hyperbola with vertices (4, 1) and 
(4, 9) and foci (4, 0) and (4, 10). 


98. Simplify: | 


4 
100. Write | V6 соз2т +i зїп | in rectangular form x + yi 


and in exponential form ге“. 


101. What is the amount that results if $2700 is invested at 3.696 


compounded monthly for 3 years? 


102. Find the average rate of change of f(x) sin !x 


from x = —1tox = 1. 


A 103. Find the difference quotient for f(x) — = Express the 
х 


answer as a single fraction. 
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10.3 Systems of Linear Equations: Determinants 


OBJECTIVES 1 Evaluate 2 by 2 Determinants (p. 796) 


2 Use Cramer's Rule to Solve a System of Two Equations Containing 
Two Variables (p. 797) 

3 Evaluate 3 by 3 Determinants (p. 799) 

4 Use Cramer's Rule to Solve a System of Three Equations Containing 
Three Variables (p. 801) 

5 Know Properties of Determinants (p. 803) 


The previous section described a method of using matrices to solve a system 
of linear equations. This section describes yet another method for solving systems 
of linear equations; however, it can be used only when the number of equations 
equals the number of variables. This method, called Cramer's Rule, is based on 
the concept of a determinant. Although the method works for all systems where 
the number of equations equals the number of variables, it is most often used for 
systems of two equations containing two variables or three equations containing 
three variables. 


l Evaluate 2 by 2 Determinants 


DEFINITION 2 by 2 Determinant 


If a, b, c, and d are four real numbers, the symbol 


Ий = 


a b 
са 


is called a 2 by 2 determinant. Its value is the number ad — bc; that is, 


The following illustration may be helpful for remembering the value of a 2 by 2 


determinant: 
bc 
^u P d 
а Ь 
bs — ad — bc 
C d 
Nr ue e 
Minus ad 
| EXAMPLE 1 | Evaluating a 2 by 2 Determinant 
3 -2 
Evaluate: 
valuate | 6 1 | 


Solution | 3 22 


= 3-1-6(-2) = 3- (-12) 2 1 
о de 6(-2) = 3 - (-12) = 15 


\ Now Work PROBLEM 7 
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2 Use Cramer's Rule to Solve a System of Two Equations 
Containing Two Variables 


Let’s see the role that a 2 by 2 determinant plays in the solution of a system of two 
equations containing two variables. Consider the system 


ах + by=s (1) 
(2) 
сх + ду = і (2) 
We use the method of elimination to solve this system. 
Provided that d = О and b = 0, this system is equivalent to the system 
аах + Бау = sd (1) Multiply by d. 
bcx + Бау = tb (2) Multiply by b. 
Subtract the second equation from the first equation and obtain 
(ad — bc)x + 0- y= sd-tb (1) 
Ьсх + bdy = tb (2) 
Now the first equation can be rewritten using determinant notation. 
a b s b 
P dE == 
c d t d 
a b 
If D = = ad — bc = 0), solve for x to get 
s b s b 
t d t d (3) 
A == = 
a b D 
c d 


Return now to the original system (2). Provided that а 0 and c = 0, the 
system is equivalent to 


асх + Бсу = cs. (1) Multiply by c. 
acx + ady = at (2) Multiply by a. 


Subtract the first equation from the second equation and obtain 


acx + bcy = cs (1) 
0-x+ (ad —bc)y = аі = cs (2) 


The second equation can now be rewritten using determinant notation. 


a b wal? 5 
c d 4 c t 
р = | 5 = ad — be = 0, solve for yto get 
| 5 а s 
c t c ft 
Y= = (4) 
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Equations (3) and (4) lead to the following result, called Cramer’s Rule. 


THEOREM Cramer's Rule for Two Equations Containing Two Variables 


The solution to the system of equations 


E by = у (1) 
Bryce (2) 


is given by 


provided that 


In the derivation given for Cramer’s Rule, we assumed that none of the numbers 
a, b, c, and d was 0. In Problem 65 you are asked to complete the proof under the less 
stringent condition that D = ad — bc = 0. 

Now look carefully at the pattern in Cramer's Rule. The denominator in the 
solution (6) is the determinant of the coefficients of the variables. 


ах + Бу = $ 
сх + ау = t 


a b 
c d 
In the solution for x, the numerator is the determinant, denoted by D,, formed by 


replacing the entries in the first column (the coefficients of x) of D by the constants 
on the right side of the equal sign. 


D. = 


x 


s b 
t d 
In the solution for y, the numerator is the determinant, denoted by D,, formed by 


replacing the entries in the second column (the coefficients of y) of D by the constants 
on the right side of the equal sign. 


x20 yc (7) 


| EXAMPLE 2 | Solving a System of Linear Equations Using Determinants 


Use Cramer’s Rule, if applicable, to solve the system 


3x —2y= 4 (1) 
6x+ y=13 (2) 
(continued) 
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Solution The determinant D of the coefficients of the variables is 


D= РИТЕ = 15 
6 1 


Because D = 0, Cramer's Rule (7) can be used. 


| 4 E | H 
D, 13 1 D, 6 13 
“5D т» BLUE I5 
_4.1—13.(—2) _3.13—6.4 
i 15 Е 15 
_ 30 _15 
15 | 15 
=2 =1 
The solution is x = 2, y = 1, or, using an ordered pair, (2, 1). _в 


If the determinant D of the coefficients of the variables equals 0 (so that 
Cramer’s Rule cannot be used), then the system either is consistent with dependent 
equations or is inconsistent. To determine whether the system has no solution or 
infinitely many solutions, solve the system using the methods of Section 10.1 or 
Section 10.2. 


\ Now Work PRoBLEM 15 


3 Evaluate 3 by 3 Determinants 


To use Cramer's Rule to solve a system of three equations containing three variables, 
we need to define a 3 by 3 determinant. 
A 3 by 3 determinant is symbolized by 


ау ар а, 
а а а» (8) 


аз 43 053 


in which a41, 442, ..., A33 are real numbers. 

As with matrices, we use a double subscript to identify an entry by indicating its 
row and column numbers. For example, the entry a,, is in row 2, column 3. 

The value of a3 by 3 determinant may be defined in terms of 2 by 2 determinants 
by the following formula: 


Minus Plus 
ау ар а,» l l 
45 053 а 053 а а 
ай 455 аз | = lı — 413 + а,» (9) 
аз 33 аз 433 а, ау) 
аз A32 035 { Т 1 
2by2 2by2 2by2 
determinant determinant determinant 
left after left after left after 
removing the removing the removing the 


row and column row and column row and column 
containing a, containing 41 containing а,» 


The 2 by 2 determinants in formula (9) are called minors of the 3 by 3 determinant. 
For an n by n determinant, the minor M; of entry a; is the (n — 1) by (n — 1) 
determinant that results from removing the ith row and the jth column. 
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Finding Minors of a 3 by 3 Determinant 


2-1 3 
For the determinant А = | -2 5 1), find: (a) Mj; (b) М» 
0 6 —9 


Solution (а) M,, is the determinant that results from removing the first row and the second 
column from A. 


A=|-2 i) ayer euasit d 
Ж: 0 —9 


(b) M; is the determinant that results from removing the second row and the third 
column from A. 


-1 


| с=1) 


3 


Referring to formula (9), note that each element a; in the first row of the 
determinant is multiplied by its minor, but sometimes this term is added and other 
times subtracted. To determine whether to add or subtract a term, we must consider 
the cofactor. 


DEFINITION Cofactor 


For an n by n determinant А, the cofactor of entry a;, denoted by А,, is given by 


Ai = (71)! Mj 


where M; is the minor of entry a,j. 


The exponent of (—1)'*/ is the sum of the row and column of the entry а, SO 
ifi + jiseven,(-1) = 1, andifi + j isodd,(—1) = —1. 

To find the value of a determinant, multiply each entry in any row or column by 
its cofactor and sum the results. This process is referred to as expanding across a row 
or column. For example, the value of the 3 by 3 determinant in formula (9) was found 
by expanding across row 1. 

Expanding down column 2 gives 


ау а а, ü - РЗ » E А 
= 14-2 21 23 242 11 13 342 11 13 
ау а» аз |= (1) "а + (1) 45 + (-1)"™ аз 
43, 433 43, 053 а 493 
аз 4» 053 
Expand down column 2. 
a a a a a 
21 43 ш dis 11 13 
=-l-ay +1- ay, + (=): аз 
аз 433 аз 433 а 43 
Expanding across row 3 gives 
ау а, а, " 7 ? Е " а 
= 341 12 13 342 11 13 3+3 11 12 
Ay, а) аз| = (- 1)" az Tir" da + (-1)""" азз 
4» 053 а 53 а а) 
аз 035 азз 
Expand across row 3. 
a a a a a a 
12 413 1 913 п 012 
= 1-аз + (-1) az + 1- az 
а» 053 а а›; а а) 


SECTION 10.3 Systems of Linear Equations: Determinants 801 


Observe that the signs, (—1)'*/, associated with the cofactors alternate between 
positive and negative. For example, for a 3 by 3 determinant, the signs follow the pattern 


jo d 
-1 1-1 (10) 
1-1 4 


It can be shown that the value of a determinant does not depend on the choice of 
the row or column used in the expansion. So, expanding across a row or column that 
has an entry equal to 0 reduces the amount of work needed to compute the value of 
the determinant. 


| EXAMPLE 4 | Evaluating a 3 by 3 Determinant 


3 0 -4 
Find the value of the 3 by 3 determinant: |4 6 2 
8-2 3 


Solution Because 0 is in row 1, column 2, it is easiest to expand across row 1 or down 
column 2. We choose to expand across row 1. For the signs of the cofactors, we use 
“1, —1, 1" from row 1 of the 3 by 3 determinant in (10). 


EE 
4 6 2 аЛ : dee» 2 +104 | 
- 2m 3 8 3 8 -2 

= 3[18 — (—4)] + 0 + (—4)(—8 — 48) 

= 3.22 + (—4)(—56) 

= 66 + 224 = 290 ке 


\ Now Work PROBLEM 11 


4 Use Cramer's Rule to Solve a System of Three Equations 
Containing Three Variables 


Consider the following system of three equations containing three variables. 
а11Х T йу T 2132 = Cy 


431Х т 055y T 2232 = C5 (11) 


а3х T 43у T 433% = C3 


It can be shown that if the determinant D of the coefficients of the variables is not 0, 
that is, if 
а ар а, 
D =|а„ а) аз | = 0 
аз ау 433 


the system in (11) has a unique solution. 


THEOREM Cramer's Rule for Three Equations Containing Three Variables 


If D = 0, the solution of the system in (11) is 


с а, а,» а Cy а, а а) С, 
D, = |с а» а» D, = 054 с аз D, = |а а © 


C3 95 053 43, C3 азз аз 035 C3 
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Notice the similarity between this pattern and the pattern observed earlier for a 
system of two equations containing two variables. 


| €XAMPLE 5 | Using Cramer's Rule 


Use Cramer's Rule, if applicable, to solve the following system: 
2x - y- z= 3 (1) 
=x + 2y + 4z = —3 (2) 
x—2y -322 4 (3) 


Solution Тһе value of the determinant D of the coefficients of the variables is 


2 1-1 
D=|-1 2 4|=(—1)!+! 2. 2 [eem |+) —1 ] 
12 3 -2 —3 1 =3 1 -2 


=2-2-—1(-1)+(-1)-0=441=5 


Because D = 0, proceed to find the values of D,, D,, and D.. To find D,, replace 
the coefficients of x in D with the constants and then evaluate the determinant. 


3 do 
Bowl 2 d eq. “lacy? 4° Fe 7 
=F 3 4 -3 4-9 
4 —2 -3 
=3.2—1(—7)+(—1)(—2) = 15 
M d. 3 4 1 4 T3 
D =|-1 -3 4|-2(-1).2. 7 выда ет 
) 4 —3 1 -3 1 4 
1 4 -3 
= 2(—7)— 3(-1) + (-1)(-1) = -10 
JB E. 2-28 PE 1 2 
D,=|-1 2 -3| 2 (-1)! .2. кершуше een урт 
— 1 4 | 2 
1-2 4 
=2.2—1(—1)+3.0=5 
As a result, 
D 15 D,  —10 D. .8 
= х = с 3 = 2 = —© = 5 =] 
“=p 3 =D 35 == D75 


The solution is x = 3, у = —2, z = 1 or, using an ordered triple, (3, —2, 1). B 


Cramer’s Rule cannot be used when the determinant of the coefficients of the 
variables, D, is 0. But can anything be learned about the system other than it is not a 
consistent and independent system if D — 0? The answer is yes! 


Cramer's Rule with Inconsistent or Dependent Systems 
e If D = 0 and at least one of the determinants D,, D xor D- is different 
from 0, then the system is inconsistent and the solution set is Ø, or { }. 


* If D = Oandallthe determinants D,, D,, and D, equal 0, then the system 
is consistent and dependent, so there are infinitely many solutions. 
The system must be solved using row reduction techniques. 


\ Now Work PROBLEM 33 


SECTION 10.3 Systems of Linear Equations: Determinants 803 


5 Know Properties of Determinants 


Determinants have several properties that are sometimes helpful for obtaining their 
value. We list some of them here. 


THEOREM 


The value of a determinant changes sign if any two rows (or any two columns) 
are interchanged. (12) 


Proof for 2 by 2 Determinants 


a b c d 


с ЛЕСЕ апа | = be ad = —(ad — bc) п 
| EXAMPLE6 | Demonstrating Theorem (12) 
1.:2 3 4 B 
THEOREM 
If all the entries in any row (or any column) equal 0, the value of the 
determinant is 0. (13) 
Proof Expand across the row (or down the column) containing the 0’s. a 
THEOREM 


If any two rows (or any two columns) of a determinant have corresponding 
entries that are equal, the value of the determinant is 0. (14) 


In Problem 68, you are asked to prove the theorem for a 3 by 3 determinant in 
which the entries in column 1 equal the entries in column 3. 


| EXAMPLE 7 | Demonstrating Theorem (14) 


E A3 
1 2 з |= com a2 le pezli aj U 
4 5 6 

= 1(-3) – 2(-6) + 3(-3) = -3 + 12-9 = 0 D 


THEOREM 


If any row (or any column) of a determinant is multiplied by a nonzero number k, 
the value of the determinant is also changed by a factor of k. (15) 


In Problem 67, you are asked to prove the theorem for a 3 by 3 determinant 
using row 2. 
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| EXAMPLES | 8 Demonstrating Theorem (15) 


i 2 
=6-8=-2 
s 
E SE ee = шай ышы д Т 
4 6 4 6 = 


THEOREM 


If the entries of any row (or any column) of a determinant are multiplied by a 
nonzero number К and the result is added to the corresponding entries of another 
row (or column), the value of the determinant remains unchanged. (16) 


In Problem 69, you are asked to prove the theorem for a 3 by 3 determinant 
using rows 1 and 2. 


| EXAMPLES | Demonstrating Theorem (16) 


DP | p» 


= —14 
5 2 52 


1 


Multiply row 2 by —2 and add to row 1. B 


\ Now Work PROBLEM 45 


10.3 Assess Your Understanding 


Concepts and Vocabulary 


De b = : 4. True or False When using Cramer’s Rule, if D = 0, then the 
cd system of linear equations is inconsistent. 
2. Using Cramer’s Rule, the value of x that satisfies the system 5. True or False If any row (or any column) of a determinant 
is multiplied by a nonzero number k, the value of the 
: 2x+3y= 5. determinant remains unchanged. 
of equations isx = —_. | 
x—4y=—-3 2 3 6. Multiple Choice If any two rows of a determinant are 
1 -4 interchanged, its value: 


(a) changessign (b) becomeszero (c) remains the same 


3. True or False ^ determinant can never equal 0. oe 
(d) no longer relates to the original value 


Skill Building 
In Problems 7-14, find the value of each determinant. 
N 5 6 4 8 8 —3 9 —-3 -1 10 4 2 
"=i 3 “|4 2 '|4 2 “p=: 3 
3 4 2 13 -2 4 -1 2 —9 4 
Nali -1 5 12.|6 1 —5 13.16 —1 0 14.11 4 0 
1 2 -2 8 2 3 1-3 4 3 1 


AL. Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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In Problems 15—42, solve each system of equations using Cramer's Rule if it is applicable. If Cramer's Rule is not applicable, write, “Not applicable.” 


x+y=8 2y=5 5x — y=13 x+3y= 5 
N. 15. И ini 332-5 ? T Биш 
х- у= 4 х – = 3 2х + Зу = 12 2х – Зу = —8 
3x = 24 4x + 5y = —3 4x — бу = —42 2x + 4у = 16 
19. Е 2} * 77 y = y 
x+2y= 0 —2y = —4 7х + 4y = —1 3x — 5y = —9 
3x —2y S= —x +2y—5 2x = 4y = =2 Зх + Зу = 3 
а | ПЕЕ, za. | И 3r di 3 26. á 8 
х—4у= 4x —8y = 6 х+2у= 4x + 2y = 
2х + Зу = 6 1 
2x – Зу 2-1 Зх — 2y = 0 =х+ y=-2 
27. i 28. 7 29. 1 34135 4 
10x +10y= 5 5х + 10у = 4 Ker dee х—2у= 8 
—* 2m + — z= 6 
Зх —5y— 3 2x—y--1 N x y 2 
31. 32. 1 3 33.13х—2у+ z——5 
15x + 5y = 21 ху 
2 2 х + Зу —2z = 14 
X— y+ z= -4 x+3y- z=-2 х + 4у —3z=-8 
34. | 2x — 3y + 4z = —15 35.1 2x —-6y - z=-5 36.) 3x — y+ 3z= 12 
5х+ y-2z— 12 -3x + 3y- 2z= 5 x+ y+6z= 1 
x—2y+3z=1 х= y+2z= 5 x+2y— z=0 
37. 1 3x + y—2z=0 38. Зх +2y= 4 39. 2x = 4y + z=0 
2x — 4y + 6z = 2 2x + 2y — 4z = —10 2х + 2у – 32 = 0 
х + 4y – 3: = 0 х - 2у + 32 = 0 х- у + 25 = 0 
40. { 3x — у+ 32 = 0 41. 1 3х + у- 25 = 0 42. 3x + 2y = 
x+ y+6z=0 2x —4y + 62 = 0 —2x + 2у – 42 = 0 


In Problems 43—50, use properties of determinants to find the value of each determinant if it is known that 


x y Z 
и у w|—4 
112 3 
1 23 X у & X y z 1 2 3 
43..|u v w 44. | и v № v. 45. | -3 —6 —9 46.|x—u у-у z—-w 
x z 2 4 6 и v w u v w 
1 2 3 X y 4-х 1 2 3 X43 y+6 +9 
47 |х-3 y-6 4—9 48.|u v w—u 49. 2x 2y 2z 50. |Зи—1 3v – 2 3w – 3 
2и 2v 2w 1 2 2 и-1 0-2 w-3 1 2 3 
Applications and Extensions 
In Problems 51—56, solve for x. 
1 x 1. | 
1.|* *|2s Aud ==? 
Е 4 3 a 3 x 53. 4 3 2| = 2 
-1 2 5 
32 4 x 2 3 x 12 
54.11 x 5|-0 55. 1 x 0Ор=7 56. 1 x 3| = —4x 
0 1 -2 1-2 0 12 
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57. Geometry: Equation of a Line An equation of the line 62. Geometry: Volume ofaTetrahedron A tetrahedron (triangular 
containing the two points (ху, y,) and (х,, y,) may be pyramid) has vertices ( x, Vas Si le eos: УХ) (X35 3; Za )s 
expressed as the determinant and ( x4, Y4, 24). The volume of the tetrahedron is given by 

x у 1 x y n 1 
x 1,20 x Z 1 
bon the absolute value of D, where D — е А 
x; Уз 1 6| хз уз 1; 1 
Prove this result by expanding the determinant and ха Y4 z4 1 
comparing the result to the two-point form of the equation Use this formula to find the volume of the 
of a line. tetrahedron with vertices (0, 0, 8), (2, 8, 0), (10, 4, 4), 

58. Geometry: Collinear Points Using the result obtained in and (4, 10, 6). 

Problem 57 show that three distinct points ( x o y1 ), (х2, Yo ), 63. Geometry: Equation of a Circle An equation of the circle 
and ( x5, уз) are collinear (lie on the same line) if and only if containing the distinct points ( x,, y, ), (%2, у»), and (x4, уз) 

xj, yx 1 can be found using the following equation. 

э» 1-9 1 1 1 1 

X Ja d x Жү х X3 

59. Geometry: Area of a Triangle A triangle has vertices y у yz ya = 0 
d (x3, уз). Th f the triangle i Я 
(х1, Y1), (X2, у), and (x3, уз). The area of the triangle is ag? ey? эй +P a2 452 
Ху Xp X3 

given by the absolute value of D,where D = ; ур Yo уз |. Find the standard equation of the circle containing 


1 1 1 the points (7, —5), (3, 3), and (6, 2). 


Use this formula to find the area of a triangle with vertices 
(2, 3),(5, 2), and (6, 5). 

60. Geometry: Area of a Polygon The formula from Problem 59 
can be used to find the area of a polygon. To do so, divide 
the polygon into non-overlapping triangular regions and find 65 
the sum of the areas. Use this approach to find the area of 
the given polygon. 


x? x 1 
64. Showthat| y? y 1) = (у – 2)(х — y)(x — z). 
2 z1 


& 


. Complete the proof of Cramer’s Rule for two equations 
containing two variables. 
[Hint: In system (5), page 798, if a = 0, then b = 0 
апас = O,since D = —bc = 0. Now show that equation (6) 
provides a solution of the system when a — 0. Then 
three cases remain:b = 0, с = 0, апаа = 01] 


66. Challenge Problem Interchange columns 1 and 3 of 
a 3 by 3 determinant. Show that the value of the new 
determinant is —1 times the value of the original determinant. 


67. Challenge Problem Multiply each entry in row 2 of 
a 3 by 3 determinant by the number k, k = 0. Show that 
the value of the new determinant is k times the value of 
the original determinant. 


61. Geometry: Area ofa Polygon Another approach for finding the 68. Challenge Problem Prove that a 3 by 3 determinant in which 
area of a polygon by using determinants is to use the formula the entries in column 1 equal those in column 3 has the value 0. 


1 (х у X, y Xi Ys х, y, 69. Challenge Problem 1f row 2 of a 3 by 3 determinant is 
А = 5 + + +-+ multiplied by k, k = 0, and the result is added to the entries 
Хз Ya xs Уз Ха Y4 % Jı in row 1, prove that there is no change in the value of the 

where (xj, y1), (X3, у), ..., (x,, Yn) are the n corner determinant. 


points in counterclockwise order. Use this formula to 
compute the area of the polygon from Problem 60 again. 
Which method do you prefer? 


Retain Your Knowledge 


Problems 70—79 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


70. For the points Р = (—4, 3) and Q = (5, —1) write the 72. Graph f(x) = (х + 1? — 4 using transformations 
vector v represented by the directed line segment PQ in (shifting, compressing, stretching, and/or reflecting). 


the form ai + bj and find |у]. 73. Find the exact value of tan 42? — cot 48? without using a 


71. List the potential rational zeros of the polynomial function calculator. 
Р(х) = 2x3 — 5х? + x — 10. 74. Express —5 + 5i in polar form and in exponential form. 


(continued) 
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Ие vx +7 — 10 
75. The function f(x) = 3+ log;(x — 1) is one-to-one. A 78. Rationalize the numerator: 33277 
Find f~t. 
. f . н 79. Find an equation of the line perpendicular to 
76. Find the distance between the vertices of 2 
f(x) = 2x? — 12x + 20andg(x) = —3x? — 30x — 77. f(x) = -3* + 7 where x = 10. 


77. Expand:(2x — 5)3 


10.4 Matrix Algebra 


OBJECTIVES 1 Find the Sum and Difference of Two Matrices (p. 808) 
2 Find Scalar Multiples of a Matrix (p. 810) 
3 Find the Product of Two Matrices (p. 811) 
4 Find the Inverse of a Matrix (p. 815) 
5 Solve a System of Linear Equations Using an Inverse Matrix (p. 818) 


Section 10.2 defined a matrix as a rectangular array of real numbers and used an 
augmented matrix to represent a system of linear equations. There is, however, a 
branch of mathematics, called linear algebra, in which an algebra of matrices is 
defined. This section is a survey of how this matrix algebra is developed. 

Before getting started, recall the definition of a matrix. 


DEFINITION Matrix 


A matrix is defined as a rectangular array of numbers: 


Column 1 Column 2 Column j Column n 
Row 1 а 15 = um а, 
Коу 2 ay, а 209 d5j а, 
Row i dj а sot а soc dj, 
Row m aim am? ES a mj 220 de 


In Words Each number a; of the matrix has two indexes: the row index i and the column 

In a matrix, the rows go across index j. The matrix shown here has m rows and n columns. The numbers а„ are usually 

and the columns go down. referred to as the entries of the matrix. For example, a», refers to the entry in the 
second row, third column. 


| ЕХАМРІЕ1 | Arranging Data іп а Matrix 


In a survey of 900 people, the following information was obtained: 


200 males Thought federal defense spending was too high 
150 males Thought federal defense spending was too low 
45 males Had no opinion 
315 females Thought federal defense spending was too high 
125 females Thought federal defense spending was too low 
65 females Had no opinion 


(continued) 
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We can arrange these data in a rectangular array as follows: 


Too High Too Low No Opinion 


Male 200 150 
Female 315 125 


or as the matrix 


200 150 45 

315 125 65 
This matrix has two rows (representing male and female) and three columns 
(representing “too high,” “too low,” and “no opinion’). B 


The matrix developed in Example 1 has 2 rows and 3 columns. In general, a 
matrix with m rows and n columns is called an m by n matrix. An m by n matrix 
contains т · n entries. The matrix developed in Example 1 is a 2 by 3 matrix and 
of rows is listed first and the contains 23 ce пе РЕ 
ЕО ИТ y If an m by n matrix has the same number of rows as columns, that is, if m = и, 

then the matrix is a square matrix. 


| EXAMPLE 2 | Examples of Matrices 


In Words 


For ап т by n matrix, the number 


NOTE Matrices and determinants are (а) f | | A 2 by 2 square matrix (b [1 0 3] A1by3 matrix 
different. A matrix is a rectangular array и 
of numbers or expressions, nothing _2 


6 
more. A determinant has a value, usually (с) | 4 
8 


4 
a real number. а : A З by З square matrix 


3 
0 


1 Find the Sum and Difference of Two Matrices 


We begin our discussion of matrix algebra by defining equal matrices and then 
defining the operations of addition and subtraction. It is important to note that these 
definitions require both matrices to have the same number of rows and the same 
number of columns as a condition for equality and for addition and subtraction. 
Matrices usually are represented by capital letters, such as A, B, and C. 


DEFINITION Equal Matrices 


Two matrices A and B are equal, written as 


provided that A and B have the same number of rows and the same number 
of columns and each entry a; in A is equal to the corresponding entry b; in B. 


For example, 


2 1]. ы To (SO 3] 2 S AW. 31 
0.5 —1 5 —1 0 1 -2 0 1 3-8 
4 1 = 4 0 Because the entries іп row 1, 
6 1 6 1 column 2 are not equal 
4 1 2 = 412 3 Because the matrix on the left has 3 columns 
6 1 2 6 1 2 4| andthe matrix on the right has 4 columns 


Suppose that A and В represent two m by n matrices. The sum, A + B,is defined as 
the m by n matrix formed by adding the corresponding entries а; of A and b; of B. 
The difference, A — B, is defined as the т by n matrix formed by subtracting the 
entries b; in B from the corresponding entries a;; in A. Addition and subtraction of 
matrices are defined only for matrices having the same number т of rows and the 
same number n of columns. For example, a 2 by 3 matrix and a 2 by 4 matrix cannot 
be added or subtracted. 
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| EXAMPLE 3 | Adding and Subtracting Matrices 


Suppose that 


2 4 8 -3 


А = 
|с 3 


and в=|3*91 
6 8 2 0 
Find: (a) A+ B b) A-B 


Solution Both A and B are 2 by 4 matrices, so they can be added and subtracted. 


—3 4 0 1 
6820 


2 4 8 -3 
a) А +В = 
е 0 1 2 3|^ 


Soe AEE REO certi agn cdit: 
0+6 1+8 2+2 3+0 


(b) A-B= 


Subtract corresponding entries. 


-» 


NORMAL FLOAT AUTO REAL RADIAN HP [Бай абс - c|w c 
Seeing the Concept 


CAI+CBI 


ra Graphing utilities can make the sometimes tedious process of matrix algebra easy. In fact, most graphing 
calculators can handle matrices as large as 9 by 9, some even larger ones. Enter the matrices from Example 3 
into a graphing utility. Name them A and B. Figure 7 shows the results of adding and subtracting A and B on 


a TI-84 Plus CE. | 


\ Now Work PROBLEM 9 


Figure 7 Matrix addition and 
subtraction on a TI-84 Plus СЕ 
Many of the algebraic properties of sums of real numbers are also true for sums 


of matrices. Suppose that A, B, and C are m by n matrices. Then matrix addition is 
commutative. That is, 


Commutative Property of Matrix Addition 


А+В= В+А 


Matrix addition is also associative. That is, 
Associative Property of Matrix Addition 


(A+ B)+C=A+(B+C) 


Although we do not prove these results, the proofs, as the following example 
illustrates, are based on the commutative and associative properties for real numbers. 
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| EXAMPLE 4 | Demonstrating the Commutative Property of Matrix Addition 


2 3—1] [-1 2 1]_[2+(-1) 3+2 -1+1 
40 7 5-3 4| |445 0+3) 7+4 


_[-1+2_ 2+3 1+1) 
5+4 -3+0 4+7 


_{-1 2 1],[2 3-1 
4 0 7 


—_B 
A matrix whose entries are all equal to 0 is called a zero matrix. Each of the 
following matrices is a zero matrix. 


0 0 0.0 0 
0 0 0.0 0 


2 by 2 square 2 by 3 zero [0 0 jo 


zero matrix matrix matrix 


Zero matrices have properties similar to the real number 0. If A is an m by n 
matrix and 0 is the m by n zero matrix, then 


AO = (йе A = Al 


In other words, a zero matrix is the additive identity in matrix algebra. 


2 Find Scalar Multiples of a Matrix 


We can also multiply a matrix by a real number. If k is a real number and A is an m 
by n matrix, the matrix КА is the m by n matrix formed by multiplying each entry a; 
in A by k. The number К is sometimes referred to as a scalar, and the matrix КА is 
called a scalar multiple of A. 


| EXAMPLES | Operations Using Matrices 


Suppose 
gal Ж®4 _[41 0] e [990 
-2 0 8 ded i5 
Find: (a) 4A (Ы) ic (с) ЗА — 2B 
| 315 4.3 4.1 4.5 12 4 20 
4A — 4 = = 
бшп. q9) E 0 J us 4.0 4 3 ү 0 | 
1 1 
2.9 —.0 
peil 9 0) |3 3 |B 
2573 34 lí 1.6] 1-12 
3 3 
cal atsl ajai o 
© 34-28 -3| 3 ^ | | | E 
mes Sei. S25) med mt 229 
71302):3«0 3«6]| |2:8 244 2055) 
[9315] [82 0 
-6 0 18| |16 2 —6 
| 928 3-2 15-0 
ебе 0 16 { б) 
[| 1 1145 
9) D в 


\ Now Work PROBLEM 13 
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Some of the algebraic properties of scalar multiplication are listed next. 


Properties of Scalar Multiplication 
Suppose h and k are real numbers, and A and B are m by n matrices. Then 


° k(hA) = 
e (k+h)A 


О (чк у= 


3 Find the Product of Two Matrices 


Unlike the straightforward definition for adding two matrices, the definition for 
multiplying two matrices is not what might be expected. In preparation for the 
definition, we need the following definitions: 


DEFINITION Product of a Row Vector and a Column Vector 
A row vector R is a 1 by n matrix 
R = [n Р, eee F ] 


A column vector C is an n by 1 matrix 


= шл a 


Note that a row vector and a column vector can be multiplied if and only if they 
both contain the same number of entries. 


| EXAMPLE6 | The Product of a Row Vector and a Column Vector 


3 
ЕА = [3 -5 2]andC = 4 |, then 
—5 
3 
RC = [3 -5 2] 4|=3.3-+(—5)4+2(—5)=9—20—10 = –21 
—5 T 


| EXAMPLE7 | Using Matrices to Compute Revenue 


A clothing store sells shirts for $40, silk ties for $20, and cotton dresses for $400. Last 
month, the store sold 100 shirts, 200 ties, and 50 dresses. What was the total revenue 


from these sales? 
(continued) 
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Solution Set up a row vector R to represent the prices of these three items and a column vector 
C to represent the corresponding number of items sold. Then 


Number 
Prices sold 
Shirts Ties Dresses 100 Shirts 
R — [40 20 400] С = | 200 Ties 
50 Dresses 


The total revenue from these sales equals the product RC. That is, 


100 
RC = [40 20 400] 200 
50 
= 40-100 + 20.200 + 400.50 = $28,000 
аа _——_ ———— 
Shirt revenue Tie revenue Dress revenue Total revenue D 


The definition for multiplying two matrices is based on the definition of a row 
vector times a column vector. 


DEFINITION Matrix Multiplication 


Let A denote an m by r matrix and B denote an r by n matrix. The product AB 
is defined as the m by n matrix whose entry in row i, column j is the product of 
the ith row of A and the jth column of B. 


The definition of the product AB of two matrices A апа В, in this order, requires 
that the number of columns of A equals the number of rows of B; otherwise, the 
product is not defined. 


A B 
mbyr rbyn 


In Words i 
Must be same _ 3 


To find the product AB, the number 
of columns in the left matrix A must for AB to be defined 


equal the number of rows in AB is m by n. 
the right matrix B. A | | 2. 
An example will help clarify the definition. 


EXAMPLE 8 Multiplying Two Matrices 
Find the product AB if 
$ 4 i 2 5 1 4 
A-|2$ and В=| 48 0 6 
—3 1 -2 —1 


Solution First, observe that A is 2 by 3 and B is 3 by 4. The number of columns in A equals 
the number of rows in B,so the product AB is defined and will be a 2 by 4 matrix. 
Suppose we want the entry in row 2, column З of AB. It equals the product of the 
row vector from row 2 of A and the column vector from column 3 of B. 


Column 3 of B 
Row20f A 1 
[5 8 0] 0|=5.1+8.0-+-0(—2)= 5 
—2 


So far, we have 
Column 3 


АВ = 5 — Row2 


(continued) 


АВ 
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Now, to find the entry in row 1, column 4 of AB, find the product of row 1 of A and 
column 4 of B. 


Column 4 of B 


Row 1 of A 4 
[2 4 -1]| 6б|=2.4+4.6-+(—1)(—1) = 33 
—1 


Continuing in this fashion, we find AB. 


Zo d 25 1 4 
58 E 48 0 6 
—3 1 -2 -1 


Row 1 of A Row lof A Row lof A Row lof A 
times times times times 
column 1 of B column2 of В column 3 of B. column 4 of B 


Row 2 of A Row 2 of A Row 2 of A Row 2 of A 
times times times times 
column 1 of B column2 of В column 3 of В column 4 of B 


2°2+4-4+4+(-1)(-3) 2:5 +4.8 + (–1)1 2.1+4:0 + (-1)(-2) 33(from earlier) 


5.2+ 8.44 0(—3) 5.5+8:8+ 0.1 5 (тот earlier) 5.4+8.6 + 0(-1) 
23 41 4 33 
42 89 5 68 _в 


E v/ Check: Enter the matrices A and B. Then find AB. (See what happens if you try to 
find BA.) 


Notice that the product AB in Example 8 is a 2 by 4 matrix, as we expected. 
Also notice that, for the matrices given in Example 8, the product BA is not defined 
because B is 3 by 4 and A is 2 by 3. 


\ Now Work PROBLEM 27 


| EXAMPLES | Multiplying Two Matrices 


If 
2 1 3 e 
а- |2 10 апа В = |2 1 
Е 3 2 
find: (а) AB (b) BA 
2 1 3 = 13 7 
Solution (a) AB — 2 1|= 
1-1 0 —1 -1 
3 2 
2 by 3 3by2 2by2 
1 0 © od 2 1.3 
() B = |2 1]? "= 
3 2 Е 819 
3by2 2by3 3by3 D 


Notice in Example 9 that AB is 2 by 2 and BA is 3 by 3. It is possible for both AB and 
BA to be defined and yet be unequal. In fact, even if A and B are both n by n matrices 
so that AB and BA are both defined and n by n, AB and BA will usually be unequal. 
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| EXAMPLE 10 | Multiplying Two Square Matrices 


Solution 


If 
i=l? 1 апа в =| 3 j| 
0 4 2 
find: (a) AB (b) BA 
214-3 1 —5 4 
@ AB - |2 || E e 
НЕЕ 
121104 2 9 `. 


Examples 9 and 10 show that, unlike real number multiplication, matrix 
multiplication is not commutative. 


THEOREM 


Matrix multiplication is not commutative. 


\ Now Work PROBLEMS 15 AND 17 


Next, consider two of the properties of real numbers that are shared by matrices. 
Assuming that each product and each sum is defined, the following are true: 


Associative Property of Matrix Multiplication 


ABC SABC 


Distributive Property 


A(B+C)= AB+ АС 


For an n by n square matrix, the entries located in row i, columni,1 < i < n, 
are called the diagonal entries or the main diagonal. The n by n square matrix whose 
diagonal entries are T's, and all other entries аге 0°, is called the identity matrix J,,. 
For example, 


and so on. 


| EXAMPLE 11 | Multiplication with an Identity Matrix 


Let 


Find: (a) AI, (b) A 


(continued) 
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10 0 
Solution (а) A5, -| 1 2 9|[o01 of =|) 2 9|. A 
013 013 
001 
ia gebe б = mS s 
01|| 013 013 
3 * g 32 
(с) BI, =|4 6 =|4 6|=B 
зар 5 2 
-5 


Example 11 demonstrates the following property: 


Identity Property 
e If Ais an m by n matrix, then 


І.А = Aand Al, = A 


e If Ais ann by nsquare matrix, then 


An identity matrix has properties similar to those of the real number 1. In other 
words, the identity matrix is a multiplicative identity in matrix algebra. 


4 Find the Inverse of a Matrix 


DEFINITION Inverse of a Matrix 


Let A be a square n by n matrix. If there exists an n by n matrix A^! (read as 
“А inverse") for which 


AA! = АЧА = I, 


then A~! is called the inverse of the matrix A. 


Not every square matrix has an inverse. When a matrix A has an inverse А-1, 
then A is said to be nonsingular. If a matrix A has no inverse, it is called singular. 


| EXAMPLE 12 | Multiplying a Matrix by Its Inverse 


Show that the inverse of 


А=|? 1| is am| 171 
2-4 -2 3 
Solution We need to show that АА-! = A-!A = I,. 
Аар 
211-2 3 0 1 d 
АЗА = | 1 E tes "EE 
= т = + 
-2 3|2 4 0 1 E 


The following shows one way to find the inverse of 


3 1 


А = 
E 
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Suppose that A^! is given by 


x у 
Zz № 


A = (1) 


where x, y, z, and w are four variables. Based on the definition of an inverse, if A has 
an inverse, then 


AA = І, 
9 Lie y| _ |1 0 
21lz w| |01 


3x+z 3y+w 


2x+z 2y+w 


Because corresponding entries must be equal, it follows that this matrix equation is 
equivalent to two systems of linear equations. 


3x+z= 1 3y+w = 
2x+z=0 2y+w = 


The augmented matrix of each system is 

3 1 1 3 1 0 

(2) 

2 1 0 2 1 1 
The usual procedure would be to transform each augmented matrix into reduced row 
echelon form. Notice, though, that the left sides of the augmented matrices are equal, 
so the same row operations (see Section 10.2) can be used to reduce both matrices. 
It is more efficient to combine the two augmented matrices (2) into a single matrix, 
as shown next. 


3 1 1 0 
2 1 0 1 


Now, use row operations to transform the matrix into reduced row echelon form. 


3 1 1 0 1 0 1 -1 
= 
2 1 0 1 1 2 1 0 1 
R = -irn +7 
2 1 0 1-1 (3) 
1 0 1 —2 3 


К, = –2һ + Р, 


Matrix (3) is in reduced row echelon form. 
Now reverse the earlier step of combining the two augmented matrices in (2), 
and write the single matrix (3) as two augmented matrices. 


1 0 1 1 0 | —1 
and 
0 1 —2 0 1 3 
The conclusion from these matrices is that х = 1, z = —2, and у = —1, w = 3. 
Substituting these values into matrix (1) results in 
А 1 -1 
—2 3 


Notice in the augmented matrix (3) that the 2 by 2 matrix to the right of the 
vertical bar is the inverse of A. Also notice that the identity matrix J, appears to the 
left of the vertical bar. In general, using row operations to transform a nonsingular 
square matrix A, augmented by an identity matrix of the same dimensions, into 
reduced row echelon form results in the inverse matrix А-1. 
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In Words Steps for Finding the Inverse of an n by n Nonsingular Matrix A 
If A is nonsingular, begin with 


the matrix [A]|,,], and after STEP 1: Form the augmented matrix [ A| J, J. 


transforming it into reduced row STEP 2: Transform the matrix | A| Z, | into reduced row echelon form. 
2 pu yes end up with STEP 3: The reduced row echelon form of [ A| /, | contains the identity matrix 
у; I, оп the left of the vertical bar; the n by n matrix on the right of the 


vertical bar is the inverse of A. 


| EXAMPLE 13 | Finding the Inverse of a Matrix 


The matrix 


is nonsingular. Find its inverse. 


Solution First, form the matrix 
1 100 
[дүй] =| 4 010 
0 0.0 1 


Next, use row operations to transform [A|/,] into reduced row echelon form. 


110 |100 110 |100 110 |1900 
-134 | 9 1 0|le[l0 44 | 14 0|—|0 1 1 iio 
0 4 3 0.0 1 || 0 4 3 0.0 1 T 0.4 3 0-0-1 
Ку = hoki Rly 
се 
3 1 3 1 7 3 
— = ==> 0 1 0 -1 = = 0 1 0 = = —1 
LH ! 4 4 4 4 И 4 4 
ет 1| 2 Egal. xl* оте -3 ч 
4 4 4 4 4 4 
pie m cb ck pam s L ке EUM d 1 1 -1 
R,-—-1n-dn A. ir, R =+ t 
R, = —4r, + r R, = -1n +n 
The matrix [A|/,] is now in reduced row echelon form, and the identity matrix /, is 
on the left of the vertical bar. The inverse of A is 
7 3 | 
4 4 
NORMAL FLOAT AUTO REAL RADIAN HP PEE _3 3 1 
4 4 
1.75 .75 i СИТЕ | 


You should verify that this is the correct inverse by showing that 


AA = АЧА = І, _в 


Figure 8 Inverse matrix опа 0 v/ check: Enter the matrix A into a graphing utility. Figure 8 shows A^! ona 
TI-84 Plus CE TI-84 Plus CE. 


\ Now Work PROBLEM 37 


If transforming the matrix [ A| Z „ | into reduced row echelon form does not result in 
the identity matrix /, to the left of the vertical bar, then A is singular and has no inverse. 
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| EXAMPLE 14 | Showing That a Matrix Has No Inverse 


6 
2 3 


Show that the matrix A = has no inverse. 


Solution Begin by writing the matrix [ A| Z, |. 


2 3 0 1 


Then use row operations to transform [A] Z, ] into reduced row echelon form. 


ере к; 


1 
3 1 3 = 0 
1 = = 0 1 = 
ат |5 $ | : |- 2 4 = 2 : 
T 2 3 0 1 T 0 0 => 1 
1 2 
Ry = К, = –2һ tr, 
4 
The matrix [| A| Z, | is sufficiently reduced to see that the identity matrix cannot appear 
to the left of the vertical bar, so A is singular and has no inverse. B 


It can be shown that if the determinant of a matrix is 0, the matrix is singular. For 
example, the determinant of matrix A from Example 14 is 

4 6 

2. 3 


=4.3-6.2 = 0 


\ Now Work PROBLEM 65 


5 Solve a System of Linear Equations Using an Inverse Matrix 


Inverse matrices can be used to solve systems of equations in which the number of 
equations is the same as the number of variables. 


| EXAMPLE 15 | Using the Inverse Matrix to Solve a System of Linear Equations 


х+ у = 3 
Solve the system of equations: | —x + 3y + 4z = —3 
4y+3z= 2 
Solution Let 
110 х 3 
А=|-1 3 4 Х = |у В = -3 
0 4 3 z 2 


Then the original system of equations can be written compactly as the matrix equation 
AX=B (4) 
From Example 13, the matrix A has the inverse A~!. Multiply both sides of equation (4) 
by Atl. 
АХ = В 
А-1(АХ) = А-В Multiply both sides by A-!. 
(АТА) Х = А-В Associative Property of matrix multiplication 
I,X = А-В Definition of an inverse matrix 


X = А-В Property of the identity matrix (5) 


(continued) 
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X 
Now use (5) to find X — | y |. 
© 
TE 
x 3 1 
Real adel = ра 
4 4 2 2 
а 1 1 1-1 
Example 13 


The solution is x 1, у 2. —2 or, using an ordered triple,(1, 2, -2). . yg 


The method used in Example 15 to solve a system of equations is particularly 
useful when it is necessary to solve several systems of equations in which the constants 
appearing to the right of the equal signs change, but the coefficients of the variables 
on the left side remain the same. See Problems 45-64 for some illustrations. 

Be careful; this method can be used only if the inverse exists. If the matrix of 
the coefficients is singular, a different method must be used and the system is either 
inconsistent or dependent. 


\ Now Work PROBLEM 49 


Historical Feature 


atrices were invented in 1857 by James J. Sylvester (1814—1897) spent much of the rest of their 
Arthur Cayley (1821—1895) as a way lives elaborating the theory. The torch was then passed to Georg 
of efficiently computing the result of Frobenius (1849—1917), whose deep investigations established a 
substituting one linear system into another central place for matrices in modern mathematics. In 1924, rather to 
(see Historical Problem 3).The resulting system the surprise of physicists, it was found that matrices (with complex 
had incredible richness, in the sense that a numbers in them) were exactly the right tool for describing the 
wide variety of mathematical systems could be behavior of atomic systems. Today, matrices are used in a wide 
Arthur Cayley MA : L us : рр 
(1821-1895) mimicked by the matrices. Cayley and his friend variety of applications. 


Historical Problems 


1. Matrices and Complex Numbers Frobenius emphasized 2. Compute (a + bi)(a — bi) using matrices. Interpret the result. 
in his research how matrices could be used to mimic other 3. Cayley's Definition of Matrix Multiplication Cayley devised 
mathematical systems. Here, we mimic the behavior of complex 
numbers using matrices. Mathematicians call such a relationship 
an isomorphism. | и — ar + bs |, = ки + 1и 


matrix multiplication їо simplify the following problem: 


V = cr + ds 


Р у = mu + nv 
Complex number <> Matrix 


d b (a) Find x and y in terms of r and s by substituting u and v 
from the first system of equations into the second system 
of equations. 


(b) Use the result of part (a) to find the 2 by 2 matrix A in 


a + bic 
n -b a 
Note that the complex number can be read off the top line of 
the matrix. Then 

x f 

2 3 4 -2 =A 
d 4-2 
an > 4 | < і у 5 


243i 
Diss NE 


Now look at the following way to do it. Write the equations 
(a) Find the matrices corresponding to 2 — 5i and 1 + 3i. in matrix form. 


(b) Multiply the two matrices. ul] [а b]|r 
(c) Find the corresponding complex number for the matrix V c dis 
found in part (b). 
(d) Multiply 2 — 5; and 1 + 3i. The result should be the same 
as that found in part (c). X. | k |a bjr 


The process also works for addition and subtraction. Try it for y m піс djs 


yourself. Do you see how Cayley defined matrix multiplication? 
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10.4 Assess Your Understanding 


Con 
1. 


cepts and Vocabulary 


A matrix that has the same number of rows as columns is 
called a(n) matrix. 


. True or False Matrix addition is commutative. 


. True or False If A and B are square matrices, 


then AB — BA. 


. Suppose that A is a square n by n matrix that is nonsingular. 


The matrix B for which AB = BA = I, is the 
of the matrix A. 


. True or False 'The identity matrix has properties similar to 


those of the real number 1. 


. If AX — B represents a matrix equation where A is 


a nonsingular matrix, then we can solve the equation 
using X — 


Skill Building 


In Problems 9—26, use the following matrices. Determine whether the given expression is defined. If it is defined, express the result as a 
single matrix; if it is not, write “not defined” 


. Multiple Choice To find the product AB of two matrices A 


and B, which statement must be true? 

(a) The number of columns in A must equal the number of 
rows in B. 

(b) The number of rows in A must equal the number of 
columns in B. 

(c) A and B must have the same number of rows and the 
same number of columns. 

(d) A and B must both be square matrices. 


. Multiple Choice А matrix that has no inverse is called a(n): 


(a) zero matrix 

(b) nonsingular matrix 
(c) identity matrix 

(d) singular matrix 


4 1 
й=| ОЛО Ж=| 53 3] €7| $2 
-2 3 
\ 9. A-B 10.A— B 11. 4A 12. —3B 
\ 13. зд — 2B 14. 2A + AB \ 15. AC 16. BC 
\ 17. CA 18. CB 19. AB 20. BA 
21. C(A + B) 22. (A + B)C 23. AC — 31, 24. СА + 51, 
25. CA — СВ 26. AC + BC 


In Problems 27-34, determine whether the product is defined. If it is defined, find the product; if it is not, write “not defined." 


12 
S. 2 2 —-2]2 146 28. 411-661 0 29. ї 2-3 10 
1 Oj} 3 -1 3 2 2.1 25 4 -1 0 -1 4 
2 4 
led. dod E z ale a 2 
w= 2124 E 31. ELE | 32 5 8—3 5 -1 
0 5 ~ -6 0| 9 0 7 
10111 3 4 -2 3|2 6 
33.12 4 1 2 34. 0 12171 -1 
3 6 18 -1 -1 0 1110 2 
In Problems 35—44, each matrix is nonsingular. Find the inverse of each matrix. 
2: ll 3-1 \ 6 5 —4 1 
М . 7. . 
It «| АНА IPEH 
1 -1 1 02 
2 b 3 
39. а = 0 40. 5» bz0 41. 0 —2 42. -1 2 3 
“ -2 -3 1 -1 0 
1 1 1 3...3 d 
43.13 2 -1 44. 1 2 1 
3 1 2 —1 1 
AL. Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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In Problems 45—64, use the inverses found in Problems 35—44 to solve each system of equations. 


2х+у=—1 3х-у=8 2x 4 y — 
45. 46. 47. 
х+у= 3 —2х+у=4 x+y=5 
3x —y-4 % бх + 5у = 7 —4 = 0 
48! > КҮЛ MN sed MM 
—2х+у=5 2х+2у=2 бх – 2у = 14 
бх + 5у = 13 —4 = 5 2x + =, 213 
al 7? е и eae a +0 
2x+2y= 5 6x —2y 2 —9 ax + ay = —a 
bx + Зу = 2b + 3 we ym bx + Зу = 14 
54. Ь = 0 55. a 56. bz0 
bx + 2у = 2b+2 u а = 0 bx + 2у = 10 
ах + ау = 5 
x= yz 4 x+2z= 6 x- yt z= 2 
57. —2у+ z= 1 58. 1 —x + 2y+3z=-5 59 —2y+ z=2 
—2x — 3y = —4 x- y= 6 „Оу dye d 
2 
x+2z= 2 x+ y+ z=9 3x+3y+z=8 
60. | —x + 2y 32=-3 GL | 3x+2y- z=8 62. | x42yz—5 
x- y= 2 3x+ y+2z= 2x — y+z= 


T que un Зх +3y+z=1 
63. | 3x + 2у – z= 3 64. x+2y+z=0 
2х- y+tz=4 

3x + у+2:2= 19 


1 
Nos. |4 2 в 5 61 |? 3 
21 a 10 2 
- з 14 1 01-3 
68. E | 69.| 1-4 —7 7. | 2-4 1 
12 5 -3: 7 1 


fa In Problems 71-74, use a graphing utility to find the inverse, if it exists, of each matrix. Round answers to two decimal places. 


25 61 -12 18 -3 4 
71. 18 -12 7 72. | 6 —20 14 
3 4 -1 10 25 —15 
44 21 18 6 16 22 -3 5 
73. —2 10 15 5 74. 21 -17 4 8 
21 12 -12 4 2 8 27 20 
—8 —16 4 9 5 15 -3 -10 


In Problems 75—78, use the inverse matrix found in Problem 71 to solve the following systems of equations. Round answers to two decimal 
places. 


25x + 61y — 12z = 10 25x + 61y — 12z = 15 
75.1 18x — 12y + 7z = —9 76. | 18x – 12у + 7z = —3 
Зх + 4у— z= 12 Зх + 4у— z= 12 
25x + 61у — 12z = 21 25x + 61у — 12z = 25 
77. 1 18x – 12у + 7z= 7 78. | 18x — 12у + 7z = 10 
3x+ 4y- z--2 3x+ 4у = z-—-4 
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Mixed Practice In Problems 79-86, solve each system of equations using any method you wish. 


x— 2у + 45 = 2 
2х + Зу = 11 2х + 8y = —8 
79. 80. 81. | —3x + 5y – 2z = 17 
5х + 7у = 24 х + 7y = –13 
4х — Зу = —22 
2х + Зу = z=-2 5x— у+4:= 2 3х + 2у – 2= 2 
82. J 4x + 3: = 6 83. | -x + 5y – 4: = 3 84. | 2x + y+ 6z=-7 
бу – 25 = 2 7х + 13у – 4z = 17 2х + 2y – 145 = 17 
2х - Зу += 4 —4x + 3у + 22 = 6 
85. 3х + 2у – 2 = 3 86. 3x+ yo ж=—2 
— 5y+z=6 x+9y+ z= 6 


Applications and Extensions 


87. College Tuition Nikki and Joe take classes at a community 

= college, LCCC, and a local university, SIUE. The number of 

credit hours taken and the cost per credit hour (2021-2022 
academic year, tuition and approximate fees) are as follows: 


Cost per Credit Hour 


LCCC $148.00 
SIUE $407.30 


LCCC SIUE 


Nikki 6 9 

Joe 3 12 

(a) Write a matrix A for the credit hours taken by each 
student and a matrix B for the cost per credit hour. 

(b) Compute AB and interpret the results. 

Sources: lc.edu, siue.edu 


88. School Loan Interest Jamal and Stephanie both have 
school loans issued from the same two banks. The amounts 
borrowed and the monthly interest rates are given next 


(interest is compounded monthly). 


Lender Lender 
1 2 


$4000 $3000 
$2500 $3800 


Monthly 
Interest Rate 


0.011 (1.1%) 
0.006 (0.6%) 


Lender 1 
Lender 2 


Jamal 


Stephanie 


(a) Write a matrix A for the amounts borrowed by each 
student and a matrix B for the monthly interest rates. 
(b) Compute AB and interpret the result. 


(c) Let C = | н | Compute A(C + В) and interpret the 


result. 


89. Computing the Cost of Production The Acme Steel Company 
is a producer of stainless steel and aluminum containers. On 
a certain day, the following stainless steel containers were 
manufactured: 500 with 10-gallon (gal) capacity, 350 with 
5-gal capacity, and 400 with 1-gal capacity. On the same day, 
the following aluminum containers were manufactured: 700 
with 10-gal capacity, 500 with 5-gal capacity, and 850 with 
1-gal capacity. 
(a) Find a 2 by 3 matrix representing these data. Find a 3 
by 2 matrix to represent the same data. 
(b) If the amount of material used in the 10-gal containers is 
15 pounds (Ib), the amount used in the 5-gal containers is 
8 Ib, and the amount used in the 1-gal containers is 3 lb, find 
a3 by | matrix representing the amount of material used. 
(c) Multiply the 2 by 3 matrix found in part (a) and the 3 by 1 
matrix found in part (b) to get a 2 by 1 matrix showing 
the day’s usage of material. 


90. 


91. 


(d) If stainless steel costs Acme $0.10 per pound and 
aluminum costs $0.05 per pound, find a 1 by 2 matrix 
representing cost. 

(e) Multiply the matrices found in parts (c) and (d) to find 
the total cost of the day’s production. 


Computing Profit Rizza’s Used Cars has two locations, 

one in the city and the other in the suburbs. In January, the 

city location sold 400 subcompacts, 250 intermediate-size 
cars, and 50 SUVs; in February, it sold 350 subcompacts, 

100 intermediates, and 30 SUVs. At the suburban location 

in January, 450 subcompacts, 200 intermediates, and 

140 SUVs were sold. In February, the suburban location sold 

350 subcompacts, 300 intermediates, and 100 SUVs. 

(a) Find 2 by 3 matrices that summarize the sales data for 
each location for January and February (one matrix for 
each month). 

(b) Use matrix addition to obtain total sales for the 2-month 
period. 

(c) The profit on each kind of car is $100 per subcompact, 
$150 per intermediate, and $200 per SUV. Find a 3 by 1 
matrix representing this profit. 

(d) Multiply the matrices found in parts (b) and (c) to get a 
2 by 1 matrix showing the profit at each location. 


Cryptography One method of encryption is to use a matrix 
to encrypt the message and then use the corresponding 
inverse matrix to decode the message. The encrypted matrix, 
E, is obtained by multiplying the message matrix, M, by a 
key matrix, K. The original message can be retrieved by 
multiplying the encrypted matrix by the inverse of the key 
matrix. That is, E = MK and M = EK. 


211 
(a) The key matrix К = | 1 1 0 |. Find its inverse, K~. 
111 


[Note: This key matrix is known as the Q} Fibonacci 
encryption matrix. ] 
(b) Use the result from part (a) to decode the encrypted 


47 34 33 
matrix E = | 44 36 27 |. 
47 41 20 


(c) Each entry in the result for part (b) represents the 
position of a letter in the English alphabet (A — 1, 
B — 2,C — 3,andso on). What is the original message? 


Source: goldenmuseum.com 


92. Economic Mobility The income of a child (low, medium, or 
high) generally depends on the income of the child’s parents. 
The matrix P, given by 


Parent’s Income 


L M H 
0.4 0.2 0111 
P=|0.5 0.6 0.5|M Child's income 


0.1 0.2 0.4 Н 


is called a left stochastic transition matrix. For example, the 
entry Pj, = 0.5 means that 50% of the children of low- 
income parents will transition to the medium level of income. 
The diagonal entry P, represents the percent of children who 
remain in the same income level as their parents. Assuming 
that the transition matrix is valid from one generation to the 
next, compute and interpret P?. 


Source: Understanding Mobility in America, April 2006 
93. Solve for matrix X: 


3. 2 x= 24 -13 1 
-1 5 26 —7 —40 


Use the following discussion for Problems 94 апа 95. In graph 
theory, an adjacency matrix, A, is a way of representing which 
nodes (or vertices) are connected. For a simple directed graph, 
each entry, aj, is either I (if a direct path exists from node i 
to node j) or 0 (if no direct path exists from node i to node j). 
For example, consider the following graph and corresponding 
adjacency matrix. 


The entry a,, is 1 because a direct path exists from node 1 to 
node 4. However, the entry a4, is 0 because no path exists from node 4 
to node I. The entry a4, is 1 because a direct path exists from node 3 
to itself. The matrix В, = A + A? +... + AK indicates the 
number of ways to get from node i to node j within k moves (steps). 


оноо 
- о о н 
оно н 
оон н 


94. Website Мар A content map can be used to show how 
different pages on a website are connected. For example, 
the following content map shows the relationship among 
the five pages of a certain website with links between pages 
represented by arrows. 


Page 
1 


Е oo 


The content map can be represented by a 5 by 5 adjacency 

matrix where each entry, a;,, is either 1 (if a link exists from 

page i to page j) or 0 (if no link exists from page i to page j). 

(a) Write the 5 by 5 adjacency matrix that represents the 
given content map. 


95. 


96. 


97. 


98. 


99. 
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(b) Explain the significance of the entries on the main 
diagonal in your result from part (a). 
(c) Find and interpret A?. 


Three-Click Rule An unofficial, and often contested, 
guideline for website design is to make all website content 
available to a user within three clicks. The webpage adjacency 
matrix for a certain website is given by 


0 0 0 


ес бобо = 
©- а SoS d 


11 
1 0 
0 1 
0 0 


оо н н 


(a) Find B,. Does this website satisfy the Three-Click Rule? 
(b) Which page can be reached the most number of ways 
from page 1 within three clicks? 


Computer Graphics: Translating An important aspect of 
computer graphics is the ability to transform the coordinates 
of points within a graphic. For transformation purposes, a 


x 
point(x, y) is represented as the column matrix X = | y 

1 
To translate a point ( x, y) horizontally Л units and vertically 


10 h 

0 1 k|and 

00 1 

compute the matrix product SX. The translation is to the right 

forh > 0 and to the left forh < 0. Likewise, the translation is 

upfork > Oanddownfork < 0.The transformed coordinates 

are the first two entries in the resulting column matrix. 

(a) Write the translation matrix needed to translate a point 
3 units to the left and 5 units up. 

(b) Find and interpret S-t. 


Computer Graphics: Rotating Besides translating a point, it 
is also important in computer graphics to be able to rotate 
a point. This is achieved by multiplying a point's column 
matrix (see Problem 96) by an appropriate rotation matrix R 
to form the matrix product RX. For example, to rotate a point 


k units, we use the translation matrix 5 = 


1 ~ 

Eua 
60°, the rotation matrix is А = Уз 1 or 

2 2 

0 0 1 


(a) Write the coordinates of the point (6, 4) after it has been 
rotated 60?. 
(b) Find and interpret R~. 


Challenge Problem ЇЇ A = 
C 


finda,b,c,d sothat AB — BA. 


a b 
a 


Challenge Problem If A = , find a апар so 


that A? + A = 0. 
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Explaining Concepts: Discussion and Writing 


100. Create a situation different from any found in the text that 
can be represented by a matrix. 


101. Explain why the number of columns in matrix A must equal 
the number of rows in matrix B to find the product AB. 


Retain Your Knowledge 


102. Ifa,b,andc = Oarereal numbers withac = bc, ћепа = b. 
Does this same property hold for matrices? In other words, if 
A, B, and С are matrices апа АС = BC, must A = B? 


103. What is the solution of the system of equations AX = 0 
if A-! exists? Discuss the solution of AX = 0 if A-! does 
not exist. 


Problems 104—113 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


104. Find a polynomial with minimum degree and leading 
coefficient 1 that has zeros x — 3 (multiplicity 2), x — 0 
(multiplicity 3), and x = —2 (multiplicity 1). 

. Богу = —2i — jandw = 2i + j, find the dot product v · w 
and the angle between v and w. 
5x x 
x+2 х—2 
. Write cos (csc~!w) as an algebraic expression in u. 


. Solve: 


. Express 8е' 7/3 in rectangular form. 


110. Findthedomainof f(x) = 


A 113. If f(x) = 


х +1 4 
x+3 


109. Add: + 


x—3 
N10 — 2x 
x43 0 


111. Factor completely: 3x^ + 12x? — 108x? — 432x 
Ж 112. Find the area of the region enclosed by the graphs of 


у= М х2,у = х 


N25x? — 4 
x 


2,and y = —x — 2. 


2 T 
d = = ; 10), < =, 
and g(x) oor <x 2 


show that (f o g)(x) = 5sinx. 


10.5 Partial Fraction Decomposition 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Identity (Appendix A, Section A.8, p. A66) 
* Properties of Rational Functions 
(Section 3.5, pp. 248-256) 


* Reducing a Rational Expression to Lowest Terms 
(Appendix A, Section A.4, pp. A47-A48) 

* Complex Zeros; Fundamental Theorem of Algebra 
(Section 3.4, pp. 241-246) 


\ Now Work the ‘Are You Prepared?’ problems on page 831. 


OBJECTIVES 1 Decompose 5 Where Q Has Only Nonrepeated Linear Factors (p. 826) 


2 Decompose 5 Where Q Has Repeated Linear Factors (p. 827) 


Р 


3 Decompose 0 Where Q Has а Nonrepeated Irreducible Quadratic Factor (р. 829) 


Р 


4 Decompose 0 Where Q Has a Repeated Irreducible Quadratic Factor (р. 830) 


Consider the problem of adding two rational expressions: 


The sum is 


2_ _ 3(х—-3)+2(х+4) _ 


3 
х +4 


2 


d 
and 3 


5х —1 


(х+4)(х-3) _ х?+х—12 
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5x —1 
——————— à 
х®+х—12 
3 апа 2 „is 
х +4 x—3 
referred to as partial fraction decomposition, and the two simpler fractions are called 
partial fractions. Decomposing a rational expression into a sum of partial fractions 
is important in solving certain types of calculus problems. This section presents a 
systematic way to decompose rational expressions. 

Recall that a rational expression is the ratio of two polynomials, say P and 


The reverse procedure, starting with the rational expression nd 


writing it as the sum (or difference) of the two simpler fractions 


О = 0. Recall also that a rational expression 5 is called proper if the degree of 


the polynomial in the numerator is less than the degree of the polynomial in the 
denominator. Otherwise, the rational expression is called improper. 

Also, we assume P and Q are in lowest terms. That is, P and Q have no common 
factors. 


| €XAMPLE1 | Identifying Proper and Improper Rational Expressions 


Solution 


Determine whether the rational expression is proper or improper. If the expression 
is improper, rewrite it as the sum of a polynomial and a proper rational expression. 


T. eme ins (b) 


6x?—x45 
x? + 3х + 2 


3x —2 


(a) The numerator, x + 5, is a polynomial of degree 1, and the denominator, 
х? + 3x + 2, is a polynomial of degree 2. Since the degree of the numerator is 
less than the degree of the denominator, the rational expression is proper. 


(b) The numerator, 6x? — x + 5, is a polynomial of degree 2, and the denominator, 
3x — 2,is a polynomial of degree 1. Since the degree of the numerator is greater 
than the degree of the denominator, the rational expression is improper. We use 
long division to rewrite this expression as the sum of a polynomial and a proper 
rational expression: 


2х +1 
Зх – 2)6х2 —х+5 

6x? — 4x 
3x + 5 
3x 2 
7 

6x2 - х + 5 7 
So, 9 = 2х +1 + C 5 


\ Now Work PROBLEMS 5 AND 13 


Because by using long division, every improper rational expression can be written 
as the sum of a polynomial and a proper rational expression, we restrict the discussion 
that follows to proper rational expressions. 


The partial fraction decomposition of the rational expression a in lowest 


terms, depends on the factors of the denominator Q. Recall from Section 3.3 that 
any polynomial with real coefficients can be factored over the real numbers into a 
product of linear and/or irreducible quadratic factors. 


826 CHAPTER 10 Systems of Equations and Inequalities 


This means that the denominator Q of the rational expression E contains only 
factors of one or both of the following types: Q 
e Linear factors of the form x — a, where а is a real number. 


* [rreducible quadratic factors of the form ax? + bx + c, where a, b, and c are 
real numbers, а = 0, and b? — 4ac « 0. The negative discriminant guarantees 
that ax? + bx + c cannot be written as the product of two linear factors with 
real coefficients. 


As it turns out, there are four cases to be examined. We begin with the case for 
which Q has only nonrepeated linear factors. Throughout we assume the rational 


TEE 
expression g is in lowest terms. 


P 


1 Decompose = Where О Has Only Nonrepeated Linear Factors 


Q 


Case 1: Q has only nonrepeated linear factors. 


Under the assumption that Q has only nonrepeated linear factors, the 
polynomial Q has the form 


Q(x) = (x — ay)(x — a5) (x — ay) 


where no two of the numbers a,, а,,..., a, are equal. In this case, the partial 


fraction decomposition of e in lowest terms, is of the form 


where the numbers A,, А,,..., A, аге to be determined. 


| EXAMPLE? | Decomposing б Where О Has Only Nonrepeated Linear Factors 


Solution 


Find the partial fraction decomposition of т. жи 
x? —5x +6 


First, factor the denominator, 
х? —5x +6 = (x —2)(x —3) 


and notice that the denominator contains only nonrepeated linear factors. Then 
decompose the rational expression according to equation (1): 


X _ А 4 B 
x? —5x+6 x-2 x-3 


(2) 
where A and B are numbers to be determined. To find A and B, clear the fractions by 


multiplying both sides by (x — 2)(x — 3) = x? — 5x + 6.The result is 


x = A(x —3) + B(x —2) (3) 
x = (А + B)x+(-3A — 2B) 


(continued) 
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This equation is an identity in x. Equate the coefficients of like powers of x to get 
r= A+ В Equate the coefficients of x: 1x = (A + B)x 
0 = —3A —2B Equate the constants: 0 = —3A — 2B 


This system of two equations containing two variables, A and В, can be solved using 
whatever method you wish. The solution is 


А = -2 В = 3 
From equation (2), the partial fraction decomposition is 


x _ —2 + 3 
х2 — 5х +6 x—-2 x-3 


Vv Check: The decomposition can be checked by adding the rational expressions. 


—2 + 3 = =2(х=3)+ oO 2) _ x 

х- 2 x-3 (x —2)(x — 3) (x —2)x—3) 
ис 
| x— 5x46 _8 


The numbers to be found in the partial fraction decomposition can sometimes 
be found more easily by using suitable choices for x in the identity obtained after 
fractions have been cleared. In Example 2, the identity after clearing fractions is 
equation (3): 


x = A(x —3)+ B(x —2) 


Let x = 2 in this expression, and the term containing B drops out, leaving 2 = A(—1), 
or A = —2. Similarly, let x = 3, and the term containing A drops out, leaving 3 = B. 
As before, A = —2 and B = 3. 


\ Now Work PROBLEM 17 


2 Decompose E Where Q Has Repeated Linear Factors 


Q 


Case 2: О has repeated linear factors. 


If the polynomial О has a repeated linear factor,say (x — a)", n > 2aninteger, 


then,in the partial fraction decomposition of 5 , in lowest terms, allow for the terms 


where the numbers A,, A,,..., A, are to be determined. 


| EXAMPLE 3 | Decomposing 5 Where Q Has Repeated Linear Factors 


Solution 


Find the partial fraction decomposition of LE ЗАЕМ 
x? —2x? +x 


First, factor the denominator, 
x3 — 2x2 + x = x(x? — 2x +1) = х(х—1)? 
and notice that the denominator has the nonrepeated linear factor x and the repeated 


linear factor (x — 1)?. By Case 1, the term B is in the decomposition; and by Case 2, 
x 


the terms В + E 


z are in the decomposition. 
x—-1 (x-1) 


(continued) 
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Now write 


#43 Ay B , € (4) 


x? — 2х2 +x х x-1 (x-1) 


Again, clear fractions by multiplying both sides by x? — 2x? + x = x(x — 1)?. The 
result is the identity 


x+2 = A(x — 1)? + Bx(x — 1) + Сх (5) 


Let x = 0 in this expression and the terms containing В and С drop out, 
leaving 2 = A(—1}, or A = 2. Similarly, let x = 1, and the terms containing A 
and B drop out, leaving 3 = C. Then equation (5) becomes 


x +2 = 2(x – 1)? + Bx(x — 1) + Зх 
Let x = 2 (any number other than 0 or 1 will work as well). The result is 


4=2-174+B-2-143-2 


4=2+2В+6 
2B ——4 
B=-2 


Therefore, A = 2, В = —2,andC = 3. 
From equation (4), the partial fraction decomposition is 
x+2 _ 2 + —2 3 
х? — 2x2 +x X ^ x-—1l (x=) -» 


| EXAMPLE 4 | Decomposing б Where О Has Repeated Linear Factors 


3 
Find the partial fraction decomposition of - dci Ве 
x?(x —1y 


Solution Тһе denominator contains the repeated linear factors x? and (x — 1)?. The partial 
fraction decomposition has the form 


x M 
=й Ay By 8 V d. E © 


x2 (x-1 x 4 xl (x-1 (x-1? 


As before, clear fractions and obtain the identity 
x? — 8 = Ax(x 1) + B(x – 1)? + Cx? (х – 1)? + Dx? (x – 1) + Ex? (7) 


Let x = 0. (Do you see why this choice was made?) Then 


-8 = B(-1) 
В=8 
Let x = 1 in equation (7). Then 
-T=E 
Use В = 8 and E = —7 in equation (7), and collect like terms. 


x3 —8 = Ах(х – 1)? + 8(х — 1 + Cx2(x – 1)? + Dx?(x – 1) - 7x? 
x? — 8 — B(x? — 3x7 + 3x — 1) + 7x? = Ax(x —1) + Cx? (x - 1)* + Dx (x - 1) 
—7х% + 31x? — 24x = x(x - D|A(x — 1)? + Cx(x — 1) + Dx] 
x(x —1)(—7x + 24) = x(x - D[AG — 1)? + Cx(x — 1) + Dx] 
—7х + 24 = A(x — 1)? + Cx(x — 1) + Dx (8) 


(continued) 
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Now work with equation (8). Let x = 0.Then 
24=A 
Let x = 1 in equation (8). Then 
ер 
Use A = 24 and D = 17 in equation (8). 
—7х + 24 = 24(x – 1)? + Cx(x – 1) + 17x 
Let x = 2 and simplify. 
—14 + 24 = 24 + C(2) + 34 
—48 = 2C 
—24 = С 
The numbers A, В, С, D, and E are now known. So, from equation (6), 


x3—8 _ 24 8 + —24 17 4 —7 
x?(x — 1)? x x? x-1 (x-1) (x-1) B 


\\ Now Work Example 4 by solving the system of five equations containing five variables 
that results by expanding equation (7). 


\ Now Work PROBLEM 23 


The final two cases involve irreducible quadratic factors. A quadratic factor 
is irreducible if it cannot be factored into linear factors with real coefficients. 
A quadratic expression ах? + bx + с is irreducible whenever Ь? — 4ac < 0. For 
example, x? + x + land x? + 4 are irreducible. 


3 Decompose ^ Where Q Has a Nonrepeated Irreducible 
Quadratic Factor 


Case 3: Q contains a nonrepeated irreducible quadratic factor. 


Suppose О contains a nonrepeated irreducible quadratic factor of the 


form ax? + bx + c. Then, in the partial fraction decomposition of a in lowest 
terms, allow for the term Q 


Ax+ B 
ax? + Бх + с 


where the numbers А апа В are to be determined. 


| EXAMPLES | Decomposing 5 Where Q Has a Nonrepeated Irreducible Quadratic 


Factor 
Зх – 5 
x?-1 


Find the partial fraction decomposition of 


Solution ^ Factor the denominator, 
x? —1 = (x—1)(x?+x+1) 


(continued) 
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Notice the nonrepeated linear factor x — 1 and the nonrepeated irreducible 


quadratic factor x? + x + 1. Allow for the term A by Case 1, and allow for the 
b a — 


Bx + С 


term ——— —— 
х2 + х +1 


by Case 3. Then 


3x-5 A Вх +С 


= 9 
x?—1 x—-1 х?+хХ+1 (9) 


Multiply both sides of equation (9) by x? — 1 = (x — D(x? + x + 1) to obtain the 
identity 


3x —5 = A(x? - x - 1) + (Вх + C)(x — 1) (10) 
Expand the identity in (10) to obtain 
3x—5— (А + B)x? -(A—- В + С)х c (A- C) 


This identity leads to the system of equations 


А+В = 0 (1) 
A=B +C= 3 129 
A —C-—5 (3) 
; : ; 2 2 13 : 

The solution of this system is A — 3 В = 3? C= 3 . Then, from equation (9), 
2 2 13 
oe. Um. 4 53 

x—1 x-1 x?-x-c1 -5 


\\ Now Work Example 5 using equation (10) and assigning values to x. 


\ Now Work PROBLEM 25 


4 Decompose P Where О Has a Repeated Irreducible 


Q 


Quadratic Factor 


Case 4: Q contains a repeated irreducible quadratic factor. 


Suppose the polynomial Q contains a repeated irreducible quadratic factor 
(ах? + bx + с)", п > 2,n an integer, and b? — 4ac < 0. Then, in the partial 


fraction decomposition of o in lowest terms, allow for the terms 


aH A,x + B, NET AXT B, 
ax2+be+e (ах? bx-cy | (ах? + bx + c)" 
where the numbers A,, Bj, А,, В,,...,А,, В, are to be determined. 


| EXAMPLE 6 | Decomposing б Where О Has a Repeated Irreducible Quadratic Factor 


34 y2 
Find the partial fraction decomposition of Me 
X. -H 


(continued) 
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Solution Тһе denominator contains the repeated irreducible quadratic factor (x? + 4)’, so 


by Case 4, 
x? +x?  Ax+B Cx+ D (11) 
(x24+4)? x27 4+4 (х2 +4)? 
Clear fractions to obtain 
x3+x% = (Ах + B(x? +4) + Сх + р 
Collecting like terms yields the identity 
x? + х? = Ax? + Bx? + (4А + CO)x - AB + D 
Equating coefficients results in the system 
А=1 
В=1 
4A+C=0 
4B+ D=0 
The solution is A = 1, B = 1, С = —4, Р = —4. From equation (11), 
RE ext. _ х+1 —4х 4 
(Pa Ay a4 Ca pay в 


\ Now Work PROBLEM 39 


10.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. True or False The equation (x — 1)? — 1 — x(x — 2) is 3. Reduce to lowest terms: 2 — = (pp. А47-А48) 
an example of an identity. (p. A66) G 
; . 5x? -1. 4. True or False Every polynomial with real numbers as 
2. True or False The rational expression is proper. ae : ; 
(p.254) x? 41 coefficients can be factored into products of linear and/or 
Р. irreducible quadratic factors. (р. 245) 
Skill Building 


In Problems 5-16, determine whether the given rational expression is proper or improper. If the expression is improper, rewrite it as the sum 
of a polynomial and a proper rational expression. 
2 B. 
N NE: 6 5x +2 7 х2 + 5 3x 2 


. 8. 
x? – 1 x? – 1 x? – 4 x? – 1 


9, X5 + x? — 12x + 9 6x3 — 5х? — 7х — 3 5x? — 7x — 6 x? + 12x? — 9x 


10. 11. ————— ——- 12. 
x? + 2x =15 2х – 5 x+x3 9x? = x4 
\ 13. 5x? 42x —1 14. Ер У) 15. x(x — 1) 16. 2х(х? + 4) 
x2—4 x34+8 (x + 4)(x – 3) x? +1 


Nb Now Work [*] 1. Modeling 1. Writing EB 1. Graphing Tech A Calculus Preview Z: 1. Applet-Based 
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In Problems 17-50, find the partial fraction decomposition of each rational expression. 


AO eed Те сту 
Hi Ecos) ЫЛ т тє т =; 

Nos. st 26, 2244 у a 7 
ыры — “култ Шо [о с> 
33. (х е m 4) За. о з m cO OR x ОРТ г, 
an x? то ES us КЕЧ ME N m о 0. > 
al: x? Ds - 3x Wis Ic = x? – m 5x —2 n x? + 5 ES +3 
45. ee 46. qm 47. i 48. A4. 
is с а = 8 


Mixed Practice In Problems 51—58, use the division algorithm to rewrite each improper rational expression as the sum of a polynomial 
and a proper rational expression. Find the partial fraction decomposition of the proper rational expression. Finally, express the improper 
rational expression as the sum of a polynomial and the partial fraction decomposition. 


2b x? = 3 x? —3x? 41 x? х +x 
51.2279 9 52. ————————— 53. 54. 
x? + 3х – 4 x? + 5х +6 x? +1 x? +4 
4— 5х2 + х – 4 хі х5 —x4+2 xi +04 — х2 4-2 х5 х? + x2? +1 
55. X 56. —————— = 57. 58. 
x? -- Ax - 4 x? —2x +1 x^ —2x? +1 x* + 6x? + 9 


59. Challenge Problem Use a substitution and partial fraction 60. Challenge Problem Use a substitution and partial fraction 


x 


in terms of x. 


decomposition to express in terms of e*. decomposition to express 


e 
e?™ 4+ ех – 2 х — 4х 


Retain Your Knowledge 


Problems 61-70 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 
61. Credit Card Balance Nick has a credit card balance of 66. The function f(x) = 8^—3 — 4 is one-to-one. Find ў -!. 


w $4200. If the credit card company charges 18% interest 67. Find an equation for the hyperbola with vertices (0, —5) 
compound daily, and Nick does not make any payments on and (0, 5), and a focus at (0, 13). 
the account, how long will it take for his balance to double? 
Round to two decimal places. > x=1>x4 E 


62. If f(x) = x + 4andg(x) = x? — 3x, 
find (g o f )(—3). 
63. Find the exact value of sec 52? cos 308°. 


68. Solve: 


XX 69. Solve for D: 2x — 4xD — 4y + 2yD = D 


Х 70. The normal line is the line that is perpendicular to the 
tangent line at the point of tangency. If y = —2x + 2is the 


64. Plot the point given by the polar coordinates | —1, эт) апа 
find its rectangular coordinates. 


tangent line to f(x) = ie — 4x + 5, find an equation of 
3x the normal line to f at the point of tangency. 


65. Determine whether f(x) = — ———— 
x? — 10 


neither. 


is even, odd, or 


‘Are You Prepared?’ Answers 


1. True 2. True 3. 4. True 
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10.6 Systems of Nonlinear Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Lines (Foundations, Section ЕЗ, pp. 21-32) * Ellipses (Section 9.3, pp. 709-716) 
e Circles (Foundations, Section Е4, pp. 36—40) e Hyperbolas (Section 9.4, pp. 720-729) 
* Parabolas (Section 9.2, pp. 700—706) 


v. Now Work the 'Are You Prepared?' problems on page 838. 


OBJECTIVES 1 Solve a System of Nonlinear Equations Using Substitution (p. 833) 
2 Solve a System of Nonlinear Equations Using Elimination (p. 834) 


In Section 10.1, we observed that the solution to a system of linear equations could 
be found geometrically by determining the point(s) of intersection (if any) of the 
equations in the system. Similarly, in solving systems of nonlinear equations, the 
solution(s) also represent(s) the point(s) of intersection (if any) of the graphs of 
the equations. 

There is no general method for solving a system of nonlinear equations. 
Sometimes substitution is best; other times elimination is best; and sometimes neither 
of these methods works. Experience and a certain degree of imagination are your 
allies here. 

Before we begin, two comments are in order. 


* Ifthe system contains two variables and if the equations in the system are easy to 
graph, then graph them. By graphing each equation in the system, you can get an 
idea of how many solutions a system has and approximate their location. 

* Extraneous solutions can creep in when solving nonlinear systems, so it is 
imperative to check all apparent solutions. 


1 Solve a System of Nonlinear Equations Using Substitution 


| EXAMPLE 1 | Solving a System of Nonlinear Equations Using Substitution 


Solve the following system of equations: 


3x —y—-2 (1) 
252 — ye 0 (2) 


Solution First, notice that the system contains two variables and that we know how to 
graph each equation. Equation (1) is the line y = 3x + 2, and equation (2) is the 
parabola y = 2х2. Ѕее Figure 9. The system apparently has two solutions. 

To use substitution to solve the system, we choose to solve equation (1) for y. 


3x- y= -2 
F е) 3x —-y=-2 Equation (1) 
| у = 3х + 2 


Substitute this expression for у іп equation (2). The result is an equation containing 
just the variable x, which we can solve. 


2x? — у= 0 Equation (2) 


Figure 9 


2x? – (3x + 2) = 0 Substitute 3x + 2 for y. 
2x? —3x – 2 = 0 Simplify. 
(2х +1)(x — 2) = 0 Factor. 
2x+1=0 ог х- 2 = 0 Use the Zero-Product Property. 


x= E Or x=2 
(continued) 


834 CHAPTER 10 Systems of Equations and Inequalities 


Use these values for x in у = 3x + 2 to find 


y = 3 s\t2=5 беззен =й 


22 2 
Th ; |. 1, 1 = = 
е apparent solutions are x = coge 5 and x =2,y = 8. 
1 1 
м/с к: Е = -=,у = = 
ес orx 2” 2? 
3(-5) | _3 1.2 (D 
2 2 2 2 
2 
2/ 1) 1_„.1 1_ 9 (2) 
2 2 4 2 
Forx 2,» = 8, 
3.2 -8= 6-8=-2 (1) 
2.22—8-22.4—8-2 0 (2) 


Each solution checks. The graphs of the two equations intersect at the 


points (-i. 3 and (2, 8), as shown in Figure 9 on the previous page. d 


\ Now Work PROBLEM 15 UsiNG SUBSTITUTION 


2 Solve a System of Nonlinear Equations Using Elimination 


Solving a System of Nonlinear Equations Using Elimination 


x? + y? = 13 (1) A circle 


Solve: 
x?—y = 7 (2) A parabola 


Solution First graph each equation, as shown in Figure 10. Based on the graph, we expect four 
solutions. Notice that subtracting equation (2) from equation (1) eliminates the variable x. 


x? + y? —13 
x? - у =7 
у? + у = 6 Subtract. 


This quadratic equation ір у can be solved by factoring. 
y +у-6= 0 
(у + 3)(у – 2) = 0 
y=-3 ог у= 2 


Use these values for у in equation (2) to find x. 


e Ку = 2,thenx? = y+ 7 = 9,sox = 3 or-3. 
e Ify = —3,thenx? = y+ 7 = 4,sox = 20r-2. 


Figure 10 


There are four solutions: x = 3, у = 2; x = —3,y = 2; x = 2, у = —3 
andx = —2,y = —3. 

You should verify that these four solutions also satisfy equation (1), so all four 
are solutions of the system. The four points, (3, 2), (—3, 2), (2, —3), and ( -2, —3), 
are the points of intersection of the graphs. Look again at Figure 10. E 


\ Now Work PROBLEM 13 USING ELIMINATION 
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| EXAMPLE 3 | Solving a System of Nonlinear Equations 


2, 4) | 
Solution 


(3, v5) 


Figure 11 


(3, -V5) 


H ж – у2 = 4 


x? —y?—4 (1) А hyperbola 
у = х2 (2) A parabola 


Solve: 


Either substitution or elimination can be used here. To use substitution, replace x? 
by y in equation (1). 
x? — у? = 4 Equation (1) 
у-у? = 4 у= х? 
у? — у + 4 = 0 Place іп standard form. 


This is a quadratic equation. Its discriminant is(—1)* — 4-1-4 = 1—16 = —15 < 0. 
The equation has no real solutions, so the system is inconsistent. The graphs of these 
two equations do not intersect. See Figure 11. E 


| EXAMPLE4 | Solving a System of Nonlinear Equations Using Elimination 


Solution 


x74+x+y?-3y4+2=0 (1) 


Solve: 2 
х+1+2 2 = 0 (2) 
X 


First, multiply equation (2) by x to clear the denominator. The result is an equivalent 
system because x cannot be 0. [Look at equation (2) to see why.] 


x? +x+ у? – 3у +2 = 0 (1) 
х + х +у2 - у= 0 х= 0 (2) 


Now subtract equation (2) from equation (1) to eliminate x. The result is 


—2y+2=0 
y= 1 Solve for y. 


To find x, back-substitute y = 1 in equation (1). 


x? + х + у? – 3у +2 = 0 Equation (1) 
x? +х+1-3 +2 = 0 Substitute 1 for y. 


x? + х= 0 Simplify. 
х(х+ 1) = 0 Factor. 
х= 0 or х= 1 Use the Zero-Product Property. 


| 


Because x cannot be 0, the value x = 0 is extraneous, so discard it. 


v/ check: Check x = –1, у = 1: 


О Е РЕ Е ЕЕ р Р 41) 


12-1 
1+1- =04 = 0 2 
1 “1 (2) 


The solution isx = —1, у = 1.Тһе point of intersection of the graphs of the equations 
is (—1, 1). J 


In Problem 55 you are asked to graph the equations given in Example 4. Be sure to 
show holes in the graph of equation (2) for x = 0. 


\ Now Work PROBLEMS 29 AND 49 
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| EXAMPLE 5 | Solving a System of Nonlinear Equations 


3xy — 2y? = —2 (1) 
Solve: 
9x? + 4y? = 10 (2) 
Solution Multiply equation (1) by 2, and add the result to equation (2), to eliminate 
the y? terms. 
бху — 4y? = —4 (1) 
9x? + 4y? = 10 (2) 
9х2 + бху= 6 Add. 
3x? + 2ху = 2 Divide both sides by 3. 


Since х = 0 (do you see why?), solve 3x? + 2xy = 2 for y. 


EL ae 


2. х = 0 (3) 


y 


Now substitute for y in equation (2) of the system. 


9x? + Ay? = 10 Equation (2) 
= 242 2 
9x? + 423) = 10 Substitute у = pce 
2x 2x 
4 — 12x? + 9x4 EE 
2 = 
9x? + z = 10 Expand and simplify. 
9x4 + 4— 12x? + 9x4 = 10x? Multiply both sides by x?. 
18x* — 22x? +4=0 Subtract 10x? from both sides. 
9x4 — 11x? 2-0 Divide both sides by 2. 


This quadratic equation (in x?) can be factored: 


(9x2 — 2)(х2 -1) = 0 


9x? -2 = 0 or х2—1=0 
х2 = 2 ог х? = 1 
9 
(2 V2 
x= ==+— or x= +1 
9 3 


E 2 
Е ОО: as eee) 
3 2x 7. Y2 2V2 
3 
V2 2-3x2 ?73 4 
3 2x al | —2V2 
3 
NL _ 3.42 
etait ps = e L1 
2x 2 2 
— 3x2 —3(—1» 
ned ye EE = 
X. — 


The system has four solutions: (2. |, [-3. EZ (1 -) (-1, 
Check them for yourself. 


\ Now Work PROBLEM 47 
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The next example illustrates an imaginative solution to a system of nonlinear 
equations. 


| EXAMPLES | Running a Long-distance Race 


In a 50-mile race, the winner crosses the finish line 1 mile ahead of the second-place 
runner and 4 miles ahead of the third-place runner. Assuming that each runner 
maintains a constant speed throughout the race, by how many miles does the 
second-place runner beat the third-place runner? 

А 


[ 
-— — wm 7 


3 miles A 1 mile ——4 


Solution Let v,, v,, and v, denote the speeds of the first-, second-, and third-place runners, 
respectively. Let t, and t denote the times (in hours) required for the first-place runner and 


the second-place runner to finish the race. Then the following system of equations results: 


50 = vf, (1) First-place runner goes 50 miles in t, hours. 
49 = vot, (2) Second-place runner goes 49 miles in t; hours. 
46 = узі (3) Third-place runner goes 46 miles in t, hours. 
50 = v,t, (4) Second-place runner goes 50 miles in t, hours. 


We want the distance d of the third-place runner from the finish at time t,. At 
time f5, the third-place runner has gone a distance of у;ѓ, miles, so the distance d 
remaining is 50 — v4tj. Now 


d = 50 — vat, 
t 
= 50 — узі, · A Multiply and divide by г. 
1 
26 From equation (3), v3t; = 46 
= 2 P 
=e oe 50 From equation (4), t, = 30 
и so 
From equation (1), 4 = — 
= 50 — 46 . & © w 
Vo 
50 А А 
= 50 – 46. 49 From the quotient of equations (1) and (2) 


де 3.06 miles 


Historical Feature 


n the beginning of this section, it was stated that imagination 
and experience are important in solving systems of nonlinear 
equations. Indeed, these kinds of problems lead into some of the 
deepest and most difficult parts of modern mathematics. Look again 
at the graphs in Examples 1 and 2 of this section (Figures 9 and 10). 
Example 1 has two solutions, and Example 2 has four solutions. We 


might conjecture that the number of solutions is equal to the product 
of the degrees of the equations involved. This conjecture was made 


by Etienne Bézout (1730—1783), but working out the details took 
about 150 years. It turns out that arriving at the correct number 
of intersections requires counting not only the complex number 
intersections, but also those intersections that, in a certain sense, lie 
at infinity. For example, a parabola and a line lying on the axis of the 
parabola intersect at the vertex and at infinity. This topic is part of 
the study of algebraic geometry. 


Historical Problem 


A papyrus dating back to 1950 вс contains the following problem: "A 
given surface area of 100 units of area shall be represented as the 


sum of two squares whose sides are to each other as 1 is to 2 


Solve for the sides by solving the system of equations 
x? + y? = 100 


-3 
х=лу 
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10.6 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Graph the equation: y = 3x + 2 (pp. 24-27) 
2. Graph the equation: у + 4 = x? (pp. 700-704) 


3. Graph the equation: y? = x? — 1 (pp. 720-726) 


In Problems 5—24, graph each equation of the system. Then solve the system to find the points of intersection. 


Skill Building 
= х? +1 
ZH х + 
y=x+1 
8 у= У4 – x? 
` y= 2х +4 
x 
11. | 
х= у? – 2у 
@ uar E 
M. p 
x? + y? + 4у = 0 
бб u$ = 
ДВ 4 
у -x= 
2 — 
а. |" T 
xy=1 


34. 


37. 


40. 


43. 


xy= 4 

x? — 4y? = 16 

2y—x 2 
9x? — 8xy + Ay? = 70 
3x + 2y = 10 


3x? —2y? +5 = 0 
2x? — y? +2 = 0 


x? + 2ху = 10 
3х2 – ху = 2 


. Now Work 


@ 1. Modeling 


18. 


21. 


24. 


\ 29. 


32. 


35. 


38. 


41. 


y=x?41 
у= 4х +1 


x? + у? = 5 

x? + у? = 16 

x? – 2у = 8 

x? + у? = 4 
= х2 – 9 

x? + у? = 10 

xy = 3 


x? — у? = 21 
x+y =7 
х+у+1= 0 


5xy + 13y? + 36 = 0 
xy + Ty? = 


x? + 2y? = 16 
y? = 24 


E -3 41-20 
ur т 
752+ 2=0 
1. Writing ta 1. Graphing Tech 


4. Graph the equation: x? + 4y? = 4 (рр. 709-715) 


4 = N36 — x? 
| =8—х 
=й 
10. 414-3 
y=6-x 
v x? + y?2-4 
13. 
x? +2x+ у? = 0 
2 + у? = 10 
i |* М 
y = х+2 
ху = 4 
19. ч 
x? + у? = 8 
= 1 
22,1? 
у= 2х +1 
= 3х + 2 
27. T 
3x? + у? = 4 
2x? — 4 y2— 
зо, wt 
xy=4 
x2—4y2427-2 0 
33. А 
3x? + y? = 31 
x? – 3у2 +1= 0 
= 0 
2x? + у? = 2 


39. 


42. 


45. 


А Calculus Preview 


| 
| 
| 
| 
| 
| 


=“ 
N 
be 
чө 

ч 
N 

Il 
A 


== 1. Applet-Based 


46. 


\ 49. 


52. 


55. 
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1 1 
ER M 
x^ уќ Nx x? — 3xy + 2y? = 48, x? — ху — 2y? = 
1,1.4 x? + ху=6б ху+х+6=0 
x^ yt 
2 "MP E 3 5,42 2 —4— 
у?+у+х х-2 = 0 л x 2x? + у? + Зу – 4= 0 log, у = 3 
2 . 2. . 
yd de = 0 х-2 +3 70 log, (4у) = 5 
х 

log, (2у) = 3 53 Inx = 41у 54 Inx=SIny 
log, (4у) = 2 ` | log4x = 2 + 2 log; y ` | log, x = 3 + 2 log, y 


Graph the equations given in Example 4. 


56. Graph the equations given in Problem 49. 


te In Problems 57-64, use a graphing utility to solve each system of equations. Express the solution(s) rounded to two decimal places. 


= y2/3 = 3/2 MN = Fiyi 
51° ^ 5847 ^ ERIT TY kl" ^7 
y= e~ у= ех ху = 4 x2y = 4 
x^ + уі = 12 44 y4 = 6 ху = 2 24 у2 = 4 
61. a 6.1277 63.17 64.1% T? 
ху? = 2 ху = у= ах y = х 


Mixed Practice In Problems 65—70, graph each equation and find the point(s) of intersection, if any. 
66. The line x + 2y + 6 = бапа 


65. 


67. 


69. 


The line x + 2y = 0 and 
the circle (x — 1)? + (y 


The circle (x — 1)? + (y + 2)? = 4and 
the parabola y? + 4y x +1 = 0 


1? =5 


y= 


= 3 and the circle x? —6x+ y? +1=0 


Applications and Extensions 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


The difference of two numbers is 2 and the sum of their 
squares is 10. Find the numbers. 


The sum of two numbers is 7 and the difference of their 
squares is 21. Find the numbers. 


The product of two numbers is 4 and the sum of their squares 
is 8. Find the numbers. 


The product of two numbers is 10 and the difference of their 
squares is 21. Find the numbers. 


The difference of two numbers is the same as their product, 
and the sum of their reciprocals is 5. Find the numbers. 


The sum of two numbers is the same as their product, and the 
difference of their reciprocals is 3. Find the numbers. 

The ratio of a to b is 2 The sum of a and b is 10. What is the 
ratio of a 4- btob — a? 


The ratio of a to b is 4:3. The sum of a and b is 14. What is the 
ratio ofa — b toa + b? 

Geometry The perimeter of a rectangle is 16 inches and its 
area is 15 square inches. What are its dimensions? 

Geometry An area of 52 square feet is to be enclosed by two 
squares whose sides are in the ratio of 2:3. Find the sides of 
the squares. 


t 


he circle (x + 1)? + (у + 1)? = 5 


68. The circle (x + 2)? + (y — 1) = 4 and 


t 


4 
70. y = 
У х + 2 


81. 


82. 


84. 


he parabola y? -2y -x-5 = 0 


and the circle x? + 4x + y? – 4 = 0 


Geometry Two circles have circumferences that add up 
to 127 centimeters and areas that add up to 207 square 
centimeters. Find the radius of each circle. 


Geometry The altitude of an isosceles triangle drawn to its 
base is 3 centimeters, and its perimeter is 18 centimeters. Find 
the length of its base. 


The Tortoise and the Hare In a 21-meter race between a 
tortoise and a hare, the tortoise leaves 9 minutes before 
the hare. The hare, by running at an average speed of 
0.5 meter per hour faster than the tortoise, crosses the finish 
line 3 minutes before the tortoise. What are the average speeds 
of the tortoise and the hare? 


Start Finish 


k— 21 meters — — — ——4 


Running a Race In a 1-mile race, the winner crosses the finish 
line 10 feet ahead of the second-place runner and 20 feet ahead 
of the third-place runner. Assuming that each runner maintains 
a constant speed throughout the race, by how many feet does 
the second-place runner beat the third-place runner? 
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85. Constructing a Box A rectangular piece of cardboard, whose area is 216 square centimeters, is made into an open box by cutting a 


2-centimeter square from each corner and turning up the sides. See the figure. If the box is to have a volume of 224 cubic centimeters, 


what size cardboard should you start with? 


mE luni 
ч 


86. Constructing a Cylindrical Tube A rectangular piece of 


cardboard, whose area is 216 square centimeters, is made 
into a cylindrical tube by joining together two sides of the 
rectangle. See the figure. If the tube is to have a volume of 
224 cubic centimeters, what size cardboard should you start 
with? 


/& 89. Descartes’ Method of Equal Roots Descartes’ method for 


finding tangent lines depends on the idea that, for many 
graphs, the tangent line at a given point is the unique line that 
intersects the graph at that point only. We use his method to 
find an equation of the tangent line to the parabola y = x? 
at the point (2, 4). See the figure. 


7. Fencing A farmer has 300 feet of fence available to 
enclose a 4500-square-foot region in the shape of adjoining 
squares, with sides of length x and y. See the figure. Find x 
and y. 


First, an equation of the tangent line can be written 
as y = mx + b. Using the fact that the point (2, 4) is on 
the line, we can solve for b in terms of m and get the 
equation y = mx + (4 — 2m). Now we want (2, 4) to be 
the unique solution to the system 


у= х? 
у= тх + 4 – 2т 


From this system, we get x? — mx + (2m — 4) = 0. Using 


the quadratic formula, we get 


m + Nm? — 4(2m — 4) 


2 


x= 


To obtain a unique solution for x, the two roots must be 
equal; in other words, the discriminant m? — 4(2m — 4) 
must be 0. Complete the work to get m, and write an 
equation of the tangent line. 


88. Bending Wire A wire 60 feet long is cut into two pieces. Is it 
possible to bend one piece into the shape of a square and the 
other into the shape of a circle so that the total area enclosed 
by the two pieces is 100 square feet? If this is possible, find 
the length of the side of the square and the radius of the 
circle. 


XX In Problems 90-96, use Descartes’ method from Problem 89 to find an equation of the tangent line to each graph at the given point. 


90. x? + y? = 10; at (1, 3) 91. y = x? + 2; at(1, 3) 


92. x? + y = 5; at(—2, 1) 93. 2x? + 3y? = 14; at(1, 2) 


94. 3x? + y? = 7;at(—1, 2) 95. x? — y? = 3; at(2, 1) 


96. 2y? — x? = 14; at (2, 3) 

97. If r, and r, are two solutions of a quadratic equation ax? + bx + c = 0, it can be shown that 
b с 

r = —— and nr = – 

1+7 F nh " 


Solve this system of equations for у; and 1. 


98. Challenge Problem Solve for x and y in terms of a = 0 


andb z 0: 
х2 y a+b? 
a? u b? a?b? 
хуу a+b 
a T b ab 


Explaining Concepts: Discussion and Writing 


101. A circle and a line intersect at most twice. A circle and a 
parabola intersect at most four times. Deduce that a circle 
and the graph of a polynomial of degree 3 intersect at most 
six times. What do you conjecture about a polynomial of 
degree 4? What about a polynomial of degree n? Can you 
explain your conclusions using an algebraic argument? 


102. Suppose you are the manager of a sheet metal shop. A 
customer asks you to manufacture 10,000 boxes, each box 
being open on top. The boxes are required to have a square 


Retain Your Knowledge 


SECTION 10.6 Systems of Nonlinear Equations 841 


99. Challenge Problem Geometry Find formulas for the 
length / and width w of a rectangle in terms of its area A 
and perimeter P. 


100. Challenge Problem Geometry Find formulas for the 
base b and one of the equal sides / of an isosceles triangle in 
terms of its altitude / and perimeter P. 


base and a 9-cubic-foot capacity. You construct the boxes by 

cutting out a square from each corner of a square piece of 

sheet metal and folding along the edges. 

(a) Find the dimensions of the square to be cut if the area of 
the square piece of sheet metal is 100 square feet. 

(b) Could you make the box using a smaller piece of sheet 
metal? Make a list of the dimensions of the box for 
various pieces of sheet metal. 


Problems 103—112 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


103. Solve: 7х2 = 8 — бх 


. Find an equation of the line with slope E that contains the point (10, —7). 


. If cotü = = and cos < 0, find the exact value of each of the remaining trigonometric functions. 


. Finding the Grade of a Mountain Trail A straight trail with uniform inclination leads from a hotel, elevation 5300 feet, to a lake 
in the valley, elevation 4100 feet. The length of the trail is 4420 feet. What is the inclination (grade) of the trail? 


Find an equation of the circle with center at (—3, 4) and radius 10. 


. Solve: x? < 4x + 21 


. Find the function that is finally graphed after у = V25 — x? is reflected about the x-axis and shifted right 4 units. 


. If f(x) = 2x? — 8x + 7, find f(x — 3). 


. Find the difference quotient of f(x) — D Simplify the answer. 
x = 


(2x — 5)? -3 — 3x - 9(2x — 5) -2 
[2x — 5)°] 


. Simplify: 


‘Are You Prepared?’ Answers 


1. vA 2. 


3 Y4 4. Yh 
5r 5L 
Г 0,1) 
1 m. 0) Е no 1 (2.0) (2,0) 
5 Г 5X —5 < 5x 
L L (0, —1) 
-5L -5L 


842 CHAPTER 10 Systems of Equations and Inequalities 


10.7 Systems of Inequalities 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Solving Linear Inequalities (Appendix A, * Solve Inequalities Involving Quadratic Functions 
Section A.10, pp. A84-A89) (Section 2.5, pp. 175-177) 

Lines (Foundations, Section ЕЗ, pp. 21-32) * Properties of Quadratic Functions (Section 2.4, 
Circles (Foundations, Section Е4, pp. 36—40) pp. 161-170) 


\ Now Work the ‘Are You Prepared?’ problems on page 847. 


OBJECTIVES 1 Graph an Inequality (p. 842) 
2 Graph a System of Inequalities (p. 844) 


Appendix A, Section A.10 discussed inequalities in one variable. This section discusses 
inequalities in two variables. 


| EXAMPLE 1 | Examples of Inequalities in Two Variables 


(а) 3x+y € 6 (b) x? + y? <4 (c) y? > x -5 


1 Graph an Inequality 


An inequality in two variables x and y is satisfied by an ordered pair (a, b) if, when x 
is replaced by a and y by b,a true statement results. The graph of an inequality in two 
variables x and y consists of all points ( x, y) whose coordinates satisfy the inequality. 


| EXAMPLE 2 | Graphing an Inequality 


Graph the linear inequality: 3x + y < 6 
Solution Begin by graphing the equation 
3х+у= 6 
formed by replacing (for now) the < symbol with an = sign. The graph of the 
equation is a line. See Figure 12(a). This line is part of the graph of the inequality 


because the inequality is nonstrict, so the line is drawn as a solid line. (Do you see 
why? We are seeking points for which 3x + y is less than or equal to 6.) 


Yh 
@ (5, 5) e (5, 5) 
(-1,2)e 
L ү үү ү | т Уу [pd > 
—6 e 6х p 6х 
(—2,—2)e —2 (4, —1) (4, -1) 
Figure 12 (a 3х+у= 6 (b) Graph of 3x + y=6 


Now test a few randomly selected points to see whether they belong to the graph 


of the inequality. ) 
continued 
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3x+y <6 Conclusion 
(4, —1) 3-4+(-1)=11> 6 Does not belong to the graph 
(5,3) 3.54:5220»6 Does not belong to the graph 
(—1, 2) 3(—1)+2=—1<6 Belongs to the graph 
(—2, —2) 3(-2) + (-2) = -8 < 6 Belongs to the graph 


Look again at Figure 12(a). Notice that the two points that belong to the graph 
both lie on the same side of the line, and the two points that do not belong to the 
graph lie on the opposite side. As it turns out, all the points that satisfy the inequality 
will lie on one side of the line or on the line itself. All the points that do not satisfy 
the inequality will lie on the other side. The graph of 3x + y < 6 consists of all 
points that lie on the line or on the same side of the line as (—1, 2) and(—2, —2). This 
graph is shown as the shaded region in Figure 12(b). E 


\ Now Work PROBLEM 15 


The graph of any inequality in two variables may be obtained similarly. The steps 
to follow are given next. 


Ei A Steps for Graphing an Inequality 
inequalities are < and >. н STEP 1: Replace the inequality symbol by an equal sign, and graph the resulting 
equation. If the inequality is strict, use dashes; if it is nonstrict, use a 
solid mark. This graph separates the xy-plane into two or more regions. 
STEP 2: In each region, select a test point Р. 
e Ifthe coordinates of P satisfy the inequality, so do all the points in 
that region. Indicate this by shading the region. 


e Ifthe coordinates of P do not satisfy the inequality, no point in that 
region satisfies the inequality. 


Graphing an Inequality 


Graph: x? + y? < 4 
Solution Strep 1: Graph the equation x? + y? = 4, а circle of radius 2, with center at the 
origin. A solid circle is used because the inequality is not strict. 
3r STEP 2: Use two test points, one inside the circle, the other outside. 
Inside (0, 0): x? + y? = 0? +02 = 0 <4 © Belongs to the graph 
Outside (4,0): x? + y? = 42 + 0? 


16 > 4 Does not belong to the graph 
All the points inside and on the circle satisfy the inequality. See Figure 13. N 


-3L \ Now Work PRoBLEM 17 


Figure 13 x? + уг < 4 . "-— 
Linear Inequalities 


A linear inequality is an inequality in one of the forms 


Ах + By < С Ах + Ву > С Ах + Ву < С Ах + Ву > С 


VA 


+ щу= (D where А апа В are not both zero. 


The graph of the corresponding equation of a linear inequality is a line that 
separates the xy-plane into two regions called half-planes. See Figure 14. 

As shown, Ax + By = C is the equation of the boundary line, and it divides 
the plane into two half-planes: one for which Ax + By < C and the other for 
which Ax + By > C. Because of this, for linear inequalities, only one test point is 
Figure 14 required. 


> 
x 


@ 


844 CHAPTER 10 Systems of Equations and Inequalities 


| EXAMPLE 4 | Graphing Linear Inequalities 


Solution 


COMMENT A graphing utility can be 
used to graph inequalities. To see how, 
read Section B.6 in Appendix B. н 


Graph: (а)у<2 


(a) Points on the horizontal line у = 2 
are not part of the graph of the 
inequality, so the graph is shown as 
a dashed line. Since (0, 0) satisfies 
the inequality, the graph consists of 
the half-plane below the line y = 2. 
See Figure 15. 


y 
Graph of с 
y<2 
3 y=2 
~ > 
1 
ї її її T (a gb 
—5 -3 -1,/00 3 5° 
=з 


Figure 15 y < 2 


\ Now Work PROBLEM 13 


(b) y > 2x 


(b) Points on the line y = 2x are part 
of the graph of the inequality, so 
the graph is shown as a solid line. 
Use (3, 0) as a test point. It does not 
satisfy the inequality [0 < 2-3]. 
Points in the half-plane opposite 
the side containing (3, 0) satisfy the 
inequality. See Figure 16. 


Figure 16 y > 2x B 


2 Graph a System of Inequalities 


The graph of a system of inequalities in two variables x and y is the set of all 
points (x, y) that simultaneously satisfy each inequality in the system. The graph of a 
system of inequalities can be obtained by graphing each inequality individually and 
then determining where, if at all, they intersect. 


| EXAMPLE 5 | Graphing a System of Linear Inequalities 


х+у2 2 


Graph th tem: 
raph the system Gigi seen 


Solution ^ Begin by graphing the lines х + у = 2and2x — у = 4 using a solid line since both 
inequalities are nonstrict. Use the test point ( 0, 0) on each inequality. For example, (0, 0) 
does not satisfy x + y > 2, so shade above the line x + y = 2. See Figure 17(a). 
But (0, 0) does satisfy 2x — у < 4, so shade above the line 2x — у = 4. See 


Figure 17(b).The intersection of the shaded regions (in purple) gives the result presented 


in Figure 17(c). 
Graph of 
Graph of Graph of х+у2 2 
2x-ys4 | 


2х-у=4 


Figure 17 (а) 


\ Now Work PROBLEM 23 
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| EXAMPLE 6 | Graphing a System of Linear Inequalities 


Solution 


Solution 


Graph the system: 


х+у<2 
x+ y>0 


See Figure 18. The overlapping purple-shaded region between the two boundary lines 
and the boundary lines themselves is the graph of the system. 


х+у=0 х+у=2 


бгарһ ої 
х+у=2 
х+у2 0 


Figure 18 


\ Now Work PROBLEM 29 


| EXAMPLE 7 | Graphing a System of Linear Inequalities 


Graph the systems: 


(a) 


See Figure 19. The overlapping 
purple-shaded region and the line 
2x — y > 0 is the graph of the 
system. Note that the graph of the 
system is identical to the graph of 
the single inequality 2x — y > 2. 


Graph of 
PaT 
2x- у2 2 
2х-у=2 
Figure 19 


ОИ 


+ 2у < 2 
+ 2у > 6 


(b) See Figure 20. Here, because no 


overlapping region results, there 
are no points in the xy-plane that 
simultaneously satisfy each inequality. 
The system has no solution. 


Figure 20 — 


| EXAMPLES | PLE 8 Graphing a System of Nonlinear Inequalities 


Graph the region below the graph of x + y = 2andabovethe graphof y = x? — 4 
by graphing the system 


Solution 


х+у<2 


| у> х? – 4 


Label all points of intersection. 


Figure 21 on the next page shows the graph of the region above the graph of the 
parabola у = x? — 4 and below the graph of the line x + у = 2. The points of 
intersection are found by solving the system of equations 


у=х?—4 
x+y=2 


(continued) 
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Use substitution to find 
х+(х?—4)=2 
х +х-6= 0 
(х + 3)(х- 2) = 0 


x=-3 or х= 2 


The two points of intersection are (—3, 5) and (2, 0). E | 


Figure 21 


\ Now Work PROBLEM 37 


| EXAMPLES | Graphing a System of Four Linear Inequalities 


x+y>3 
2x+y>4 
Graph the system: 
x20 
y20 


Solution See Figure 22. The two inequalities x > 0 and y > 0 require the graph 
of the system to be in quadrant I. Concentrate on the remaining two inequalities. 
The intersection of the graphs of these two inequalities and quadrant I is shown in 
dark purple. D 


Figure 22 
| EXAMPLE 10 | Financial Planning 
A retired couple can invest up to $25,000. As their financial adviser, you recommend 
@ that they place at least $15,000 in Treasury bills yielding 2% and at most $5000 in 

corporate bonds yielding 3%. 

(a) Using x to denote the amount of money invested in Treasury bills and y to denote 
the amount invested in corporate bonds, write a system of linear inequalities that 
describes the possible amounts of each investment. Assume that x and y are in 
thousands of dollars. 

(b) Graph the system. 

Solution (а) The system of linear inequalities is 
y4 y x> 0 xandy are nonnegative variables since they represent 
y> 0 money invested, in thousands of dollars. 
5 х + у < 25 Те total of the two investments, х + y, cannot exceed $25,000. 
E. x 215 Atleast $15,000 in Treasury bills 
= y< 5 At most $5000 in corporate bonds 

(b) See the shaded region in Figure 23. Note that the inequalities x > 0 and y > 0 

require that the graph of the system be in quadrant I. D 
(in thousands) 
Figure 23 The graph of the system of linear inequalities in Figure 23 is bounded, because it 


can be contained within some circle of sufficiently large radius. A graph that cannot 
be contained in any circle is unbounded. For example, the graph of the system of 
linear inequalities in Figure 22 is unbounded, since it extends indefinitely in the 
positive x and positive y directions. 

Notice in Figures 22 and 23 that those points that belong to the graph and are also 
points of intersection of boundary lines have been plotted. Such points are referred to 
as vertices or corner points of the graph. The system graphed in Figure 22 has three 
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corner points: (0, 4), (1, 2), and (3, 0). The system graphed in Figure 23 has four 
corner points: (15, 0),(25, 0),(20, 5), and (15, 5). 

These ideas are used in the next section in developing a method for solving linear 
programming problems, an important application of linear inequalities. 


\ Now Work PROBLEM 45 


10.7 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve the inequality:3x + 4 < 8 — x (pp. A87-A88) 
2. Graph the equation: 3x — 2y = 6 (pp. 28-29) 

3. Graph the equation: x? + y? = 9 (p.38) 

4. Graph the equation: у = x? + 4 (рр. 162-164) 


Concepts and Vocabulary 


7. When graphing an inequality in two variables, use 
if the inequality is strict; if the inequality is nonstrict, use a 
mark. 
8. The graph of a linear equation is a line that separates 
the xy-plane into two regions called 


Skill Building 
In Problems 11-22, graph each inequality. 
11.x > 0 12. у> 0 
\ 15. 2x + y > 6 16. 3x + 2y < 6 
19. y <x? -1 20. y >x? +2 


In Problems 23-34, graph each system of linear inequalities. 


x+y<2 3x — y>6 
N 23. 24. 
2х+у>4 x+2y<2 
2x -3y <0 4x— y>2 
pul rm ж ue 
3x -2y < 6 x+2y>2 
2x -y2-2 —4y < 4 
ai, 35 10 7S 
2х+у> 2 х= 4у 20 


In Problems 35—42, graph each system of inequalities. 


x? + y2 <9 х2 + у? > 9 
35. 36. 

x +y 23 x +y <3 
39 x? + y? < 16 40 x? + y? < 25 
“ly >x2-4 "|y <х2—5 


5. 


6. 


9. 


True or False The lines 2x + у = 4 and 4x + 2y = 0 are 
parallel. (pp. 29-30) 


Solve the inequality: x? — 4 < 5 (pp. 175-177) 


True or False The graph of a system of inequalities must 
have an overlapping region. 


10. Multiple Choice If the graph of a system of inequalities 


cannot be contained in any circle, then the graph is: 


(a) bounded (b) unbounded 
(c) decomposed (d) composed 
Маз.х 24 14. y <2 
NS 4 y 2-1 18.x?- y? «9 
21. xy > 4 22. xy € 1 
2x — < 4 4x – 5у <0 
28177 — 26,177 97 
3x + 2y > —6 2x— y>2 
—2y<6 +4y<8 
Na.) * 75 а 
2х —4y > 0 х + 4у > 4 
2х + Зу > 6 2х + 0 
з за 
2x + 3y <0 ES 
»x?—4 2 < 
че IR -— 
y<x -2 y 2x 
> 4 2 < 1 
4.17 = 42,17 * 
у2 х? +1 у> х? – 1 


In Problems 43-52, graph each system of linear inequalities. State whether the graph is bounded or unbounded, and label the corner points. 


x20 x20 

> 0 > 0 

43. = 44. im 
2x - y<6 х+ y24 
x+2y<6 2x+3y>6 


М 45. 


x20 x20 
20 > 0 
in 46. m 
х+у2 2 3x +у<6 
2x+ y>4 2x+y<2 
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47. 


51. 


In Problems 53-56, write a system of linear inequalities for the given graph. 


x> 0 x> 0 
у> 0 y2 0 
x+ у> 2 48 x+y> 1 
2x + Зу < 12 х+у< 7 
3x + y € 12 2x+ y<10 
x> 0 
y> 0 
x+2y> 1 
x+2y<10 


Applications and Extensions 


57. 


58. 


Financial Planning A retired couple has up to $50,000 to 

invest. As their financial adviser, you recommend that they 

place at least $35,000 in Treasury bills yielding 1% and at 

most $10,000 in corporate bonds yielding 3%. 

(a) Using x to denote the amount of money invested in 
Treasury bills and y to denote the amount invested in 
corporate bonds, write a system of linear inequalities 
that describes the possible amounts of each investment. 

(b) Graph the system and label the corner points. 


Manufacturing Trucks Mike’s Toy Truck Company 
manufactures two models of toy trucks, a standard model and 
a deluxe model. Each standard model requires 2 hours (h) 
for painting and 3h for detail work; each deluxe model 
requires 3 h for painting and 4 h for detail work. Two painters 
and three detail workers are employed by the company, and 
each works 40 h per week. 


49. 


52. 


54. 


x> 0 x20 
y2 0 y20 
+y: 2 50. 5 x+ у>2 
+y< 8 x+ y<8 

2x+y<10 x+2y>1 
x> 0 
у> 0 

x+2y> 1 

x+2y<10 

x+ y> 2 

x+ y< 8 


(a) Using x to denote the number of standard-model trucks 
and y to denote the number of deluxe-model trucks, 
write a system of linear inequalities that describes the 
possible numbers of each model of truck that can be 
manufactured in a week. 

(b) Graph the system and label the corner points. 
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59. Blending Coffee Raajan’s Coffee House, a store that (a) Use x to denote the number of lower-priced packages, 
© specializes in coffee, has available 75 pounds (Ib) of A grade and use y to denote the number of quality packages. 
coffee and 120 Ib of B grade coffee. These will be blended Write a system of linear inequalities that describes the 
into 1-10 packages as follows: an economy blend that contains possible numbers of each kind of package. 
4 ounces (oz) of A grade coffee and 12 oz of B grade (b) Graph the system and label the corner points. 
coffee, and a superior blend that contains 8 oz of A grade coffee 61. Transporting Goods A small truck can carry no more than 


and 8 oz of B grade coffee. 

(a) Using x to denote the number of packages of the 
economy blend and y to denote the number of packages 
of the superior blend, write a system of linear inequalities 
that describes the possible numbers of packages of each 
kind of blend. 

(b) Graph the system and label the corner points. 


1600 pounds (lb) of cargo and no more than 150 cubic feet ( ft? ) 
of cargo. A printer weighs 20 Ib and occupies 3 ft? of space. A 
microwave oven weighs 30 Ib and occupies 2 ft? of space. 

(a) Using x to represent the number of microwave ovens 
and y to represent the number of printers, write a system 
of linear inequalities that describes the number of ovens 
and printers that can be hauled by the truck. 

60. Mixed Nuts Nola's Nuts, a store that specializes in selling (b) Graph the system and label the corner points. 
nuts, has available 90 pounds (Ib) of cashews and 120 Ib of 62. Challenge Problem Graph the system of inequalities. 
peanuts. These are to be mixed in 12-ounce (oz) packages as 
follows: a lower-priced package containing 8 oz of peanuts Ixi+|yl <4 
and 4 oz of cashews, and a quality package containing 6 oz of [у < |x? — 3| 
peanuts and 6 oz of cashews. 


Retain Your Knowledge 


Problems 63—72 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


63. Solve 2(x + 1)? + 8 = 0 іп the complex number system. 

64. Write the polar equation 3r = sin as an equation in rectangular coordinates. Identify the equation and graph it. 
65. Use the Intermediate Value Theorem to show that f(x) = 6x? + 5x — 6 has a real zero on the interval [—1, 2]. 
66. Solve the equation 2 cos? 0 — cos — 1 = 0 for0 < 0 < 2m. 

67. Solve:x — 2 < —4x +3 < x +18 


68. If $7500 is invested in an account paying 3.25% interest compounded daily, how much money will be in the account after 
5 years? 

69. The horsepower P needed to propel a boat through water is directly proportional to the cube of the boat's speed s. If a boat 
needs 150 horsepower to travel 12 miles per hour, what horsepower does it need to travel 6 miles per hour? 


70. Change y = log; x to an equivalent statement involving an exponent. 


71. Given f(x) = 2 5 and g(x) = Vx + 2, find the domain of (f o g)(x). 
х 


4X 72. Consider the functions f(x) = x? — 7x? — 5x + 4and f'(x) = 3x? — 14x — 5. Given that f is increasing where f'(x) > 0 
and f is decreasing where f'(x) < 0, find where f is increasing and where f is decreasing. Because polynomials are continuous 
over their domain, all endpoints are included in the interval describing increasing/decreasing. In general, however, the numbers 
at the endpoints must be tested separately to determine if they should be included in the interval describing where a function 
is increasing or decreasing. 


‘Are You Prepared?’ Answers 


1. {x|x < Ll} or(—oo, 1) 2. 3 yi 4. 
5L 
(0,3) 
caa eo 
E 5 x Ё 
0, 3? æ -57 
—5r- —2r- 


5. True 6. (x|-3 < x € 3} or [-3, 3] 
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10.8 Linear Programming 


OBJECTIVES 1 Set Up a Linear Programming Problem (p. 850) 
2 Solve a Linear Programming Problem (p. 851) 


Historically, linear programming evolved as a technique for solving problems 
involving resource allocation of goods and materials for the U.S. Air Force 
during World War II. Today, linear programming techniques are used to solve a 
wide variety of problems, such as optimizing airline scheduling. Although most 
practical linear programming problems involve systems of several hundred linear 
inequalities containing several hundred variables, we limit our discussion to 
problems containing only two variables, because we can solve such problems using 
graphing techniques.* 


1 Set Up a Linear Programming Problem 
Let's begin by returning to Example 10 from Section 10.7 


| EXAMPLE 1 | Financial Planning 


A retired couple has up to $25,000 to invest. As their financial adviser, you 

w recommend that they place at least $15,000 in Treasury bills yielding 2% and at 
most $5000 in corporate bonds yielding 3%. Develop a model that can be used to 
determine how much money they should place in each investment so that income 
is maximized. 


Solution Тһе problem is typical of a linear programming problem. The problem requires that 
a certain linear function, the income, be maximized. If J represents income, x the 
amount invested in Treasury bills at 2%, and y the amount invested in corporate 
bonds at 3%, then 


I = 0.02x + 0.03y 


Assume, as before, that 7, x, and y are in thousands of dollars. 

The linear function / = 0.02x + 0.03y is called the objective function. Further, 
the problem requires that the maximum income be achieved under certain conditions, 
or constraints, each of which is a linear inequality involving the variables. (See 
Example 10 in Section 10.7) The linear programming problem is modeled as 


Maximize I = 0.02x + 0.03 y 


subject to the constraints 


x > 0 
y20 
x+y < 25 
x > 15 
у<5 


In general, every linear programming problem has two components: 


e A linear objective function that is to be maximized or minimized 
* Acollection of linear inequalities that must be satisfied simultaneously 


* The simplex method is a way to solve linear programming problems involving many inequalities and 
variables. Developed by George Dantzig in 1946, it is particularly well suited for computerization. In 1984, 
Narendra Karmarkar of Bell Laboratories discovered a way to improve the simplex method. 
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DEFINITION Linear Programming Problem 


A linear programming problem in two variables x and y consists of maximizing 
(or minimizing) a linear objective function 


z= Ах + Ву А and B are real numbers, not both 0 


subject to certain constraints, or conditions, expressible as linear inequalities 
in x and y. 


2 Solve a Linear Programming Problem 


To maximize (or minimize) the quantity z = Ax + By, we need to identify 
points (x, y) that make the expression for z the largest (or smallest) possible. But 
not all points (x, y) are eligible; only those that also satisfy each linear inequality 
(constraint) can be used. Each point (x, y) that satisfies the system of linear 
inequalities (the constraints) is a feasible point. Linear programming problems seek 
the feasible point(s) that maximizes (or minimizes) the objective function. 

Look again at the linear programming problem in Example 1. 


| EXAMPLE 2 | Analyzing a Linear Programming Problem 


Consider the linear programming problem 
Maximize I = 0.02x + 0.03 y 


subject to the constraints 


x20 
у> 0 
х+ y < 25 
x > 15 
у < 5 


Graph the constraints. Then graph the objective function for Г = 0, 0.3, 0.45, 0.55, 
and 0.6. 


Solution Figure 24 shows the graph of the constraints. We superimpose on this graph the graph 
of the objective function for the given values of /. 
For J = 0, the objective function is the line 0 = 0.02x + 0.03y. 
For J = 0.3, the objective function is the line 0.3 = 0.02x + 0.03y. 
For J = 0.45, the objective function is the line 0.45 = 0.02x + 0.03y. 
For J = 0.55, the objective function is the line 0.55 = 0.02х + 0.03y. 
For J = 0.6, the objective function is the line 0.6 = 0.02x + 0.03y. 


(in thousands) 


Figure 24 —» 
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RECALL The graph of a system of 
linear inequalities is bounded if it can be 
enclosed by a circle of sufficiently large 
radius. ш 


DEFINITION Solution to a Linear Programming Problem 


A solution to a linear programming problem consists of a feasible point 
that maximizes (or minimizes) the objective function, together with the 
corresponding value of the objective function. 


One condition for a linear programming problem in two variables to have a 
solution is that the graph of the feasible points be bounded. 

If none of the feasible points maximizes (or minimizes) the objective function 
or if there are no feasible points, the linear programming problem has no solution. 

Consider the linear programming problem posed in Example 2, and look 
again at Figure 24. The feasible points are the points that lie in the shaded region. 
For example, (20, 3) is a feasible point, as are (15, 5), (20, 5), (18, 4), and so on. 
To find the solution of the problem requires finding a feasible point (x, y) that 
makes J = 0.02x + 0.03y as large as possible. 

Notice that as / increases in value from = Otol = 0.3101 = 0.45101 = 0.55 
to J = 0.6, the result is a collection of parallel lines. Further, notice that the largest 
value of J that can be obtained using feasible points is / = 0.55, which corresponds 
to the line 0.55 = 0.02x + 0.03y. Any larger value of J results in a line that does 
not pass through any feasible points. Finally, notice that the feasible point that 
yields J = 0.55 is the point (20, 5), a corner point. These observations form the basis 
of the following results, which are stated without proof. 


THEOREM Location of the Solution of a Linear Programming Problem 


e Ifa linear programming problem has a solution, it is located at a corner point 
of the graph of the feasible points. 

e Ifalinear programming problem has multiple solutions, at least one of them 
is located at a corner point of the graph of the feasible points. 

e In either case, the corresponding value of the objective function is unique. 


We do not consider linear programming problems that have no solution. As a 
result, we can outline the procedure for solving a linear programming problem as 
follows: 


Steps for Solving a Linear Programming Problem 


STEP 1: Assign symbols for the variables in the problem, and write an 
expression for the quantity to be maximized (or minimized). This 
expression is the objective function. 

STEP 2: Write all the constraints as a system of linear inequalities. 

STEP 3: Graph the system (the set of feasible points) and find the corner 
points. 

Step 4: Evaluate the objective function at each corner point. The largest 
(or smallest) of these is the solution. 


| EXAMPLE 3 | Solving a Minimum Linear Programming Problem 


Minimize the objective function 
z = 2х + Зу 
subject to the constraints 


y<5 x <6 х+у> 2 x20 у> 0 
(continued) 


Figure 25 


Solution STEP 1: 


STEP 2: 


Table 1 
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We want to minimize the objective function z = 2x + 3y. 


The constraints form the system of linear inequalities 


5 


=< 
IA 


ы 
IV IV. IV. IA 
о о 


The graph of this system (the set of feasible points) is shown as the shaded 
region in Figure 25. The corner points are labeled. 


Table 1 lists the corner points and the corresponding values of the objective 
function. From the table, the minimum value of z is 4, and it occurs at the 
point (2, 0). 


Value of the Objective Function 
Corner Point (X, y) 2 = 2x + Зу 


\ Now Work PROBLEMS 5 AND 11 


| EXAMPLE 4 | Maximizing Profit 


@ At the end of every month, after filling orders for its regular customers, a coffee 


company has some pure Colombian coffee and some special-blend coffee remaining. 
The practice of the company has been to package a mixture of the two coffees into 


1-pound (lb) packages as follows: a low-grade mixture containing 4 ounces (oz) 
of Colombian coffee and 12 oz of special-blend coffee, and a high-grade mixture 
containing 8 oz of Colombian and 8 oz of special-blend coffee. A profit of $1.25 per 
package is made on the low-grade mixture, whereas a profit of $1.75 per package is 
made on the high-grade mixture. This month, 120 Ib of special-blend coffee and 100 Ib 
of pure Colombian coffee remain. How many packages of each mixture should be 
prepared to achieve a maximum profit? Assume that all packages prepared can be sold. 


Solution STEP 1: 


STEP 2: 


Begin by assigning symbols for the two variables. 
x — Number of packages of the low-grade mixture 
y — Number of packages of the high-grade mixture 


The goal is to maximize the profit subject to constraints on x and y. If P 
denotes the profit, then the objective function is 


P — $1.25x 4- $1.75y 


Because x and y represent numbers of packages, the only meaningful values 
for x and y are nonnegative integers. This yields the two constraints 


x20 y > 0 Nonnegative constraints 


There is only so much of each type of coffee available. For example, the total 
amount of Colombian coffee used in the two mixtures cannot exceed 100 Ib, 
or 1600 oz. Because 4 oz are used in each low-grade package and 8 oz are 
used in each high-grade package, this leads to the constraint 


4x + 8y € 1600 Colombian coffee constraint 
(continued) 
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Similarly, the supply of 120 Ib, or 1920 oz, of special-blend coffee leads to 
the constraint 


12x + 8y < 1920 Special-blend coffee constraint 
The linear programming problem is 
Maximize Р = 1.25x + 1.75y 
subject to the constraints 


x20 y20 4x 4- 8y € 1600 12x + 8y < 1920 


SrEP 3: The graph of the constraints (the feasible points) is shown in Figure 26 with 
the corner points labeled. 


STEP 4: Table 2 shows the value of P at each corner point. From the table, the 
maximum profit of $365 is achieved with 40 packages of the low-grade 
240 mixture and 180 packages of the high-grade mixture. 


(0, 200) (40, 180) 


Table 2 


Corner Point Value of Profit 
(x, y) P — 125x 4 1.75y 


140 
100 


60 (0, 0) 0 
(0, 200) 1.25.0 + 1.75 - 200 = $350 
140 N80 220 260 300 340 380 (40, 180) 1.25 - 40 4- 1.75 - 180 — $365 


12x + 8y = 1920 ax + Ву = 1600 | 160, 0) = 1.25 - 160 + 1.75 - 0 = $200 


20 
(0, 0) 


100 


20 60 


Figure 26 
\ Now Work PROBLEM 19 


10.8 Assess Your Understanding 


Concepts and Vocabulary 


1. A linear programming problem requires that a linear 2. True or False If a linear programming problem has a solution, 
expression, called the , be it is located at a corner point of the graph of the feasible 
maximized or minimized. points. 

Skill Building 


In Problems 3-8, find the maximum and minimum value of the given objective function of a linear programming problem. The figure 
illustrates the graph of the feasible points. 


3z=x+y 
4. z = 2х + Зу 
N 5 z — x +10у 


6. z = 10х + y 


7. z = 5х + 7у 


8. z = 7х + 5y 
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In Problems 9-18, solve each linear programming problem. 


9. Maximize z = 2x + y subject to the constraints x > 0, y 20, х+у< 6, х+у>1 
10. Maximize z = x + 3y subject to the constraintsx > 0, y>0, x-y 23, x <5, y<7 

М. 11. Minimize z = 2x + 5y subject to the constraints x > 0, y > 0, x+y>2, х<5, y<3 
12. Minimize z = Зх + 4y subject to the constraints x > 0, y 20, 2x+3y>6, x+y <8 
13. Maximize z = 3x + 5y subject to the constraints x > 0, y 20, x+y 22, 2x + Зу < 12, 3x+2y < 12 
14. Maximize z = 5x + 3ysubject to the constraintsx > 0, у> 0, x -y 22, x -y € 8, 2x - y € 10 
15. Minimize z = 5x + 4y subject to the constraintsx > 0, y 20, x+y 22, 2х + Зу € 12, 3x + y € 12 
16. Minimizez = 2x + 3y subject to the constraintsx > 0, y > 0, x+y 23, x+y<9, x+3y > 6 
17. Maximize z = 5x + 2y subject to the constraints x > 0, y 20, x+ y < 10, 2x - y 210, x -2y > 10 
18. Maximize z = 2x + 4y subject to the constraints x > 0, y > 0, 2x -y 24, х+у< 9 


Applications and Extensions 


М. 19. Maximizing Profit A manufacturer of skis produces two 22. Spring Break The student activities department of a community 


types: downhill and cross-country. Use the following table to 
determine how many of each kind of ski should be produced 
to achieve a maximum profit. What is the maximum profit? 
What would the maximum profit be if the time available for 
manufacturing were increased to 48 hours? 


Cross- Time 


Downhill country Available 


40 hours 
32 hours 


Manufacturing time per ski 2hours 1 hour 
1 hour 


$50 


1 hour 
$70 


Finishing time per ski 
Profit per ski 


20. Farm Management A farmer has 70 acres of land available 
for planting either soybeans or wheat. The cost of preparing 
the soil, the workdays required, and the expected profit per 
acre planted for each type of crop are given in the following 
table. 


Preparation cost per acre 


Workdays required per acre 


Profit per acre 


The farmer cannot spend more than $1800 in preparation 
costs and cannot use a total of more than 120 workdays. How 
many acres of each crop should be planted to maximize the 
profit? What is the maximum profit? What is the maximum 
profit if the farmer is willing to spend no more than $2400 on 
preparation? 
21. Banquet Seating A banquet hall offers two types of tables 
for rent: 6-person rectangular tables at a cost of $28 each and 
10-person round tables at a cost of $52 each. Kathleen would 
like to rent the hall for a wedding banquet and needs tables 
for 250 people. The hall can have a maximum of 35 tables, 
and the hall has only 15 rectangular tables available. How 
many of each type of table should be rented to minimize cost 
and what is the minimum cost? 


Source: facilities.princeton.edu 


23. 


24. 


25. 


college plans to rent buses and vans for a spring-break trip. 
Each bus has 40 regular seats and 1 special seat designed to 
accommodate travelers with disabilities. Each van has 8 regular 
seats and 3 special seats. The rental cost is $350 for each van 
and $975 for each bus. If 320 regular and 36 special seats are 
required for the trip, how many vehicles of each type should be 
rented to minimize cost? 


Source: www.busrates.com 


Return on Investment An investment broker is instructed 

by her client to invest up to $20,000, some in a junk 

bond yielding 9% per annum and some in Treasury bills 
yielding 7% per annum. The client wants to invest at least 
$8000 in T-bills and no more than $12,000 in the junk bond. 

(a) How much should the broker recommend that the client 
place in each investment to maximize income if the client 
insists that the amount invested in T-bills must equal or 
exceed the amount placed in the junk bond? 

(b) How much should the broker recommend that the client 
place in each investment to maximize income if the client 
insists that the amount invested in T-bills must not exceed 
the amount placed in the junk bond? 


Production Scheduling In a factory, machine 1 produces 
8-inch (in.) pliers at the rate of 60 units per hour (h) and 
6-in. pliers at the rate of 70 units/h. Machine 2 produces 
8-in. pliers at the rate of 40 units/h and 6-in. pliers at the 
rate of 20 units/h. It costs $50/h to operate machine 1, and 
machine 2 costs $30/h to operate. The production schedule 
requires that at least 240 units of 8-in. pliers and at least 
140 units of 6-in. pliers be produced during each 10-h day. 
Which combination of machines will cost the least money 
to operate? 


Managing a Meat Market A meat market combines ground 
beef and ground pork in a single package for meat loaf. The 
ground beef is 75% lean (75% beef, 25% fat) and costs the 
market $2.25 per pound (Ib). The ground pork is 60% lean 
and costs the market $1.35/Ib. The meat loaf must be at least 
70% lean. If the market wants to make at least 180 Ib of meat 
loaf by using at least 50 Ib of its available pork, but no more 

(continued) 
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than 200 Ib of its available ground beef, how much ground 
beef should be mixed with ground pork so that the cost is 


minimized? 
75% lean 60% lean 70% lean 
ground beef ground pork meat loaf 


Mn. ab A А 


26. Ice Cream The Mom and Pop Ice Cream Company makes 
two kinds of chocolate ice cream: regular and premium. The 
properties of 1 gallon (gal) of each type are shown in the table: 


Regular Premium 


24 oz 
12 oz 
5 165 
$0.75 


20 oz 
20 oz 

6 Ibs 
$0.90 


Flavoring 
Milk-fat products 
Shipping weight 
Profit 


In addition, current commitments require the company to 
make at least 1 gal of premium for every 4 gal of regular. 
Each day, the company has available 725 pounds (16) of 
flavoring and 425 Ib of milk-fat products. If the company can 
ship no more than 3000 Ib of product per day, how many 
gallons of each type should be produced daily to maximize 
profit? 

Source: www.scitoys.com/ingredients/ice cream.html 


27. Maximizing Profit on Ice Skates A factory manufactures 
two kinds of ice skates: racing skates and figure skates. 
The racing skates require 6 work-hours in the fabrication 
department, whereas the figure skates require 4 work-hours 
there. The racing skates require 1 work-hour in the finishing 
department, whereas the figure skates require 2 work-hours 
there. The fabricating department has available at most 120 
work-hours per day, and the finishing department has no 
more than 40 work-hours per day available. If the profit on 
each racing skate is $10 and the profit on each figure skate is 
$12, how many of each should be manufactured each day to 
maximize profit? (Assume that all skates made are sold.) 


28. Financial Planning A retired couple have up to $50,000 
to place in fixed-income securities. Their financial adviser 
suggests two securities to them: one is an AAA bond that 
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29. 


30. 


31. 


32. 


yields 8% per annum; the other is a certificate of deposit (CD) 
that yields 4%. After careful consideration of the alternatives, 
the couple decide to place at most $20,000 in the AAA bond 
and at least $15,000 in the CD. They also instruct the financial 
adviser to place at least as much in the CD as in the AAA 
bond. How should the financial adviser proceed to maximize 
the return on their investment? 


Product Design An entrepreneur is having a design group 
produce at least six samples of a new kind of fastener that 
he wants to market. It costs $9.00 to produce each metal 
fastener and $4.00 to produce each plastic fastener. He wants 
to have at least two of each version of the fastener and needs 
to have all the samples 24 hours (h) from now. It takes 4 h to 
produce each metal sample and 2 h to produce each plastic 
sample. To minimize the cost of the samples, how many of 
each kind should the entrepreneur order? What will be the 
cost of the samples? 


Animal Nutrition Kevin's dog Amadeus likes two kinds 
of canned dog food. Gourmet Dog costs $1.40 per can and 
has 20 units of a vitamin complex; the calorie content is 75 
calories. Chow Hound costs $1.12 per can and has 35 units 
of vitamins and 50 calories. Kevin likes Amadeus to have at 
least 1175 units of vitamins a month and at least 2375 calories 
during the same time period. Kevin has space to store only 
60 cans of dog food at a time. How much of each kind of dog 
food should Kevin buy each month to minimize his cost? 


Airline Revenue An airline has two classes of service: first 

class and coach. Management’s experience has been that 

each aircraft should have at least 8 but no more than 16 

first-class seats and at least 80 but no more than 120 coach seats. 

(a) If management decides that the ratio of first class to 
coach seats should never exceed 1:12, with how many 
of each type of seat should an aircraft be configured to 
maximize revenue? 

(b) If management decides that the ratio of first class to 
coach seats should never exceed 1:8, with how many 
of each type of seat should an aircraft be configured to 
maximize revenue? 

(c) If you were management, what would you do? 


[Hint: Assume that the airline charges $C for a coach seat 
and $F for a first-class sea; C > 0, F > C.] 


Challenge Problem Maximize z = 10x + 4y subject to the 
constraints x > 0, у > 0, 4x — y > -9, x — 2y > —25, 
x4+2y < 31, x + y < 19, 4x + y < 43, 5х — у < 38, 
х- 2у < 4 


33. Explain in your own words what a linear programming problem is and how it can be solved. 


Retain Your Knowledge 


Problems 34—43 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


34. Solve: 2m2/5 — т!/5 = 1 


35. Graph y — -tan(x — z) for at least two periods. Use the 


graph to determine the domain and range. 


36. Radioactive Decay The half-life of titanium-44 is 63 years. 


How long will it take 200 grams to decay to 75 grams? 
Round to one decimal place. 


37. Find the equation of the line that is parallel to y = 3x + 11 


and passes through the point (—2, 1). 


(continued) 
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38. The sum of two numbers is 16. If the larger number is 4 less than A 42. Factor completely: 30x? (х — 7)? + 15x? (x — 7)!? 
3 times the smaller number, find the two numbers. 


A 43. Consider the functions f(x) — L8 — 3x? + 5x + 7 and 
39. What amount must be invested at 4% interest compounded 3 
daily to have $15,000 in 3 years? f"(x) = 2x — 6. Given that f is concave up where 
f"(x) » 0 and f is concave down where f"(x) « 0, find 


40. Find an equation of the ellipse that has vertices(0, +5) and ЖО is concave up düdiwhere | dedancave аду: 


foci ( 0, #3). 
41. If f(x) = 2* — 7. find f(x). 
5x T 


Chapter Review 


Things to Know 
Systems of equations (pp. 767—777) 
Systems with no solutions are inconsistent. Systems with a solution are consistent. 
Consistent systems of linear equations have either a unique solution (independent) or an infinite number of solutions (dependent). 
Matrix (p. 782) Rectangular array of numbers, called entries 
Augmented matrix (p. 782) 
Row operations (p. 783) 
Row echelon form (p. 785) 
Reduced row echelon form (p. 788) 
Determinants and Cramer's Rule (pp. 796-804) 
Matrix algebra (pp. 807-819) 


m by n matrix (p. 808) Matrix with m rows and n columns 

Identity matrix 7, (p. 814) An n by n square matrix whose diagonal entries are T's, while all other entries are 0’s 
Inverse of a matrix (p. 815) A-listhe inverse of A if AA! = АЗА = І,. 

Nonsingular matrix (p. 815) A square matrix that has an inverse 


Linear programming problem (p. 851) 


Maximize (or minimize) a linear objective function,z = Ax + By, subject to certain conditions, or constraints, expressible as linear 
inequalities in x and y. A feasible point ( x, y) is a point that satisfies the constraints (linear inequalities) of a linear programming 
problem. 


Location of the solution of a linear programming problem (p. 852) 


If a linear programming problem has a solution, it is located at a corner point of the graph of the feasible points. If a linear 
programming problem has multiple solutions, at least one of them is located at a corner point of the graph of the feasible points. 
In either case, the corresponding value of the objective function is unique. 


Objectives 
Section You should be able to... Example(s) Review Exercises 
10.1 1 Solve systems of equations by substitution (p. 770) 4 1-7, 56, 59 
2 Solve systems of equations by elimination (p. 770) 5,6 1-7, 56, 59 
3 Identify inconsistent systems of equations containing two variables (р. 772) 7 5,54 
4 Express the solution of a system of dependent equations containing two 8 7,53 
variables (p. 772) 
5 Solve systems of three equations containing three variables (p. 773) 9,12 8-10, 55, 57 60 
6 Identify inconsistent systems of equations containing three variables (p.775) 10 10 
7 Express the solution of a system of dependent equations containing three 11 9 
variables (p. 775) 
10.2 1 Write the augmented matrix of a system of linear equations (p. 782) 1 20-25 
2 Write the system of equations from the augmented matrix (p. 783) 2 11,12 
3 Perform row operations on a matrix (p. 783) 3,4 20-25 
4 Solve a system of linear equations using matrices (p. 785) 5-10 20-25 
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Section You should be able to... Example(s) Review Exercises 
10.3 1 Evaluate 2 by 2 determinants (p. 796) 1 26 
2 Use Cramer’s Rule to solve a system of two equations containing two 2 29, 30 
variables (p. 797) 
3 Evaluate 3 by 3 determinants (p. 799) 4 27,28 
4 Use Cramer’s Rule to solve a system of three equations containing three 5 31 
variables (p. 801) 
5 Know properties of determinants (p. 803) 6-9 32, 33 
10.4 1 Find the sum and difference of two matrices (p. 808) 3,4 13 
2 Find scalar multiples of a matrix (p. 810) 5 14 
3 Find the product of two matrices (p. 811) 6-11 15, 16 
4 Find the inverse of a matrix (p. 815) 12-14 17-19 
5 Solve a system of linear equations using an inverse matrix (р. 818) 15 20-25 


Decompose o where Q has only nonrepeated linear factors (p. 826) 


Decompose 5 where О has repeated linear factors (p. 827) 


Decompose с where О has а nonrepeated irreducible quadratic factor (р. 829) 


Decompose 5 where О has a repeated irreducible quadratic factor (p. 830) 37 


Solve a system of nonlinear equations using substitution (p. 833) 39-43 
Solve a system of nonlinear equations using elimination (p. 834) 39-43 
Graph an inequality (p. 842) 44, 45 
Graph a system of inequalities (p. 844) 46—50, 58 
Set up a linear programming problem (р. 850) 61 

Solve a linear programming problem (p. 851) 51, 52,61 


Review Exercises 


In Problems 1—10, solve each system of equations using the method of substitution or the method of elimination. If the system has no 
solution, state that it is inconsistent. 


2х- у=5 А л = „| % 729-4 =0 4 [= 25-5 

| 5х + 2у = 8 ' x-3y=} "| 3x+2y-4=0 “\х=зу+4 

2y- z= 6 

х= 3y+4= 2x +3y-13=0 2x+ 5y=10 ps de 

5 Х . 8. 1 2х — у + 32 = —13 
LE eh 3x — 2у = 0 4х + 10у = 20 
2 3x — 2y + 3z = -16 
2x — 4y + z= -15 x—4y+3z= 15 

9.1 x+2y—4z= 27 10. 3x + y—5z=-5 
5x —6y —2z= —3 —7х — 5y — 9z = 10 


In Problems 11 and 12, write the system of equations that corresponds to the given augmented matrix. 


32 $ 1 2 5 -2 
11. 14 | 1 | 12.15 0 -3 8 
Е 2-1 0 0 
In Problems 13-16, use the following matrices to compute each expression. 
1 0 4 0 3 —4 
A=| 2 a| Beli E: : | c=|1 5 
-1 2 Е 5 2 


13. A+ C 14. 6A 15. AB 16. BC 
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In Problems 17-19, find the inverse, if there is one, of each matrix. If there is no inverse, state that the matrix is singular. 


4 6 a a 4 —8 
n | 18. |1 2 1 19. | E 
3 1-12 


In Problems 20—25, solve each system of equations using matrices. If the system has no solution, state that it is inconsistent. 


5x = бу -3z— 6 2х+у+ z=5 
„| o al 21. | 4x — Fy - 2z = -3 22. 14 32-1 
А .14x—7y – 22 = — ; x=y=3z= 
10x +10y=5 ipie: ibo: 
Зх + y—-7z— 1 8&x+y-— z=5 
x— у= @— t= 
x-2z= 1 х= y+z=0 
2х+ y- 2+ 21 = 
23. 2х + Зу = -3 24. x—- y—5z-6=0 25. 
4 3 4 3 2 2y 4 1=0 x — 2y — 2z — 3t = 
TU TVAE т 3x — 4y + z + 5t = -3 


In Problems 26-28, find the value of each determinant. 


| 140 2 1 -3 
26. | : 25 ped 2 6 28.150 1 
4 1 3 26 O 
In Problems 29-31, use Cramer's Rule, if applicable, to solve each system. 
9 x —2y = 4 2x + Зу - 13 = 0 x+2y- z= 6 
` 3x +2y=4 30. Зх – 2у = 0 31.) 2x — y + 3: = –13 
3x — 2y + 3z = —16 


In Problems 32 and 33, use properties of determinants to find the value of each determinant if it is known that , = 8. 
a 
32, | 2% У 33. |У % 
2a b b a 
In Problems 34—38, find the partial fraction decomposition of each rational expression. 
6 х—4 x x? x? 
34, ——— — 35. — — — 36. —— ————— —— — 37. ———_, 38. ——————————— 
x(x — 4) x?(x — 1) (x? + 9)(x +1) (x? +4)? (x? + 1)(х2 — 1) 
In Problems 39—43, solve each system of equations. 
2х+у+3=0 2 ? —10 с 7=6 
39. E dl Ab] ту = 
x + у? = 5 3y? — ху = 2 x? = Зу 
2 _ 2 = 
a. diy та x Зх + y? +y 2 
42. 43. x?—x 
x? + 3xy + 2y? 20 y ty+1l= O0 
In Problems 44 and 45 graph each inequality. 
44. Зх + 4y < 12 45. y < x? 
In Problems 46—48, graph each system of inequalities. State whether the graph is bounded or unbounded, and label the corner points. 
x20 x20 
—-2x-y x2 20 20 
а 47. ж 48. ide 
х+у>»2 х+ у<4 2х+ у<8 
2x + 3y <6 x+2y>2 


In Problems 49 and 50, graph each system of inequalities. 
24 y2 < 16 < x? 
ды re 5.1777 
x +у 22 xy <4 
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In Problems 51 and 52, solve each linear programming problem. 
51. Maximize z = 3x + 4y subject to the constraints x > 0, у > 0,3x+2y>6,x+y < 8 
52. Minimize z = Зх + 5ysubject to the constraints x > 0, y > 0, х + y > 1,3x + 2y < 12, x + 3y < 12 


53. 


57. 


Chapter Test 


Find A so that the system of equations has infinitely many 
solutions. 

2х+ 5у= 5 

4x+10y=A 


Find A so that the system in Problem 53 is inconsistent. 


Curve Fitting Findthe quadraticfunctiony = ах? + bx + с 
that passes through the three points (0,1), (1,0), 
and (—2, 1). 


Blending Coffee A coffee distributor is blending a new 
coffee that will cost $6.90 per pound. It will consist of a blend 
of $6.00-per-pound coffee and $9.00-per-pound coffee. What 
amounts of each type of coffee should be mixed to achieve 
the desired blend? 


[Hint: Assume that the weight of the blended coffee 
is 100 pounds.] 


$6.00/Ib $9.00/Ib 


$6.90/Ib 


Cookie Orders A cookie company makes three kinds of 
cookies (oatmeal raisin, chocolate chip, and shortbread) 
packaged in small, medium, and large boxes. The small 
box contains 1 dozen oatmeal raisin and 1 dozen chocolate 
chip; the medium box has 2 dozen oatmeal raisin, 1 dozen 
chocolate chip, and 1 dozen shortbread; the large box 
contains 2 dozen oatmeal raisin, 2 dozen chocolate chip, 
and з dozen shortbread. If you require exactly 15 dozen oatmeal 
raisin, 10 dozen chocolate chip, and 11 dozen shortbread, how 
many of each size box should you buy? 


CHAPTER 


Test Prep 


VIDEOS 


58. 


59. 


60. 


61. 


62. 


Mixed Nuts A store that specializes in selling nuts has 

available 72 pounds (Ib) of cashews and 120 Ib of peanuts. 

These are to be mixed in 12-ounce (oz) packages as follows: 

a lower-priced package containing 8 oz of peanuts and 4 oz 

of cashews, and a quality package containing 6 oz of peanuts 

and 6 oz of cashews. 

(a) Use x to denote the number of lower-priced packages, 
and use y to denote the number of quality packages. 
Write a system of linear inequalities that describes the 
possible numbers of each kind of package. 

(b) Graph the system and label the corner points. 


Determining the Speed of the Current of the Aguarico 
River On a recent trip to the Cuyabeno Wildlife Reserve in 
the Amazon region of Ecuador, Mike took a 100-kilometer 
trip by speedboat down the Aguarico River from Chiritza to 
the Flotel Orellana. As Mike watched the Amazon unfold, 
he wondered how fast the speedboat was going and how fast 
the current of the white-water Aguarico River was. Mike 
timed the trip downstream at 2.5 hours and the return trip 
at 3 hours. What were the two speeds? 


Constant Rate Jobs If Bruce and Bryce work together for 
1 hour and 20 minutes, they will finish a certain job. If Bryce 
and Marty work together for 1 hour and 36 minutes, the 
same job can be finished. If Marty and Bruce work together, 
they can complete this job in 2 hours and 40 minutes. How 
long would it take each of them, working alone, to finish the 
job? 

Minimizing Production Cost A factory produces gasoline 
engines and diesel engines. Each week the factory is obligated 
to deliver at least 20 gasoline engines and at least 15 diesel 
engines. Due to physical limitations, however, the factory 
cannot make more than 60 gasoline engines or more than 
40 dieselengines in any given week. Finally,to prevent layoffs, 
a total of at least 50 engines must be produced. If gasoline 
engines cost $450 each to produce and diesel engines cost 
$550 each to produce, how many of each should be produced 
per week to minimize the cost? What is the excess capacity 
of the factory? That is, how many of each kind of engine are 
being produced in excess of the number that the factory is 
obligated to deliver? 


Describe four ways of solving a system of three linear equations 
containing three variables. Which method do you prefer? Why? 


The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
exercises. These videos are available in MyLab™ Math. 


In Problems 1—4, solve each system of equations using the method of substitution or the method of elimination. If the system has no solution, 
state that it is inconsistent. 


1 
E 
a 


Il 
= 


ху 7 


2. 
4х + Зу = 9 


18 


5х – 30у 


3. 


3x + 2у – 8z= 


х= y+2z= 5 
а p 


Эне ишы Ус == (0 


4. -x -Zy + z=1 


6x — 3y + 15z 


Il 
оо 


5. Write the augmented matrix corresponding to the system of 
equations: 
4х-5у+ z= 0 
—2х— y+ 6= -19 
x+5y-—5z= 10 


6. Write the system of equations corresponding to the augmented 


matrix: 
ЗА —6 
08 2 
—2 1 3 —11 


In Problems 7—10, use the matrices below to compute each 
expression. 


1 -1 КЕЕ, 4 6 

A=/0 -4|B= | x 1 | С=| 1 -3 

3 2 Ж. -1 8 

12А +С 8. A — ЗС 9, СВ 10. ВА 

In Problems 11 and 12, find the inverse of each nonsingular matrix. 

К 1-1 1 

п.л |3 a 12.5 — 2 5 —1 

З iO) 


In Problems 13-16, solve each system of equations using matrices. 
If the system has no solution, state that it is inconsistent. 


il 
6 эу? =у= 7 
m ae dr a 
diat E 8x + 2y = 56 
х зу Eq S 2x+2y—3z= 5 
15.1 2x + Ty + 15z = -12 164 x- y+2z= 8 
4x + 7y + 13z = —10 Зх + Sy — 8z = -2 


In Problems 17 and 18, find the value of each determinant. 


2 —4 6 
11. Г. ; | 18. 1 4 0 
Tip 
Cumulative Review 
In Problems 1—6, solve each equation. 
Пот E 2 узу = 


4. 3x = 951 


5. 100, (х — 1) + 10р: (2х + 1) = 2 
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In Problems 19 and 20, use Cramer's Rule, if possible, to solve each 
system. 


4x — Зу + 2z 15 
АВЫ = aye ls) 
Sx Sy о —) 18 


4х + Зу = —23 
t] 3x = Sy = 19 


In Problems 21 and 22, solve each system of equations. 


22 ЗВ Е 1 
21. 7 
улоу 


Ау SO) 


23. Graph the system of inequalities: 
—3y 20 


In Problems 24 and 25, find the partial fraction decomposition of 
each rational expression. 
дл duet 
(x + 3) 
4x? — 3 
x(x? +3) 
26. Graph the system of inequalities. State whether the graph is 
bounded or unbounded, and label all corner points. 


25. 


se N) 
y20 
x+2y>8 
2x —3y >2 


27. Maximize z = 5x + 8y subject to the constraints x > 0, 
2x + y € 8,andx – 3y < -3. 

28. Megan went clothes shopping and bought 2 pairs of jeans, 2 
camisoles, and 4 T-shirts for $90.00. At the same store, Paige 
bought one pair of jeans and 3 T-shirts for $42.50, while Kara 
bought 1 pair of jeans, 3 camisoles, and 2 T-shirts for $62.00. 
Determine the price of each clothing item. 


2205 
х* +1 
odd, or neither. Is the graph of g symmetric with respect to 
the x-axis, y-axis, or origin? 


7. Determine whether the function g(x) = is even, 


8. Find the center and radius of the circle 
x? + y2—-2x+4y—-11=0 
Graph the circle. 
9. Graph f(x) = 3*-? + 1 using transformations. What are the 
domain, range, and horizontal asymptote of f ? 


10. The function f(x) — 5 
c 


2 is one-to-one. Find f -!. Find the 


domain and the range of f апа the domain and the range of f ~t. 


11. Graph each equation. 


(а) y = 3x + 6 (b) x? + y? = 4 


(у у= @у=- 
(е) у = Ух () у = е 
(g у= Inx (h) 2x? + 5y? = 


@ x? —3y? =1 (j) x? — 2x -—4y4+1=0 


ВВ 12. f(x) = х? -3x € 5 


(a) Using а graphing utility, graph f and approximate the 
zero(s) of f. 

(b) Using a graphing utility, approximate the local maxima 
and the local minima. 

(c) Determine the intervals on which f is increasing. 
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Chapter Projects 


I. Markov Chains A Markov chain (or process) is one in which 
future outcomes are determined by a current state. Future 
outcomes are based on probabilities. The probability of moving 
to a certain state depends only on the state previously occupied 
and does not vary with time. An example of a Markov chain 
is the maximum education achieved by children based on the 
highest educational level attained by their parents, where the 
states are (1) earned college degree, (2) high school diploma 
only, (3) elementary school only. If p; is the probability of 
moving from state i to state j, the transition matrix is the m by 
m matrix 


Pu Pn +++ Pim 
Pop i : Е 
Pmi Pm sorum Ртт 


The table represents the probabilities for the highest 
educational level of children based on the highest educational 
level of their parents. For example, the table shows that 
the probability p», is 40% that parents with a high-school 
education (row 2) will have children with a college education 
(column 1). 


Highest 
Educational 
Level of 
Parents 


Maximum Education That Children Achieve 


College 


High School 


Elementary 


College 
High school 
Elementary 


1. Convert the percentages to decimals. 
What is the transition matrix? 


3. Sum across the rows. What do you notice? Why do you 
think that you obtained this result? 


Credit: Ground Picture/Shutterstock 


4. If P is the transition matrix of a Markov chain, 
the (i, j)th entry of P" (nth power of P) gives the 
probability of passing from state i to state j in n stages. 
What is the probability that the grandchild of a college 
graduate is a college graduate? 


5. What is the probability that the grandchild of a high 
school graduate finishes college? 


6. Therow vector 00) = [0.348 0.554 0.098 | represents 
the proportion of the U.S. population 25 years or older 
that has college, high school, and elementary school, 
respectively, as the highest educational level in 2020.* 
In a Markov chain the probability distribution v after 
k stages is v? = v? P*, where Р“ is the kth power 
of the transition matrix. What will be the distribution of 
highest educational attainment of the grandchildren of 
the current population? 


7. Calculate P?, P^, Р5,.... Continue until the matrix 
does not change. This is called the long-run or steady-state 
distribution. What is the long-run distribution of highest 
educational attainment of the population? 


*Source: U.S. Census Bureau. 


The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 


П. Project at Motorola: Error Control Coding The high-powered engineering needed to ensure that wireless communications аге 
transmitted correctly is analyzed using matrices to control coding errors. 


III. Using Matrices to Find the Line of Best Fit Have you wondered how our calculators get a line of best fit? See how to find the line by 


solving a matrix equation. 


IV. CBL Experiment Simulate two people walking toward each other at a constant rate. Then solve the resulting system of equations to 


determine when and where they will meet. 


Sequences; Induction; 


the Binomial Theorem 


World Population Projected to Reach 
9.8 Billion by 2050 


The current world population of 76 billion is expected to reach 
8.6 billion by 2030, 9.8 billion in 2050, and 11.2 billion in 2100, according 
to a United Nations DESA report titled “World Population Prospects: 
The 2017 Revision.” 

Most of the projected increase in the world’s population can be 
attributed to a short list of high-fertility countries, mainly in Africa and 
countries that already have large populations. During 2017—2050, half 
of the world’s population growth is expected to be concentrated in nine 
countries: India, Nigeria, Democratic Republic of the Congo, Pakistan, 
Ethiopia, United Republic of Tanzania, United States of America, Uganda, 
and Indonesia (listed in order of the size of their contribution to the total 
population growth). Among the ten countries with the largest populations, 
Nigeria is growing the most rapidly. Currently ranked seventh, Nigeria is 
projected to become the third largest shortly before 2050. 

China and India remain the two countries with the largest populations. 
With more than 1 billion people each, they represent 19% and 18% of 


the world’s population, respectively. By 2024, the population of India is Credit: Bignai/Shutterstock 


expected to surpass that of China. 

Future population growth is highly dependent on the path of future fertility. Relatively small 
changes in the fertility rate, when projected over decades, can generate large differences in total 
population. In recent years, the fertility rate has declined in virtually all areas of the world, even in 
Africa, where fertility levels remain the highest of all major areas. Europe has been an exception 
to this trend in recent years, with the mean total fertility rate increasing from 1.4 births per woman 
in 2000 to 1.6 in 2015. 

Source: Adapted from United Nations Department of Economic and Social Affairs, June 21, 
2017 New York 


( ©) ) —See the Internet-based Chapter Project I— 


This chapter is divided into three independent parts: Sections 11.1—11.3, Section 11.4, and 
Section 11.5. 

In Chapter 1, we defined a function and its domain, which was usually some set of real 
numbers. In Sections 11.1—11.3, we discuss a sequence, which is a function whose domain is 
the set of positive integers. 

Throughout this text, where it seemed appropriate, we gave proofs of the results. In 
Section 11.4, a technique for proving theorems involving natural numbers is discussed. 

In Appendix A, Section A.3, there are formulas for expanding ( x 4- а)? and(x + ау. In 
Section 11.5, we discuss the Binomial Theorem, a formula for the expansion of (x + a)", 
where n is any positive integer. 

The topics introduced in this chapter are covered in more detail in courses titled Discrete 
Mathematics. Applications of these topics are found in the fields of computer science, engineering, 
business and economics, the social sciences, and the physical and biological sciences. 


Outline 


11.1 Sequences 

11.2 Arithmetic Sequences 

11.3 Geometric Sequences; 
Geometric Series 

11.4 Mathematical Induction 

11.5 The Binomial Theorem 
Chapter Review 
Chapter Test 
Cumulative Review 
Chapter Projects 
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11.1 Sequences 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Functions (Section 1.1, pp. 46-58) 


ын Now Work the ‘Are You Prepared?’ problems on page 870. 


OBJECTIVES 1 List the First Several Terms of a Sequence (p. 864) 
2 List the Terms of a Sequence Defined by a Recursive Formula (p. 867) 
3 Use Summation Notation (p. 868) 
4 Find the Sum of a Sequence (p. 869) 
When you hear the word sequence as it is used in the phrase “a sequence of events,” 


you probably think of a collection of events, one of which happens first, another 
second, and so on. In mathematics, the word sequence also refers to outcomes that 
are first, second, and so on. 
DEFINITION Sequence 
A sequence is a function whose domain is the set of positive integers and whose 
range is a subset of the real numbers. 
In a sequence, the inputs are 1, 2, 3,.... Because a sequence is a function, it has 
a graph. Figure 1(a) shows the graph of the function f(x) = r x > 0. Ifall the 
X 
points on this graph were removed except those whose x-coordinates are positive 


integers —that is, if all points were removed except (1, 1), (2. 2), (3, i) and 


so on—the remaining points would be the graph of the sequence f (n) = L as 
n 


shown in Figure 1(b). Note that n is used to represent the independent variable in a 
sequence. This serves to remind us that n is a positive integer. 


Y4 f(n) A 
3 L 
2 L 
i (1, 1) й 
Е а 21 1 

(3 (3 (43 

| | ? е 

1 2 3 4 n 

Figure 1 (а) fx) = i, x>0 (b) f(n) = 1, па positive integer 


1 List the First Several Terms of a Sequence 


A sequence is usually represented by listing its values in order. For example, the 
sequence whose graph is given in Figure 1(b) might be represented as 
111 
fC), 302), F(3), f(4),... or 1, ya 

The list never ends, as the ellipsis indicates. The numbers in this ordered list are called 
the terms of the sequence. 

In dealing with sequences, subscripted letters are used such as a, to represent the 
first term, a, for the second term, a, for the third term, and so on. 


For the sequence f(n) = 1 this means 
n 


1 
"E 


a= Fisi е уе T as FA) = 3 a, = f(4) = F, a4 a, = f(n) = 


TEE M P——— À— 5 }ты==———“# 
first term second term third term fourth term nth term 
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In other words, the traditional function notation f(n) is typically not used for 
sequences. For the sequence f(n) — 1 we have а гие for the nth term, which 
n 
isa, = r so it is easy to find any term of the sequence. 
n 


When a formula for the nth term (sometimes called the general term) of a 
sequence is known, the entire sequence can be represented by placing braces around 
the formula for the nth term. " 

For example, the sequence whose nth term is b, — (5) сап be represented by 


(6, = (4) } 


or by listing the terms 


| €XAMPLE1 | Listing the First Several Terms of a Sequence 


List the first six terms of the sequence {a, } and graph it. 


{a,} = [5] 
n 
апд Solution Тһе first six terms of the sequence are 
1.0} (5, 2) 
ost (3) „ео -~i-l_g9 a = 22121 23-12 -3 E. -5 
ost. * (4,9 69 Е. 1 (0 2 a 3 yg (p ar eG 
4r 1 : 
HE L a, C 2) See Figure 2 for the graph. B 
ptu. ф ЕБЕ 887 
1 23456 n 


na COMMENT Graphing utilities can be used to list the terms of a sequence and graph them. Figure 3 


Figure 2 {a,} — {2 = 1 shows the sequence [^ 
the sequence are shown on the viewing window. Figure 4 shows a graph of the sequence after pressing 
Y = in SEQuence mode and entering the formula for the sequence. Note that the first term of the 
sequence is barely visible since it lies on the x-axis. TRACEing the graph will enable you to see the 
terms of the sequence. The TABLE feature can also be used to generate the terms of the sequence. 


ij generated on a TI-84 Plus CE graphing calculator. The first six terms of 


See Table 1. 
Table 1 
NORMAL FLOAT AUTO REAL RADIAN HP NORMAL FLOAT AUTO REAL RADIAN HP ñ NORMAL FLOAT UN. REAL RADIAN MP 
PRESS ENTER TO EDIT 
sea((X-1)7X,X,1,6,1) 1 а= 
@ 1 А 
з 
4 
5 
6 
7 
8 
9 
і 
D abs 37 
uman- ^ | 
Figure 3 Figure 4 т 


\ Now Work PROBLEM 17 


| EXAMPLE? | Listing the First Several Terms of a Sequence 


List the first six terms of the sequence (b, } and graph it. 


wa = [eoB 


(continued) 
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by A Solution Тһе first six terms of the sequence are 
2L e(1.2) b, =(—1 ШЕ = 2, me ^" (£) = —1, b, =(-1 ШЕ =5 
;— CD 1 ‚ ›=(—1) 2 ‚ b, =(—1) 3 3 
1 2 1 
Т b, = -1, b; = 2, b = -4 
(9 (sa 2 5 3 
e . 
сүзүү р s See Figure 5 for the graph. D 
12345 6 n 
o 1 
| (4-;) (6.-3) Note that in the sequence (b, ) in Example 2, the signs of the terms alternate. 
"AD Mel This occurs when we use factors such as (—1)"*! , which equals 1 if n is odd and —1 


. mif if nis even, or (C 1)", which equals —1 if nis odd and 1 if nis even. 
Figure 5 (5,) — fen (<)} 


| EXAMPLE 3 | Listing the First Several Terms of a Sequence 


List the first six terms of the sequence (c, } and graph it. 


n ifnis even 


ee ee 
n 


Solution Тһе first six terms of the sequence are 


а =т= 1, C= 2, 6-6 с, = 4, c; -i сє = 6 
Cn) 
6L e See Figure 6 for the graph. B 
Al ma 69 \ Now Work PRoBLEM 19 
4r e 
: B (2, 2) The formula that generates the terms of a sequence is not unique. For example, 
: [d zh ө (2 (5 the terms of the sequence in Example 3 could also be found using 
I5 3 i33 ка) = 0н) 
mE Sometimes a sequence is indicated by an observed pattern in the first few terms 
рше Те = 1 зей that makes it possible to infer the makeup of the nth term. In the examples that 
й = ifnis odd follow, enough terms of the sequence are given so that a natural choice for the nth 


term is suggested. 


| EXAMPLE 4 | Determining a Sequence from a Pattern 


( ) e2 e? е“ u е" 
NOTE When finding a formula for the La ir RE RAE Hp 
nth term of a sequence, look for the 

i | 11 1 1 
pattern in the terms given. For example, (Б) 1, =, =, =... by =a 
39 27 3п 
in Part (a), we have 

e1 a d m (c) 1, 3.5. 7 с, = 2п – 1 

1^ 2' 3' 4 (d) 1, 4, 9, 16, 25, ... d, = n? 

(e) 1, =, Г. ui i. vee е„ = (-1)""(2) 
which makes the formula for the nth 2 3 4 5 n -» 
term И \ Now Work PRoBLEM 27 

е 


The Factorial Symbol 


Some sequences in mathematics involve a special product called a factorial. 


DEFINITION Factorial Symbol 


Ifn > Ois ап integer, the factorial symbol и! is defined as follows: 


( Exploration 


p Use your graphing utility's factorial key to 


see how fast factorials increase in value. 
Find the value of 69!. What happens when 
you try to find 70!? In fact, 70! is larger 
than 1019? (a googol), which is the largest 


number most graphing utilities can display. | 


Solution 
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2-1 


2, 3! 


For example, 2! 


3.2.1—6,41— 4.3.2.1 = 24, and 


so on. Table 2 lists the values of n! for0 < n < 6. 


Because 


п!= п 


the formula 


(п—1)(п— 2)--+++3-2-1 


(n — 1) 


is used to find successive facto 


rials. For example, because 6! 720, 


712 7.61 = 7.720 = 5040 


and 


8! = 


\ Now Work PROBLEM 11 


2 List the Terms of a Seq 


8-7! = 8-5040 = 40,320 


uence Defined by a Recursive Formula 


A second way of defining a sequence is to assign a value to the first (or the first few) 
term(s) and specify the nth term by a formula or equation that involves one or more 
of the terms preceding it. Such sequences are said to be defined recursively, and the 
rule or formula is called a recursive formula. 


| EXAMPLE 5 | Listing the Terms of a Recursively Defined Sequence 


List the first five terms of the recursively defined sequence 


5 = 1 


The first term is given as s, = 


S 


n п-1 


1. To get the second term, изе п = 2 in the formula 


s, = ns,_, to gets, = 2s, 


2-1 = 2.To get the third term, use n = 3 in the 


2 


formula to gets; = 3s, = 3- 


6.To get a new term requires knowing the value 


of the preceding term. The first five terms are 


Do you recognize this sequence? s, = n! 


8 =1 

H= Lesz 
$4,—23.2—6 
$,— 4.6 = 24 


5; — 5.24 = 120 


-—» 


| EXAMPLES | Listing the Terms of a Recursively Defined Sequence 


List the first five terms of the recursively defined sequence 


Solution 


u = 1 


The first two terms аге given. 
previous two terms. That is, 


u, = 1 и, = Uu, + Us 4 


Finding each successive term requires knowing the 


=1 

=1 

=u,+u, = 1+1 = 

= и, +u; = 1+2 = 

= и + и = 2 +3 = 5 8 
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The sequence given in Example 6 is called the Fibonacci sequence, and the 
terms of the sequence are called Fibonacci numbers. These numbers appear in a 
wide variety of applications (see Problems 85-88). 


\ Now Work PROBLEMS 35 AND 43 


3 Use Summation Notation 


It is often important to find the sum of the first n terms of a sequence (a, }, namely 
а + a, + a3 +++ + a, 


Rather than writing down all these terms, we use summation notation to express the 
sum more concisely: 


п 
а +a, +a, + ta, = Ya 
k=1 


The symbol X (the Greek letter sigma, which is an S in our alphabet) is simply an 
instruction to sum, or add up, the terms. The integer k is called the index of the sum; 
it tells where to start the sum and where to end it. The expression 


n 
Уа, 
k=1 


is an instruction to add the terms a, of the sequence (a, } starting with k = 1 and 
ending with k = п. The expression is read as “the sum of a, from k = 1 tok = n." 


| €XAMPLE7 | Expanding Summation Notation 


Expand each sum. 


n 1 n 
(а) UE (b) ук! 
k=1 k=1 
; en! 1,1 1 л 
Solution (а) == 1+5 += ++ = (b) К\ = 1+ 2!4+---+n! 
m 2 .3 » B 


\ Now Work PROBLEM 51 


| EXAMPLES | PLE 8 Expressing a Sum Using Summation Notation 


Express each sum using summation notation. 


(a) 1? +2? 4p а +.. +9?  1+у+т+у ++ 


Solution (а) The sum 1? + 2? + 3? +... + 9? has 9 terms, each of the form k?, starting 
atk — landendingat k — 9: 


9 
12 +22 +32 4---4+92 = Sok? 
k=1 


(b) The sum 
l de d 1 
jum qno qe ob xs 
Фф МЕ Sexe Us 
has n terms, each of the form 2 = Starting atk = 1 and ending atk = n: 

т. tt 1 A d 

І1+5+5+5 ++ = - 
2 4 8 Ln = m _в 


\ Now Work PROBLEM 61 
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The index of summation need not begin at 1, nor end at n; for example, the sum 
in Example 8(b) could also be expressed as 
SG I 1,1 1 


= 1 m 
T: dog deuda 


k=0 


Letters other than k are also used as the index. For example, 
п п 
5 j! and У) i! 
j=l і=1 


both represent the same sum given in Example 7(b). 


4 Find the Sum of a Sequence 


The following theorem lists some properties of summation notation. These properties 
are useful for adding the terms of a sequence. 


THEOREM Summation Notation Properties 


If (a, } and (5, } are two sequences and c is a real number, then 


n 


n 
3 (m са, + ca, ca, = cla +a, +. +а,) = ey a, (1) 
k= k= 


SEED E Э Я 0) 


= k=l k=l 
$a = by) = Soa, – b (3) 
= k=1 k=l 
а= 5а - уа where 0 « j « 5 (4) 


The proof of property (1) follows from the distributive property of real numbers. 
The proofs of properties (2) and (3) are based on the commutative and associative 
properties of real numbers. Property (4) states that the sum from j + 1 to п equals 
the sum from 1 to n minus the sum from 1 to j. This property is helpful when the index 
of summation begins at a number larger than 1. 

The next theorem provides some formulas for finding the sum of certain 
sequences. 


THEOREM Formulas for Sums of the First n Terms of a Sequence 


n 


У\с= с+с+... +с = сп c is areal number (5) 
= n terms 

Sok =1+2 +3 4 n= ED (6) 
» = 12 22 32 IL s ecl n? = n(n +1)(2n+ 1) (7) 
= 6 

n 2 

Ууж оаза = [RAED ? 


The proof of formula (5) follows from the definition of summation notation. You 
are asked to prove formula (6) in Problem 94. The proofs of formulas (7) and (8) 
require mathematical induction, which is discussed in Section 11.4. 
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Notice the difference between formulas (5) and (6). In (5) the constant c is 


being summed from 1 to n, while in (6) the index of summation k is being summed 
from 1 to n. 


| EXAMPLES | Finding the Sum of a Sequence 


Find the sum of each sequence. 


Э; 10 
(а) У Gk) (b) 3508 +1) 
k=1 k=1 


24 20 
(c) XO (k? — 7k +2) (d) XO (4k?) 
k=1 k=6 


5 5 
Solution (а) У (3k) = ЗУ; k Property (1) 
k=1 k=1 
303 4-1) " n(n + 1) 
= 3 +. + ~ LI 
2 „к= 
— 3.15 
— 45 
10 10 10 
(b) JE +1) = Ук? +501 Property (2) 
k= k=1 k=1 
2 n 2 n 
= (ЖОС) +1.10 De = [pe]; ċc=c-n 
2 k=1 2 k=1 
= 3025 + 10 
= 3035 
24 24 24 24 
(c) У (К? = Ik +2) = 5 k? — Xk) + 5 1 Properties (2) and (3) 
k=1 k=1 k=1 k=1 
24 24 24 
= Y k-77% k+} 2 Property (1) 
k=1 k=1 k=1 
í SUN — P ni NE D — +1) 42.24 Formulas (7), (6), (5) 
— 4900 — 2100 4- 48 
— 2848 
(d) Notice that the index of summation starts at 6. Use property (4) as follows: 


20 20 
Уу 4k?)2 4у k? =4 
К=6 6 


ү ү T 


Property (1) Property (4) Formula (7) 
= 4[2870 — 55] = 11,260 -B 


20 


| 
= 20.21.41 5.6.11 

к?-У\к?|=4 

е-и) = 474 6 


\ Now Work PROBLEM 73 


11.1 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 

1. For the function f(x) = == 1. find f(2) апа f(3). 2. True or False A function is a relation between two sets D 

(pp. 50-52) and R so that each element x in the first set D is related to 
exactly one element y in the second set А. (pp. 48—50) 


NI. Now Work [*] 1. Modeling 1. Writing qu 1. Graphing Tech A Calculus Preview == 1. Applet-Based 


SECTION 11.1 Sequences 871 


Concepts and Vocabulary 


3. A(n) is a function whose domain is the set of 7. The notation 
positive integers. 


п 
А Д а + 4, + 4; +: + a, = a 
4. True or False The notation a, represents the fifth term of a i " n с » К 


sequence. is an example of notation. 
True or False If n > 2 is an integer, then 


п! = n(n—1)---3-2-1 


£n 


8. Multiple Choice УК 214-2434. + п = 
k=1 


6. Multiple Choice The sequence a, = 5, а, = За, , is an n(n + 1) 
(а) л! (b) —— — 
example of a(n) sequence. 2 
(a) alternating (b) recursive n(n + 1)(2n +1) 
(c) Fibonacci (d) summation (©) nk (d) 6 
Skill Building 
In Problems 9-14, evaluate each factorial expression. 
9. 10! 10. 9! Na? inl їз em ji 959 
6! 10! 7! 3! 
In Problems 15—26, list the first five terms of each sequence. 
15. {s,} = (n) 16. {5,3 = {n2 +1} \ 17. {а,) = | B | 18. {b,} = [£11] 
n+2 2n 
\ 19. = {(-1)""'n2 20. {d,}={(-D" (L——)) an {s,} = { 2 | 22. {s,} = {(2)'} 
{с} = {CD n} ae ee idet {sn} 
‘Des iod ie 6] 
23. {t, } = 24. —1— 25. {b, } = 4— 26. =з — 
{ nt lasts} {a,,} n { d е" {е„} Qn 
In Problems 27-34, the given pattern continues. Write down the nth term of a sequence (a, } suggested by the pattern. 
AN 1234 1 1 1 1 111 24 8 16 
27. 25,5, =, =,... 28. ; ; Я pex 2957, 2. =) S340. 30. =, <, ==, Gee 
234 5 1-2 2.33.4 4.5 248 3° 9° 27 81 
Bii es eee о 33359555555 33. 1, —2, 3, —4, 5, —6,... 34. 2, —4, 6, —8,10,... 
2 4 6 8 
In Problems 35—48, a sequence is defined recursively. List the first five terms. 
WdEa —2 а, =3+й,{ 36: 2, = 3; й„ =4=4,, a= = йу = nae 
38.a, = 1; а, = п-а, 39. а, = 4; a, = 3a, , 40. a, = 2; a, = —à, 4 
41. а; = 3; a, = na 42. a, = 2; a, = п + 3a,_, Маз. a, = l; a, = 2; a, = а, уа, 
n 
44. a, = -1; a, = 1; a, = а, + па, 45. a, = A; a, = а, td 46. а, = A; a, = ra, у, г = 0 
47. а, = 2; a, = /2+а„\ 48. а, = V2; a, = x 
In Problems 49—58, expand each sum. 
n n n 2 n n 
49. S Kk + 2) 565 Creel): Nei — 52. S + 1 з 
k=1 k=1 кл! 2 k=1 m 3* 
n 3 k n—-1 1 n-1 п п бИ, 
а. » (5) 58.0 ууп 56. Y 2k +1) 57. 3-0 Ink 58. 3 (0? 24 
k=0 k=0 k=0 k=2 k-3 
In Problems 59—68, express each sum using summation notation. 
59.1--2 4-34... + 20 60. 13 +22 +33 +... + 83 
ES 13 
N а. pud 62. 1+3+5+7+--+[202)-1 
gt B +3+5+7+... + [2(12) – 1] 
1.4 4 yes 2 4,8 | 
‚1-=+ = —у=—— + —1)°| = 4. ZE 1 
63 3*9 27 * = 0—10) 36 6 3 9+ 27 sp) 3 
32 3 3^ 1l. 2 3 n 
65. 3+ | ied 66. = + Pe 
2 3 Шш п e е? Е e? + е" 


67.a+(a+d)+(a+2d)+---+(a+nd) 68. a + ar + ar? +... + arn 
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In Problems 69-80, find the sum of each sequence. 


69. 


N 73. 


60 
77. X` (2k) 


40 
$5 
k=1 


k=1 
20 26 
Yok + 3) 74. 3 (Gk – 7) 
К=1 К=1 


40 
78. X` (—3k) 
k=8 


k=10 


Applications and Extensions 


81. 


82. 


83. 


84. 


85. 


Credit Card Debt John has a balance of $3000 on his 
Discover card, which charges 1% interest per month on any 
unpaid balance from the previous month. John can afford 
to pay $100 toward the balance each month. His balance 
each month after making a $100 payment is given by the 
recursively defined sequence 


B, = $3000 В, = 1.01B, , — 100 


Determine John’s balance after making the first payment. 
That is, determine B,. 


Trout Population A pond currently contains 2000 trout. A 
fish hatchery decides to add 20 trout each month. It is also 
known that the trout population is growing at a rate of 3% 
per month. The size of the population after п months is given 
by the recursively defined sequence 


рь = 2000 р, = 103p, , + 20 


How many trout are in the pond after 2 months? That is, 
what is p,? 

Car Loans Ivan bought a car by taking out a loan for $18,500 
at 0.596 interest per month. Ivan's normal monthly payment 
is $434.47 per month, but he decides that he can afford to 
pay $100 extra toward the balance each month. His balance 
each month is given by the recursively defined sequence 


B, — 18,500 B, — 1.005B, , — 534.47 


Determine Ivan's balance after making the first payment. 
That is, determine B,. 


Environmental Control The Environmental Protection 
Agency (EPA) determines that Maple Lake has 250 tons 
of pollutant as a result of industrial waste and that 1096 of 
the pollutant present is neutralized by solar oxidation every 
year. The EPA imposes new pollution control laws that result 
in 15 tons of new pollutant entering the lake each year. 
The amount of pollutant in the lake after п years is given by 
the recursively defined sequence 


Po = 250 р, = 0.9p, + 15 


Determine the amount of pollutant in the lake after 2 years. 
That is, determine p,. 


Growth of a Rabbit Colony A colony of rabbits begins 
with one pair of mature rabbits, which produces a pair of 
offspring (one male, one female) each month. Assume that 
all rabbits mature in 1 month and produce a pair of offspring 
(one male, one female) after 2 months. If no rabbits ever die, 
how many pairs of mature rabbits are there after 7 months? 
See illustration, top right. 


[Hint: A Fibonacci sequence models this colony. Do you see 
why?] 


71. 


75. 


79. 


86. 


87. 


88. 


40 
2,5 
k=1 

16 14 


Y + 4) 76. у (k? — 4) 


k-l k=0 


20 
У, к? 
К=5 


1 mature 


ii DD 


1 mature 


pair шь DD 


ie — Sb ue бб 
x^ oe OD WY oo to 


Fibonacci Sequence Let 
(1+ V5)" -(1- V5)" 
u, EE 
2745 
define the nth term of a sequence. 
(a) Show thatu, = landu, = 1. 


(b) Show thatu,,; = u,,, + u,. 
(c) Draw the conclusion that (u, } is a Fibonacci sequence. 


The Pascal Triangle The triangular array shown, called the 
Pascal triangle, is partitioned using diagonal lines as shown. 
Find the sum of the numbers in each diagonal row. Do you 
recognize this sequence? 


| 

£s 

1 2 1 
3 3 

4 6 4 


Le 


Fibonacci Sequence Use the result of Problem 86 to do the 
following problems. 
(a) List the first 11 terms of the Fibonacci sequence. 


(b) List the first 10 terms of the ratio ntl | 
иһ 

(c) As n gets large, what number does the ratio approach? 
This number is referred to as the golden ratio. Rectangles 
whose sides are in this ratio were considered pleasing to 
the eye by the Greeks. For example, the facade of the 
Parthenon was constructed using the golden ratio. 

(d) Write down the first 10 terms of the ratio uc 

Ип 
(е) Аз л gets large, what number does the ratio approach? 


This number is referred to as the conjugate golden 
ratio. This ratio is believed to have been used in the 
construction of the Great Pyramid in Egypt. The ratio 
equals the sum of the areas of the four face triangles 
divided by the total surface area of the Great Pyramid. 


Х 89. Approximating f(x) = ех Incalculus, it can be shown that 


оо xk 


f(x) =e = — 
к К! 


We can approximate the value of f(x) = e* for any x using 
the following sum 


n 


xk 


(х) = ех ғ — 
со К! 


for some л. 

(a) Approximate f(1.3) with n = 4. 

(b) Approximate f (1.3) with n = 7. 

(c) Use a calculator to approximate f (1.3). 
te (d) Using trial and error, along with a graphing utility’s 
SEQuence mode, determine the value of n required to 
approximate f (1.3) correct to eight decimal places. 


Х 90. Approximating f(x) = ех Refer to Problem 89. 

(a) Approximate f(—2.4) withn = 3. 

(b) Approximate f(—2.4) withn = 6. 

(c) Use a calculator to approximate f(—2.4). 
te (d) Using trial and error, along with a graphing utility’s 
SEQuence mode, determine the value of n required to 
approximate f ( —2.4) correct to eight decimal places. 


91. Bode's Law In 1772, Johann Bode published the following 
formula for predicting the mean distances, in astronomical 
units (AU), of the planets from the Sun: 


a,=04 а, = 04 + 03.272 


where n > 2 is the number of the planet from the Sun. 

(a) Determine the first eight terms of the sequence. 

(b) At the time of Bode’s publication, the known planets 
were Mercury (0.39 AU), Venus (0.72 AU), Earth (1 AU), 
Mars (1.52 AU), Jupiter (5.20 AU), and Saturn (9.54 AU). 
How do the actual distances compare to the terms of 
the sequence? 

(c) The planet Uranus was discovered in 1781, and the 
asteroid Ceres was discovered in 1801. The mean orbital 
distances from the Sun to Uranus and Ceres* are 19.2 AU 
and 2.77 AU, respectively. How well do these values fit 
within the sequence? 

(d) Determine the ninth and tenth terms of Bode's sequence. 

(e) The planets Neptune and Pluto* were discovered in 1846 
and 1930, respectively. Their mean orbital distances from 
the Sun are 30.07 AU and 39.44 AU, respectively. How 
do these actual distances compare to the terms of the 
sequence? 

(f) On July 29, 2005, NASA announced the discovery of a 
dwarf planet* (n — 11), which has been named Eris. 
Use Bode's Law to predict the mean orbital distance of 
Eris from the Sun. Its actual mean distance is not yet 
known, but Eris is currently about 97 astronomical units 
from the Sun. 

Source: NASA 
92. Droste Effect The Droste Effect, named after the image 
on boxes of Droste cocoa powder, refers to an image that 
contains within it a smaller version of the image, which in 
turn contains an even smaller version, and so on. If each 
version of the image is i the height of the previous version, 
the height of the nth versionis given bya, — а, Suppose 


a Droste image on a package has a height of 4 inches. How 
tall would the image be in the 6th version? 


*Ceres, Haumea, Makemake, Pluto, and Eris are referred to as dwarf planets. 
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Credit: Frankie's/Shutterstock 


93. Reflections in a Mirror A highly reflective mirror reflects 
95% of the light that falls on it. In a light box having 
walls made of the mirror, the light reflects back-and-forth 
between the mirrors. 

(а) If the original intensity of the light is 7, before it 
falls on a mirror, write the nth term of the sequence 
that describes the intensity of the light after n 
reflections. 

(b) How many reflections are needed to reduce the light 
intensity by at least 98%? 


94. Show that 


n(n + 1) 
2 


1+2+-=++(—1)+ п = 
[Hint: Let 

S=1+2+---+(n—-1l)+n 

S=n+(n—-1)4+(n—2)+---4+1 
Add these equations. Then 


25 =[1l4+nj+[24+(n—-1)]+---+[n41] 
n terms in bracket 


Now complete the derivation. ] 


Computing Square Roots A method for approximating [р can 
be traced back to the Babylonians. The formula is given by the 
recursively defined sequence 


zd p 
"p i Y 2 


ау = К 


where К is an initial guess as to the value of the square root. Use 
this recursive formula to approximate the following square roots 
by finding a;. Compare this result to the value provided by your 
calculator. 


95. V5 96. V8 97. V21 98. V89 
99. Triangular Numbers A triangular number is a term of the 
sequence 


uy = 1 Ung = u, + (п t1) 
List the first seven triangular numbers. 
100. Challenge Problem For the sequence given in Problem 99, 


show that 


_ (п+1)(п +2) 
п+1 2 * 


и 


101. Challenge Problem For the sequence given in Problem 99, 
show that 


Ung, и, = (N+ 1)? 
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102. Challenge Problem If the terms of a sequence have the 
1 


a а а aj 
property that — = —* =... = =, show that — = ' 
а а; а, а апа 


Explaining Concepts: Discussion and Writing 


103. Investigate various applications that lead to a Fibonacci 
sequence, such as in art, architecture, or financial markets. 
Write an essay on these applications. 


Retain Your Knowledge 


ay a? An r] 


[Hint: Let r equal the common ratio so 
a а; а, 


104. Write а paragraph that explains why the numbers found іп 
Problem 99 are called triangular. 


Problems 105—113 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


105. If $2500 is invested at 3% compounded monthly, find the б 111. Find the average rate of change of у = tan(sec~! x) over 


amount that results after a period of 2 years. 


106. Write the complex number —1 — i in polar form. Express 
the argument in degrees. 


107. Forv = 2i — j and w = i + 2j. find the dot product v - w. 


108. Find an equation of the parabola with vertex ( —3, 4) and 
focus (1, 4). 


109. Find the horizontal asymptote, if one exists, of 


E 9х 
f(x) = 3x2 —2x —1 


. In a triangle, angle B is 4 degrees less than twice the 
measure of angle A, and angle C is 11 degrees less than 
three times the measure of angle B. Find the measure of 
each angle. 


‘Are You Prepared?’ Answers 


1. f(2) = ZSO) == 2. True 


the interval xm 


. If f(x) = 5x? — 2x + 9 and f(a + 1) = 16, find the 
possible values for a. 


In calculus, the critical numbers for a function are numbers 

in the domain of f where f'(x) = Oor f’(x) is undefined. 
, ins x? — 3x 4- 18 

Find the critical numbers for f(x) — — 3 

x — 

; 2 4x — 12 

tf) = 

Po (x — 2)? 


11.2 Arithmetic Sequences 


OBJECTIVES 1 Determine Whether a Sequence Is Arithmetic (p. 874) 
2 Find a Formula for an Arithmetic Sequence (p. 875) 
3 Find the Sum of an Arithmetic Sequence (p. 877) 


1 Determine Whether a Sequence Is Arithmetic 


When the difference between successive terms of a sequence is always the same 
number, the sequence is called arithmetic. 


DEFINITION Arithmetic Sequence 


An arithmetic sequence" is defined recursively asa, = а, а, — a, у = d,oras 


лу c 


a, == @һ—1 ar d (1) 


where a, = a and d are real numbers. The number a is the first term, and the 
number d is called the common difference. 


"Sometimes called an arithmetic progression 
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| €XAMPLE1 | Determining Whether a Sequence Is Arithmetic 


The sequence 
4, 6, 8, 10,... 


is arithmetic since the difference of successive terms is 2. The first term is a, = 4, 
and the common difference isd = 2. N 


| EXAMPLE 2 | Determining Whether a Sequence Is Arithmetic 


Show that the following sequence is arithmetic. Find the first term and the common 
difference. 


{s,} = (3n + 5} 
Solution Тһе first term is s, = 3 -1 + 5 = 8. The nth term and the (n — 1)st term of the 
sequence (5, } are 


S, = 3n4 5 and 5, у = 3(п—1)+5=3п+2 


Their difference d is 


d = S, — 5,1 = (3и + 5) – (3и +2) = 5 – 2 = 3 


Since the difference of any two successive terms is 3, (5, } is an arithmetic sequence. 
The common difference isd = 3. E 


| EXAMPLE 3 | Determining Whether a Sequence Is Arithmetic 


Show that the sequence (7, } = (4 — п} is arithmetic. Find the first term and the 
common difference. 


Solution The first term ist; = 4 — 1 = 3. The nth term and the (n — 1)st term are 


t, —4-—n and t, =4-(n-1)=5-n 


n 


Their difference d is 


d=t, —t,, =(4-n)-(5-n) = 4-5 = –1 


Since the difference of any two successive terms is — 1, { 1, } is an arithmetic sequence. 
The common difference isd = —1. М | 


\ Now Work PROBLEM 9 


2 Find a Formula for an Arithmetic Sequence 
Suppose that a is the first term of an arithmetic sequence whose common 
difference is d. We seek a formula for the nth term, a,. То see the pattern, consider 
the first few terms. 
a, =a 
a,=a,+d=a,+1-d 
a,=a,+d=(a,+d)+d=a,+2-d 
a,=a,+d=(a,+2-d)+d=a,+3-d 
a, =a,+d=(a,+3-d)+d=a,+4-d 


a, = а, + d =[a,+(n-2)d])+d=a,+(n-1)d 


The terms of an arithmetic sequence with first term a, and common difference d 
follow the pattern 


а, a,+d, а +24, a,+3d,... 
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THEOREM nth Term of an Arithmetic Sequence 


For an arithmetic sequence (a, } whose first term is a, and whose common 
difference is d, the nth term is determined by the formula 


a, = а + (n — 1)d n à positive integer (2) 


| EXAMPLE 4 | Finding a Particular Term of an Arithmetic Sequence 


Find the 41st term of the arithmetic sequence: 2, 6, 10, 14, 18, ... 


Solution Тһе first term of the arithmetic sequence is a, = 2, and the common difference 
isd — 4. By formula (2), the nth term is 


à, —2-c-(n—1)4 = 4n —2 a, = a, + (n — Dd 
The 41st term is 


a, = 441-2 = 164—2 = 162 B 


\ Now Work PROBLEM 25 


| ЕХАМРІЕ 5 | Finding a Recursive Formula for an Arithmetic Sequence 


The 8th term of an arithmetic sequence is 75, and the 20th term is 39. 
(a) Find the first term and the common difference. 
(b) Find a recursive formula for the sequence. 


(c) What is the nth term of the sequence? 


Solution (а) The nth term of an arithmetic sequence isa, = a, + (n — 1)d. Asa result, 


ag =a, + 74 = 75 
а, + 194 = 39 


| 


а 


This is a system of two linear equations containing two variables, a, and d, 
which can be solved by elimination. Subtracting the second equation from the 
first gives 
—12d = 36 
d=-3 


Withd = —3,usea, + 7d = 75tofindthata, = 75 — 7d = 75 — 7(—3) = 96. 


( Exploration The first term isa, = 96, and the common difference isd = —3. 


A Graph the recursive formula from Examples 5, (b) Using formula (1), a recursive formula for this sequence is 
а; = 96, а, = a, _, — 3, using a graphing 
utility. Conclude that the graph of the a, = 96 a, = üp —3 


recursive formula behaves like the graph 
of a linear function. How is d, the common (c) Using formula (2), the nth term of the sequence { а, } is 


difference, related to m, the slope of a line? 
rede à, = а + (n—1)d = 96 + (n—1)(-3) = 99 — 3n 8 


\ Now Work PROBLEMS 17 AND 31 
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3 Find the Sum of an Arithmetic Sequence 


The next theorem gives two formulas for finding the sum of the first n terms of an 
arithmetic sequence. 


THEOREM Sum of the First n Terms of an Arithmetic Sequence 


Suppose {а, } is an arithmetic sequence with first term a, and common 
difference d. The sum S, of the first n terms of {a,, } may be found in two ways: 


5124 qs 


204, + an) 


Proof 
S,=@+4),+4,+---+4, Sum of first п terms 
= а, + (а, +d)+(a, + 2d)+---+[a, + (п – 1)4] Formula (2) 
=(a +a +: a)-[d + 24 +: + (п — Dd] Rearrange terms. 
n terms 
=na,+d{1+2+4+-:-4 - (n — 1)] 
_ (n= Da 8 (n —1)n 
= па, dde BRE 
= na, + 5( - Dd 


= 5124 + (п – 1)4] Factor out 5: this is formula (3). 


= Sla, Ta, + (n — 1)d] 
= 5t + a,) a, = a, + (n — 1)d; this is formula (4). ш 


There are two ways to find the sum of the first n terms of an arithmetic sequence. 
Formula (3) uses the first term and common difference, and formula (4) uses the first 
term and the nth term. Use whichever form is easier. 


| EXAMPLE 6 | Finding the Sum of an Arithmetic Sequence 


Find the sum S, of the first n terms of the arithmetic sequence 
8+114+144174.--- 


Solution Тһе sequence is an arithmetic sequence with first term a, = 8 and common 
difference d = 11 — 8 = 3. To find the sum of the first n terms, use formula (3). 


S, = 112.8 + (п – 1):3] = (3n + 13) 
+ 2 2 


5 2124; + (п – Dd] 


п 


\ Now Work PROBLEM 39 
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| EXAMPLE 7 | Finding the Sum of an Arithmetic Sequence 


Find the sum: 60 + 64 + 68 + 72 + --. + 120 


Solution This is the sum S, of an arithmetic sequence (a, } whose first term is a, = 60 and 
whose common difference is d — 4. The nth term is a, — 120. Use formula (2) to 
find л. 


a, = a4 + (n — 1)d Formula (2) 
120 = 60-c-(n—1).4 а, = 120, а; = 60,d = 4 


60 = 4(n — 1) Simplify. 
15 =n-1 Simplify. 
n=16 Solve for п. 


Now use formula (4) to find the sum S46- 


60 + 644+ 68 +... +120 = Si, 19060 + 120) = 1440 


= lk 


o 
Sa 5 +а,„) D 


\ Now Work PROBLEM 43 


| EXAMPLES | PLE 8 Creating a Floor Design 


A ceramic tile floor is designed in the shape of a trapezoid 20 feet wide at the base and 
10 feet wide at the top. See Figure 7. The tiles, which measure 12 inches by 12 inches, 
are to be placed so that each successive row contains one fewer tile than the preceding 
row. How many tiles will be required? 


Solution Тһе bottom row requires 20 tiles and the top row, 10 tiles. Since each successive row 
requires one fewer tile, the total number of tiles required is 


S = 20+19418+---+11+410 


This is the sum of an arithmetic sequence; the common difference is —1. The number 
of terms to be added is n = 11, with the first term a, = 20 and the last term 
ау, = 10. The sum S is 


m m в 11 
Figure 7 $ = 5 + аң) = 2:0 + 10) = 165 

In all, 165 tiles will be required. E 
11.2 Assess Your Understanding 


Concepts and Vocabulary 


1. In a(n) sequence, the difference between 5. Multiple Choice An arithmetic sequence can always be 
successive terms is a constant. expressed as a(n) sequence. 

2. True or False For an arithmetic sequence {a,, } whose first (a) Fibonacci (b) alternating 
term is a, and whose common difference is d, the nth term is 
determined by the formula a, = a, + nd. (c) increasing (d) recursive 

3. If the 5th term of an arithmetic sequence is 12 and the 6. Multiple Choice If a, = —2n + 7 is the nth term of an 
common difference is 5, then the 6th term of the sequence arithmetic sequence, the firsttermis — — 
== (a) -2 (b) 0 


4. True or False The sum S, of the first n terms of an arithmetic 


sequence (a, } whose first term is a, is found using the (o) 5 (d) 7 
formula 5, = 5t Eo). 


\1. Now Work [*] 1. Modeling 1. Writing та 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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In Problems 7-16, show that each sequence is arithmetic. Find the common difference, and list the first four terms. 


Skill Building 

T. (s, = {n+ 4} 8. {5,} = {n— 5} 
П. (c,) = (6 — 2n) 12. {a,} = (4 - 2n) 
15. {5,} = {In3"} 16. (s,) = {elm} 


N9. {a,} = (2n - 5} 10. {b,} = (3n + 1} 
13. (,) = {5 - 12] 14. {r} = {2 +2) 


In Problems 17-24, find the nth term of the arithmetic sequence {a,,} whose first term a, and common difference d are given. What is 


the 51st term? 
N aq =o 4=3 18. a, = -2; d=4 19. а, = 8; d=-T 20. а; = 6; d = -2 
2. a, = 0; d= 35 2a =1; d= -5 25.4, =-2; cad 24. а — 6 4= т 
In Problems 25—30, find the indicated term in each arithmetic sequence. 
v 25. 100th term of 2, 4, 6, ... 26. 80th term of -1, 1, 3, ... 27. 90th term of 3, —3, —9,... 
28. 80th term of 5, 0, —5, ... 29. 80th term of 2, 2, 3; Z, m 30. 70th term of 2/5, 4V5, 6V5,... 


In Problems 31—38, find the first term and the common difference of the arithmetic sequence described. Find a recursive formula for the 


sequence. Find a formula for the nth term. 


\ 31. 8th term is 8; 20th term is 44 32. 4th term is 3; 20th term is 35 
34. 8th term is 4; 18th term is —96 35. 15th term is 0; 40th term is —50 
37. 14th term is — 1; 18th term is —9 38. 12th term is 4; 18th term is 28 


In Problems 39—56, find each sum. 


N 331433. 5 44 028-1] 40. 2-4 6  --- + 2n 
Bit taper (4n-5) Nee Dba hae T0 
45.—9—5—1+ +39 46.2454 84-4 41 
48.7 4-1—5 —11 —--. —299 49. 4+45+ 5+ 5.5 +... + 100 
80 90 100 
51. Dan = 9) 52. ue — 2л) 53. C Е ;") 


55. The sum of the first 120 terms of the sequence 
14, 16, 18, 20, ... 


Applications and Extensions 


57. Find x so that x + 3, 2x + 1, and 5x + 2 are consecutive 
terms of an arithmetic sequence. 


58. Find x so that 2x, 3x + 2, and 5x + 3 are consecutive terms 
of an arithmetic sequence. 


59. How many terms must be added in an arithmetic sequence 
whose first term is 11 and whose common difference is 3 to 
obtain a sum of 1092? 


60. How many terms must be added in an arithmetic sequence 
whose first term is 78 and whose common difference is —4 
to obtain a sum of 702? 
61. Drury Lane Theater The Drury Lane Theater has 25 seats 
є in the first row and 30 rows іп all. Each successive row 
contains one additional seat. How many seats are in the 
theater? 
62. Seats in an Amphitheater An outdoor amphitheater has 
35 seats in the first row, 37 in the second row, 39 in the third 


33. 9th term is —5; 15th term is 31 
36. 5th term is —2; 13th term is 30 


41. 7+12+17+---+(2+ 5n) 
44. 13-34-84 89 


47, 93 + 89 + 85 bons —287 
ИЕ: 
LESER с ques 

zi 4775 774 


56. The sum of the first 46 terms of the sequence 


2, —1, 4, -7, ... 


row, and so on. There are 27 rows altogether. How many can 
the amphitheater seat? 


63. Football Stadium The corner section of a football stadium 
has 15 seats in the first row and 40 rows in all. Each successive 
row contains two additional seats. How many seats are in this 


section? 


А 
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64. Constructing a Brick Staircase A brick staircase has a 
total of 30 steps. The bottom step requires 100 bricks. Each 
successive step requires two fewer bricks than the prior step. 
(a) How many bricks are required for the top step? 

(b) How many bricks are required to build the staircase? 


65. Salary If you take a job with a starting salary of $35,000 per 
year and a guaranteed raise of $1400 per year, how many 
years will it be before your aggregate salary is $280,000? 


[Hint: Remember that your aggregate salary after 2 years 
is $35,000 + ($35,000 + $1400).] 


66. Stadium Construction How many rows are in the corner 
section of a stadium containing 2040 seats if the first row 
has 10 seats and each successive row has 4 additional seats? 


67. Creating a Mosaic A mosaic is designed in the shape of 
an equilateral triangle, 20 feet on each side. Each tile in 
the mosaic is in the shape of an equilateral triangle, 
12 inches to a side. The tiles are to alternate in color as 
shown in the illustration. How many tiles of each color will 
be required? 


68. Old Faithful Old Faithful is a geyser in Yellowstone 
National Park named for its regular eruption pattern. Past 
data indicates that the average time between eruptions 
is 1h 35m. 


Explaining Concepts: Discussion and Writing 


73. Make up an arithmetic sequence. Give it to a friend and ask 
for its 20th term. 


Retain Your Knowledge 


69. 


70. 


71. 


72. 


7A 


(a) Suppose rangers log the first eruption on a given day at 
12:57 AM. Usinga, — 57, write a prediction formula for 
the sequence of eruption times that day in terms of the 
number of minutes after midnight. 

(b) At what time of day (e.g., 7:15 AM) is the 10th eruption 
expected to occur? 

(c) At what time of day is the last eruption expected to 
occur? 


Cooling Air As a parcel of air rises (for example, as it is 
pushed over a mountain), it cools at the dry adiabatic lapse 
rate of 5.5°F per 1000 feet until it reaches its dew point. If the 
ground temperature is 67°Е, write a formula for the sequence 
of temperatures, {Т, ), of a parcel of air that has risen 
n thousand feet. What is the temperature of a parcel of air 
if it has risen 5000 feet? 


Source: National Aeronautics and Space Administration 


Citrus Ladders Ladders used by fruit pickers are typically 
tapered with a wide bottom for stability and a narrow 
top for ease of picking. If the bottom rung of such a ladder 
is 49 inches wide and the top rung is 24 inches wide, 
how many rungs does the ladder have if each rung is 
2.5 inches shorter than the one below it? How much 
material would be needed to make the rungs for the ladder 
described? 


Source: www.stokesladders.com 


Challenge Problem If {а, } is an arithmetic sequence 
with 100 terms where a, = 2 and a, = 9, and (b, } is 
an arithmetic sequence with 100 terms where b, — 5 
and b, — 11, how many terms are the same in each 
sequence? 


Challenge Problem Suppose (a, } is an arithmetic sequence. 


] р ous 
If S, is the sum of the first n terms of (a, }, and —" is a 


positive constant for all п, find an expression for the nth 
term, a, , in terms of only п and the common difference, d. 


»U p? 


Describe the similarities and differences between arithmetic 
sequences and linear functions. 


Problems 75—84 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


75. If a credit card charges 15.3% interest compounded 
monthly, find the effective rate of interest. 


76. 'The vector v has initial point Р = (—1, 2) and terminal 
pointQ = (3, —4). Write vin the formai + bj; that is, find 
its position vector. 


. Analyze and graph the equation: 25x? + 4y? = 100 


. Find the inverse of the matrix 


| | if it exists; 


otherwise, state that the matrix is singular. 


. Find the partial fraction decomposition of — T 
х3 — 


80. 


81. 


82. 


83. 


84. 


5т 
Е 


If g is a function with domain [—4, 10], what is the domain 
of the function 2g(x — 1)? 


Find the real zeros of 

(x^ +1)-2x - (х2 —1)- 4x3 
(х* +1) 

Identify the curve given by the equation 


бу? + 24(х + y) 12x? = 0 


Find the exact value of sin? їл — cos? 


h(x) = 


Solve: (x + 3? = (x +3)(x —5) +7 
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11.3 Geometric Sequences; Geometric Series 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Compound Interest (Section 4.7 pp. 358-361) 


\ Now Work the ‘Are You Prepared?’ problems on page 889. 


OBJECTIVES 1 Determine Whether a Sequence Is Geometric (p. 881) 
2 Find a Formula for a Geometric Sequence (p. 882) 
3 Find the Sum of a Geometric Sequence (p. 883) 
4 Determine Whether a Geometric Series Converges or Diverges (p. 884) 
5 Solve Annuity Problems (p. 887) 


1 Determine Whether a Sequence Is Geometric 


When the ratio of successive terms of a sequence is always the same nonzero number, 
the sequence is called geometric. 


DEFINITION Geometric Sequence 


п 


A geometric sequence’ is defined recursively asa, = a, 


= ү, OF aS 
n-1 


= бш = (1) 


where a, = aandr = 0 аге real numbers. The number a, is the first term, and 
the nonzero number r is called the common ratio. 


| ЕХАМРІЕ1 | Determining Whether a Sequence Is Geometric 


The sequence 


2, 6, 18, 54, 162,... 


is geometric because the ratio of successive terms is 3(8 I ai з). 


2 6 18 
The first term isa, = 2, and the common ratio is 3. D 


| EXAMPLE 2 | Determining Whether a Sequence Is Geometric 


Show that the following sequence is geometric. 


{sn} = {12} 


Find the first term and the common ratio. 


Solution The first term of the sequence iss} = 27! = +The nth term and the (n — 1)st term 
of the sequence (5, } are 


S, = 27" and Syg = 2°) 
Their ratio is 


1 


Sn 2 = J -n+(n-1) = 2-1 жа 2 


= 5X 
S51 2-0 


: А А 1 
Because the ratio of successive terms is the nonzero constant 2 the sequence (5, } 


is geometric and the common ratio is L 
2 М | 


“Sometimes called a geometric progression. 
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| EXAMPLE 3 | Determining Whether a Sequence Is Geometric 


Show that the following sequence is geometric. 
iti = {3 И 4" } 
Find the first term and the common ratio. 
Solution The first term ist; = 3-4! = 12. The nth term and the (n — 1)st term are 


t, = 3:4" and г, = 3:4"! 


Their ratio is 


t 3 s 4n 
n = = 4п—(п-1) = 4 
3.4n-1 


The sequence, (t, }, is a geometric sequence with common ratio 4. B 


\ Now Work PROBLEM 11 


2 Find a Formula for a Geometric Sequence 


Suppose that a, is the first term of a geometric sequence with common ratio ғ = 0. 
We seek a formula for the nth term, а„. To see the pattern, consider the first few terms: 


эп 
m n 0 
а, —4:1-ar 


a, = ra, = ari 


a, = ға = (ар) = ar? 


II 


à, = ға; = r(a,r?) = a,r? 


a; = ra, = Plar) = ағ" 
a, = ra, = r(ayr"?) = ar"! 


The terms of a geometric sequence with first term a, and common ratio r 
follow the pattern 


à, ar, am, arn,... 


THEOREM nth Term of a Geometric Sequence 
For a geometric sequence (a, } whose first term is a, and whose common ratio 


is r, the nth term is determined by the formula 


fr. Emend ipe qt (2) 


| ЕХАМРІЕ4 | Finding a Particular Term of a Geometric Sequence 


81 729 


Find the nth t f th tri :1 >= Ме e 
(a) Find the nth term of the geometric sequence: 10, 9, 10° 100° 
(b) Find the 9th term of the sequence. 


(c) Find a recursive formula for the sequence. 


(continued) 


Solution 


| Exploration 


puse a graphing utility to find the ninth 


term of the sequence in Example 4. 
Use it to find the 20th and 50th terms. 
Now use a graphing utility to graph the 
recursive formula found in Example 4(c). 
Conclude that the graph of the recursive 
formula behaves like the graph of an 
exponential function. How is r, the 
common ratio, related to a, the base of the 


exponential function y = ах? | 
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í : ; : a 
(a) The first term of the geometric sequence isa, = 10.The commonratior = —" 
an-ı 
; ; ; a 
is the ratio of any two consecutive terms. $0,7 = — = M . Then, by formula (2), 
the nth term of the geometric sequence is "i 
9 n-1 9 


(b) The 9th term is 


ie = 10( A) = TEAM — 4.3046721 


(c) The first term in the sequence is 10, and the common ratio is r — =. Using 


9 


f la (1), th ive f la i — 10 = — : 
ormula (1), the recursive formula is a, (ds = igi E 


\ Now Work PROBLEMS 19, 27, AND 35 


3 Find the Sum of a Geometric Sequence 


THEOREM Sum of the First n Terms of a Geometric Sequence 


Let (a, ) be a geometric sequence with first term a, and common ratio r, 
where r = 0,r = 1.Thesum 5, of the first n terms of (a, } is 


Proof The sum S, of the first n terms of (a, } = {а } is 

S, = а|+аү +++ ауу"! (4) 
Multiply both sides by r to obtain 

r$, = a,r + aur? + Bar (5) 
Now, subtract (5) from (4). The result is 


S, 
(1—rj$, — a4(1— r") 


—rS, = a, — ar” 
Since r = 1, solve for S,,. 


1- 7r" 
1-r 


= ау: 


| EXAMPLE 5 | Finding the Sum of the First n Terms of a Geometric Sequence 


Find the sum S, of the first n terms of the sequence (4) | that is, find 


n D, Е 1 1 1 "m (1) 
PE, "2*4 tg" ш 2 


К=1 


(continued) 
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Solution Тһе sequence (3) | is a geometric sequence with a, = ; and r — > Use 
formula (3) to get 


oOx% /1\¥%_ 1 1 1 1^ «11! 
5„ = У (2) uuu a = 


оке 


Formula (3);a, = 2 pz 


\ Now Work PROBLEM 41 


Ка | EXAMPLE6 | Using а Graphing Utility to Find the Sum of a Geometric Sequence 


Use a graphing utility to find the sum of the first 15 terms of the sequence Ца) \ 
that is, find i 


15 k 15 
о 
»»- 3 id 9 n 27 д: 3 
Solution Figure 8 shows the result using a TI-84 Plus CE graphing calculator. The sum of the 


NORMAL FLOAT AUTO REAL RADIAN MP — [ first 15 terms of the sequence (3) | is approximately 0.4999999652. B5 


sum(sea( (173)? . 5.1.15. 1) 
„4999999652 


\ Now Work PROBLEM 47 


4 Determine Whether a Geometric Series 
Figure 8 Converges or Diverges 


DEFINITION Infinite Geometric Series 


An infinite sum of the form 
a, t+ ar + ar? + art +5 


with first term a, and common ratio r, is called an infinite geometric series and 
is denoted by 


[@ 


ar 


> 
ll 
en 


The sum S, of the first n terms of a geometric series is 


§S,=@+a,-r+a,-r?7+---+a,-r"! (6) 
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If this finite sum 5, approaches a number L as n — оо, then the infinite geometric 


oo 

series У) a,r*-! converges to L апа L is called the sum of the infinite geometric 
k=1 

series. The sum is written as 


oo 
L= у ark! 
k=1 


A series that does not converge is called a divergent series. 


THEOREM Convergence of an Infinite Geometric Series 


оо 
If|r| < 1, the infinite geometric series 5 a,r*-! converges. Its sum is 
k=1 


Intuitive Proof 
e Ifr = 0,thenS, = a, + 0+---+0 = a,so formula (7) is true forr = 0. 
e Jfr = Оапа || < 1, then, based on formula (3), 


NI. D ау ar” 8 
1—г 1-r 1-r (5) 


=a, 


Since |r| < 1, it follows that |r"| approaches 0 as n — oo. Then, in formula (8), 


the term = approaches 0, so the sum 5, approaches 1 71 asn oo. п 
= ү Т 


| EXAMPLE7 | Determining Whether a Geometric Series Converges or Diverges 


Determine whether the geometric series 


оо 248-1 4 8 
212) -04 73.5 жын 
» z uir n 


converges or diverges. If it converges, find its sum. 


2 
3 


isr = 2 Since |r] < 1, the series converges. Use formula (7) to find its sum: 


со k-1 со 
Solution Comparing 5 2( | to У) a,r*-!, the first termisa, = 2 and the common ratio 
k=1 k=1 


a (2\K 1 _ 4 8 EE XN 
> 2(5) E E vu 


\ Now Work PROBLEM 53 


| EXAMPLES | 8 Repeating Decimals 


Show that the repeating decimal 0.999 . . . equals 1. 


| | 9 9 9 ; 
Solution Th 1 0.999... = 0.9 + 0. 0.009 + ++. = UC 
e decimal 0.999 9 + 0.09 + 0.009 + 10 100 10007 "^B 


оо 
an infinite geometric series. Write it in the form 5 a,r*-! and use formula (7). 
k=1 


9 9 9 о 9 оо 9 9/1 \k-! 
0.999... = we a _-= = (= 
10 ы 100 3 1000 Ы » 10^ » 105 10531 2 10\10 
(continued) 
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x 
Compare this series to 5 a,r*-L and note thata; = EA andr = 


1l 


. Si <1, 
2. 10 10 ince |r| 


the series converges and its sum is 


9 
0.999...= 0 D uq 

9 

10 


The repeating decimal 0.999 . . . equals 1. D 


Pendulum Swings 


Initially, a pendulum swings through an arc of length 18 inches. See Figure 9. On each 
successive swing, the length of the arc is 0.98 of the previous length. 


(a) 
(b) 
(c) 
(d) 


Solution (a) 


(b 


— 


Figure 9 


(с) 


(d) 


What is the length of the arc of the 10th swing? 

On which swing is the length of the arc first less than 12 inches? 
After 15 swings, what total distance has the pendulum swung? 
When it stops, what total distance has the pendulum swung? 


The length of the first swing is 18 inches. 

The length of the second swing is 0.98 - 18 inches. 

The length of the third swing is 0.98 - 0.98 - 18 = 0.98? . 18 inches. 
The length of the arc of the 10th swing is 


(0.98)? - 18 ~ 15.007 inches 
The length of the arc of the nth swing is (0.98)" ! - 18. For the length of the arc 
to be exactly 12 inches requires that 
(0.98)"7! - 18 = 12 
m 


(0.98)! = „=, Divide both sides by 18. 
n — 1 = 1000 (2) Express as a logarithm. 
In( =} 
niu 3/ xd + 20.07 = 21.07 Solve for n; use the Change 


1n 0.98 of Base Formula. 


The length of the arc of the pendulum exceeds 12 inches on the 21st swing and 
is first less than 12 inches on the 22nd swing. 


After 15 swings, the total distance swung is 

L = 18 + 0.98 18 + (0.98)? - 18 + (0.98) - 18 + --- + (0.98) . 18 

Ist 2nd 3rd 4th 15th 

This is the sum of a geometric sequence. The common ratio is 0.98; the first term 
is 18. The sum has 15 terms, so 
] — 0.9815 

1 — 0.98 
The pendulum has swung approximately 235.3 inches after 15 swings. 


L = 18. = 18.13.07 = 235.3 inches 


When the pendulum stops, it has swung the total distance 
Т = 18 + 0.98 - 18 + (0.98)? - 18 + (0.98)? -18 + --- 


This is the sum of an infinite geometric series. The common ratio isr = 0.98; the 
first term isa, = 18. Since |r| < 1, the series converges. Its sum is 


PS ee “ШТ 
1-r  1- 0.98 
The pendulum has swung a total of 900 inches when it finally stops. _B 


\ Now Work PROBLEM 87 
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5 Solve Annuity Problems 


Section 4.7 developed the compound interest formula, which gives the future 
value when a fixed amount of money is deposited in an account that pays interest 
compounded periodically. Often, though, money is invested in small amounts at 
periodic intervals. An annuity is a sequence of equal periodic deposits. The periodic 
deposits may be made annually, quarterly, monthly, or daily. 

When deposits are made at the same time that the interest is credited, the annuity 
is called ordinary and the amount of an annuity is the sum of all deposits made plus 
all interest paid. We discuss only ordinary annuities here. 

Suppose that the interest rate that an account earns is i percent per payment 
period (expressed as a decimal). For example, if an account pays 1296 compounded 


monthly (12 times a year), Шеп? = i = 0.01. If an account pays 8% compounded 
: . _ 0.08 
quarterly (4 times a year), then; — tpm 0.02. 


To develop a formula for the amount of an annuity, suppose that $P is deposited 
each payment period for n payment periods in an account that earns i percent per 
payment period. When the last deposit is made at the nth payment period, the first 
deposit of $ Р has earned interest compounded for n — 1 payment periods, the second 
deposit of $P has earned interest compounded for n — 2 payment periods, and so on. 
Table 3 shows the value of each deposit after n deposits have been made. 


Table 3 Deposit 1 2 3 n-—1 n 
Amount [Epis rcs а АШ ЕСЕ а PAI H) 5 


The amount A of the annuity is the sum of the amounts shown in Table 3; that is, 


A=P.0 4177" 4P O40 4+: 4 P 4e 
= Р[1+(1+0 ++ ai] 


The expression in brackets is the sum of a geometric sequence with и terms апа a 
common ratio of (1 + i). As a result, 


plc = plate = poet 
1= (1+1) —i i 


The following theorem has been proved: 


THEOREM Amount of an Annuity 


Suppose that P is the deposit in dollars made at the end of each payment period 
for an annuity paying i percent interest per payment period. The amount A of 
the annuity after п deposits is 


NOTE In formula (9), remember that when the nth deposit is made, the first deposit has earned 
interest for n — 1 compounding periods and the nth deposit has earned no interest. ш 


| EXAMPLE 10 | Determining the Amount of an Annuity 


To save for retirement, Brett decides to place $4000 into an individual retirement 
account (IRA) each year for the next 30 years. What will the value of the IRA be when 
Brett makes his 30th deposit? Assume that the rate of return of the IRA is 7% per 
annum compounded annually. (This is the historical rate of return in the stock market.) 

(continued) 
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Solution ^ This is an ordinary annuity with n = 30 annual deposits of Р = $4000. The rate of 
interest per payment period isi = zn — 0.07. The amount A of the annuity after 
30 deposits is 
30 
A = $4000 10.07) —1 ~ $4000 . 94.46078632 ~ $377,843.15 


0.07 


| EXAMPLE 11 | Determining the Amount of an Annuity 


To save for her daughter's college education, Miranda decides to put $100 aside every 
month in a credit union account paying 296 interest compounded monthly. She begins 
this savings program when her daughter is 3 years old. How much will she have saved 
by the time she makes the 180th deposit? How old is her daughter at this time? 


Solution 


0.02 


This is an annuity with P — $100, n — 180, and i — d2^ The amount A of the 


annuity after 180 deposits is 


z $100 - 209.71306 ғ $20,971.31 


Because there are 12 deposits per year, when the 180th deposit is 


180 


made qo = 15 years have passed, and Miranda's daughter is 18 years old. 


\ Now Work PROBLEM 91 


Historical Feature 


equences are among the oldest objects 

of mathematical investigation, having 

been studied for over 3500 years. After 
the initial steps, however, little progress was 
made until about 1600. 

Arithmetic and geometric sequences appear 
in the Rhind papyrus, a mathematical text 
containing 85 problems copied around 1650 Bc 
by the Egyptian scribe Ahmes from an earlier work (see Historical 
Problem 1). Fibonacci (an 1220) wrote about problems similar to those 
found in the Rhind papyrus, leading one to suspect that Fibonacci may 
have had material available that is now lost. This material would have 
been in the non-Euclidean Greek tradition of Heron (about Ap 75) and 


Fibonacci 


Diophantus (about Ар 250). One problem, again modified slightly, is 
still with us in the familiar puzzle rhyme "As | was going to St. Ives...” 
(see Historical Problem 2). 

The Rhind papyrus indicates that the Egyptians knew how to 
add up the terms of an arithmetic or geometric sequence, as did the 
Babylonians. The rule for summing up a geometric sequence is found 
in Euclid's Elements (Book IX, 35, 36), where, like all Euclid's algebra, 
it is presented in a geometric form. 

Investigations of other kinds of sequences began in the 1500s, 
when algebra became sufficiently developed to handle the more 
complicated problems. The development of calculus in the 1600s 
added a powerful new tool, especially for finding the sum of an 
infinite series, and the subject continues to flourish today. 


Historical Problems 


1. Arithmetic sequence problem from the Rhind papyrus (statement 
modified slightly for clarity) One hundred loaves of bread are 
to be divided among five people so that the amounts that they 
receive form an arithmetic sequence. The first two together 
receive one-seventh of what the last three receive. How many 
loaves does each receive? 


[Partial answer: First person receives i loaves.] 


. The following old English children's rhyme resembles one of the 
Rhind papyrus problems. 
As | was going to St. Ives 
| met a man with seven wives 


Each wife had seven sacks 

Each sack had seven cats 

Each cat had seven kits [kittens] 
Kits, cats, sacks, wives 

How many were going to St. Ives? 


(a) Assuming that the speaker and the cat fanciers met by traveling 
in opposite directions, what is the answer? 


(b) How many kittens are being transported? 
(c) Kits, cats, sacks, wives; how many? 


11.3 Assess Your Understanding 
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‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. If $1000 is invested at 4% per annum compounded 
semiannually, how much is in the account after 2 years? 
(pp. 358-361) 


Concepts and Vocabulary 


3. In a(n) 
is a constant. 


sequence, the ratio of successive terms 


оо 
4. If |r| < 1, the sum of the geometric series x. ar*-i 
is К=1 


5. Multiple Choice If a series does not converge, it is called 


2. How much do you need to invest now at 5% per annum 
compounded monthly so that in 1 year you will have 
$10,000? (pp. 358-361) 


6. True or False A geometric sequence may be defined 
recursively. 


7. True or False In a geometric sequence, the common ratio is 
always a positive number. 


8. True or False For a geometric sequence with first term a, 


a(n) series. and common ratio r, where r = 0,r = 1, the sum of the 
(a) arithmetic (b) divergent (c) geometric (d) recursive istem bi =: = pr 
—r 
Skill Building 
In Problems 9—18, show that each sequence is geometric. Then find the common ratio and list the first four terms. 
n n n-1 
9. {5,}=(4ry 10 {s,} = {-5)"} Naw Ca} = {-3(3)"} y= 5) 13 te = FE] 
2 2 + 
14 = 3п Е wid = 25 _ 3п-1 E 2n 
{4 = \у 15. {е„} = {7"%} 16. {fa} = {3?"} P. it = ү 18. {u,} = {зат 


In Problems 19-26, find the fifth term and the nth term of the geometric sequence whose first term a, and common ratio r are given. 


\ Da 72; 7-3 20.a, = 2; r=4 21. a, = 5; r=-1 22. a = 6; r = -2 
23.a = 0; r= 2 24.a =l; r= -i 25a = Bra 26. a = 0; rcl 
T7 


In Problems 27-32, find the indicated term of each geometric sequence. 
11 
2 , 4 Ы 
30. 10th term of —1, 2, —4,... 


\ 27. 7th term of 1, "Ps 28. 8th term of 1, 3, 9, ... 29. 15th term of 1, —1, 1, ... 


31. 8th term of 0.4, 0.04, 0.004, ... 32. 7th term of 0.1, 1.0, 10.0, ... 


In Problems 33—40, find the nth term a, of each geometric sequence. When given, r is the common ratio. 


33. 6,18, 54,162, ... 34. 5, 10, 20, 40, ... N 35. —3, 1, E L I—- 36. 4, 1, i ES А 
3 9 4 16 
37. а = 243; r= -3 38. a, = 7; r-i 39.4, = 7; a, = 1575 40. а, = t; а = э 
In Problems 41—46, find each sum. 
1,2, 22 , 23 2n-1 3,3 3 3^ а (24% 
Мол, - 42. — 43. (=) 
cL a ee guy te 9 rox ge 
n 6 18 3 n-1 
44. 3 4. 3&1 45. -1-2-4-8 2"-! 46. 2 pe 2( | 
2; (21 ы : 
Re For Problems 47-52, use a graphing utility to find the sum of each geometric sequence. 
1,2 2 2 214 3 3, 33 315 I /2\" 
Noa dp 48. sod 49. (=) 
qa tup рер gg og 9 2 (3 
80. 5 4 -371 51. -1-2-4-8 214 52.2454 184... 42/3)" 
е 2; ч . . + 5 + 25 T T (=) 
N1: Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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In Problems 53-68, determine whether each infinite geometric series converges or diverges. If it converges, find its sum. 


1.1 4 8 
“азів. 54,259 
1 1 1 3.9 27 
512-52 5 + 58.1-2-4 7—1 
6L. У (i 62. У` s 
= 4 k= 3 
оо 2E oo 14-1 
65. 61-2) 66. У`4(—1 
2 а] 


БЕ Bd X dons 5.6244 
89, 8.4: 12 4 18 OT eee 60. 9 12-16 ® +... 
Sign EE 
63.у` t. 3%- 64. 3(5) 
t? ki \2 
oo 2\* oo 3\* 
67. 3(2) 68. 212) 
2.343 27244 


Mixed Practice Іп Problems 69-82, determine whether the given sequence is arithmetic, geometric, or neither. If the sequence is arithmetic, find 
the common difference; if it is geometric, find the common ratio. If the sequence is arithmetic or geometric, find the sum of the first 50 terms. 


69. (n + 2) 70. (2n — 5) 71. (4n? ) 
74. {8 = 21) 75. 1, 3, 6,10, ... 76. 2, 4, 6, 8,. 
79. —1, 2, —4,8,... 80. 1,1, 2, 3, 5, 8,... 81. (3^2) 


Арріісаїіопѕ апа Ехїепѕіопѕ 


83. Find x so that x, х + 2, and x + 3 are consecutive terms of 
a geometric sequence. 


84. Find x so that x — 1, x, and x + 2 are consecutive terms of a 
geometric sequence. 


85. Salary Increases If you have been hired at an annual 

© salary of $42,000 and expect to receive annual increases 

of 3%, what will your salary be when you begin your fifth 
year? 

86. Equipment Depreciation A new piece of equipment cost a 

company $15,000. Each year, for tax purposes, the company 


depreciates the value by 15%. What value should the 
company give the equipment after 5 years? 


87. Pendulum Swings Initially, a pendulum swings through an 
arc of length 2 feet. On each successive swing, the length of 
the arc is 0.9 of the previous length. 

(a) What is the length of the arc of the 10th swing? 

(b) On which swing is the length of the arc first less 
than 1 foot? 

(c) After 15 swings, what total length has the pendulum 
swung? 

(d) When it stops, what total length has the pendulum 
swung? 

88. Bouncing Balls A ball is dropped from a height of 30 feet. 
Each time it strikes the ground, it bounces up to 0.8 of the 
previous height. 

(a) What height does the 
ball bounce up to 
after it strikes the 
ground for the third 
time? 

(b) How high does it 
bounce after it strikes 
the ground for the 
nth time? 


wo 
e 


89. 


90. 


\ 91. 


92. 


93. 


94. 


72. (5n? +1} 


T. (3| 


82. {(—1)"} 


73. {3 - 2n] 


(c) How many times does the ball need to strike the ground 
before its bounce is less than 6 inches? 

(d) What total vertical distance does the ball travel before it 
stops bouncing? 


Retirement Christine contributes $100 each month to 
her 401(k). What will be the value of Christine's 401(k) 
after the 360th deposit (30 years) if the per annum 
rate of return is assumed to be 8% compounded 
monthly? 


Saving for a Home Esmeralda wants to purchase a new home. 
Suppose that she invests $400 per month into a mutual 
fund. If the per annum rate of return of the mutual fund 
is assumed to be 6% compounded monthly, how much will 
Esmeralda have for a down payment after the 36th deposit 
(3 years)? 

Tax-Sheltered Annuity Don contributes $500 at the end of 
each quarter to a tax-sheltered annuity (TSA). What will the 
value of the TSA be after the 80th deposit (20 years) if the 
per annum rate of return is assumed to be 596 compounded 
quarterly? 


Retirement Malik contributes $1000 to an individual 
retirement account (IRA) semiannually. What will the value 
of the IRA be when Malik makes his 30th deposit (after 
15 years) if the per annum rate of return is assumed to 
be 7% compounded semiannually? 


Sinking Fund Scott and Alice want to purchase a vacation 
home in 10 years and need $50,000 for a down payment. 
How much should they place in a savings account each 
month if the per annum rate of return is assumed to be 3.596 
compounded monthly? 


Sinking Fund For a child born in 2022, the cost of a 4-year 
college education at a public university is projected to be 
$185,000. Assuming a 4.7596 per annum rate of return 
compounded monthly, how much must be contributed to a 
college fund every month to have $185,000 in 18 years when 
the child begins college? 


95. 


96. 


97. 


98. 


99. 


Price = deus 


Grains of Wheat on a Chess Board In an old fable, a 
commoner who had saved the king’s life was told he could 
ask the king for any just reward. Being a shrewd man, the 
commoner said, “A simple wish, sire. Place one grain of wheat 
on the first square of a chessboard, two grains on the second 
square, four grains on the third square, continuing until you 
have filled the board. This is all I seek.” Compute the total 
number of grains needed to do this to see why the request, 
seemingly simple, could not be granted. (A chessboard 
consists of 8 x 8 = 64 squares.) 


Shading Squares Look at the figure. What fraction of the 
square is eventually shaded if the indicated shading process 
continues indefinitely? 


Multiplier Suppose that, throughout the U.S. economy, 
individuals spend 90% of every additional dollar that they 
earn. Economists would say that an individual’s marginal 
propensity to consume is 0.90. For example, if Jane earns an 
additional dollar, she will spend 0.9(1) = $0.90 of it. The 
individual who earns $0.90 (from Jane) will spend 90% of it, 
or $0.81. This process of spending continues and results in an 
infinite geometric series as follows: 


1, 0.90, 0.907, 0.903, 0.904, ... 


The sum of this infinite geometric series is called the 
multiplier. What is the multiplier if individuals spend 90% 
of every additional dollar that they earn? 


Multiplier Refer to Problem 97 Suppose that the marginal 
propensity to consume throughout the U.S. economy is 0.95. 
What is the multiplier for the U.S. economy? 


Stock Price One method of pricing a stock is to discount the 
stream of future dividends of the stock. Suppose that a stock 
pays $P per year in dividends, and historically, the dividend 
has been increased i% per year. If you desire an annual rate 
of return of r%, this method of pricing a stock states that the 
price that you should pay is the present value of an infinite 
stream of payments: 


1+і 


-\2 Te 
+p- (i) + Р.) Lee 
1+7 

The price of the stock is the sum of an infinite geometric 
series. Suppose that a stock pays an annual dividend of $4.00, 
and historically, the dividend has been increased 3% per year. 
You desire an annual rate of return of 9%. What is the most 
you should pay for the stock? 


+r 


100. 


101. 


102. 


103. 


104. 


SECTION 11.3 Geometric Sequences; Geometric Series 891 


Stock Price Refer to Problem 99. Suppose that a stock pays 
an annual dividend of $2.50, and historically, the dividend 
has increased 4% per year. You desire an annual rate of 
return of 11%. What is the most that you should pay for the 
stock? 


А Rich Man's Promise A rich man promises to give 
you $1000 on September 1. Each day thereafter he will give 


you и of what he gave you the previous day. What is the 


first date on which the amount you receive is less than 1¢? 
How much have you received when this happens? 


Seating Revenue A special section in the end zone of a 
football stadium has 2 seats in the first row and 14 rows 
total. Each successive row has 2 seats more than the row 
before. In this particular section, the first seat is sold for 
1 cent, and each following seat sells for 5% more than the 
previous seat. Find the total revenue generated if every 
seat in the section is sold. Round only the final answer, and 
state the final answer in dollars rounded to two decimal 
places. 


Challenge Problem Suppose x, y, and z are consecutive 
terms in a geometric sequence. If x + y +z = 103 
andx? + y? + z? = 6901, find the value of y. [Hint: Let r 
be the common ratio so y = xr andz = yr = xr? 
Challenge Problem Koch's Snowflake The area inside the 
fractal known as the Koch snowflake can be described as the 
sum of the areas of infinitely many equilateral triangles, as 
pictured below. 

For all but the center (largest) triangle, a triangle in the 
Koch snowflake is 5 the area of the next largest triangle in 


the fractal. Suppose the area of the largest triangle has area 
of 2 square meters. 


(a) Show that the area of the Koch snowflake is given by 
the series 


1 1 


2 1\3 1v 
A=2+42-3(5)4+2-12(5) +2-48(3) + 2-192( =} pes 


9 9 


(b) Find the exact area of the Koch snowflake by finding the 
sum of the series. 


*Courtesy of the Joliet Junior College Mathematics Department. 
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Explaining Concepts: Discussion and Writing 


105. Critical Thinking You are interviewing for a job and receive 108. Critical Thinking Suppose you were offered a job in which 


two offers for a five-year contract: 
A: $40,000 to start, with guaranteed annual increases 
of 6% for the first 5 years 
B: $44,000 to start, with guaranteed annual increases 
of 3% for the first 5 years 


Which offer is better if your goal is to be making as much as 
possible after 5 years? Which is better if your goal is to make 


you would work 8 hours per day for 5 workdays per week 
for 1 month at hard manual labor. Your pay the first day 
would be 1 penny. On the second day your pay would be 
two pennies; the third day 4 pennies. Your pay would double 
on each successive workday. There are 22 workdays in the 
month. There will be no sick days. If you miss a day of work, 
there is no pay or pay increase. How much do you get paid 


if you work all 22 days? How much do you get paid for the 


" . : AA 
Critical Thinking Which of the following choices, A or В, н uod Men п. Ge шла is JO 
А offer? Would you take the job? 
results in more money? І | . | 
A: То receive $1000 on day 1, $999 on day 2, $998 on 109. Can a sequence be both arithmetic and geometric? Give 
day 3, with the process to end after 1000 days reasons for your answer. 
B: To receive $1 on day 1, $2 on day 2, $4 on day 3, 110. Make up a geometric sequence. Give it to a friend and ask 
for 19 days for its 20th term. 


107. Critical Thinking You have just signed a 7-year professional 111. Make up two infinite geometric series, one that has a sum 
football league contract with a beginning salary of and one that does not. Give them to a friend and ask for the 
$2,000,000 per year. Management gives you the following sum of each series. 


options with regard to your salary over the 7 years. 112. Describe the similarities and differences between geometric 
1. A bonus of $100,000 each year sequences and exponential functions. 
2. An annual increase of 4.5% per year beginning 
after 1 year 
3. An annual increase of $95,000 per year beginning 
after 1 year 


as much money as possible over the contract (5 years)? 
106 


Which option provides the most money over the 7-year 
period? Which the least? Which would you choose? Why? 


Retain Your Knowledge 


Problems 113—122 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


113. Use the Change-of-Base Formula and a calculator to evaluate log; 62. Round the answer to three decimal places. 
114. Find the unit vector in the same direction as v — 8i — 15j. 


115. Find the equation of the hyperbola with vertices at (—2, 0) and (2, 0), and a focus at (4, 0). 
з 1 0 
116. Find the value ofthe determinan:| 0 —-2 6 
4 -1 -2 
117. Liv notices a blue jay in a tree. Initially she must look up 5 degrees from eye level to see the jay, but after moving 6 feet closer 
she must look up 7 degrees from eye level. How high is the jay in the tree if you add 5.5 feet to account for Liv’s height? 
Round to the nearest tenth. 


118. Write the factored form of the polynomial function of smallest degree that touches the x-axis at x = 4, crosses the x-axis 
atx = —2 and x = 1, апа has a y-intercept of 4. 


s(t) — s(1) 
pedo ~ 
120. Finda rectangular equation of the plane curve with parametric equations x(t) = t + Sandy(t) = Vt fort > 0. 


119. Given s(t) = —16t? + 3t, find the difference quotient 


121. Find the function g whose graph is the graph of y = Vx but is stretched vertically by a factor of 7 and shifted 
left 5 units. 


122. Factor completely: x4 — 29x? + 100 


‘Are You Prepared?’ Answers 
1. $1082.43 2. $9513.28 
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11.4 Mathematical Induction 


OBJECTIVE 1 Prove Statements Using Mathematical Induction (p. 893) 


1 Prove Statements Using Mathematical Induction 


Mathematical induction is a method for proving that statements involving natural 
numbers are true for all natural numbers.* 

For example, the statement *the sum of the first n positive odd integers equals n?," 
that is, 


D43454—(0n-—1)-n (1) 


can be proved for all natural numbers п by using mathematical induction. 

Before stating the method of mathematical induction, let’s try to gain a sense of 
the power of the method. We use the statement in equation (1) for this purpose by 
restating it for various values of n = 1, 2, 3, .... 


п = 1 The sum of the first positive odd integer is 12; 1 = 17. 

n=2 The sum of the first 2 positive odd integers is 22; 
1+3 = 4 = 22. 

п = 3 The sum of the first 3 positive odd integers is 32; 
1+3+5 = 9 = 32. 

п = 4 The sum of the first 4 positive odd integers is 42; 
1+3+5+7 = 16 = 42. 


Although from this pattern we might conjecture that statement (1) is true for any natural 
number п, can we really be sure that it does not fail for some choice of n? The method of 
proof by mathematical induction allows us to prove that the statement is true for all n. 


THEOREM The Principle of Mathematical Induction 


Suppose that the following two conditions are satisfied with regard to a 
statement about natural numbers: 


CONDITION I: The statement is true for the natural number 1. 


CONDITION II: If the statement is true for some natural number k, 
and it can be shown to be true for the next natural 
number k + 1, 
then the statement is true for all natural numbers. 


The following physical interpretation illustrates why the principle works. Think 
of a collection of natural numbers obeying a statement as a collection of infinitely 
many dominoes. See Figure 10. 

Now, suppose that two facts are given: 


e The first domino is pushed over. 
e If one domino falls over, say the kth domino, so will the next one, the (k + 1)st 
domino. 


Figure 10 


Is it safe to conclude that all the dominoes fall over? The answer is yes, because if the 
first one falls (Condition I), the second one does also (by Condition II); and if the 
second one falls, so does the third (by Condition П); and so on. 


| ЕХАМРІЕ1 | Using Mathematical Induction 


Show that the following statement is true for all natural numbers n. 


1+34+5+4+---+(2n-1)=7 (2) 
(continued) 
“Recall that the natural numbers are the numbers 1, 2, 3, 4, . . . . In other words, the terms natural numbers 


and positive integers are synonymous. 
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Solution First show that statement (2) holds for n = 1. Because 1 = 12, statement (2) is true 
for п = 1. Condition I holds. 
Next, show that Condition II holds. From statement (2), assume that 


1434544 0k—1)2k* (3) 


is true for some natural number К. 

Now show that, based on equation (3), statement (2) holds for k + 1. Look 
at the sum of the first k + 1 positive odd integers to determine whether this sum 
equals (k 4- 1)?. 


14+3454---4+ (2k —1)4+[2(k + 1)-1)=[14+34+54---4+ (2k D] + (2k +1) 
= К? by equation (3) 
=k? + (2k +1) 


= k? +2К+1 =(К+1)? 


Conditions I and II are satisfied; by the Principle of Mathematical Induction, 
statement (2) is true for all natural numbers n. N 


| EXAMPLE 2 | Using Mathematical Induction 


Show that the following statement is true for all natural numbers n. 
2" >п 


Solution First, show that the statement 2” > n holds when n = 1. Because2! = 2 > 1, the 
inequality is true for n — 1. Condition I holds. 
Next, assume the statement holds for some natural number k; that is, 2^ > К. 
Now show that the statement holds for k + 1; that is, show that 2^*! > k +1. 


2*1 = 2-24 >2-k=kK+k >k4+1 


T T 
ZFS kh k21 


If 2^ > k, then 2^*! > k + 1, so Condition П of the Principle of Mathematical 
Induction is satisfied. The statement 2" > n is true for all natural numbers n. _g 


| EXAMPLE З | Using Mathematical Induction 


Show that the following formula is true for all natural numbers n. 


п(п +1) 


Vd Bp 3a ne s 


(4) 


Solution First, show that formula (4) is true when n = 1. Because 


10-1) 1:2 
2 2 


Condition I of the Principle of Mathematical Induction holds. 


= 1 


Next, assume that formula (4) holds for some natural number К, and determine 
whether the formula then holds for the next natural number, k + 1. 
Assume that 
1+2+34 +k = SEED for some k (5) 


Now show that 


1+2+3+ t kk (1) = ЧОКЕ ++ П _ Gor DUC 2) 


2 


(continued) 
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as follows: 
Lop 2 Seed ea Oe HISA ee Re CR D 


— k(k+1) 
mE 


— kk 3- 11 
i 2 


by equation (5) 
TOU 
k?+k+2k+2 

2 


k? +3k+2 _ (К+1)(К+2) 
2 2 


Condition II also holds. As a result, formula (4) is true for all natural numbers n. . g 


\ Now Work PROBLEM 1 


| EXAMPLE 4 | Using Mathematical Induction 


Show that 3” — 1 is divisible by 2 for all natural numbers n. 


Solution First, show that the statement is true when n = 1. Because 3! — 1 = 3 — 1 = 2 is 

divisible by 2, the statement is true when n = 1. Condition I is satisfied. 

Next, assume that the statement holds for some natural number k, and determine 
whether the statement holds for the next natural number, k + 1. 

Assume that 3% — 1 is divisible by 2 for some К. Now show that 3**! — 1 is 
divisible by 2. 

3k+1 — 1 = 3k+1 — 3k + 3k —1 Subtract and add 3%. 
—3*(3—1) + (3% – 1) = 36.2 + (35 — 1) 

Because 3“ . 2 is divisible by 2 and 3“ — 1 is divisible by 2, it follows that 


3k -2 + (3% — 1) = 3*+! — 1 is divisible by 2. Condition II is also satisfied. As a 
result, the statement “3” — 1 is divisible by 2” is true for all natural numbers n. g 


\ Now Work PROBLEM 19 


ZN CAUTION The conclusion that a statement involving natural numbers is true for all natural 
numbers is made only after both Conditions | and II of the Principle of Mathematical Induction 
have been satisfied. Problem 28 demonstrates a statement for which only Condition | holds, and the 
statement is not true for all natural numbers. Problem 29 demonstrates a statement for which only 
Condition II holds, and the statement Is not true for any natural number. и 


11.4 Assess Your Understanding 


Skill Building 

In Problems 1-22, use the Principle of Mathematical Induction to show that the given statement is true for all natural numbers n. 

N2 44+6+---+2n =n(n+1) 214+54+94+---4+(4n —3) = n(2n – 1) 
3.34+4+45+4+---4(n4+2)= jn 5) 4 34-54 7+---4+(2n4+1) = n(n 4-2) 
& 245480 bcp ере jnOn +1) ee eo ESEN = 09) = $n(3n - 1) 
714242? +. +271! = 2" – 1 8143432 4 c3 = I0 - D) 
9.14 4-4 42 4 esp 4m = ian =) 11354554 4 5-1 = 105" 1) 

1 1 1 1 п 1 1 1 1 п 
п. | seg = 12. [nee] = 
1-2*2.3 3.4" n(in+1) n+1 (3 337937 (2n – 1)(20 +1) 2n+1 


NL. Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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13. 
15. 


17. 


\ 19. 


21. 


12 +22 +32 +... + п? = Enn Dn +1) 


1:.242:-343-44 4 1) = $an Dn +2) 


n? + n is divisible by 2. 
n? — n + 2.15 divisible by 2. 


Applications and Extensions 


14. 


16. 


18. 


20. 
22. 


1*9 Зра 


n? — imn +1)? 


2-3-4 


(n+1)= -jnn +3) 


1-2+3-4+5-6+-+ Qn — DO) = inn + 4n — 1) 


n? + 2n is divisible by 3. 
n(n + 1)(n + 2)is divisible by 6. 


that the number of diagonals in a convex polygon of n sides 


In Problems 23-27 prove each statement. 


23. 
24. 
25. 


26. 
27. 
28. 


29. 


30. 


31. 


32. 


Ifx > 1, ћепх" > 1. 

ПО < x < LthenO < x" <1. 

a — bisa factor of а" — b". 

[Hint: a*+! — b**! = a(a* — b*) + b*(a — b)] 
a + bisa factor of а?"+1 + Ь?"+1, 

(1+ a)" > 1+ na,fora > 0 


Show that the statement “n? — n + 41 is a prime number" 
is true for n = 1 but is not true for n = 41. 


Show that the formula 
24+44+6+4+---4+2n=n?+n+2 


obeys Condition II of the Principle of Mathematical 
Induction. That is, show that if the formula is true for some k, 
it is also true for k + 1. Then show that the formula is false 
forn = 1 (or for any other choice of n). 


Use mathematical induction to prove that ifr = 1, then 
1—7r^ 

1r 

Use mathematical induction to prove that 
a+(a+d)+(a+ 2d) 


a -Far- ar? +- фат =a 


n(n — 1) 
2 
Extended Principle of Mathematical Induction The 
Extended Principle of Mathematical Induction states that if 
Conditions I and II hold, that is, 
(I) A statement is true for a natural number j. 
(II) If the statement is true for some natural number k > j, 
then it is also true for the next natural number k + 1. 
then the statement is true for all natural numbers > j. Use 
the Extended Principle of Mathematical Induction to show 


Ten [а + (и – 1)4] = na + d 


Explaining Concepts: Discussion and Writing 


33. 


34. 


35. 


is $n(n — 3). 


[Hint: Begin by showing that the result is true whenn = 4 
(Condition I).] 

Geometry Use the Extended Principle of Mathematical 
Induction to show that the sum of the interior angles of a 
convex polygon of п sides equals (n — 2) - 180°. 

Challenge Problem Use the Principle of Mathematical 
Induction to prove that 


n 


5 —8 
2 —3 


—8n 
1—4n 


4n+1 
2n 


for all natural numbers n. 


Challenge Problem Paper Creases If a sheet of paper is 
folded in half by folding the top edge down to the bottom 
edge, one crease will result. If the folded paper is folded 
in the same manner, the result is three creases. With each 
fold, the number of creases can be defined recursively 
бус, = 1,c,,, = 2c, + 1. 

(a) Find the number of creases for n = 3 and n = 4 folds. 

(b) Use the given information and your results from part (a) 
to find a formula for the number of creases after n 
folds, c,,, in terms of the number of folds alone. 

(c) Use the Principle of Mathematical Induction to prove 
that the formula found in part (b) is correct for all 
natural numbers. 

(d) Tosa Tengujo is reportedly the world’s thinnest paper 
with a thickness of 0.02 mm. If a piece of this paper could 
be folded 25 times, how tall would the stack be? 


36. How would you explain the Principle of Mathematical Induction to a friend? 


Retain Your Knowledge 


Problems 37-45 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


37. Solve: log, vx +5 = 4 


38. 


4x + 3y = —7 


Solve th tem: 
olve the system TEE 


(continued) 


. A mass of 500 kg is suspended from two cables, as shown in the figure. What 
are the tensions in the two cables? 


3 —1 
. For A = E diris апав =| 1 0 find AB. 
01 4 -2 2 


. Find the partial fraction decomposition of LL _ 
х?+х—2 


. Ifa = 4,Ь = 9, and с = 10.2 аге the sides of triangle ABC, find the 
measure of angle B to the nearest tenth of a degree. 


. Solve: e3*-7 = 4 


. Find the exact value of tan? ifcos0 = 5 апа sinf > 0. 
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. If f'(x) = (x? — 2x + 1)(3x?) + (x? — 1)(2x — 2), find all real numbers x for which f'(x) = 0. 


11.5 The Binomial Theorem 


OBJECTIVES 1 evaluate ^ (p.897) 


2 Use the Binomial Theorem (p. 899) 


Formulas have been given for expanding (x + a)" for n = 2 and n = 3. The 
Binomial Theorem" is a formula for the expansion of (x + a)" for any positive 
integer n. If n = 1, 2, 3, and 4, the expansion of (x + a)" is straightforward. 


(x+a)'=x+a 
(x + a)? = х? + 2ах + a? 


(x + а)? = x? + Зах? + 3a?x + a? 


Two terms, beginning with x! and 
ending with a! 

Three terms, beginning with x? and 
ending with a? 

Four terms, beginning with x? 

and ending with a? 


(x + а) = x4 + 4ax3 + 6a?x? + 4a3x + a4 Five terms, beginning with x* 


and ending with a^ 


Notice that each expansion of (x + a)" begins with x" and ends with a". From 
left to right, the powers of x are decreasing by 1, while the powers of a are increasing 
by 1. Also, the number of terms equals n 4- 1. Notice, too, that the degree of each 
monomial in the expansion equals n. For example, in the expansion of (x + а)”, 
each monomial ( x?, 3ax?, 3a?x, a?) is of degree 3. As a result, it is reasonable to 
conjecture that the expansion of (x + a)" would look like this: 


(х+ а)" = х" + ах" + 


a?x"-? +... + а"—1х + а" 


where the blanks are numbers to be found. This is in fact the case. 


Before we can fill in the blanks, we need to introduce the symbol j | 


1 Evaluate j | 


The symbol i 


| ead “ntaken j at a time,” is defined next. 


"The name binomial is derived from the fact that x + a is a binomial; that is, it contains two terms. 
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[gcoMMENT On a graphing utility, the 
n 
LE be denoted by „C, m DEFINITION | ] | 


symbol 


If j and n are integers with 0 < j < n, the symbol 


‚| is defined as 
j 


n n! 
аала (1) 
j | jn — j) 
| EXAMPLE 1 | Evaluating ў 
Find: 
3 8 65 
b d 
Н "f | ol] Boff] 
Solution (а) | ? 2.3 _321_6_, 
1 “13-7 121 1(2-1) 2 
(b) 4 = Н _ 439251... 24 6 
2 tma —2) 2!2! (2-1)(2-1) 4 
NORMAL FLOAT AUTO REAL RADIAN МР 8 8! 8. М : 
7 = пе = a 7! 1! 1 „Ж. 1! 
8!= 8.7! 
| (а) Figure 11 shows the solution using a TI-84 Plus CE graphing calculator. So 
65 | ~ 2.073746998 x 1014 
15 _в 


\ Now Work PROBLEM 5 


Figure 11 


THEOREM 


Four useful formulas involving the symbol 


п\_ п! oo n ona 
1] 1(n-0D! (n-1)! (n! 
You are asked to prove the remaining two formulas in Problem 45. a 


Suppose that the values of the symbol i are arranged in a triangular display, 


as shown next and in Figure 12 on the next page. 


NOTE The Pascal triangle is symmetric 
about a line down its center. If we divide 
the triangle vertically in half, the entries 
in each row of the left half are the mirror 
image of the entries in the same row of 
the right half. 


= 


oo 
en 


4 |1 


WW] S | 7 


The vertical symmetry of the entries in 
the Pascal triangle is a result of the fact 
that 


| n Е п! 
n-j (n = pt 


= п! = 
М-р Ц) z 
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EU 

ge) c d үс 
пе 1 к pe 
m Mn 1 2 d з 

РА T" 
п=3 —- 1 3 3 1 E 
fed 1 4 6 4 1 pes 

| 

n=5— 1 5 10 10 5 1 


Figure 12 The Pascal triangle 


This display is called the Pascal triangle, named after Blaise Pascal (1623-1662), 
a French mathematician. 

The Pascal triangle has 1’s down the sides. To get any other entry, add the two 
nearest entries in the row above it. The shaded triangles in Figure 12 illustrate this 
feature of the Pascal triangle. Based on this feature, the row corresponding ton = 6 
is found as follows: 


n=5 > 1 5 10 10 5 1 
WN WN с 
n—-6— 16 15 20 15 61 


This addition always works (see the theorem on page 901). 
Although the Pascal triangle provides an interesting and organized display of 


the symbol 


i | in practice it is not that helpful. For example, if you want the value 


of | Е } you would need 13 rows of the triangle before seeing the answer. It is much 


faster to use definition (1). 


2 Use the Binomial Theorem 


THEOREM Binomial Theorem 


Let x and a be real numbers. For any positive integer n, 


n! 
(п — j)! 
are the numerical coefficients in the expansion of (x + a)". Because of this, the 


- А ; n 
This is why it was necessary to introduce the symibol| r IL numbers 


symbol 


i | is called a binomial coefficient. 


| EXAMPLE 2 | Expanding a Binomial 


Solution 


Use the Binomial Theorem to expand (x + 2 Py 
In the Binomial Theorem, let a = 2 апап = 5.Then 


5 5 5 5 5 5 
2p = 5 2x4 223 23 х2 24 25 
cea [р] spi penam n res] 


Use equation (2). 
plan un DNA + 10 - 8x? + 5.16x +1: 32 


Use rown = 5 of the Pascal triangle or definition (1) for : | 
= x? + 10x4 + 40x? + 80x? + 80x + 32 -» 
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| EXAMPLE 3 | Expanding a Binomial 


Expand (2y — 3)* using the Binomial Theorem. 


Solution First, rewrite the expression (2y — 3)* as [2y + (—3)]*. Now use the Binomial 
Theorem with n = 4, x = 2y,anda = —3. 


Bytia = | | Jon n | j aan? + | : Jcs*o»? 


4 3 4 4 
+ | 3 Is (2y) + | 4 Jc» 


= 1:16у* + 4(—3)8у? + 6 -9 - 4y? + 4(—27)2y +1: 81 


T n 
j 


Use row n — 4 of the Pascal triangle or definition (1) for 
In this expansion, note that the signs alternate becausea = —3 « 0. N 


= 16y* — 96y? + 216y? — 216y + 81 


\ Now Work PROBLEM 21 


| EXAMPLE4 | Finding a Particular Coefficient in a Binomial Expansion 


Find the coefficient of y? in the expansion of (2y + 3)'°. 


Solution Expand (2y + 3)? using the Binomial Theorem. 
(2y + 3)" = | ps Ja» + | ri Ja» o» + | - Jaya» * | A Jerar 


10 


[P]er] И 


у ора» - | ME 


From the third term in the expansion, the coefficient of y? is 


bi атау = 1l 28.9 = 10:9: дв 9 = 103,680 
2 21 8! 2. sf b 


As this solution demonstrates, the Binomial Theorem can be used to find a 
particular term in the expansion of (ax + b)” without writing the entire expansion. 


THEOREM 


The term containing x/ in the expansion of (ax + b)” is 


n 
n-j 


Jor (ах)! 


Example 4 сап be solved by using formula (3) with n = 10, а = 2,b = 3, 
апа j = 8. Then the term containing y? is 


[apt = C9 Js ias = 10! .9.28y8 


10-8 2218! 


| 10 
—10.9. 8t о sys = 103,680y5 


2. gf 
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| EXAMPLE 5 | Finding a Particular Term in a Binomial Expansion 


Find the 6th term in the expansion of (x + oy. 


Solution A Expand using the Binomial Theorem until the 6th term is reached. 


9 9 9 9 
2) = 9 8.2 7.22 
(x +2) MEEIME dH 4 


9 
6.23 5.24 
x «sp 


The 6th term is 


9 
5 


E - suc = 4032x4 


Solution B The 6th term in the expansion of (х + 2)°, which has 10 terms total, contains х“. 
(Do you see why?) By formula (3), the 6th term is 


9 l2s-4x4 = | ? |озуз+ = 9... 32x4 = 4032х5 
9—4 5 51 4! 
\ Now Work PROBLEMS 29 AND 35 


The following theorem shows that the triangular addition feature of the Pascal 
triangle illustrated in Figure 12 always works. 


THEOREM 
If n andj are integers with] < j < n, then 


Proof 
| n | = n! + n! 
j-1 О а jn- j) 
! ! 
-— е EM 
(j-1Mn-j*1! ji(n-j) 
jn! " (n — j + 1)n! Multiply the first term byt and 
= E z : : Р 7 
JG =1)(n=j+1)! у(—]+1)(0—]/)! TETS 
the second term by ——~—— 
jn! (n—j+1)n! E Et 
= а= АБ" е а) to make the denominators equal. 
_ jnatt+(n—jti1)n! 
jin—j+1)! 
_n{j+n-j+1) 
j!'(n — j 4-1)! 
noA I) _ (n +1)! [ntl 
/(п-]+1)! piel j]! j Е 
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Historical Feature 


he case п = 2 of the Binomial Theorem, 
(a+ b)? , was known to Euclid їп ЗОО вс, 
but the general law seems to have been 


discovered by the Persian mathematician and 
astronomer Omar Khayyám (1048—1131), 


who is also well known as the author of the 

Rubáiyát, a collection of four-line poems making 
Omar Khayyám observations on the human condition. Omar 
(1048-1151) Khayyám did not state the Binomial Theorem 
explicitly, but he claimed to have a method for extracting third, fourth, 
fifth roots, and so on. A little study shows that one must know the 
Binomial Theorem to create such a method. 


11.5 Assess Your Understanding 
Concepts and Vocabulary 


1. The 
coefficients. 


a[o] -— [i] -— 


Skill Building 


In Problems 5-16, evaluate each expression. 


is a triangular display of the binomial 


М5. | 6. 4 
3 3 

9, | 20 10. | 190 
49 98 

13. | > 14. | 60 
23 20 


In Problems 17-26, expand each expression using the Binomial Theorem. 


18. (x —1)° 
22. (2x + 3? 
26. (Vx — V3)" 


17. (x + 1)° 
N 21. (3x + 1)4 
25. (Vx + V2)" 


The heart of the Binomial Theorem is the formula for the numerical 
coefficients, and, as we saw, they can be written in a symmetric 
triangular form. The Pascal triangle appears first in the books of 
Yang Hui (about 1270) and Chu Shih-chieh (1303). Pascal's name is 
attached to the triangle because of the many applications he made of 
it, especially to counting and probability. In establishing these results, 
he was one of the earliest users of mathematical induction. 

Many people worked on the proof of the Binomial Theorem, which 
was finally completed for all n (including complex numbers) by Niels 
Abel (1802—1829). 


j! 


n = $ 
j) (n=j)!n! 


can be used to expand expressions 


3. True or False 


4. The 
like (2x + 3)°. 


7 9 
7. 8. 
H 1 

11, | 1000 12, | 1000 

1000 0 
inl 16. | 27 

25 19 
19. (x — 2)° 20. (x + 3)° 
23. (x? + y2y 24. (х2 — у?)° 
27. (ax + by? 28. (ax — by)? 


In Problems 29-42, use the Binomial Theorem to find the indicated coefficient or term. 


29. The coefficient of хб in the expansion of (x + 3)? 

31. The coefficient of х? in the expansion of (2x — 1 ye 

33. The coefficient of x? in the expansion of (2x + 3» 
“ы 35. The Sth term in the expansion of (x + 3)! 

37. The 3rd term in the expansion of (3x — Ds? 


p 
i 


39. The coefficient of x? in the expansion of | х? + 


ale 


41. The coefficient of x^ in the expansion of | х— 


TD 


Applications and Extensions 


43. Use the Binomial Theorem to find the numerical value 
of (1.001)? correct to five decimal places. 


[Hint: (1.001)? = (1 + 103)7] 


(1. Now Work Q 1. Modeling 1. Writing 


ta 1. Graphing Tech 


30. The coefficient of x? in the expansion of (x — 3)? 
32. The coefficient of x? in the expansion of (2x + 1 у 
34. The coefficient of x? in the expansion of (2x — 3)? 
36. The 3rd term in the expansion of (x — 3)! 
38. The 6th term in the expansion of (3x + 2 jS 

1v 


40. The coefficient of x° in the expansion of | X —— 
x 


8 
42. The coefficient of x? in the expansion of | Vx + x 
х 


44. Use the Binomial Theorem to find the numerical value 
of (0.998)° correct to five decimal places. 


A Calculus Preview == 1. Applet-Based 
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45. Showthat| ^" | =n anal ü | = 1. 50. Challenge Problem Pascal Figures The entries іп the Pascal 
n-1 n Triangle can, for n > 2, be used to determine the number 

46. Stirling’s Formula An approximation for n!, when n is large, of k-sided figures that can be formed using a set of n points 
is given by on a circle. In general, the first entry in a row indicates the 
n\" 1 number of n-sided figures that can be formed, the second 

n! x Vans (^) 1 T =] entry indicates the number of (n — 1)-sided figures, and 


so on. For example, if a circle contains 4 points, the row 
for n = 4 in the Pascal Triangle shows the number of 
possible quadrilaterals (1), the number of triangles (4), and 


Calculate 12!, 20!, and 25! on your calculator. Then use 
Stirling’s formula to approximate 12!, 20!, and 25!. 


47. Challenge Problem If n is a positive integer, show that the number of line segments (6) that can be formed using 
Е m n the four points. 
0 F 1 Prius Ж 2" (а) How many hexagons сап be formed using 8 points lying 
| | on the circumference of a circle? 
[Hint:2” = (1 + 1)"; now use the Binomial Theorem. ] (b) How many triangles can be formed using 10 points lying 
48. Challenge Problem If n is a positive integer, show that on the circumference of a circle? 
(c) How many dodecagons can be formed using 20 points 
n AEE а lying on the circumference of a circle? 
0) |1] l2 did 
51. Challenge Problem Find the coefficient of x* in 
49. Challenge Problem Find the value of 3 10 
5 4 3432 fix)e(1-a)-(I-x*y 4x) 
үлү L(Sy1y(3), (5y1y(3 | 2 
0 A4 1Л4/ 44 2104) \4 52. Challenge Problem In the expansion of [а + (b + с)? |, 
5 \/1\2/3\3 5 \/1\/3\4 5 \[3\* find the coefficient of the term containing a?b*c?. 
+0304) (a) GGG) +\ 


Retain Your Knowledge 


Problems 53-62 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


53. Solve 6* = 5**!. Express the answer both in exact form 57. If f(x) = x? — 6andg(x) = Vx + 2, find g( f(x)) and 
and as a decimal rounded to three decimal places. state its domain. 

54. For v = 2i + 3jandw = 3i — 2j: NE 3 2 _ Е 
(a) Find the dot product v - w. Х 58. If y = 2" + 2x + C and y = 5 when x = 3, find the 
(b) Find the angle between v and w. value of C. 


(c) Are the vectors parallel, orthogonal, or neither? 59, Establish the identity sin? 0 + sin20tan?0 = tan? б. 


55. Solve the system of equations: 
x- y— z=0 GP $1) Fa — x1 (3x2) 

. Simplify: 3 

2x+ y+3z=-1 (x? +1) 
4х+2у— z= 12 


. Find the vertical asymptotes, if any, of the graph of 


56. Graph the system of inequalities. Tell whether the graph is 3x2 
bounded or unbounded, and label the corner points. f(x) = = 3)(х +1) 


2 
„ЖК f(x) = 3 + L, find f (—2). What is the corresponding 


point on the graph of f? 


2 
< 


Chapter Review 


Things to Know 


Sequence (p. 864) A function whose domain is the set of positive integers and whose range is a subset of 
the real numbers 
Factorials (p. 866) О = 11 = 1и! =n(n—-1)--:-- -3-2-1ifn > 2 isan integer 


Arithmetic sequence (pp. 874 and 876) | a, = a, a, = a, , +d, where a, = a = first term, d = common difference 
a, =a,+(n-1)d 

Sum of the first п terms of an arithmetic 5, = Ea: + (и — 1)4] = 5t + a,) 

sequence (p. 877) 


N 
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Geometric sequence (рр. 881 and 882) а; = a, a, = ra, ,,wherea, = a = first term, г = common ratio 


@ —ua reb gu 
Sum of the first n terms of a geometric 55, = a, peu ы 0,1 
1-r 
sequence (p. 883) 
Infinite geometric series (p. 884) a,+a,r+---+a,r714+---= У) a, r*-1 
k=1 
Sum of a convergent infinite If|r| < 1, b» a rd = ti 
k=1 ler 


geometric series (p. 885) = 


Amount of an annuity (р. 887) А = Р бежања 
і 


, where Р = the deposit (in dollars) made at the end of each 


payment period,i = interest rate per payment period (as a decimal), and A = the 


amount of the annuity after п deposits. 


Principle of Mathematical 
Induction (p. 893) 


If the following two conditions are satisfied, 


Condition I: The statement is true for the natural number 1. 


Condition II: If the statement is true for some natural number k, and it can be shown 


to be true fork + 1, 


then the statement is true for all natural numbers. 


! 
Binomial coefficient (p. 898) | j | = Maji 


The Pascal triangle (p. 899) See Figure 12. 


Binomial Theorem (p. 899) (х+а)" = | i je + | i Ga Paer 


Objectives 


Section You should be able to... Examples 


11.1 List the first several terms of a sequence (p. 864) 1—4 
List the terms of a sequence defined by a recursive formula (p.867) 5,6 
Use summation notation (p. 868) 7,8 
Find the sum of a sequence (p. 869) 

Determine whether a sequence is arithmetic (p. 874) 

Find a formula for an arithmetic sequence (p. 875) 

Find the sum of an arithmetic sequence (p. 877) 

Determine whether a sequence is geometric (p. 881) 

Find a formula for a geometric sequence (p. 882) 

Find the sum of a geometric sequence (p. 883) 

Determine whether a geometric series converges or diverges (p. 884) 
Solve annuity problems (p. 887) 


Prove statements using mathematical induction (p. 893) 


Evaluate | j | (p. 897) 


Use the Binomial Theorem (p. 899) 


n { Р 
. la! x"? +... 
J | 


Review Exercises 
1.2 

3,4 

5,6 

13,14 

7-12 

17, 19-21, 34(a) 
7,10, 14, 34(b), 35 
7-12 

11, 18, 36(a)-(c), 38 
9, 11, 15, 16 

22-25, 36(d) 

ЭТ 

26-28 


29 
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Review Exercises 


In Problems 1-4, list the first five terms of each sequence. 


п 3 2^ 2 
1. {a,} = {ер (=) $ {c,} = 122) 3a, = 3; а, = 54,1 Ad =O: ш = =й, 
4 
5. Expand 5 *(4k + 2). 
k-l 
6. Express 1 — i + I-fIass + A using summation notation. 
2 3 4 13 


In Problems 7-12, determine whether the given sequence is arithmetic, geometric, or neither. If the sequence is arithmetic, find the common 
difference and the sum of the first n terms. If the sequence is geometric, find the common ratio and the sum of the first n terms. 


7. {a,} = {n + 5} 8. {с„} = {2n>} 9. (5,) = (2?) 
3 3 3. 3 23465 
10. 0, 4, 8, 12, ... 11.3, =, =, 5, —,... 12. =, =, =, = 
0. , „ 3 , s 2° 4? 8’ 16° 3? 4? 5? 6” 
In Problems 13—16, find each sum. 
13 30 " 40 7 1 k 10 k 
>) 0e +2) 14. Y (-2k + 8) 15. 5> (3) 16. X` (-2) 
К=1 К=1 К=1 3 k=1 


In Problems 17-19, find the indicated term in each sequence. [Hint: Find the general term first. 


17. 9th term of 3, 7, 11, 15,... 18. 11th term of 1, » 1 


‚© тә... 19. 9th term of V2, 2V2, 3V2,... 
0° 100 


In Problems 20 and 21, find a general formula for each arithmetic sequence. 
20. 7th term is 31; 20th term is 96 21. 10th term is 0; 18th term is 8 


In Problems 22-25, determine whether each infinite geometric series converges or diverges. If it converges, find its sum. 


d.d tA 
22,.34+1+4+=+=4+-:: 23. Эз ue eso eats 
+ татат ш ТШ 
ie <3. 9 оо 1\51 
24 2+5 +5: 25. 4[7] 
ОТА ЫТ 5 


In Problems 26-28, use the Principle of Mathematical Induction to show that the given statement is true for all natural numbers. 


26.3464 9400+ 3n = Эп +1) 212464 184-2304 = 3° —1 


28.12 4-42 +72 +---+(3n-—2) = sn on? 3n — 1) 29. Evaluate. J 


In Problems 30 and 31, expand each expression using the Binomial Theorem. 


30. (x + 2)° 31. (3x – 4)! 
32. Find the coefficient of x? in the expansion of (x + 2)*. (a) What height will the ball bounce up to after it strikes 
33. Find the coefficient of x? in the expansion of (2x + 1)’. the ground for the 3rd time? 


(b) How high will it bounce after it strikes the ground for 
the nth time? 

(c) How many times does the ball need to strike the ground 
before its bounce is less than 6 inches? 

(d) What total distance does the ball travel before it stops 
bouncing? 


34. Constructing a Brick Staircase A brick staircase has a total 
© of 25 steps. The bottom step requires 80 bricks. Each step 
thereafter requires three fewer bricks than the prior step. 
(a) How many bricks are required for the top step? 
(b) How many bricks are required to build the staircase? 


35. Creating a Floor Design A mosaic tile floor is designed in 
the shape of a trapezoid 30 feet wide at the base and 15 feet 
wide at the top. The tiles, 12 inches by 12 inches, are to be 
placed so that each successive row contains one fewer tile 
than the row below. How many tiles will be required? 

36. Bouncing Balls A ball is dropped from a height of 20 feet. 
Each time it strikes the ground, it bounces up to three- 
quarters of the height of the previous bounce. 


37. Retirement Planning Renaldo gets paid once a month and 
contributes $350 each pay period into his 401(k). If Renaldo 
plans on retiring in 20 years, what will be the value of his 
401(k) if the per annum rate of return of the 401(k) is 6.5% 
compounded monthly? 


38. Salary Increases Your friend has just been hired at an annual 
salary of $50,000. If she expects to receive annual increases 
of 4%, what will be her salary as she begins her Sth year? 
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CHAPTER 


Test Pre 


VIDEOS 


Chapter Test 


The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
exercises. These videos are available in MyLab™ Math. 


In Problems 1 and 2, list the first five terms of each sequence. 


r6) rra] 


2. а = 4,4, = За, у + 2 


In Problems 3 апа 4, expand each sum. Evaluate each sum. 
3 4 k 
3. уур (1) a У (5) -k 
k=1 kai 13 


k2 
5. Write the following sum using summation notation. 


In Problems 6-11, determine whether the given sequence is 
arithmetic, geometric, or neither. If the sequence is arithmetic, find the 
common difference and the sum of the first n terms. If the sequence 
is geometric, find the common ratio and the sum of the first n terms. 


6. 6, 12, 36, 144,... 7. t | 4^] 

$0 Їй “1696 о, 9, {-5 n 1} 
8 2n — 3 

10225, 104, 5. п. 

б. 25, 10,4, =, (z) 


12. Determine whether the infinite geometric series 
256 — 64 4- 16 — 4 


converges or diverges. If it converges, find its sum. 
13. Expand (3m + 2)? using the Binomial Theorem. 


14. Use the Principle of Mathematical Induction to show that the 
given statement is true for all natural numbers. 


СОЕ ЕСЕ 


Cumulative Review 


1. Find all the solutions, real and complex, of the equation 
|x?| 2 9 
2. (a) Graph the circle x? + y? = 100 and the 


parabola y — 3x?. 


А х? + у? = 100 
(b) Solve the system of equations: 
39 em ben 


(c) Where do the circle and the parabola intersect? 
3. Solve the equation:2e* — 5 


4. Find an equation of the line with slope 5 and x-intercept 2. 


5. Find the standard equation of the circle whose center is the 
point ( — 1, 2) if (3, 5) is a point on the circle. 


6 f о = S and g(x) = 2х +1 
Find: 
(a) (f o g)(2) 
(с) (f o g)(x) 
(е) (во f)(x) 


(g) The function g~! 
and its domain 


(b) (g o f)(4) 
(d) The domain of( f o g)(x) 
(f) The domain of (g o f)(x) 


(h) The function f~! and its 
domain 


15. A new car sold for $31,000. If the vehicle loses 1596 of its value 
each year, how much will it be worth after 10 years? 


16. A weightlifter begins his routine by benching 100 pounds 
and increases the weight by 30 pounds for each set. If he 
does 10 repetitions in each set, what is the total weight lifted 
after 5 sets? 


7. Find an equation of an ellipse with center at the origin, a 
focus at (0, 3) and a vertex at (0, 4). 


8. Find an equation of a parabola with vertex at (—1, 2) and 
focus at (—1, 3). 


9. Find the polar equation of a circle with center at (0, 4) that 
passes through the pole. What is the rectangular equation? 


10. Solve the equation 


оет -sinx -3-0 О от 
11. Find the exact value of cos-! (—0.5). 


12. If sin = i and 0 is in the second quadrant, find: 


(b) tan 8 
(d) cos(20) 


(a) cos0 
(c) sin(20) 


(e) sin( +0) 


Chapter Projects 


Credit: Bignai/Shutterstock 


@) Internet-based Project 


1. 


Population Growth The size of the population of the United 
States essentially depends on its current population, the 
birth and death rates of the population, and immigration. 
Let b represent the birth rate of the U.S. population, and let d 
represent its death rate. Then r — b — d represents the 
growth rate of the population, where r varies from year to 
year. The U.S. population after n years can be modeled using 
the recursive function 


Pn = (1+ p.a tI 


where J represents net immigration into the United States. 


1. 


Using data from the CIA World Factbook at 
https://www.cia. gov/library/publications/resources/ 
the-world-factbook/, determine the birth and death rates 
in the United States for the most recent year that data 


7. 
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are available. Birth rates and death rates are given as the 
number of live births per 1000 population. Each must be 
computed as the number of births (deaths) per individual. 
For example, in 2017 the birth rate was 12.5 per 1000 and 
the death rate was 8.2 per 1000, so 


12.5 : 8.2 
= 1000 = 0.0125, while d = 1000 ~ 0.0082. 
Next, using data from the Immigration and 
Naturalization Service at usa.gov/federal-agencies/u-s- 
citizenship-and-immigration-services, determine the net 
immigration into the United States for the same year used 
to obtain b and d. 


Determine the value ofr, the growth rate of the population. 


Find a recursive formula for the population of the United 
States. 


Use the recursive formula to predict the population of 
the United States in the following year. In other words, 
if data are available up to the year 2020, predict the U.S. 
population in 2021. 


Does your prediction seem reasonable? Explain. 


Repeat Problems 1—5 for Uganda using the CIA World 
Factbook (in 2017 the birth rate was 42.9 per 1000 and the 
death rate was 10.2 per 1000). 


Do your results for the United States (a developed 
country) and Uganda (a developing country) seem in line 
with the article in the chapter opener? Explain. 

Do you think the recursive formula found in Problem 3 
will be useful in predicting future populations? Why or 
why not? 


Credit: CIA World Factbook 


The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 


П. 


Project at Motorola Digital Wireless Communication Cell phones take speech and change it into digital code using only zeros and 
ones. See how the code length can be modeled using a mathematical sequence. 


Ш. Economics Economists use the current price of a good and a recursive model to predict future consumer demand and to determine 
future production. 


IV. Standardized Tests Many tests of intelligence, aptitude, and achievement contain questions asking for the terms of a mathematical 
sequence. 


1? Counting and Probability 


Purchasing a Lottery Ticket 


In recent years, the jackpot prizes for the nation’s two major multistate 
lotteries, Mega Millions and Powerball, have climbed to all-time highs. 
The probability of winning the Mega Millions jackpot is now about 1 in 
303 million, and the probability for Powerball is about 1 in 292 million. 

With such improbable chances of winning the jackpots, one might wonder 
if there ever comes a point when purchasing a lottery ticket is worthwhile. 
One important consideration in making this determination is the expected 
value. For a game of chance, the expected value is a measure of how much a 
player will win or lose if she or he plays the game a large number of times. 

The project at the end of this chapter explores the expected value from 
playing Mega Millions and Powerball and examines how the expected value 
is related to the jackpot amount. 


Credit: Cylonphoto/123RF.com 


— See Chapter Project I— 


Outline 


12.1 Counting We introduced sets in Appendix A, Section A.1, and have been using them to represent solutions 
12.2 Permutations and Combinations of equations and inequalities and to represent the domain and range of functions. 
12.3 Probability 
Chapter Review 
Chapter Test Here we discuss methods for counting the number of elements in a set and consider the role of 
Cumulative Review sets in probability. 
Chapter Projects 


908 


SECTION 12.1 Counting 909 


12.1 Counting 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Sets (Appendix A, Section A.1, pp. AI-A3) 


\ Now Work the ‘Are You Prepared?’ problems оп page 913. 


OBJECTIVES 1 Find All the Subsets of a Set (p. 909) 
2 Count the Number of Elements in a Set (p. 909) 
3 Solve Counting Problems Using the Multiplication Principle (p. 911) 


Counting plays a major role in many diverse areas, such as probability, statistics, and 
computer science; counting techniques are a part of a branch of mathematics called 
combinatorics. 


1 Find All the Subsets of a Set 


We begin by reviewing the ways in which two sets can be compared. 
e If two sets A and B have precisely the same elements, we say that A and В are 
equal and write A = B. 


e If each element of a set A is also an element of a set B, we say that A is a subset 
of Band write A C B. 


e If A С Band A = B, we say that A is a proper subset of B and write A С В. 


* If A C В, every element in set A is also in set B, but B may ог may not have 
additional elements. If A С B, every element in A is also in B, and B has at least 
one element not found in A. 


e Finally, the empty set, Ø, is a subset of every set; that is, 


ОСА for any set A 


| EXAMPLE 1 | Finding All the Subsets of a Set 


Write down all the subsets of the set {a, b, c}. 


Solution To organize the work, write down all the subsets with no elements, then those with 
one element, then those with two elements, and finally those with three elements. This 
gives all the subsets. Do you see why? 


0 Elements 1 Element 2 Elements 3 Elements 
D {a}, {b}, {c} {a, b}, {b, c}, {a, c} {a, b, c} B 


\ Now Work PROBLEM 9 


2 Count the Number of Elements in a Set 


As you count the number of students in a classroom or the number of likes on a 
YouTube video, what you are really doing is matching, on a one-to-one basis, each 


object to be counted with the set of counting numbers, 1, 2, 3,..., n, for some 
number и. If a set A matched up in this fashion with the set (1, 2,..., 25}, you 
In Words would conclude that there are 25 elements in the set A. The notation n( A) = 25 is 


The notation n( A) means “the 


| x used to indicate that there are 25 elements in the set A. 
number of elements in set A" A 


Because the empty set has no elements, we write 
п(@) = 0 


If the number of elements in a set is a nonnegative integer, the set is finite. Otherwise, 
it is infinite. We shall concern ourselves only with finite sets. 
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Look again at Example 1. А set with 3 elements has 22 = 8 subsets. This result 
can be generalized. 


If A is a set with n elements, then A has 2" subsets. 


For example, the set (a, b, с, d, е} has2? = 32 subsets. 


Analyzing Survey Data 

In a survey of 100 college students, 35 were registered in College Algebra, 52 were 
registered in Computer Science I, and 18 were registered in both courses. 

(a) How many students were registered in College Algebra or Computer Science I? 
(b) How many were registered in neither course? 


Solution (a) First, let A = set of students in College Algebra 
B 


set of students in Computer Science I 
Then the given information tells us that 


n(A) = 35 n(B) = 52 ПАП B) = 18 


ЙИМ: Refer to Figure 1. Since n(A N В) = 18, the common part of the circles 
representing set A and set B has 18 elements. In addition, the remaining portion 
of the circle representing set A will have 35 — 18 = 17 elements. Similarly, the 
0 remaining portion of the circle representing set В has 52 — 18 = 34 elements. 

This means that17 + 18 + 34 = 69 students were registered in College Algebra 
or Computer Science I. 


31 


— 


(b) Since 100 students were surveyed, it follows that 100 — 69 = 31 were registered 
Figure 1 in neither course. _8 


\ Now Work PROBLEMS 17 AND 27 


The solution to Example 2 contains the basis for a general counting formula. 
If we count the elements in each of two sets A and B, we necessarily count twice 
any elements that are in both A and B—that is, those elements in A N В. To count 
correctly the elements that are in A or B—that is, to find n( A U B)—subtract those 
in A N B fromn( A) + n(B). 
THEOREM Counting Formula 


If A and B are finite sets, 


n(AU B) = п(А) + п(В) – п(А Пп B) (1) 


Refer to Example 2. Using formula (1), we have 


n(AU В) = п(А) + n(B) n(An В) 
= 35 + 52 – 18 
= 69 


There аге 69 students registered in College Algebra or Computer Science І. 
A special case of the Counting Formula (1) occurs if A and B have no elements 
in common. In this case, A N B = @,son( AN В) = 0. 


THEOREM Addition Principle of Counting 


If two sets A and B have no elements in common, that is, 


if AN B = Ø, thenn(AU B) = n(A) + n(B) (2) 
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Formula (2) can be generalized. 


THEOREM General Addition Principle of Counting 


If, for n sets A,, Aj, ..., А,, по two have elements in common, then 


(АНША Uses UAL) = nC Ay) bn Ag) ees АСА) (3) 


| EXAMPLE 3 | Counting 


Table 1 lists the level of education for all United States residents 25 years of age or 
older in 2020. 


Table 1 Level of Education Number of U.S. Residents at Least 25 Years Old 


Not a high school graduate 20,208,000 
High school graduate 61,597,000 


Some college, but no degree 33,986,000 
Associate’s degree 23,566,000 
Bachelor’s degree 52,164,000 
Advanced degree 31,537,000 


Source: Current Population Survey 


(a) How many U.S. residents 25 years of age or older had an associate’s degree or a 
bachelor’s degree? 


(b) How many US. residents 25 years of age or older had an associate’s degree, а 
bachelor’s degree, or an advanced degree? 


Solution Let A represent the set of associate's degree holders, B represent the set of bachelor's 
degree holders, and C represent the set of advanced degree holders. No two of the sets 
A, B, and C have elements in common (although the holder of an advanced degree 
certainly also holds a bachelor's degree, the individual would be part of the set for 
which the highest degree has been conferred). Then 


n(A) = 23,566,000 n(B) = 52,164,000 n(C) = 31,537,000 
(a) Using formula (2), 
n(AU B) = n(A) + n(B) = 23,566,000 + 52,164,000 = 75,730,000 


There were 75,730,000 U.S. residents 25 years of age or older who had an 
associate's degree or a bachelor's degree. 


(b) Using formula (3), 


n(AUBUC)=n(A)4+ n(B) 4+ n(C) 
= 23,566,000 + 52,164,000 + 31,537,000 


= 107,267,000 
There were 107,267,000 U.S. residents 25 years of age or older who had an 
associate’s degree, a bachelor’s degree, or an advanced degree. 8 


\ Now Work PROBLEM 31 


3 Solve Counting Problems Using the Multiplication Principle 


| EXAMPLE4 | Counting the Number of Possible Meals 


The fixed-price dinner at Mabenka Restaurant provides the following choices: 


Appetizer: soup or salad 
Entrée: baked chicken, broiled beef patty, beef liver, or roast beef au jus 
Dessert: ice cream or cheesecake 


How many different meals can be ordered? (continued) 
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Solution 


Ordering such a meal requires three separate decisions: 


Choose an Appetizer Choose an Entrée Choose a Dessert 


2 choices 4 choices 2 choices 


Look at the tree diagram in Figure 2. Note that for each choice of appetizer, there 
are 4 choices of entrées. And for each of these 2 - 4 = 8 choices, there are 2 choices 
for dessert. A total of 


2.4.2 = 16 
different meals сап be ordered. 
Appetizer Entrée Dessert 
ice cream Soup, chicken, ice cream 
Cheesecake 
р aS Soup, chicken, cheesecake 
NY ice cream Soup, patty, ice cream 
patty Cheesecake 
| Soup, patty, cheesecake 
Liver \се creat Soup, liver, ice cream 
Lop Cheesecake | 
КУ Soup, liver, cheesecake 
© \се cream .. — Soup, beef, ice cream 
Cheesecake 
Soup, beef, cheesecake 
Ice cream Salad, chicken, ice cream 
g Cheesecake | 
©», i АСУ Salad, chicken, cheesecake 
RY \се crea |. Salad, patty, ice cream 
patty Cheesecake 
| Salad, patty, cheesecake 
Liver Ice cream Salad, liver, ice cream 
$, Cheesecake | 
Salad, liver, cheesecake 
\се cream ___- Salad, beef, ice cream 
{ Cheesecake 
Figure 2 Salad, beef, cheesecake -J 


Example 4 demonstrates a general principle of counting. 


THEOREM Multiplication Principle of Counting 


If a task consists of a sequence of choices in which there are p selections for the 
first choice, q selections for the second choice, r selections for the third choice, 
and so on, the task of making these selections can be done in 


Ban: 


different ways. 


| EXAMPLE5 | Forming Codes 


Solution 


How many two-symbol code words can be formed if the first symbol is an uppercase 
letter and the second symbol is a digit? 


It sometimes helps to begin by listing some of the possibilities. The code consists 
of an uppercase letter followed by a digit, so some possibilities are A1, A2, B3, X0, 
and so on. The task consists of making two selections: The first selection requires 
choosing an uppercase letter (26 choices), and the second task requires choosing a 
digit (10 choices). By the Multiplication Principle, there are 


26.10 — 260 
different code words of the type described. N 


\ Now Work PROBLEM 23 


12.1 Assess Your Understanding 


SECTION 12.1 Counting 913 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The of A and B consists of all elements in either 2. 
A or В or both. (pp. А1-АЗ) 
3. True or False The intersection of two sets is always a subset 4. 


of their union. (pp. A1-A3) 


Concepts and Vocabulary 


5. If each element of a set A is also an element of a set B, we 6. 
say that A isa of B and write A B. 
7. True or False If a task consists of a sequence of three choices 8. 


in which there are p selections for the first choice, q selections 
for the second choice, and r selections for the third choice, 
then the task of making these selections can be done in 
Dp:q-r different ways. 


Skill Building 
\ 9. Write down all the subsets of (a, b, c, d}. 10. 
11. If n( A) = 15, n(B) = 20,andn( A n B) = 10, 12. 
find n( A U B). 
13. If n( AU B) = 50, n(A N B) = 10, andn( B) = 20, 14. 
find n( A). 


In Problems 15—22, use the information given in the figure. 


15. How many are in set A? 16. How many are in set B? A 
N 17. How many are in A or B? 18. How many are in A and B? ANIN 
4 
19. How many are in A but not C? 20. How many are not in A? ey 


21. How many are in A and В and С? 22. How many are in A or B 
Applications and Extensions 


N 23. Shirts and Ties A man has 5 shirts and 3 ties. How many 29. 
different shirt-and-tie arrangements can he wear? 


24. Blouses and Skirts A woman has 5 blouses and 8 skirts. How 
many different outfits can she wear? 


25. Four-digit Numbers How many four-digit numbers can be 
formed using the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 if the first 
digit cannot be 0? Repeated digits are allowed. 

26. Five-digit Numbers How many five-digit numbers can be 
formed using the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 if the first 
digit cannot be 0 or 1? Repeated digits are allowed. 

N 27. Analyzing Survey Data In a consumer survey of 500 people, 
200 indicated that they would be buying a major appliance 
within the next month, 150 indicated that they would buy 
a car, and 25 said that they would purchase both a major 
appliance and a car. How many will purchase neither? How 30 
many will purchase only a car? 


28. Analyzing Survey Data In a student survey, 200 indicated 
that they would attend Summer Session I, and 150 indicated 
Summer Session II. If 75 students plan to attend both summer 
sessions, and 275 indicated that they would attend neither 
session, how many students participated in the survey? 


The of A with B consists of all elements in 
both A and B. (pp. A1-A3) 
True or False ЇЇ A is a set, the complement of A is the set 


of all the elements in the universal set that are not in A. 
(pp. A1-A3) 


If the number of elements in a set is a nonnegative integer, 
we say that the set is 


Multiple Choice The Counting Formula states that if A 
and B are finite sets, then n( A U B) = А 

(а) n(A) + (В) (b) n(A) + n(B) - п(А ПВ) 

(c) n(A): nCB) (d) n(A) — nCB) 


Write down all the subsets of (a, b, c, d, e). 
If n( A) = 30, n( B) = 40, and n( A U B) = 45, 
find n( A n B). 


If n( AU В) = 60, n( An B) = 40,andn( A) = n(B), 
find n( A). 


or C? 


Analyzing Survey Data In a survey of 100 investors in the 
stock market, 
50 owned shares in IBM 
40 owned shares in AT&T 
45 owned shares in GE 
20 owned shares in both IBM and GE 
15 owned shares in both AT&T and GE 
20 owned shares in both IBM and AT&T 
5 owned shares in all three 
(a) How many of the investors surveyed did not have shares 
in any of the three companies? 
(b) How many owned just IBM shares? 
(c) How many owned just GE shares? 
(d) How many owned neither IBM nor GE? 
(e) How many owned either IBM or AT&T but no GE? 


. Classifying Blood Types Human blood is classified as 


either Rh+ or Rh—. Blood is also classified by type: A, if it 
contains an A antigen but not a B antigen; В, if it contains a 
B antigen but not an A antigen; AB, if it contains both A and 
B antigens; and О, if it contains neither antigen. Draw a Venn 
diagram illustrating the various blood types. Based on this 
classification, how many different kinds of blood are there? 
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N 31. Demographics The following data represent the marital 
status of males 15 years old and older in the U.S. in 2020. 


® 
Marital Status 
Married 
Widowed 
Divorced 


Number (in millions) 


Separated 


Never married 


Source: United States Census Bureau 


(a) Determine the number of males 15 years old and older 
who are widowed or divorced. 

(b) Determine the number of males 15 years old and older 
who are married, divorced, or separated. 


32. Demographics The following data represent the marital 
status of females 15 years old and older in the U.S. in 2020. 


® 
Marital Status 
Married 
Widowed 
Divorced 


Number (in millions) 


Separated 
Never married 


Source: United States Census Bureau 


(a) Determine the number of females 15 years old and older 
who are divorced or separated. 

(b) Determine the number of females 15 years old and older 
who are married, widowed, or divorced. 


33. Stock Portfolios As a financial planner, you are asked to select one stock each from the following groups: 8 Dow Jones stocks, 
15 NASDAQ stocks, and 4 global stocks. How many different portfolios are possible? 


Explaining Concepts: Discussion and Writing 


34. Make up a problem different from any found in the text that 
requires the addition principle of counting to solve. Give it 
to a friend to solve and critique. 


Retain Your Knowledge 


35. Investigate the notion of counting as it relates to infinite sets. 


Write an essay on your findings. 


Problems 36—45 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


36. Graph (x — 2)? + (y +1)? = 9. 

37. If the sides of a triangle are a = 2, b = 2, and c = 3, 
find the measures of the three angles. Round to the nearest 
tenth. 


. Find all the real zeros of the function: 


f(x) = (x — 2)(x? — 3x — 10) 


. Solve: log; x + log,;2 = —2 


. Solve: x? = 72x 


. Solve the system: 


‘Are You Prepared?’ Answers 


Ж 45. Find the partial fraction decomposition: 


42. Multiply: (2x — 7)(3x? — 5x + 4) 


43. Determine whether the infinite series converges or diverges. 


If it converges, find the sum. 
12 , 36 108 
1 


A A4. уток) = S — 2) 1? + кх — 2) 7^, find where 


(а) (x)= 0 (b) f”(x)is undefined 


3x? + 15х + 5 
x? + 2х2 + x 


1. union 2. intersection 3. True 4. True 


12.2 Permutations and Combinations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Factorial (Section 11.1, pp. 866-867) e Binomial Coefficient (Section 11.5, pp. 897-899) 


\ Now Work the ‘Are You Prepared?’ problems on page 921. 


OBJECTIVES 1 Solve Counting Problems Using Permutations Involving n Distinct Objects (p. 915) 
2 Solve Counting Problems Using Combinations (p. 917) 


3 Solve Counting Problems Using Permutations 
Involving n Nondistinct Objects (p. 920) 
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1 Solve Counting Problems Using Permutations 
Involving n Distinct Objects 


DEFINITION Permutation 


A permutation is an ordered arrangement of r objects chosen from n objects. 


Three types of permutations are discussed: 


* The n objects are distinct (different), and repetition is allowed in the selection 
of r of them. [Distinct, with repetition] 
* Then objects are distinct (different), and repetition is not allowed in the selection 
of r of them, wherer < n. [Distinct, without repetition] 
* The n objects are not distinct, and all of them are used in the arrangement. 
[Not distinct] 
We take up the first two types here and deal with the third type at the end of 
this section. 
The first type of permutation (n distinct objects, repetition allowed) is handled 
using the Multiplication Principle. 


| €XAMPLE1 | Counting Airport Codes [Permutation: Distinct, with Repetition] 


The International Airline Transportation Association (IATA) assigns three-letter 
codes to represent airport locations. For example, the airport code for Ft. Lauderdale, 
Florida, is FLL. Notice that repetition is allowed in forming this code. How many 
airport codes are possible? 


Solution Ар airport code is formed by choosing 3 letters from 26 letters and arranging them 
in order. In the ordered arrangement, a letter may be repeated. This is an example of 
a permutation with repetition in which 3 objects are chosen from 26 distinct objects. 
The task of counting the number of such arrangements consists of making three 
selections. Each selection requires choosing a letter of the alphabet (26 choices). By 
the Multiplication Principle, there are 


26.26.26 — 26? — 17,576 


possible airport codes. E 


The solution given to Example 1 can be generalized. 


THEOREM Permutations: Distinct Objects with Repetition 


The number of ordered arrangements of r objects chosen from n objects, in 
which the n objects are distinct and repetition is allowed, is n”. 


\ Now Work PROBLEM 33 


Now let’s consider permutations in which the objects are distinct and repetition 
is not allowed. 


| EXAMPLE 2 | Forming Codes [Permutation: Distinct, Without Repetition] 


Suppose that a three-letter code is to be formed using any of the 26 uppercase letters 
of the alphabet, but no letter is to be used more than once. How many different 
three-letter codes are there? 


(continued) 
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Solution Some of the possibilities are ABC, ABD, ABZ, ACB, CBA, and so on. The task 
consists of making three selections. The first selection requires choosing from 
26 letters. Since no letter can be used more than once, the second selection requires 
choosing from 25 letters. The third selection requires choosing from 24 letters. (Do 
you see why?) By the Multiplication Principle, there are 


26.25.24 = 15,600 


different three-letter codes with no letter repeated. _B 


For the second type of permutation, we introduce the following notation. 


The notation P(n, r) represents the number of ordered arrangements of 
г objects chosen from п distinct objects, where r < n and repetition is not 
allowed. 


For example, the question posed in Example 2 asks for the number of ways in 
which the 26 letters of the alphabet can be arranged, in order, using three nonrepeated 
letters. The answer is 


P(26, 3) = 26-25-24 = 15,600 


| EXAMPLE 3 | Lining People Up 


In how many ways can 5 people be lined up? 


Solution Тһе 5 people are distinct. Once a person is in line, that person will not be repeated 
elsewhere in the line; and, in lining people up, order is important. This is a permutation 
of 5 objects taken 5 at a time, so 5 people can be lined up in 


Р(5, 5) = 5-4-3-2-1 = 120 ways 
5 factors _8 


\ Now Work PROBLEM 35 


To arrive at a formula for P(n, r), note that the task of obtaining an ordered 
arrangement of n objects in which only r < n of them are used, without repeating 
any of them, requires making r selections. For the first selection, there are п choices; 
for the second selection, there are n — 1 choices; for the third selection, there are 
n — 2 choices; . . . ; for the rth selection, there are n — (r — 1) choices. By the 
Multiplication Principle, this means 


Ist 2nd 3rd rth 
P(nr)—n-:(n—1)-(n—2)-..-[n— (r —1)] 


—n-(n—1)-:(n—2)-....(n—-r-- 1) 


RECALL 
0!=1,1!=1,2!=2.1,..., 
n! = (п—1).....3.2-.1 п 


This formula for P(n, r) can be compactly written using factorial notation. 


Р(п,г)=п.(п—1)-(п—2)....-(п—т+1) 
n! 


zo dedo peciam res a 
(n—r) 


(и =). 


pede +12. 
06949 f 
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THEOREM Permutations of r Objects Chosen from n Distinct Objects 
Without Repetition 

The number of arrangements of n objects using r < n of them, in which 
e the n objects are distinct 

• repetition of objects is not allowed 

* order is important 

is given by the formula 


pu scm а) 


| EXAMPLE 4 | Computing Permutations 


Solution 


NORMAL FLOAT AUTO REAL RADIAN MP fl 


Figure 3 P(52, 5) 


311875200 


Evaluate: (a) P(7, 3) (b) P(6, 1) E (c) P(52, 5) 


Parts (a) and (b) are each worked two ways. 


(a) Р(7,3) = 7-6-5 = 210 


3 factors 
or 
7! 7\ 7.6.5. AK 
P = = = = 210 
bine? (7 —3)! 4! A 
(b) P(6,1) — КЎ = 6 
1 factor 
ог 
Р(6, 1) = 6! -E D о 


(6-1) 5 of 


D (c) Figure 3 shows the solution using a TI-84 Plus CE graphing calculator. So 
P(52, 5) = 311,875,200 D 


\ Now Work PROBLEM 7 


| EXAMPLE 5 | The Birthday Problem 


Solution 


All we know about Shannon, Patrick, and Ryan is that they have different birthdays. If 
all the possible ways this could occur were listed, how many would there be? Assume 
that there are 365 days in a year. 


This is an example of a permutation in which 3 birthdays are selected from a possible 
365 days, and no birthday may repeat itself. The number of ways this can occur is 

3651. _ 365: 364+ 363 - 3627 
(365 — 3)! 3621 


There are 48,228,180 ways in which three people can all have different birthdays. _g 


P(365,3) = = 365 - 364 - 363 = 48,228,180 


\ Now Work PROBLEM 47 


2 Solve Counting Problems Using Combinations 


In a permutation, order is important. For example, the arrangements ABC, CAB, 
ВАС, ... ате considered different arrangements of the letters A, B, and C. In many 
situations, though, order is unimportant. For example, in the card game of poker, the 
order in which the cards are received does not matter; it is the combination of the 
cards that matters. 
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DEFINITION Combination 


A combination is an arrangement, without regard to order, of r objects selected 
from n distinct objects without repetition, where r < n. The notation C (n, r) 
represents the number of combinations of п distinct objects taken r at a time. 


| EXAMPLES | Listing Combinations 


List all the combinations of the 4 objects a, b, c, d taken 2 at a time. What is C( 4, 2)? 


Solution Опе combination of a, b, c, d taken 2 at a time is 
ab 


Exclude ba from the list because order is not important in a combination (this 
means that we do not distinguish ab from ba). The list of all combinations of a, b, c, d 
taken 2 at a time is 


аЬ, ac, ad, bc, bd, cd 
so 


С(4, 2) = 6 M 


A formula for C (n, r) сап be found by noting that the only difference between 
a permutation of г objects chosen from п distinct objects without repetition and 
a combination is that order is disregarded in combinations. To determine C (n, r), 
eliminate from the formula for P(n, r) the number of permutations that are simply 
rearrangements of a given set of r objects. This can be determined from the formula 
for P(n, г) by calculating P(r, г) = r!.So, dividing P (n, r) by r! gives the desired 
formula for C (n, r): 


n! 
P(nr) (n—r) _ n! 
r! n Р! — (n-— r)!r! 


1 
Use formula (1). 


С(п, r) = 


We have proved the following result: 


THEOREM Number of Combinations of n Distinct Objects 
Taken r at a Time 


The number of ways of selecting r objects from п distinct objects, r < п, 
in which 

* repetition of objects is not allowed 

* order is not important 

is given by the formula 


C = n! (2) 
а (n — ғ)! r! 


Based on formula (2), we discover that the symbol C (n, ғ) and the symbol 


n 
r 


for the binomial coefficients are, in fact, the same. The Pascal triangle (see Section 11.5) 
can be used to find the value of C (n, r). However, because it is more practical and 
convenient, we will use formula (2) instead. 


SECTION 12.2 Permutations and Combinations 919 


| EXAMPLE 7 | Using Formula (2) 


Use formula (2) to find the value of each combination. 


(а) С(3,1) (6) С(6,3) (©) Сти) (A) Cn, 0) (е) С(52, 5) 


: Е 3! zb З _ 
Solution (а) C(3 1) = БЕТП ТОШ” Za 3 
6! pom CE . @-5-4 
b) C(6, 3) = = = = 20 
NORMAL FLOAT AUTO REAL RADIAN MP ( ) (6 = 3)!3! 3131 [4 
_ n! _ ANE 
ота (n—n)n! Oa 1 1 
(d) C(n, 0) = id и l i 


(n—0)0! Ol 1 


МГ (е) Figure 4 shows the solution using a TI-84 Plus CE graphing calculator. 


Figure 4 C(52, 5) 


C(52, 5) = 2,598,960 B 


\ Now Work PROBLEM 15 


| EXAMPLES | 8 Forming Committees 


How many different committees of 3 people can be formed from a group of 7 people? 


Solution The 7 people are distinct. More important, though, is the observation that the order 
of being selected for a committee is not significant. The problem asks for the number 
of combinations of 7 objects taken 3 at a time. 


| 7 7.6.5.4. 17.6.5 — 
LL a Жз R68 7 " 
Thirty-five different committees can be formed. D 


| EXAMPLE9 | Forming Committees 


In how many ways can a committee consisting of 2 faculty members and 3 students 
be formed if 6 faculty members and 10 students are eligible to serve on the 
committee? 


Solution The problem can be separated into two parts: the number of ways in which the faculty 
members сап be chosen, C (6, 2), and the number of ways in which the student 
members сап be chosen, C (10, 3). By the Multiplication Principle, the committee 
can be formed in 


C(6, 2)- C(10, 3) = OL. 10! _ 652M 10-928 HK 


4121 713! A2! 713! 
=. 1800 ways d 


\ Now Work PROBLEM 49 
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3 Solve Counting Problems Using Permutations 
Involving n Nondistinct Objects 


| EXAMPLE 10 | Forming Different Words 


How many different words (meaningful or not) can be formed using all the letters in 
the word REARRANGE? 


Solution ^ Each word formed will have 9 letters: 3 R’s, 2 A’s, 2 E’s, 1 N, and 1 G. To construct each 
word, we need to fill in 9 positions with the 9 letters: 
123435678 9 
The process of forming a word consists of five tasks. 
Task 1: Choose the positions for the 3 К. 
Task 2: Choose the positions for the 2 A's. 
Task 3: Choose the positions for the 2 E's. 
Task 4: Choose the position for the 1 N. 
Task 5: Choose the position for the 1 G. 
Task 1 can be done in C(9, 3) ways. There then remain 6 positions to be filled, so 
Task 2 can be done in C(6, 2) ways. There remain 4 positions to be filled, so Task 3 
can be done in C(4, 2) ways. There remain 2 positions to be filled, so Task 4 can 


be done in C(2, 1) ways. The last position can be filled in C(1, 1) way. Using the 
Multiplication Principle, the number of possible words that can be formed is 


9! [2l W 21 M 
C(9, 3). C(6,2)- C(4, 2) C(2, 1). Cd, 1) = : : : : 
| dud Акы dc З. 21.7 2!.2f 11N O!-1! 
2 2t = 15,120 
31.21.21.1! 1! 
15,120 possible words can be formed. -B 


The form of the expression before the answer to Example 10 is suggestive of a 
general result. Had all the letters in REARRANGE been different, there would 
have been P (9, 9) = 9! possible words formed. This is the numerator of the answer. 
The presence of 3 R's, 2 A's, and 2 E’s reduces the number of different words, as the 
entries in the denominator illustrate. This leads to the following result: 


THEOREM Permutations Involving n Objects That Are Not Distinct 


The number of permutations of n objects of which n, are of one kind, n, are of 
a second kind,..., and n, are of a kth kind is given by 


where n = n, + n, +°: + n. 


| EXAMPLE 11 | Arranging Flags 


How many different vertical arrangements are there of 8 flags if 4 are white, 3 are 
blue, and 1 is red? 


Solution We seek the number of permutations of 8 objects, of which 4 are of one kind, 3 are 
of a second kind, and 1 is of a third kind. Using formula (3), we find that there are 


8! a ix A _ 280 different arrangements 
Т ЕТЕТ (ЖЕТЕТ _в 


\ Now Work PROBLEM 51 


12.2 Assess Your Understanding 
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‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1.0! = == . (p. 866) 2. Multiple Choice The binomial coefficient | | equals 
4 
(p. 898) 
6! 6! 6! (6 — 4)! 
(a) 41 (b) 41. 2! (c) 21 (d) EIE 
Concepts and Vocabulary 
3. A(n) is an ordered arrangement 5. Р(п, ғ) = 
of r objects chosen from п objects. 
4. A(n) is an arrangement of r objects 6. Cin r) = 
chosen from и distinct objects, without repetition and | 
without regard to order. 
Skill Building 
In Problems 7-14, find the value of each permutation. 
Мот. P(6, 2) 8. Р(7, 2) 9. P(4, 4) 10. P(8, 8) 
11. P(7, 0) 12. P(9, 0) 13. P(8, 4) 14. P(8, 3) 
In Problems 15-22, use formula (2) to find the value of each combination. 
N 15. С(8, 2) 16. С(8, 6) 17. C(7, 4) 18. C(6, 2) 
19. C(15, 15) 20. C(18, 1) 21. C(26, 13) 22. C(18, 9) 


Applications and Extensions 


23. List all the permutations of 5 objects a, b, c, d, and e choosing N 35. 


3 at a time without repetition. What is P (5, 3)? 


24. List all the permutations of 5 objects a, b, c, d, and e choosing 
2 at a time without repetition. What is P (5, 2)? 


25. List all the permutations of 4 objects 1,2,3, and 4 choosing 3 
at a time without repetition. What is P(4, 3)? 


26. List all the permutations of 6 objects 1, 2, 3, 4,5, and 6 
choosing 3 at a time without repetition. What is P(6, 3)? 


27. List all the combinations of 5 objects а, b, c, а, and e taken 3 
at a time. What is C( 5, 3)? 


28. List all the combinations of 5 objects a, b, c, а, and e taken 2 
at a time. What is C(5, 2)? 


29. List all the combinations of 4 objects 1,2, 3, and 4 taken 3 at 
a time. What is C(4, 3)? 

30. List all the combinations of 6 objects 1, 2,3, 4,5, and 6 taken 
3 at a time. What is C(6, 3)? 


31. Forming Codes How many two-letter codes can be formed 
using the letters A, B, C, and D? Repeated letters are 
allowed. 


32. Forming Codes How many two-letter codes can be formed 
using the letters A, B, C, D, and E? Repeated letters are 
allowed. 


N 33. 


Forming Numbers How many three-digit numbers can 
be formed using the digits 0 and 1? Repeated digits are 
allowed. 


34. Forming Numbers How many three-digit numbers can be 
formed using the digits 0, 1,2, 3, 4, 5, 6, 7 8, and 9? Repeated 
digits are allowed. 


(1. Now Work Q 1. Modeling 1. Writing 


36. 


37. 
38. 


39. 


40. 


41. 


42. 


43. 


te 1. Graphing Tech 


Lining People Up In how many ways can 4 people be 
lined up? 

Stacking Boxes In how many ways can 5 different boxes be 
stacked? 


Forming Codes How many different three-letter codes are 
there if only the letters A, B, C, D, and E can be used and no 
letter can be used more than once? 


Forming Codes How many different four-letter codes are 
there if only the letters A, B, C, D, E, and F can be used and 
no letter can be used more than once? 


Stocks on the NYSE Companies whose stocks are listed on 
the New York Stock Exchange (NYSE) have their company 
name represented by 1,2, or 3 letters (repetition of letters is 
allowed). What is the maximum number of companies that 
can be listed on the NYSE? 


Stocks on the NASDAQ Companies whose stocks are listed 
on the NASDAQ stock exchange have their company name 
represented by either 4 or 5 letters (repetition of letters is 
allowed). What is the maximum number of companies that 
can be listed on the NASDAO? 


Establishing Committees In how many ways can a committee 
of 4 students be formed from a pool of 7 students? 


Establishing Committees In how many ways can a committee 
of 3 professors be formed from a department that has 
8 professors? 

Possible Answers on a True/False Test How many 
arrangements of answers are possible for a true/false test 
with 10 questions? 
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44, 


45. 


46. 


Мол. 


48. 


\ до, 


50. 


N 51. 


52. 


53. 


54. 


55. 


Possible Answers on a Multiple-choice Test How many 
arrangements of answers are possible in a multiple-choice 
test with 5 questions, each of which has 4 possible answers? 
Arranging Books Five different mathematics books are to 
be arranged on a student's desk. How many arrangements 
are possible? 


E 
E 
0 
3 
: 
4 


SAIN WOT 


Forming License Plate Numbers How many different license 
plate numbers can be made using 2 letters followed by 
4 digits selected from the digits 0 through 9, if: 

(a) Letters and digits may be repeated? 

(b) Letters may be repeated, but digits may not be repeated? 
(c) Neither letters nor digits may be repeated? 


Birthday Problem In how many ways can 2 people each 
have different birthdays? Assume that there are 365 days in 
a year. 


Birthday Problem In how many ways can 5 people all have 
different birthdays? Assume that there are 365 days in a 
year. 


Forming a Committee A student dance committee is to be 
formed consisting of 2 boys and 3 girls. If the membership 
is to be chosen from 4 boys and 8 girls, how many different 
committees are possible? 


Forming a Committee The student relations committee of 
a college consists of 2 administrators, 3 faculty members, 
and 5 students. Four administrators, 8 faculty members, 
and 20 students are eligible to serve. How many different 
committees are possible? 


Forming Words How many different 9-letter words 
(meaningful or not) can be formed from the letters in the 
word ECONOMICS? 


Forming Words How many different 11-letter words 
(meaningful or not) can be formed from the letters in the 
word MATHEMATICS? 


Selecting Objects An urn contains 7 white balls and 3 red 
balls. Three balls are selected. In how many ways can the 
3 balls be drawn from the total of 10 balls: 

(a) If 2 balls are white and 1 is red? 

(b) If all 3 balls are white? 

(c) If all 3 balls are red? 


Selecting Objects An urn contains 15 red balls and 10 white 
balls. Five balls are selected. In how many ways can the 
5 balls be drawn from the total of 25 balls: 

(a) If all 5 balls are red? 

(b) If 3 balls are red and 2 are white? 

(c) If at least 4 are red balls? 


Senate Committees The U.S. Senate has 100 members. 
Suppose that it is desired to place each senator on exactly 1 of 
7 possible committees. The first committee has 22 members, 
the second has 13, the third has 10, the fourth has 5, the fifth 
has 16, and the sixth and seventh have 17 apiece. In how 
many ways can these committees be formed? 


56. 


57. 


58. 


59. 


60. 


61. 


62 


63. 


64. 


Football Teams A defensive football squad consists of 
25 players. Of these, 10 are linemen, 10 are linebackers, 
and 5 are safeties. How many different teams of 5 linemen, 
3 linebackers, and 3 safeties can be formed? 


Baseball In Major League Baseball a designated hitter may be 
used to hit for the pitcher. How many batting orders is it possible 
for a manager to use? (There are 9 regular players on a team.) 


Baseball Suppose a baseball league exists where the pitcher 
must bat. The pitcher usually bats ninth. If this is the case, how 
many batting orders is it possible for a manager to use? 


Baseball Teams A baseball team has 15 members. Four of 
the players are pitchers, and the remaining 11 members can 
play any position. How many different teams of 9 players can 
be formed? 


World Series In the World Series the American League team 
(A) and the National League team ( N ) play until one team 
wins four games. If the sequence of winners is designated by 
letters (for example, МА. АА А means that the National League 
team won the first game and the American League won the 
next four), how many different sequences are possible? 


Basketball Teams A basketball team has 6 players who play 
guard (2 of 5 starting positions). How many different teams are 
possible, assuming that the remaining 3 positions are filled and it 
is not possible to distinguish a left guard from a right guard? 


Basketball Teams On a basketball team of 12 players, 2 play 
only center, 3 play only guard, and the rest play forward 
(5 players on a team: 2 forwards, 2 guards, and 1 center). 
How many different teams are possible, assuming that it is 
not possible to distinguish a left guard from a right guard or 
a left forward from a right forward? 


Combination Locks A combination lock displays 50 numbers. 

To open it, you turn clockwise to the first number of the 

“combination,” then rotate counterclockwise to the second 

number, and then rotate clockwise to the third number. 

(a) How many different lock combinations are there if 
repetition of numbers is allowed? If repetition of 
numbers is not allowed? 

(b) Comment on the description of such a lock as a 
combination lock. 


Challenge Problem Passwords Suppose a password must 
have at least 8 characters, but no more than 12 characters, 
made up of letters (without distinction for case) and digits. 
If the password must contain at least one letter and at least 
one digit, how many passwords are possible? 
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Explaining Concepts: Discussion and Writing 


65. Create a problem different from any found in the text that 67. Explain the difference between a permutation and a 
requires a permutation to solve. Give it to a friend to solve combination. Give an example to illustrate your explanation. 
and critique. 


66. Create a problem different from any found in the text that 
requires a combination to solve. Give it to a friend to solve 
and critique. 


Retain Your Knowledge 


Problems 68-77 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


68. Find the area of the sector of a circle of radius 4 feet and 74. Multiply, if possible: 
central angle 0 if the arc length subtended by 0 is 5 feet. 


69. If f(x) = 2x — 1andg(x) = x? + x — 2, find (g o f)(x). 


70. Give exact values for sin 75° and cos 15°. 


—1 


75. Write —/3 + i in polar form and in exponential form. 


71. Find the 5th term of the geometric sequence with first Х 76. Find the partial fraction decomposition: 5х2 + 3x + 14 
(етт а, = 5 and common ratior = —2. хі + 4х2 +4 


m + 10(x — 3)* as a single quotient in 


. . У 5 
72. Use the binomial theorem to expand:(x + 2y) K 77, Write | = 
X — 


Зх + 4у = 5 


еу which only positive exponents appear. 


73. Solve the wen. 


‘Are You Prepared?’ Answers 
1. 1;1 2. b 


12.3 Probability 


OBJECTIVES 1 Construct Probability Models (p. 923) 
2 Compute Probabilities of Equally Likely Outcomes (p. 926) 
3 Find Probabilities of the Union of Two Events (p. 927) 
4 Use the Complement Rule to Find Probabilities (p. 928) 


Probability is an area of mathematics that deals with experiments that yield random 
results, yet admit a certain regularity. Such experiments do not always produce the 
same result or outcome, so the result of any one observation is not predictable. 
However, the results of the experiment over a long period do produce regular 
patterns that enable us to make predictions with remarkable accuracy. 


| ЕХАМРІЕ1 | Tossing a Fair Coin 


If a fair coin is tossed, the outcome is either a head or a tail. On any particular throw, 
we cannot predict what will happen, but if we toss the coin many times, we observe 
that the number of times that a head comes up is approximately equal to the number 
of times that a tail comes up. It seems reasonable, therefore, to assign a probability 


of 5 that a head comes up and a probability of : that a tail comes up. E 


1 Construct Probability Models 


The discussion in Example 1 constitutes the construction of a probability model for 
the experiment of tossing a fair coin once. A probability model has two components: 
a sample space and an assignment of probabilities. A sample space S is a set whose 
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elements represent all the possibilities that can occur as a result of the experiment. 
Each element of 5 is called an outcome. То each outcome a number is assigned, called 
the probability of that outcome, which has two properties: 


* The probability assigned to each outcome is nonnegative. 
e The sum of all the probabilities equals 1. 


DEFINITION Probability Model 
A probability model with the sample space 
= С E КЕ ОА 


where ej, оо... о are the possible outcomes and Elei) Pes rper 
are the respective probabilities of these outcomes, requires that 


P(e,) > 0, P(e,) > 0,...,P(e,) > 0 (1) 


SR UE E cO 
i=1 


| EXAMPLE2 | Determining Probability Models 


In a bag of M&M, the candies are colored red, green, blue, brown, yellow, and 
orange. A candy is drawn from the bag and the color is recorded. The sample space 
of this experiment is (red, green, blue, brown, yellow, orange}. Determine which of 
the following are probability models. 


(а) [ Outcome Probability (b) [ Outcome Probability 
red 0.3 red 0.1 


green green 


blue blue 
brown brown 
yellow : yellow 


orange . огапде 


Outcome Probability 
red 0 


green : green 


red 


blue А blue 
brown : brown 
yellow : yellow 


orange . огапде 


Solution (a) This model is a probability model because all the outcomes have probabilities 
that are nonnegative, and the sum of the probabilities is 1. 
(b) This model is not a probability model because the sum of the probabilities is not 1. 
(c) This model is not a probability model because P (green) is less than 0. Remember 
that all probabilities must be nonnegative. 
(d) This model is a probability model because all the outcomes have probabilities that 
are nonnegative, and the sum of the probabilities is 1. Notice that P (yellow) = 1, 
meaning that this outcome will occur with 100% certainty each time that the 
experiment is repeated. This means that the bag of M&Ms® contains only 
yellow candies. E 


\ Now Work PROBLEM 7 
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Constructing a Probability Model 


An experiment consists of rolling a fair die once. A die is a cube with each face 
having 1,2,3,4, 5, or 6 dots on it. See Figure 5. Construct a probability model for this 
experiment. 


Solution A sample space S consists of all the possibilities that can occur. Because rolling the 
die will result in one of six faces showing, the sample space S consists of 


$ = {1, 2, 3, 4, 5, 6} 


Figure 5 А six-sided die Because the die is fair, one face is no more likely to occur than another. As a result, 
our assignment of probabilities is 


-1 = 
P= S 
-1 al 
Pjec Pee 
zl ae 
(зу Pea 


Now suppose that a die is loaded (weighted) so that the probability assignments 
are 


Pd)-0 P(2)=0 P(3)=% P(4)-$ Р(5) = 0 P(6-0 
This assignment would be made if the die were loaded so that only a 3 or 4 could 
occur and the 4 was twice as likely as the 3 to occur. This assignment is consistent with 


the definition, since each assignment is nonnegative, and the sum of all the probability 
assignments equals 1. 


\ Now Work PROBLEM 23 


| EXAMPLE4 | Constructing a Probability Model 


An experiment consists of tossing a coin. The coin is weighted so that heads (H) 
is three times as likely to occur as tails (T). Construct a probability model for this 
experiment. 


Solution The sample space 5 155 = (H, T). If x denotes the probability that a tail occurs, 
Р(Т) = х and P(A) = Зх 


The sum of the probabilities of the possible outcomes must equal 1, so 


P(T)+ Р(Н) = х + Зх = 1 


4х = 1 
1 
=== 
4 
Assign the probabilities 
1 3 
(Т) 4 (Н) 4 d 
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In working with probability models, the term event is used to describe a set 
of possible outcomes of the experiment. An event Е is some subset of the sample 
outcomes in the sample space space S. The probability of an event E, E = Ø, denoted by P(E), is defined as the 
must occur in an experiment. A sum of the probabilities of the outcomes in E. We can also think of the probability 

of an event Е as the likelihood that the event E occurs. If E = Ø, then P(E) = 0; 
if E = S,then P(E) = P(S) = 1. 


In Words 
P(S) = 1means that one of the 
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2 Compute Probabilities of Equally Likely Outcomes 


When the same probability is assigned to each outcome of the sample space, the 
experiment is said to have equally likely outcomes. 


THEOREM Probability for Equally Likely Outcomes 


If an experiment has n equally likely outcomes, and if the number of ways in 
which an event Е can occur is m, then the probability of E is 


Number of ways that E can occur m 


RICE) = 3 
Number of possible outcomes n (9) 
If S is the sample space of this experiment, 
E) 
Pee ee 4 
u= ($) (4) 


| ЕХАМРІЕ 5 | Calculating Probabilities of Events Involving Equally Likely Outcomes 


Calculate the probability that in a 3-child family there are 2 boys and 1 girl. Assume 
equally likely outcomes. 


Solution ^ Begin by constructing a tree diagram to help in listing the possible outcomes of the 
Ist child 2nd child 3rd child experiment. See Figure 6, where B stands for “boy” and С for “girl.” The sample space 
of this experiment is 


S = {BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG} 


son(S) = 8. 

We wish to know the probability of the event Е: “having two boys and one girl." 
From Figure 6, we conclude that Е = {BBG, BGB, GBB},son(E) = 3.Since the 
outcomes are equally likely, the probability of Е is 


n(E) 3 


п(5) 8 N 


Р(Е) = 


Еівиге 6 \ Now Work PRoBLEM 37 


So far, we have calculated probabilities of single events. Now we compute 
probabilities of multiple events, which are called compound probabilities. 


| EXAMPLE 6 | Computing Compound Probabilities 


Consider the experiment of rolling a single fair die. Let E represent the event “roll 
an odd number,” and let F represent the event “roll a 1 or 2.” 
(a) Write the event E and F. What isn( EM Е)? 
(b) Write the event E or F. What is n( E U F)? 
(c) Compute P(E). Compute P( ЕЁ). 
(d) Compute P( E П Е). 
(e) Compute P(E U F). 
olution е sample space S of the experimentis (1, 2, 3, 4, 5, 6},son(S) = 6.Since the die 
Solut Th ple space S of the exp 1, 2, 3, 4, 5, 6 $ 6.5 he d 


is fair, the outcomes are equally likely. The event E:*roll an odd number” is (1, 3, 5}, 
and the event F:“rolla 1 or 2”is {1, 2), son( E) = 3andn(F) = 2. 


(a) In probability, the word and means the intersection of two events. The event E 
and Fis 


EF = {1,3,5}9 {1,2} = {1} n(EnF)=1 
(continued) 
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(b) In probability, the word or means the union of the two events. The event E or Fis 
EUF = {1, 3, 5}U {1, 2} = {1, 2, 3, 5} n(EUF)—4 
(c) Use formula (4). Then 


LACE) 3. 1 _ n(F) 2 1 
UE) = ars) 6 2 P199 n($) 6 3 
_ nro 
(d Р(ЕП Е) = таа 
_nEUF) 4 2 
(e) P(EU Е) = i a m 


3 Find Probabilities of the Union of Two Events 


The next formula can be used to find the probability of the union of two events. 
THEOREM 
For any two events E and F, 
Р(ЕШ К у= PCE PCR) = PCE GLE) (5) 
This result is a consequence of the Counting Formula discussed earlier, in 


Section 12.1. 
For example, formula (5) can be used to find P( E U F) in Example 6(e). Then 


= Е 1,1 1_ золим 
P(EUF) = P(E) + P(F)— PENR S 5-7 $75 


as before. 


Computing Probabilities of the Union of Two Events 


If P(E) = 0.2, P(F) = 0.3,and P(E N F) = 0.1, find the probability of E or F. 
That is, find P(E U F). 


Solution Use formula (5). 
Probability of E or F = P(E U Е) = P(E) + Р(Е) - P(EN Е) 
= 0.2 + 0.3 – 0.1 = 0.4 B 


A Venn diagram can sometimes be used to obtain probabilities. To construct 
a Venn diagram representing the information in Example 7, draw two sets 
E and F. Begin with the fact that P(E П F) = 0.1. See Figure 7(a). Then, 
since P( E) — 0.2 and P(F) — 0.3, fill in E with 0.2 — 0.1 — 0.1 and fill in F 
with 0.3 — 0.1 = 0.2. See Figure 7(b). Since Р(5) = 1, complete the diagram by 
inserting 1 — (0.1 4- 0.1 4- 0.2) — 0.6 outside the circles. See Figure 7(c). Now it is 
easy to see,for example, that the probability of F but not E is 02. Also,the probability 
of neither E nor Fis 0.6. 


DIEDE 


(a) (b) (c) 


Figure 7 
\ Now Work PROBLEM 45 
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If events Е and F are disjoint so that E П F = ©, we say they are mutually 
exclusive. In this case, P(E П F) = 0, and formula (5) takes the following form: 


THEOREM Mutually Exclusive Events 


If E and F are mutually exclusive events, that is, if Е П F = ©, then 


Р\( ЕШ Еу = RICE ye PCE) (6) 


| EXAMPLES | PLE 8 Computing Probabilities of the Union of Two Mutually Exclusive Events 


If P(E) = 0.4andP(F) = 0.25, and E and Fare mutually exclusive, find P(E U F). 


Solution ^ Since E and F are mutually exclusive, use formula (6). 


P(E U F) = P(E)+ P(F) = 0.4 + 0.25 = 0.65 D 
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4 Use the Complement Rule to Find Probabilities 


Recall that if A is a set, the complement of A, denoted A, is the set of all elements in 
the universal set U that are not in A. We similarly define the complement of an event. 


DEFINITION Complement of an Event 


Let S denote the sample space of an experiment, and let Е denote an event. The 
complement of E, denoted Е, is the set of all outcomes in the sample space 5 
that are not outcomes in the event E. 


The complement of an event E— that is, E — in a sample space S has the following 
two properties: 


ЕПЕ=@ EUE-SE 
Since E and E are mutually exclusive, it follows from (6) that 
P(EUE) = PF(S) 21 P(E)+P(E)=1 Р(Е) =1- P(E) 


We have the following result: 


THEOREM Computing Probabilities of Complementary Events 


If E represents any event and E represents the complement of E, then 


P(E)-1- P(E) (7) 


| EXAMPLES | Computing Probabilities Using Complements 


On the local news the weather reporter stated that the probability of rain tomorrow 
is 40%. What is the probability that it will not rain? 


Solution The complement of the event “rain” is “no rain.” 
P(no rain) = 1 — P(rain) = 1 — 0.4 = 0.6 


There is a 60% chance of no rain tomorrow. N 
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| EXAMPLE 10 | Birthday Problem 


What is the probability that in a group of 10 people, at least 2 people have the same 
birthday? Assume that there are 365 days in a year and that a person is as likely to 
be born on one day as another, so all the outcomes are equally likely. 


Solution First determine the number of outcomes in the sample space S. There are 
365 possibilities for each person's birthday. Since there are 10 people in the group, there 
are 365!? possibilities for the birthdays. [For one person in the group, there are 365 days 
on which their birthday can fall; for two people, there are 365 · 365 = 365? pairs 
of days; and, in general, using the Multiplication Principle, for п people there are 365" 
possibilities.] So 


n(S) = 36510 


We wish to find the probability of the event Е: “at least two people have the same 
birthday.” It is difficult to count the elements in this set; it is much easier to count the 
elements of the complementary event E: “no two people have the same birthday.” 

Find n(E ) as follows: Choose one person at random. There are 365 possibilities 
for their birthday. Choose a second person. There are 364 possibilities for this birthday, 
if no two people are to have the same birthday. Choose a third person. There are 363 
possibilities left for this birthday. Finally, arrive at the tenth person. There are 356 
possibilities left for this birthday. By the Multiplication Principle, the total number 
of possibilities is 


n(E) = 365 - 364 - 363 -...- 356 
The probability of the event E is 


Р(Е) = ME) _ 365.364. 363... 356 


E яш 0. 
n(S) 36510 im 


The probability of two or more people in a group of 10 people having the same 
birthday is then 


P(E) = 1— P(E) = 1 — 0.883 = 0.117 _в 
The birthday problem can be solved for any group size. The following table gives 
the probabilities for two or more people having the same birthday for various group 


sizes. Notice that the probability is greater than for any group of 23 or more people. 


Number of People 


70 80 90 


Probability 


That Two or 
More Have the 
Same Birthday 


0.027 0.117 0.253 0.411 0.444 0.476 0.507 0.538 0.569 0.706 0.891 0.970 0.994 0.99916 0.99991 0.99999 
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Historical Feature 


et theory, counting, and probability first counting the favorable ones, whereas Pascal made use of the triangle 

took form as a systematic theory in an that now bears his name. As mentioned in the text, the entries in 

exchange of letters (1654) between Pascal's triangle are equivalent to C(n, r). This recognition of the role 
Pierre de Fermat (1601—1665) and Blaise Pascal of C(n, r) in counting is the foundation of all further developments. 
(1623—1662). They discussed the problem The first book on probability, the work of Christiaan Huygens 
of how to divide the stakes in a game that is (1629—1695), appeared in 1657. In it, the notion of mathematical 
interrupted before completion, knowing how expectation is explored. This allows the calculation of the profit or 
many points each player needs to win. Fermat loss that a gambler might expect, knowing the probabilities involved 
solved the problem by listing all possibilities and in the game (see the Historical Problem that follows). 


Blaise Pascal 
(1623-1662) 
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Although Girolamo Cardano (1501—1576) wrote a treatise on 
probability, it was not published until 1663 in Cardano's collected 
works, and this was too late to have had any effect on the early 
development of the theory. 

In 1713, the posthumously published Ars Conjectandi of Jakob 
Bernoulli (1654—1705) gave the theory the form it would have until 
1900. Recently, both combinatorics (counting) and probability have 
undergone rapid development, thanks to the use of computers. 

A final comment about notation. The notations C(n, г) and P(n, г) 
are variants of a form of notation developed in England after 1830. 


Historical Problem 


1. The Problem Discussed by Fermat and Pascal A game between 
two equally skilled players, A and В, is interrupted when A 
needs 2 points to win and B needs 3 points. In what proportion 
should the stakes be divided? 


(a) Fermat's solution List all possible outcomes that can occur 
as a result of four more plays. Comparing the probabilities 
for A to win and for B to win then determines how the 
Stakes should be divided. 


12.3 Assess Your Understanding 


Concepts and Vocabulary 


1. When the same probability is assigned to each outcome of 
a sample space, the experiment is said to have 
outcomes. 


2. The of an event F is the set of all outcomes 
in the sample space S that are not outcomes in the event E. 


Skill Building 


5. Ina probability model, which of the following numbers could 
be the probability of an outcome? 


0 0.01 0.35 —0.4 1 1.4 


N 7. Determine whether the following is a probability model. 


Probability 


9. Determine whether the following is a probability model. 
Outcome Probability 


Shanice 


Destiny 


Jordan 
Xavier 


5 


(1. Now Work @ 1. Modeling 


1. Writing ге 1. Graphing Tech 


The notation 


| for C(n, г) goes back to Leonhard Euler 


(1707—1783) but is now losing ground because it has no clearly 
related symbolism of the same type for permutations. The set 
symbols U and n were introduced by Giuseppe Peano (1858—1932) 
in 1888 in a slightly different context. The inclusion symbol C was 
introduced by Е. Schroeder (1841—1902) about 1890. We owe the 
treatment of set theory in the text to George Boole (1815—1864), 
who wrote A + B for A U B and AB for A n B (statisticians still use 
AB for A n B). 


(b) Pascal's solution Use combinations to determine the 
number of ways that the 2 points needed for A to win could 
occur in four plays. Then use combinations to determine 
the number of ways that the 3 points needed for B to win 
could occur. This is trickier than it looks, since A can win 
with 2 points in two plays, in three plays, or in four plays. 
Compute the probabilities, and compare them with the 
results in part (a). 


3. True or False The probability of an event can never 
equal 0. 


4. True or False In a probability model, the sum of all 
probabilities is 1. 


6. Ina probability model, which of the following numbers could 
be the probability of an outcome? 


8. Determine whether the following is a probability model. 


Outcome Probability 
0.4 


Steve 

Bob 0.3 
Faye 0.1 
Patricia 02 


10. Determine whether the following is a probability model. 


Outcome Probability 
0.3 


Kwamie 

Joanne 0.2 
Laura 0.1 
Donna 0.5 
—0.1 


Angela 


A Calculus Preview == 1. Applet-Based 


In Problems 11—16, (a) list the sample space S of each experiment 
and (b) construct a probability model for the experiment. 


11. Tossing a fair coin twice 

12. Tossing two fair coins once 

13. Tossing two fair coins and then a fair die 

14. Tossing a fair coin, a fair die, and then a fair coin 
15. Tossing three fair coins once 


16. Tossing one fair coin three times 


In Problems 17-22, use the following spinners to construct a 
probability model for each experiment. 


DP 


Spinner | 
(4 equal areas) 


Spinner III 
(2 equal areas) 


Spinner Il 
(3 equal areas) 


17. Spin spinner I, then spinner II. What is the probability of 
getting a 2 or a 4, followed by Red? 

18. Spin spinner III, then spinner II. What is the probability of 
getting Forward, followed by Yellow or Green? 

19. Spin spinner I, then II, then III. What is the probability 
of getting a 1, followed by Red or Green, followed by 
Backward? 

20. Spin spinner II, then I, then III. What is the probability of 
getting Yellow, followed by a 2 or a 4, followed by Forward? 

21. Spin spinner I twice, then spinner II. What is the probability 
of getting a 2, followed by a 2 or a 4, followed by Red or 
Green? 

22. Spin spinner III, then spinner I twice. What is the probability 
of getting Forward, followed by a 1 or a 3, followed by a 2 
or a 4? 


In Problems 23—26, consider the experiment of tossing a coin twice. М 37. 


The table lists six possible assignments of probabilities for this 
experiment. Using this table, answer the following questions. 


Sample Space 
Assignments HT TH 


Nia ala e | sis 


1 
4 
0 
5 
16 
1 
2 
4 
4 
2 
9 


ою ЕЕ: 


N 23. Which of the assignments of probabilities is(are) consistent 
with the definition of a probability model? 
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24. Which of the assignments of probabilities should be used if 
the coin is known to be fair? 

25. Which of the assignments of probabilities should be used if 
the coin is known to always come up tails? 


26. Which of the assignments of probabilities should be used if 
tails is twice as likely as heads to occur? 


N 27. Assigning Probabilities A coin is weighted so that heads is 


four times as likely as tails to occur. What probability should 
be assigned to heads? to tails? 


28. Assigning Probabilities A coin is weighted so that tails is 
twice as likely as heads to occur. What probability should be 
assigned to heads? to tails? 


29. Assigning Probabilities A die is weighted so that an 
odd-numbered face is twice as likely to occur as an 
even-numbered face. What probability should be assigned 
to each face? 


30. Assigning Probabilities A die is weighted so that a six cannot 
appear. All the other faces occur with the same probability. 
What probability should be assigned to each face? 


For Problems 31—34, the sample space is S — (1, 2, 3, 4, 5, 6, 
7, 8, 9, 10}. Suppose that the outcomes are equally likely. 


31. Compute the probability of the event E = (1, 2, 3}. 
32. Compute the probability of the event F = (3, 5, 9, 10}. 
33. Compute the probability of the event E: *an even number." 


34. Compute the probability of the event F: “ап odd number." 


For Problems 35 and 36, an urn contains 5 white marbles, 10 green 
marbles, 8 yellow marbles, and 7 black marbles. 


35. If one marble is selected, determine the probability that it is 
white. 


36. If one marble is selected, determine the probability that it is 
black. 


In Problems 37-40, assume equally likely outcomes. 

Determine the probability of having 3 boys in a 3-child 

family. 

38. Determine the probability of having 3 girls in a 3-child 
family. 

39. Determine the probability of having 1 girl and 3 boys in a 
4-child family. 

40. Determine the probability of having 2 girls and 2 boys in a 
4-child family. 


For Problems 41—44, two fair dice are rolled. 
41. Determine the probability that the sum of the faces is 7 
42. Determine the probability that the sum of the faces is 11. 
43. Determine the probability that the sum of the faces is 3. 
44. Determine the probability that the sum of the faces is 12. 


In Problems 45—48, find the probability of the indicated event if 
P(A) = 0.25 and P(B) = 0.45. 


N 45. P(A U B)if PLA n B) = 0.15 


46. PLA n B)if P(A U B) = 0.6 
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\ 47. 


48. 
49. 


50. 


NSL 


52. 


53. 


54. 


P(A U B)if А, В are mutually exclusive 

P(A N B)ifA, B are mutually exclusive 

IfP(A) = 0.60, P(A U B) = 0.85,and P(A N B) = 0.05, 
find P( B). 

If P(B) = 0.30, P(A U B) = 0.65, and P(A п B) = 0.15, 
find P( A). 

Automobile Theft According to the Federal Bureau of 
Investigation, there was a 74.5% probability that a motor 
vehicle theft in 2019 was an automobile. If a motor vehicle 
theft from 2019 is randomly selected, what is the probability 
that it was not an automobile? 


Pet Ownership According to the American Pet Products 
Manufacturers Association's 2019-2020 National Pet Owners 
Survey, there is a 67% probability that a U.S. household owns 
a pet. If a 0.5. household is randomly selected, what is the 
probability that it does not own a pet? 


YouTube Usage According to Omnicore, there is an 81% 
probability that an adult in the United States uses YouTube. 
If a US. adult is randomly selected, what is the probability 
that he or she does not use YouTube? 


Doctorate Degrees According to the National Center 
for Education Statistics, there was a 56% probability that 
a doctoral degree in Science, Technology, Engineering, or 
Mathematics (STEM) fields was earned by a nonresident 
alien in 2019. If a STEM doctoral recipient in 2019 is 
randomly selected, what is the probability the individual was 
not a nonresident alien? 


55. 


56. 


Online Purchases According to outerboxdesign.com, 79% of 
smartphone users have made a purchase online using their 
mobile device in the last 6 months. If a smartphone user is 
randomly selected, what is the probability the individual has 
not made a purchase online using their smartphone? 


Girl Scout Cookies According to the Girl Scouts of America, 
1996 of all Girl Scout cookies sold are Samoas/Caramel 
deLites. If a box of Girl Scout cookies is selected at random, 
what is the probability that it does not contain Samoas/ 
Caramel deLites? 


For Problems 57—60, a golf ball is selected at random from a 
container. If the container has 9 white balls, 8 green balls, and 3 
orange balls, find the probability of each event. 


57. The golf ball is white or green. 


58. 
59. 
60. 
61. 


62. 


The golf ball is white or orange. 
The golf ball is not white. 
The golf ball is not green. 


On The Price Is Right, there is a game in which a bag is filled 
with 3 strike chips and 5 numbers. Let’s say that the numbers 
in the bag are 0, 1, 3, 6, and 9. What is the probability of 
selecting a strike chip or the number 1? 


Another game on The Price Is Right requires the contestant 
to spin a wheel with the numbers 5, 10, 15,20,..., 100. What 
is the probability that the contestant spins 100 or 30? 


Problems 63-66 are based on a survey of annual incomes in 100 households. The following table gives the data. 


$25,000-49,999 


$50,000-74,999 


$75,000-99,999 $100,000 or more 


Number 
of households 22 ds uu 12 2 


63. 


64. 


65. 


66. 


67. 


What is the probability that a household has an annual 
income of $75,000 or more? 

What is the probability that a household has an annual 
income between $25,000 and $74,999, inclusive? 


What is the probability that a household has an annual 
income of less than $50,000? 


What is the probability that a household has an annual 


income of $50,000 or more? 


Surveys Ina survey about the number of TV sets in a house, 
the following probability table was constructed: 


Number 
0 1 2 3 4 or more 


Probability 0.05 0.24 0.33 0.21 0.17 


Find the probability of a house having: 
(a) 1 or2 TV sets 

(b) 1 or more TV sets 

(c) 3 or fewer TV sets 

(d) 3 or more TV sets 

(e) Fewer than 2 TV sets 


68. 


69. 


(f) Fewer than 1 TV set 
(g) 1.2, 0r 3 TV sets 
(h) 2 or more TV sets 


Checkout Lines Through observation, it has been 
determined that the probability for a given number of people 
waiting in line at the *5 items or less" checkout register of a 
supermarket is as follows: 


waiting in line 


Probability 0.10 0.15 0.20 0.24 0.31 


Find the probability of: 

(a) At most 2 people in line 
(b) At least 2 people in line 
(c) At least 1 person in line 


In a certain Algebra and Trigonometry class, there are 
18 freshmen and 15 sophomores. Of the 18 freshmen, 10 
are male, and of the 15 sophomores, 8 are male. Find the 
probability that a randomly selected student is: 

(a) A freshman or female 

(b) A sophomore or male 


70. The faculty of the mathematics department at Joliet Junior 
College is composed of 4 females and 9 males. Of the 4 females, 
2 are under age 40, and of the 9 males, 3 are under age 40. Find 
the probability that a randomly selected faculty member is: 
(a) Female or under age 40 
(b) Male or over age 40 


М 71. Birthday Problem What is the probability that at least 
2 people in a group of 12 people have the same birthday? 
Assume that there are 365 days in a year. 

72. Birthday Problem What is the probability that at least 
2 people in a group of 35 people have the same birthday? 
Assume that there are 365 days in a year. 


Retain Your Knowledge 
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73. Winning a Lottery Lotto America is a multistate lottery in 
which 5 red balls from a drum with 52 balls numbered from 
1 to 52 and 1 star ball from a drum with 10 balls are selected. 
For a $1 ticket, players get one chance at winning the grand 
prize by matching all 6 numbers. What is the probability of 
selecting the winning numbers on a $1 play? 


74. Challenge Problem If 3 six-sided dice are tossed, find the 
probability that exactly 2 dice have the same reading. 


Problems 75—84 are based on previously learned material. The purpose of these problems is to keep the material fresh in your mind 
so that you are better prepared for later sections, a final exam, or subsequent courses such as calculus. 


75. To graph g(x) = |х + 21 – 3, shift the graph of 


and then units 
number 


f(x) = |x| units 


number 


left / right 


ир / дозуп ` 


. Find the rectangular coordinates of the point whose polar 


coordinates are | 6, z | 


. Solve:log; (x + 3) = 2 
. Solve the given system using matrices. 
3x + y + 2z = 
2x — 2y + 5z = 
x + 3y + 2z = 


Chapter Review 


Things to Know 
Counting Formula (p. 910) 
Addition Principle of Counting (p. 910) 


Ж 84. Find the partial fraction decomposition: 


7 -6 3 
79. Evaluate:| —8 0 5 
6 —4 2 


80. Simplify: V108 — 147 + 4/363 


81. José drives 60 miles per hour to his friend's house and 


40 miles per hour on the way back. What is his average 
speed? 


82. Find the 85th term of the sequence 5, 12, 19, 26, .... 
Х 83. Find the area 


bounded by the graphs of 


ee = Sx +12, andy = V6 27. 


7x? = Sx + 30 
xg 


n( AU B) = n(A)+n(B)—n(AN В) 
If An B = e,thenn( AU B) = n(A) + n(B). 


Multiplication Principle of Counting (p. 912) 


Permutation (p. 915) 


Number of permutations: Distinct, with repetition (p. 915) 


Number of permutations: Distinct, without repetition 
(pp. 916-917) 


Combination (p. 918) 


If a task consists of a sequence of choices in which there 

are p selections for the first choice, q selections for the second 
choice, and so on, the task of making these selections can be done 
in p -q - - - - different ways. 


An ordered arrangement of r objects chosen from n objects 

n r 

The n objects are distinct (different), and repetition is allowed in the 
selection of r of them. 

n! 


P(n, r) = n(n—1)-----[n-(r — 1)] = -—_ 
(n — r)! 


The n objects are distinct (different), and repetition is not allowed in 
the selection of r of them, where r < n. 


An arrangement, without regard to order, of r objects selected from 
n distinct objects, wherer < n 
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Pin Y) | n! 


Number of combinations (p. 918) C(n, r) = 
r! (n—r)!r! 


Number of permutations: Not distinct (p. 920) п! 


! bee. ! 
n nj!---n,! 


The number of permutations of п objects of which п, are of one 


kind, n, are of a second kind,... , and n, are of a kth kind, where 
п= т ctn tcn 

Sample space (pp. 923-924) Set whose elements represent the possible outcomes that can occur 
as a result of an experiment 

Probability (p. 924) A nonnegative number assigned to each outcome of a sample space; 
the sum of all the probabilities of the outcomes equals 1. 

Probability for equally likely outcomes (p. 926) P(E) = о 


The same probability is assigned to each outcome. 


Probability of the union of two events (p. 927) P(E UF) = Р(Е) + Р(Е) – Р(Е Пп Е) 
Probability of the complement of an event (р. 928) P(E) =1- P(E) 
Objectives 


Section You should be able to... Example(s) Review Exercises 


12.1. Find all the subsets of a set (p. 909) 1 1 
Count the number of elements in a set (p. 909) 2,3 2-9 
Solve counting problems using the Multiplication Principle (p.911) 4, 5 12,13,1718 


Solve counting problems using permutations involving n distinct 1-5 10, 14, 15, 19, 22(a) 
objects (p. 915) 


Solve counting problems using combinations (p. 917) 6-9 11, 16,21 


Solve counting problems using permutations involving n nondistinct 20 
objects (p. 920) 


Construct probability models (p. 923) 22(b) 
Compute probabilities of equally likely outcomes (p. 926) 22(b), 23(a), 24, 25 


Find probabilities of the union of two events (p. 927) 26 
Use the Complement Rule to find probabilities (p. 928) 22(c), 23(b) 


Review Exercises 


1. Write down all the subsets of the set {Dave, Joanne, Erica}. 3. If n( A) = 12, n(A U В) = 30, апал(А П В) = 6, 
2. Ifn( A) = 8, n(B) = 12, andn(A N B) = 3, find n( B). 
find n( A U B). 


In Problems 4—9, use the information supplied in the figure. 
4. How many are in A? 


5. How many are in A or B? 
6. How many are in A and C? 


7. How many are not in B? 20 


8. How many are in neither A nor C? fA NUN 
9. How many are in B but not in C? wu» 
In Problems 10 and 11, compute the given expression. 


10. P(8, 3) 11. C(8, 3) 
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12. Stocking a Store A clothing store sells pure wool and 22. Birthday Problem For this problem, assume that a year has 
polyester-wool suits. Each suit comes in 3 colors and 365 days. 
10 sizes. How many suits are required for a complete (a) In how many ways can 18 people have different 
assortment? birthdays? 


13. Baseball On a given day, the American Baseball League (b) What is the probability that no 2 people in a group of 
schedules 7 games. How many different outcomes are possible, 18 people have the same birthday? А 
assuming that each game is played to completion? (c) What is the probability that at least 2 people in a group 


i ? 
14. Choosing Seats If 4 people enter a bus that has 9 vacant Bete peor АЗЕ ЕНЕНЕ 


seats, in how many ways can they be seated? 23. Unemployment According to the U.S. Bureau of Labor 


ae а : 
15. Choosing a Team In how many ways can а squad of 4 relay Statistics, 3.8% of the U.S. labor force was unemployed in 


be ch f k f $ February 2022. 
тшшен De nosen irom a Mack ао $ Tunner; (a) What is the probability that a randomly selected 
16. Baseball In how many ways can 2 teams from 14 teams in the member of the U.S. labor force was unemployed in 
American League be chosen without regard to which team is February 2022? 
at home? (b) What is the probability that a randomly selected 
17. Telephone Numbers Using the digits 0,1,2, . . . ,9, how many member of the U.S. labor force was not unemployed in 
7-digit numbers can be formed if the first digit cannot be February 2022? 
0 or 9 and if the last digit is greater than or equal to 2 and less 24. You have four $1 bills, three $5 bills, and two $10 bills in your 
than or equal to 3? Repeated digits are allowed. wallet. If you pick a bill at random, what is the probability 
18. License Plate Possibilities A license plate has 1 letter, that it will be a $1 bill? 
excluding O and I, followed by a 4-digit number that cannot 25. Each of the numbers 1, 2,..., 100 is written on an index 
have a 0 in the lead position. How many different plates are card, and the cards are shuffled. If a card is selected at 
possible? random, what is the probability that the number on the 
19. Binary Codes Using the digits 0 and 1, how many different card is divisible by 5? What is the probability that the card 
numbers consisting of 8 digits can be formed? selected either is a 1 or names a prime number? 
20. Arranging Flags How many different vertical arrangements 26. At the Milex tune-up and brake repair shop, the manager 
are there of 10 flags if 4 are white, 3 are blue, 2 are green, and has found that a car will require a tune-up with a probability 
1 is red? of 0.6, a brake job with a probability of 0.1, and both with a 
probability of 0.02. 


21. Forming Committees A group of 9 people is going to be 
formed into committees of 4, 3, and 2 people. How many 
committees can be formed if: 

(a) A person can serve on any number of committees? 
(b) No person can serve on more than one committee? 


(a) What is the probability that a car requires either a 
tune-up or a brake job? 

(b) What is the probability that a car requires a tune-up but 
not a brake job? 

(c) What is the probability that a car requires neither a 
tune-up nor a brake job? 


CHAPTER 
Test Prep The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Chapter Test VIDEOS 


exercises, These videos are available in MyLab™ Math. 


In Problems 1—4, a survey of 70 college freshmen asked whether In Problems 5—7 compute the value of the given expression. 
students planned to take biology, chemistry, or physics during their 5. 7! 6. P(10, 6) ТАМЕ Э) 


irst year. the diagram to answer each question. : Я 
о aad ais асай 8. M&M’s® offers customers the opportunity to create their 


U own color mix of candy. There are 21 colors to choose from, 
and customers are allowed to select up to 6 different colors. 
How many different color mixes are possible, assuming that 
no color is selected more than once and 6 different colors are 
chosen? 


9. How many distinct 8-letter words (meaningful or not) can be 
formed from the letters in the word REDEEMED? 
10. In horse racing, an exacta bet requires the bettor to pick the 


1. How many of the surveyed students plan to take physics first two horses in the exact order. If there are 8 horses in a 
during their first year? race, in how many ways could you make an exacta bet? 


2. How many of the surveyed students do not plan to take 11. On February 20, 2004, the Ohio Bureau of Motor Vehicles 

biology, chemistry, or physics during their first year? unveiled the state’s new license plate format. The plate 
consists of three letters (A—Z) followed by 4 digits (0—9). 
Assume that all letters and digits may be used, except that 


the third letter cannot be О, I, or Z. If repetitions are allowed, 
4. How many of the surveyed students plan to take physics or how many different plates are possible? 


chemistry during their first year? 


3. How many of the surveyed students plan to take only biology 
and chemistry during their first year? 


936 CHAPTER 12 Counting and Probability 


12. Kiersten applies for admission to the University of Southern 14. A study on the age distribution of students at a community 
California (USC) and Florida State University (FSU). She college yielded the following data: 


estimates that she has a 60% chance of being admitted to 
USC, a 70% chance of being admitted to FSU, and a 35% [Age | T7 ёш] aser 1620 des secs sors Co ICI GIC 


Probability 0.03 000 (29 029 (0229 0.01 


chance of being admitted to both universities. 
(a) What is the probability that she will be admitted to either 


USC or FSU? What is the probability a randomly selected student at the 
(b) What is the probability that she will not be admitted to college is between 18 and 20 years old? 
FSU? 15. In a certain lottery, there are ten balls numbered 1, 2,3, 4, 5, 
13. A cooler contains 8 bottles of Pepsi®, 5 bottles of Coke®, 6,7 8,9, 10. Of these, five are drawn in order. If you pick five 
4 bottles of Mountain Dew®, and 3 bottles of IBC®. numbers that match those drawn in the correct order, you 
(a) What is the probability that a bottle chosen at random is win $1,000,000. What is the probability of winning such a 
Coke? lottery? 
(b) What is the probability that a bottle chosen at random is 16. If you roll a die five times, what is the probability that you 


either Pepsi or IBC? obtain exactly 2 fours? 


Cumulative Review 


1. Solve: 3x? — 2x = —1 х=2у%® z= 15 
2. Graph f(x) = x? + 4x — 5 by determining whether the 9. Solve the system:; 3x + y—3z = -8 

graph is concave up or concave down and by finding the Se aye = 37 

vertex, axis of symmetry, and intercepts. 
3. Graph f(x) = 2(x + Їй vl using transformations. 10. What is the 33rd term in the sequence —3, 1, 5, 9,...? What 
4. Solve:|x — 4| < 0.01 is the sum of the first 20 terms? 
5. Find the complex zeros of П. Graph: y = 3 sin(2x + т) 

f(x) = 5x4 = 9x3 — 7x? — 31x — 6 12. Solve the following triangle and find its area. 


6. Graph g(x) = 3*-! + 5 using transformations. Find the 
domain, the range, and the horizontal asymptote of g. 


7. What is the exact value of log; 9? 
8. Solve: log, (3x — 2) + log; x = 4 


Chapter Projects 


For example, Table 2 on the following page provides the 
probability model for rolling a fair six-sided die. The expected 
value, E(x), is 


ney oe аА eae a oe 


6 6 6 6 6 ni 


6 


When a fair die is rolled repeatedly, the average of the 
outcomes will approach 3.5. 

Mega Millions is a multistate lottery in which a player 
selects five different “white” numbers from 1 to 70 and one 


Credit: Cylonphoto/123RF.com *gold" number from 1 to 25. The probability model shown in 
Table 3 on the next page lists the possible cash prizes and their 
I. The Lottery and Expected Profit When all of the possible corresponding probabilities. 


outcomes in a probability model are numeric quantities, 


useful statistics can be computed for such models. The l Verify that Table 3 is a probability model. 


expected value, or mean, of such a probability model is 2. To win the jackpot, a player must match all six numbers. 
found by multiplying each possible numeric outcome by its Verify the probability given in Table 3 of winning the 
corresponding probability and then adding these products. jackpot. 


(continued) 
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Table 2 Table 3 For questions 3—6, assume a single jackpot winner so that the 
= = = jackpot does not have to be shared. 

Outcome Probability Cash Prize Probability | А 

3. If the jackpot is $40,000,000, calculate the expected cash 
Jackpot 0.00000000330 prize. 

$1,000,000 0.00000007932 4. Ifa ticket costs $2, what is the expected financial result 
from purchasing one ticket? Interpret (give the meaning 

$10,000 0.00000107411 of) this result. 
$500 0.00002577851 5. If the jackpot is $250,000,000, what is the expected 
$200 0.00006874270 cash prize? What is the expected financial result from 


purchasing one $2 ticket? Interpret this result. 


$18 00059931658 6. What amount must the jackpot be so that a profit from 
$4 0.01123595506 one $2 ticket is expected? 


$2 0.02702702703 7. Research the Powerball lottery, and create a probability 
model similar to Table 3 for it. Repeat questions 3-6 for 
Powerball. Based on what you have learned, which lottery 
would you prefer to play? Justify your decision. 


1 
6 
1 
6 
1 
6 
1 
6 
1 
6 
1 
6 


$0 0.95854817351 


The following projects are available for instructor download from the Pearson catalog as well аз MyLab Math. 


П. Project at Motorola Probability of Error in Digital Wireless Communications Transmission errors in digital communications can 
often be detected by adding an extra digit of code to each transmitted signal. Investigate the probability of identifying an erroneous 
code using this simple coding method. 


Ш. Surveys Polling (or taking a survey) is big business in the United States. Take and analyze a survey; then consider why different 
pollsters might get different results. 


IV. Law of Large Numbers The probability that an event occurs, such as a head in a coin toss, is the proportion of heads you expect in 
the long run. A simulation is used to show that as a coin is flipped more and more times, the proportion of heads gets close to 0.5. 


V. Simulation Electronic simulation of an experiment is often an economical way to investigate a theoretical probability. Develop a 
theory without leaving your desk. 


„ yeeros 


ча 


Credit: Katatonia82/Shutterstock 
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A Preview of Calculus: 
The Limit, Derivative, and 


Integral of a Function 


Thomas Malthus on Population Growth 


In the late 1700s, the British economist Thomas Malthus presented a report that criticized 
those who thought that life was going to continue to improve for humans. Malthus put his 
report together quickly and titled it An Essay on the Principle of Population as It Affects the 
Future Improvement of Society, with Remarks on the Speculations of 
Mr. Godwin, M. Condorcet, and Other Writers. 

Malthus argued that because the human population tends to increase 
geometrically (1, 2, 4, 16, and so on) and that food supplies will likely 
only increase arithmetically (1, 2, 3, 4, and so on), populations will 
naturally be held in check due to food shortages. Malthus also suggested 
that there are other checks on population growth (and he considered 
these natural and a good thing). Nonetheless, he was concerned that 
poverty is inevitable and will continue. 

Malthus used historical data to suggest that population growth has 
been doubling every twenty-five years in the United States (still in 
the early stages of development back in the late eighteenth century). 
Malthus surmised that the youth of the country along with the vast 
amount of areas conducive to farming would lead to a birth rate that 
exceeded most countries in the world. 

Malthus believed there are two “checks” that control the population 
growth. One type is called preventative checks—these are checks that 
decrease the birth rate. The second type is called positive checks—these are checks that 
increase the death rate. Positive checks include war, famine, and natural disasters. Malthus 
believed that fear of famine was a major reason the birth rate may decrease. After all, who 
would want to have a child knowing the child may suffer from hunger, or worse, starvation? 


—See Chapter Project I— 


In this text we have studied a variety of functions: polynomial functions (including linear and 
quadratic functions), rational functions, exponential and logarithmic functions, trigonometric 
functions, and the inverse trigonometric functions. For each of these, we found their domain 
and range, intercepts, symmetry, if any, and asymptotes, if any, and we graphed them. We also 
discussed whether these functions were even, odd, or neither and determined on what intervals 
they were increasing and decreasing. We also discussed the idea of their average rate of change. 


In calculus, other properties are discussed, such as finding limits of functions, determining 
where functions are continuous, finding the derivative of functions, and finding the integral of 
functions. In this chapter, we give an introduction to these properties. After you have completed 
this chapter, you will be well prepared for a first course in calculus. 


Poo o? 
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13.1 Investigating Limits Using Tables and Graphs 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Piecewise-defined Functions (Section 1.4, pp. 90-92) 


v. Now Work the 'Are You Prepared?' problems on page 942. 


OBJECTIVES 1 Investigate a Limit Using a Table (p. 939) 
2 Investigate a Limit Using a Graph (p. 941) 


The Idea of a Limit 


The idea of a limit of a function is what connects algebra and geometry to the 
mathematics of calculus. In working with the limit of a function, we encounter 
notation of the form 


This is read as “the limit of f(x) as x approaches c equals the number N." Here f is 


iew? : d ; 2 
Need to Review? a function defined on some open interval containing the number c. However, f need 
Interval notation is discussed not be defined at c. 


in Section A.10, pp. AB4-A85. The meaning of lim f(x) = N may be described as follows: 


For all x approximately equal to the number c, with x = c, the corresponding 
value of f is approximately equal to the number N. 


Another description of lim f(x) = N is: 


As x gets closer to c, but remains unequal to c, the corresponding value of f 
gets closer to N. 


1 Investigate a Limit Using a Table 


Tables generated with the help of a calculator are useful for investigating limits. 


| EXAMPLE 1 | Investigating a Limit Using a Table 


Investigate: lim (5x?) 


Solution Here f (x) = 5x?andc = 3. Choose a value for x close to 3, such as 2.99. Then select 
additional numbers that are closer to 3 but remain less than 3. Next choose values 
of x greater than 3, such as 3.01, that get closer to 3. Finally, evaluate f at each choice 
to obtain Table 1. 


Table 1 x 2.99 2999 29999 — 3 = зоот 300 30 
f(x) = 5x? | 44.701 44.970 44997 — — 45.003 45.030 45.301 


From Table 1, as x gets closer to 3, the value of f(x) = 5x? appears to get closer 
to 45. This suggests that 


lim(5x?) = 45 
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Table 2 


NORMAL FLOAT AUTO REAL RADIAN MP 


Solution 


Table 3 


Table 4 


(88 


When choosing the values of x in a table, the number to start with and the 
subsequent entries are arbitrary. However, the entries should be chosen so that the 
table makes it clear what number the value of f is approaching. 


COMMENT A graphing utility with a TABLE feature can be used to generate the entries. Table 2 
shows the result from Example 1 using a TI-84 Plus CE graphing calculator. Ir 


\ Now Work PROBLEM 7 


| EXAMPLE 2 | Investigating a Limit Using a Table 


= 
Investigate: (а) lim ~ ы 
x2 X — 


(b) lim(x + 2) 


x4 


(a) Here f(x) = 


z апас = 2. Notice that the domain of f is (x|x = 2},sof 


is not defined at 2. Choose values of x close to 2 on both sides and evaluate f at 
each choice, as shown in Table 3. 


1799 (Hem SEES = 2 «e 2) Zoo 2.01 


3:99 3.999. 3.9999  — < 4.0001 4.001 4.01 


Ж 
Table 3 suggests that as x gets closer to 2, the value of f(x) = 2 ы gets closer 
to 4. That is, -2 
2 _ 
т = 4 
x32 x 2 


(b) Here g(x) = x + 2andc = 2.The domain of g is all real numbers. See Table 4. 


188) 1865) 1999) = 2 = 000 Aloo 2.01 


3:99 3.999 3.9999 — — 4.0001 4.001 4.01 


Table 4 suggests that as x gets closer to 2, the value of g(x) gets closer to 4. That is, 


lim(x + 2) = 4 
x2 J 


The conclusion that lim (x + 2) = 4 could be obtained without Table 4; as x gets 


closer to 2, it follows that x + 2 gets closer to 2 + 2 = 4. 
Also, for part (a), you are right if you make the observation that for x # 2, 


fi) = Ei. EDP vua х = 2 
x— 


Therefore, 


x? —4 


= lim(x + 2) =4 


Let’s look at an example for which the factoring technique used above does 
not work. 


SECTION 13.1 Investigating Limits Using Tables and Graphs 941 


| EXAMPLE 3 | Investigating a Limit Using a Table 


Investigate: lim B 
x0 x 
Solution First, observe that the domain of the function f(x) = 9X is {x|x = 0}. Use a 
x 


calculator to create Table 5, where x is measured in radians. 


Table 5 x (radians) |—0.03 0.02 —0.01 EUN 0.02 0.03 


f(x) = 0.99985 0.99993 0.99998 = = 0.99998 0.99993 0:99985 


sinx 
x 


sin x 
= 1. 


Table 5 suggests that lim 
x0 — 


(Е | ЕХАМРІЕ4 | Using a Graphing Utility to Investigate a Limit 


x? — 2х2 + 4x — 8 
x^ —2x? +x-2 


Investigate: lim 
x32 


Solution Table 6 shows values of the rational expression for x close to 2. The table suggests that 


3. 5,42 _ 
lim 2х? + 4x – 8 


= 0.889 
x2 x4 2x3 Fx 2 


rounded to three decimal places. 


NORMAL FLOAT AUTO REAL RADIAN MP 
Table 6 PRESS ENTER TO EDIT 
"i 


ммм рр ра 


ү:в(х?-2х2+4Х-8),(Х'-2Х2+Х- B 


\ Now Work PROBLEM 43 


2 Investigate a Limit Using a Graph 


The graph of a function f can also be of help in investigating limits. See Figure 1. In 
each graph, notice that as x gets closer to c, the value of f gets closer to the number №. 
This suggests that 


lim f(x) = N 
This is the conclusion regardless of the value of f at c. In Figure l(a), f(c) = №, апа 


in Figure 1(b), f(c) = М. Figure 1(c) suggests that lim f(x) = N, even if f is not 
defined at c. С 


Va y VA 
f(c) ө 

у= f(x) у= f(x) у= f(x) 
Nr N МЕ 

| js- 1 > | a 

X> € <x x X— с <x x X— б Хх x 

f(c) = N; lim f(x) = N Ко) == N; lim f(x) = М f(c) not defined; lim f(x) = N 
=t X>C хс 


(а) (b) (c) 
Figure 1 
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| EXAMPLE 5 | Investigating a Limit by Graphing 


; А ; 3x—2 ifx #2 
I tigate: 1 f = 
nvestigate lim f(x) if f(x) ү Их —2 
Solution Тһе function f is a piecewise-defined function. Its graph is shown in Figure 2. The 


graph suggests that lim f(x) = 4. di 


Notice in Example 5 that the value of f at 2—that is, f(2) = 3— plays no role 
in the conclusion that lim f(x) = 4. In fact, even if f were undefined at 2, it would 


xy 


still be the case that lim f( x) =A; 


\ Now Work PROBLEMS 17 AND 23 


3x-2 ifx=2 


Figure 2 foo = |3 ae 


Sometimes there is no single number that the values of f approach as x gets 
closer to с. In this case, we say that f has no limit as x approaches c or that lim f (x) 
does not exist. = 


| EXAMPLE6 | A Function That Has No Limit at 0 


x ifx<0 


Investigate: lim if = 
„к D E ifx > 0 


Solution See Figure 3. As x gets closer to 0 but remains negative, the value of f also gets closer 
to 0. As x gets closer to 0 but remains positive, the value of f always equals 1. Since 


a there is no single number that the values of f are close to when x is close to 0, we 
conclude that lim f (x) does not exist. 
x0 D 
Figure 3 f(x) =|% 1X 50 \ Now Work PRoBLEM 37 
1 ifx>0 


In the next section, we will see how algebra can be used to obtain exact limits 
of functions. 


13.1 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


x M x 
1 ifx > 


3x —2 ifx = 2 


. (pp. 90-92) 2. If f(x) = | 0 what is f(0)? (pp. 90-92) 
3 х= 2 0 


1. Graph f(x) = | 


Concepts and Vocabulary 


3. The limit of a function у = f(x) as x approaches с is 5. True or False lim f(x) = N may be described by saying 


denoted by the symbol : that the value of f (x) gets closer to N as x gets closer to c 


4. If a function f does not approach a single number as x but remains unequal to c. 


approaches c, then we say that lim f (x) 6. True or False lim f ( x) exists and equals some number for 


xc 


any function f as long asc is in the domain of f. 


AL. Now Work [*] 1. Modeling 1. writing qu 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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Skill Building 


In Problems 7-16, use a table to investigate the indicated limit. 


+ 3 И 2 . x1 ans! 2 = 

N7 lim(4x3) 8. lim(2x? + 1) 9. lim Lt 10. lim 5 

VAN 2 _ X _ p—X 
11, lim t — 4* indt =”. 13. lim(e* + 1) 14. lim — е“ 
x4 X — xó3xX? — 3x x0 x0 2 
15. lim 298% —1 yin radians 16. lim tant y in radians 
x0 X x0 Xx 
In Problems 17—22, use the graph shown to investigate the indicated limit. 
N 1T lim f (x) 18. lim f(x) 19. lim f(x) 
YA YA YA 
2,3 
p 3r 4r- O 
tad 
2 4 X 
-3 
(4, —3) 
21. lim f(x) 22. lim f(x) 
Yh Y4 
6L (3, 6) 8 
6r- 
3- AL 
v. ii 
| Е | | > 
3 6 X 4 8 X 
In Problems 23-42, graph each function. Use the graph to investigate the indicated limit. 

Nz. lim f(x), f(x) = 3х+1 24. lim f(x), f(x) = 2x-1 25. lim f(x), f(x) = 1 x? 
26. lim f(x), f(x)jex*-1 27. lim f(x), f(x) = [25| 28. limf(x), f(x) = 3Vx 
29. lim, f(x), f(x) = sinx 30. lim f(x), f(x) = cosx 31. lim f(x), fox) det 
32. lim f(x), f(x) = Inx 33. lim f(x), f(x) = 2 34. lim f(x), f(x) = = 

x == x X 
. 2 ifx >0 . x—1 ifx«0 
* She. eS X - 
35. d ob ДИН ү ifs <0 36. lim f(r) fou Ea 1 ifx>0 
i Bx ifx <1 ; x? ifx «2 
N37 limf(x), f(x) = S 38. lim f(x), f(x) = 5 
шы ^» feo а ifx > 1 pare ^. fen) a ifx > 2 
x ifx <0 1 if 0 
39. limf(x), f(x) = 41 ifx =0 40. lim f(x), f(x) = ee 
x30 ' x0 —1 ifx>0 
3x ifx >0 
. sinx ifx <0 | 26" ifx > 0 
m lim f(x), f(x) = be ifx > 0 е lim f(x), fœ) = E —x ifx <0 


Ls 


hr ты кы dd in = Ес Ыы ы es 
“xoix4 — x3 2x —2 "axt +43 2x 42 a) x? 4+x-6 
. x3 х2 + 3x – 3 б x? + 2х2 + х х3 — 3х2 + 4x — 12 
46. іт 47. 1 48. 1 
са x? + 3х – 4 ха + x3 +2х+2 Pur x^ —3x? + х —3 
‘Are You Prepared?’ Answers 
1. See Figure 2 on page 942. 2. f(00 = 0 
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13.2 Algebraic Techniques for Finding Limits 


PREPARING FOR THIS SECTION Before getting started, review the following: 
* Rationalize a Numerator (Section A.7, pp. A59-A61) e Average Rate of Change (Section 1.3, pp. 78-79) 


М, Now Work the ‘Are You Prepared?’ problems on page 949. 


OBJECTIVES 1 Find the Limit of a Sum, a Difference, and a Product (p. 945) 
2 Find the Limit of a Polynomial (p. 946) 
3 Find the Limit of a Power or a Root (p. 947) 
4 Find the Limit of a Quotient (p. 948) 
5 Find the Limit of an Average Rate of Change (p. 949) 


In Section 13.1, we investigated limits using tables and graphs, and stated that algebra 
can sometimes be used to find the exact value of a limit. We state, without proof, two 
basic limits and several properties of limits. 


THEOREM The Limit of a Constant 


In Words А If f(x) = A, where A is а constant, then for апу real number с, 

The limit of a constant is the i 

A p lim f(x) = lim A = A (0) 
THEOREM The Limit of the Identity Function 

In Words 


If = x, then fi 1 
The limit of x as x approaches c _ Тт = CRO any real шир, 


is C. | па (х) = bmx =с (2) 


Since the graph of a constant function is a horizontal line, it follows that no 
matter how close x is to c, the corresponding value of f equals A. That is, lim A = A. 
See Figure 4. didi 

See Figure 5. For any number c, as x gets closer to c, the corresponding value 
of f is x, which is just as close to c. That is, lim x = c. 


XC 


Va 
f(x) = x 
y [^ 
(0, A) (c, д 
f(x) = А 
Figure 4 | а Figure 5 | " 
limA — A | c x limx — c D x 
Using the Two Basic Limits 
A = : u РЕГИС . u 1 
(a) lim5 —5 (b) limx —3 (с) lim( 8)=-8 (d) ES me = 


\ Now Work PROBLEM 9 
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Formulas (1) and (2), when used with the properties that follow, enable us to find 
limits of more complicated functions. 


1 Find the Limit of a Sum, a Difference, and a Product 


In the following properties, we assume that f and g are two functions for which both 
lim f( x) and lim g(x) exist. 


In Words THEOREM Limit of a Sum 

The limit of the sum of two 

functions equals the sum of а йил ; 
a y ЕЕС 


| EXAMPLE 2 | Finding the Limit of aSum 
Find: lim (x + 4) 
Solution The limit involves the sum of two functions: f(x) = x and g(x) = 4. From the basic 
limits (1) and (2), 
lim f(x) = lim x = —3 and lim g (x) = lim 4 =4 
Then using the Limit of a Sum theorem, it follows that 


lim (x +4) = lim x + lim 4 =-34+4=1 


In Words THEOREM Limit of a Difference 

The limit of the difference of 

two functions equals the : HN EET NET 
difference of their limits. A ша ОБ Пало Te) 


| EXAMPLE 3 | Finding the Limit of a Difference 


Find: lim (6 — х) 


Solution The limit involves the difference of two functions: f(x) = 6 and g(x) = x. Using 
the two basic limits, 
lim f(x) = lim 6 = 6 and lim g(x) = lim x = 4 
Then using the Limit of a Difference theorem, it follows that 


lin(6 — x) = lim6 — limx = 6-4 = 2 
x4 x4 x4 


In Words THEOREM Limit of a Product 

The limit of the product of two 

functions equals the product — lim[ f(x) - g(x)] = lim f(x) - limg(x) 
of their limits. A xc o xc 


| EXAMPLE 4 | Finding the Limit of a Product 


Find: lim (—4x) (continued) 
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Solution Тһе limit involves the product of two functions: f(x) = —4 and g(x) = x. 
lim f(x) = lim (—4) = —4 and lim g(x) = lim x = —5 


Now using the Limit of a Product theorem, 


lim (—4x) = lim,(—4)- lim, x = (—4)(—5) = 20 


-» 
| EXAMPLES | Finding Limits Using Algebraic Properties 
Find: (a) lim (3x — 5) (b) lim(5x?) 
Solution (а) lim (3x -5)- lim (3x) — lim 5 = lim 3 . lim x — lim 5 
=3.(-2) -5 = —6 - 5 = -11 
(b) lim(5x?) = lim 5- lim x? = 5- lim(x - x) = 5- шох. шах 
=5-2-2 = 20 D 


\ Now Work PROBLEM 15 


Notice in the solution to part (b) that lim (5х2) = 5:22. 


THEOREM Limit of а Monomial 


И п > 1 is an integer and a is a constant, then for any real number c, 


хс 


Proof lim(ax") = lima - limx” = a-lim(x-:x- x-...- x) 
хәс xc x2 х 
п factors 
=a-limx:-lmx-lmx....-limx Limit of a Product 
XC XC Xu Е 
п factors 
=a4-C:C:C:...:C = ас" linn: = € 
————————— xc 
n factors u 


| EXAMPLE 6 | Finding the Limit of a Monomial 


Find: lim (4x? ) 


Solution  lim(-4x?) = -4.23 = —4 . 8 = -32 
x2 J 


2 Find the Limit of a Polynomial 


Since a polynomial is a sum of monomials, we use the Limit of a Monomial and the 
Limit of a Sum repeatedly to prove the following theorem: 


In Words THEOREM Limit of a Polynomial 
To find the limit of a polynomial 


as x approaches c, evaluate If P is a polynomial function, then 
the polynomial atc. A 


IMEN = RC) 


for any number c. 
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Proof If P is a polynomial function—that is, if 
P(x) = a,x" +a, x"! +--+ a,x + ay 
then 


lim P(x) = lim[a,x" + a, 4x"! + ах + ag] 
XC XC 


= lim(a,x") + lim(a, 4x^-!) +---+ lim(a,x) + lima, 
xc xc xc 


X—C 
= a,c" + a, 40773 HH aye + ay 
= P(c) п 


| EXAMPLE7 | Finding the Limit of a Polynomial 


Find: lim[5x^ — 6x? + 3x? + 4x — 2] 


x 


Solution lim[5x^ — 6x? + 3x? + 4x - 2] — 5.24 6.23 -3.2? c 4.2-2 
=5.16-6.8+3:4+8 – 2 
= 80 — 48 + 12 + 6 = 50 -» 


\ Now Work PROBLEM 17 


3 Find the Limit of a Power or a Root 


THEOREM Limit of a Power or a Root 


If lim f(x) exists and if n > 2 is an integer, then 
lim[ f GI = [lim f(x] 


and 


ишү) = [Tim FH) 


provided f(x) > 0 if nis even. 


Look carefully at the Limit of a Power or a Root properties and compare 
each side. 


| EXAMPLES | PLE 8 Finding the Limit of a Power or a Root 


Find: (a) lim (3x — 5) (b) lim 5x? +8 (с) lim (5x3 - x + ar 


Solution (а) lim(3x – 5)* = [lim (3x = s = (—2)* = 16 


(b) lim V5x? +8 = йш (522 +8) = V8 = 2/2 


(c) lim (5x3 — x + 3)°% = э] lim (5x3 — x + ay 


4 
- il lim ce -x+ 3) = У(—1)* =V =1 » 


\ Now Work PROBLEM 27 
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4 Find the Limit of a Quotient 


THEOREM Limit of a Quotient 


In Words lim f (x) 
The limit of the quotient of two lim f(x) = Al 
functions equals the quotient x>c| g(x) limg(x) 
of their limits, provided that the 
ms denominator is A provided that lim f (x) and lim g(x) both exist, and lim g(x) = 0. 
| EXAMPLES | Finding the Limit of a Quotient 
S 
Find: lim2X7— 4 + 2 
x1 3x+4 


Solution Тһе limit involves the quotient of two polynomial functions: f(x) = 5x3 — x + 2 
and g(x) = 3x + 4. First, find the limit of the denominator g(x). 


lim g(x) = lim (3x +4)=7 


Since the limit of the denominator is not zero, use the Limit of a Quotient. 
3 lim(5x? — x + 2) 

lim = 21 = 

xl 3x +4 lim (3x + 4) 7 


\ Now Work PROBLEM 25 


When the limit of the denominator is zero, the Limit of a Quotient cannot be 
used. In such cases, other strategies are needed. Let’s look at two examples. 


| EXAMPLE 10 | Finding the Limit of a Quotient 


6 (b) lim“ NG 


о — 
nem PI 


Solution (a) The limit of the denominator equals zero, so the Limit of a Quotient cannot be 
used. Instead, notice that the expression can be factored as 
x?—x—6 _ (®*—3)(х* +2) 
х? — 9 (x — 3)(х + 3) 


When computing a limit as x approaches 3, we are interested in the values of 
the function when x is close to 3 but unequal to 3. Since x = 3, we can cancel 
the (x — 3)’s. Then, the Limit of a Quotient can be used. 


A= 6 jg ESE 2) _HMERHD _ 


lim —————— = 


x 2 — x3 + Н + ~ 
x23 x 9 3 (x— 53) (x 3) lim (x 3) 6 


(b) Again, the limit of the denominator is zero. The strategy here is to rationalize the 
numerator. 
vx – М3 _ Vx —-V3 Vx +v3 _ x—3 E 1 
x-3 х-3 Jx +73 (x —3)(Vx 43) 1 Vx + v3 
X3 
Now since the limit of the denominator is not equal to zero, we can use the Limit 
of a Ouotient. 
ise ea. on 1 lim1 1 13 
im — — — 


1 == = = == 
з x-3 drea  lim(Vx4 43) B+ 2/3 6 
хә3 D 
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| EXAMPLE 11 | Finding Limits Using Algebraic Properties 


: 7 з — 2х? + 4х — 8 
: бт 
Fig 5 x4 – 2х3 х - 2 


Solution Тһе limit of the denominator is zero, so the Limit of а Quotient cannot be used. 
Factor the expression, and simplify. 


x? — 2x2? +4x—-8 _ х?(х—2)+4(х—2) (х? + 4)(х- 2) 


ee ee ae | Ce = 2) + 1x = 2) ^ (х%+1)(х—2) 


Factor by grouping 


Then 
limi — 222 + 4% — 8 _ (х2 +4) (5—2) 8 
x2 x4 – 2х3 + x 2 x>2 (x? + 1)(х—2) 9 _B 


Compare the exact solution above with the approximate solution found in 
Example 4 of Section 13.1. 


\ Now Work PROBLEM 37 


5 Find the Limit of an Average Rate of Change 


| EXAMPLE 12 | Finding the Limit of an Average Rate of Change 


Find the limit as x approaches 2 of the average rate of change of the function 
f(x) = х? + 3x 
from 2 to x. 
Solution Тһе average rate of change of f from 2 to x is 


/(х)— f(2) (x?-4-3x)-10 (x 5)x-2) 
x—2 i х- 2 Е х - 2 


The limit of the average rate of change is 


tim £09 А2) ин (22 #3#)—10 a (®+ SEF) _ 7 


x2 X — 


\ Now Work PROBLEM 43 


xc x-2 х—2 Рд B 


SUMMARY 


To find exact values for lim f (x), try using basic limits and algebraic properties of limits. 


If f is a polynomial function, lim f(x) = f(c). 

If f is a polynomial raised to a power or is the root of a polynomial, use the Limit of a Power or a Root with the 
Limit of a Polynomial. 

If f is a quotient and the limit of the denominator is not zero, use the Limit of a Quotient. 


If f is a quotient and the limit of the denominator is zero, try other techniques, such as factoring. 


13.2 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


Ух – 45 


1. Find the average rate of change of f(x) = x? from 2 to x. 2. Rationalize the numerator of the quotient: 5 
х— 


(рр. 78—79) (рр. A59-A61) 
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Concepts and Vocabulary 


3. 


Skil 


The limit of the product of two functions equals the 


their limits. 


. lim A = 


хәс 


.limx = 


xc 


| Building 


In Problems 9-42, find each limit algebraically. 


N 9. 


13. 


31. 


35. lim 


39. lim 


lim 5 


x1 


lim (5x) 


x-2 


. lim (3x? — 5x) 


g> 


—— 


E lim v5x +4 


3-6 292 4-4 


xc-Ax^ + x3 4254.2 


10. lim (3) 


14. lim (—3x) 


18. lim(8x? — 4) 


x 


. lim (8x? = 7x? + 8x? + x — 4) 


24. lim V1 — 2x 


lim (2x + 1)??? 


x-1 


28. 


2 = 
32. lim 2+ 3 — 6 


xa2-3x? 2x —3 


. x? —8 
lim ———— 
x2 x? — 4 


36. 


x? — 3x? + 4x — 12 


40. lim 
x3 x^ 


3x? 4 


X 


3 


of 


6. True or False The limit of a polynomial function as x 
approaches 5 equals the value of the polynomial at 5. 


7. True or False 'The limit of a rational function at 5 equals the 
value of the rational function at 5. 


8. True or False The limit of a quotient equals the quotient of 


the limits. 
П. lim x 12. lim x 
N15. lim(3x + 2) 16. lim(2 — 5x) 


19. lim(5x* — 3х2 + 6x — 9) 
21. lim(x? +1) 22. lim(3x — 4)? 
м, x? = . 3x +4 
25. lim a 26. lim 7 "e 
. x?—4 х? +x 
29 ee — 2x 30- Rm x?—1 
3 4 
33. lim Ž 34. lim Ž 
x71 x— 1 хә1Х—1 
. X? —2x2 + 4x – 8 2 HS x? +3H = 3 
N 37. lim * 38.1 
ЕЗ x^--x-—6 ru x? + 3х —4 
41. lim ER 42. lim У® — УЗ - V5 
x2 x—2 x25 x—5 


In Problems 43—52, find the limit as x approaches c of the average rate of change of each function from c to x. 


\ 43. 
46. 
49. 


51. 


c=2; f(x) = 5x - 3 
с= 3: рх)? 47. с = -1; 
c=0; f(x) = 3x3 — 2х2 +4 
e Хуе 
х 


44. с = —2; }(х) = 4 – Зх 


Applications and Extensions 


In Problems 53—56, use the properties of limits and the facts that 


sin x 
m 
x0 Xx 


= 1 


where х is in radians, to find each limit. 


li tanx 


53. lim 


55. lim 


x0 Xx 


li 3sinx + cosx — 1 
4x 


x0 


‘Are You Prepared?’ Answers 


1. 


(x — 2)(x + 2) 
x—2 


2l _ 
М 5 


45. c = 3 f(x) = x? 


f(x) = x? + 2x 48. c = —1; f(x) = 2x? — 3x 
50. c = 0; f(x) = 4x? — 5x +8 
Я 1 
52. c = 1; (х) => 
х 


= 0 


limcosx = 1 


x0 


limsinx — 0 


x0 


54, lim SIR C22 
X 


x0 


[Hint: Use a Double-angle Formula.] 


TE : - 
56. lim X + аси 1) 
x X 
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13.3 One-sided Limits; Continuity 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Library of Functions (Section 1.4, pp. 85-89) e Properties of the Exponential Function 
Piecewise-defined Functions (Section 1.4, pp. 90-92) (Section 4.3, pp. 316 and 317) 
Polynomial Functions (Section 3.1, pp. 204-215) e Properties of the Logarithmic Function 
Properties of Rational Functions (Section 4.4, p. 336) 


(Section 3.5, pp. 248-256) 


* Properties of the Trigonometric Functions 


The Graph of a Rational Function (Section 5.6, pp. 457 and 459, and Section 5.7, 


(Section 3.6, pp. 260-270) 


pp. 472-477) 


М. Now Work the ‘Are You Prepared?’ problems on page 955. 


OBJECTIVES 


1 


In Words 
х — ст means x is approaching c 
from the left, so x « c. 


In Words 
X — c* means x is approaching c 
from the right, so x > c. 


1 Find the One-sided Limits of a Function (p. 951) 
2 Determine Whether a Function Is Continuous at a Number (p. 953) 


Find the One-sided Limits of a Function 


Earlier we described lim f(x) = N by saying that as x gets closer to the number c 


xc 
but remains unequal to c, the corresponding values of f get closer to the number N. 
Whether we use a numerical argument or the graph of the function f, the variable x 
can get closer to c in only two ways: by approaching c from the left, using numbers 
less than c, or by approaching c from the right, using numbers greater than c. 
If we approach c from only one side, we have a one-sided limit. The notation 


is called the left-hand limit. It is read “the limit of f (x) as x approaches c from the 
left equals L” and may be described by the following statement: 


As x gets closer to c, but remains less than c, the corresponding value of f gets 
closer to L. 


The notation x — c- is used to remind us that x is less than c. 
The notation 


lim f(x) = Е 


is called the right-hand limit. It is read “the limit of f(x) as x approaches c from the 
right equals R" and may be described by the following statement: 


As x gets closer to c, but remains greater than c, the corresponding value of f 
gets closer to R. 


The notation x — c+ is used to remind us that x is greater than c. 
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Figure 6 illustrates left-hand and right-hand limits. 


х<с х> с 
lim х) = L іт Ах) = А 
x> x-c* 

Figure 6 (a) (b) 


The left-hand and right-hand limits can be used to determine whether lim f ( x) 
exists. See Figure 7 хәс 


YA YA 


C X C X 
lim f(x) — lim f(x) lim f(x) == lim f(x) 
xe X-c* хс Же" 
Figure 7 (а) (b) 


As Figure 7(a) illustrates, lim f (x) exists and equals the common value of the 
left-hand limit and the right-hand limit(L = R). In Figure 7(b), we see that lim f(x) 
does not exist because L = R. This leads to the following result. | 


THEOREM 


The limit L of a function у = f(x) as x approaches a number c exists if and 
only if both one-sided limits exist at c and are equal. That is, 


lim f(x) = L if and only if lim f(x) = lim f(x) =I, 


Collectively, the left-hand and right-hand limits of a function are called one-sided 
limits of the function. 


Finding One-sided Limits of a Function 
For the function 
2x —1 ifx <2 
f(x) = 11 Ш х = 
х-2 ifx>2 


N 


find: (a) lim f(x) (b) lim. f(x) (c) lim f(x) 


Solution Figure 8 shows the graph of f. 
(a) To find lim f(x), look at the values of f when x is close to 2 but less than 2. 
Since f(x) — 2x — 1 for such numbers, we conclude that 


lim f(x) = lim (2x —1)23 


(b) To find lim f(x), look at the values of f when x is close to 2 but greater than 2. 


Since f(x) = x — 2 for such numbers, we conclude that 


Hm foo = im (x =2) = 0 


P (c) Since the left and right limits are unequal, lim f (x) does not exist. 


Figure 8 \ Now Work PROBLEMS 21 AND 35 


SECTION 13.3 One-sided Limits; Continuity 953 


2 Determine Whether a Function Is Continuous at a Number 


We have observed that f(c), the value of the function f at c, plays no role in 
determining the one-sided limits of f at c. What is the role of the value of a 
function at c and its one-sided limits at c? Let’s look at some of the possibilities. 
See Figure 9. 


у 
y = f(x 
у= f(x) у= f(x) join 
f(c) 
| > 110 са > 
X | C X | C X 
lim f(x) = lim f(x), so lim f(x) exists; lim f(x) = lim f(x), so lim f(x) exists; lim f(x) = lim f(x), so lim f(x) exists; 
хс хс хс X ct Х+ с X= x= ot X-C 
lim f(x) = Кс) lim f(x) # Кс) Қос) is not defined 
X-C х= с 
(Ы) (с) 
у у 
у= f(x) у= f(x) 
y= f(x) 
но 
> > > 
C X | C X | C X 
lim f(x) == lim f(x), so lim f(x) does not exist; lim f(x) == lim f(x), so lim f(x) does not exist; lim f(x) = ҚО) ¥ lim f(x), 
Хе Aeg X= xe ct Xd Xp xe? 
f(c) is defined f(c) is not defined so lim f(x) does not exist; f(c) is defined 
X-C 
(e) (f) 
Figure 9 


Much earlier in this text, we stated that a function f is continuous if its graph 
could be drawn without lifting pencil from paper. Figure 9 reveals that the only graph 
that has this characteristic is the graph in Figure 9(a), for which the one-sided limits 
at c each exist and are equal to the value of f at c. This leads us to the following 
definition. 


DEFINITION А function f is continuous at c if and only if 


e f is defined at c; that is,c is in the domain of f so that f (c) equals a number. 
slim f(x) = foc) 


e lim f(x) = f(c) 


In other words, a function f is continuous at c if and only if 
lim f(x) = f(c) 


If f is not continuous at c, we say that f is discontinuous at c. Each function 
whose graph appears in Figures 9(b) to 9(f) is discontinuous at c. 


\ Now Work PROBLEM 27 


Look again at the Limit of a Polynomial theorem on page 946. Based on the 
theorem, we conclude that a polynomial function is continuous at every number. 

Look at the Limit of a Quotient theorem on page 948 and suppose f and g are 
polynomial functions. We conclude that a rational function is continuous at every 
number, except any numbers at which it is not defined. At numbers where a rational 
function is not defined, either a hole appears in the graph or else an asymptote appears. 
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| EXAMPLE 2 | Determining the Numbers at Which a Rational Function Is Continuous 


(a) Determine the numbers at which the rational function 


x—2 
RO) = or TUE 


is continuous. 
(b) Use limits to analyze the graph of R near 2 and near 4. 
(с) Graph К. 
х—2 
(x — 2)(х—4)' 
R is a rational function and it is defined at every number except 2 and 4. We 


conclude that R is continuous at every number except 2 and 4, since 2 and 4 are 
not in the domain of R. 


Solution (a) Since R(x) = the domain of Ris{x|x z 2, x z 4}. 


(b) To analyze the behavior of the graph of R near 2 and near 4, look at lim R(x) 
and lim R(x). 


* For lim R(x), we have 


lim R(x) = = lim = üm- = de 


ua Ferca Z 


As x gets closer to 2, the graph of R gets closer to - Since R is not 
defined at 2, the graph will have a hole at [2 -i 


* For lim R(x), we have 


lim R(x) = = lim 


"E 
= |] CEN ШАҢ 
т! = 7E 


If x « 4and x gets closer to 4,the value of 
unbounded; that is, lim R(x) = —oc. 


1 1 is negative and becomes 


Ifx > 4and x gets closer to 4, the value of 
unbounded; that is, lim, R(x) = oo. 


i 1 is positive and becomes 


Since| R( x)| — co for xclose to 4,the graph of R has a vertical asymptote 
atx — 4. 


(c) It is easiest to graph А by observing that if x = 2, then 


6 x stehe х2 _ 1 
(x—2) (x — 4) х—4 


Therefore, the graph of R is the graph of y = — L shifted to the right 4 units with 


a hole at (2. -5). See Figure 10. 


© x2 —6x +8 E | 


\ Now Work PROBLEM 73 


The exponential, logarithmic, sine, and cosine functions are continuous at every 
number in their domain. The tangent, cotangent, secant, and cosecant functions are 
continuous except at numbers for which they are not defined, where asymptotes 
occur. The square root function and absolute value function are continuous at 
every number in their domain. The function f(x) = int(x)is continuous except for 
x — an integer, where a jump occurs in the graph. 

Piecewise-defined functions require special attention. 
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Determining Where a Piecewise-defined Function Is Continuous 


Determine the numbers at which the following function is continuous. 


x? ifx « 0 
х) = і х+1 if0<x<2 
5-х if2<x<5 


Solution Тһе “pieces” of f, that is, y = х2, y = x + 1, and y = 5 — x, are each continuous 
for every number since they are polynomials. In other words, when we graph the 
pieces, we will not lift our pencil. When we graph the function f, however, we have 
to be careful, because the pieces change at x = 0 and at x = 2. So the numbers we 


Yh need to investigate for f are x = 0 and x = 2. 
ab e Atx = 0: f(0) = 02 = 0 
(2, 3) 
MB lim f(x) = lim x? = 0 f(x) = х2 if x <0 
24 х-э 07 xU 
lim f(x) = lim (x c1) 21 f(x)=x+1 if 0«x«2 
1 | | П > 
—2 (0,0) 2 4 6 x Since lim, f(x) = f(0), f isnot continuous at x = 0. 
ol e Atx = 2: #02) = 5-2 = 3 
lim f(x) = lim (х+1) = 3 
Figure 11 к бый 
х2 ifx <0 еа ы es 
fíix)e4x-1l ТОЕ x <2 


So f is continuous at x = 2. 


5-x if2<x<5 : ыс . 
din The graph of f, given in Figure 11, demonstrates the conclusions drawn above. . g 


\ Now Work PROBLEMS 53 AND 61 


SUMMARY 


Library of Functions: Continuity Properties 
Function Domain Property 


Polynomial function АП real numbers Continuous at every number in the domain 


TG) 


Rational function R(x) — {x|O(x) = 0} Continuous at every number in the domain 


P, Q are polynomials DNI Hole or vertical asymptote where R is undefined 


Exponential function АП real numbers Continuous at every number in the domain 
Logarithmic function Positive real numbers Continuous at every number in the domain 
Sine and cosine functions АП real numbers Continuous at every number in the domain 


Tangent and secant functions All real numbers, except ^ Continuous at every number in the domain 
odd integer multiples of 3 Vertical asymptotes at odd integer multiples of 5 


Cotangent and cosecant All real numbers, except Continuous at every number in the domain 
functions integer multiples of 7 Vertical asymptotes at integer multiples of 7 


13.3 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
x? ifx <0 2. What are the domain and range of f(x) = Inx? (p.336) 


1. For the function f(x) = 1 x +1 if Dias d. 3. True or False The domain of any exponential function 
5-х if2<x<5 f(x) = ах, а > 0; а = 1,15 all real numbers. (pp. 316, 317) 


find f(0) and f(2). (pp. 90-92) 


N1: Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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4. Name the trigonometric functions that have asymptotes. 
(pp. 457, 459, 472—477) 


5. True or False Some rational functions have holes in their 
graph. (pp. 260-270) 


Concepts and Vocabulary 


10. 
11. 


7. If we approach c from only one side, then we have a(n) 
limit. 
8. The notation is used to describe the fact that 
as x gets closer to c but remains greater than c, the value 
of f ( x) gets closer to R. 


9. If lim f(x) = f(c),then f is 


12. 


at 


Skill Building 


In Problems 13-32, use the accompanying graph of y = f(x). 


yX 
x3 
р(х) = x — 3are equal. (pp. 248-256) 


True or False The functions R(x) — 


True or False For any function f, lim f(x) = lim (О 


True or False If f is continuous at c, then 


lim f(x) = f(c): 


True or False Every polynomial function is continuous at 
every real number. 


13. What is the domain of f? 14. What is the range of f? 
15. Find the x-intercept(s), if any, of f. 16. Find the y-intercept(s), if any, of f. 62 
17. Find f(—8) and f (—4). 18. Find f(2) and f(6). | 
8  -6 6 x 
19. Find dim f(x). 20. Find lim f(x). 
N 21. Find lim f(x). 22. Find lim f(x). 
x>- ON -4r 
23. 24. 


Find lim f(x). Find lim f(x). 


25. 


\ 27. 


30. Is f continuous at 2? 


Does lim f( x) exist? If it does, what is it? 26. 


Is f continuous at —4? 28. Is f continuous at —6? 


31. Is f continuous at 4? 


In Problems 33—44, find the one-sided limit. 


Does lim f (x) exist? If it does, what is it? 
x 


29. Is f continuous at 0? 


32. Is f continuous at 5? 


33. lim (2x + 3) 34. lim (4 — 2x) N 35. lim (2x° + 5x) 
36. lim (3x? — 8) 37. lim, sinx 38. lim (3cosx) 
VM 3 2 _ 
39. lim 24 40. lim 2 41. lim 221 
x2* x —2 x- x—1 x1 Xx + 
42. lim $3 — €. 43, lim 2 + 4-2 44. lim 22 #*—12 
“sot x4 + x2 * хә-2+ x? + 2х “ya x? 4 Ax 
In Problems 45-60, determine whether f is continuous at c. 
45. f(x) = x - 3x? +2x-6, c=2 46. f(x) = 3x? — 6x +5, c = —3 
2 з 
а рох) = XS, oa 48. fœ) = E, с=2 4. fix) = 243, с—<3 
6 x? +4 x-3 
— 6 x? + 3x x? — 6x 
50. =% c=-6 51. =T ¢=0 52. = M c=0 
йо) x+6 И F(x) x? = 3x И F(x) x? + 6x : 
хз + Зх . х2 = бх . 
еа 5699 eet О Т 
1 ifx = 0 —2 ifx = 0 
x34+3x . x?—6x . 
T df 0 
SA) а ша eK 56. f(x) = 1х2 46x | 7 7, c=0 
=1 ifx = 0 =1 ifx = 0 
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x? —2x 


1 ifx <1 "E ifx «2 
5L f0x)-ÉB32 itx SL ve 58. f(x) 212 iX 2. c—2 
Em z= dil 
х +1 x—1 
2e* ifx < 0 3 cosx ifx < 0 
59. f(x) = 12 ifx =0, c=0 60. f(x) = {3 ifx =0, c=0 
x? + 2x ifx > 0 x? + Зх? ifx > 0 
x? x2 


In Problems 61-72, find the numbers at which f is continuous. At which numbers is f discontinuous? 


N 6L f(x) = 2x 43 62. f(x) = 4 — 3x 63. f(x) = 3x2 + x 64. f(x) = 335 +7 
65. f(x) = 4sinx 66. f(x) = —2cosx 67. f(x) = 2tanx 68. f(x) = 4cscx 
| 2x4+5 | x-4 _ х—3 _ lnx 
69. f(x) = FOE 70. f(x) = 3—9 71. f(x) = ae 72. f(x) = 255 


In Problems 73—76, discuss whether R is continuous at each number c. Use limits to analyze the graph of R at c. Graph R. 


NT ROG) =®=1, e= lande =1 7. Rix) = 2916 e= 2ande—2 
x? = 1 x?—4 
2 24 
75. R(x) = € a с = —landc = 1 76. R(x) = Ž 4х с = —4 апас = 4 
х? – 1 x? — 16 


In Problems 77—82, determine where each rational function К is undefined. Determine whether an asymptote or a hole appears in the graph 
of R at such numbers. 


3 —х? —1 x? + х2 + 3х +3 x? — 2x? + 4x - 8 
77. Rx) = ee 78. R(x) = 79. R(x) = 
(x) х* — x? + 25-2 pe 44x43 + 2х +2 (x) x? + х—6 
з — x2 + 3x —3 х? + 2х2 +x x? — 3x? + 4x — 12 
80. R(x) mE + 81. R(x) = 82. R(x) = 
EN x! + 3x — 4 VEL Ver as qu qd BO eo gas hes 


с 


D For Problems 83-88, use a graphing utility to graph the functions К given in Problems 77-82. Do the graphs support the solutions found 
for Problems 77-82? 


Discussion and Writing 


89. Name three functions that are continuous at every real 90. Create a function that is not continuous at the number 5. 
number. 


‘Are You Prepared?’ Answers 


1. f(0) = 0; f(2) = 3 2. Domain: {x|x > 0}; range:{y|—co < у < со} 3. True 
4. Secant, cosecant, tangent, cotangent 5. True 6. False 


13.4 The Tangent Problem; The Derivative 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Point-Slope Form of a Line (Foundations, Section F3, e Average Rate of Change (Section 1.3, pp. 78-80) 
pp. 25-26) 


\ Now Work the ‘Are You Prepared?’ problems оп page 963. 


OBJECTIVES 1 Find an Equation of the Tangent Line to the Graph of a Function (p. 958) 
2 Find the Derivative of a Function (p. 959) 
3 Find Instantaneous Rates of Change (p. 960) 
4 Find the Instantaneous Velocity of an Object (p. 961) 
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Need to Review? 
Secant lines and their slopes 
are discussed in Section 1.3, 
(pp: 79=80: 


Q= (x, f(x) 


o 
хү 


Figure 16 Secant lines 


The Tangent Problem 


One question that motivated the development of calculus was a geometry problem, 
the tangent problem. This problem asks, “What is the slope of the tangent line to the 
graph of a function у = f(x) ata point P on its graph?” See Figure 12. 

We first need to define what is meant by a tangent line. In plane geometry, the 
tangent line to a circle at a point is defined as the line that intersects the circle at 
exactly that one point. Look at Figure 13. Notice that the tangent line just touches 
the graph of the circle. 


YA 
у= fix) 
Tangent line 
Tangent line 
P to fat P P 

> 

X 
Figure 12 Figure 13 


This definition, however, does not work in general. Look at Figure 14. The lines 
L, and L, intersect the graph at only one point P, but neither just touches the graph 
at P. Further, the tangent line Ly shown in Figure 15 touches the graph of f at P but 
also intersects the graph elsewhere. So how should we define the tangent line to the 
graph of f at a point P? 


УА 1, УА 
ly 
т 
Р Р 
x x 
Figure 14 Figure 15 


Find an Equation of the Tangent Line 
to the Graph of a Function 


The tangent line Ly to the graph of a function у = f(x) at a point P necessarily 
contains the point P. To find an equation for L; using the point-slope form of the 
equation of a line, we need to find the slope m,,, of the tangent line. 

Suppose that the coordinates of the point P are (c, f (c)). Locate another 
point О = (x, f(x)) on the graph of f. The line containing P and О is a secant line. 
The slope жт of the secant line is 


= f(x) – f(c) 


х= с 


Тес 

Now look at Figure 16. 

As we move along the graph of f from Q toward P, we obtain a succession 
of secant lines. The closer we get to P, the closer the secant line is to the tangent 
line Ly. The limiting position of these secant lines is the tangent line Ly. Therefore, 
the limiting value of the slopes of these secant lines equals the slope of the tangent 
line. Also, as we move from О toward P, the values of x get closer to c. Therefore, 


ты = limm,, = lim C — Fe) 
xc хәс Y= с 
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DEFINITION Tangent Line 
The tangent line to the graph of a function y = f(x) at a point P is the line 
containing the point Р = (c,f(c)) and having the slope 


ma ы 


ХС х-— С 


(1) 


provided the limit exists. 


THEOREM Equation of a Tangent Line 


If M an exists, an equation of the tangent line to the graph of a function у = f(x) 
at the point Р = (c,f(c)) 15 


у= f(c) = ты(х—с) (2) 


| EXAMPLE 1 | Finding an Equation of the Tangent Line 


2 
Find an equation of the tangent line to the graph of f(x) = on at the point (1, 1) 
Graph f and the tangent line. 


Solution Тһе tangent line contains the point [i 1) The slope of the tangent line to the 
2 
graph of f(x) — E at(1, jis 


4 
xt. 1 
_ LX 7 Doc 
Man = limf = FD = fee eS lim R^. 
x1 X1 xol x —1 х-14(х — 1) 


Txt) _ | xt) _ 1 


= li ae 
a 4(x—-T) x-1 4 2 
An equation of the tangent line is 
T3 
y-475G 1) y-f(c) = ma, (x — с) 
"s 
da de 
2 
Figure 17 Figure 17 shows the graph of y — г. and the tangent line at (1, 1) B 


\ Now Work PROBLEM 11 


2 Find the Derivative of a Function 


The limit in formula (1) has an important generalization: it is called the derivative 


of f atc. 


DEFINITION Derivative of a Function at a Number 


If y = f(x) is a function and c is in the domain of f, then the derivative of f 
at c, denoted by f'(c) and read “f prime of c," is the number 


f'e) = lim £83 -fo (3) 


provided this limit exists. 
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| EXAMPLE 2 | Finding the Derivative of a Function at a Number 


Find the derivative of f(x) = 2x? — 5x at 2. That is, find f’(2). 
Solution Since f(2) = 2-22 — 5.2 = —2, we have 


fix)-f(2) _ (2x? — 5x) — (—2) _ 2x? 5х 42  (Q2x-1)Yx-2) 
x-2 i x—2 i x—2 i x—2 


The derivative of f at 2 is 


fœ- fu». lim (252 1)(х—2ў E 


'(2)— li 
PO vu x—2 x32 жые 8 


\ Now Work PROBLEM 21 


Example 2 provides a way of finding the derivative at 2 analytically. Graphing 
utilities have built-in procedures to approximate the derivative of a function at a 
number. Consult the user’s manual for the appropriate keystrokes. 


B | EXAMPLE3 | Finding the Derivative of a Function at a Number 


NORMAL FLOAT AUTO REAL RADIAN MP Using a Graphing Utility 


d: (2x*-5x)|,.s Use a graphing utility to find the derivative of f(x) — 2x? — 5x at 2. That is, 
find f'(2). 


Solution Figure 18 shows the solution using a TI-84 Plus CE graphing calculator.* 
As shown, f'(2) = 3. -» 


\ Now Work PROBLEM 33 


Figure 18 


| EXAMPLE4 | Finding the Derivative of a Function at a Number 


Find the derivative of f(x) — x? at c. That is, find f'(c). 


Solution Since f(c) = c?, we have 


JOT) a ed. (х+с)(х—с) 
X—C х= с х= с 


The derivative of f at c is 


pasia ЕЛЕ ВЕ САО mio NUM 


xc x= Cc xc pe B 


As Example 4 illustrates, the derivative of f(x) = x? exists and equals 2c for 
any number c. In other words, the derivative is itself a function, and using x for 
the independent variable, we can write f'(x) = 2x. The function f’ is called the 
derivative function of f or the derivative of f. We also say that f is differentiable. 
The instruction “differentiate f” means “find the derivative of f.” 


3 Find Instantaneous Rates of Change 


The average rate of change of a function f from c to x is 


СОО 


Average rate of change = 
x—c 


[4 


*The TI-84 Plus CE uses an alternative notation for the derivative of f at c, namely — JT CX cos 
x 
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DEFINITION Instantaneous Rate of Change 


The instantaneous rate of change of f at c is 


E fc) 


xc = 


f'(c) = lim 


provided the limit exists. 


The instantaneous rate of change of f at cis the derivative of f at c. 


| EXAMPLE 5 | Finding the Instantaneous Rate of Change 


The volume V of a right circular cone of height Л = 6 feet and radius r feet is 
V=V(r)= Zar?h = 2rr?. Ёғ is changing, find the instantaneous rate of change 


of the volume V with respect to the radius r atr = 3. 


Solution Тһе instantaneous rate of change of V atr = 3is the derivative V'(3). 


V'(3) = lim ОЭ 4c) _. lim 277? = 18v 
r—3 r—-3 r3 г – 3 
2 - 
= lim 27 9) _ lim 270" — DO +3) 


r3 r—3 r3 yY-3 


= lim [27 (7 + 3)] = 127 


At the instantr = 3 feet, the volume of the сопе is changing with respect to r at 
arate of 12x ~ 37.699 cubic feet per 1-foot change in the radius. D 


\ Now Work PROBLEM 43 


4 Find the Instantaneous Velocity of an Object 


Ifs = f(t)is the position of an object at time f, then the average velocity of the object 
from f, to f, is 


Change in position As _ f(t,) — f(to) 


t t 5 
Change in time At ti — to = (5) 


DEFINITION Instantaneous Velocity 


Ifs = f(t) is the position function of an object at time t, the instantaneous 


velocity v of the object at time f, is the limit of the average velocity = as At 
approaches 0. That is, 


V(t) = f) = tim 
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| EXAMPLES | Finding the Instantaneous Velocity of an Object 


Roof top 


Figure 19 


Solution 


In physics it is shown that the height s of a ball thrown straight up with an initial 
velocity of 80 feet per second (ft/sec) from a rooftop 96 feet high is 


s = s(t) = —16t? + 80t + 96 


where t is the elapsed time that the ball is in the air. The ball misses the rooftop on 
its way down and eventually strikes the ground. See Figure 19. 


(a) When does the ball strike the ground? That is, how long is the ball in the air? 
(b) At what time ¢ will the ball pass the rooftop on its way down? 

(c) What is the average velocity of the ball from = 0 tot = 2? 

(d) What is the instantaneous velocity of the ball at time г? 

(e) What is the instantaneous velocity of the ball att = 2? 

(f) When is the instantaneous velocity of the ball equal to zero? 


(g) What is the instantaneous velocity of the ball as it passes the rooftop on the way 
down? 


(h) What is the instantaneous velocity of the ball when it strikes the ground? 
(a) The ball strikes the ground when s = s(t) = 0. 


—16t2 + 80t + 96 = 0 
12 —-5t-6=0 
(t-—6)(t+1)=0 
t=6 ог t=-l 


Discard the solutiont = —1. The ball strikes the ground after 6 sec. 
(b) The ball passes the rooftop when s = s(t) = 96. 


—1612 + 80t + 96 = 96 
t? – 51 = 0 
t(t — 5) = 0 

t= от t=5 


Discard the solution t = 0. The ball passes the rooftop оп the way down 
after 5 sec. 


(c) The average velocity of the ball from t = 0 tot = 2 15 


As _ s(2)— s(0) _ 192 — 96 


= 48 ft 
AL 2—0 2 ee 


(d) The instantaneous velocity of the ball at time t, is the derivative s'(1, ); that is, 


. s(t) — s(t 
s'(ty) = lim 100 — 
> 0 


— lim (—16t? + 80t + 96) — (—16t? + 801, + 96) 
Е 1—10 t= Шу 
- PRU LR = = == = 
ү 16[t te — 5t + Sto] — lim 16[(t + t9)(t — to) — S(t — t9)] 
1—10 t—to 1—10 1— to 


= i |. аери lim[—16(t + ty — 5)] 
1—10 tot 1—10 


= —16(2t, — 5) ft/sec 


(continued) 
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(e) Att = 2 sec, the instantaneous velocity of the ball is 


s'(2) = —16(2 -2 — 5) = —16(—1) = 16 ft/sec 
(f) The instantaneous velocity of the ball is zero when 
s(t) = 0 
—16(20t— 5) 20 
t= - = 2.5 sec 


(g) The ball passes the rooftop on the way down when / = 5. The instantaneous 
velocity att = Sis 


s'(5) = —16(10 — 5) = —80 ft/sec 


Att = 5 sec, the ball is traveling —80 ft/sec. When the instantaneous rate of 
change is negative, it means that the direction of the object is downward. The ball 
is traveling 80 ft/sec in the downward direction whent = 5 sec. 


| Exploration (h) The ball strikes the ground whent = 6.The instantaneous velocity whent = 6 is 


Determine the vertex of the quadratic 
function given in Example 6. What do you 


копеев гавань е veloeity when s 8 The velocity of the ball att = 6 sec is —112 ft/sec. Again, the negative value 


аша ) implies that the ball is traveling downward. B 
SUMMARY 


The derivative of a function y = f(x)atcis defined as 


s'(6) = —16(12 — 5) = —112 ft/sec 


qx е; 


а= С 


ГСС) = lim 


provided the limit exists. 


* [n geometry, f'(c) equals the slope of the tangent line to the graph of f at the point (c, f(c)). 

e In physics, f'(t,) equals the instantaneous velocity of an object at time tj, where s = f(t) is the position of 
the object at time f. 
In applications, if two variables are related by the function y = f(x), then f'(c) equals the instantaneous 
rate of change of y at c. 


13.4 Assess Your Understanding 


‘Are You Pre ра red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Find an equation of the line with slope 5 containing the 2. True or False The average rate of change of a function f 
point (2, —4). (pp. 25-26) from a to b is 
Ў) + fla) en + /(4) (pp. 78-80) 
+а 


Concepts and Vocabulary 


з. Tf lim ee 
T =e 


хәс 


exists, it equals the slope of the 6. True or False The tangent line to a function is the limiting 


. position of a secant line. 
to the graph of f at the point (c, f (c)). 


. f(x)—-fle) .. .. 7. True or False 'The slope of the tangent line to the graph of f 
4. If lim f ym f exists, it is calledthe__offatc. at (c, f (c))is the derivative of f atc. 
5. If s = f(t) denotes the position of an object at time t, the 8. True or False The velocity of an object whose position at 
derivative (г) isthe — ^ ofthe object at tọ. time f is s(£) is the derivative s'(f). 
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Skill Building 
In Problems 9-20, find the slope of the tangent line to the graph of f at the given point. Graph f and the tangent line. 
6, f(x) = 3x 5 at(i 8) 10. f(x) =2e 41 at(-1,3) NAL у(х) x03 at(-1, 3) 
12. f(x) 23— x? at (1, 2) 13. f(x) = 3x? at (2, 12) 14. f(x) = —4x? at (—2, —16) 
15. f(x) = 2x? + x at (1, 3) 16. f(x) = 3х2 — x at (0, 0) 17. f(x) = x? – 2x +3 at (-1, 6) 
18. f(x) = -2x? - x -3 at(1, -4) 19. f(x) = x? +x at (2, 10) 20. f(x) = x - x? at (1, 0) 
In Problems 21—32, find the derivative of each function at the given number. 
N 21. f(x) = —4x +5 at3 22. f(x) = —4 + 3x atl 23. f(x) = x? -3 at0 
24. f(x) = 2x? +1 at -1 25. f(x) = 2x? + 3x atl 26. f(x) = 3x? — 4x at2 
27. f(x) = x? + 4x at-1 28. f(x) = 2x? — x? at2 29. f(x) = x? + x? —2x atl 
30. f(x) = x? -2x? +x at-1 31. f(x) = sinx at0 32. f(x) = cosx atO 
ДД 


М. зз, f(x) = 3x3 — 6x? +2 at 2 
—x3 +1 


(& In Problems 33-42, use a graphing utility to approximate the derivative of each function at the given number. 


34. f(x) = —5x4 + 6x? — 10 at5 


5x4 + 9x -3 


35. = ——————— at8 36. = — t -3 
fo) x? + 5х +7 а fo) x? + 5х2 — 6 а 
37. f(x) = x sinx at 38. f(x) = xsinx at 7 39. f(x) = x?sinx at 5 
40. f(x) = x?sinx at 7 41. f(x) =e*sinx at2 42. f(x) = e*sinx at2 
Applications and Extensions 
М 43. Instantaneous Rate of Change The volume V of a right 48. Instantaneous Velocity of a Ball In physics it is shown that 


circular cylinder of height 3 feet and radius r feet is 
V = V(r) = 3zr?.Find the instantaneous rate of change of 
the volume with respect to the radiusr atr = 3. 


44. Instantaneous Rate of Change The surface area S of a sphere 
of radius г feetis $ = S(r) = 4rr?. Find the instantaneous 
rate of change of the surface area with respect to the radius r 
atr = 2. 


45. Instantaneous Rate of Change The volume V of a sphere 


ofradiusr feetisV = V(r) = inr. Find the instantaneous 


rate of change of the volume with respect to the radius r 
atr — 2. 


46. Instantaneous Rate of Change The volume V of a cube of 
side x metersisV = V(x) = x?.Find the instantaneous rate 
of change of the volume with respect to the side x at x — 3. 


47. Instantaneous Velocity of a Ball In physics it is shown 
that the height s of a ball thrown straight up with an initial 
velocity of 96 ft/sec from ground level is 

s = s(t) = —16t? + 96t 

where t is the elapsed time that the ball is in the air. 

(a) When does the ball strike the ground? That is, how long 
is the ball in the air? 

(b) What is the average velocity of the ball from t = 0 to 
[7 

(c) What is the instantaneous velocity of the ball at time t? 

(d) What is the instantaneous velocity of the ball att = 2? 

(e) When is the instantaneous velocity of the ball equal to 
zero? 

(f) How high is the ball when its instantaneous velocity 
equals zero? 

(g) What is the instantaneous velocity of the ball when it 
strikes the ground? 


49. 


e 


the height s of a ball thrown straight down with an initial 
velocity of 48 ft/sec from a rooftop 160 feet high is 


s = s(t) = —16t? — 48t + 160 


where t is the elapsed time that the ball is in the air. 

(a) When does the ball strike the ground? That is, how long 
is the ball in the air? 

(b) What is the average velocity of the ball from t = 0 to 
t=1? 

(c) What is the instantaneous velocity of the ball at time г? 

(d) What is the instantaneous velocity of the ball att = 1? 

(e) What is the instantaneous velocity of the ball when it 
strikes the ground? 


Velocity on the Moon An astronaut throws a ball down 
into a crater on the moon. The height s (in feet) of the ball 
from the bottom of the crater after ¢ seconds is given in the 
following table: 


ү ч Time, t Height, s 
~ С} (in seconds) (in feet) 


— 
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(a) Find the average velocity fromt = 1 tot = 4 seconds. D (d) Using a graphing utility, find the quadratic function of 
(b) Find the average velocity from: = 1 tot = 3 seconds. best fit. 
(c) Find the average velocity from? = 110/ = 2 seconds. (e) Using the function found in part (d), determine the 
fe (d) Using a graphing utility, find the quadratic function of instantaneous rate of change of revenue at x = 25 
best fit. bicycles. 
(e) Using the function found in part (d), determine the " 
instantaneous velocity att = 1 second. "B Number of Total Revenue, R 
50. Instantaneous Rate of Change The data to the right C9! (6 | Bicycles,x ^ (іп dollars) 
GS represent the total revenue R (in dollars) received from 2 0 
selling x bicycles at Tunney’s Bicycle Shop. 28.000 
(a) Find the average rate of change in revenue from x — 25 : 
to x — 150 bicycles. 45,000 
(b) Find the average rate of change in revenue from x — 25 53,400 
to x — 102 bicycles. 59,160 


(c) Find the average rate of change in revenue from x — 25 


tox — 60 bicycles. 62,360 


64,835 
66,525 


‘Are You Prepared?’ Answers 
1. у = 5х — 14 2. False 


13.5 The Area Problem; The Integral 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Geometry Formulas (Appendix A, Section A.2, • Summation Notation (Section 11.1, pp. 868-869) 
pp. А15-А16) 


v. Now Work the 'Are You Prepared?' problems on page 970. 


OBJECTIVES 1 Approximate the Area Under the Graph of a Function (p. 966) 
2 Approximate Integrals Using a Graphing Utility (p. 970) 


The Area Problem 


The development of the integral, like that of the derivative, was originally motivated 
to a large extent by a problem in geometry: the area problem. 


Area Problem 


Suppose a function f is nonnegative and continuous on a closed interval [ a, b]. 
Find the area enclosed by the graph of f, the x-axis, and the verticallines x — a 
and x = b. 


Figure 20 illustrates the area problem. We refer to the area A shown as the area 
under the graph of f from a to b. 


y 


Area A 


Area A — area under the graph 
of f from a to b 


Figure 20 Area problem 
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For a constant function f (x) = k and fora linear function f(x) = mx + В, ме 
can solve the area problem using formulas from geometry. See Figures 21(a) and (b). 


Ya Ya 
f(x) = mx + B 
kL f(x) = К 
f(b) 
A k fla) A 
a b x a b x 
— b-a —>| I—— b-a —>| 
A = area of rectangle A = area of trapezoid 
= length x width 
a ee = 1100) + қа — a) 
(a) (b) 
Figure 21 


For most other functions, no formulas from geometry are available. 
We begin by discussing a way to approximate the area under the graph of a 
function f from a to b. 


1 Approximate the Area Under the Graph of a Function 


We use rectangles to approximate the area under the graph of a function f. We do 
this by partitioning or dividing the interval [a, b] into subintervals of equal width. 
On each subinterval, we form a rectangle whose base is the width of the subinterval 
and whose length is f (u) for some number и in the subinterval. Look at Figure 22. 


YA y 
у= f(x) 
f(u) 
f(u) 
а= щ Uy b x 
2-а —s}<— b- a са 
2 2 b-a b-a b-a b-a 
4 4 4 4 
2 subintervals 4 subintervals 
(a) (b) 
Figure 22 


In Figure 22(a), the interval [a, b] is partitioned into two subintervals, each of 


width 2—4 


, and the number u is chosen as the left endpoint of each subinterval. 


In Figure 22(b), the interval [a, b]is partitioned into four subintervals, each of 


width 2=4 


, and the number u is chosen as the right endpoint of each subinterval. 


The area A under f from a to b is approximated by adding the areas of the 
rectangles formed by the partition. 
Using Figure 22(a), 


Area А ғ area of first rectangle + area of second rectangle 


= fau) tz + fon) 
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Using Figure 22(b), 
Area A ғ area of first rectangle + area of second rectangle 


+ area of third rectangle + area of fourth rectangle 


= уш) 26 + flu) + уби) 6 + уи) 29 


967 


In approximating е area under the graph of а function f from a to b, the choice 
of the number u in each subinterval is arbitrary. For convenience, we shall always 
pick u as either the left endpoint of each subinterval or the right endpoint. The choice 
of how many subintervals to use is also arbitrary. In general, the more subintervals 


used, the better the approximation will be. Let's look at a specific example. 


Approximating the Area Under the Graph of f(x) = 2x from O їо 1 
Approximate the area A under the graph of f (x) = 2x from 0 to 1 as follows: 


YA (a) Partition [0, 1] into two subintervals of equal width and choose и as the left 
"E fü) = 2x endpoint. 
(b) Partition [0, 1] into two subintervals of equal width and choose и as the right 
endpoint. 
У (с) Partition [0, 1] into four subintervals of equal width and choose и as the left 
f(9) f(z) endpoint. 
0 à 1 Xx (d) Partition [0, 1] into four subintervals of equal width and choose u as the right 
2 endpoint. 


2 subintervals; u's are left endpoints (e) Compare the approximations found in parts (a)-(d) with the actual area. 


(a) 


Solution 
Y4 (a) Partition [0, 1] into two subintervals, each of width 2 and choose u as the left 
2 f(x) = 2x endpoint. See Figure 23(a). The area A is approximated as 
1 1| 1 
1 « iD Аж f(0:z f[z):5 
f(;) | 2 2. 2 
—0. T 
I =0-541-5 f(0-2.0 0; f(z) 2.5 =1 
0 1 1 x 1 
2 subintervals; и% are right endpoints 
(b) (b) Partition [0, 1] into two subintervals, each of width 2 and choose u as the right 


endpoint. See Figure 23(b). The area A is approximated as 


аел beso} 
1 


= fee 
2 


1 
Da 
е 2 


endpoint. See Figure 23(c). The area А is approximated as 


ЕГЕС ТООТ 
4 subintervals; u’s are left endpoints AR f(0) ` 4 w f(a] ` 4 T |) ` 4 > F(Z] ` 4 
(c) 1 1 1,3 1 3 
= 0. . 1- Q— = = = 0.75 
Figure 23 4 ш 2 4 4 и 2 4 


(c) Partition [0, 1] into four subintervals, each of width 1. and choose и as the left 


(continued) 
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5 (d) Partition [0, 1] into four subintervals, each of width "n and choose u as the right 
: у= endpoint. See Figure 23(d). The area A is approximated as 
1| 1 1| 1 3| 1 1 
1 f(t Ax (5): (5): (i): p.i1 
(1) fla ПАА at SG rudi 
1 1 1,31 1 5 
0 : н x 2.4 b 4 T 2 4 T 4 4 
“үз (e) The actual area under the graph of f(x) = 2x from 0 to 1 is the area of a right 
Ha) S i) triangle whose base is of length 1 and whose height is 2. The actual area A is 


. . : therefore 
4 subintervals; u’s are right endpoints 1 


(d) A = jbase height = 2-1-2 =1 
Figure 23 (continued) 


—» 


Now look at Table 7, which shows the approximations to the area under the 
graph of f(x) = 2x from0to1forn = 2,4,10, and 100 subintervals. Notice that the 
approximations to the actual area improve as the number of subintervals increases. 


Table7 [ Using left endpoints: 


Using right endpoints: 


You are asked to confirm the entries in Table 7 in Problem 31. 

There is another useful observation about Example 1. Look again at 
Figure 23 and at Table 7 Since the graph of f(x) = 2x is increasing on [0, 1], the 
choice of u as the left endpoint gives a lower-bound estimate to the actual area, while 
choosing u as the right endpoint gives an upper-bound estimate. Do you see why? 


\ Now Work PROBLEM 9 


| EXAMPLE 2 | Approximating the Area Under the Graph of f(x) = x2 


Approximate the area under the graph of f(x) = x? from 1 to 5: 
(a) Using four subintervals of equal width 
(b) Using eight subintervals of equal width 


In each case, choose the number u to be the left endpoint of each subinterval. 


Solution (a) See Figure 24. Using four subintervals of equal width, the interval [1, 5] is 
partitioned into subintervals of width ХЕ = 1 аѕ follows: 
Y4 [1, 2] [2,3] [3,4] 14, 5] 
ar Choosing u as the left endpoint of each subinterval, the area A under the graph 
F of f (x) = x? is approximated by 
ЫБ Area A x f(1)-1+ f(2)-1+ f(3)- 14 f(4):1 
Г =1+4+9 +16 = 30 
2p (b) See Figure 25. Using eight subintervals of equal width, the interval [1, 5] is 
0 partitioned into subintervals of width — = 0.5 as follows: 


f) F2) f(3 f(4) 
4 subintervals; each of width 1 


[1, 1.5] [1.5, 2] [2, 2.5] [2.5, 3] [3, 3.5] [3.5, 4] [4, 4.5] [4.5, 5] 


Figure 24 (continued) 


01) f(2) f(3) f(4) 
8 subintervals; each of width 1/2 


Figure 25 


УА 


ащ Uy щщ see 


Ах Ах Ах 
Figure 26 
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Choosing и as the left endpoint of each subinterval, the area A under the graph 
of f(x) = x? is approximated by 


Area A z f(1)-0.5 + f(1.5)- 0.5 + f(2)- 0.5 + f(2.5) -0.5 


+ f(3)-0.5 + f(3.5)- 0.5 + f(4)-0.5 + f(4.5)0.5 
=[f(1) + f(1.5) + f(2) + f(2.5) + f(3) + f(3.5) + f(4) + f(4.5)]- 0.5 
= [1 + 2.25 + 4 + 6.25 +9 + 12.25 + 16 + 20.25] - 0.5 


— 35.5 


Steps for Approximating the Area A Under the Graph of a 
Function y — f(x)from ato b 


STEP 1: 


STEP 2: 


STEP 3: 


STEP 4: 


Partition the interval [a, b] into n subintervals of equal width. The 
width Ax of each subinterval is then 
b—a 

n 


Ау? = 


In each subinterval, pick a number и and evaluate the function f at 
each и. This results in n numbers иу, u5,..., u, and n functional values 


ОШО if (5 ооо» Tour 


Form n rectangles with width equal to Ax, the width of each subinterval, 
and with length equal to the functional value f(u;), i = 1, 2, ..., n. 
See Figure 26. 


Add the areas of the n rectangles. 
Ay + AS eo A, = Ј(ш)Ах + flu, )Ax +... + f(u,)Ax 


= Y f(uj)Ax 
i=1 


This number is the approximation to the area A under the graph of f 
from a to b. 


Definition of Area 


We have observed that the larger the number n of subintervals used, the better the 
approximation to the area under the graph of f from a to b. If we let n become 
unbounded, we obtain the exact area under the graph of f from a to b. 


DEFINITION Area Under the Graph of a Function from a to b 


Suppose a function f is nonnegative and continuous on a closed interval [a, b]. 


Partition [a, b] into n subintervals, each of width Ax = De In each 
n 


subinterval, choose a number u;, i = 1, 2,..., n, and evaluate f(u;). Form 
the products f (и; ) Ax and add them, obtaining the sum 


Y f(u)Ax 
ї=1 


If the limit of this sum exists as п — оо, that is, if 


lim X` f(u;)Ax 
noo mem 


exists, it is defined as the area under the graph of f from a to b and is denoted by 


which is read as “the integral from a to b of f ( x)." 
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9 2 Approximate Integrals Using a Graphing Utility 


| EXAMPLE 3 | Using a Graphing Utility to Approximate an Integral 


Use a graphing utility to approximate the area under the graph of f(x) = x? from 1 


5 to 5. That is, evaluate the integral 
[ „(Хах 5 
—— ET 41.33333333. J х2 ах 
Ans>Frac | 1 
ы ы ы m Solution Figure 27 shows the result using a TI-84 Plus CE calculator. Consult the 
a user’s manual for the proper keystrokes. 
The area under the graph of f(x) = x? from 1 to 5 is e. E" 
Figure 27 In calculus, techniques are given for evaluating integrals to obtain exact answers 
algebraically. 
13.5 Assess Your Understanding 
‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
4 
1. The formula for the area A of a rectangle of length / and 2. Уу (2k +1) = . (pp. 868-869) 
width w is ‚ (р. А15) k=1 
Concepts and Vocabulary 
3. The integral from a to b of f(x) is denoted by . 4. The area under the graph of f from a to b 
. "M is denoted by 
Skill Building 
In Problems 5 and 6, refer to the figure. The interval [1, 3] is 7. Approximate the area A, choosing u as the left endpoint of 
partitioned into two subintervals (1, 2] and [2, 3]. each subinterval. 
YA 8. Approximate the area A, choosing и as the right endpoint of 
3) = 4 y= fo) each subinterval. 
N 9. The function f(x) = 3x is defined on the interval [0, 6]. 
@ (a) Graph f. 
In (b)-(e), approximate the area A under f from 0 to 6 as 
f =2 —---- | follows: 
fl) =1 =- ^ (b) Partition [0, 6] into three subintervals of equal width 
l and choose u as the left endpoint of each subinterval. 
| > (c) Partition [0, 6] into three subintervals of equal width 
1 2 3 X and choose u as the right endpoint of each subinterval. 
f(1) = 1,2) = 2, (3) = 4 (d) Partition [0, 6] into six subintervals of equal width and 
5. Approximate the area A, choosing u as the left endpoint of choose и as the left endpoint of each subinterval. 
each subinterval. (e) Partition [0, 6] into six subintervals of equal width and 


choose и as the right endpoint of each subinterval. 
(f) What is the actual area A? 


10. Repeat Problem 9 for f(x) = 4x. 


6. Approximate the area A, choosing и as the right endpoint of 
each subinterval. 


In Problems 7 and 6, refer to the figure. The interval (0, 8] is 


partitioned into four subintervals (0, 2], (2, 4], (4, 6], and [6, 8]. 11. The function f(x) = —3x + 9isdefined on the interval [0, 3]. 
Yh (a) Graph f. 
In (b)-(e), approximate the area A under f from 0 to 3 as 
10 follows: 


(b) Partition [0, 3] into three subintervals of equal width 
and choose u as the left endpoint of each subinterval. 

у= fx) (c) Partition [0, 3] into three subintervals of equal width 
and choose u as the right endpoint of each subinterval. 

(d) Partition [0, 3] into six subintervals of equal width and 
choose u as the left endpoint of each subinterval. 

(e) Partition [0, 3] into six subintervals of equal width and 
choose u as the right endpoint of each subinterval. 

(f) What is the actual area A? 


1 
| 1 
Lu 
ME 
| | 
2 4 
f(0) = 10, f(2) = 6, f(4) = 7, f(6) = 5, f(8) = 1 
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12. Repeat Problem 11 for f(x) = —2x + 8. 23 fox ED dx 24 fex + 7) dx 
In Problems 13-22, a function f is nonnegative and continuous on 0 А 
an interval [а, Б]. Teg 4 В 
(a) Graph f, indicating the area A under f from a to b. e Í C ddr 26. | Пос 
(b) Approximate the area А by partitioning |a, b] into four 2/2 т/4 
subintervals of equal width and choosing и as the left 27. TR sinx dx 28. Jo cose dx 
endpoint of each subinterval. 
(c) Approximate the area A by partitioning |а, b] into eight 29. foe dx 30. fms dx 
subintervals of equal width and choosing u as the left 0 Е 
endpoint of each subinterval. 31. Confirm the entries in Table 7 
(d) Express the area A a» an integr al. , [Hint: Review the formula for the sum of an arithmetic 
б (e) Use а graphing utility to approximate the integral. sequence. ] 
13. f(x) = x? + 2, [0,4] M. f(x) = x? — 4, [2, 6] 32. Consider the function f(x) = V1 — x? whose domain is 
15. f(x) = x?, [0,4] 16. f(x) = x3, [1,5] the interval [—1, 1]. 
1 (a) Graph f. 
17. f(x) = P (1, 5] 18. f(x) = Vx, [0,4] (b) Approximate the area under the graph of f from —1 to 1 
19. f(x) = e*, [-1, 3] 20. f(x) = ах, [3,7] ine [—1, 1] into five subintervals, each of equal 
21. f(x) = sinx, [0, 7] 22. f(x) = cosx, |o. z] (c) Approximate the area under the graph of f from —1 to 1 
In Problems 23-30, an integral is given. oo [—1, 1] into ten subintervals, each of equal 
width. 


(a) What area does the integral represent? 
(b) Graph the function, and shade the region represented by 


the integral. 
(8 (c) Use a graphing utility to approximate this area. 


(d) Express the area as an integral. 
Д (е) Evaluate the integral using a graphing utility. 
(f) What is the actual area? 


с 


‘Are You Prepared?’ Answers 
1. A = lw 2. 24 


Chapter Review 


Things to Know 
Limit (p. 939) 
lim f(x) = N As x gets closer toc, х = с, the value of f gets closer to №. 


хәс 


Basic limits (р. 944) 
linA = A The limit of a constant is the constant. 


xc 
limx = с The limit of x as x approaches c is c. 
хс 


Limit properties (рр. 945, 947, 948) 
lim[ f(x) + g(x)] = lim f(x) + lim g(x) The limit of a sum equals the sum of the limits. 


хәс 


lim[ f(x) — g(x)] = lim f(x) — limg(x) The limit of a difference equals the difference of the limits. 


xc 


lim Р(х): g(x)] = lim f(x). limg(x) The limit of a product equals the product of the limits. 

. [foo] limfoo, -" | | " T 
lim = ee (lim g(x) = 0) The limit of a quotient equals the quotient of the limits, provided that the limit of 
s>el g(x) limg (x) the denominator is not zero. 

lim ужу = [lim foo]? Provided lim f(x) exists, > 2 an integer. 

lim Y/f (x) == {ш f (x) Provided 4/f (x) and alim f (x) are both defined, > 2 an integer. 
Limit of a polynomial (p. 946) lim P(x) = P(c), where P is a polynomial function. 
Continuous function (p. 953) A function f is continuous at c if lim f(x) = ftc). 
Derivative of a function (p. 959) f'c)- lim f x - f (c) , provided the limit exists. 


Area under a graph (p. 969) If a function f is nonnegative and continuous on the interval [a, b] then the area under 


b n 
the graph of f from a to b is T f(x) dx = Ша} f (u;) Ax, provided the limit exists. 
a Ext ical 
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Objectives 
Section You should be able to... Example(s) Review Exercises 


13.1 Investigate a limit using a table (p. 939) 1-4 1-11 
Investigate a limit using a graph (р. 941) 5,6 21-27 
13.2 Find the limit of a sum, a difference, and a product (p. 945) 2-6 1 

Find the limit of a polynomial (p. 946) 1,2 

Find the limit of a power or a root (p. 947) 25330 

Find the limit of a quotient (р. 948) 6-11 

Find the limit of an average rate of change (p. 949) 30-32 

Find the one-sided limits of a function (p. 951) 4, 21-24 
Determine whether a function is continuous at a number (p. 953) 12-15, 26-29 
Find an equation of the tangent line to the graph of a function (p. 958) 30-32 

Find the derivative of a function (p. 959) 33-37 

Find instantaneous rates of change (p. 960) 5 39 

Find the instantaneous velocity of an object (p. 961) 6 38 


Approximate the area under the graph of a function (p. 966) 40-42 


1 
2 
1 
2 
3 
4 
5 
1 
2 
1 
2 
3 
4 
1 
2 


Approximate integrals using a graphing utility (р. 970) 41(e), 42(e), 43(c), 44(c) 


Review Exercises 
In Problems 1-11, find the limit. 


1. lim (3x? — 2x + 1) 2. lim (х? +1) 3. lim Vx? +7 4. lim v1 — x? 
А 3/2 . x? +x+4+2 . x-1 . х? – 9 
5. lim (Sx + 6) 6. Im- 9 —9 7. in 31 8. Ima -sp PET. 
Р 2—1 Я x3 — 8 _ x4 3х +x - 3 
9. lim ~ 10. 1 11.1 
pie = жэ? х3 — 2x? + 4x – 8 ЗЭ — 3x? -2x — 6 


In Problems 12—15, determine whether f is continuous at c. 


ШЕ 
12. f(x) = 3x4 x? +2, c=5 13. f(x) = = 1 с=—2 
x+2 
x?^—4 . x?—4 . 
jim 1 "Т^, вд iB dupl op EM. nero 
4 ifx = —2 —4 ifx = —2 
In Problems 16-27 use the accompanying graph of y = f(x). Ya 
16. What is the domain of f? Р. A 
=2 2 
17. What is the range of f? | ) 2} 
CAS ара) 
18. Find the x-intercept(s), if any, of f. | | | | x 
-6 -4 -2 2 4 6 x 
19. Find the y-intercept(s), if any, of f. za 
20. Find f(—6) and f (—4). 
—4r 


21. Find lim f(x). 

22. Find lim, fo». 

23. Find lim f(x). 

24. Find lim f(x). 

25. Does lim f(x) exist? If it does, what is it? 
26. Is f continuous at 0? 


27. Is f continuous at 4? 
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x+4 


28. Discuss whether R(x) = 2-06 


is continuous atc — —4 and c — 4. Use limits to analyze the graph of R at c. 
x? — 2x? + 4х – 8 


29. Determine where the rational function R(x) — 
etermine where the rational function R(x) x? — 11x +18 


appears at such numbers. 


is undefined. Determine whether an asymptote or a hole 


In Problems 30—32, find the slope of the tangent line to the graph of f at the given point. Graph f and the tangent line. 


30. f(x) = 2x? + 8x at (1, 10) 31. f(x) = x? + 2x — 3 at (-1, –4) 32. f(x) = x? + x? at (2, 12) 
In Problems 33—35, find the derivative of each function at the number indicated. 
33. f(x) = —4x2 +5 at3 34. f(x) = x? - 3x atO 35. f(x) = 2x? + 3x +2 atl 
In Problems 36 and 37 approximate the derivative of each function at the number given using a graphing utility. 
36. f(x) = 4x4 — 3x3 + 6x — 9 at -2 37. f(x) = x?tanx BC 
38. Instantaneous Velocity of a Ball In physics it is shown that (c) Find the average rate of change of revenue from x — 25 
the height s of a ball thrown straight up with an initial velocity to x — 50 wristwatches. 
of 96 ft/sec from a rooftop 112 feet high is te (d) Using a graphing utility, find the quadratic function of 
best fit. 
= = 2 
s = s(t) = —16{° + 96t + 112 (e) Using the function found in part (d), determine the 
where t is the elapsed time that the ball is in the air. The ball instantaneous rate of change of revenue at x = 25 
misses the rooftop on its way down and eventually strikes wristwatches. 
the ground. 40. The function f(x) = 2x + 315 nonnegative and continuous 
(a) When does the ball strike the ground? That is, how long on the interval [0, 4]. 
is the ball in the air? (a) Graph f. 
(b) At what time t will the ball pass the rooftop on its way In (b)-(e), approximate the area A under f from x — 0 to 
down? x = 4as follows: 
(c) What is the average velocity of the ball from г = 0 to (b) Partition [0, 4]into four subintervals of equal width and 
[237 choose u as the left endpoint of each subinterval. 
(d) What is the instantaneous velocity of the ball at time г? (c) Partition [0, 4]into four subintervals of equal width and 
(e) What is the instantaneous velocity of the ballatt — 2? choose u as the right endpoint of each subinterval. 
(f) When is the instantaneous velocity of the ball equal to (d) Partition [0, 4 ]into eight subintervals of equal width and 
zero? choose u as the left endpoint of each subinterval. 
(g) What is the instantaneous velocity of the ball as it passes (e) Partition [0, 4]into eight subintervals of equal width and 
the rooftop on the way down? choose u as the right endpoint of each subinterval. 
(h) What is the instantaneous velocity of the ball when it (f) What is the actual area A? 


strikes the ground? 


39. Instantaneous Rate of Change The following data represent In Problems 41 and 42, each function f is nonnegative and 
the revenue R (in dollars) received from selling x wristwatches continuous on the given interval. 
at Wilk's Watch Shop. (a) Graph f, indicating the area A under f from a to b. 

(b) Approximate the area A by partitioning [а, b] into three 
subintervals of equal width and choosing u as the left 
endpoint of each subinterval. 

Wristwatches, x Revenue, R (c) Approximate the area A by partitioning [a, b] into six 

subintervals of equal width and choosing u as the left 

0 endpoint of each subinterval. 
2340 (d) Express the area A as an integral. 
3600 he (e) Use a graphing utility to approximate the integral. 


4375 41. f(x) 2 4 х2, [-1, 2] 
6975 42. f(xy = 4, [1,4] 
8775 x 


2600 In Problems 43 and 44, an integral is given. 
10,000 (a) What area does the integral represent? 
9900 (b) Graph the function, and shade the region represented by the 


integral. 
9375 А m А А 
te (c) Use a graphing utility to approximate this area. 


3 
(a) Find the average rate of change of revenue from x = 25 45. J E (9 = x?) dx 


to x — 130 wristwatches. 1 
(b) Find the average rate of change of revenue from x — 25 44. f ^^ ах 
to x = 90 wristwatches. 
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CHAPTER 


Test Pre The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Chapter Test VIDEOS exercises. These videos are available in MyLab™ Math. 


In Problems 1—6, find each limit. 
[x= 2| 


1. lim(—x? + 3x — 5) 2. lim ———— 3. lim V7 — 3x 
x3 гЗ = б х6 
аы age cubus А 2 é tanx 
© эз з, $ PETI costy 


7. Determine the value for k that will make the function 15. The function f(x) = У16 — x? is nonnegative and 


continuous atc — 4. continuous on the interval [0, 4]. 
= (a) Graph f. 
ro —— ifx <4 (b) Partition [0, 4]into eight subintervals of equal width and 


choose u as the left endpoint of each subinterval. Use the 


Юз ш уй partition to approximate the area under the graph of f 


In Problems 8-12, use the graph of y = f(x). from ОЮ: | | 
(с) Find the exact area of the region and compare it to the 
y) approximation in part (b). 


16. Write the integral that represents the shaded area. Do not 
attempt to evaluate. 


хү 


f(x) =x" 5x 3 


8. Investigate lim FON 


9. Investigate lim HOO) 


10. Investigate lim f(x) 


11. Does the graph suggest that lim f ( x ) exists? If so, what is it? If 

not, explain why not. RS 17. An object is moving along a straight line according to some 
position function s = s(t). The distance s (in feet) of the 
object, from its starting point after t seconds is given in the 
table. Find the average rate of change of distance fromt = 3 
tot — 6 seconds. 


12. Determine whether f is continuous at each of the following 
numbers. If it is not, explain why not. 


(a) x = -2 (b x =1 
(c) x = 3 (d х= 4 
13. Determine where the rational function 


X? + 6x? — 4х — 24 
x? 4 5x — 14 


RS 


is undefined. Determine whether an asymptote or a hole 
appears at such numbers. 
14. For the function f(x) = 4x? — 11x — 3: 
(a) Find the derivative of f at x — 2. 
(b) Find an equation of the tangent line to the graph of f at 
the point (2, —9). 
(c) Graph f and the tangent line. 


үэ гүү ec] 
0 
1 
2 
3 
4 
5 
6 
7 
8 
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а 8 | i 5 2. Graph Y, = f(t), where f(t) represents the logistic 
BN growth function of best fit found in 1. 


3. Approximate the instantaneous rate of growth of 
population in 1960 using the derivative function on a 
graphing utility. 

4. Use the result from 3 to predict the population in 1961. 
What was the actual population in 1961? 

5. Approximate the instantaneous growth of population in 
1970, 1980, 1990, 2000, 2010, and 2020. What is happening 
to the instantaneous growth rate as time passes? Is 
Malthus's contention of a geometric growth rate accurate? 

6. Usingthe MAXIMUM function on your graphing utility, 
determine the year in which the growth rate of the 


Credit: Katatonia82/Shutterstock 


І. World Population Thomas Malthus believed that “population, population is largest. What is happening to the growth 
when unchecked, increases in a geometrical progression of such rate in the years following the maximum? Find this point 
nature as to double itself every twenty-five years.” However, on the graph of Y, = f(t). 
the growth of population is limited because the resources 7. Evaluate lim f(t). This limiting value is the carrying 
available to us are limited in supply. If Malthus's conjecture "DE nd : . . 
were true, geometric growth of the world's population would capacity of Earth. What is the carrying capacity of Earth? 
imply that 8. What do you think will happen if the population of 

Earth exceeds the carrying capacity? Do you think that 
‘_ = r + 1, where r is the growth rate agricultural output will continue to increase at the same 
Fea rate as population growth? What effect will urban sprawl 
1. Using world population data and a graphing utility, find have on agricultural output? 


the logistic growth function of best fit, treating the year as 
the independent variable. Lett = 0 represent 1950, = 1 
represent 1951, and so on, until you have entered all the years 
and the corresponding populations up to the current year. 


The following projects are available for instructor download from the Pearson catalog as well as MyLab Math. 
П. Project at Motorola: Curing Rates Engineers at Motorola use calculus to find the curing rate of a sealant. 


Ш. Finding the Profit-maximizing Level of Output A manufacturer uses calculus to maximize profit. 
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Review Appendix A 


Outline 

A.1 Algebra Essentials A.7 nth Roots; Rational Exponents A.10 Interval Notation; Solving 
A.2 Geometry Essentials A.8 Solving Equations Inequalities 

A.3 Polynomials A.9 Problem Solving: Interest, A.11 Complex Numbers 

A.4 Factoring Polynomials Mixture, Uniform Motion, 

A.5 Synthetic Division Constant Rate Job Applications 


A.6 Rational Expressions 


A.1 Algebra Essentials 


PREPARING FOR THIS TEXT Before getting started, read “То the Student" at the beginning of this text on 
page xix. 


OBJECTIVES 1 Work with Sets (p. A1) 
2 Graph Inequalities (p. A4) 
3 Find Distance on the Real Number Line (p. A5) 
4 Evaluate Algebraic Expressions (p. A6) 
5 Determine the Domain of a Variable (p. A7) 
6 Use the Laws of Exponents (p. A7) 
7 Evaluate Square Roots (p. A9) 
8 Use a Calculator to Evaluate Exponents (p. A10) 


1 Work with Sets 


A set is a well-defined collection of distinct objects. The objects of a set are called 
its elements. By well-defined, we mean that there is a rule that enables us to 
determine whether a given object is an element of the set. If a set has no elements, 
it is called the empty set, or null set, and is denoted by the symbol 2. 

For example, the set of digits consists of the collection of numbers 0, 1, 2, 3, 4, 
5,6, 7 8, and 9. If we use the symbol D to denote the set of digits, then we can write 


D = {0,1, 2, 3, 4, 5, 6, 7, 8, 9} 


In this notation, the braces { ) are used to enclose the objects, or elements, 
in the set. This method of denoting a set is called the roster method. A second way 
to denote a set is to use set-builder notation, where the set D of digits is written as 

D={ x | x isa digit) 
] ] ] 
Read as *D is the set of all х such that x is a digit." 


| EXAMPLE 1 | Using Set-Builder Notation and the Roster Method 


(a) E = (x|x is an even digit} = 10,2, 4, 6, 8} 
(b) О = (x|x is an odd digit} = (1,3, 5, 7, 9} 


A1 
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Because the elements of a set are distinct, we never repeat elements. For 
example, we would never write {1, 2, 3, 2}; the correct listing is {1, 2, 3}. Because 
a set is a collection, the order in which the elements are listed does not matter. Thus, 
{1, 2, 3}, {1, 3, 2}, (2, 1, 3}, and so on, all represent the same set. 

If every element of a set A is also an element of a set B, then A is a subset of B, 
which is denoted A С B.Iftwosets A and B have the same elements, then A equals B, 
which is denoted A — B. 

For example, (1, 2, 3) € (1,2, 3, 4, 5} and (1,2, 3) = (2, 3,1}. 


DEFINITION Intersection and Union of Two Sets 


If A and B are sets, the intersection of A with B, denoted A П B, is the set 
consisting of elements that belong to both A and B. The union of A with B, 
denoted A U B, is the set consisting of elements that belong to either A or B, 
or both. 


| EXAMPLE2 | Finding the Intersection and Union of Sets 


Solution 


Let A = {1,3,5,8}, В = {3, 5, 7},andC = {2, 4, 6, 8}. Find: 
(a) ANB (b) AUB (c) BN(AUC) 
(a) AN В = {1, 3,5, 8} П {3, 5, 7} = (3,5) 
(D AU B = {1, 3,5, 8} U {3, 5, 7} = {1, 3,5, 7, 8} 
(с) BO(AUC)= {3, 5,7} (41, 3, 5, 8} U {2, 4, 6, 8}) 
= {3,5,7} {1, 2,3, 4, 5, 6, 8} = {3, 5} _в 
\ Now Work PRoBLEM 15 


When working with sets, it is common practice to designate a universal set U, 
the set consisting of all the elements to be considered. With a universal set 
designated, elements of the universal set not found in a given set can be considered. 


DEFINITION Complement of a Set 


If A is a set, then the complement of A, denoted A, is the set consisting of all 
the elements in the universal set that are not in A.* 


Universal set 


ха 
O 


Figure 1 Venn diagram 


Finding the Complement of a Set 


If the universal set is U = {1, 2, 3, 4, 5, 6, 7, 8, 9} and if A = (1, 3, 5, 7, 9}, then 
A = {2,4,6,8}. B 


It follows from the definition of complement that A U A = U and AN A = Ø. 
Do you see why? 


\ Now Work PROBLEM 19 


It is often helpful to draw pictures of sets. Such pictures, called Venn diagrams, 
represent sets as circles enclosed in a rectangle. The rectangle represents the 
universal set. Such diagrams often make it easier to visualize various relationships 
among sets. See Figure 1. 


*Some texts use the notation A’ or A^ for the complement of A. 
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The Venn diagram in Figure 2(a) illustrates that A С B. The Venn diagram 
in Figure 2(b) illustrates that A and B have no elements іп common—that is, 
An B = @.Тһе sets A and B in Figure 2(b) are disjoint. 


Universal set Universal set 
О] 
(а) АСВ (D АпВ=@ 
subset disjoint sets 


Figure 2 


Figures 3(a), 3(b), and 3(c) use Venn diagrams to illustrate the definitions of 
intersection, union, and complement, respectively. 


Universal set Universal set Universal set 
(a) ANB (b) AUB (c) A 
intersection union complement 


Figure 3 


Real Numbers 
Real numbers are represented by symbols such as 


25, 0, —3, Z. 5, 0.125, V2, m, 31-2, 0.666... 


The set of counting numbers, or natural numbers, contains the numbers in 
the set {1, 2, 3, 4,...}. (The three dots, called an ellipsis, indicate that the 
pattern continues indefinitely.) The set of integers contains the numbers in the set 
{..., —3, -2, —1, 0, 1, 2, 3,...}. A rational number is a number that can be 


C expressed as a quotient : of two integers, where the integer b cannot be 0. Examples 


of rational numbers are 3 5 0 and 2 
424 3 

integer is also a rational number. Real numbers that are not rational are called 
irrational. Examples of irrational numbers are V2 and т (the Greek letter pi), which 
equals the constant ratio of the circumference to the diameter of a circle. See Figure 4. 
Real numbers can be represented as decimals. Rational real numbers have 
decimal representations that either terminate or are nonterminating with repeating 


. a . 
. Since т^ a for any integer a, every 


А C 
Figure 4 7 = — 
g т d 


blocks of digits. For example, = = 0.75, which terminates; and = = 0.666... , і 


which the digit 6 repeats indefinitely. Irrational real numbers have decimal 
representations that neither repeat nor terminate. For example,V2 = 1.414213... 
and т = 3.14159....In practice, the decimal representation of an irrational 
number is given as an approximation. We use the symbol ~ (“is approximately equal 
to”) to write V2 ~ 1.4142 and т ~ 3.1416. 


A4 APPENDIX А Review 


In Words 


If a product equals 0, then one 


or both of the factors is 


0. 


й 


ТР ПЕ — 1 
-3 -2 -1-$0 4 142 2 


3a 
Figure 5 Real number line 
O 
1 1 1 1 1 1 1 1 1 1 Ly 
-3 -2-3-1-101132» 3 
Negative Positive 
realnumbers Zero real numbers 
Figure 6 
e e = 
a b 
(a) a<b 
Ld > 
a 
b 
(b) a=b 
€ e > 
b a 
(c) a>b 


Figure 7 


Two frequently used properties of real numbers are given next. Suppose that a, 
b, and c are real numbers. 


Distributive Property 


a-(b+c) = ab + ac 


Zero-Product Property 


If ab = 0, then either a = 0 or b = 0 or both equal 0. 


The Distributive Property can be used to remove parentheses: 
2(x +3) = 2x+2-3=2x+6 


The Zero-Product Property will be used to solve equations (Section A.8). For 
example, if 2x = 0,then2 = 0 or x = 0.Since2 = 0, it follows that x = 0. 


The Real Number Line 


The real numbers can be represented by points on a line called the real number line. 
There is a one-to-one correspondence between real numbers and points on a line. 
That is, every real number corresponds to a point on the line, and each point on the 
line has a unique real number associated with it. 

Pick a point on the line somewhere in the center, and label it O. This point, 
called the origin, corresponds to the real number 0. See Figure 5. The point 1 unit 
to the right of О corresponds to the number 1. The distance between 0 and 1 
determines the scale of the number line. For example, the point associated with the 
number 2 is twice as far from O as 1. Notice that an arrowhead on the right end of 
the line indicates the direction in which the numbers increase. Points to the left of 
the origin correspond to the real numbers —1, —2, and so on. Figure 5 also shows 


the points associated with the rational numbers 3 and = + and the points associated 
with the irrational numbers V2 and т. 


DEFINITION Coordinate; Real Number Line 


The real number associated with a point Р is called the coordinate of P, and the 
line whose points have been assigned coordinates is called the real number line. 


The real number line consists of three classes of real numbers, as shown in 
Figure 6. 


* The negative real numbers are the coordinates of points to the left of the 
origin O. 
* The real number zero is the coordinate of the origin О. 


* The positive real numbers are the coordinates of points to the right of the 
origin O. 


, Now Work PROBLEM 23 


2 Graph Inequalities 


An important property of the real number line follows from the fact that, given two 
numbers (points) a and b, either a is to the left of b, or a is at the same location as b, 
or a is to the right of b. See Figure 7 
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If a is to the left of b, then “a is less than b,” which is written a < b. If a is to 
the right of b, then “a is greater than b," which is written a > b. If a is at the same 
location as b, then a = b. If ais either less than or equal to b, then a < b. 

Similarly, a > b means that a is either greater than or equal to b. Collectively, the 
symbols «, >, <, and > are called inequality symbols. 

Note that а « b and b > a mean the same thing. It does not matter whether 
we write2 < 3 or3 > 2. 

Furthermore, if a < b orifb > a, then the difference b — a is positive. Do you 
see why? 

An inequality is a statement in which two expressions are related by an 
inequality symbol. The expressions are referred to as the sides of the inequality. 
Inequalities of the form a « b or b » a are called strict inequalities, whereas 
inequalities of the forma < b orb > a are called nonstrict inequalities. 

The following conclusions are based on the discussion so far. 


a > 0 is equivalent to a is positive 


a < 0 is equivalent to a is negative 


The inequality a > 0 is sometimes read as “a is positive.” If a > 0, then eithera > 0 
ora = 0, and this may be read as “a is nonnegative.” 


\ Now Work PROBLEMS 27 AND 37 


| EXAMPLE 4 | Graphing Inequalities 


(a) On the real number line, graph all numbers x for which x > 4. 
(b) On the real number line, graph all numbers x for which x < 5. 


Solution (а) See Figure 8. Note that a left parenthesis is used to indicate that the number 4 is 


[| ee ee ee ee ee ce not part of the graph. 
Ke т ЕЛА АЕ дш б (b) See Figure 9. Note that a right bracket is used to indicate that the number 5 is 
Figure 8 x > 4 part of the graph. н 


tt tt L 
=F 24-9 о 123 4 5 6 7 \ Now Work PROBLEM 43 


Figure9 x <5 
3 Find Distance on the Real Number Line 
T€ Sud The absolute value of a number a is the distance from 0 to a on the number line. For 
kK rm >|« T >| example, —4 is 4 units from 0, and 3 is 3 units from 0. See Figure 10. Thus the absolute 
L à 1 1 1 4 1 1 4 i, value of —4 is 4, and the absolute value of 3 is 3. 
-5-4-3-2-1. 0.12 3 4 A more formal definition of absolute value is given next. 
Figure 10 


DEFINITION Absolute Value 


The absolute value of a real number a, denoted by the symbol |a|, is defined 
by the rules 


lala tia ж) and |а| = -a ifa <0 


For example, because —4 « 0, the second rule must be used to get 
[-4| = —(-4) = 4. 


| EXAMPLE 5 | Computing Absolute Value 


(а) |8| = 8 (b) 101 = 0 (c) |-15| = —(-15) = 15 в 


Look again at Figure 10. The distance from —4 to 3 is 7 units. This distance is 
the difference 3 — (—4), obtained by subtracting the smaller coordinate from the 
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larger. However, because |3— (—4)| =|7| = 7 and |-4 — 3| = |-7| = 7, 
absolute value can be used to calculate the distance between two points without 
being concerned about which is smaller. 


DEFINITION Distance Between Two Points 


If P and Q are two points on a real number line with coordinates a and b, 
respectively, then the distance between P and О, denoted by d( P, О), is 


d(P, О) = |b — a| 


Since |b — a| = |a — b], it follows that Q( P, О) = d(Q, P). 


| EXAMPLES | Finding Distance on a Number Line 


Let P, Q, and R be points on a real number line with coordinates —5, 7 and —3, 
respectively. Find the distance 


(a) between P and Q (b) between Q and R 
Solution See Figure 11. 


P R Q 
—o@—1 e 1) шы I I үш I dd Ql 
-5 -4-3-2-1 0 1 2 3 4 5 6 7 


[+ d(P, Q) = [7 — (-5) = 12 > 
[< d(Q В) = 1-3-7 |= 10 >| 


Figure 11 


(a) d(P, О) = |7 – (-5) = |12| = 12 
(b) d(Q, R) = |-3 — 7| = |-10| = 10 


\ Now Work PROBLEM 49 


4 Evaluate Algebraic Expressions 


In algebra, letters such as x, y, a, b, and c are used to represent numbers. If the letter 
used represents any number from a given set of numbers, it is called a variable. A 
constant is either a fixed number, such as 5 or V3, or a letter that represents a fixed 
(possibly unspecified) number. 

Constants and variables are combined using the operations of addition, 
subtraction, multiplication, and division to form algebraic expressions. Examples of 
algebraic expressions include 


3 


3 —— 7x 2 
хч I; x y 
To evaluate an algebraic expression, substitute a numerical value for each 
variable. 
| EXAMPLE | Evaluating an Algebraic Expression 
Evaluate each expression if x = 3 andy = —1. 
3 
(a) х + 3y (b) Sxy ©) - (d) |-4x + yl 


Solution (а) Substitute 3 for x and —1 for y in the expression x + Зу. 


х+ Зу = 3 + 3(-1) = 3+(—3) = 0 
T 
x=3y=-1 


(continued) 


SECTION A.1 Algebra Essentials А7 


(b) If x = 3and y = —1, then 
5ху = 5(3)(-1) = —15 


(c) If x = 3and y = -1,then 
3y 3(—1) —3 -3 3 


2-99 3929 2-6 -4 4 
(d) If x = 3and y = —1, then 
|-4x + y| = |—4(3) + (-1)]| = [1—12 + (—1)| = |—13| = 13 B 


\ Now Work PROBLEMS 51 AND 59 


5 Determine the Domain of a Variable 


In working with expressions or formulas involving variables, the variables may be 
allowed to take on values from only a certain set of numbers. For example, in the 
formula for the area A of a circle of radius ғ, A = z7?,the variable r is restricted to 
the positive real numbers (since a radius cannot be 0 or negative). In the expression 


3 the variable x cannot take on the value 0, since division by 0 is not defined. 
x 


DEFINITION Domain of the Variable 


The set of values that a variable may assume is called the domain of the variable. 


| EXAMPLES | PLE 8 Finding the Domain of a Variable 


The domain of the variable x in the expression 


5 
x—2 


is (x|x = 2}, since if x = 2, the denominator becomes 0, which is not defined. g 


| EXAMPLES | Circumference of a Circle 


In the formula for the circumference C of a circle of radius r, 
С = 27r 


the domain of the variable r, representing the radius of the circle, is the set of 
positive real numbers, (r|r > 0}. The domain of the variable C, representing the 
circumference of the circle, is also the set of positive real numbers,{C|C > 0). yg 


In describing the domain of a variable, either set notation or words may be used, 
whichever is more convenient. 


\ Now Work PROBLEM 69 


6 Use the Laws of Exponents 


Integer exponents provide a shorthand notation for representing repeated 
multiplications of a real number. For example, 


22 = 2.2.2 = 8 34 = 3.3.3.3 = 81 
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DEFINITION а" 
If ais a real number and л is a positive integer, then the symbol a” represents 
the product of n factors of a. That is, 


а” = а-а--—-.@ (1) 


n factors 


In the definition, it is understood that a! = a. In addition, a? = а.а, 

а? = a-a- a, and so on. In the expression a”, a is called the base and л is called 

the exponent, or power. The expression a" is read as “а raised to the power п” or as 

“a to the nth power." Usually, a? is read as “a squared" and a? is read as “a cubed.” 

| In working with exponents, the operation of raising to a power is performed 
Æ CAUTION Be careful with ; | 
before any other operation. Here are some examples: 


negatives and exponents. 
4.32 = 4.9 = 36 2? +32 = 4+9 = 13 


24 = 1:24 = —16 
T -24 =—16 5.32+2.4=5.9+2.4 =45+8 = 53 


(—2)* = (—2)(—2)(—2)(—2) = о. Parentheses are used to indicate operations to be performed first. For example, 


(-2) = (—2)(—2)(-2)(-2) = 16 (2+3) = 52 = 25 


DEFINITION a® 
lia = Or then 


DEFINITION a-^ 
Ifa = 0 and if nis a positive integer, then 
а = = 


(ee 


Whenever you encounter a negative exponent, think “reciprocal.” 


| EXAMPLE 10 | Evaluating Expressions Containing Negative Exponents 


l E. 06 
G) = 


@%%=5®=1  oe-L o) 


\ Now Work PROBLEMS 87 AND 107 


The following properties, called the Laws of Exponents, can be proved using the 
preceding definitions. In the list, a and b are real numbers, and т and п are integers. 


THEOREM Laws of Exponents 


=a a E E a Cab) = 


ifa = 0 - ifb = 0 


In Words 
V36 means "give me the 
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| EXAMPLE 11 | Using the Laws of Exponents 


Write each expression so that all exponents are positive. 
-2 


5,-2 23 
(а) 5 — х= 0, у= 0 e) [25 х = 0 
y y 
. 54-2 - 8 
Solution (a) у med adc us aids y? = х2у-3 = x2. = 
3 3 3 
xy x y У 
ЕЕ | EUG TE и чы. 
3y^ о м 5 y » 


\ Now Work PROBLEMS 89 AND 99 


7 Evaluate Square Roots 


A real number is squared when it is raised to the power 2. The inverse of squaring 
is finding a square root. For example, since 62 = 36 and ( —6)? = 36, the numbers 


6 and —6 are square roots of 36. 


nonnegative number whose U-— А А . PE 
square is 36.” A The symbol , called a radical sign, is used to denote the principal, or 
nonnegative, square root. For example, v36 = 6. 


DEFINITION Principal Square Root 


If a is a nonnegative real number, the nonnegative number b such that b? = a 


is the principal square root of а and is denoted by b = Va. 


The following comments are noteworthy: 


e Negative numbers do not have square roots (in the real number system), 


because the square of any real number is nonnegative. For example, V—4 is 
not a real number because there is no real number whose square is —4. 


• The principal square root of 0 is 0, since 02 = 0.That is, VO = 0. 


e The principal square root of a positive number is positive. 


e Ifc> 0, then (Jc) LA For example, ( 2 = 2 and (v3)? 


=з, 


| EXAMPLE 12 | Evaluating Square Roots 


(а) V64 = 8 (b) T = L (с) (1.4) = 14 


—-» 


Examples 12(a) and (b) are examples of square roots of perfect squares, since 


64 — 8^ and + = CE 


Consider the expression Va’. Since a? > 0, the principal square root of a? is 
defined whether a > 0 or a « 0. However, since the principal square root is 
nonnegative, an absolute value is needed to ensure the nonnegative result. That is, 


Ма? = |a| where a is any real number 


(2) 


| EXAMPLE 13 | Simplifying Expressions Using Equation (2) 


(a) (2.3? = |2.3| = 23. (b) 4(-2.3? = |-23| = 2.3 


\ Now Work PROBLEM 95 


(с) Vx? = 1х1 в 


А10 
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Calculators 


Calculators are incapable of displaying decimals that contain a large number of 
digits. For example, some calculators are capable of displaying only eight digits. 
When a number requires more than eight digits, the calculator either truncates or 
rounds. To see how your calculator handles decimals, divide 2 by 3. How many digits 
do you see? Is the last digit a 6 or a 7? If it is a 6, your calculator truncates; if it is a 


7, your calculator rounds. 


There are different kinds of calculators. An arithmetic calculator can only add, 
subtract, multiply, and divide numbers; therefore, this type is not adequate for this 
course. Scientific calculators have all the capabilities of arithmetic calculators and 
also contain function keys labeled In, log, sin, cos, tan, x”, inv, and so on. Graphing 
calculators have all the capabilities of scientific calculators and contain a screen on 
which graphs can be displayed. We use the term graphing utility to refer generically 
to all graphing calculators and computer software packages (such as GeoGebra 
or Desmos). In this text, the graphing utility is optional. The symbol E is shown 


whenever a graphing utility is used. 


8 Use a Calculator to Evaluate Exponents 


Your calculator has a caret key, ^| or an x" key, which is used for computations 


involving exponents. 


Evaluate: (2.3 y 


Solution 


NORMAL FLOAT AUTO REAL RADIAN MP 


Figure 12 TI-84 Plus CE 


\ Now Work PROBLEM 125 


А.1 Assess Your Understanding 


Concepts and Vocabulary 


1. 


AL. Now Work 


A(n) is a letter used in algebra to represent any 
number from a given set of numbers. 


. On the real number line, the real number zero is the 


coordinate of the 


. An inequality of the form a > b is called a(n) 


inequality. 


. In the expression 2^, the number 2 is called the and4 


is called the 


. Multiple Choice 1f a is a nonnegative real number, then 


which inequality statement best describes a? 


(a) a «0 (b) a > 0 ()a <0 (d)a>0 


1. Writing 


@ 1. Modeling 


10. 


qu 1. Graphing Tech 


iz | EXAMPLE 14 | Exponents on a Graphing Calculator 


Figure 12 shows the result using a TI-84 Plus CE graphing calculator. 


. Multiple Choice Let a and b be nonzero real numbers and 


m and n be integers. Which of the following is not a law of 
exponents? 


a " == а" тү? — gm+n 

@ (2) = 2 (b) (a")" =a 

(e) £7 =a" (d) (ab)" = arb" 
а" 


. True or False The product of two negative real numbers is 


always greater than zero. 


. True or False The distance between two distinct points on 


the real number line is always greater than zero. 


. True or False 'The absolute value of a real number is always 


greater than zero. 


True or False 'To multiply two expressions having the same 
base, retain the base and multiply the exponents. 


Х Calculus Preview == 1. Applet-Based 
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Skill Building 


In Problems 11-22, use О = universal set = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, A = {1, 3, 4, 5, 9}, В = {2, 4, 6, 7,8}, апас = 41, 3, 4, 6} 
to find each set. 


11. AUB 12. AUC 13. ANB 14. ANC 
N 15. (AU B) C 16. (An B)UC 17. А 18. C 
\ 19. ANB 20. BU C л. АОВ 22. Bn C 
\ 23. On the real number line, label the points with coordinates 0, 1, —1, 2, —2.5, 3. and 0.25. 

24. Repeat Problem 23 for the coordinates 0, —2, 2, —1.5, 5, L, and i 


In Problems 25—34, replace the question mark by <, >, or =, whichever is correct. 


25.270 26. 526 Na -1? -2 28.39 23 29. т ? 3.14 


30. V2 2141 31. i ? 0.5 32. i ? 0.33 33, 2 2 0.67 34. 19025 


Ape 


In Problems 35—40, write each statement as an inequality. 
35. x is positive 36. 2 is negative М 37. x is less than 2 


38. y is greater than —5 39. x is less than or equal to 1 40. x is greater than or equal to 2 


In Problems 41—44, graph the numbers x on the real number line. 
41. x > -2 ax <4 NA x» 44. х < 7 


In Problems 45—50, use the given real number line to compute each distance. 


A В C OD Е 
jp pe уф = ge 
=4 =з -2 -1 0 1 2 3 4 5 6 
45. d(C, D) 46. d(C, A) 47. d(D, E) 48. d(C, E) У 49. d( A, E) 50. d( D, B) 
In Problems 51—58, evaluate each expression if x = —2 and y = 3. 
М 51. х+2у 52. 3х + у 53. 5ху+2 54. —2x + xy 
55, _2^_ gg * ЕУ 57, 3x + 2y 58, 21-3 
Keg х—у 2+ у y 
In Problems 59-68, find the value of each expression if x = 3 and y = —2. 
N 59. [x + yl 60. |x — y| 61. |x| + | yl 62. |x| — | y| 63. xl 
64. M 65. |4x — 5y| 66. |3x 4- 2y| 67. ||4x| — [5yll 68. 3|x| + 2| y| 
» 


In Problems 69—76, determine which of the values (a) through (d), if any, must be excluded from the domain of the variable in each 
expression. 


(a) x = 3 (b) x =1 (с) x = 0 (d) x = -1 
2_ 2 
hy La 70. +1 т. х 72, —* 
х х x2 — 9 х? +9 
73 x? 74 x3 75 x? + 5x — 10 76 —9x? — x +1 


x? +1 x? —1 хэ = ` хэ +x 
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In Problems 77-80, determine the domain of the variable x in each expression. 


4 


x—5 


77. 


х 
х +4 


79. 


In Problems 81-84, use the formula С = 2; Е — 32) for converting degrees Fahrenheit into degrees Celsius to find the Celsius measure 
of each Fahrenheit temperature. 


81. F = 32° 82. F = 212° 83. F = 77° 84. F = —4° 


In Problems 85—96, simplify each expression. 


85. (-4)? 86. —42 N87. 4 88. —4-2 N во, 3-6 . 34 90. 42 . 43 
91. (322)! 92. (2-1)? 93. V25 94. 4/36 Nos. 4/4) 96. 4(—3)? 


In Problems 97—106, simplify each expression. Express the answer so that all exponents are positive. Whenever an exponent is 0 or negative, 
assume that the base is not 0. 


2,3 
97. (8x3)? 98. (4х2)! 99, (x2y-1)? 100. (х-1у)? 101. 22 
ху 
102. 2» 03, 222х007 agg, ж 105. | 3х: | 106 PE 
` ху? : 32 xy?z : 2°x4y * \4у-1 * \бу-? 


In Problems 107-118, find the value of each expression if x = 2and y = —1. 


N0. 2ху-! 108. -3x-!y 109. х2 + у? 110. x?y? 
111. (ху)? 112. (x + у) 113. Vx? 114. (x): 
115. fx? + y? 116. Vx? + Jy? 117. x” 118. y* 


119. Find the value of the expression 2x? — 3x? + 5x — 4ifx = 2.Whatis the value if x = 1? 
120. Find the value of the expression 4x? + 3x? — x + 2if x = 1. What is the value if x = 2? 


4 
(666) » 122. What is the value of (0.1)? (20)?? 


121. What is the value of 17 
(222) 


In Problems 123-130, use a calculator to evaluate each expression. Round your answer to three decimal places. 
123. (8.2) 124. (3.7)? \ 125. (6.1)? 126. (2.2)? 
127. (-2.8)* 128. —(2.8)* 129. (- 8.11) * 130. —(8.11) ^ 


Applications and Extensions 


In Problems 131—140, express each statement as an equation involving the indicated variables. 


131. Area of a Rectangle The area A of a rectangle is the product 134. Area of a Triangle The area A of a triangle is one-half the 
of its length / and its width w. 


1 


product of its base b and its height Л. 


y N 


b 


132. Ре ога Rectangle The permeter P öfa rectangle is 135. Area of an Equilateral Triangle The area A of an equilateral 
twice the sum of its length / and its width w. 


133. Circumference of a Circle The circumference C of a circle is triangle is pu times the square of the length x of one side. 


the product of т and its diameter d. 


C 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


Perimeter of ап Equilateral Triangle The perimeter Р 
of an equilateral triangle is 3 times the length x of one 
side. 


Volume of a Sphere The volume V of a sphere is 4 times 7 
times the cube of the radius r. 


Surface Area of a Sphere The surface area S of a sphere is 
4 times т times the square of the radius r. 

Volume of a Cube The volume V of a cube is the cube of the 
length x of a side. 


Surface Area of a Cube The surface area S of a cube is 
6 times the square of the length x of a side. 


Manufacturing Cost The weekly production cost C 
of manufacturing x watches is given by the formula 
C = 4000 + 2x, where the variable C is in dollars. 


(a) What is the cost of producing 1000 watches? 
(b) What is the cost of producing 2000 watches? 


Balancing a Checkbook At the beginning of the month, 
Mike had a balance of $210 in his checking account. During 
the next month, he deposited $80, wrote a check for $120, 
made another deposit of $25, and wrote two checks: one for 
$60 and the other for $32. He was also assessed a monthly 
service charge of $5. What was his balance at the end of the 
month? 


In Problems 143 and 144, write an inequality using an absolute 
value to describe each statement. 


143. 


x is at least 6 units from 4. 


Explaining Concepts: Discussion and Writing 


151. 
152. 


Is there a positive real number “closest” to 0? 


Number Game Г thinking of a number! It lies between 1 
and 10; its square is rational and lies between 1 and 10. The 
number is larger than т. Correct to two decimal places (that 
is, truncated to two decimal places), name the number. Now 
think of your own number, describe it, and challenge a fellow 
student to name it. 


144. 
145. 


146. 


147. 


148. 


149. 


150. 


153. 


154. 
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xis more than 5 units from 2. 


U.S. Voltage In the United States, normal household voltage is 
110 volts. It is acceptable for the actual voltage x to differ from 
normal by at most 5 volts. A formula that describes this is 


[x — 110| € 5 


(a) Show that a voltage of 108 volts is acceptable. 
(b) Show that a voltage of 104 volts is not acceptable. 


Foreign Voltage In other countries, normal household 
voltage is 220 volts. It is acceptable for the actual voltage 
x to differ from normal by at most 8 volts. A formula that 
describes this is 


Ix — 220| < 8 


(a) Show that a voltage of 214 volts is acceptable. 

(b) Show that a voltage of 209 volts is not acceptable. 

Making Precision Ball Bearings The FireBall Company 
manufactures ball bearings for precision equipment. One 
of its products is a ball bearing with a stated radius of 
3 centimeters (cm). Only ball bearings with a radius within 
0.01 cm of this stated radius are acceptable. If x is the radius 
of a ball bearing, a formula describing this situation is 


|x — 3| < 0.01 


(a) Isaball bearing ofradiusx = 2.999 cm acceptable? 
(b) Is a ball bearing of radius х = 2.89 cm acceptable? 


Body Temperature Normal human body temperature is 
98.6°F. A temperature x that differs from normal by at least 
1.5°F is considered unhealthy. A formula that describes this is 


[x — 98.6| 2 1.5 


(a) Show that a temperature of 97°F is unhealthy. 
(b) Show that a temperature of 100?F is not unhealthy. 


Does i equal 0.333? If not, which is larger? By how much? 


Does 5 equal 0.666? If not, which is larger? By how much? 


Write a brief paragraph that illustrates the similarities and 
differences between “less than" (<) and “less than or equal 
to” (<). 


Give a reason why the statement 5 < 8 is true. 
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A.2 Geometry Essentials 


OBJECTIVES 1 Use the Pythagorean Theorem and Its Converse (p. A14) 
2 Know Geometry Formulas (p. A15) 
3 Understand Congruent Triangles and Similar Triangles (p. A16) 


1 Use the Pythagorean Theorem and Its Converse 


The Pythagorean Theorem is a statement about right triangles. A right triangle is one 


Hypotenuse b that contains a right angle —that is, an angle of 90°. The side of the triangle opposite 
> Leg the 90° angle is called the hypotenuse; the remaining two sides are called legs. In 
r1 Figure 13, c represents the length of the hypotenuse, and a and b represent the 
a lengths of the legs. Note the use of the symbol to show the 90? angle. The 
Leg Pythagorean Theorem is stated next. 


Figure 13 A right triangle 
PYTHAGOREAN THEOREM 


Ina right triangle, the square of the length of the hypotenuse is equal to the sum of 
the squares of the lengths of the legs. That is, in the right triangle shown in Figure 13, 


GA E epp (1) 


A proof of the Pythagorean Theorem is given at the end of this section. 


Finding the Hypotenuse of a Right Triangle 
In a right triangle, one leg has length 4 and the other has length 3. What is the length 
of the hypotenuse? 


Solution Since the triangle is a right triangle, use the Pythagorean Theorem with a = 4 and 
b = 3 to find the length c of the hypotenuse. From equation (1), 
Р. 
c? = 44 + 32 = 16 + 9 = 25 
с = 4—25 = 5 B 


\ Now Work PROBLEM 15 


The converse of the Pythagorean Theorem is also true. 


CONVERSE OF THE PYTHAGOREAN THEOREM 


In a triangle, if the square of the length of one side equals the sum of the squares 
of the lengths of the other two sides, the triangle is a right triangle. The 90° angle 
is opposite the longest side. 


A proof is given at the end of this section. 


| EXAMPLE? | Verifying That a Triangle Is a Right Triangle 


Show that a triangle whose sides are of lengths 5, 12, and 13 is a right triangle. Identify 
the hypotenuse. 


Solution Square the lengths of the sides. 


52 = 25 12? = 144 13? = 169 
(continued) 
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Notice that the sum of the first two squares (25 and 144) equals the third square (169). 


13 That is, because 52 + 12? = 132, the triangle is a right triangle. The longest side, 13, 
5 is the hypotenuse. See Figure 14. _в 
Г] 
12 \ Now Work PRoBLEM 23 
Figure 14 


Applying the Pythagorean Theorem 


The tallest building in the world is Burj Khalifa in Dubai, United Arab Emirates, at 
2717 feet and 163 floors. The observation deck is 1483 feet above ground level. How 
far can a person standing on the observation deck see (with the aid of a telescope)? 
Use 3960 miles for the radius of Earth. 


Source: Council on Tall Buildings and Urban Habitat 


Solution From the center of Earth, draw two radii: one through Burj Khalifa 
and the other to the farthest point a person can see from the observation deck. See 
Figure 15. Apply the Pythagorean Theorem to the right triangle. 


Since 1 mile — 5280 feet, 1483 feet — 1483 iile: Thus 
5280 
Я 2 _ 1483 }> 
d? + (3960)? = (3960 + aE) 

1483? 2 

2 = ассо xs дї 2224. 
d (3960 + 5) (3960) 58 
d ez 47.17 


A person can see more than 47 miles from the observation deck. 


1483 ft d 
3960 mi 


Figure 15 —» 


Credit: Feraru Nicolae/Shutterstock 


\ Now Work PROBLEM 55 


2 Know Geometry Formulas 


Certain formulas from geometry are useful in solving algebra problems. 
For a rectangle of length / and width w, 


EIE Area = lw Perimeter = 2/ + 2w 


For a triangle with base b and altitude h, 


l 
1 
A = = 
b 
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For a circle of radius r (diameter d = 2r), 


Area = mr? Circumference = 27r = md 


For a closed rectangular box of length /, width w, and height Л, 


Volume = lwh Surface area = 2/һ + 2wh + 2lw 


For a sphere of radius r, 


Volume = iar) Surface area = 4rr? 


For a closed right circular cylinder of height Л and radius г, 


Volume = ar?h Surface area = 2mr? + 2rrh 


\ Now Work PROBLEM 31 


Using Geometry Formulas 


A tree ornament is in the shape of a semicircle on top of a triangle. How many square 
centimeters (cm?) of copper is required to make the ornament if the height of the 
triangle is 6 cm and the base is 4 cm? 


Solution See Higure 16. The amount of copper required equals the shaded area. This area is the 
sum of the areas of the triangle and the semicircle. The triangle has height Л = 6 and 
№ base b = 4. The semicircle has diameter d = 4, so its radius isr = 2. 


Area = Area of triangle + Area of semicircle 


= Sbh + Sar? = LOO) т: 22 hd Йй ee ee 


= 12 + 27 ~ 18.28 cm? 


Figure 16 About 18.28 cm? of copper is required. B 


\ Now Work PROBLEM 49 


3 Understand Congruent Triangles and Similar Triangles 


Throughout the text we will make reference to triangles, beginning here with a 

In Words | discussion of congruent triangles. According to thefreedictionary.com, the word 

Two triangles are congruent if congruent means “coinciding exactly when superimposed.” For example, two angles 

eee е A are congruent if they have the same measure, and two line segments are congruent 
{ if they have the same length. 


DEFINITION Congruent Triangles 


Two triangles are congruent if each pair of corresponding angles have the same 
measure and each pair of corresponding sides have the same length. 


In Words 

Two triangles are similar if 
they have the same shape, but 
(possibly) different sizes. 


y 
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In Figure 17 corresponding angles are equal and the lengths of the corresponding 
sides are equal:a = d, b = e, апіс = f.Hence these triangles are congruent. 


100* 100* 
b 


30* 50° 30° 50° 
с f 


Figure 17 Congruent triangles 


It is not necessary to verify that all three angles and all three sides are the same 
measure to determine whether two triangles are congruent. 


Determining Congruent Triangles 


1. Angle-Side-Angle Case Two triangles are congruent if the measures of 
two of the angles are equal and the lengths of the corresponding sides 
between the two angles are equal. 

For example, in Figure 18(a), the two triangles are congruent because 
the measures of two angles and the included side are equal. 


2. Side-Side-Side Case Two triangles are congruent if the lengths of the 
corresponding sides of the triangles are equal. 

For example, in Figure 18(b), the two triangles are congruent because 
the lengths of the three corresponding sides are all equal. 

3. Side-Angle-Side Case ‘Two triangles are congruent if the lengths of two 
corresponding sides are equal and the measures of the angles between the 
two sides are the same. 

For example, in Figure 18(c), the two triangles are congruent because 
the lengths of two sides and the measure of the included angle are equal. 


15 15 
m 5° 20 20 6 Э 
10 10 7 7 
8 8 
40° 40° 
(а) (b) (c) 


Figure 18 


See the following definition to contrast congruent triangles with similar 
triangles. 


DEFINITION Similar Triangles 


Two triangles are similar if the measures of the corresponding angles are equal 
and the lengths of the corresponding sides are proportional. 


For example, the triangles in Figure 19 on the next page are similar because 
the corresponding angles are equal. In addition, the lengths of the corresponding 
sides are proportional because each side in the triangle on the right is twice as 
long as each corresponding side in the triangle on the left. That is, the ratio of the 


corresponding sides is a constant: 4 = : = f =A 
a c 
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C f—2c 


Figure 19 Similar triangles 


It is not necessary to verify that all three angles are equal and all three sides are 
proportional to determine whether two triangles are similar. 


Determining Similar Triangles 


1. Angle-Angle Case Two triangles are similar if two of the corresponding 
angles have equal measures. 

For example, in Figure 20(a), the two triangles are similar because two 
angles have equal measures. 


2. Side-Side-Side Case Two triangles are similar if the lengths of all three 
sides of each triangle are proportional. 
For example, in Figure 20(b), the two triangles are similar because 


w ЗЕЕ 
30 15 18 3 


3. Side-Angle-Side Case Two triangles are similar if two corresponding 
sides are proportional and the angles between the two sides have equal 


measure. 
For example, in Figure 20(c), the two triangles are similar because 
$ = = = 5 апа the angles between the sides have equal measure. 
15 
80° 

с 18 

ш 5 30 12 
18 
10\ Б 120° со 
35° 35° 4 6 
(а) (b) (c) 

Figure 20 


Using Similar Triangles 


Given that the triangles in Figure 21 are similar, find the missing length x and the 
angles A, B, and C. 


60° 6 30° к 
3 | s 5 
90° 


Figure 21 
(continued) 
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Solution ^ Because the triangles are similar, corresponding angles have equal measure, so 
A = 905, B = 60°, and С = 30°. Also, the corresponding sides are proportional. 


That is, i = S. Solve this equation for x. 
x 


3 _ 6 
5 x 
3 6 : : 
5x - 5 = 5х: P Multiply both sides by 5x. 
3x — 30 Simplify. 
x = 10 Divide both sides by 3. 
The missing length is 10 units. B 


\ Now Work PROBLEM 43 


Proof of the Pythagorean Theorem Begin with a square, each side of length a + b. 
In this square, form four right triangles, each having legs equal in length to a and Ь. 
See Figure 22. All these triangles are congruent (two sides and their included angle 
are equal). As a result, the hypotenuse of each is the same, say c, and the pink 
shading in Figure 22 indicates a square with an area equal to c?. 


Area = Sab 


Figure 22 


The area of the original square with sides a + b equals the sum of the areas of the 


four triangles (each of area jab) plus the area of the square with side c. That is, 


(a4 b) = sab + Sab + заь + заь + с? 
а? + 2ab + b? = 2ab + c? 


23.35 fe = @2 


The proof is complete. B 


x Proof of the Converse of the Pythagorean Theorem Begin with two triangles: 

b one a right triangle with legs a and b and the other a triangle with sides a, b, and c 
for which c? = a? + b?. See Figure 23. By the Pythagorean Theorem, the length x 
of the third side of the first triangle satisifes 


(a) x? = a? + b? 
Butc? = a? + b?. Hence, 


2 


C х? = с? 


X = с 


The two triangles have sides with the same length and are therefore congruent. This 
means corresponding angles are equal, so the angle opposite side c of the second 

(Ы) co =a° +b triangle equals 90°. 
Figure 23 The proof is complete. п 


а 
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A.2 Assess Your Understanding 


Concepts and Vocabulary 
1. A(n) triangle is one that contains an angle of 10. True or False The triangles shown are congruent. 
90 degrees. The longest side is called the : 10 
2. For a triangle with base b and altitude л, a formula for the 
area А is Р a 30 
3. The formula for the circumference C of a circle of radius r is 29 
= 29 
4. Two triangles are if corresponding angle measures 10 
are equal and the lengths of corresponding sides are 
proportional. 11. True or False The triangles shown are similar. 
5. Multiple Choice Which of the following is not a case for 
determining congruent triangles? 25° eur 
(a) Angle-Side-Angle (b) Side-Angle-Side 
(c) Angle-Angle-Angle (d) Side-Side-Side 
6. Multiple Choice Choose the formula for the volume of a 100° 
sphere of radius r. 
(a) Bud (b) LET (c) 4лг3 (d) 4x7? 12. True or False The triangles shown are similar. 
3 3 
7. True or False In a right triangle, the square of the length of 
the longest side equals the sum of the squares of the lengths 
of the other two sides. 
8. True or False The triangle with sides of lengths 6, 8, and 10 3 : 
is a right triangle. 
9. True or False The surface area of a sphere of radius r is : 3 
Aro. 
3 
Skill Building 
In Problems 13-18, the lengths of the legs of a right triangle are given. Find the hypotenuse. 
13.a = 5, b = 12 1.a-6 b=8 Мал. a = 10, b= 24 
16. а= 4, b 23 17. а= 7, b = 24 18. а = 14, b = 48 
In Problems 19-26, the lengths of the sides of a triangle are given. Determine which are right triangles. For those that are, identify the 
hypotenuse. 
19. 3,4,5 20. 6,8,10 21. 4,5,6 22. 2,2,3 
N 23. 7,24,25 24. 10,24,26 25. 6,4,3 26. 5,4,7 
27. Find the area A of a rectangle with length 4 inches and width 2 inches. 


28. 
29. 
30. 
N з, 
32. 
33. 
34. 
35. 
36. 
37. 
38. 


AL 


Find the area A of a rectangle with length 9 centimeters and width 4 centimeters. 

Find the area A of a triangle with height 4 inches and base 2 inches. 

Find the area A of a triangle with height 9 centimeters and base 4 centimeters. 

Find the area A and circumference C of a circle of radius 5 meters. 

Find the area A and circumference C of a circle of radius 2 feet. 

Find the volume V and surface area S of a closed rectangular box with length 8 feet, width 4 feet, and height 7 feet. 

Find the volume V and surface area S of a closed rectangular box with length 9 inches, width 4 inches, and height 8 inches. 
Find the volume V and surface area S of a sphere of radius 4 centimeters. 

Find the volume V and surface area S of a sphere of radius 3 feet. 

Find the volume V and surface area S of a closed right circular cylinder with radius 9 inches and height 8 inches. 


Find the volume V and surface area S of a closed right circular cylinder with radius 8 inches and height 9 inches. 


-а— 
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In Problems 39-42, find the area of the shaded region. 


39. 2 40. 2 
| | 
In Problems 43—46, the triangles in each pair are similar. Find the missing length x and the missing angles А, В, апа С. 


\ 43. 60° 


44. 30° 45. 46. 
2 16 60° 
V "4 20 50 
4 
95° 25 
30° Е 45 
V 
x 
x 30 
8 A 
X 


Applications and Extensions 


47. How many feet has a wheel with a diameter of 16 inches 51. Architecture A Norman window consists of a rectangle 
traveled after four revolutions? surmounted by a semicircle. Find the area of the Norman 

48. How many revolutions will a circular disk with a diameter of window shown in the illustration. How much wood frame is 
4 feet have completed after it has rolled 20 feet? needed to enclose the window? 


N 49. In the figure shown, ABCD is a square, with each side of 
length 6 feet. The width of the border (shaded portion) 
between the outer square EFGH and ABCD is 2 feet. Find 
the area of the border. 


4' 


52. Construction A circular swimming pool that is 20 feet in 
diameter is enclosed by a wooden deck that is 3 feet wide. 
What is the area of the deck? How much fence is required to 

50. Refer to the figure. Square ABCD has an area of 100 square enclose the deck? 
feet; square BEFG has an area of 16 square feet. What is the 
area of the triangle CGF? 


Dd 
сз 
m 


© 
e 
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53. How Tall Is the Great Pyramid? The ancient Greek 


philosopher Thales of Miletus is reported on one occasion 
to have visited Egypt and calculated the height of the Great 
Pyramid of Cheops by means of shadow reckoning. Thales 
knew that each side of the base of the pyramid was 252 paces 
and that his own height was 2 paces. He measured the length 
of the pyramid's shadow to be 114 paces and determined the 
length of his shadow to be 3 paces. See the illustration. Using 
similar triangles, determine the height of the Great Pyramid 
in terms of the number of paces. 


Height of 


ramid 
Shadow 


114 
paces 


240 paces 


|- saved z - 


= 3 paces 24 


54. 


The Bermuda Triangle Karen is doing research on the 
Bermuda Triangle, which she defines roughly by Hamilton, 
Bermuda; San Juan, Puerto Rico; and Fort Lauderdale, 
Florida. On her atlas Karen measures the straight-line 
distances from Hamilton to Fort Lauderdale, Fort Lauderdale 
to San Juan, and San Juan to Hamilton to be approximately 
57 millimeters (mm), 58 mm, and 53.5 mm respectively. If 
the actual distance from Fort Lauderdale to San Juan is 
1046 miles, approximate the actual distances from San Juan to 
Hamilton and from Hamilton to Fort Lauderdale. 


Credit: Art1980/123REcom 


In Problems 55-57 use the facts that the radius of Earth is 3960 miles and 1 mile = 5280 feet. 


\ 55; 


56. 


How Far Can You See? The conning tower of the U.S.S. 
Silversides, a World War II submarine now permanently 
stationed in Muskegon, Michigan, is approximately 20 feet 
above sea level. How far can you see from the conning 
tower? 


How Far Can You See? A person who is 6 feet tall is standing 
on the beach in Fort Lauderdale, Florida, and looks out onto 
the Atlantic Ocean. Suddenly, a ship appears on the horizon. 
How far is the ship from shore? 


Explaining Concepts: Discussion and Writing 


59. 


You have 1000 feet of flexible pool siding and intend to 
construct a swimming pool. Experiment with rectangular- 
shaped pools with perimeters of 1000 feet. How do their 
areas vary? What is the shape of the rectangle with the 
largest area? Now compute the area enclosed by a circular 
pool with a perimeter (circumference) of 1000 feet. What 
would be your choice of shape for the pool? If rectangular, 
what is your preference for dimensions? Justify your choice. 
If your only objective is to have a pool that encloses the most 
area, what shape should you use? 


57. 


58. 


60. 


How Far Can You See? The deck of a destroyer is 100 feet 
above sea level. How far can a person see from the deck? 
How far can a person see from the bridge, which is 150 feet 
above sea level? 


Suppose that т and п are positive integers with m > n. If 
a = m? — n?, b = 2mn,andc = m? + n?,show that a,b, 
and c are the lengths of the sides of a right triangle. (This 
formula can be used to find the sides of a right triangle that 
are integers, such as 3, 4, 5; 5, 12, 13; and so on. Such triplets 
of integers are called Pythagorean triples.) 


The Gibb's Hill Lighthouse, Southampton, Bermuda, in 
operation since 1846, stands 117 feet high on a hill 245 feet 
high, so its beam of light is 362 feet above sea level. A 
brochure states that the light itself can be seen on the horizon 
about 26 miles distant. Verify the accuracy of this information. 
The brochure further states that ships 40 miles away can 
see the light and that planes flying at 10,000 feet can see it 
120 miles away. Verify the accuracy of these statements. What 
assumption did the brochure make about the height of the 
ship? 


40 miles 
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A.3 Polynomials 


OBJECTIVES 1 Recognize Monomials (р. A23) 
2 Recognize Polynomials (р. А24) 
3 Add and Subtract Polynomials (p. A25) 
4 Multiply Polynomials (р. А26) 
5 Know Formulas for Special Products (р. А27) 
6 Divide Polynomials Using Long Division (р. А28) 
7 Work with Polynomials in Two Variables (p. A31) 


We have described algebra as a generalization of arithmetic in which letters are used 
to represent real numbers. From now on, we shall use the letters at the end of the 
alphabet, such as x, y, and z, to represent variables and shall use the letters at 
the beginning of the alphabet, such as a, b, and c, to represent constants. In the 
expressions Зх + 5 and ax + b, itis understood that x is a variable and that a and b are 
constants, even though the constants a and b are unspecified. As you will find out, 
the context usually makes the intended meaning clear. 


1 Recognize Monomials 


DEFINITION Monomial 


A monomial in one variable is the product of a constant and a variable raised 
to a nonnegative integer power. A monomial is of the form 

NOTE The nonnegative integers are 

the integers 0, 1, 2, 3,.... п axk 


where a is a constant, x is a variable, and k > 0 is an integer. The constant а is 
called the coefficient of the monomial.Ifa = 0, then k is called the degree of 
the monomial. 


| EXAMPLE 1 | Examples of Monomials 


Monomial Coefficient Degree 

(a) 6x? 6 2 

(b) —V2x3 —У2 3 

(c) 3 3 0 Since3 = 3-1 = 3х9, х = 0 

(а) —5x —5 1 бшсе—5х = —5x! 

(e) x4 1 4 Sincex^ = 1. x4 E 


| EXAMPLE 2 | Examples of Nonmonomial Expressions 


(a) 3x!/?is not a monomial, since the exponent of the variable x is 2 and 
nonnegative integer. 


1 is nota 
2 
(b) 4x7 is not a monomial, since the exponent of the variable x is —3, and —3 is not 


nonnegative in т. 
a nonnegative intege E" 


\ Now Work PROBLEM 9 
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2 Recognize Polynomials 


Two monomials with the same variable raised to the same power are called like terms. 
For example, 2x^ and —5x^ are like terms. In contrast, the monomials 2x? and 2x? are 
not like terms. 

Like terms may be added or subtracted using the Distributive Property. For 
example, 


2х? + 5x2 = (2 + 5)x? = 7x? and 8x? — 5х3 —(8—5)x? = 3x3 


The sum or difference of two monomials having different degrees is called a 
binomial. The sum or difference of three monomials with three different degrees is 
a trinomial. For example, 


x? — 2 is a binomial 
x? — 3x + 5 is a trinomial 
2x? + 5x? + 2 = 7x? + 2 is a binomial 


DEFINITION Polynomial 


A polynomial in one variable is an algebraic expression of the form 


aX” +a, 4X" 4 -- + a,x + ay (1) 
In Words where а,, а, 4,...,4,, ау are constants,* called the coefficients of the 
A polynomial is a sum of polynomial, n > 0 is an integer, and x is a variable. If a, = 0, it is called 
monomials. y the leading coefficient, a,x” is called the leading term, and n is the degree 


of the polynomial. 


The monomials that make up a polynomial are called its terms. If all the 
coefficients are 0, the polynomial is called the zero polynomial, which has no degree. 

Polynomials are usually written in standard form, beginning with the nonzero 
term of highest degree and continuing with terms in descending order according to 
degree. If a power of x is missing, it is because its coefficient is zero. 


| EXAMPLE З | Examples of Polynomials 


Polynomial Coefficients Degree 

—8x3 + 4x2 — 6x + 2 —8, 4, —6, 2 3 

3x2 —5 = 3x? ++0-x+(-5) 3, 0, —5 2 

8— 2x +x? =1-x2?+(-2)x4+8 1, —2, 8 2 

5x + УЗ = 5x! + v2 5, v2 1 
3=3-1=3.-x° 3 0 

0 0 No degree _p 


Although we have been using x to represent the variable, letters such as y or z 
are also commonly used. 


3x4 — x? + 2 is a polynomial (in x) of degree 4 
9y3 — 2y? + y — 3 is a polynomial (in y) of degree 3 


z5 + v is a polynomial (in z) of degree 5 


*The notation a, is read as “a sub n.” The number и is called a subscript and should not be confused with 
an exponent. Subscripts are used to distinguish one constant from another when a large or undetermined 
number of constants are required. 
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Algebraic expressions such as 


2 
1 and X +1 
x+5 


are not polynomials. The first is not a polynomial because = x-! has an exponent 


x 
that is not a nonnegative integer. Although the second expression is the quotient of 
two polynomials, the polynomial in the denominator has degree greater than 0, so the 
expression cannot be a polynomial. 


\ Now Work PROBLEM 19 


3 Add and Subtract Polynomials 


Polynomials are added and subtracted by combining like terms. 


| EXAMPLE 4 | Adding Polynomials 


Find the sum of the polynomials: 
8x? —2x? + бх – 2 and 3х* – 2x? + х? E x 
Solution Тһе sum can be found using a horizontal or vertical format. 


Horizontal Addition: The idea here is to group the like terms and then combine 
them. 
(8x? — 2x? + 6x — 2) + (3x4 — 2x3 + x? + x) 
= 3x* + (8x? — 2x3) + (-2x? + x?) + (6x - x) - 2 
= 3x4 + 6x3 – х? + 7х – 2 


Vertical Addition: The idea here is to vertically line up the like terms іп each 
polynomial and then add the coefficients. 
x4 x3 x2 x! x? 
8x? – 2x? + 6x — 2 
+ 3x4 — 2x? + x? + x 
3x4 + 6x3 — х? 7x —-2 B 


Subtraction of polynomials can be performed horizontally or vertically as well. 


| EXAMPLE5 | Subtracting Polynomials 


Find the difference: (3x4 — 4x3 + 6x2 — 1) — (2x4 — 8x? — 6x + 5) 


Solution Horizontal Subtraction: 


(3x4 — Ax? + 6x? — 1) — (2x4 — 8x? — бх + 5) 
= 3x4 — 4x3 + 6x? —14 (-2x^ + 8x? + бх — 5) 


€€————— (€ €É—( 


Be sure to change the sign of each 
term in the second polynomial. 


(3x* — 2x4) + (—4x3) + (6x? + 8x?) + 6x + (-1— 5) 


| 


Group like terms. 
= x^ — 4x3 + 14x? + 6x — 6 


(continued) 
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COMMENT Vertical subtraction will be Vertical Subtraction: Line up like terms, change the sign of each coefficient of the 


used when we divide polynomials. = second polynomial, and add vertically. 
gs x? x xt uw x x x? HE x 
3x4 — 4x? + 6x? —1 = 3x4 — 4x? + 6x? —1 
— [2x4 — 8x? — 6x + 5] = + -2x* + 8х2 + 6х – 5 
x* — 4x3 + 14x? + 6x — 6 


D 


The choice of which of these methods to use for adding and subtracting 
polynomials is left to you. To save space, we most often use the horizontal format. 


\ Now Work PROBLEM 31 


4 Multiply Polynomials 


Two monomials may be multiplied using the Laws of Exponents and the 
Commutative and Associative Properties. For example, 


(2x3) - (5x4) = (2-5) (x? х“) = 10x3+4 = 10х7 


Products of polynomials are found by repeated use of the Distributive Property and the 
Laws of Exponents. Again, you have a choice of a horizontal or vertical format. 


| EXAMPLES | Multiplying Polynomials 


Find the product: (2x + 5)(x? — x + 2) 
Solution Horizontal Multiplication: 
(2x + 5)(х2 — x + 2) 22x(x? — x + 2) + 5(x? - x + 2) 
T 


Distributive Property 


—(2x-x? —2x-x + 2х:2) -(5-x?— 5. x - 5-2) 
" 


Distributive Property 


= (2x3 — 2x? + Ax) + (5x? — 5х + 10) 
" 


Law of Exponents 


= 2х3 + 3х2 — x +10 
1 


Combine like terms. 


Vertical Multiplication: The idea here is very much like multiplying a two-digit 
number by a three-digit number. 


x— x+ 2 
2x+ 5 
5x? — 5x +10 This line is 5(x? — x + 2). 
2x? — 2x? + 4x This line is 2x(x? — x + 2). 
2x? + 3x2 — x-F10 Sum ofthe above two lines E 


\ Now Work PROBLEM 47 
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5 Know Formulas for Special Products 


Certain products, called special products, occur frequently in algebra. They can be 
calculated using the FOIL (First, Outer, Inner, Last) method of multiplying two 
binomials. 

Outer — 


First 


(ax + Ь)(сх + d) = ax(cx + d)+ b(cx + d) 


Inner First Outer Inner Last 
rst Outer inner Last 
Las — _ gy .cxtax-d+b-cx+b-d 
= асх? + аах + Ьсх + bd 
= acx? + (ad + bc)x + bd 


| EXAMPLE 7 | Using FOIL 


F О I L 
(a) (x = 3)(x +3) = x? + 3х – 3x- 9 = x? - 9 


(b) (x +2)? = (x -2)(x -2) = x? +2x+2x+4= x? +4x+4 
(c) x —3)? = (х —3)(x —3) = х2 -3x – Зх +9 = x? – 6x +9 
(d) (x -3)(x +1) = x? + х + 3х +3 = x? + 4х + 3 


(d) (2x + 1) (3х + 4) = 6x? + 8х + 3х + 4 = 6x? + 11x + 4 D 
\ Now Work PROBLEMS 49 AND 57 


Some products have been given special names because of their form. The 
following special products are based on Examples 7(a), (b), and (c). 


Difference of Two Squares 


(а= b)(a + b) = a? — b? 2) 


Squares of Binomials, or Perfect Squares 


| EXAMPLES | PLE 8 Using Special Product Formulas 


(а) (x —5)(x + 5) = x?— 5? = x? — 25 Difference of two squares 
(b) (x + 7) = x? 42-x-74 T? = x? + 14х + 49 Square of a binomial 
(c) (2x + 1)? = (2x)? +2-2x-1412 = 4х2 + Ax - 1 Note that 2x was used in 
place of a in formula (3a). 
(d) (3x — 4)? = (3x)? - 2. 3x. 4 + 4? = 9x? — 24x + 16 Replace a by 3x in 
formula (3b). B 


\ Now Work PROBLEMS 67, 69, AND 71 
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Let's look at some more examples that lead to general formulas. 


| EXAMPLES | Cubing a Binomial 


(а) (x 4 2) = (x + 2)(х +2)? = (x + 2)(х? + 4х + 4) Formula (За) 
= x(x? + 4x 4- 4) 4 2(x? + 4x + 4) 
= (x? + Ax? + Ax) + (2x? + 8x + 8) 
= x? + 6x? + 12х + 8 


(b (x — 1) = (х —1)(x — 1)? = (x 1)(х2 — 2х +1) Formula (3b) 


= x(x? — 2x +1) – 1(х2 — 2x +1) 
= (x? — 2x? + x) + (=x? + 2x — 1) 
= x? — 3x2 + Зх – 1 D 


Cubes of Binomials, or Perfect Cubes 


(a+b)? = a? + За?Ь + 3ab? + b? 


(a — b) = a? — 3a2b + 3ab? — p? 


\ Now Work PROBLEM 87 


| EXAMPLE 10 | Forming the Difference of Two Cubes 


(х= 1)(х2 + х +1) = х(х2 + х +1) –- 1(х2 + x 41) 
=x 4x74 x-—x% х1 
= х3 —1 8 


| EXAMPLE 11 | Forming the Sum of Two Cubes 


(x + 2)(x? — 2x + 4) = x(x? — 2x + 4) + 2(x? — 2x + 4) 
= x? — 2x? + 4x + 2x? — 4х +8 
= х5 + 8 — 


Examples 10 and 11 lead to two more special products. 


Difference of Two Cubes 


(a —b)(a? +ab+ b*) = a? — D? (5) 


Sum of Two Cubes 


(а рКа — ab 4" b^ ар (6) 


6 Divide Polynomials Using Long Division 


The procedure for dividing two polynomials is similar to the procedure for dividing 
two integers. 
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| EXAMPLE 12 | Dividing Two Integers 


Solution 


Solution 


NOTE Remember, a polynomial is in 
standard form when its terms are written 


in descending powers of x. 


Divide 842 by 15. 
56  — Quotient 
Divisor —^ 15)842  — Dividend 
75 — 5.15 (subtract) 
92 
90 = 6.15 (subtract) 
2  — Remainder 
842 2 
So, — = 56 + —. 
EE ur в 


In the long-division process detailed in Example 12, the number 15 is called the 
divisor, the number 842 is called the dividend, the number 56 is called the quotient, 


and the 


number 2 is called the remainder. 


To check the answer obtained in a division problem, multiply the quotient by 
the divisor and add the remainder. The answer should be the dividend. 


(Quotient )(Divisor) + Remainder = Dividend 


For example, check the results obtained in Example 12 as follows: 


(56)(15) + 2 = 840 + 2 = 842 


To divide two polynomials, first write each polynomial in standard form. The 


process 


then follows a pattern similar to that of Example 12. The next example 


illustrates the procedure. 


| EXAMPLE 13 | Dividing Two Polynomials 


Find the quotient and the remainder when 


3x? + 4x? +x +7 isdivided by x? +1 


Each polynomial is in standard form. The dividend is 3x? + 4x? + x + 7, and the 
divisor is x? + 1. 


STEP 1: 


STEP 2: 


STEP 3: 


Divide the leading term of the dividend, 3x?, by the leading term of the 
divisor, х2. Enter the result, 3x, over the term 3x3, as follows: 
3x 
x? + 1)3x3 + 4x? +247 


Multiply 3x by x? + 1, and enter the result below the dividend. 
3x 

x? + 1)3x° +4x? + х+7 
3x3 + 3x $=3y «(x2 + 1) = 3x? + 3x 


Align the 3x term under the x to make the next step easier. 


Subtract and bring down the remaining terms. 
3X 
x? + Tja + 4х2 + x+7 
— (3x3 + Зх ) < Subtract (change the signs and add). 
4x? —2x +7 < Bring down the 4x? and the 7 


(continued) 


АЗО APPENDIX А Review 


STEP 4: Repeat Steps 1—3 using 4x? — 2x + 7 as the dividend. 


3x +4 
x? +1)3х% +4? +х+7 
3x? + 3x 
Ax? —2x +7 Divide 4x? by x? to get 4. 
-(4x? +4) Multiply x? + 1 by 4; subtract. 
—2x +3 


COMMENT When the degree of the 
divisor is greater than the degree ofthe Since x? does not divide into —2x evenly (that is, the result is not a monomial), the 


dividend, the process ends. m X process ends. The quotient is Зх + 4, and the remainder is —2x + 3. 
v/ check: (Quotient )( Divisor) + Remainder 
= (3x + AXY(x? +1) + (-2х + 3) 
= 3x? + 3x + 4x? + 4 + (-2x + 3) 
= 3x3 + 4x? + x + 7 = Dividend 


Then 


3 2 = 
3x3 + 4x +х+7 as Bi Ae al 2x+3 
x? +1 x? +1 E 


The next example combines the steps involved in long division. 


| EXAMPLE 14 | Dividing Two Polynomials 


Find the quotient and the remainder when 


x* — 3x? + 2х — 5 isdividedby x?— x41 


Solution In setting up this division problem, it is necessary to leave a space for the missing x? 
term in the dividend. 


x? – 2х – 3 < Quotient 
Divisor > x? – х + Ра — 3х3 + 2х — 5  — Dividend 
Subtract > —(x*— x34 x?) — x2(x? — x +1) 
—2x3 — x? + 2х – 5 
Subtract — —(—2x3 + 2x? — 2x) «= —2x(x? = x41) 
—3x? + 4x – 5 
Subtract > —-( =3х? + 3x — 3) —=-3(x? —x +1) 


x —2 «Remainder 


o Check: (Quotient )( Divisor) + Remainder 
= (x? — 2x —3)(x? —x + 1)+ (x — 2) 
= x4 — x3 + x? — 2x? + 2x? — 2x — 3x? +3x—- 3+ x 2 
= x^ — 3x? + 2x — 5 = Dividend 


As a result, 


x2—x4+1 x2—x4+1 J 
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The process of dividing two polynomials leads to the following result: 


THEOREM 


Let Q be a polynomial of positive degree, and let P be a polynomial whose 
degree is greater than or equal to the degree of Q. The remainder after dividing P 
by Q is either the zero polynomial or a polynomial whose degree is less than 
the degree of the divisor Q. 


\ Now Work PROBLEM 95 


7 Work with Polynomials in Two Variables 


A monomial in two variables x and y has the form ax” у", where a is a constant, x 
and у are variables, and и and т are nonnegative integers. The degree of a monomial 
is the sum of the powers of the variables. 

For example, 
3 


2 


2xy?, x?y?, and xy 


are all monomials that have degree 4. 

A polynomial in two variables x and y is the sum of one or more monomials in 
two variables. The degree of a polynomial in two variables is the highest degree of 
all the monomials with nonzero coefficients. 


| EXAMPLE 15 | Examples of Polynomials in Two Variables 


3x? + 2x3y + 5 пх? — y? x^ + Ax?y — xy? + y* 
Two variables, Two variables, Two variables, 
degree is 4. degree is 3. degree is 4. D 


Multiplying polynomials in two variables is handled in the same way as 
multiplying polynomials in one variable. 


| EXAMPLE 16 | Using a Special Product Formula 


To multiply (2x — у)?, use the Square of a Binomial formula (3b) with 2x instead 
of a and with y instead of b. 


(2x — yy = (2x) —2-2x. y+ у? 
= 4x? — 4ху + y? 


\ Now Work PROBLEM 81 
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A.3 Assess Your Understanding 


Concepts and Vocabulary 


1. The polynomial 3x+ — 2x? + 13x? — 5 is of degree ; 
The leading coefficient is 


2. (x! — 4)(х? + 4) = 
3.(x -2)(x? + 2x + 4) = 


4. Multiple Choice The monomials that make up a polynomial 
are called which of the following? 
(a) terms (b) variables (с) factors 


Skill Building 


(d) coefficients 


. Multiple Choice Choose the degree of the monomial 3x4 y?. 
(a) 3 (b) 8 (c) 6 (d) 2 
. True or False 4х7? is a monomial of degree —2. 


7. True or False 'The degree of the product of two nonzero 


polynomials equals the sum of their degrees. 


. True or False 'To check division, the divisor should equal 
(Quotient)( Dividend) + Remainder. 


In Problems 9—18, tell whether the expression is a monomial. If it is, name the variable(s) and the coefficient, and give the degree of the 


monomial. If it is not a monomial, state why not. 


N 9. 2x? 10. —4x? n. È 12. 2x 13. —2xy? 
х 
203 8х 2х? 2 2 2 
14. 5x?y 15. — 16. ——- 17. х? + у 18. 3х2 + 4 
y y 
In Problems 19—28, tell whether the expression is a polynomial. If it is, give its degree. If it is not, state why not. 
N 19. 3х2 — 5 20. 1 — 4x 21. 5 22. –т 23. 3x? — 5 
x 
2 349, — 
24.342 25. 2y3 — v2 26. 10:2 + a7, + 5 28, c perl 
x x? —1 x? +x+1 


In Problems 29-48, add, subtract, or multiply, as indicated. Express your answer as a single polynomial in standard form. 


29. (x? + 4x + 5) + (3x — 3) 


N 31. 


x? — 2x? + 5x + 10) – (2x? — 4x +3) 


33. (6x? + x? + x) + (5x4 — x? + 3x?) 


35. (x? — 3x -- 1) --2(3x? + x = 4) 


37. 6(x? + x? — 3) — 4(2x3 — 3х2) 


39. (x? — x + 2) + (2x? – 3x + 5) - (x? + 1) 
41. 9(y? — 3y + 4) - 6(1— y?) 

43. x(x? + x — 4) 

45. 2x? (4x? + 5) 


N 47. (x + D(x? + 2x — 4) 


30. (х? + 3x? + 2) + (x? — 4х + 4) 
32. (x? — 3x — 4) – (x? — 3x? + x + 5) 
34. (10x? — 8x?) + (3x3 — 2x? + 6) 


46. 


48. 


.—2(x?-Ex41)4(-5x? = x 4+ 2) 
. 8(4x? — 3x? — 1) — 6(4x? + 8x — 2) 


„(х2 4-1) — (4x? 4-5) + (3? +x — 2) 


. 8(1— y?) +41 + y +y? +y?) 


. 4x? (x? — x +2) 


5x3 (3x — 4) 


(2x = 3)(x? + x +1) 


In Problems 49-66, multiply the polynomials using the FOIL method. Express your answer as a single polynomial in standard form. 


N 49. (x + 2)(x + 4) 50. (x + 3)(х + 5) 
52. (3x + 1)(2х + 1) 53. (x — 4)(x + 2) 
55. (x — 3)(x — 2) 56. (x — 5)(x — 1) “ы ST 
58. (2x — 4)(3x + 1) 59. (—2x + 3)(x — 4) 60. 
61. (—x — 2)(-2x — 4) 62. (-2x — 3)(3 — x) 63. 
64. (2x + 3y)(x — y) 65. (—2x — 3y)(3x + 2y) 66. 
AL. Now Work [*] 1. Modeling 1. Writing Qu 1. Graphing Tech 


51. (2x + 5)(x + 2) 


54. (x + 4)(x —2) 


A Calculus Preview 


2x + 3)(х — 2) 
—3x – 1)(х +1) 
x — 2у)(х + y) 


x — 3y)(-2x + y) 


== 1. Applet-Based 
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In Problems 67-90, multiply the polynomials using the special product formulas. Express your answer as a single polynomial in standard form. 


Мов. (x — 7)(х+7) 68. (x - DG +1) 

Nom (x + 4)? 72. (x + 5)? 
75. (3x + 4)(3х — 4) 76. (5x — 3)(5х + 3) 
79. (x + yXx — y) 80. (x + 3y)(x — Зу) 
83. (x + y? 84. (x — y)? 

N 87. (x — 2? 88. (x + 1»? 


N 8L (зх + у)(3х — у) 


69. (2x + 3)(2x — 3) 70. (3x + 2)(3х — 2) 


73. (x — 4)? 74. (x — 5)? 
77. (2x — 3)? 78. (Зх — 4)? 


82. (3x + 4y)(3x — 4y) 


85. (x — 2y} 86. (2x + Зу)? 


89. (2x + 1)? 90. (Зх — 2)? 


In Problems 91—106, find the quotient and the remainder. Check your work by verifying that 


(Quotient )( Divisor) + Remainder = Dividend 


91. 4x? — 3x? + x + 1 divided by x + 2 
93. 4x? — 3x? + x + 1 divided by x? 
\ 95, 


97. Ax? — 3x? + x + 1 divided by 2x? — 1 


5x* — 3x? + x + 1divided by x? +2 


99, 2x4 — 3x? + x + 1 divided by 2x? + x +1 


101. —4x? + x? — 4 divided by x — 1 


103. 1 — x? + x*divided by x? + x - 1 


105. x? — а? divided by x — a 


Explaining Concepts: Discussion and Writing 


107. Explain why the degree of the product of two nonzero 
polynomials equals the sum of their degrees. 


108. Explain why the degree of the sum of two polynomials of 


different degrees equals the larger of their degrees. 


109. Give a careful statement about the degree of the sum of two 
polynomials of the same degree. 


92. 3x? — x? + x — 2 divided by x + 2 


94. 3x? — x? + x — 2 divided by x? 


96. 5x* — x? + x — 2 divided by x? +2 


98. 3x5 — x? + x — 2 divided by 3x? — 1 


100. 3x4 — x? + x — 2 divided by 3x? + x + 1 


102. —3x^ — 2x — 1 divided by x — 1 


104. 1 — x? + x4 divided by x? - x + 1 


106. x5 — a? divided by x — a 


110. Do you prefer adding two polynomials using the horizontal 
method or the vertical method? Write a brief position paper 
defending your choice. 


111. Do you prefer to memorize the rule for the square of a 
binomial (a + b)? or to use FOIL to obtain the product? 
Write a brief position paper defending your choice. 


A.4 Factoring Polynomials 


OBJECTIVES 1 Factor the Difference of Two Squares and the Sum and Difference of 
Two Cubes (p. A34) 


2 Factor Perfect Squares (р. A35) 

З Factor a Second-degree Polynomial: x^ + Bx + С (p. A36) 

4 Factor by Grouping (p. A38) 

5 Factor a Second-degree Polynomial: Ax? + Bx + C, A = 1 (p. A38) 
6 Complete the Square (p. A40) 


Consider the following product: 
(2x -3)(x—4) = 2x2 — 5x — 12 


The two polynomials on the left side are called factors of the polynomial on the right 
side. Expressing a given polynomial as a product of other polynomials— that is, finding 
the factors of a polynomial —is called factoring. 
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COMMENT Over the real numbers, 
3x + 4 factors into x^ + JI It is the 


noninteger = that causes 3x + 4 to be 


prime over the integers. 


We shall restrict our discussion here to factoring polynomials in one variable 
into products of polynomials in one variable, where all coefficients are integers. We 


call this factoring over the integers. 


Any polynomial can be written as the product of 1 times itself or as —1 times 
its additive inverse. If a polynomial cannot be written as the product of two other 
polynomials (excluding 1 and —1), then the polynomial is prime. When a polynomial 
has been written as a product consisting only of prime factors, it is factored completely. 
Examples of prime polynomials (over the integers) are 


2, 3, 5, x, x41, 


х—1, 3x+4, х2 +4 


The first factor to look for in a factoring problem is a common monomial 
factor present in each term of the polynomial. If one is present, use the Distributive 
Property to factor it out. Continue factoring out monomial factors until none are 


left. 


| €XAMPLE1 | Identifying Common Monomial Factors 


tored Form 


2x+4= 2(х -2) 


3x —6 = 3(x — 2) 
2x? — 4х + 8 = 2(x? — 2x + 4) 
8x —12 — 4(2x — 3) 


x? + х = x(x+1) 


x? — 3x2 = х2(х — 3) 


Common 

Monomial Remaining 
Polynomial Factor Factor Fac 
2x +4 2 x+2 
3x — 6 3 х—2 
2x?— 4x 4-8 2 x? —2x + 4 
8x — 12 4 2x – 3 
х? + х х x+1 
x? — 3x? x? x—3 
6x? + 9x 3x 2x 4-3 


6x2 + 9x = 3x(2x + 3) B 


Notice that, once all common monomial factors have been removed from a 
polynomial, the remaining factor is either a prime polynomial of degree 1 or a 
polynomial of degree 2 or higher. (Do you see why?) 


\ Now Work PROBLEM 9 


1 Factor the Difference of Two Squares and the Sum and 


Difference of Two Cubes 


When you factor a polynomial, first check for common monomial factors. Then see 
whether you can use one of the special formulas discussed in the previous section. 


Difference of Two Squares 


Perfect Squares 


Sum of Two Cubes 


Difference of Two Cubes 


a? — b2 = 
a? + 2ab 4 
a? — 2ab 4 


(a — b)(a + b) 
Fb? = (a+ by 
Hb? = (a— by 


a? + b? = (а + b)(a? — ab + b?) 


a? — b? = (a — b)(a? + ab 4 


- b2) 
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| EXAMPLE 2 | Factoring the Difference of Two Squares 


Factor completely: x? — 4 
Solution Note that x? — 4 is the difference of two squares, x? and 22. 
x?—4-—(x—2)x42) B 


| EXAMPLE З | Factoring the Difference of Two Cubes 


Factor completely: x? — 1 
Solution ^ Because x? — 1 is the difference of two cubes, x? and 13, 


x? —1 = (x—1)(x?+x+1) D 


| EXAMPLE 4 | Factoring the Sum of Two Cubes 


Factor completely: x? + 8 
Solution Because x? + 8 is the sum of two cubes, x? and 23, 


X? +8 = (x + 2)(x? — 2x + 4) D 


| EXAMPLE5 | Factoring the Difference of Two Squares 


Factor completely: x+ — 16 
Solution Because x^ — 16 is the difference of two squares, x^ = (x2)! and16 = 42, 
x* — 16 = (x? — 4)(х? + 4) 
But x? — 415 also the difference of two squares, so 


x^ — 16 = (x? — 4)(x? + 4) = (x — 2)(x + 2)(x? + 4) B 


\ Now Work PROBLEMS 19 AND 37 


2 Factor Perfect Squares 


When the first term and third term of a trinomial are both positive and are perfect 
squares, such as x7, 9x?, 1, and 4, check to see whether the trinomial is a perfect 
square. 


| EXAMPLE 6 | Factoring a Perfect Square 


Factor completely: x? + 6x + 9 


Solution The first term, x?, and the third term,9 = 37, are perfect squares. Because the middle 
term, 6x, is twice the product of x and 3, the trinomial is a perfect square. 


x? + 6х+9 = (х + 3)? B 


| EXAMPLE7 | Factoring a Perfect Square 


Factor completely:9x? — 6x + 1 


Solution The first term,9x? = (3х)? ,and the third term,1 = 12, are perfect squares. Because 
the middle term, —6x, is —2 times the product of 3x and 1, the trinomial is a perfect 
square. 


9x2 — бх + 1 = (3x – 1)? D 
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| EXAMPLES | PLE 8 Factoring a Perfect Square 


Solution 


Factor completely: 25x? + 30x + 9 


The first term, 25x? = (5x)? , and the third term, 9 = 32, are perfect squares. 
Because the middle term, 30x, is twice the product of 5x and 3, the trinomial is a 
perfect square. 


25x? + 30x +9 = (5x + 3)? D 


\ Now Work PROBLEMS 29 AND 103 


If a trinomial is not a perfect square, it may be possible to factor it using the 
technique discussed next. 


З Factor a Second-degree Polynomial: x? + Bx + С 


The idea behind factoring a second-degree polynomial like x? + Bx + С is to see 
whether it can be made equal to the product of two (possibly equal) first-degree 
polynomials. 

For example, consider 


(х+3)(х + 4) = x? + 7x +12 
The factors of x? + 7x + 12 are x + 3 and x + 4. Note the following: 


x? + 7x +12 = (х + 3)(х + 4) 
12 is the product of 3 and 4. 
7 is the sum of 3 and 4. 


In general if x? + Вх+ C = (х+а)(х+ b) = x? + (a + b)x + ab, 
then ab = C and a + b = B. 


To factor a second-degree polynomial x? + Bx + C, find integers whose 
product is C and whose sum is B. That is, if there are numbers a and b, 
where ab = C anda + Б = B,then 


x2 + Bx+C = (x + a)(x+ Б) 


| EXAMPLES | Factoring a Trinomial 


Solution 


Factor completely: x? + 7x + 10 


First determine all integers whose product is 10, and then compute their sums. 


Integers whose product is 10 110 —1 —10 DA —2, —5 


Sum 11 =] 7 =7/ 


The integers 2 and 5 have a product of 10 and add up to 7 the coefficient of the middle 
term. As a result, 


x? + 7x 4-10 = (x + 2)(x + 5) B 
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| EXAMPLE 10 | Factoring a Trinomial 


Solution 


Factor completely: x? — 6x + 8 


First determine all integers whose product is 8, and then compute each sum. 


Integers whose product is 8 1,8 —1,-8 2,4 —2, —4 


Sum 9 —9 6 —6 


Since —6 is the coefficient of the middle term, 


x2 — 6x + 8 = (x —2)(x — 4) D 


| EXAMPLE 11 | Factoring a Trinomial 


Solution 


Factor completely: x? — x — 12 


First determine all integers whose product is — 12, and then compute each sum. 


Integers whose 
product is —12 1, -12 —1,12 2, -6 —2,6 3, -4 —3, 4 


Sum =] 11 —4 4 =] 1 


Since —1 is the coefficient of the middle term, 


x? — x — 12 = (x+ 3X x — 4) B 


| EXAMPLE 12 | Factoring a Trinomial 


Solution 


Factor completely: x? + 4x — 12 
The integers —2 and 6 have a product of —12 and have a sum of 4, so 
x? + 4х —12 = (x —2)(x + 6) B 
To avoid errors in factoring, always check your answer by multiplying it out to 


see whether the result equals the original expression. 
When none of the possibilities works, the polynomial is prime. 


| EXAMPLE 13 | Identifying a Prime Polynomial 


Solution 


Show that x? + 9 is prime. 


First list the integers whose product is 9, and then compute their sums. 


Integers whose product is 9 1, 9) =i, =9 e © —3,—3 


Sum 10 ESO 6 —6 


Since the coefficient of the middle term in x? + 9 = x? + 0х + 9 is 0, and none of 
the sums equals 0, this means that x? + 9 is prime. E" 


Example 13 demonstrates a more general result: 


THEOREM 


Any polynomial of the form x? + a?,a real, is prime. 


\ Now Work PROBLEMS 43 AND 87 
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4 Factor by Grouping 


Sometimes a common factor does not occur in every term of the polynomial but 
does occur in each of several groups of terms that together make up the polynomial. 
When this happens, the common factor can be factored out of each group by means 
of the Distributive Property. This technique is called factoring by grouping. 


| EXAMPLE 14 | Factoring by Grouping 


Factor completely by grouping: (х? + 2)x + (x? + 2)-3 


Solution Note the common factor x? + 2. Applying the Distributive Property yields 


(x? + 2)x + (x? - 2). 32 (x? + 


2)(x 4- 3) 


Since x? + 2 and x + 3 are prime, the factorization is complete. D 


А The next example shows a factoring problem that occurs in calculus. 


| EXAMPLE 15 | Factoring by Grouping 


Factor completely by grouping: 3( x — 1) x 2)-40 —1P0p4 2» 


Solution Неге, (x — 1)? (x + 2)? is a common factor of both 3(x — 1)? (x + 2)* and 
4(x — 1? (x + 2). Asa result, 


3(x=1) (x +2) + 4(х —-1) 4-2) = (х — 1)°(х + 2)?[3(х 2) 4-40: — 1] 
= (x — 1Y (x + 2)?°[3х+ 6+ 4x — 4] 
= (x — 1) (x + 2)%(7х + 2) B 


| EXAMPLE 16 | Factoring by Grouping 


Factor completely by grouping: x? — 4x? + 2x — 8 


Solution То see whether factoring by grouping will work, group the first two terms and 
the last two terms. Then look for a common factor in each group. In this example, 
factor x? from x? — 4x? and 2 from 2x — 8. The remaining factor in each case is the 
same, x — 4. This means that factoring by grouping will work, as follows: 


x? — 4x? + 2x — 8 = (x? — 4x?) 4 
x?(x — 4) + 


+ (2x — 8) 
2(x = 4) 


= (x — 4)(x? + 2) 


Since x? + 2 and x — 4 are prime, the factorization is complete. B 


\ Now Work PROBLEMS 55 AND 131 


5 Factor a Second-degree Polynomial: Ax? + Вх +C,A+1 


To factor a second-degree polynomial Ах? + Bx + C, when A = 1 and A, B, and C 
have no common factors, follow these steps: 


Steps for Factoring Ax? + Bx + C, 
when A z 1 and A, B, and C Have No Common Factors 


STEP 1: 
STEP 2: 


STEP 3: 
STEP 4: 


Find the value of AC. 


Find a pair of integers whose product is AC that add up to B. That is, 
find a and b such that ab = AC and a + b = B. 


Write Ax? + Bx + С = Ax? + ax + bx 
Factor this last expression by grouping. 


4E Ce 
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| EXAMPLE 17 | Factoring a Trinomial 


Factor completely: 2x? + 5х + 3 
Solution Comparing 2x? + 5x + 3to Ax? + Вх + C,note that A = 2, В = 5,andC = 3. 
STEP 1: The value of AC is 2 · 3 = 6. 


STEP 2: Determine the integers whose product is AC = 6, апа compute their sums. 


Integers whose product is 6 1,6 —1,-6 2,3 —2,—3 


Sum 7 E 5 —5 


The integers whose product is 6 and that add up to В = 5 are 2 and 3. 
^ 


| 
STEP 3: Write 2х2 + 5х +3 = 2x? + 2х -3x + 3 


$ТЕР 4: Factor by grouping. 


2x? + 2x + 3x + 3 = (2x? + 2x) + (3x + 3) 
= 2х(х +1) + 3(х +1) 
= (х + 1)(2х + 3) 


As а result, 


2x? 4+ 5x +3 = (x + 1)(2х + 3) E 


| EXAMPLE 18 | 18 Factoring a Trinomial 


Factor completely:2x? — x — 6 


Solution Comparing 2x? — x — 6 to Ax? + Bx + C, note that A = 2, В = —1, and 
C — —6. 


STEP 1: The value of AC is 2 - (—6) = —12. 


$ТЕР 2: Determine the integers whose product is AC = —12, and compute their 
sums. 
Integers whose 
product is — 12 1, -12 —1, 12 2, -6 —2,6 3, -4 —3,4 
Sum = 11 —4 4 =1] 1 
The integers whose product is —12 that add up to В = —1 are —4 and 3. 
T 1 ii 
| [ 1 
SrEP 3: Write 2x? — x — 6 = 2x? — 4х + 3x — 6 


STEP 4: Factor by grouping. 


2x? — 4x + 3x — 6 = (2x? — 4х) + (3x — 6) 
= 2x(x —2)+ 3(x —2) 
= (x — 2)(2x + 3) 


As a result, 


2x?— x — 6 = (x —2)(2x + 3) 


\ Now Work PROBLEM 61 
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SUMMARY 


Type of Polynomial Method Example 


Any polynomial Look for common monomial factors. 6x? + 9x = 3x(2x +3) 
(Always do this first!) 


Binomials Check for a special product: 

of degree 2 or higher Difference of two squares, a? — b? — 16 = (x — 4)(х + 4) 
Difference of two cubes, a? — b? — 64 = (x — 4X x? + 4x +16) 
Sum of two cubes, a? + b? +27 = (х+3)(х? — 3х + 9) 


Trinomials of degree 2 Check for a perfect square, 4 8x+16 = (x+4) 
a? + 2ab + b? = (a E by? =10х 1125 = (r= 537 
Factoring x? + Bx + С (p. A36) x?2—x—2 = (x - 2)(х +1) 
Factoring Ах? + Вх + С (р. А38) 6x? + х — 1 = (2x + 1)(3х – 1) 


Four ог more terms Grouping 2x? — 3x? + 4x — 6 = (2x — 3)(x? + 2) 


6 Complete the Square 


The idea behind completing the square in one variable is to “adjust” an expression 
of the form x? + bx to make it a perfect square. Perfect squares are trinomials of 
the form 


x? + 2ax + a? = (x+a)} or х?—2ах+а? = (x— ay 


For example, x? + бх + 9 is a perfect square because x? + бх + 9 = (x +3)’. 
And p? — 12р + 36 is a perfect square because p? — 12р + 36 = (p — 6)’. 

So how do we “adjust” x? + bx to make it a perfect square? We do it by 
adding a number. For example, to make x? + 6x a perfect square, add 9. But how 
do we know to add 9? Divide the coefficient of the first-degree term, 6, by 2, and 
then square the result to obtain 9. This approach works in general. 


Completing the Square of x? + bx 
Identify the coefficient of the first-degree term. Multiply this coefficient by = 


2 
ZA CAUTION To use (žo) to and then square the result. That is, determine the value of b in x? + bx and 
2 1 2 
complete the square, the coefficient of compute (55) : 
the x* term must be 1. и 


| EXAMPLE 19 | Completing the Square 


Determine the number that must be added to each expression to complete the square. 
Then factor the expression. 


Start Add Result Factored Form 
2 Laf = 2 + 8y +16 2 
y? + 8y (5:9) = @ у? + 8у + (y +4) 
1 2 
x? + 12x (5-12) = 26 x? + 12x + 36 (x + 6)? 
2 

2 205 (3 (-20)) — 100 а? — 20a + 100 (a — 10) 

ee ts П Е 2 2 2m 25 ES 
WT е о. =. 
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Note that the factored form of a perfect square is either 


y 4 | x + bx +f) = (x42) or px + (2) = (2-8) 


\ Now Work PROBLEM 73 


Are you wondering why making an expression a perfect square is called 
“completing the square"? Look at the square in Figure 24. Its area is (у + 4)’. 
The brown (top left) area is y? and each tan (top right and bottom left) area 
is 4y (for a total area of 8y). The sum of these areas is y? + 8y. To complete the 
L l square, we need to add the area of the green (bottom right) region: 4 - 4 = 16. As 
Figure 24 a result, y? + 8y + 16 = (y + 4). 


A.4 Assess Your Understanding 


Concepts and Vocabulary 


1. If factored completely, Зх? — 12x = Р 5. Multiple Choice Choose the complete factorization of 
2. If a polynomial cannot be written as the product of two other 4x? — 8x — 60. А 
polynomials (excluding 1 апа —1), then the polynomial is (a) 2(x + 3)(x — 5) (b) 4(x* — 2x — 15) 
said to be | (c) (2x + 6)(2x — 10) (d) 4(x + 3)(x – 5) 
3. Multiple Choice For x? + Bx + C = (x + а)(х + b) 6. Multiple Choice To complete the square of x* + bx, use 
which of the following must be true? which of the following? pod 1 
(a) ab = Banda+b=C (a) Qb* (b) 2b? (9(5b] (5b 
(b)a+b=Canda—b=B8 
(с) ab = Canda +b = B 7. True or False The polynomial x? + 4 is prime. 
(d) ab = B anda — b = C 8. True or False 3x? — 2x? — 6x + 4 = (3x — 2)(x? + 2). 


4. Multiple Choice Choose the best description of x? — 64. 
(a) Prime (b) Difference of two squares 
(c) Difference of two cubes (d) Perfect square 


Skill Building 
In Problems 9—18, factor each polynomial by removing the common monomial factor. 
N 9. 3x + 6 10. 7x — 14 П. ах? +a 12. ах – а 13. х +x? + х 
14. x? — x? + x 15. 2х2 – 2х 16. 3x? — 3x 17. 3x?y — бху? + 12xy 18. 60x?y — 48xy? + 72x3y 


In Problems 19—26, factor the difference of two squares. 


\ 19. x? — 1 20. x? — 4 21. 4x? — 1 22. 9x? — 1 
23. x? — 16 24. x? — 25 25. 25x? — 4 26. 36x? — 9 


In Problems 27—36, factor the perfect squares. 


27. x? --2x +1 28. x? — 4x + 4 N 9, x? +4х +4 30. x? — 2x + 1 
31. x? — 10x + 25 32. x? + 10x + 25 33. 4x? + 4x +1 34. 9x? + 6x +1 
35. 16x? + 8x + 1 36. 25x? + 10x + 1 


In Problems 37—42, factor the sum or difference of two cubes. 
N 37. x? — 27 38. x? + 125 39. x? +27 40. 27 — 8x? 41. 8x? +27 42. 64 — 27x? 


In Problems 43—54, factor each polynomial. 
\ 43. x? + 5x 46 44. x? + 6x +8 45. x! + Tx +6 46. x? + 9x +8 
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47. x? + 7x + 10 48. x? + 11x + 10 


51. x? — 7х — 8 52. х? – 2х – 8 


In Problems 55—60, factor by grouping. 
N 55. 2x? + 4х + 3х + 6 
58. 3х2 + 6x - х —2 


In Problems 61-72, factor each polynomial. 
N 61. 3x? + 4x +1 62. 2х2 + 3x +1 
65. 3х2 + 2х – 8 66. 3x? + 10x + 8 
69. 12x^ + 56x? + 32x? 70. 21x? — 98x 4- 56 


56. 3x2 — 3x + 2x - 2 
59. 18x? + 27x + 12x + 18 


49. x? — 10x +16 


53. x? -- 7x — 8 


60. 45x? 


63. 222 + 5z +3 
67. 3x2 = 2x - 8 
71. 3x? + 10x — 8 


50. x? — 17x + 16 


54. x? + 2х - 8 


57. 2x? — 4x + x —2 


— 30x? + 15x? — 10x 


64. 622 + 5z41 
68. 3х2 — 10x + 8 
72. 3x2 — 10x — 8 


In Problems 73-78, determine what number should be added to complete the square of each expression. Then factor each expression. 


N зз. x? + 10x 74. p? + 14р 75. y? — бу 

76. x? — 4x TL x? — 5х 78. x? + ix 
Mixed Practice In Problems 79-126, factor each polynomial completely. If the polynomial cannot be factored, say it is prime. 

79. x? — 36 80. x? – 9 81. 2 — 8x? 82. 3 — 27x? 
83. 8x? + 88x + 80 84. 10x? + 50x? + 40x 85. x? — 10x + 21 86. x? — 6x + 8 

N 87. 4x? — 8x + 32 88. 3x? — 12x + 15 89. x? + 4x +16 90. x? + 12x + 36 
91. 15 + 2x — x? 92. 14 + 6x — x? 93. 3x? — 12x — 36 94. x3 + 8x? — 20x 
95. y* + 11y? + 30y? 96. 3y? — 18y? — 48y 97. 8x5 + 24x* + 18x? 98. 36x — 48x5 + 16х* 
99. 6x? + 8x +2 100. 8x? + 6x — 2 101. x^ — 81 102. x^ — 1 

м 103. х6 — 2x3 +1 104. x6 + 2x? +1 105. x? — x? 106. xë — x5 
107. 16x? + 24x +9 108. 9x? — 24x + 16 109. 5 + 16x — 16x? 110. 5 + 11x — 16x? 
11. 4y? — 16у + 15 112. 9y? + 9y - 4 113. 1 — 8x? — 9x4 114. 4 — 14x? — 8x* 
115. x(x + 3) – 6(x + 3) 116. 5(3x — 7) + x(3x – 7) 117, (x + 2)? = Six + 2) 
118. (x - 1)? — 2(x - 1) 119. (3x — 2)? – 27 120. (5x - 1? — 1 
121. 3(x? + 10x + 25) — 4(x + 5) 122. 7(x? — 6x + 9) + 5(x – 3) 123. x? + 2х? - x - 2 
124. x? — 3x? — x +3 125. x^ — x? +x-1 126. x^ + x? - x1 


Applications and Extensions 


Х In Problems 127-136, expressions that occur in calculus аге given. Factor each expression completely. 
128. 5(2x + 1)? + (5x — 6)-2(2x +1)-2 


127. 2(3x + 4)? + (2x + 3): 2(3х + 4)-3 
129. 2x(2x +5) + х2: 2 
\ 131. 2(x + 3)(х 2)? + (x + 3)? -3(x — 2)? 
133. (4x — 3)? + x -2(4x - 3) -4 
135. 2(3x — 5)-3(2x + 1)? + (3x — 5)? -3(2x + 1)? -2 


137. Show that x? + 4 is prime. 


Explaining Concepts: Discussion and Writing 


139. Make up a polynomial that factors into a perfect square. 


130. 3х2(8х —3)4+ х? -8 
132. 4(х + SY (x — 1) + (х- 


+ 5)4.2(x = 1) 


134. 3x2(3x + A? + x3 -2(3x + 4) -3 
136. 3(4х + 5)? - 4(5x + 1)? + (4x + 5) · 2(5х +1): 5 


138. Show that x? + x + 1is prime. 


140. Explain to a fellow student what you look for first when 


presented with a factoring p 


roblem. What do you do next? 
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A.5 Synthetic Division 


OBJECTIVE 1 Divide Polynomials Using Synthetic Division (p. A43) 


1 Divide Polynomials Using Synthetic Division 


To find the quotient as well as the remainder when a polynomial of degree 1 or 
higher is divided by x — c, a shortened version of long division, called synthetic 
division, makes the task simpler. 

To see how synthetic division works, first consider long division for dividing the 
polynomial 2x? — x? + 3 by x — 3. 


2x? + 5x +15 — Quotient 
peg. wa + 3 
2x? — 6x? 
5x? 
5x? — 15x 
15x + 3 
15x — 45 


48  — Remainder 


" Check: ( Divisor) - (Quotient) + Remainder 
= (x — 3)(2х? + 5x + 15) + 48 
= 2x? + 5x? + 15x — 6x? — 15x — 45 + 48 
= 2x3 —x243 


The process of synthetic division arises from rewriting the long division in a 
more compact form, using simpler notation. For example, in the long division above, 
the terms in blue are not really necessary because they are identical to the terms 
directly above them. Removing these terms gives the following display: 


2x? + 5x + 15 


x— 3j = x? + 3 
— 6x2 
5x? 
— 15x 
15x 
— 45 
48 


Most of the x's that appear in this process can also be removed, provided that 
care is used in positioning each coefficient. In this regard, use 0 as the coefficient of 
x in the dividend, because that power of x is missing. This gives 


2x? + 5x + 15 
х—3)2 =f 0 3 
а =6 
5 
— 15 
15 
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To make this display more compact, move the lines up until the numbers in blue 
align horizontally. 


2 5x + 15 Row 1 

х —3)2 = 1 0 3 Row2 
= 6 – 15 – 45 Row3 

O 5 15 48 Row4 


Because the leading coefficient of the divisor is always 1, the leading coefficient 
of the dividend will also be the leading coefficient of the quotient. Place the leading 
coefficient of the quotient, 2, in the circled position. Now, the first three numbers in 
row 4 are precisely the coefficients of the quotient, and the last number in row 4 is 
the remainder. Thus row 1 is not really needed, so the process can be compressed 
to three rows, with the bottom row containing both the coefficients of the quotient 
and the remainder. 


x— 3)2 —1 0 3 Rowl 
— 6— 15 – 45 Row2 (subtract) 
2 5 15 48 Row3 


Recall that the entries in row 3 are obtained by subtracting the entries in row 2 
from those in row 1. Rather than subtracting the entries in row 2, change the sign of 
each entry and add. With this modification, the display will look like this: 


y= 3)2 — : E 3 Rowl 
45  Row2(add) 
257 53 T 48 Row3 


Note that the entries in row 2 are three times the prior entries in row 3. As the 
last modification to the display, replace the x — 3 with 3. The entries in row 3 give 
the quotient and the remainder, as shown next. 


3) 2 —1 0 3 Rowl 
6 15 45  Row2(add) 
GEN ERN S 48. Row3 
Quotient Remainder 


————— 
2x? + 5x 415 48 


Let's go through an example step by step. 


| EXAMPLE I | Using Synthetic Division to Find the Quotient and Remainder 


Use synthetic division to find the quotient and remainder when 
3— 4x? — 5 is divided by x – 3 


Solution STEP 1: Write the dividend in descending powers of x. Then copy the coefficients, 
remembering to insert a 0 for any missing powers of x. 


1 -4 0 —5 Row1 


STEP 2: Insert the usual division symbol. In synthetic division, the divisor is of the 
form x — c, and c is the number placed to the left of the division symbol. 
Here, since the divisor is x — 3, insert 3 to the left of the division symbol. 


3)1 —4 0 —5 Rowl 


STEP 3: Bring the 1 down two rows, and enter it in row 3. 


31 —4 0 —5 Rowl 


{ Row 2 


1 Row 3 
(continued) 
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SrEP 4: Multiply the latest entry in row 3 by 3, and place the result in row 2, one 
column over to the right. 


3 ) 1 —4 0 —5 Rowl 
3 Row 2 


T Row 3 


STEP 5: Add the entry in row 2 to the entry above it in row 1, and enter the sum in 
row 3. 


3) 1 -4 0 -5 Rowl 
Row 2 


3 
2-71 Row 3 


STEP 6: Repeat Steps 4 and 5 until no more entries are available in row 1. 


3)1 —4 0 —5 Rowl 
—3 —9 Row2 


3 
197.3897 44 воз 


STEP 7: The final entry in row 3, the — 14, is the remainder; the other entries in row 3, 
the 1, —1, and —3, are the coefficients (in descending order) of a polynomial 
whose degree is 1 less than that of the dividend. This is the quotient. That is, 


Quotient = x? – x — 3 Remainder = —14 


vchaderDivisor пойгаи 4- Remainder 
= (x — 3)(x? — x — 3) + (—14) 
(x3 — x? — 3x — 3x? + 3x + 9) + (-14) 
= x? — 4x? — 5 = Dividend J 


Let’s do an example in which all seven steps are combined. 


| EXAMPLE 2 | Using Synthetic Division to Verify a Factor 


Use synthetic division to show that x + 315 a factor of 


2x5 + 5x4 — 2x3 + 2x2 —2x -3 


Solution If the remainder is 0, then the divisor is a factor of the dividend, and the quotient 
is the other factor. The divisor is x + 3 = x — (—3), so place —3 to the left of the 
division symbol. Then the row 3 entries will be multiplied by —3, entered in row 2, 
and added to row 1. 


-3)2 5 -2 2 -2 3 Rowl 
—6 3 —3 3 —-3 Row2 
2 -1 1 —1 1 О Row3 


The remainder is 0, so 
Dividend = (Divisor)(Quotient) + Remainder 


2x? + 5x4 — 2x? + 2x? — 2x + 3 = (x -3)(2x* x? - x?— x 41) 
Hence, x + 3is a factor of 2x? + 5x^ — 2x? + 2x? — 2x +3. D 


As Example 2 illustrates, the remainder after division gives information about 
whether the divisor is or is not a factor. We will have more to say about this in 
Chapter 3. 


\ Now Work PROBLEMS 9 AND 19 


A46 APPENDIX A Review 


A.5 Assess Your Understanding 


Concepts and Vocabulary 


1. To check division, the expression that is being divided, the dividend, should equal the product of the and the 
plus the 


2. To divide 2x? — 5x + 1 by x + 3 using synthetic division, the first step is to write 


3. Multiple Choice Choose the division problem that cannot be done using synthetic division. 
(a) 2x? — 4x? + 6x — 8 isdividedby х—8 (b) x^ —3 isdividedby x +1 
(с) x? + 3x? — 9x + 2 isdivided by x + 10 (d) x^ — 5x? + 3x? — 9x + 13 isdividedby x? +5 


4. Multiple Choice Choose the correct conclusion based on the following synthetic division: —5) 2 3 —38 -15 
-10 35 15 


(a) x + 5 isafactorof 2x? + 3х2 — 38x — 15 (b) x —5 isafactorof 2x? + 3x? — 38x — 15 
(c) x + 5 isnotafactor of. 2x? + 3x? — 38x — 15 (d) x —5 isnotafactorof 2x? + 3x? — 38x — 15 
5. True or False In using synthetic division, the divisor is always a polynomial of degree 1, whose leading coefficient is 1. 
6. True or False —2)5 3 2 1 means $% + = 2x +1 _ осуз _7х+16+ = 
-10 14 -32 
5 -7 16 -31 
Skill Building 
In Problems 7-18, use synthetic division to find the quotient and remainder when: 
7. x? — x? + 2x + 415 divided by x — 2 8. x? + 2x? — Зх + Lis divided by x + 1 
N 9. 3x3 + 2x? — x + 3 is divided by x — 3 10. —4x? + 2x? — x + 1is divided by x + 2 
11. x5 — 4x3 + xis divided by x + 3 12. x* + x? + 2 is divided by x — 2 
13. 4x6 — 3x4 + x? + 5 is divided by x — 1 14. x5 + 5x3 — 10 is divided by x + 1 
15. 0.1x? + 0.2x is divided by x + 1.1 16. 0.1x? — 0.2 is divided by x + 2.1 
17. x5 — 1 is divided by x — 1 18. x5 + 1is divided by x + 1 


In Problems 19-28, use synthetic division to determine whether x — c is a factor of the given polynomial. 


N 19. 4х3 — 3x2 — 8x +4; x—2 20. —4x3 + 5x? + 8; x4+3 
21. 3x4 — 6x? — 5x +10; x -2 22. 4x4 — 15x? — 4; x - 2 
23. 3x6 + 82x? + 27; х+3 24. 2x6 —18x4 + x? - 9; x -3 
25. 4х6 — 64х + x? - 155 x4+4 26. хб — 16x^ + x? — 16; x -4 
27, 2x4 x + 2x 1; x-i 28. 3x4 + x3 — 3x + I; xi 


Applications and Extensions 
29. Find the sum of a, b, c, and d if 


3.242 
х 2х +3x +5 L ax? 4 bx+ce+ d 
х+2 х+2 


Explaining Concepts: Discussion and Writing 


30. When dividing a polynomial by x — c, do you prefer to use long division or synthetic division? Does the value of c make a difference 
to you in choosing? Give reasons. 
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A.6 Rational Expressions 


OBJECTIVES 1 Reduce a Rational Expression to Lowest Terms (p. A47) 
2 Multiply and Divide Rational Expressions (p. A48) 
3 Add and Subtract Rational Expressions (p. A49) 
4 Use the Least Common Multiple Method (p. A50) 
5 Simplify Complex Rational Expressions (p. A52) 


1 Reduce a Rational Expression to Lowest Terms 


The quotient of two polynomials forms a result called a rational expression. Some 
examples of rational expressions are 
2 


х +1 3x? +x-—2 x xy 
(a) 2 О On diet 
Expressions (a), (b), and (c) are rational expressions in one variable, x, whereas (d) is a 
rational expression in two variables, x and y. 

Rational expressions are described in the same manner as rational numbers. In 
expression (a), the polynomial x? + 1 is the numerator, and x is the denominator. When 
the numerator and denominator of a rational expression contain no common factors 
(except 1 and —1), the rational expression is reduced to lowest terms, or simplified. 

The polynomial in the denominator of a rational expression cannot be equal 
xe +1 
“x 


to 0 because division by 0 is not defined. For example, for the expression 
x 


cannot take on the value 0. The domain of the variable x is (x|x = 0}. 

A rational expression is reduced to lowest terms by factoring the numerator 
and the denominator completely and dividing out any common factors using the 
Reduction Property: 


Reduction Property 


б = 1 О (1) 


| €XAMPLE1 | Reducing а Rational Expression їо Lowest Terms 


2 T pe 
Reduce to lowest terms: x^ +4х +4 
x? + 3х + 2 


Solution Begin by factoring the numerator and the denominator. 
x? + 4х+4 = (x +2)(x + 2) 
х? + 3х +2 = (x+2)(x4+1) 


Z\ CAUTION Apply the Reduction Since a common factor, x + 2, appears, the original expression is not in lowest terms. 
Property only to rational expressions То reduce it to lowest terms, use the Reduction Property: 


written in factored form. Be sure to 2 "T n 
divide out only common factors, not — = Шм п?) = х - x = —2,-1 
common terms! " x E (x47) 1) x+ B 


| EXAMPLE 2 | Reducing Rational Expressions to Lowest Terms 


Reduce each rational expression to lowest terms. 


x? – 8 8 — 2x 
Se Бу 2 =o. 
(8) Bay b) аса . 
(continued) 


A48 APPENDIX A Review 


2 
Solution (а) = = = кт гн +4) x+ == 0,2 
E == 5 X X 
8 — 2x 2(4 — x) 2(—1)(х—ў e ica 


= = = X = 


US Emror-127 0-403) [ше (кз 4-3 bB 


\ Now Work PROBLEM 7 


2 Multiply and Divide Rational Expressions 
The rules for multiplying and dividing rational expressions are the same as the rules 


for multiplying and dividing rational numbers. If : and =, b = 0,d = 0, are two 


€ 
: : а 
rational expressions, then 


=X if bz0,d=0 (2) 


nt dox c сео 22 0 


In using equations (2) and (3) with rational expressions, be sure to first factor 
each polynomial completely so that common factors can be divided out. Leave your 
answer in factored form. 


| EXAMPLE 3 | Multiplying and Dividing Rational Expressions 


Perform the indicated operation and simplify the result. Leave your answer in 


factored form. x+3 
x? -2x+1 477 +4 х2—4 
(a) х? +x x? +х- 2 (b) 2 х – 12 
х? – 8 
Solution (а) Х2 251,42 +4 _ (x—-1* _ 40? +1) 


х + х х2 + х - 2 x(x? +1) (х + 2)(х -1) 
| (x-D*() (х2) 


(Ox (x34) x + 2) OD) 


4(х — 1) 


= x z —2,0,1 
x(x +2) 
x +3 
(b) EE = EX. x? -8 
x? — x — 12 x?—4 х?—х—12 
x3—8 
Е x43 A= 2)(х? + 2х +4) 
(x — 2)(x + 2) (x — 4)(x +3) 
_ (0-3) (0-2) (x? + 2x + 4) 


= (xT) (x + 2)(x — 4) G0 -3) 


2. 
= Хо +2x+4 523-224 
(x +2)(x — 4) D 


\ Now Work PROBLEMS 19 AND 27 
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3 Add and Subtract Rational Expressions 


The rules for adding and subtracting rational expressions are the same as the rules 
for adding and subtracting rational numbers. If the denominators of two rational 


expressions to be added (or subtracted) are equal, then add (or subtract) the 
In Words 


To add (or subtract) two rational 
expressions with the same 
denominator, keep the 

common denominator and 


add (or subtract) the y 
numerators. a (€ QUSE a C алс : 
| = = fi 4 
b b b b b b uu (2) 


| EXAMPLE 4 | Adding and Subtracting Rational Expressions 


with Equal Denominators 


, а с : 
numerators and keep the common denominator. If b and p are two rational 
expressions, then 


Perform the indicated operation and simplify the result. Leave your answer in 
factored form. 


2x? —4 x+3 5 x 3x + 2 
(а) x5 2x45 7772 GS жуз OO 
: 2x? — 4 x+3 (2x? —4)+ (x + 3) 
Solution of = 
(a) 2х+5 2х+5 2х +5 
_ 2х?+х—1 _ (2x -1)(x +1) 
B 2x + 5 B 2x + 5 
(b) x 3x+2 _ x—(3x t2) _ х—3х—2 
х—3 x—3 x—3 x—3 
_ о —2х—2 c0 1) 
х—3 x—3 а | 


| ЕХАМРІЕ 5 | Adding Rational Expressions Whose Denominators 


Are Additive Inverses of Each Other 


Perform the indicated operation and simplify the result. Leave your answer in 
factored form. 


2x 3 
zd 3r 


х + 3 


Solution ^ Notice that the denominators of the two rational expressions are different. However, 
the denominator of the second expression is the additive inverse of the denominator 
of the first. That is, 


Then 
2x 4 _5_ _ _ 2X 5 | 2x , -5 
х-3 3—-х x-3 —(х-3) x-3 x-3 
| а Le 
3-—* x3) e eel 
— 2x +(-5)_ 2Х—5 
x-3 x—3 D 


\ Now Work PROBLEMS 39 AND 45 
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If the denominators of two rational expressions to be added or subtracted are 
not equal, the general formulas for adding and subtracting rational expressions can 


be used. 


ti es г) 


и doxes 0 о 0) 


| EXAMPLE 6 | Adding and Subtracting Rational Expressions 


with Unequal Denominators 


Solution 


Perform the indicated operation and simplify the result. Leave your answer in 
factored form. 


x—3 x x? 
+ —4,2 b — = —2, 0, 2 
(а) 44 -3 7? (0) р у. тт 
(a) 2—3 4 X. _ x-3 X—2 йй x 
x44 nl EO x-2 x+4 x-2 
(5а) 
LG - 3)(x — 2) + (х + 4)(х) 
(4+ 4x —2) 
| х?-—-5х+6-+х°+4х | 2x?— x 6 
(x +4)(x — 2) (x4 4x — 2) 
(b) x? l1... x^. d х?—4 1 =e 4) 
x? — 4 "pt x x?—4 x (x? — 4)(х) 
5b 
e х - x? +4 
x(x —2)(x + 2) B 
\ Now Work PRoBLEM 49 


4 Use the Least Common Multiple Method 


If the denominators of two rational expressions to be added (or subtracted) have 
common factors, it usually is better not to use the general rules given by equations 
(5a) and (5b). Instead, just as with fractions, the least common multiple (LCM) 
method is used. The LCM method uses the polynomial of least degree that has each 


denominator polynomial as a factor. 


The LCM Method for Adding or Subtracting Rational Expressions 


The least common multiple (LCM) method requires four steps: 


STEP 1: 


STEP 2: 


STEP 3: 


STEP & 


Factor completely the polynomial in the denominator of each rational 
expression. 

The LCM of the denominators is the product of each unique factor, 
with each of these factors raised to a power equal to the greatest 
number of times that the factor occurs in any denominator. 

Write each rational expression using the LCM as the common 
denominator. 


Add or subtract the rational expressions using Equation (4). 


Let’s consider an example that requires only Steps 1 and 2. 
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| EXAMPLE7 | Finding the Least Common Multiple 


Find the least common multiple of the following pair of polynomials: 


x(x—1)?(x+1) and 4(x-1)(x+1)° 
Solution Srep1: The polynomials are already factored completely as 


х(х = 1) Ce Ту and 4(х—1)(х+1)? 


STEP 2: Start by writing the factors of the left-hand polynomial. (Or you could start 
with the one on the right.) 


x(x = 1)2(х +1) 


Now look at the right-hand polynomial. Its first factor, 4, does not appear in 
our list, so we insert it. 


Ax(x — 1 (x +1) 


The next factor, x — 1, is already in our list, so no change is necessary. The 
final factor is (x 4- 1)?. Since our list has x 4- 1 to the first power only, we 
replace x + 1 in the list by (x + 1).The LCM is 


4x(x = 1? (x +1) D 


Notice that the LCM in Example 7 is, in fact, the polynomial of least degree that 
contains x(x — 1)? (x + 1)and 4(x — 1)(x + 1)? as factors. 
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| EXAMPLES | PLE 8 Using the Least Common Multiple to Add Rational Expressions 


Perform the indicated operation and simplify the result. Leave your answer in 
factored form. 


x 2x —3 


—2,—1,1 
x? +3x+2 x?—1 slo NO. 


Solution SrEP 1: Factor completely the polynomials in the denominators. 


x? + 3х +2 = (x + 2)(х +1) 
x? —1 = (x — 1) (х 1) 


STEP 2: The LCM is (х + 2)( x + 1)(x — 1). Do you see why? 


STEP 3: Write each rational expression using the LCM as the denominator. 


x _ x = x E e = x(x —1) 
х? + 3х+2 (x +2)(x4+1) (x+2Xx+1) х-1 (4 +2)(х + 1)(х- 1) 
Multiply numerator and 


denominator by x — 1 


to get the LCM in the 
denominator. 
2x—3 _ 2х —3 2x 3 mos c (2x — 3)(x + 2) 


Li (х-1)(х +1) | (x—1)(x+1) x+2 (х= 1)(х +1)(x + 2) 


Multiply numerator and 
denominator by x + 2 
to get the LCM in the 


denominator. : 
(continued) 
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STEP 4: Now add by using Equation (4). 
x 2x —-3 _ x(x —1) (2x — 3)(х + 2) 

х? 43x42 x27 -1 0 (х+2)(х+1)(х—1) (х+2)(х + 1)(x - 1) 
| (x? — x) + (2x? + x 6) 
0 (х+2)(х+1)(х—1) 
_ 3x2 — 6 _ 3(x? — 2) 
© (х+2)(х+1)(х—1)  (х+2)(х+1)(х—1) 

м | 


| ЕХАМРІЕ 9 | Using the Least Common Multiple to Subtract Rational Expressions 


Perform the indicated operation and simplify the result. Leave your answer in 
factored form. 


3 x+4 


x = —1,0 
x?-x x24 2x41 


Solution — SrEP 1: Factor completely the polynomials in the denominators. 
x? + х = х(х +1) 
x2? +2x+1= (х+1)°? 
STEP 2: The LCM is x(x + 1)’. 


STEP 3: Write each rational expression using the LCM as the denominator. 


3 = 3 _ 3 Eis. 3(x + 1) 
х2 +x x(x + 1) x(x+1) x+1 x(x +1)? 
x+4 = x+4 Е x44 QX _ xix + 4) 
x? -2x +1 (х +1)? (x1) x х(х +1)? 


$ТЕР 4: Subtract, using Equation (4). 


3 x +4 _ 3(%+4+1) x(x + 4) 


x?4+x% x242x41 x(x+1)? x(x+1) 


3(x 4 1)- x(x +4) 
x(x + Da 


ЭХ 3— xe —4х 
x(x +1)? 
—x?— x43 
х(х +1)? D 


\ Now Work PRoBLEM 65 


5 Simplify Complex Rational Expressions 


When sums and/or differences of rational expressions appear as the numerator 
and/or as the denominator of a quotient, the quotient is called a complex rational 
expression.* For example, 


2 
ipt zt 3 
X and = —4 
1-1 Eod 
x x+2 


*Some texts use the term complex fraction. 


are complex rational expressions. To simp 
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lify a complex rational expression means to 


write it as a rational expression reduced to lowest terms. This can be accomplished in 


either of two ways. 


Simplifying a Complex Rational Expression 


OPTION 1: Treat the numerator and 


denominator of the complex rational 


expression separately, performing whatever operations are indicated 


and simplifying the results. 
rational expression. 


Follow this by simplifying the resulting 


OPTION 2: Find the LCM of the denominators of all rational expressions that 
appear in the complex rational expression. Multiply the numerator 
and denominator of the complex rational expression by the LCM 


and simplify the result. 


Both options are shown in the next example. By carefully studying each option, 


you can discover situations in which one 


may be easier to use than the other. 


| EXAMPLE 10 | Simplifying a Complex Rational Expression 


Solution 


дая 
Simplify. 2—0 х= 3,0 
4 


OPTION I: First perform the indicated operation in the numerator, and then divide. 


Rule for adding quotients 


(x +6)-4 


1,3 1-х+2.3 x+6 

2х _ 2.x =, Hy. RED o 
x43 x43 x43 2x x43 
4 | 4 4 


Rule for dividing quotients 


_ 2-2-(x+6) _ 2(х+6) 


© 2.х-(х+3) 27.-х-(х+3) х(х+3) 


Rule for multiplying quotients 


OPTION 2: The rational expressions that appear in the complex rational expression 


are 


The LCM of their denomin 


x+3 


ators is 4x. Multiply the numerator and 


denominator of the complex rational expression by 4x and then simplify. 


l3 4 (5 3) 
— + — Же ——L — 
ИР a 2 x 
x+3 4 (= 3) 
4 
Multiply the 


numerator and 
denominator by 4x. 


2ана 2 


х _ 


Ax «Lp ag. 3 
= o£ x 
4x -(x + 3) 

4 


Use the Distributive 
Property in the numerator. 


2x+12 2(х +6) 


Mx +(x +3) 
EN 


| x(x + 3) | х(х +3) 


Simplify. Factor. 
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| EXAMPLE 11 | Simplifying a Complex Rational Expression 


2 
E dad 
X—5 x-024 
1 


Simplify: rpm 2 


X 


Solution Here Option 1 is used. 


x? L2 x? 4 24 = 4) x? -2x—8 
x —4 _ x-4 X—4 . x—4 
2x -2 1 25-2 x 2x —2—x 
x x x x 
(x + 4)(x — 2) 
_. x-4 __(®+4%(х—7) x 
Е х- 2 Е x—4 Fo 
x 
_ (x +4)-x _ x(x +4) 
С x-4 — x-4 -» 
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Application 
| EXAMPLE 12 | Solving an Application in Electricity 
В, An electrical circuit contains two resistors connected in parallel, as shown in 
AMW Figure 25. If their resistances are R, and R, ohms, respectively, their combined 


resistance R is given by the formula 


= Fo Е = 


Figure 25 Resistors in parallel : | = 5 : | . 
Express R as a rational expression; that is, simplify the right-hand side of this formula. 


Evaluate the rational expression if А, = 6 ohms and R, = 10 ohms. 


Solution Using Option 2, consider 1 as the fraction L, Then the rational expressions in the 
complex rational expression are 


The LCM of the denominators is R, R}. Multiply the numerator and denominator of 
the complex rational expression by А, К, and simplify. 


1 _ 1-R,R, _ R R, _ RR, 
1 1 [1 1 1 1 Р 
ape а | pe. К-К yr 
R, К, Iz x] 1415 RO TRER т? 
So, 
= RR, 
R, + К; 


ЕК; = 6and R, = 10, then 


A.6 Assess Your Understanding 


Concepts and Vocabulary 


1. When the numerator and denominator of a rational 
expression contain no common factors (except 1 and —1), 
the rational expression is in 


2. LCM is an abbreviation for 


3. Multiple Choice Choose the statement that is not true. 
Assume b = 0,c = 0,andd = 0 as necessary. 
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4. Multiple Choice Choose the rational expression that 
simplifies to —1. 


a—b a—b 
m сус: ie 
a+b b—a 
) 44% (a) 59 


NR 
(a) ac a (b) aea Tc 5. True or False The rational expression 2x 4х is reduced 
be b b b b to lowest terms. 2 
а 6. True or False The LCM of 2x? + 6x? and 6x^ + Ax? is 
а с ad — Бс b ac 4x3(x +1). 
d) — = — 
(o T d bd uc d 
d 
Skill Building 
In Problems 7-18, reduce each rational expression to lowest terms. 
\ 1 3x +9 4x? + 8x x? — 2x 10 15x? + 24x 
| x1-9 ` 12x + 24 '" 3x — 6 i 3x2 
24x? x? +4x+4 у? —25 Dus у=? 
1 туз бу UC ea as By 10 M y + Sy 42 
x x x? —4 y y 3y* + Sy 2 
jg ша ы: if 1° tee 18, 2х2 + 5x - 3 
x2 Dy el x? -x-2 2—x 1-2x 
In Problems 19—36, perform the indicated operation and simplify the result. Leave your answer in factored form. 
2 2 óc 3 
EN 19. 3x+6 x 0. 3 X 21. 4x (X 64 22. 12  x?-1 
5x? x? —4 2x 6x 10 x? — 16 2x x^--x 45-2 
4x —8 12 6x —27 2 x? – Зх —10 x? + 4х — 21 
23. ——— . ——— 24. . 25. . 
—3x  12- 6х 5x 4x — 18 x? + 2х —-35 x? 4 9х + 14 
бх 12х 
2457-6 x2 — 25 2..4 5x + 20 
26. = | N2L х 28. 
x?-R4x—5 x?*-E2x-—15 3x —9 4x2 
2x +4 x? — 16 
8x Pa 4—x 34x 
x? —1 4x 4+x 3-x 
29. ae 30. РТ ГУЕ a 31. 1: 32. Lo 
x+1 12x x? — 16 9x3 
x? + 7х +12 x? + 7x +6 2x2 — x — 28 9x? + 3x - 2 
xc—T:d32 x? +x — 6 3x2 —~x-—2 12x? + 5x 2 
a x? ey 19 " x? 4+ 5х —6 35, 4x? + 16x +7 nh 9x? — бх +1 
х? – х— 12 х? 4 5х + 6 3x? -- 14x + 6 8x? —10x —3 


5 3 6 
37.2 + 2 З 
2*2 x" x 
2 = 
40. 3x а 9 41. х+1 2х -3 
2х- 1 2x-1 —3 x—3 
43. 2x5 _ 2x - 4 A4. 5x-4 x+1 
2x —1 2x —1 3x -4 3x+4 
(1. Now Work Q 1. Modeling 1. Writing 


fe 1. Graphing Tech 


2 
bt P = 
2х-3 2x-3 
42, 2x 5 x+4 
Зх +2 3x + 2 
М 4 РЯ 
45. —— 
ROLE T 


Х Calculus Preview == 1. Applet-Based 
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6 x 4 2 2 5 
46. 47. — 48. — 
x—-1 1-x x—-1 х+2 x45 x-5 
2x —3 3x 2x x-3 х+4 
\ 49, — 50. 51. 2 
x24 59-3 xcd X25 x+2 x-2 
2x—3 2х+1 x 1 х—1 x 
52. ———— — 53. = 54. 
х—1 х +1 gd. x3 T 4 
In Problems 55—62, find the LCM of the given polynomials. 
N 55. x? — 4, х2 -х- 2 56. x? — х — 12, x? – 8x +16 57. x3 – х, x?—x 
58. 3х2 — 27, 2x? — x – 15 59. 4x3 — 4х2 + x, 2x? — x2, x3 60. x — 3, x? + 3x, x? — 9x 
61. x3 — x, x3 – 2x? +x, x3 -1 62. х2 + Ax + 4, x? + 202, (x +2)? 


In Problems 63—74, perform the indicated operations and simplify the result. Leave your answer in factored form. 


63. NEL CET о = 64. с=с а Җ 15; a, = os 
96: d x? s 1 m (х — T: +1) К (х— TE +1)? m (х + т —1) (x+ 2 —1) 
d тс тооз 16 тол 7 Eat am : T | гр 

от | : rum Th emt. м. ту 4 


iat 4+ t де 1-— 
\ 15, —* 76 77. 28 18. 5 +1 
[es 3- = 5 = ES 
X x x+1 x 
x+4 x-3 X — X x—-2,x-1 2x -5 x 
79, X= 2 x+1 80. +1 x—2 81. 4-2 х +1 82 х x-3 
х +1 х+3 x — 2x -3 2 œD 
x+1 x х- 3 х +3 
=1 ES S L 
Bode 84.1— —— LL. gu e Ar e (oa 
ft Ja 36-49-42 3(х+2) 1—1 
x 1—х 
дт Problems 87-94, expressions that occur in calculus are given. Reduce each expression to lowest terms. 
аы Se gu, ees go, x 2x (х + 1)-1 
(3x — 5) (5x — 2) (x? +1) 
90, 422% - (2 — 4):1 о1, xX +1): 2x = x? -3 92, Qx-5): 3x? - x32 
(x? —4)° (Sx + 1)° (2x —5)? 


оз, CC + D-3- Gx +4).2х ол, CO +9)-2—(2х—5).2х 
(x? +1)? (x? + 9)? 
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Applications and Extensions 


95. The Lensmaker’s Equation The focal length f of a lens with 96. Electrical Circuits An electrical circuit contains three 
index of refraction n is resistors connected in parallel. If these three resistors 
provide resistance of R,, R;, and К, ohms, respectively, their 


Lm (n —1) 1 3 1 combined resistance R is given by the formula 
f к К, 
1 1 1 1 
ы s + 
where R, апа R, are the radii of curvature of the front К К, R R 
апа back surfaces of the lens. Express f as a rational Express R as a rational expression. Evaluate R for 
expression. Evaluate the rational expression for К, = 5 ohms, R, = 4 ohms, and R} = 10 ohms. 


п = 1.5, К, = 0.1 meter, and К, = 0.2 meter. 


Explaining Concepts: Discussion and Writing 


97. The following expressions are called continued fractions: 


jq тсе du == 
* 1-- 1+ 1 1+ 1 
* 1+ = т 
1+ = 
х 
Each simplifies to an expression of the form 
ax + b 
bx+c 


Trace the successive values of a, b, and c as you “continue” the fraction. Can you discover the patterns that these values follow? 
Research Fibonacci numbers. Write a report on your findings. 


98. Explain to a fellow student when you would use the LCM 99. Which of the two options given in the text for simplifying 
method to add two rational expressions. Give two examples complex rational expressions do you prefer? Write a brief 
of adding two rational expressions: one in which you use the paragraph stating the reasons for your choice. 


LCM and the other in which you do not. 


A.7 nth Roots; Rational Exponents 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Exponents, Square Roots (Appendix A, Section A.1, pp. A7-A9) 


v Now Work the 'Are You Prepared?' problems on page A63. 


OBJECTIVES 1 Work with nth Roots (p. A57) 
2 Simplify Radicals (p. А58) 
3 Rationalize Denominators and Numerators (p. A59) 
4 Simplify Expressions with Rational Exponents (p. A61) 


1 Work with nth Roots 


DEFINITION Principal nth Root 


The principal nth root of a real number а, п > 2 an integer, symbolized by Va, 
In Words is defined as follows: 


The symbol Va means "give Е 
me the number that, when Уа = b means a = b" 


raised to the power n, 
equals a.” y where а > O and b > O if nis even, and a, b are any real numbers if n is odd. 
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Notice that if а is negative апа n is even, then Va is not defined. When it is 
defined, the principal nth root of a number is unique. 


The symbol Aa for the principal nth root of a is called a radical; the integer n is 
called the index, and a is called the radicand. If the index of a radical is 2, then Уа 
is called the square root of a, and the index 2 is omitted to simply write Va. If the 
index is 3, then Xa is called the cube root of a. 


| €XAMPLE1 | Simplifying Principal nth Roots 


(a) 5/8 = ¥23 =2 The number whose cube is 8152. (b) 4—64 = 4(—4)? = —4 
L ad _ 4 | a MTM 
© qd - da) => ( LAF = 1-2 =2 


These are examples of perfect roots, since each simplifies to a rational number. 
Notice the absolute value in Example 1(d). If и is even, then the principal nth root 
must be nonnegative. 


D 


In general, ifn > 215 an integer and a is a real number, then 


> 3 is odd 


2 is even 


\ Now Work PROBLEM 11 


Radicals provide a way of representing many irrational real numbers. For 
example, there is no rational number whose square is 2. In terms of radicals, it can 
be said that V2 is the positive number whose square is 2. 


Е | EXAMPLE2 | Using а Calculator to Approximate Roots 


Use a calculator to approximate 3/16. 


Solution Figure 26 shows the result using a TI-84 Plus CE graphing calculator. B 


NORMAL FLOAT AUTO REAL RADIAN HP ñ \ Now Work PRoBLEM 127 


1.741101127 


2 Simplify Radicals 


Let n > 2 and т > 2 denote positive integers, and let a and b represent real 
numbers. Assuming that all radicals are defined, the following properties are useful. 


Figure 26 TI-84 Plus CE 


Properties of Radicals 
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When used in reference to radicals, the direction to “simplify” will mean to 
remove from the radicals any perfect roots that occur as factors. 


| EXAMPLE 3 | Simplifying Radicals 
(a) V32 = V16-2 = V16- V2 = 442 
T | 


Factor out 16, (2а) 
a perfect square. 


(b) 416 = 48-2 = V8. 32 = 423.40 = 242 
T T 


Factor out 8, (2a) 
a perfect cube. 


(с) ¥-16x4 = 3-8.2. x? -x = 3(—8x3)(2x) 
T T 


Factor out perfect cubes inside radical. Group perfect cubes. 


= 32x)? “2х = aj -2x y .A2x = —2х%2х 


T 
(2a) 
eq = FEE = BY» = BY 6 E = as 


\ Now Work PROBLEMS 15 AND 27 


Two or more radicals can be added or subtracted, provided that they have the 
same index and the same radicand. Such radicals are called like radicals. 


| EXAMPLE 4 | Combining Like Radicals 


(a) -8412 + V3 = —844 3 + V3 
= —8. V4V3 + V3 
= —16V3 + 143 V4 22; -8-2 = —16 
= —15\/3 


(b) V8x4 + 4х + 4427х = /23x3x + V1 - x + AN33x 
= 4(02х)3 - Ax + УТ. Ve + 4533 . 45 
= 2xVx —1- Vx +12Vx 
= (2х + 11)Vx 


\ Now Work PRoBLEM 45 


3 Rationalize Denominators and Numerators 


When radicals occur in quotients, it is customary to rewrite the quotient so that the 
new denominator contains no radicals. This process is referred to as rationalizing the 
denominator. 
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The idea is to multiply by an appropriate expression so that the new denominator 
contains no radicals. For example: 


If a Denominator To Obtain a Denominator 
Contains the Factor Multiply by Free of Radicals 

УЗ 48 (v3) =з 

4341 ва (3) -12 = 3-1= 2 
Spice 23 (2) -32 =2-9=-7 
=з 5 +3 (V5) – (43) =5-3=2 
V4 V2 5/4 . 4/2 = 48 = 2 


In rationalizing the denominator of a quotient, be sure to multiply both the numerator 
and the denominator by the expression. 


| €XAMPLE 5 | Rationalizing Denominators 


Rationalize the denominator of each expression. 


4 43 vx – 2 
(а) == (0) 3 CN ren x2 
: 4 4 V2 AJ/2 442 
К. a tap et MN = 24 = 2/2 
Solution (а) lY 5 (43) 5 2V2 
Multiply by х2. 
w) 29 — 33.74 V3 34 _ VB 4 
74.72 V4 V8 2 
Multiply by A. 
© JKx-2 x-2 ve-2_ (ve-2) 
Ух+2 r2 «x 2 (Муү – 22 
(КА curd ое аа 
Е х- 4 Е x—4 -» 
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In calculus, it is sometimes necessary to rationalize the numerator of a quotient. To 
do this, multiply by an appropriate expression so that the new numerator contains 
no radicals. 


| EXAMPLE6 | Rationalizing Numerators 


Rationalize the numerator of the following expression. 


С/х + В -vx 


p һ = 0 


(continued) 
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Solution Тһе numerator contains the factor Vx + h — Vx, so we multiply the numerator and 
denominator by Vx + h + Vx to obtain 


Vaxth—-vx _Vxth—-vx Nx һ-+ Ух (Vx +h)” —(Ух) 


һ һ Vx + А + Ух h(Vx + h + Vx) 
x+h-x И 1 


(vx + Vx) Kieth vx) Мпа y 
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4 Simplify Expressions with Rational Exponents 


Radicals are used to define rational exponents. 


DEFINITION at” 


If ais areal number апа п > 2 is an integer, then 
aln = Ya (3) 


provided that Va exists. 


Note that if n is even and a < 0, then Va and а!/" do not exist. 


| EXAMPLE 7 | Writing Expressions Containing Fractional Exponents as Radicals 


(a) 412 = V4 = 2 (b) 8/2 = V8 = 242 
(с) (-27)'3 = 4—27 = -3 (d) 161/3 = 416 = 232 E" 


DEFINITION ат/п 


If ais a real number and т and n are integers containing no common factors, 
with n — 2, then 


an = gm = ug (4) 


provided that Va exists. 


Two comments about Equation (4) should be noted: 


e The exponent ™ must be in lowest terms, and n > 2 must be positive. 
n 


e In simplifying the rational expression a"/", either Ya" or (Va J^ may be 
used, the choice depending on which is easier to simplify. Generally, taking 


" . m š . 
the root first, as in (Уа ) , is easier. 


| EXAMPLES | 8 Using Equation (4) 


(а) 42/2 = (V4) = 23 = 8 (b) (-8)*5 = (У—8)° = (-2»* = 16 
(о) (32) 7/5 = (432)? 222 = 1 
(d) 256/4 = 253/2 = (425) = 53 = 125 
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It can be shown that the Laws of Exponents (page A8) hold for rational 
exponents. The next example illustrates using the Law of Exponents to simplify. 


| EXAMPLES | Simplifying Expressions Containing Rational Exponents 


Simplify each expression. Express your answer in such a way that only positive 
exponents occur. Assume that the variables are positive. 


ay tl 2x18)? ggaytis ^ 
@ (yey?) [FE © [S] 


Solution (а) (x2/y)(x2y)"/? = (x2y)((x-2) уа] cab)" = anb 


= x2/3yx-lyl/2 (am )" = qnn 
= (x? ot eu) 
= x71/3 3/2 ат .gn = ат+" 
3/2 
= I а" = ee 
x1/3 ап 
-3 3 3 
w ES = yu (узу uo qe - Le 
у2/3 2x1/3 (2x13)? 23 (xi3)? 8x 
@ ze _ P. Е (257 1/2 _ 91/2 ( x5/3)!/? _ 3x5/6 
xl/3y yl-0/3) y2/3 (23)? у!/3 _в 
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IX The next two examples illustrate some algebra needed for certain calculus 
problems. 


| EXAMPLE 10 | Writing an Expression as a Single Quotient 


Write the following expression as a single quotient in which only positive exponents 


appear. 
(x2 И x T (x? +1)? 2x 
2 
Solution х2 у acd (х2? d 43909; Hea Ge +1)!?- x 
QU) j^ HUP P uiuo ET Fez cum 
z UTE dr qas 
(x? +1)'? 
-0+1 +x? 
(x? +1)? 
zo 2% +1 
GeF” в 
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| EXAMPLE 11 | Factoring an Expression Containing Rational Exponents 


Factor: $x!/^ (2x +1) + 2x4/3 


(continued) 


Solution 
4 


2 and х!/ are common factors. 


477 (2х +1)+2x4/3 = 
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Begin by writing 2x*/? as a fraction with 3 as the denominator. 


4х!/3(2х 4- 1) , 6x*/? _ A DOE + 1) + 6х%/% 
3 EE 1 3 
Add the two fractions. 
_ 2x x1) + 3x] _ 2х!/5(7х + 2) 


3 3 
T T 


Simplify. B 


\ Now Work PROBLEM 115 


Historical Note 


in 1525. It is thought to be the manuscript form of the letter 

r (for the Latin word radix = root), although this is not quite 
conclusively confirmed. It took a long time for vV to become the 
standard symbol for a square root and much longer to standardize 
У У, 5 and so on. The indexes of the root were placed in every 
conceivable position, with 


| he radical sign, V, was first used in print by Christoff Rudolff 


J8, V@8, and ys 


A.7 Assess Your Understanding 


all being variants for 3/8. The notation VV16 was popular for 4/16. By 
the 1700s, the index had settled where we now put it. 
The bar on top of the present radical symbol, as follows, 


Маё + 2ab + b? 


is the last survivor of the vinculum, a bar placed atop an expression to 
indicate what we would now indicate with parentheses. For example, 


ab+c=a(b+c) 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the page(s) in red. 


1. (—3)? = __;—32 =__ (pp. A7-A9) 


Concepts and Vocabulary 


3. In the symbol Va, the integer n is called the 
4. We call Ya the of a. 


5. Multiple Choice Let n > 2 and m > 2 be integers, and 
let a and b be real numbers. Which of the following is not a 
property of radicals? Assume all radicals are defined. 


„а _ Va п п п 
о de = 2 (b) Va +b = Va + Vb 


2.416 2 ;4(-4)2  (pA9) 


=? 


7. Multiple Choice Which of the following phrases best defines 
like radicals? 


(a) Radical expressions that have the same index 

(b) Radical expressions that have the same radicand 

(c) Radical expressions that have the same index and the 
same radicand 

(d) Radical expressions that have the same variable 


8. Multiple Choice To rationalize the denominator of the 


(с) Vab = Уа%Ъ (d) Уа" = (Ҹа)” O B | 
6. Multiple Choice If а is a real number and n > 2 is an fe sania 1 = 4/3? multiply both the 'numeratotand the 
integer, then which of the following expressions is equivalent denominator by which of the following? 
to Va, provided that it exists? (a) УЗ (0942 (01443  (d1-43 
3/ = 
(a) a^ (b) a” (c) = (d) а" 9. True or False 4—32 = —2 
E 10. True or False 4(-3)* = —3 
Skill Building 
In Problems 11—54, simplify each expression. Assume that all variables are positive when they appear. 
\ п. 327 12. 416 13. 3-8 14. VT 
N 15. v8 16. V75 17. V700 18. V45x3 
1. Now Work @ 1. Modeling 1. Writing ta 1. Graphing Tech A Calculus Preview == 1. Applet-Based 
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19. 3/32 20. 3/54 21. 1—8x^ 22. 4/192x5 
23. 1243 24. V48x5 25. 4/x12y8 26. 3/x 0 y5 
94,7 2 
N 27. 422 28. 3222 29. V36x 30. J9x5 
xy? 81x^y? 
31. 4/162x9y2 32. i[-40x14 y10 33. V3x2 J12x 34. V5x V20x3 
35. (V5 49)? 36. (33 JTO)“ 37. (3V6)(2V2) 38. (5/8)( 34/3) 
39. 342 + 442 40. 6/5 — 44/5 41. —V18 + 248 42. 2412 — 3427 
43. (V3 + 3)(V3 – 1) 44. (V5 – 2)( 5 +3) \ 45, 532 — 2954 46. 9V24 — 5/81 
47, (Vx - 1) 48. (Vx + NS) 49. V16x4 — 32x 50. /32x + V2x5 
51. V8x3 — 3V50x 52. 3x J/9y + 4/25у 
53. if/16x*y — 3x3f2xy + 53] -2xy* 54. 8xy — 4/25х2у2 + a/8x3y3 
In Problems 55—68, rationalize the denominator of each expression. Assume that all variables are positive when they appear. 
1 2 —V3 — 
55. —= 56. — 57. —— 58. —— 
v2 43 V5 V8 
\ so, 3 во. 2 2 - V5 62. УЗ —1 
$m 44-32 2 + 345 243 +3 
5 E 5 m 
63. 64. 65. = 66 
x4 2d V5 +4 V2 V9 
67, УХ h - vx 6g, УХ +В t Nx л 
“Vx RÀ Nx ЖЕ М А 


/Х In Problems 69-76, rationalize the numerator of each expression. Assume that all variables are positive when they appear. 


М. М1 +1 5 — 43 V6 — 415 45 + V3 
gn ots qu, ccm yj, «9-34 p roe 
2 3 4/15 V5 
73, ММ pee м.Ух=? „л За ані ug 76. ^—У*—9 „25 
x= Cc x= 4 x—8 X25 
In Problems 77-92, simplify each expression. 
\ 77. 82/5 78. 43/2 79. (—27)!? 80. 163/4 
81. 163/2 82. 253/2 83. 9-3/2 84. 16/2 
93/2 2745 832 8 \-2/3 
85. (5) 86. (4) 87.5] 88. (27) 
“$$ 
89. (—1000)-1 90. —25-1/2 91. (-) 92, —81-3/4 


In Problems 93-100, simplify each expression. Express your answer so that only positive exponents occur. Assume that the variables are 
positive. 


93. x3/4x1/3x-1/2 94. x2/3x1/2x-1/4 95, ( x3y6)? 96. (x^y8)/* 

M a Lr Oe Gy Gay" (16x2y-1/3 ^ (4x ty 8"? 
97. 33.373 98. A 99, TE 100. aa 
x2/3y2/ (xy)! (xy2) / (ху)?! 


Applications and Extensions 


XX In Problems 101—114, expressions that occur in calculus are given. Write each expression as a single quotient in which only positive exponents 
and/or radicals appear. 


1+x 
2x1/2 


X 


А +x1/2 x>0 
(1+ x) 


101 +2(1+ x> -i 102. 


1/2 


1 


N03. 2x(x? +1)? + x? ЕИ: 104. (x 4 91? 4 x. EE adju xu 
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3 3 
105. drei c $t х > 5 106. 9x NOZ O рох 1 
24x — 5 5JAx + 3 38x = 2)2 2438x + 1)? 8 
2% 
Nur de E a vx? -1-—x- 
107. 24i Ex у> 4 108. 2Vx? +1 
1x x? +1 
1/2 = -1/2 _ 2 1/2 fee 2 _ 2 -1/2 
109; EE D -2x tA gS по, ©)” ваза 3зсх<3 
х +4 9 — x? 
x? 1/2 
(x? — 1) 
2 1,47 2 1/2  ,42(.2 -1/2 
Hiro x«-1 or x»1 goi e e) 
x x? +4 
2 
ENS — 2x x 2x(1 — х2)! 4 2x x2)? 
113 x. х > 0 114. x -1lxzl 
(1+ x2) (1— gnus 


XX In Problems 115—124, expressions that occur in calculus are given. Factor each expression. 


exponents occur. 


N15. (x 4-17 64x. HE +i x >-1 


116. (x? + 4)*P + x 


Express your answer so that only positive 


о? р 4)! .2х 


117. 6х1/2(х2 + x) - 8x32 — Sx) x > 0 118. 6x/?(2x + 3) + 972.8 x >0 
119. 3(x? + 4) +x- 4(x2 + 4)? . 2x 120. 2x(3x + 4)'P + x? -4(3x + 4)! 
121. 4(3х + 5)? (2x + 3)? + 3(3х + 5)#9(2х 3) T x > — i 

122. 6(6х + 1) ^(4y = 3) ^ + 6(6x 4-1) ^ (4x — 397 x> 2 


123. 3x-1/2 + i 2 xcd 124, 8x13 — 4x35 x20 


In Problems 125—132, use a calculator to approximate each radical. Round your answer to two decimal places. 


125. V2 126. V7 N 127. V4 128. {5 
2 + 43 V5 —2 35/5 — V2 243 — V4 
129. 130. 131, 335 — 72 132, 2У3 — 44 
3— 45 4/2 +4 V3 V2 


133. Calculating the Amount of Gasoline in a Tank A Shell station stores its gasoline in underground tanks that are right circular 
cylinders lying on their sides. See the illustration. The volume V of gasoline in the tank (in gallons) is given by the formula 


V= Е — 0.608 Imi ETE 


where Л is the height of the gasoline (in inches) as measured on a depth stick. 


a 


(a) Ifh = 12 inches, how many gallons of gasoline are in the tank? 
(b) Ifh = 1inch, how many gallons of gasoline are in the tank? 


134. Inclined Planes The final velocity v of an object in feet per second (ft / sec) after it slides down a frictionless inclined plane of height 


h feet is 
у = J64h + vè 


where v, is the initial velocity (in ft /sec) of the object. 


(a) What is the final velocity v of an object that slides down a frictionless inclined 
plane of height 4 feet? Assume that the initial velocity is 0. 

(b) What is the final velocity v of an object that slides down a frictionless inclined 
plane of height 16 feet? Assume that the initial velocity is 0. h 

(c) What is the final velocity v of an object that slides down a frictionless inclined 27. 
plane of height 2 feet with an initial velocity of 4 ft/sec? ү 


m^ 


Problems 135 and 136 require the following information. 
Period of a Pendulum The period T, in seconds, of a pendulum of length 1, in feet, may be approximated using the formula 


T= ds. t. 
32 


In Problems 135 and 136, express your answer both as a square root and as a decimal. 
135. Find the period T of a pendulum whose length is 64 feet. 
136. Find the period T of a pendulum whose length is 16 feet. 
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Explaining Concepts: Discussion and Writing 


137. Give an example to show that Va? is not equal to a. Use it to explain why Va? = [а]. 


"Are You Prepared?' Answers 
1. 9; —9 2. 4,4 


A.8 Solving Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Factoring Polynomials (Appendix A, Section A.4, * Square Roots (Appendix A, Section A.1, p. A9) 
рр. A33-A40) * nth Roots; Rational Exponents (Appendix A, 
Zero-Product Property (Appendix A, Section A.1, p. A4) Section A.7, pp. A57-A63) 

Rational Expressions (Appendix A, Section A.6, 
pp. A47-A54) 


М. Now Work the ‘Are You Prepared?’ problems on page A73. 


OBJECTIVES 1 Solve Linear Equations (p. A67) 
2 Solve Rational Equations (p. A69) 
3 Solve Equations by Factoring (p. A70) 
4 Solve Radical Equations (p. A71) 


An equation in one variable is a statement in which two expressions, at least one 
containing the variable, are set equal. The expressions are called the sides of the 
equation. Since an equation is a statement, it may be true or false, depending on 
the value of the variable. Unless otherwise restricted, the admissible values of the 
variable are those in the domain of the variable. Those admissible values of the 
variable, if any, that result in a true statement are called solutions, or roots, of 
the equation. To solve an equation means to find all the solutions of the equation. 

For example, the following are all equations in one variable, x: 

x+5=9 х?+5х =2х—2 л Жи vx? +9 = 5 
x+1 

The first of these statements, x + 5 = 9, is true when x = 4 and false for any other 
choice of x. Thus 4 is the solution of the equation x + 5 = 9. Also, 4 satisfies the 
equation x + 5 = 9, because, when 4 is substituted for x, a true statement results. 

Sometimes an equation will have more than one solution. For example, the 
equation 


has —2 and 2 as solutions. 

Usually, set notation is used to write the solutions of an equation. This set is 
called the solution set of the equation. For example, the solution set of the equation 
x? — 9 = Ois {-3, 3}. 

Some equations have no real solution. For example, х? + 9 = 5 has no real 
solution, because there is no real number whose square, when added to 9, equals 5. 

An equation that is satisfied for every choice of the variable for which both 
sides are defined is called an identity. For example, the equation 


3x+5=%x%4+34+2x42 


is an identity, because this statement is true for any real number x. 


Solving Equations Algebraically 


One method for solving equations requires that a series of equivalent equations be 
developed from the original equation until an obvious solution results. 


{М CAUTION Squaring both sides of 
an equation does not necessarily lead 
to an equivalent equation. For example, 
х = 3 has one solution, but x? = 9 has 
two solutions, —3 and 3. E 
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For example, consider the following succession of equivalent equations: 


2x +3 = 13 
2х = 10 
qol» 


We conclude that the solution set of the original equation is {5}. 
The question, though, is *How do I obtain an equivalent equation?" In general, 
there are five ways to do so. 


Procedures That Result in Equivalent Equations 


* Interchange the two sides of the equation: 
Replies = [у es 
e Simplify the sides of the equation by combining like terms, eliminating 


parentheses, and so on: 
Replace (x+2)+6 = 2x + (x +1) 


by 24 e She Ed 
e Add or subtract the same expression on both sides of the equation: 
Replace 3x —5—4 


by (3х—5)+5 =4+5 


* Multiply or divide both sides of the equation by the same nonzero expression: 


Replace шее xal 
х—1 х—1 
3x 6 
À D= : 1 
SERT (x ) ET (x ) 
* If one side of the equation is 0 and the other side can be factored, then 
write it as the product of factors: 


by 


Replace x? —3x = 0 
by x(x – 3) = 


| 
= 


Whenever it is possible to solve an equation in your head, do so. For example: 


The solution of 2x = 8isx = 4. 
The solution of 3x — 15 = Oisx = 5. 


\ Now Work PROBLEM 11 


Some specific types of equations that can be solved algebraically to obtain exact 
solutions are now introduced, starting with linear equations. 


1 Solve Linear Equations 


Linear equations are equations such as 


3x+12=0 Эх- 


l-q 062х—03=0 
4* 5 


DEFINITION Linear Equation in One Variable 


A linear equation in one variable is equivalent to an equation of the form 


where а and b are real numbers anda = 0. 


Sometimes a linear equation is called a first-degree equation, because the left 
side is a polynomial of degree 1. 
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| €XAMPLE1 | Solving a Linear Equation 


Solve the equation: 3(х — 2) = 5(x — 1) 


Solution 3(x — 2) = 5(х — 1) 
3x —6 = 5х – 5 Use the Distributive Property. 
3x — 6 — 5х = 5x – 5 – 5x Subtract 5x from both sides. 
—2x —6 = —5 Simplify. 
—2x-6+6=-5+6 Add 6 to both sides. 
—2х = 1 Simplify. 
ES = 4 Divide both sides by —2. 
x= - Simplify. 
"4 Check: Let x — E in the expression on the left side of the equation and simplify. 
Letx — 5 in the expression оп the right side of the equation and simplify. 


If the two expressions are equal, the solution checks. 


3(х—2) = (—7 = 2) Е s(-3) Е E 
5(х—1) = 5(-2 = 1) = s(-3) = -5 


Since the two expressions are equal, the solution E checks. The solution 
set is { E j : 
2 D 
\ Now Work PRoBLEM 17 


The next example illustrates the solution of an equation that does not appear to 
be linear but leads to a linear equation upon simplification. 


| EXAMPLE 2 | Solving an Equation That Leads to a Linear Equation 


Solve the equation: (2x — 1)(x — 1) = (x 5)(2х — 5) 


Solution (2x —1)(x 2 1) = (x — 5)(2x — 5) 
2x? — 3x + 1 = 2x? — 15x + 25 Multiply and combine like terms. 
2x? — 3x + 1 2x? = 2х2 — 15x + 25 — 2x2? Subtract 2x? from both sides. 
Зх + 1 = —15x + 25 Simplify. 
3x +1-—1 = -15x + 25-1 Subtract 1 from both sides. 
—3x = —15х + 24 Simplify. 
—3x + 15x = —15x + 24 + 15x Add 15x to both sides. 
12x = 24 Simplify. 
n = z Divide both sides by 12. 
x= 2 Simplify. 


(continued) 
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v/check (2x - 1)(x — D = (2.2—1)2-1)23.123 
(x —5)(2x —5) = (2 — 5)\(2 -2 — 5) = (-3)(-1) = 3 


Since the two expressions are equal, the solution checks. The solution set is {2}. ЮЖ 


\ Now Work PROBLEM 27 


2 Solve Rational Equations 


A rational equation is an equation that contains a rational expression. Examples of 
rational equations are 


3 2 х—5 3 
= лены d = 
cope 2 x—4 x42 


Need to Review? 
Least common multiples are 
discussed in Section A.6, 

e (22,5508. 


To solve a rational equation, multiply both sides of the equation by the least common 
multiple of the denominators of the rational expressions that make up the rational 
equation. 


| EXAMPLE 3 | Solving a Rational Equation 


: 3 1 7 
Solve th tion: = 
olve е equation: cc х—1 a Da- J 


Solution First, note that the domain of the variable is { х| x = 1, x = 2}. Clear the equation 
of rational expressions by multiplying both sides by the least common multiple of the 
denominators of the three rational expressions, (x — 1)(x — 2). 


3 uod " 7 
x-2 х—1 (х— 1)(х— 2) 
3 1 7 Multiply both sides by 
WO Dew. ae =r =e 2) Ped m- Da- (x — 1)(х — 2); divide out 


common factors on the left. 


1 7 Use the Distributive Property 
3x — 3 = (х1) (x — 2) PP + (х1) 0-2) (к= 0-2) оп both sides; divide out 


common factors on the right. 


3x —-3 = (х- 2) +7 Rewrite the equation. 
3x -—-3 =x+5 Combine like terms. 
2x = 8 Add 3 to both sides; 
subtract x from both sides. 
x= 4 Divide by 2. 
"4 3 3 3 
x—2 4—2 2 


1 7 il 7 NE 7 3,7 0-8 
тн 4-—1'(4-104—2) 313.2 6 6 62 


Since the two expressions are equal, the solution checks. The solution set 15 {4}. B 


\ Now Work PROBLEM 37 
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Sometimes the process of creating equivalent equations leads to apparent 
solutions that are not solutions of the original equation. These are called extraneous 
solutions. 


| EXAMPLE 4 | A Rational Equation with No Solution 


3x 3 
2 = 
1^ 


Solve th tion: 
olve the equation: ~~ ra 


Solution First, note that the domain of the variable is {x|x = 1}. Since the two rational 
expressions in the equation have the same denominator, x — 1, multiply both sides 
by x — 1 to clear the rational expressions from the equation. The resulting equation 
is equivalent to the original equation for х = 1. 


3x 


3 
x—1 
3 Multiply both sides by x — 1; 
+ 2) (х—-1)=———. divide out common factors on 
x—1 i AT inem 
3 


the right. 


Use the Distributive Property 
on the left side; divide out 
common factors on the left. 


Sat (0D 42 0-0- 


3x 4-2x—223 Simplify. 
5x —2 = 3 Combine like terms. 
5x = 5 Add 2 to both sides. 
x=1 Divide both sides by 5. 


The solution appears to be 1. But recall that 1 is not in the domain of the 
variable, so 1 is an extraneous solution. The equation has no solution. The solution 
set is Ø. E 


\ Now Work PROBLEM 39 


Need to Review? чы 3 Solve Equations by Factoring 
The Zero-Product Property 
is discussed in Appendix A, 
(* Section A.1, p. A4. 


| ЕХАМРІЕ 5 | Solving Equations by Factoring 


Solve the equations: 


(a) x? = 4x (D x3? — x? —-4x+4=0 


Many equations can be solved by factoring and then using the Zero-Product 
Property. 


Solution (a) Begin by collecting all terms on one side. This results in 0 on one side and an 
expression to be factored on the other. 


x2 = 4x 
x? – 4х = 0 
x(x —4)=0 Factor. 
х= 0 or x—-4=0 Apply the Zero-Product Property. 
x=4 
(continued) 
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v/ check х = 0: 02 
x=4 42 = 4.4 So 4 is a solution. 


Il 
pA 
С 


So 0 is a solution. 


The solution set is {0, 4}. 
(b) Group the terms of x? — x? — 4x + 4 = 0 аз follows: 
(x3 — х2) – (4x - 4) = 0 ДД (ДЕ = 4) 
Factor out x? from the first grouping and 4 from the second. 
х?(х—1)—4(х—1)= 0 
This reveals the common factor (x — 1), so 
(x? – 4)(х- 1) = 0 
(x —2)(x + 2)(х- 1) = 0 Factor again. 
х-2= 0 or x+2=0 or х—1 = 0 Seteach factor equal to 0. 
1 Solve. 


x= 2 х=—2 x 


v thee = 2: (-2? —(-2 — 4(-2) + 4 = 8-4 +8 +4 = 0 —2isasolution. 


x=1 13-12 - 4(1)+4=1-1-4+4 = 0 1 is a solution. 
x=2: 23-—22-—4(2)4+4=8-4-84+4=0 2 is a solution. 
The solution set is {—2, 1, 2}. M 


\ Now Work PROBLEM 43 


4 Solve Radical Equations 


When the variable in an equation occurs in a square root, cube root, and so on— that 
is, when it occurs in a radical —the equation is called a radical equation. Sometimes a 
suitable operation changes a radical equation to one that is linear or quadratic. A 
commonly used procedure is to isolate the most complicated radical on one side of the 
equation and then eliminate it by raising each side to a power equal to the index of 
the radical. Care must be taken, however, because apparent solutions that are not, in 
fact, solutions of the original equation may result. Recall that these are called 
extraneous solutions. In radical equations, extraneous solutions may occur when the 
index of the radical is even. Therefore, it is important to check all answers when 
working with radical equations, and they should be checked in the original equation. 


| EXAMPLES | Solving a Radical Equation 


Find the real solutions of the equation: /2x — 4 — 2 = 0 


Solution The equation contains a radical whose index is 3. Isolate it on the left side: 


2x 4-220 
A2x —4 = 2 Add2 to both sides. 


Because the index of the radical is 3, raise each side to the third power and solve. 


(32x — 4 — 2? Raise each side to the power 3. 
2x —4—8 Simplify. 
2x = 12 Add4 to both sides. 
х= 6 Divide both sides by 2. 


WV check: /2(6) — 4 — 2 = 4124-2 = ¥8-2=2-2=0 
The solution set is {6}. D 
\ Now Work PROBLEM 47 
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| EXAMPLE7 | Solving a Radical Equation 


Find the real solutions of the equation: Ух – 1 = x — 7 


Solution Square both sides since the index of a square root is 2. 


Vx —1=x-7 
(vx —1) = (х – 7)? Square both sides. 
x—1=x? —14x + 49 Remove parentheses. 
x? — 15x + 50=0 Put in standard form. 
(x —10)(x —5) 20 Factor. 
х= 10 or x=5 Apply the Zero-Product Property and solve. 


V Ginter 0: Ух —1 = 410-12 V9 = Запах- 7 = 10-7 = 3 
х= 5: Vx—-1=V5-1 = V4 = 2andx - 7 = 5 - 7 = —2 


The apparent solution 5 is extraneous; 10 is the only solution of the equation. The 
solution set is {10}. _в 


М, Now Work PROBLEM 53 


Sometimes, it is necessary to raise each side to a power more than once in order 
to solve a radical equation. 


| EXAMPLES | PLE 8 Solving a Radical Equation 


Find the real solutions of the equation: /2x + 3 — Vx + 2 = 2 


Solution First, isolate the more complicated radical expression (in this case, /2x + 3) on the 
left side: 


V2x+3=vVx4242 


Now square both sides (the index of the radical is 2). 


(42x +3) = (Мх+2 + 2)? Square both sides. 
2х+3 = (Vx+2) + 4/х + 2 + 4 Remove parentheses. 
2х+3=х+2+4/х+2+ 4 Simplify. 
2х+3=х+6+4/х+2 Combine like terms. 


The equation still contains a radical. Isolate the remaining radical on the right 
side and again square both sides. 


х-3 = 4Ух + 2 Isolate the radical ор the right side. 
(x — 3)2 = 16(x + 2) Square both sides. 
x? — 6x + 9 = 16х + 32 Remove parentheses. 


x? —22x — 23 = 0 Put in standard form. 
(x —23)(x +1) 20 Factor. 
х= 23 or x =-l Apply the Zero-Product Property and solve. 


v/check. x = 23: V223) + 3 – V23 + 2 = V49 - V25 = 7-5 = 2 
x = —1 42(-D-3-^4-1-2241-4121-1-20 


The apparent solution —1 is extraneous; the only solution is 23. The solution set 
is {23}. —» 


\ Now Work PROBLEM 59 


A.8 Assess Your Understanding 
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‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Find the least common multiple of the denominators of 


. (pp. А50-А 51 
+? (pp ) 


2. The solution set of the equation (x — 3)(3x + 5) = 0 is 


Concepts and Vocabulary 


5. Two equations that have the same solution set are called 


3 
x? —4 


5 


and 
x? — 3x 


. (p. A4) 


6. An equation that is satisfied for every choice of the variable 
for which both sides are defined is called a(n) 


7. True or False Multiplying both sides of an equation by any 


number results in an equivalent equation. 


8. True or False Some equations have no solution. 


3. Factor: 


(a) 2x? — 10x (p. A34) 


(b) x3 + 3x? — 4x — 12 (p.A38) 


(a) extraneous 
(c) radical 


.(a Vx —- .(pA58) 
b) (4x 23) = . (p. A58) 


9. Multiple Choice An apparent solution that does not satisfy 
the original equation is called a(n) 


solution. 
(b) imaginary 
(d) conditional 


10. Multiple Choice Solving which equation is likely to require 


squaring each side more than once? 


(a) Vx +2 = “Зх — 5 


(b) x^ — 3x? = 10 


(с) Vx +1+Vx—4 = (d V3x+1=5 
Skill Building 
In Problems 11-68, solve each equation. 
N IL2x-3=5 12. 3x +4 = -8 is bec. Hz 
3 12 3 2 
15.6—x =2x+9 16.3-2x = 2 – х NI 2(3 + 2x) = 3(x — 4) 18. 3(2 — x) = 2х — 1 
19. 8х —(2х+1) =3х—10 "20. 5—(2x — 1) — 10 Hlr-4cix 33 dels m5 
23. 0.91 = 0.4 + 0.1 24.0.9 = 1+; 25.2% —з 26.2&—5=—= 2 
y y 2y 
N 2d T =D) = (х+1)? 28. (x + 2)(x — 3) = (х— 3? 29. z(z2 +1) = 3423 
30. w(4 – м2) = 8 – м? 31. х2 = 9х 32. x3 = 4x? 
2 
013—9. = 0 4. 423 – 82 = 0 : = 
33 9 34. 42 2 35. = т 
=2 2 2 3 10 1 1 1 
36. \ з, = 38. = 
x+4 x+1 x—2 х+з RETE эх+з a1 (2x + 3)(x — 1) 
2 2x —6 
др 3 40. = 2 41. x3 + x2 — 20x = 0 
“з с=п x-2 " x43 x43 Ы * Е 
42. x? + 6x? — 7x = NB. х\+х?—х—1=0 44. х%+4х?—х—4=0 
45. 2x3 +4 = x2 + 8x 46. 3x3 + 4х2 = 27x + 36 NA. 5р1 = 1 
48. /з +4 = 2 49. З +4 = —6 50. V5t +3 = —2 
51. 71 — 25-3 = 0 52. 41—2x-120 N 53. Л5—2х = x 
54. v12 -x =x 55. З + J3x +1 =x 56. 2 + v12 – 2х =x 
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63. (5x — 2) 2 2 64. (2x + 1)? = —1 СС NE NE DURS: 
| 5 | 4 3 | | 3 3 Poe? AN" 
66. = Е 67. —* Хз = 68. х 2e ult ИРЕ = 
52-11! 22-3 5—z x2—1 х2 - х х2 + х x? + 2х х2 +х x? + Зх + 2 
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Problems 69-74 list some formulas that occur in applications. Solve each formula for the indicated variable. 


re | 
69. Electricity — = — + — for R 
ectricity — Ro : Or 
2 
71. Mechanics F — s for R 


73. Mathematics 5 = 1 


а 
forr 


== 


Applications and Extensions 


75. Physics: Using Sound to Measure Distance The distance to 


the surface of the water in a well can sometimes be found 
by dropping an object into the well and measuring the time 
elapsed until a sound is heard. If ¢, is the time (measured in 
seconds) that it takes for the object to strike the water, then 
t, will obey the equation 5 = 1677, where s is the distance 


(measured in feet). It follows that t, = E Suppose that t; 


is the time that it takes for the sound of the impact to reach 
your ears. Because sound travels at a speed of approximately 
1100 feet per second, the time t, for the sound to travel the 


Discussion and Writing 


78. 
79. 
80. 


81. 


82. 


Make ир a radical equation that has no solution. 

Make up a radical equation that has an extraneous solution. 
Discuss the step in the solving process for radical equations 
that leads to the possibility of extraneous solutions. Why is 
there no such possibility for linear and quadratic equations? 
What Went Wrong? On an exam, Jane solved the equation 
X2x + 3 — x = 0 and wrote that the solution set was 
{—1, 3}. Jane received 3 out of 5 points for the problem. 
Jane asks you why she received 3 out of 5 points. Provide an 
explanation. 

Which of the following pairs of equations are equivalent? 
Explain. 


(а) х2 = 9; x =3 


‘Are You Prepared?’ Answers 


1. (x — 2)(x + 2)(x — 1) 


2 (53 


70. 


72. 


74. 


76. 


77. 


83. 


84. 


3. (a) 2x(x — 5) 
4. (a) x 


Finance A = P(1 + rt)forr 
Chemistry PV = nRT for T 


Mechanics v = —gt + vy fort 


distance s will be t, = See the illustration. Now 


E 
1100 
tı + t, is the total time that elapses from the moment that 
the object is dropped to the moment that a sound is heard. 
We have the equation 


: Vs $ 
Total t 1 = — 
otal time elapsed 1 us 1100 


Find the distance to the water's surface if the total time 
elapsed from dropping a rock to hearing it hit water is 
2.86 seconds. 


Crushing Load A civil engineer relates the thickness Т, in 
inches, and the height H, in feet, of a square wooden pillar 


2 
to its crushing load L, in tons, using the model Т = 4] = ; 


If a square wooden pillar is 4 inches thick and 10 feet high, 
what is its crushing load? 


Foucault’s Pendulum The period of a pendulum is the 
time it takes the pendulum to make one full swing back 
and forth. The period T, in seconds, is given by the formula 


= 2л, |5. where / is the length, in feet, of the pendulum. 


In 1851, Jean-Bernard-Leon Foucault demonstrated the axial 
rotation of Earth using a large pendulum that he hung in the 
Pantheon in Paris. The period of Foucault’s pendulum was 
approximately 16.5 seconds. What was its length? 


(b) x = V9; x =3 
(с) (x — 1)(x 


The equation 


2)=(x-1)?; x-2=x-1 


5 84x 
3 = 
yaa x+3 


has no solution, yet when we go through the process of 
solving it we obtain x = —3. Write a brief paragraph to 
explain what causes this to happen. 

Make up an equation that has no solution and give it to a 
fellow student to solve. Ask the student to write a critique of 
your equation. 


(b) (x + 2)(x — 2)(x + 3) 
(b) x - 3 
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A.9 Problem Solving: Interest, Mixture, Uniform Motion, 


Constant Rate Job Applications 


OBJECTIVES 1 Translate Verbal Descriptions into Mathematical Expressions (p. A75) 
2 Solve Interest Problems (p. A76) 
3 Solve Mixture Problems (p. A77) 
4 Solve Uniform Motion Problems (р. А78) 
5 Solve Constant Rate Job Problems (p. A80) 


they supply information using words, a verbal description of the real problem. 


e Applied (word) problems do not come in the form “Solve the equation. . . . " Instead, 
Solving applied problems requires the ability to translate the verbal description 


into the language of mathematics. This can be done by using variables to represent 


The icon em is a Model It! icon. unknown quantities and then finding relationships (such as equations) that involve these 
It indicates that the discussion or variables. The process of doing all this is called mathematical modeling. The equation 
problem involves modeling. or inequality that represents the relationship among the variables is called a model. 


Any solution to the mathematical problem must be checked against the 
mathematical problem, the verbal description, and the real problem. See Figure 27 
for an illustration of the modeling process. 


Figure 27 The modeling process 


1 Translate Verbal Descriptions into Mathematical Expressions 


Let's look at a few examples that will help with translating certain words into 
mathematical symbols. 


Translating Verbal Descriptions into Mathematical Expressions 

(a) For uniform motion, the (average) speed of an object equals the distance traveled 
divided by the time required. 
Translation: If r is the speed, d the distance, and t the time, then r = a 


(b) Let x denote a number. 
The number 5 times as large as x is 5x. 
The number 3 less than x is x — 3. 
The number that exceeds x by 4 is x + 4. 
The number that, when added to x, gives 5 is5 — x. B 


\ Now Work PROBLEM 9 


Always check the units used to measure the variables of an applied problem. 
In Example 1(a), if r is measured in miles per hour, then the distance d must be 
expressed in miles, and the time t must be expressed in hours. It is a good practice 
to check units to be sure that they are consistent and make sense. 
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Steps for Solving Applied Problems 


STEP 1: 


STEP 2: 


STEP 3: 


STEP 4: 
STEP 5: 


Read the problem carefully, perhaps two or three times. Pay 
particular attention to the question being asked in order to identify 
what you are looking for. Identify any relevant formulas you may 
need (such as d = rt or A = mr? ). If you can, determine realistic 
possibilities for the answer. 


Assign a letter (variable) to represent what you are looking for, and, if 
necessary, express any remaining unknown quantities in terms of this 
variable. 

Make a list of all the known facts, and translate them into mathematical 
expressions. These may take the form of an equation or an inequality 
involving the variable. If possible, draw an appropriately labeled 
diagram to assist you. Sometimes, creating a table or chart helps. 


Solve the equation for the variable, and then answer the question. 


Check the answer with the facts in the problem. If it agrees, 
congratulations! If it does not agree, try again. 


2 Solve Interest Problems 


Interest is money paid for the use of money. The total amount borrowed (whether 
by an individual from a bank in the form of a loan, or by a bank from an individual 
in the form of a savings account) is called the principal. The rate of interest, 
expressed as a percent, is the amount charged for the use of the principal for a given 
period of time, usually on a yearly (that is, per annum) basis. 


Simple Interest Formula 


If a principal of P dollars is borrowed for a period of t years at a per annum 
interest rate r, expressed as a decimal, the interest / charged is 


Interest charged according to formula (1) is called simple interest. When using 
formula (1), be sure to express r as a decimal. For example, if the rate of interest is 
496,then r = 0.04. 


I = Prt (1) 


| EXAMPLE 2 | Finance: Computing Interest on a Loan 


Solution 


the rate of interest (9% = 0.09) times the time in years, =: 


Suppose that Juanita borrows $500 for 6 months at the simple interest rate of 996 
per annum. What is the interest that Juanita will be charged on the loan? How much 
does Juanita owe after 6 months? 


The rate of interest is given per annum, so the actual time that the money is borrowed 
must be expressed in years. The interest charged would be the principal, $500, times 


2 


Interest charged = / = Prt = (500)(0.09)(3) = $22.50 


After 6 months, Juanita will owe what she borrowed plus the interest: 


$500 + $22.50 = $522.50 D 


| EXAMPLE3 | Financial Planning 


Candy has $70,000 to invest and wants an annual return of $2800, which requires an 
overall rate of return of 4%. She can invest in a safe, government-insured certificate 
of deposit, but it pays only 2%.To obtain 4%, she agrees to invest some of her money 


(continued) 
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in noninsured corporate bonds paying 7%. How much should be placed in each 
investment to achieve her goal? 


Solution STEP 1: The question is asking for two dollar amounts: the principal to invest in the 
corporate bonds and the principal to invest in the certificate of deposit. 


STEP 2: Let b represent the amount (in dollars) to be invested in the bonds. Then 
70,000 — bis the amount that will be invested in the certificate. (Do you 
see why?) 


$ТЕР 3: Now set up Table 1. 


Table 1 Principal ($) Rate Time (yr) Interest ($) 


Bonds b = or 0.07b 


Certificate 70,000 — b : 0.02(70,000 — b) 


Total 70,000 0.04 - 70,000 = 2800 


The combined interest from the investments is equal to the total interest, 
which leads to the equation 


Bond interest + Certificate interest = Total interest 
0.07b + 0.02(70,000 — b) = 2800 


(Note that the units are consistent: the unit is dollars on each side.) 


STEP 4: 0.07b + 1400 — 0.02b = 2800 Distribute 
0.05b — 1400 Simplify. 
b = 28,000 Divide both sides by 0.05. 


Candy should place $28,000 in the bonds and $70,000 — $28,000 — $42,000 
in the certificate. 


STEP 5: The interest on the bonds after 1 year is 0.07 - $28,000 = $1960; the interest 
on the certificate after 1 year is 0.02 - $42,000 — $840. The total annual 
interest is $2800, the required amount. B 


\ Now Work PROBLEM 19 


3 Solve Mixture Problems 


Oil refineries sometimes produce gasoline that is a blend of two or more types of 
fuel; bakeries occasionally blend two or more types of flour for their bread. These 
problems are referred to as mixture problems because they involve combining two 
or more quantities to form a mixture. 


| EXAMPLE 4 | Blending Coffees 


The manager of a Starbucks store decides to experiment with a new blend of coffee. 
She will mix some B grade Colombian coffee that sells for $5 per pound with some 
A grade Arabica coffee that sells for $10 per pound to get 100 pounds of the new 
blend. The selling price of the new blend is to be $7 per pound, and there is to be no 
difference in revenue between selling the new blend and selling the other types. How 
many pounds of the B grade Colombian coffee and how many pounds of the A grade 
Arabica coffee are required? 


Solution STEP 1: The question is asking how many pounds of Colombian coffee and how many 
pounds of Arabica coffee are needed to make 100 pounds of the mixture. 


STEP 2: Let c represent the number of pounds of the B grade Colombian coffee. 
Then 100 — c equals the number of pounds of the A grade Arabica coffee. 


STEP 3: See Figure 28 on the next page. (continued) 
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$5 per pound $10 per pound $7 per pound 


B Grade A Grade Blend 
Colombian Arabica 
c pounds t 100 — c pounds = 100 pounds 
Figure 28 


There is to be no difference in revenue between selling the A and B grades 
separately and the blend. This leads to the following equation: 


of B grade B grade of A grade A grade of blend blend 
$5 . e + $10 - (100 — с) $7 . 100 


| Price рег pound | Pounds of | Е | Price per pound | Pounds of | Е | Price per pound | Pounds of | 


I 


STEP 4: Solve the equation. 
5c + 10(100 — c) = 700 
5c 4- 1000 — 10c — 700 
—5c — —300 
c — 60 
The manager should blend 60 pounds of B grade Colombian coffee with 
100 — 60 — 40 pounds of A grade Arabica coffee to get the desired blend. 


STEP 5: "4 Check: The 60 pounds of B grade coffee would sell for $5 - 60 = $300, 
and the 40 pounds of A grade coffee would sell for $10 - 40 — $400. The 
total revenue, $700, equals the revenue obtained from selling the blend, as 
desired. -» 


\ Now Work PROBLEM 23 


4 Solve Uniform Motion Problems 


Objects that move at a constant speed are said to be in uniform motion. When the 
average speed of an object is known, it can be interpreted as that object's constant 
speed. For example, a bicyclist traveling at an average speed of 25 miles per hour can 
be modeled as being in uniform motion with a constant speed of 25 miles per hour. 


Uniform Motion Formula 


If an object moves at an average speed (rate) r, the distance d covered in 
time t is given by the formula 


JESUM (2) 


That is, Distance = Rate - Time. 


| EXAMPLE 5 | Physics: Uniform Motion 


Tanya, who is a long-distance runner, runs at an average speed of 8 miles per hour 
(mi/h). Two hours after Tanya leaves your house, you leave in your Honda and 


(continued) 
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follow the same route. If your average speed is 40 mi/h, how long will it be before 
you catch up to Tanya? How far will each of you be from your home? 


Solution ^ Refer to Figure 29. Use t to represent the time (in hours) that it takes you to catch up 


to Tanya. When this occurs, the total time elapsed for Tanya is + 2 hours. 


t=0 
к 2h чр Time t >| 


ы Time f >| 


Figure 29 


Set up Table 2. 


Table 2 Rate (mi/h) Time (h) Distance (mi) 


t+2 892) 
t 40t 


The distance traveled is the same for both, which leads to the equation 


8(t + 2) = 40t 
8t + 16 = 40t 
32t — 16 
1 
t—-h 
2 our 


It will take you ; hour to catch up to Tanya. Each of you will have gone 20 miles. 


J Check: In 2.5 hours, Tanya travels a distance of (2.5)(8) = 20 miles. In 5 hour, the 
1 


Honda travels a distance of (40) = 20 miles. 


2 D 


| EXAMPLE6 | Physics: Uniform Motion 


A motorboat heads upstream a distance of 24 miles on a river whose current 
is running at 3 miles per hour (mi/h). The trip up and back takes 6 hours. 
Assuming that the motorboat maintains a constant speed relative to the water, 
what is its speed? 


Solution See Figure 30. Use r to represent the constant speed of the motorboat relative to the 
water. Then the true speed going upstream is r — 3 mi/h, and the true speed going 


downstream is r + 3 mi/h. Since Distance = Rate - Time, then Time = уште 
Ѕеї ир ТаЫе 3. 

F 24 miles | 
Table 3 Distance Time _ Distance 


(mi) Rate 


sar 


гъЗт — , — Upstream 


— 


Downstream 


Figure 30 
(continued) 
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The total time up and back is 6 hours, which gives the equation 


24 24 
= 6 
r—3 T r 43 
ESI pee = 6 Add the quotients on the left. 
(P= UP Ea 
GU = 6 Simplify. 
48r = 6(r? — 9) Multiply both sides by r? — 9. 
6r? — 48r — 54 = 0 Place in standard form. 
r?—8r-9=0 Divide by 6. 
(r—9)(r+1)=0 Factor. 
r=9 or r--1 Apply the Zero-Product Property and solve. 
Discard the solution r = —1 mi/h, and conclude that the speed of the motorboat 
relative to the water is 9 mi/h. 5 


\ Now Work PROBLEM 29 


5 Solve Constant Rate Job Problems 


Here we look at jobs that are performed at a constant rate. The assumption is that 


if a job can be done in ¢ units of time, then : of the job is done in 1 unit of time. 


Thus, if a job takes 4 hours, then - of the job is done in 1 hour. 


| EXAMPLE | Working Together to Do a Job 


At 10 AM Danny is asked by his father to weed the garden. From past experience, Danny 
knows that this will take him 4 hours, working alone. His older brother, Mike, when it 
is his turn to do this job, requires 6 hours. Since Mike wants to go golfing with Danny 
and has a reservation for 1 PM, he agrees to help Danny. Assuming no gain or loss of 
efficiency, when will they finish if they work together? Can they make the golf date? 


Solution Set up Table 4. In 1 hour, Danny does i of the job, and in 1 hour, Mike does n of the 
job. Let t be the time (in hours) that it takes them to do the job together. In 1 hour, 


then, 4 of the job is completed. Reason as follows: 


Part done by Danny 


| Part done by Mike | Е | Part done together 


in 1 hour in 1 hour in 1 hour 
Table 4 From Table 4, 
Part of | + Lod Jemi 
Hours to Job Done 4 6 t 
Do Job іп 1 Hour 3 2 1 , 
= = 
Е п 12 12 Я LCD = 12 (left side) 
anny = 
1 3 bo шр 
Mike 6 d LE. 
6 5t = 12 Multiply both sides by 12r. 
1 
Together Æt t t= Б Divide both sides by 5. 


Working together, Danny and Mike can do the job in u hours, or 2 hours, 


24 minutes. They should make the golf date, since they will finish at 12:22PM. — g 


\ Now Work PROBLEM 35 
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A.9 Assess Your Understanding 


Concepts and Vocabulary 


1. 


The process of using variables to represent unknown 
quantities and then finding relationships that involve these 
variables is referred to as 


2. The money paid for the use of money is 


3. Objects that move at a constant speed are said to be in 


. True or False The amount charged for the use of principal 


for a given period of time is called the rate of interest. 


True or False ЇЇ an object moves at an average speed r, 
the distance d covered in time ¢ is given by the formula 
d — rt. 


. Multiple Choice Suppose that you want to mix two 


coffees in order to obtain 100 pounds of a blend. If x 
represents the number of pounds of coffee A, write an 


Application and Extensions 


algebraic expression that represents the number of pounds 
of coffee B. 
(a) 100 — x 
(c) 100x 


(b) x — 100 
(d) 100 + x 


7. Multiple Choice Which of the following is the simple 


8. 


interest formula? 


q1-4 (b) I = Prt 
«1 = Ё @) = РУН 


Multiple Choice If it takes 5 hours to complete a job, what 
fraction of the job is done in 1 hour? 


4 5 
(a) s (b) 1 
1 1 


In Problems 9—18, translate each sentence into a mathematical equation. Be sure to identify the meaning of all symbols. 


Мод. 


10. 
п. 
12. 


13. 
14. 
15. 
16. 


17. 


D 


20. 


21. 


NL Now Work 


Geometry The area of a circle is the product of the number 
7 and the square of the radius. 


Geometry The circumference of a circle is the product of the 
number т and twice the radius. 


Geometry The area of a square is the square of the length of 
a side. 


Geometry The perimeter of a square is four times the length 
of a side. 


Physics Force equals the product of mass and acceleration. 
Physics Pressure is force per unit area. 
Physics Work equals force times distance. 


Physics Kinetic energy is one-half the product of the mass 
and the square of the velocity. 


Business The total variable cost of manufacturing x 
dishwashers is $150 per dishwasher times the number of 
dishwashers manufactured. 


. Business The total revenue derived from selling x 


dishwashers is $250 per dishwasher times the number of 
dishwashers sold. 


Financial Planning Betsy, a recent retiree, requires $2100 per 
year in extra income. She has $50,000 to invest and can invest 
in B-rated bonds paying 6% per year or in a certificate of 
deposit (CD) paying 1.2% per year. How much money should 
Betsy invest in each to realize exactly $2100 in interest per 
year. 


Financial Planning After 2 years, Betsy (see Problem 19) 
finds that she will now require $2700 per year. Assuming 
that the remaining information is the same, how should the 
money be reinvested? 

Banking A bank loaned out $12,000, part of it at the rate of 896 
per year and the rest at the rate of 1896 per year. If the interest 
received totaled $1000, how much was loaned at 896? 


Q 1. Modeling 1. Writing 


22. 


N 23. 


24. 


25. 


26. 


fe 1. Graphing Tech 


Banking Wendy, a loan officer at a bank, has $1,000,000 to 
lend and is required to obtain an average return of 18% per 
year. If she can lend at the rate of 19% or at the rate of 16%, 
how much can she lend at the 1696 rate and still meet her 
requirement? 


Blending Teas The manager of a store that specializes in 
selling tea decides to experiment with a new blend. She will 
mix some Earl Grey tea that sells for $6 per pound with some 
Orange Pekoe tea that sells for $4 per pound to get 100 pounds 
of the new blend. The selling price of the new blend is to be 
$5.50 per pound, and there is to be no difference in revenue 
between selling the new blend and selling the other types. How 
many pounds of the Earl Grey tea and of the Orange Pekoe 
tea are required? 


Business: Blending Coffee A coffee manufacturer wants to 
market a new blend of coffee that sells for $4.10 per pound 
by mixing two coffees that sell for $2.75 and $5 per pound, 
respectively. What amounts of each coffee should be blended 
to obtain the desired mixture? 

[Hint: Assume that the total weight of the desired blend is 
100 pounds.] 


Business: Mixing Nuts A nut store normally sells cashews for 
$9.00 per pound and almonds for $4.50 per pound. But at the 
end of the month the almonds had not sold well, so, in order to 
sell 60 pounds of almonds, the manager decided to mix the 60 
pounds of almonds with some cashews and sell the mixture for 
$775 per pound. How many pounds of cashews should be mixed 
with the almonds to ensure no change in the revenue? 


Business: Mixing Candy A candy store sells boxes of candy 
containing caramels and cremes. Each box sells for $12.50 
and holds 30 pieces of candy (all pieces are the same size). If 
the caramels cost $0.25 to produce and the cremes cost $0.45 
to produce, how many of each should be in a box to yield a 
profit of $3? 


Х Calculus Preview == 1. Applet-Based 
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27. 


28. 


N 29. 


30. 


31. 


32. 


33. 


34. 


М. 35. 


Physics: Uniform Motion A motorboat can maintain а 
constant speed of 16 miles per hour relative to the water. 
The boat travels upstream to a certain point in 20 minutes; 
the return trip takes 15 minutes. What is the speed of the 
current? See the figure. 


eee 
fe --------------* = 
-а— М 
J 
— Sa a 
gu 
== 


Physics: Uniform Motion A motorboat heads upstream оп а 
river that has a current of 3 miles per hour. The trip upstream 
takes 5 hours, and the return trip takes 2.5 hours. What is the 
speed of the motorboat? (Assume that the boat maintains a 
constant speed relative to the water.) 


Physics: Uniform Motion A motorboat maintained a 
constant speed of 15 miles per hour relative to the water in 
going 10 miles upstream and then returning. The total time 
for the trip was 1.5 hours. Use this information to find the 
speed of the current. 


Physics: Uniform Motion Two cars enter the Florida Turnpike 
at Commercial Boulevard at 8:00 Ам, each heading for 
Wildwood. One car’s average speed is 10 miles per hour 
more than the other’s. The faster car arrives at Wildwood at 


11:00 лм,» hour before the other car. What was the average 


speed of each car? How far did each travel? 


Moving Walkways The speed of a moving walkway is 
typically about 2.5 feet per second. Walking on such a moving 
walkway, it takes Karen a total of 48 seconds to travel 50 
feet with the movement of the walkway and then back again 
against the movement of the walkway. What is Karen’s 
normal walking speed? 


Source: Answers.com 


High-Speed Walkways Toronto’s Pearson International 
Airport has a high-speed version of a moving walkway. If 
Liam walks while riding this moving walkway, he can travel 
280 meters in 60 seconds less time than if he stands still on the 
moving walkway. If Liam walks at a normal rate of 1.5 meters 
per second, what is the speed of the walkway? 


Source: Answers.com 


Tennis A regulation doubles tennis court has an area of 
2808 square feet. If it is 6 feet longer than twice its width, 
determine the dimensions of the court. 


Source: United States Tennis Association (www.usta.com) 


Laser Printers It takes a Xerox ColorQube 857dn laser 
printer 9 minutes longer to complete a 1440-page print job 
by itself than it takes a Brother HL-L8350CDW to complete 
the same job by itself. Together the two printers can complete 
the job in 20 minutes. How long does it take each printer 
to complete the print job alone? What is the speed of each 
printer? 

Source: Top TenReviews (www.toptenreviews.com) 

Working Together on a Job Trent can deliver his newspapers 
in 30 minutes. It takes Lois 20 minutes to do the same route. 
How long would it take them to deliver the newspapers if 
they worked together? 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


Working Together on a Job Patrice, by himself, can paint 
four rooms in 10 hours. If he hires April to help, they can do 
the same job together in 6 hours. If he lets April work alone, 
how long will it take her to paint four rooms? 


Enclosing a Garden A gardener has 46 feet of fencing to be 
used to enclose a rectangular garden that has a border 2 feet 
wide surrounding it. See the figure. 


(a) If the length of the garden is to be twice its width, what 
will be the dimensions of the garden? 

(b) What will be the area of the garden? 

(c) If the length and width of the garden are to be the same, 
what will be the dimensions of the garden? 

(d) What will be the area of the square garden? 


2 ft 


Construction A pond is enclosed by a wooden deck that is 
3 feet wide. The fence surrounding the deck is 100 feet long. 


(a) If the pond is square, what are its dimensions? 

(b) If the pond is rectangular and the length of the pond is 
to be three times its width, what are its dimensions? 

(c) Ifthe pond is circular, what is its diameter? 

(d) Which pond has the larger area? 


Football A tight end can run the 100-yard dash in 12 seconds. 
A defensive back can do it in 10 seconds. The tight end 
catches a pass at his own 20-yard line with the defensive back 
at the 15-yard line. (See the figure.) If no other players are 
nearby, at what yard line will the defensive back catch up to 
the tight end? 


[Hint: At time t = 0, the defensive back is 5 yards behind 
the tight end.] 


Computing Business Expense Therese, a salesperson, 
uses her car for both business and pleasure. Last year, she 
traveled 30,000 miles, using 900 gallons of gasoline. Her car 
gets 40 miles per gallon on the highway and 25 in the city. 
She can deduct all highway travel, but no city travel, on her 
taxes. How many miles should Therese deduct as a business 
expense? 

Mixing Water and Antifreeze How much water should be 
added to 1 gallon of pure antifreeze to obtain a solution that 
is 60% antifreeze? 

Mixing Water and Antifreeze The cooling system of a 
certain foreign-made car has a capacity of 15 liters. If the 


43. 


45. 


46. 


47. 


48. 


49. 
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system is filled with a mixture that is 40% antifreeze, how 
much of this mixture should be drained and replaced by pure 
antifreeze so that the system is filled with a solution that is 
60% antifreeze? 


Chemistry: Salt Solutions How much water must be 


evaporated from 32 ounces of a 4% salt solution to make a 
6% salt solution? 


. Chemistry: Salt Solutions How much water must be 


evaporated from 240 gallons of a 3% salt solution to produce 
a 5% salt solution? 


Purity of Gold The purity of gold is measured in karats, 
with pure gold being 24 karats. Other purities of gold are 
expressed as proportional parts of pure gold. Thus, 18-karat 


gold is E, or 75% pure gold; 12-karat gold is = or 50% 


pure gold; and so on. How much 12-karat gold should be 
mixed with pure gold to obtain 60 grams of 16-karat gold? 


Chemistry: Sugar Molecules A sugar molecule has twice 
as many atoms of hydrogen as of oxygen and one more 
atom of carbon than of oxygen. If a sugar molecule has a 
total of 45 atoms, how many are oxygen? How many are 
hydrogen? 

Running a Race Mike can run the mile in 6 minutes, and 
Dan can run the mile in 9 minutes. If Mike gives Dan a head 
start of 1 minute, how far from the start will Mike pass Dan? 
How long does it take? See the figure. 


Dan Mike 


ki Start 


Range of an Airplane An air rescue plane averages 
300 miles per hour in still air. It carries enough fuel for 
5 hours of flying time. If, upon takeoff, it encounters a head 
wind of 30 mi/h, how far can it fly and return safely? 
(Assume that the wind remains constant.) 


Emptying Oil Tankers An oil tanker can be emptied by the 
main pump in 4 hours. Ап auxiliary pump can empty the 
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Critical Thinking You are the manager of a clothing store 
and have just purchased 100 dress shirts for $20.00 each. 
After 1 month of selling the shirts at the regular price, you 
plan to have a sale giving 4096 off the original selling price. 
However, you still want to make a profit of $4 on each shirt 
at the sale price. What should you price the shirts at initially 
to ensure this? If, instead of 40% off at the sale, you give 
5096 off, by how much is your profit reduced? 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


58. 


59. 


tanker in 9 hours. If the main pump is started at 9 AM, when 
should the auxiliary pump be started so that the tanker is 
emptied by noon? 

Cement Mix A 20-pound bag of Economy brand cement 
mix contains 25% cement and 75% sand. How much pure 
cement must be added to produce a cement mix that is 4096 
cement? 


Emptying a Tub A bathroom tub will fill in 15 minutes with 
both faucets open and the stopper in place. With both faucets 
closed and the stopper removed, the tub will empty in 20 
minutes. How long will it take for the tub to fill if both faucets 
are open and the stopper is removed? 


Using Two Pumps A 5-horsepower (hp) pump can empty a 
pool in 5 hours. A smaller, 2-hp pump empties the same pool 
in 8 hours. The pumps are used together to begin emptying 
this pool. After 2 hours, the 2-hp pump breaks down. How 
long will it take the larger pump to finish emptying the pool? 


A Biathlon Suppose that you have entered an 87-mile 
biathlon that consists of a run and a bicycle race. During your 
run, your average speed is 6 miles per hour, and during your 
bicycle race, your average speed is 25 miles per hour. You 
finish the race in 5 hours. What is the distance of the run? 
What is the distance of the bicycle race? 


Cyclists Two cyclists leave a city at the same time, one going 
east and the other going west. The westbound cyclist bikes 
5 mph faster than the eastbound cyclist. After 6 hours they 
are 246 miles apart. How fast is each cyclist riding? 


Comparing Olympic Heroes In the 2016 Olympics, Usain 
Bolt of Jamaica won the gold medal in the 100-meter race 
with a time of 9.81 seconds. In the 1896 Olympics, Thomas 
Burke of the United States won the gold medal in the 
100-meter race in 12.0 seconds. If they ran in the same race, 
repeating their respective times, by how many meters would 
Bolt beat Burke? 


Constructing a Coffee Can A 30.5-ounce can of Hills Bros.? 
coffee requires 58.97 square inches of aluminum. If its height 
is 6.4 inches, what is its radius? [Hint: The surface area 5 of 
a closed right circular cylinder is $ = 2772 + 2zrh, where r 
is the radius and Л is the height.] 


Critical Thinking Make up a word problem that requires 
solving a linear equation as part of its solution. Exchange 
problems with a friend. Write a critique of your friend's 
problem. 


Critical Thinking Without solving, explain what is wrong 
with the following mixture problem: How many liters of 25% 
ethanol should be added to 20 liters of 48% ethanol to obtain 
a solution of 58% ethanol? Now go through an algebraic 
solution. What happens? 
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Computing Average Speed In going from Chicago to 
Atlanta, a car averages 45 miles per hour, and in going from 
Atlanta to Miami, it averages 55 miles per hour. If Atlanta 
is halfway between Chicago and Miami, what is the average 
speed from Chicago to Miami? Discuss an intuitive solution. 
Write a paragraph defending your intuitive solution. Then 
solve the problem algebraically. Is your intuitive solution the 


61. Speed of a Plane On a recent flight from Phoenix to Kansas 


City, a distance of 919 nautical miles, the plane arrived 20 
minutes early. On leaving the aircraft, I asked the captain, 
“What was our tail wind?" He replied, “I don't know, but our 
ground speed was 550 knots." Has enough information been 
provided for you to find the tail wind? If possible, find the 
tail wind.(1 knot — 1 nautical mile per hour) 


same as the algebraic one? If not, find the flaw. 
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PREPARING FOR THIS SECTION Before getting started, review the following: 
e Graph Inequalities (Appendix A, Section A.1, pp. А4-А5) 


\ Now Work the ‘Are You Prepared?’ problems on page A89. 


OBJECTIVES 1 Use Interval Notation (p. A84) 


In Words 

The notation [a, b] represents all real 
numbers between a and b, inclusive. 
The notation (а, b) represents all 
real numbers between a and b, 

not including either a or b. 


2 Use Properties of Inequalities (p. A85) 
3 Solve Inequalities (p. A87) 
4 Solve Combined Inequalities (p. A88) 


Suppose that a and b are two real numbers and a < b. The notation a < x < b 
means that x is a number between a and b. The expression a < х < bis equivalent 
to the two inequalities a « x and x « b. Similarly, the expression a € x < b is 
equivalent to the two inequalitiesa < хапах < Б. Те remaining two possibilities, 
а € x < banda < x < Б, аге defined similarly. 

Although it is acceptable to write 3 > x > 2, it is preferable to reverse the 
inequality symbols and write instead 2 < x < 3 so that the values go from smaller 
to larger, reading left to right. 

A statement such as2 < x < 115 false because there is no number x for which 
2 < xand x < 1. Finally, never mix inequality symbols, as in2 € x > 3. 


Use Interval Notation 


Let a and b represent two real numbers with a « b. 


DEFINITION Intervals 


A closed interval, denoted by [a, b], consists of all real numbers x for which 
(X ov Xe dan 
An open interval, denoted by (a, b), consists of all real numbers x for which 
ат 


The half-open, or half-closed, intervals аге (a, b], consisting of all real numbers 
x for which a < x < b, and [a, Б), consisting of all real numbers x for which 
(D ES e cen do 


In each of these definitions, a is called the left endpoint and b the right endpoint of 
the interval. 

The symbol co (read as “infinity”) is not a real number, but a notational device 
used to indicate unboundedness in the positive direction. The symbol —oo (read 
as "negative infinity") also is not a real number, but a notational device used to 
indicate unboundedness in the negative direction. The symbols oo and —oo, are used 
to define five other kinds of intervals: 


[a, со) Consists of all real numbers x for which x > a 
(a, со) Consists of all real numbers x for which x > a 
(—oo,a] Consists of all real numbers x for which x < a 
(—oo,a) Consists of all real numbers x for which x < a 


(—oo, oo) Consists of all real numbers 
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Note that oo and —oo are never included as endpoints, since neither is a real number. 
Table 5 summarizes interval notation, corresponding inequality notation, and 


their graphs. 


Table 5 Interval Inequality 


The open interval (a, b) ас х= б 


The closed interval [a, b] azxzb 


The half-open interval [a, b) a=x<b 


The half-open interval (a, b] а< х= б 
The interval [a, ®) 

The interval (a, 7) 

The interval (—, a] 

The interval (—, a) 


The interval (— о, о) All real numbers 


| €XAMPLE1 | Writing Inequalities Using Interval Notation 


Write each inequality using interval notation. 


(а) l <x <3 (D -4«x«0 (c)x>5 (d)x <1 


Solution (a) 1 € x < 3 describes all real numbers x between 1 and 3, inclusive, which is 
[1, 3] in interval notation. 


(b) In interval notation, -4 < x < 0 is written (—4, 0). 


(c) x > Sconsists of all real numbers x greater than 5, which in interval notation is 
(5, оо). 


(d) In interval notation, x < 1 is written (—oo, 1]. E 


| EXAMPLE 2 | Writing Intervals Using Inequality Notation 


Write each interval as an inequality involving x. 

(а) (1, 4) (b) (2, 00) (c) [2,3] (d) (oo, —3] 
Solution (a) [1, 4) consists of all real numbers x for which1 < x < 4. 

(b) (2, oc) consists of all real numbers x for which x > 2. 

(c) [2, 3] consists of all real numbers x for which2 < x < 3. 

(d) (—oo, —3] consists of all real numbers x for which x < —3. N 


\ Now Work PROBLEMS 13, 25, AND 33 


2 Use Properties of Inequalities 


The product of two positive real numbers is positive, the product of two negative real 
numbers is positive, and the product of 0 and 0 is 0. For any real number a, the value of 
a? is 0 or positive; that is, a? is nonnegative. This is called the nonnegative property. 


Nonnegative Property 


In Words 
The square of a real number is 


never negative. y а > 0 (1) 


For any real number а, 
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If the same number is added to both sides of an inequality, an equivalent 
inequality results. For example, since 3 < 5, then3 + 4 < 5 + 40r 7 < 9. This is 
called the addition property of inequalities. 


In Words Addition Property of Inequalities 
The addition property states that 
the sense, or direction, of an 
inequality remains unchanged 

if the same number e If a < b, then a 4 


is added to each side. 
A e Ifa > b, then a 4 


For real numbers а, b, and c: 


Now let's see what happens when each side of an inequality is multiplied by a 
nonzero number. Begin with 3 « 7 and multiply each side by 2. The numbers 6 and 
14 that result obey the inequality 6 « 14. 

Now start with 9 > 2 and multiply each side by —4. The numbers —36 and —8 
that result obey the inequality -36 < —8. 
reverse the inequality Note that the effect of multiplying both sides of 9 > 2 by the negative number 

A —4 is that the direction of the inequality symbol is reversed. This leads to the 
following general multiplication properties for inequalities: 


In Words 
Multiplying by a negative number 


Multiplication Properties for Inequalities 


For real numbers a, b, and c: 
In Words 


The multiplication properties state 
that the sense, or direction, of an 

inequality remains the same if each e Ifa < band ifc < 0, then ac > be. 
side is multiplied by a positive real 
number, whereas the direction is e If a > bandifc > 0, then ac > bc. 
reversed if each side is multiplied 
by a negative real number. p e Ifa > band ifc < 0, then ac « bc. 


e Ifa < band ifc > 0, then ac < bc. 


| EXAMPLE З | Multiplication Property of Inequalities 


a) If2x « 6, then 12x) « 1(6у,огх <3 

2 2, 
(b) Ш > 12, then -3( =) < —3(12),огх < —36. 
(c) If -4x < -8, then 22 > > ,orx > 2. 


(d) If—x > 8, then (—1)(—x) < (—1)(8),orx < —8. B 


\ Now Work PROBLEM 47 


Reciprocal Properties for Inequalities 


TE e Ifa > 0, then © > 0. It > 0, thena > 0. 
а а 

The reciprocal properties state that 1 di 

taking the reciprocal of a number e По < Othon — « 0. It — « 0, then a 0. 

does not change its sign, and that » S 

if both sides of an inequality e IfO < a < b,then0 < 1 < 1 

have the same sign, then taking b a 


the reciprocal reverses the 


direction of the inequality. y 


e Ifa < b <0, then $ < 2 < 0, 
a 
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3 Solve Inequalities 


An inequality in one variable is a statement involving two expressions, at least one 
containing the variable, separated by one of the inequality symbols <, <, >, or >. 
To solve an inequality means to find all values of the variable for which the 
statement is true. These values are solutions of the inequality. 

For example, the following are all inequalities involving one variable x: 


х+5<8 2x-3>4 x-1<3 Sv 


> 0 
= x—2 


As with equations, one method for solving an inequality is to replace it by 
a series of equivalent inequalities until an inequality with an obvious solution, 
such as x « 3, is obtained. Equivalent inequalities are obtained by applying 
some of the same properties as those used to find equivalent equations. The 
addition property and the multiplication properties form the basis for the 
following procedures. 


Procedures That Leave the Inequality Symbol Unchanged 


e Simplify both sides of the inequality by combining like terms and 
eliminating parentheses: 


(х-+2)-+ 6 > 2х + 5(х +1) 
is equivalent to 349 > ТЕЧЬ 5 


e Add or subtract the same expression on both sides of the inequality: 


3x -5<4 
is equivalent to (3x — 5) +5 <4+ 5 


• Multiply or divide both sides of the inequality by the same positive 


expression: 
4x > 16 
n й 4x . 16 
lent t — QE m 
is equivalent to 4 4 


Procedures That Reverse the Sense or Direction of the Inequality Symbol 
e Interchange the two sides of the inequality: 


Вт 
is equivalent to “> 8) 


* Multiply or divide both sides of the inequality by the same negative 


expression: 
—2x > 6 
: : —2x 6 
lent t Um e mee 
is equivalent to жр 99 


As the examples that follow illustrate, inequalities can be solved by using many 
of the same steps that would be used to solve equations. In writing the solution of an 
inequality, either set notation or interval notation may be used, whichever is more 
convenient. 
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| EXAMPLE 4 | Solving an Inequality 


Solve the inequality 2x — 3 < 4x + 7, and graph the solution set. 


Solution 2х-3< 4x - 7 
2x —3— 7< 4х + 7 – 7  Subtract 7 from both sides. 
2x — 10 < 4x Simplify. 
2x — 10 — 2x € 4x — 2x Subtract 2x from both sides. 
—10 < 2x Simplify. 
—10 < 2x Divide both sides by 2. (The direction of 
2 2 the inequality symbol is unchanged.) 
—5 < х Simplify. 
x>-5 Interchange sides. 
€——Y— 


6 5 4 3 2 1 
Figure 31 x » —5 


The solutionsetis(x|x > —5} or, using interval notation, all numbers in the interval 
[—5, оо). See Figure 31 for the graph. B 


\ Now Work PROBLEM 63 


4 Solve Combined Inequalities 


| EXAMPLES | Solving a Combined Inequality 


Solve the inequality -5 < 3x — 2 < 1, апа graph the solution set. 
Solution Recall that the inequality 
-5 < 3x-2<1 
is equivalent to the two inequalities 
—5« 3x —2 and 3x-2<1 


Solve each of these inequalities separately. 


—5 < 3x —2 3x —-2<1 
—5 +2 < 3х -– 2 + 2  Add2to both sides. 35-2 +2 <1+2 
—3 < 3x Simplify. 3x < 3 
-3 _ 3x Divide both sides by 3 3x „3 
шн y 3. EE 
3*3 3^3 
-l<x Simplify. х<1 


The solution set of the original pair of inequalities consists of all х for which 


—1<х and x«1 


— oe 
я Mic Е. л 2 This may be written more compactly as (x| -1 < х < 1}. In interval notation, the 
Figure 32 -1<x<1 solution is (—1, 1). See Figure 32 for the graph. B 


Observe in the preceding process that solving each of the two inequalities 
required exactly the same steps. A shortcut to solving the original inequality 
algebraically is to deal with the two inequalities at the same time, as follows: 


-5< 3x-2 <1 
—-54+2<3x-2+2<1+2  Add2to each part. 


=з & 3x < 3 Simplify. 
E « E « i Divide each part by 3. 
-1« х < 1 Simplify. 


\ Now Work PROBLEM 79 
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| EXAMPLE 6 | Using a Reciprocal Property to Solve an Inequality 


Solve the inequality (4x — 1) ! > 0, and graph the solution set. 


Solution Recall that (4x — 1) ! = " l a Reciprocal Property (4a) states that when 
be — 
l > 0,thena > 0. Hence, 
a 
(4Ax-1)! > 0 
1 50 
4x —1 
4х — 1 > 0 Reciprocal Property (4а). 
4x > 1 Add 1 to both sides. 
IT x > i Divide both sides by 4. 
0 i 1 4 
4 
Figure 33 x > 1 The solution set is EE > i} that is, all x in the interval (5 : о). Figure 33 
illustrates the graph. D 


\ Now Work PROBLEM 89 


A.10 Assess Your Understanding 


‘Are You Pre pa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. Graph the inequality x > —2. (pp. A4-A5) 2. Graph the inequality х < 1. (рр. A4-A5) 


Concepts and Vocabulary 


3. If each side of an inequality is multiplied by a(n) 6. Multiple Choice Сіуеп0 < a < b, which of the following is 
number, then the direction of the inequality symbol is not the result of a reciprocal property? 
reversed. (a) 0 < 1 Р d b) 1 sÜ 

4. A(n) , denoted [a, b], consists of all real a b a 
numbers x for whicha < x < b. () 0 < Ld (d) 0 « 1 

5. Тһе states that the sense, or . b bi : . . . 20 . С 
direction, of an inequality remains the same if each side is 7. Multiple Choice Which pair of inequalities is equivalent to 

0< x < 3? 


multiplied by a positive number, whereas the direction is 


reversed if each side is multiplied by a negative number. (a) x > 0andx > 3 (b) x < Oandx > 3 
(c) x > Oandx < 3 (d) x < Oandx € 3 
In Problems 8-11, determine whether the statement is True or False ifa < band c < 0. 
8. а+с< Б +с 9. а-с< 6-с 10. ac > be 1. l <È 
б б 
12. True or False The square of any real number is always nonnegative. 
Skill Building 
In Problems 13-18, express the graph shown in blue using interval notation. Also express each as an inequality involving x. 
Li. тариаг + d o 15, ——— >> 
—1 0 1 2 3 —2 —1 0 1 2 —1 0 1 2 3 
jj; cm LI————— — 1з — ge e 18. —c————4—————- 
=2 =] 0 1 2 =] 0 1 2 3 —1 0 1 2 3 


NL Now Work [*] 1. Modeling 1. Writing fe 1. Graphing Tech Х Calculus Preview == 1. Applet-Based 
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In Problems 19—24, an inequality is given. Write the inequality obtained by: 


(a) Adding 3 to each side of the given inequality. 
(b) Subtracting 5 from each side of the given inequality. 
(c) Multiplying each side of the given inequality by 3. 
(d) Multiplying each side of the given inequality by —2. 
19.3 <5 20.2 > 1 21. 4 > —3 22. -3 > —5 23. 2x - 1« 2 24.1—-2x > 5 


In Problems 25—32, write each inequality using interval notation, and illustrate each inequality using the real number line. 
N 2s 0cx«4 26.-1«x«5 27.4<x <6 28.2 <x « 0 
29. x > 4 30. x < 5 31. x < —4 32. х > 1 


In Problems 33—40, write each interval as an inequality involving x, and illustrate each inequality using the real number line. 
hE 12; 51 34. (1, 2) 35. (—3, -2) 36. (0, 1) 
37. [4, co) 38. (—oo, 2] 39. (—оо, —3) 40. (—8, оо) 


In Problems 41—56, fill in the blank(s) to form a correct inequality statement. 


41. If x « 5,thenx — 5 0. 42. If x < —4,thenx + 4 0. 43. If x > —4, then x + 4 0. 
44. If x > 6, then x — 6 0. 45. If x > —4, then 3x —12. 46. If x < 3, then2x 6. 
N 47. If x > 6, then -2x —12. 48. If x > —2, then —4x 8. 49. If x > 5,then —4x —20. 
50. Ifx < —4, then —3x 12. 51. If 2x > 6, then x 3. 52. If3x < 12, then x 4. 
53. -ix < 3, then x —6. 54. и—1х > 1, then x —4. 55. 0 < 5 < x,then0 < | < 1. 
1 1 1 1 1 1 
56. If x x —4 < 0, then — < — < 0. 57. If -5« x < 0, then — < — < 0. 58. ПО < x < 10,then0 < — < —. 


In Problems 59-94, solve each inequality. Express your answer using Set notation or interval notation. Graph the solution set. 


59. х +1 <5 60.х—6 <1 61.1—2х<3 
62.2—3х <5 N 63. 3x-7>2 64.2х+5>1 

65. n Е 65 32-3 34x 67. -2(x +3) < 8 

68. —3(1 = x) < 12 69.4=-30 =x) <3 70. 8 —4(2—х) < —2х 
7L. 5-4)» x 4 8 72. 3x +4 > +(х—2) 73.5 >1-4 

М ri 75.0 <2x-6<4 76.4 < 2x 4 2 € 10 
77 5 <4—3x <2 T8. -3 <3-2x <9 Моло. -3 < EE <0 
80.0 < #42 <4 81.1«1-3r «4 820«1-ix«1 


83. (x + 2)(x 3) > (x — Dix +1) 84. (x —1)(x -1) > (x — 3(x + 4) 85. х(4х + 3) € (2x + 1)? 


1 x+1 3 1 x+1 2 
. = 5) < (3x — 1)? TEK = Bene ae 
86. x(9x ) (3x ) 8 25 1 < 2 88. = < э °З 
N 89. (4x - 2) <0 90. (2x - 1)! > 0 9.0<2 < 3 
X 
90.0 <2 < 2 93.0 < Qx - 4! < 5 94.0 < (3x6)! < 1 
X 


Applications and Extensions 


95. What is the domain of the variable in the expression 99. Life Expectancy According to the National Center for Health 


3x + 6? Statistics, an average 30-year-old male in 2019 could expect 
96. What is the domain of the variable in the expression to live at least 51.7 more years, and an average 30-year-old 
8 + 2x? female in 2019 could expect to live at least 55.5 more years. 


(a) Towhat age could an average 30-year-old male expect to live? 
Express your answer as an inequality. 

(b) To what age could an average 30-year-old female 
expect to live? Express your answer as an inequality. 


97. A young adult may be defined as someone older than 21 
and less than 30 years of age. Express this statement using 
inequalities. 

98. Middle-aged may be defined as being 40 or more and less 
than 60. Express this statement using inequalities. 


(с) Who could expect to live longer, а male or a female? Ву 
how many years? 


Source: Social Security Administration, 2019 


100. General Chemistry For a certain ideal gas, the volume V 


(in cubic centimeters) equals 20 times the temperature T (in 
degrees Celsius). If the temperature varies from 80° to 120°C, 
inclusive, what is the corresponding range of the volume of 
the gas? 


101. Real Estate A real estate agent agrees to sell an apartment 


complex according to the following commission schedule: 
$45,000 plus 25% of the selling price in excess of $900,000. 
Assuming that the complex will sell at some price between 
$900,000 and $1,100,000, inclusive, over what range does the 
agent’s commission vary? How does the commission vary as 
a percent of the selling price? 


102. Sales Commission A used-car salesperson is paid a 


commission of $25 plus 40% of the selling price in excess 
of owner’s cost. The owner claims that used cars typically 
sell for at least owner’s cost plus $200 and at most owner’s 
cost plus $3000. For each sale made, over what range can the 
salesperson expect the commission to vary? 


103. Federal Tax Withholding The percentage method of 


withholding for federal income tax (2022) states that a single 
person whose weekly wages, after subtracting withholding 
allowances, are over $981, but not over $1760, shall have 
$146.26 plus 24% of the excess over $981 withheld. Over 
what range does the amount withheld vary if the weekly 
wages vary from $1000 to $1200, inclusive? 


Source: Employers Tax Guide. Department of the Treasury, 
Internal Revenue Service, Publication 2022. 


104. Exercising Sue wants to lose weight. For healthy weight loss, 


the American College of Sports Medicine (ACSM) recommends 
200 to 300 minutes of exercise per week. For the first six days of 
the week, Sue exercised 40, 45, 0, 50, 25, and 35 minutes. How 
long should Sue exercise on the seventh day in order to stay 
within the ACSM guidelines? 


105. Electric Rates During summer months in 2022, Omaha 


Public Power District charged residential customers a 
monthly service charge of $30, plus a usage charge of 10.25 ¢ 
per kilowatt hour (kWh). If one customer's monthly summer 
bills ranged from a low of $142.75 to a high of $228.85, over 
what range did usage vary (in kWh)? 


Source: Omaha Public Power District 


106. Sewer Bills The village of Oak Lawn charges homeowners 


$24.99 per quarter-year for sewer usage, plus $0.40 per 
1000 gallons of water metered. In 2022, one homeowner's 
quarterly bill ranged from a high of $38.19 to a low of $31.79. 
Over what range did metered water usage vary? 


Source: Village of Oak Lawn, Illinois, January 2022 
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107. Markup of a New Car The markup over dealer's cost of 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


a new car ranges from 12% to 18%. If the sticker price is 
$18,000, over what range will the dealer's cost vary? 


IQ Tests A standard intelligence test has an average score of 
100. According to statistical theory, of the people who take 
the test, the 2.5% with the highest scores will have scores 
of more than 1.960 above the average, where с (sigma, а 
number called the standard deviation) depends on the 
nature of the test. If c = 12 for this test and there is (in 
principle) no upper limit to the score possible on the test, 
write the interval of possible test scores of the people in the 
top 2.596. 


Computing Grades In your Economics 101 class, you have 
scores of 68, 82, 87, and 89 on the first four of five tests. To get 
a grade of B, the average of the first five test scores must be 
greater than or equal to 80 and less than 90. 


(a) Solve an inequality to find the range of the score that you 
need on the last test to get a B. 
(b) What score do you need if the fifth test counts double? 


What do | need to get a B? 


ECONOMICS TEST 5 
NEXT FERIOD 


“Light” Foods For food products to be labeled “light,” the 
U.S. Food and Drug Administration requires that the altered 
product must contain either at least one-third fewer calories 
than the regular product or at least one-half less fat than the 
regular product. If a serving of Miracle Whip? Light contains 
20 calories and 1.5 grams of fat, then what must be true about 
either the number of calories or the grams of fat in a serving 
of regular Miracle Whip®? 


< b. The 


is called the arithmetic mean of a and b. 


Arithmetic Mean Ifa « b,showthata < 
a+b 


a+b 
2 


number 


Refer to Problem 111. Show that the arithmetic mean of a 
and b is equidistant from a and b. 


Geometric Mean If 0 < a < b, show thata < Vab < b. 
The number vab is called the geometric mean of a and b. 
Refer to Problems 111 and 113. Show that the geometric 
mean of a and b is less than the arithmetic mean of a and b. 
Harmonic Mean For0 < a < b, let h be defined by 


Show thata < h < b. The number A is called the harmonic 
mean of a and b. 

Refer to Problems 111,113, and 115. Show that the harmonic 
mean of a and b equals the geometric mean squared divided 
by the arithmetic mean. 
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Discussion and Writing 


117. The inequality x? + 1 « —5 has no real solution. Explain remains the same if each side is multiplied by a positive 
why. real number, whereas the direction is reversed if each side is 


118. Make up an inequality that has no solution. Make up one that multiplied by a negative real number. 


has exactly one solution. 120. Do you prefer to use inequality notation or interval notation 
to express the solution to an inequality? Give your reasons. 
Are there particular circumstances when you prefer one to 
the other? Cite examples. 


119. How would you explain to a fellow student the underlying 
reason for the multiplication properties for inequalities 
(page A86)? That is, the sense (direction) of an inequality 


‘Are You Prepared?’ Answers 


A.11 Complex Numbers 


PREPARING FOR THIS SECTION Before getting started, review the following: 


* Real Numbers (Appendix A, Section A.1, p. A3) * Rationalizing Denominators and Numerators 
(Appendix A, Section A.7 pp. A59-A61) 


\ Now Work the ‘Are You Prepared?’ problems оп page А97. 


OBJECTIVE 1 Add, Subtract, Multiply, and Divide Complex Numbers (p. A93) 


Complex Numbers 


One property of a real number is that its square is nonnegative (greater than or 
equal to 0). For example, there is no real number x for which 


x? = –1 


The introduction of the imaginary unit will remedy this situation. 


DEFINITION The Imaginary Unit 


The imaginary unit, denoted by i, is the number whose square is — 1; that is, 


== 


This should not be a surprise. If our universe were to consist only of integers, 
there would be no number x for which 2x = 1. This unfortunate circumstance was 


remedied by introducing numbers such as - and a the rational numbers. If our 


universe were to consist only of rational numbers, there would be no x whose square 
equals 2. That is, there would be no number x for which x? = 2. To remedy this, 
mathematicians introduced numbers such as V2 and A5, the irrational numbers. 
Recall that the real numbers consist of the rational numbers and the irrational 
numbers. Now, if our universe were to consist only of real numbers, there would 
be no number x whose square is —1. To remedy this, mathematicians introduced a 
number i, whose square is — 1. 

In the progression outlined, each time that a situation was encountered that was 
unsuitable, a new number system was introduced to remedy the situation. And each 
new number system contained the earlier number system as a subset. The number 
system that results from introducing the number 7 is called the complex number 
system. 
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DEFINITION The Complex Number System 


Complex numbers are numbers of the form a + bi, where a and b are real 
numbers. The real number a is called the real part of the number a 4- bi; the 
real number b is called the imaginary part of a + bi. 


For example, the complex number —5 4- 6i has the real part —5 and the 
imaginary part 6. 

When a complex number is written in the form a 4- bi, where a and b are real 
numbers, it is in standard form. However, if the imaginary part of a complex number 
is negative, such as in the complex number 3 + (—2)i, then it is written in the form 
3 — 2i instead. 

Also, the complex number а + Oi is usually written simply as a. This serves to 
remind us that the real numbers are a subset of the complex numbers. The complex 
number 0 4- bi is usually written as bi. Sometimes the complex number bi is called 
a pure imaginary number. 


1 Add, Subtract, Multiply, and Divide Complex Numbers 


Equality, addition, subtraction, and multiplication of complex numbers are defined 
so as to preserve the familiar rules of algebra for real numbers. Thus, two complex 
numbers are equal if and only if their real parts are equal and their imaginary parts 
are equal. 


Equality of Complex Numbers 


a + bi = c + di ifandonly if a = candb = d 


Two complex numbers are added by forming the complex number whose 
real part is the sum of the real parts and whose imaginary part is the sum of the 
imaginary parts. 


Sum of Complex Numbers 
(a+b) (ot di) = (a+ cs COE dX (2) 
To subtract two complex numbers, use this rule: 


Difference of Complex Numbers 


(a+ bi)—(c4+ di) = (a — c)+ (b — d)i (3) 


| EXAMPLE1 | Adding and Subtracting Complex Numbers 


(a) (3 + 5i) + (-2 + 8i) = [3 + (-2)] + (5 + 3)i = 1 + 8i 
(b) (6 + 4i) - (3 + 6i) = (6 —3) + (4 - 6)i = 3 + (-2)i = 3 - 2i D 


\ Now Work PRoBLEM 15 
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Products of complex numbers are calculated as illustrated in Example 2. 


| EXAMPLE 2 | Multiplying Complex Numbers 


(5 + 3i) - (2 + Ti) = 5(2 + Ti) + 3i(2 + 71) Distributive Property 
= 10 + 35i + 6i + 21i? Distributive Property 
= 10 +40 + 21(-1) i? 2-1 
= —11 + 41i Simplify. B 


Based on the procedure of Example 2, the product of two complex numbers is 
defined by the following formula: 


Product of Complex Numbers 


(а + bi) - (с + di) = (ac — bd) + (ad + bc)i (4) 


Do not bother to memorize formula (4). Instead, whenever it is necessary to 
multiply two complex numbers, follow the usual rules for multiplying two binomials, 
as in Example 2, remembering that i? = —1. For example, 


(21)(21) = 4i? = —4 
(2+ 1)(1-1) = 2-21+1- 12 = 3 –і 


\ Now Work PROBLEM 21 


Algebraic properties for addition and multiplication, such as the Commutative, 
Associative, and Distributive Properties, hold for complex numbers. However, the 
property that every nonzero complex number has a multiplicative inverse, or 
reciprocal, requires a closer look. 


Conjugates 


DEFINITION Conjugates 


Ifz = a + biis a complex number, then its conjugate, denoted by z, is defined 
as 
NOTE The conjugate of a complex 
number can be found by changing the 
sign of the imaginary part. a 


zZ = a + bi = a — bi 


For example, 2 + 3i = 2 — 3i and —6 — 2i = —6 + 2i. 


| EXAMPLE3 | Multiplying a Complex Number by Its Conjugate 


Find the product of the complex number z = 3 + 4i and its conjugate 2. 
Solution Since z = 3 – 4i, 
zz = (3 + 41)(3 — 41) = 9 — 12i + 12i — 16i? = 9 + 16 = 25 8 


The result obtained in Example 3 has an important generalization. 


THEOREM Product of a Complex Number and Its Conjugate 


The product of a complex number and its conjugate is a nonnegative real 
number. That is, if z = a + bi, then 


zm a qb (5) 


Proof If z = а + bi, then 
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zz = (a+ bi)(a — bi) = a? — abi + abi — (Ы)? = a? — Ь212 = а? + b? п 


To express the reciprocal of a nonzero complex number z in standard form, 


multiply the numerator and denominator of i by its conjugate z. That is, if 


z = а + bi is a nonzero complex number, then 


1 1 1 


Z a — bi a b 


a + bi 2 2 


z А 
QR — == ГА 
z ZZ | а? + b2 а? + b2 а? + b2 


Use (5). 


| EXAMPLE 4 | Writing the Reciprocal of a Complex Number in Standard Form 


Solution 


Solution 


M 
Writ 
PS di 


Multiply the numerator and 
complex number 3 — 4i. The 


1 


in standard form a + bi; that is, find the reciprocal of 3 + 4i. 


1 
+ 4i 


denominator of 
result is 


l. 3—4 3 — 4i 3 4. 


з+ 3 


4453-45 9416 25 25° 


by the conjugate of 3 + 4i, the 


_B 


To express the quotient of two complex numbers in standard form, multiply the 
numerator and denominator of the quotient by the conjugate of the denominator. 


| EXAMPLE 5 | Writing the Quotient of Complex Numbers in Standard Form 


Write each of the following in standard form. 


1+ 4i 2 — 3i 
b 
(а) S49; (>) 43; 

(a) 1+4 1+4 5-12i 5-4 12i 4 20i + 48i? 
5—14 5-10) 5+12i 25 + 144 
ns4ibq3N o dX. 329. 

169 169 169 


ip eL = 443i  8-c6i—12i—9i?? | 17-6 _ 17 


6. 


4-3! 4-4 225 16 + 9 25 25 


\ Now Work PROBLEM 29 


25 5 


| EXAMPLE6 | Writing Other Expressions in Standard Form 


Ifz = 2 — 3i and w = 5 + 2i, write each of the following expressions in standard 


Solution 


form. 
(a) = (b) z+w (c) z - Z 
(a) £2 49 _ (2— BINS ~ 24) _ 10— 4i - 15i 6i? 
w м.ж (5 + 2i)(5 — 21) 25 +4 
_4-19 4 19; 
29 29 29 


(В 05 
(с) 2+2 = (2 31) + (2 


+у=7—ї=7+1 
+3) = 4 


3 


The conjugate of a complex number has certain general properties that will be 


useful later. 
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For a real number a = a + Oi, the conjugate isa = a+ 0i = a — Oi = a. 


THEOREM 


The conjugate of a real number is the real number itself. 


Other properties that are direct consequences of the definition of the conjugate 
are given next. In each statement, z and w represent complex numbers. 


THEOREMS 


* The conjugate of the conjugate of a complex number is the complex number 
itself. 


z—z (6) 


* The conjugate of the sum of two complex numbers equals the sum of their 
conjugates. 


mE Em (7) 


* The conjugate of the product of two complex numbers equals the product 
of their conjugates. 


Z-W-—Z-W (8) 


The proofs of equations (6), (7), and (8) are left as exercises. See Problems 66—68. 


Powers of i 


The powers of i follow a pattern that is useful to know. 


к= eq =, DUUM 
ае Юри ЕЕЕ Ө! 


[| 
| 


And so on. The powers of i repeat with every fourth power. 


| EXAMPLE7 | Evaluating Powers of / 
(a) i7 = i^ i? = (it) -iB = 186.03 _—{ 
шеа)? е Тае -5 


| EXAMPLES | PLE 8 Writing the Power of a Complex Number in Standard Form 


Write (2 + i)? in standard form. 


Solution Use the special product formula for (a + b)’. 
(a+b) = a? + 3a?b + 3ab? + b? 
Using this special product formula, 


Ау If UN d: ie ipia (2-4 dy 2994359? 743.25 P +i 

special product formula or (a+ ; : 

you could find (2 + i)? by үш = 8 + Di + 6(-D + (7i) 

Q Qi). — 24 11i -5 


\ Now Work PROBLEMS 35 AND 43 
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Square Roots of Negative Numbers 


Because i? = —1, the square root of a negative number can be defined. 


DEFINITION Principal Square Root of —N 


If N is a positive real number, then the principal square root of —N, denoted 


by v—N is 


Ум = VNi 


where i is the imaginary unit and i? = —1. 


| EXAMPLES | Evaluating the Square Root of a Negative Number 


(a) V-1 = Vli =i 


(с) V—8 = V8i = 242i 


\ Now Work PROBLEM 51 


(b) V-16 = 416i = 4i 
J 


When working with square roots of negative numbers, do not set the square 
root of a product equal to the product of the square roots (which can be done with 
positive real numbers). To see why, look at this calculation: We know that 
V100 = 10. However, it is also true that 100 = (—25)(—4), so 


A.11 Assess Your Understanding 


10 = V100 
= /(—25)(—4) 
= /—25 J-4 
because 4-25 . 4-4 
= (25i) (Ji 
= (5i) (2i) 
= 10i? = —10 


"Are You Pre pa red?' Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. 


2. 


Name the integers and the rational numbers in the set 
{-3, 0, vZ, £, т}. (p. A3) 


True or False Rational numbers and irrational numbers are 
in the set of real numbers. (p. A3) 


Concepts and Vocabulary 


4. 


® ;а ^ ta 


N1: Now Work 


In the complex number 5 + 2i, the number 5 is called the 


part; the number 2 is called the part; 


the number i is called the 


; 2:3 _ 2:4 LL 
i- = ык == : 


. True or False The conjugate of 2 + Siis—2 — Si. 
. True or False All real numbers are complex numbers. 


. True or False The product of a complex number and its 


conjugate is a nonnegative real number. 


1. Writing 


Q 1. Modeling 


3. Rationalize the denominator of 3 


fe 1. Graphing Tech 


3 
. (pp. A59-A60 
EN (pp ) 


9. Multiple Choice Which of the following is the principal 


square root of —4? 


(a) —2i (b) 2i (c) —2 (d) 2 


10. Multiple Choice Which operation involving complex 


numbers requires the use of a conjugate? 
(a) division (b) multiplication 
(c) subtraction (d) addition 


Х Calculus Preview == 1. Applet-Based 
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Skill Building 


In Problems 11—48, write each expression in the standard form a + bi. 


11. (2 — 3i) + (6 + 8i) 12. (4 + 5i) + (—8 + 2i) 13. (—3 + 2i) — (4 — 4i) 14. (3 — 4i) — (—3 — 4i) 
N 15. (2 — 5i) — (8 + 6i) 16. (—8 + 4i) — (2 — 2i) 17. 3(2 — 6i) 18. —4(2 + 8i) 
19. 2i(2 — 3i) 20. 3i(—3 + 4i) \ з. (3 — AD(2 + i) 22. (5 + 3i)(2 — i) 
; І : І 10 13 
23. (—6 —6 – 24. (-3 + 1)(3 25. 26. 
3. (—6 + i)( i) ( i3 + i) 5. 3— di 6 =] 
yer 28. 2! Nag. = NAE: 
i —2i 1+i 1—1 
2 2 
31. [+] 32. 2-0) 33. (1 + i? 34. (1 - i)? 
\ 35. i2 36. i" 37. 1-15 38. 1-23 
39. 16 — 5 40.4 + i? 41. 6i? — 415 42. 4i? — 212 +1 
\ 43, (1+)? 44. (31) +1 45. i7(1 + i2) 46. 2i^ (1 + i2) 
47. 16 + і +i? +1 48. 17 - ib +i? +i 
In Problems 49-58, perform the indicated operations and express your answer іп the forma + bi. 
49. V—4 50. V—9 51. V—25 52. V—64 
53. У—12 54. У—18 55. V—200 56. V—45 
57. J(3 + Ai)(4i — 3) 58. J(4 + 3i)(3i — 4) 
Applications and Extensions 
In Problems 59-62, z = 3 — 4iandw = 8 + 3i. Write each expression in the standard forma + bi. 
59. z +z 60. w —w 61. zz 62.z—w 
63. Electrical Circuits The impedance Z, in ohms, of a circuit pathway and Z, is the impedance of the second pathway. 


64. 


element is defined as the ratio of the phasor voltage V, in 
volts, across the element to the phasor current Г, in amperes, 


through the elements. That is, Z — >. If the voltage across 


a circuit element is 18 + i volts and the current through the 
element is3 — 4i amperes, determine the impedance. 


Parallel Circuits In an AC circuit with two parallel pathways, 
the total impedance Z, in ohms, satisfies the formula 
1 1 1 


+ —-, where Z, is the impedance of the first 
Zi Z, 


Z 


Discussion and Writing 


69. Explain to a friend how you would add two complex numbers 


70. 


71. 


72. 


and how you would multiply two complex numbers. Explain 
any differences between the two explanations. 


Write a brief paragraph that compares the method used to 
rationalize denominators and the method used to write the 
quotient of two complex numbers in standard form. 


Research the origins of complex numbers. Write a paragraph 
describing what you find, and present it to the class. 


Explain how the method of multiplying two complex 
numbers is related to multiplying two binomials. 


‘Are You Prepared?’ Answers 


1. 


Integers: {—3, 0}; rational numbers: {-3, 0, $} 


65. 


66. 
67. 


68. 


Determine the total impedance if the impedances of the two 
pathways аге Z, = 2 + i ohms and Z, = 4 — 3i ohms. 


Use z = a + bi to show that z+ = 2a and that 


z-z = 2bi. 
Use z = а + bi to show that Z = z. 
Use z=a+bi and w=c+di to show that 


Z+w=Z +v. 


Use z a+ biandw = с + ditoshowthatz-w = Z-w. 


73. What Went Wrong? A student multiplied /—9 andV—9 as 


2. True 


follows: 


V-9 . J-9 = V(-9)(-9) 
V81 
=9 


The instructor marked the problem incorrect. Why? 


3. 3(2 — V3) 


Graphing Utilities Appendix В 


Outline 

B.1 The Viewing Rectangle B.5 Square Screens B.8 Using a Graphing Utility to Graph a 

B.2 Using a Graphing Utility to Graph Equations B.6 Using a Graphing Utility to Graph Polar Equation 

B.3 Using a Graphing Utility to Locate Intercepts Inequalities B.9 Using a Graphing Utility to Graph 
and Check for Symmetry B.7 Using a Graphing Utility to Solve Parametric Equations 

B.4 Using a Graphing Utility to Solve Equations Systems of Linear Equations 


В.1 The Viewing Rectangle 


NORMAL FLOAT AUTO REAL RADIAN MP р All graphing utilities (that is, all graphing calculators and all computer software 
graphing packages) graph equations by plotting points on a screen. The screen itself 
actually consists of small rectangles called pixels. The more pixels the screen has, the 
better the resolution. Most graphing calculators have 50 to 100 pixels per inch; most 
smartphones have 300 to 450 pixels per inch. When a point to be plotted lies inside 
a pixel, the pixel is turned on (lights up). The graph of an equation is a collection of 
pixels. Figure 1(a) shows how the graph of y = 2x looks on a TI-84 Plus CE 
graphing calculator, and Figure 1(b) shows the same graph using Desmos.com. 
(а) у = 2x ona TI-84 Plus CE The screen of a graphing utility displays the coordinate axes of a rectangular 
coordinate system. However, the scale must be set on each axis. The smallest and 
largest values of x and y to be included in the graph must also be set. This is called 
+ setting the viewing rectangle or viewing window. Figure 2 shows a typical viewing 
window on a TI-84 Plus CE. 

To select the viewing window, values must be given to the following expressions: 


E Xmin: the smallest value of x 
i Xmax: the largest value of x 
Xscl: the number of units per tick mark on the x-axis 
Ymin: the smallest value of y 
Ymax: the largest value of y 
(b) y = 2x using Desmos Yscl: the number of units per tick mark on the y-axis 
Figure 1 Figure 3 illustrates these settings and their relation to the Cartesian coordinate system. 


t. 


NORMAL FLOAT ALTO REAL RADIAN MP 


ñ 
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Figure 3 
Figure 2 Viewing window on a 
TI-84 Plus СЕ 


If the scale used on each axis is known, the minimum and maximum values of 
x and y shown on the screen can be determined by counting the tick marks. Look 
again at Figure 2. For a scale of 1 on each axis, the minimum and maximum values 
of x are —10 and 10, respectively; the minimum and maximum values of y are 


B1 
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also —10 and 10. If the scale is 2 on each axis, then the minimum and maximum 
4 values of x are —20 and 20, respectively; and the minimum and maximum values of 


y are —20 and 20, respectively. 

Conversely, if the minimum and maximum values of x and y are known, the 
scales can be determined by counting the tick marks displayed. This text follows the 
practice of showing the minimum and maximum values of x and y in illustrations 
so that the reader will know how the viewing window was set. See Figure 4. The 
numbers outside of the viewing window stand for 


Figure 4 Xmin = —3, Хтах = 3, Xscl=1 
Ymin = —4, Ymax=4, Yscl=2 


Finding the Coordinates of a Point Shown on a Graphing Utility Screen 


Find the coordinates of the point shown in Figure 5. Assume that the coordinates 
are integers. 


NORMAL FLOAT AUTO REAL RADIAN MP ñ 


1 Solution First note that the viewing window used in Figure 5 is 


Xmin = 3, Xmax=3, Xscl=1 


E: 3 
Ymin=—4, Үтах = 4, Yscl=2 

Е. The point shown is 2 tick units to the left of the origin on the horizontal axis 

— ———— (scale = 1) and 1 tick unit up on the vertical axis (scale = 2). The coordinates of 

Figure 5 the point shown are (—2, 2). D 


B.1 Exercises 


In Problems 1—4, determine the coordinates of the points shown. Tell in which quadrant each point lies. Assume that the coordinates are integers. 


1. 2. 3. 4. 
NORMAL FLOAT AUTO REAL RADIAN MP ñ NORMAL FLOAT AUTO REAL RADIAN MP ñ E E 1 n 
10 10 ia | Er 
^ ^ 
а а 
a er ey r E E + 
5 [] f | < 10 To 
| 
-10 —10 | 
Н -10 


In Problems 5-10, determine the viewing window used. 


5 NORMAL FLOAT AUTO REAL RADIAN MP ñ 6 NORMAL FLOAT AUTO REAL RADIAN MP ñ 7. NORMAL FLOAT AUTO REAL RADIAN MP ü 


2 3 


-2 -1 


8. NORMAL FLOAT AUTO REAL RADIAN MP ü 9. NORMAL FLOAT AUTO REAL RADIAN MP ü 10. NORMAL FLOAT AUTO REAL RADIAN HP ü 


4 
edes 
-4 
4 | 10- | -8 
EN 
=12 


SECTION B.2 Using a Graphing Utility to Graph Equations ВЗ 


In Problems 11-16, select a setting so that each of the given points will lie within the viewing rectangle. 


11. (—10, 5), (3, —2), (4, -1) 
14. (—80, 60), (20, —30), (—20, —40) 


12. (5, 0), (6, 8), (—2, —3) 13. (40, 20), (—20, —80), (10, 40) 
15. (0, 0), (100, 5), (5, 150) 16. (0, —1), (100, 50), (—10, 30) 


B.2 Using a Graphing Utility to Graph Equations 


E mu 
Q в?+зу=36 
des 


Figure 6 6x? + 3y = 36 


A graph can be obtained by hand by plotting points in a rectangular coordinate 
system and connecting them. Graphing utilities perform these same steps when 
graphing an equation. For example, the TI-84 Plus CE determines 265 evenly spaced 
input values,* starting at Xmin and ending at Xmax; uses the equation to determine 
the output values; plots these points on the screen; and finally (if in the connected 
mode) draws a line between consecutive points. 

To graph an equation in two variables x and y using a graphing utility often 
requires that the equation be written explicitly in the form y = {expression in x}. 
If the original equation is not in this form, replace it by equivalent equations until 
the form y = {expression in х } is obtained. 


Steps for Graphing an Equation Using a Graphing Utility 


STEP 1: Solve the equation for y in terms of x. 

STEP2: Get into the graphing mode of the graphing utility. The screen will 
usually display Y, = , prompting you to enter the expression 
involving x found in Step 1. (Consult your manual for the correct way 
to enter the expression;for example, y — x? might be entered as x^2 
or as x*x or as x x? 2.) 

$ТЕР 3: Select the viewing window. Without prior knowledge about the 
behavior of the graph of the equation, it is common to select the 
standard viewing window** initially. The viewing window is then 
adjusted based on the graph that appears. In this text the standard 
viewing window is 


Xmin = —10 Xmax=10 Xscl=1 
Ymin = —10 Ymax=10 Yscl=1 


STEP 4: Graph. 
STEP 5: Adjust the viewing window until a complete graph is obtained. 


NOTE Some graphing utilities allow input of implicit equations. For example, Figure 6 shows the 


graph of 6x? + Зу = 36 using Desmos. п 
*These input values depend on the values of Xmin and Xmax. For example,if Xmin = —10and Xmax = 10, 
then the first input value will be —10 and the next input value will be —10 4 2 PS = —9.9242, 


and so on. 
**Some graphing utilities have a ZOOM-STANDARD feature that automatically sets the viewing window 
to the standard viewing window and graphs the equation. 
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Solution 


Figure 9 у = —-2x? +12 


Graphing an Equation on a Graphing Utility 
Graph the equation 6x? + 3y = 36. 
STEP 1: Solve for y in terms of x. 
6x? + Зу = 36 
Зу = —6x? + 36 Subtract 6x? from both sides. 
у = —2х? +12 Divide both sides by 3 and simplify. 


STEP 2: From the Y, = screen, enter the expression —2x? + 12 after the prompt. 
STEP 3: Set the viewing window to the standard viewing window. 
STEP 4: Graph. The screen should look like Figure 7 


STEP 5: The graph of y = —2x? + 12 is not complete. The value of Ymax must be 
increased so that the top portion of the graph is visible. After increasing the value 
of Ymax to 12, we obtain the graph in Figure 8. The graph is now complete. 


NORMAL FLOAT AUTO REAL RADIAN HP ü 


12 
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= 
Figure 7 y = —2x? +12 Figure 8 y = -2x? + 12 E | 

Look again at Figure 8. Although a complete graph is shown, the graph might 
be improved by adjusting the values of Xmin and Xmax. Figure 9 shows the graph 


of y = —2x? + 12using Xmin = —4 and Xmax = 4. Do you think this is a better 
choice for the viewing window? 


Creating a Table and Graphing an Equation 


Solution 


Create a table and graph the equation y — x?. 


Most graphing utilities have the capability of creating a table of values for an equation. 
(Check your manual to see if your graphing utility has this capability.) Table 1 illustrates 
a table of values for y = x? on a TI-84 Plus CE. See Figure 10 for the graph. 


Table 1 
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B.2 Exercises 
In Problems 1-16, graph each equation using the following viewing windows: 
(a) Xmin = —5 Xmax = 5 Xscl = 1 (b) Xmin = –10 Хтах = 10 Xscl = 2 
Ymin = —4 Ymax = 4 Yscl = 1 Ymin = —8 Ymax = 8 Yscl = 2 
lLy=x+2 2y=x-2 3. у= -x +2 4. y = -x -2 


5. у = 2х + 2 6. у —2x 2 7. у = 2х + 2 8. у = 2х – 2 


SECTION B.3 Using a Graphing Utility to Locate Intercepts and Check for Symmetry B5 


9 у= х? +2 10. у= x? — 2 П. у= —? +2 12. y= -x? – 2 
13. 3x + 2y = 6 14. 3x -2y = 6 15. —3x + 2у = 6 16. —3x – 2y = 6 
17-32. For each of the equations in Problems 1-16, create a table, -5 < x < 5, апа list points on the graph. 


B.3 Using a Graphing Utility to Locate Intercepts 


and Check for Symmetry 


Value and Zero (or Root) 


Most graphing utilities have an eVALUEate feature that, given a value of x, 
determines the value of y for an equation. This feature is useful for evaluating an 
equation at x = 0 to find the y-intercept. Most graphing utilities also have a ZERO 
(or ROOT) feature that is used to find the x-intercept(s) of an equation. 


NOTE Some graphing utilities automatically identify key points such as intercepts and intersection 
| points. For example, Figure 11 shows the graph of у = x? — 8 using Desmos where the intercepts 
Figure 11 у = x? – 8 are already identified. и 


Finding Intercepts Using a Graphing Utility 


Use a graphing utility to find the intercepts of the equation у = x? — 8. 


Solution ^ Figure 12(a) shows the graph of у = x? — 8 on a TI-84 Plus CE graphing calculator. 
The eVALUEate feature of a TI-84 Plus CE accepts as input a value of x and 
determines the value of y. Letting x = 0, we find that the y-intercept is —8. See 
Figure 12(b). 
The ZERO feature of a TI-84 Plus CE is used to find the x-intercept(s). See 
Figure 12(c). The x-intercept is 2. 
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Graphing the Equation y = т 


Graph the equation у = i Based on the graph, infer information about intercepts 
and symmetry. E 


Solution Figure 13 shows the graph. Infer from the graph that there are no intercepts; also 
infer that symmetry with respect to the origin is a possibility. The TABLE feature on 
a graphing utility provides further evidence of symmetry with respect to the origin. 
Using a TABLE, observe that for any ordered pair(x, y), the ordered pair(—x, —y) 
is also a point on the graph. See Table 2. 
(continued) 
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B.3 Exercises 


In Problems 1-6, use ZERO (or ROOT) to approximate the smaller of the two x-intercepts of each equation. Express the answer rounded 
to two decimal places. 


L y= x? +4x+2 2. у= х? + 4х – 3 3. у = 2x? + Ax +1 
4. у = 3x? + 5х +1 5. у = 2х2 - Зх – 1 6. у = 2x? – 4х – 1 


In Problems 7-12, use ZERO (or ROOT) to approximate the positive x-intercepts of each equation. Express each answer rounded to two 
decimal places. 


7. у = x? + 3.2х2 — 16.83x — 5.31 8. y = x? + 3.2x? — 7.25x — 6.3 
9. y = x^ — 1.4x? — 33.71x? + 23.94x + 292.41 10. y = x^ + 1.2x? — 7.46x? — 4.692x + 15.2881 
1l. y = x? + 19.5x? — 1021x + 1000.5 12. у = x? + 14.2x? — 4.8x — 12.4 


B.4 Using a Graphing Utility to Solve Equations 


For many equations, there are no algebraic techniques that lead to a solution. For 
such equations, a graphing utility is often used to investigate possible solutions. 
When a graphing utility is used to solve an equation, approximate solutions usually 
are obtained. Unless otherwise stated, this text follows the practice of giving 
approximate solutions rounded to two decimal places. 

The ZERO (or ROOT) feature of a graphing utility is often used to find 
the solutions of an equation when one side of the equation is 0. In using this 
feature to solve equations, make use of the fact that the x-intercepts (or zeros) 
of the graph of an equation are found by letting y — 0 and solving the equation 
for x. Solving an equation for x when one side of the equation is 0 is equivalent 
to finding where the graph of the corresponding equation crosses or touches the 
x-axis. 


| EXAMPLE 1 | Using ZERO (or ROOT) to Approximate Solutions of an Equation 


Find the solution(s) of the equation x? — 6x + 7 = 0. Round answers to two 
decimal places. 


Solution Тһе solutions of the equation x? — бх + 7 = 0 аге the same as the x-intercepts of 
the graph of Y, = x? — 6x + 7. Begin by graphing the equation. See Figure 14(a) 
for the graph using a TI-84 Plus CE. 

From the graph there appear to be two x-intercepts (solutions to the equation): 
one between 1 and 2,the other between 4 and 5. 

Using the ZERO (or ROOT) feature of the graphing utility, determine that the 
x-intercepts, and thus the solutions to the equation, are x — 1.59 and x — 4.41, 
rounded to two decimal places. See Figures 14(b) and (c). 


(continued) 
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A second method for solving equations using a graphing utility involves the 
INTERSECT feature of the graphing utility. This feature is used most effectively 
when one side of the equation is not 0. 


Using INTERSECT to Approximate Solutions of an Equation 
Find the solution(s) of the equation 3(x — 2) — 5(x — 1). 


Solution ^ Begin by graphing each side of the equation as follows: graph Y, = 3(x — 2) and 
Y, — 5(x — 1). See Figure 15(a) for the graph using a TI-84 Plus CE. 
At the point of intersection of the graphs, the value of the y-coordinate is 
the same. Conclude that the x-coordinate of the point of intersection represents 
the solution of the equation. Do you see why? The INTERSECT feature on a 
graphing utility determines the point of intersection of the graphs. Using this 
feature, find that the graphs intersect at (—0.5, —7.5). See Figure 15(b). The 
solution of the equation is therefore x — —0.5. Figure 15(c) shows the point of 
intersection using Desmos. 
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SUMMARY 


The following steps can be used for approximating solutions of equations. 
Steps for Approximating Solutions of Equations Using ZERO (or ROOT) 
STEP 1: Write the equation in the form {expression in x = 0. 
STEP 2: GraphY, = {expression in x}. 
Be sure that the graph is complete. That is, be sure that all the intercepts are shown on the screen. 


STEP 3: Use ZERO (or ROOT) to determine each x-intercept of the graph. 


Steps for Approximating Solutions of Equations Using INTERSECT 
$ТЕР 1: Graph Y, = {expression in x on the left side of the equation}. 


Graph Y, = {expression in x on the right side of the equation}. 


STEP 2: Use INTERSECT to determine each x-coordinate of the point(s) of intersection, if any. 
Be sure that the graphs are complete. That is, be sure that all the points of intersection are shown on the screen. 
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Solving a Radical Equation 
RU SAE CUTS a Find the real solutions of the equation V2x — 4 — 2 = 0. 


CALC Z 
1 


Solution Figure 16 shows the graph of the equation 


Y, = 42x —4 -2 
From the graph, there is one x-intercept near 6. Using ZERO (or ROOT), find that 
zero 7 the x-intercept is 6. The only solution is x = 6. 
si =0 
Figure 16 y = Y2x - 4 -2 J 


B.5 Square Screens 


Most graphing utilities have a rectangular screen. Because of this, using the same 
| settings for both x and y results in a distorted view. For example, Figure 17 shows the 
graphs of у = хапа y = —х using a TI-84 Plus CE with a standard viewing window. 


We expect the lines to intersect at right angles, but they do not. The selections 
for Xmin, Xmax, Ymin, and Ymax must be adjusted so that a square screen results. 
On the TI-84 Plus СЕ, this is accomplished by setting the ratio of x to y at 8:5.* 
For example, if 


TENT Xmin = —16 Ymin = —10 
Figure d7 y= xandy = x Xmax = 16 Ymax = 10 
using a standard viewing window 

then the ratio of x to y is 


Xmax — Xmin 16—(-16) 32 8 


Ymax — Ymin 10—(—10) 20 5 


for a ratio of 8:5, resulting in a square screen. 


| EXAMPLE 1 | Examples of Viewing Rectangles That Result in Square Screens 
(a) Xmin = -8 (b) Xmin = —16 (c) Xmin = —24 


Xmax= 8 Xmax= 16 Хтах = 24 
Xscl= 1 Хѕс1 = 1 Xscl= 3 
Ymin = —5 Ymin = —10 Ymin = —15 
Ymax= 5 Ymax= 10 Ymax= 15 
Үѕс = 1 Үѕс = 1 Үѕс = 3 B 
ee tl Figure 18 shows the graphs of y = x and y = —x on a square screen using the 
Figure 18 у = x andy = — viewing rectangle given in part (b). Notice that the lines now intersect at right angles. 
with a square screen Compare this illustration to Figure 17 


B.5 Exercises 


In Problems 1-4, determine which of the given viewing rectangles result in a square screen. 


1. Xmin = —6 Xmax = 6 Xscl=1 2. Xmin = —5 Xmax =5 Xscl = 1 
Ymin = —2 Ymax = 2 Yscl = 0.5 Ymin = —4 Ymax =4 Yscl =1 
3. Xmin= 0 Xmax = 16 Xscl = 4 4. Xmin = —10 Xmax = 14 Xscl = 2 
Ymin = —2 Ymax = 8 Yscl = 2 Ymin = —7 Ymax = 8 Yscl = 3 


*Some graphing utilities have a built-in function that automatically squares the screen. For example, the 
TI-84 Plus CE has a ZSquare function that does this. Some graphing utilities require a ratio other than 8:5 
to square the screen. For example, the HP 48G requires the ratio of x to y to be 2:1 for a square screen. 
Consult your manual. 
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5. If Xmin = —4, Xmax = 12, and Xscl = 1, how should Ymin, Ymax, and Yscl be selected so that the viewing rectangle contains 
the point (4, 8) and the screen is square? 

6. If Xmin = —6, Xmax = 10, and Xscl = 2, how should Ymin, Ymax, and Yscl be selected so that the viewing rectangle contains 
the point (4, 8) and the screen is square? 


B.6 Using a Graphing Utility to Graph Inequalities 


Graphing an Inequality Using a Graphing Utility 
Use a graphing utility to graph 3x + y — 6 < 0. 


Solution Begin by graphing the equation 3x + y — 6 = 0 (Y, = —3x + 6). See Figure 19. 

As with graphing by hand, select test points from each region and determine 

whether they satisfy the inequality. To test the point (—1, 2), for example, enter 
3(—1) + 2 — 6 € 0.See Figure 20(a). The 1 that appears indicates that the statement 
entered (the inequality) is true. When the point (5, 5) is tested, a 0 appears, indicating 
«6 that the statement entered is false. Thus, ( — 1, 2) is a part of the graph of the inequality, 
and(5, 5)is not. Figure 20(b) shows the graph of the inequality on a TI-84 Plus CE.* 
Figure 20(c) shows the graph using Desmos. 
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Figure 20 


Steps for Graphing an Inequality Using a Graphing Utility 
SrEP 1: Replace the inequality symbol by an equal sign, solve the equation for 
y, and graph the equation. 


STEP2: In each region, select a test point P and determine whether the 
coordinates of P satisfy the inequality. 


* Ifthe test point satisfies the inequality, then so do all the points in the 
region. Indicate this by using the graphing utility to shade the region. 


* If the coordinates of P do not satisfy the inequality, then neither 
will any of the other points in that region. 


*Consult your owner's manual for shading techniques. 


B.7 Using a Graphing Utility to Solve Systems 


of Linear Equations 


Most graphing utilities have the capability to put the augmented matrix of a system of 
linear equations in row echelon form. The next example, Example 6 from Section 10.2, 
demonstrates this feature using a TI-84 Plus CE graphing calculator. 
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| €XAMPLE1 | Solving a System of Linear Equations Using a Graphing Utility 


x= y+ z= 8 @) 
Solve: 1 2x + 3y – z=-2 (2) 
Зх —2y —9z= 9 (3) 


Solution Тһе augmented matrix of the system is 
1-1 1 8 
2 3 -1 | -2 
3 -2 -9 9 
Enter this matrix into a graphing utility and name it A. See Figure 21(a). Using the 


ref (row echelon form) command on matrix A, the results shown in Figure 21(b) are 
obtained. If the entire matrix does not fit on the screen, scroll right to see the rest of it. 
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Figure 21 (a) 


The system of equations represented by the matrix in row echelon form is 


2 2 
Е ME ee E 1 
1 3 3 3 x—3y 3z 3 (1) 
15 24 15 24 
— = = = эы 2 
* = aa^ 38 уч 7g A 
0 0 1 1 z= 1 (3) 
Using z = 1, back-substitute to get 
p= tyo 3(1) = 3 (1) а та 6 (1) 
3 3 
15 24 39 
—~(1)j=-=> (2) 2.2, =-==-3 (2 
Solve the second equation for y to find that у = —3. Back-substitute у = —3 into 
x= 2» = 6tofindthat x = 4.The solution of the systemisx = 4, y = —3, z = 1. 
8 


Notice that the row echelon form of the augmented matrix using the graphing 
utility differs from the row echelon form obtained in Example 6 of Section 10.2, 
yet both matrices provide the same solution! This is because the two solutions used 
rref (LAI) Frac different row operations to obtain the row echelon form. In all likelihood, the two 
solutions parted ways in Step 4 of the algebraic solution, where fractions were 
avoided by interchanging rows 2 and 3. 

Most graphing utilities also have the ability to put a matrix in reduced row 
echelon form. Figure 22 shows the reduced row echelon form of the augmented 
matrix from Example 1 using the rref command on a TI-84 Plus CE graphing 
calculator. Using this command, note that the solution of the system is still 
Figure 22 x=4y=-3,z=1. 
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B.8 Using a Graphing Utility to Graph a Polar Equation 


Most graphing utilities require the following steps in order to obtain the graph of a 
polar equation. Be sure to be in POLAR mode. 


Graphing a Polar Equation Using a Graphing Utility 
STEP 1: Set the mode to POLAR. Solve the equation for r in terms of 0. 


STEP 2: Select the viewing rectangle in polar mode. Besides setting Xmin, 
Xmax, Xscl, and so forth, the viewing rectangle in polar mode requires 
setting the minimum and maximum values for 0 and an increment 
setting for 0 (0step). In addition, a square screen and radian measure 
should be used. 


STEP 3: Enter the expression involving 0 that you found in Step 1. (Consult your 
manual for the correct way to enter the expression.) 


STEP 4: Graph. 


Graphing a Polar Equation Using a Graphing Utility 


Use a graphing utility to graph the polar equation rsin@ = 2. 
Solution — SrEP 1: Solve the equation for r in terms of 6. 
rsinü — 2 


p — —— 
sin 0 


STEP 2: From the POLAR mode, select the viewing rectangle. 


min = 0, Өтах = 2m, step = 24 
Xmin — —8, Xmax = 8, Xscl = 1 
Ymin = —5, Ymax = 5, Yscl = 1 


0step determines the number of points that the graphing utility will plot. For example, 
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E if 0step is 22 the graphing utility will evaluate rat? = 0 (0min), 24 24^ 54? an 
so forth, up to 27(бтах ). The smaller @step is, the more points the graphing utility 
-8 8 will plot. Experiment with different values for 0min, дтах, and 6step to see how the 
graph is affected. 
d STEP 3: Enter the expression = after the prompt r, = 
Figure 23 rsin 0 = 2 STEP 4: Graph. 
The graph is shown in Figure 23. _B 


B.9 Using a Graphing Utility to Graph Parametric Equations 


Most graphing utilities have the capability of graphing parametric equations. The 
following steps are usually required to obtain the graph of parametric equations. 
Check your owner’s manual to see how yours works. 
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Graphing Parametric Equations Using a Graphing Utility 


STEP 1: Set the mode to PARAMETRIC. Enter x(t) and y(t). 

STEP 2: Select the viewing window. In addition to setting Xmin, Xmax, Xscl, 
and so on, the viewing window in parametric mode requires setting 
minimum and maximum values for the parameter t and an increment 
setting for t (Tstep). 


STEP 3: Graph. 


Graphing a Curve Defined by Parametric Equations Using а 
Graphing Utility 


Graph the curve defined by the parametric equations 
x —3t*, y — 2t, -2«t«2 
Solution — SrEP 1: Enter the equations x(t) = 3¢2, y(t) = 2t with the graphing utility in 
PARAMETRIC mode. 
STEP 2: Select the viewing window. The interval is —2 < t < 2, so select the 


following square viewing window: 


Tmin — —2, Tmax — 2, Tstep — 0.1 


Xmin = 0, Xmax — 16, Xscl = 1 
Ymin = —5, Үтах = 5, Yscl = 1 
NORMAL FLOAT AUTO REAL RADIAN MP 
Choose Tmin = —2andTmax = 2 because—2 < г < 2. Finally, the choice 


i for Tstep will determine the number of points that the graphing utility will 


plot. For example, with Tstep at 0.1, the graphing utility will evaluate x and y 
ШЕ ee eer eee att = —2, —1.9, —1.8, and so on. The smaller the Tstep, the more points the 
graphing utility will plot. Experiment with different values of Tstep to see how 
the graph is affected. 


=H 


STEP 3: Graph. Watch the direction in which the graph is drawn. This direction shows 
Figure 24 the orientation of the curve. 
xX = 3t?,y=2t,-2<t<2 Using а TI-84 Plus CE, the graph shown in Figure 24 is complete. . B 


| Exploration 


Graph the following parametric equations using a graphing utility with Xmin = 0, Xmax = 16, 
Ymin = —5, Ymax = 5,andTstep = 0.1. 


1. x= —,y =t, -4<t<4 


2. x = 3t? + 12t - 12, y —2t- 4, -4«t«0 
3. x = 312/3, y = 2t, -8 <t < 8 
Compare these graphs to Figure 24. Conclude that parametric equations defining a curve are 


not unique; that is, different parametric equations can represent the same graph. | 
[ Exploration 


2 
In FUNCTION mode, graph x ЗУ Ё ү and Y, = ү with Xmin = 0, Xmax = 16, 


i Ymin = —5, Ymax = 5. Compare this graph with Figure 24. Why do the graphs differ? 
| 


^ 
^ 
| 


=> | 


Figure 25 NOTE Some graphing utilities input the parametric equations as an ordered pair. For example, 
xX = 312, у = 21, -2<t<2 Figure 25 shows the graph of x = 3t?, y = 2t, —2 < t € 2 using Desmos. а 


Answers 


CHAPTER F Foundations: A Prelude to Functions 
Е1 Assess Your Understanding (page б) 


7. x-coordinate or abscissa; y-coordinate or ordinate 8.quadrants 9.midpoint 10.Е 11.F 12.T 13.b 14.a 


15. (a) Quadrant II (b) x-axis 17. The points will be on a 19. V5 33. d( A, B) = V13 
(c) Quadrant Ш (d) Quadrant I vertical line that is 2 units 21, V10 d(B, C) = 413 | 
е) y-axis Quadrant IV to the right of the y-axis. : A= (-2,5) a 
(e) y (f) 8 y 23. 2V17 d( A, C) = 426 dps-o» 
25. 130 ii 2 J 2 J 2 с=(—1,0)}-—— 
"Y (VBP + (BÝ = (уу etna 
29, 46.89 ез 2.02 Area = B square units 
31. Va? + b? 2 
35. d( A, B) = 4/130 37. 1(А, В) = 4 39.(4,0) 41 (2 2) 
d(B, C) = V26 d(B, С) = Vat | d 
а 
АА, C) = 2426 d(A,C) = 5 43.(8, —2) 45. (5, 2) 


42 + 52 = (v41) 


Area = 10 square units 


СА = (4-3) 47.(5, 3) 49. (3, —13), (3, 11) 


(026) + (2426)? = (4130) 
Area = 26 square units 


51.(4 + 3V3, 0); (4 — 3V3,0) 53.(a)(-1,1) (b) (0, 13) 55.(1,2) 57. V17; 2V5; V29 
59.d(P,, P,) = 6; а(Р,, Pj) = 4; d(P,, P,) = 2V13;right triangle 6L d(P,, P) = 2417; d( P, Pj) = V34; d( P,, P,) = V34; isosceles right triangle 
63. 90V2 ~ 127.28 ft 65. (a) (90, 0), (90, 90), (0, 90) (b) 5/2161 ғ 232.43 ft (е) 304/149 ~ 366.20 ft 67.4 = 75t mi 
69. (а) (2.65, 1.6) (b) Approximately 1.285 units 71. $25,551.50; a slight overestimate 73. E >) 
75. Arrange the parallelogram on the coordinate plane so that the vertices are Р, = (0, 0), P = (a, 0), P = (a + b,c) and P, = (b, с). 
Then the lengths of the sides are d( Pj, Р,) = a, d( Pj, P) = Nb? + c?, d( P}, P,) = a,andd(P,, P,) = Nb? + c?,and the lengths 
of the diagonals are d( P,, P;) = V(a + b)? + c? andd(P,, P,) = N(a — b)? + c?. So, the sum of the squares of the lengths of the sides is 


a? + (vb? + e + а? + (Nb? + c = a? + b? + c? + a? + b? 4 c? = 2a? + 2b? + 2c?. The sum of the squares of the lengths of the diagonals is 


2 2 
(Ка + Б)? + с?) t (а —by + с?) = (а + by c? + (а — b)? + с? 2 a? + 2ab + b? + c? + a? —2ab4+ b? +c? 22a? + 2Ь? 4 2c?, 


F2 Assess Your Understanding (page 18) 


3. intercepts 4. у = 0 5.y-axis 6.4 7.(—3,4) 8.T 9.F 10.F 11.4 12.с 13.(0,0)isonthegraph. 15.(0, 3) is on the graph. 
17. (0, 2) and (v2, V2) are on the graph. 
19. (—2, 0), (0, 2) 21.(—4, 0),(0, 8) 23. (—1, 0),(1, 0,00, —1) 25. (—2, 0),(2, 0),(0, 4) 27.(3, 0),(0, 2) 


31. 33. 
y 
c2 D :) = (2,1) 
е Ше а ии ит 
ul. @=с»-)] 0-0-0 () =(-3,-)| 6 D Hui 
(c) = (73, —4) 1: (а) = (3, —4) Е i | : i (73, 74) (b) = (3, –4) 
39. 41. (a) (—1, 0), (1, 0) 43. @ (-2. 0}, (0, 1), (2,0) 45. (a) (0, 0) 
erem (b) Symmetric with respect to the : 2 (b) Symmetric with respect to 
@а) = (0 Hg HERR i : li Я р n (b) Symmetric with respect to the y-axis y А р 
өсе x-axis, the y-axis, and the origin the x-axis 
NS E 47. (a) (C2, 0),(0, 0),(2, 0) 49. (а) (х, 0), -2€ x € 1 51. (a) No intercepts 
tbt (b) Symmetric with respect to the origin (b) No symmetry (b) Symmetric with respect to the origin 


57. (—16, 0), (0, —4), (0, 4); symmetric with respect to the x-axis 

59. (0, 0); symmetric with respect to the origin 

61. (0, 9),(3, 0),(—3, 0); symmetric with respect to the y-axis 

63. (—2, 0),(2, 0),(0, —5),(0, 5); symmetric with respect to the x-axis, the y-axis, and the origin 
65. (0, —64),(4, 0); no symmetry 67. (0, —8),(4, 0),(—2, 0); no symmetry 

69. (0, 0); symmetric with respect to the origin 71. (0, 0); symmetric with respect to the origin 


AN1 
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75. 77а =-40ra=1 79. (а) (0, —5), (—V5, 0), (V5, 0) (0 es 
(b) Symmetric with respect to the y-axis (— A80) 
(2, — 
(-1, 


81. (a) (—9, 0), (0, —3), (0, 3) 83. (a) (0, 3),(0, —3), (—3, 0), (3, 0) 85. (a) (0, 0), (—2, 0), (2, 0) 
(b) Symmetric with respect to the x-axis (b) Symmetric with respect to the x-axis, (b) Symmetric with respect to the origin 
y-axis, and origin (с) 
(с) r+y=9 „УА... 
Circle, radius 3 5| (0, 3) 
(3,0 | Ne. 
ALIE 


87.(—1, 2) 89.4 

91. (a) 25 feet (b) 232 feet; 34.1 feet (c) (0, 6), The shot is released at a height of 6 feet; (48.7, 0), the shot hits the ground after traveling a 
horizontal distance of 48.7 feet. 

93. (а) $19.95; $19.95 (b) $182.45 (c) (0, 19.95), The membership plan costs $19.95 per month. 

95. (а) (0, 0),(2, 0),(0, 1),(0, —1) (b) x-axis symmetry 97. (0, 0),(—a, 0), (а, 0); symmetric with respect to the x-axis, the y-axis, and the origin 


ЕЗ Assess Your Understanding (page 32) 


1. (a) Rise = 2; Кип = 2; Slope = 1 (b)Slope = —2 (c)Slope = 0 (d)iiandiv (e)ii 


2.undefined;0 3.3;2 4T 5.Е 6.T 2m, = т,; у-іпіегсеріѕ; тут, = —1 8.2 9.-2 10.d 1.6 12.4 


13. (a) Slope = i 15. (a) Slope — E 17. Slope = E 19. Slope — E 21. Slope = 0 23. Slope undefined 
(b) If x increases by (b) If x increases В і 
2 units, у will increase by 3 units, y will ср 
р 5 
by 1 unit. decrease by 1 unit. s ш 
(7$ —1)у 2, -1) 


эз.у—2 = 3(x — 1) 35. y — 4 = —3(x - 2) 


peia | 31y 3 = 0 39.(2,6); (3, 10); (4, 14) 
Е Ed 41. (4, —7); (6, —10); (8, —13) 
43.(-1, —5); (0, —7); (1, —9) 


45.х - 2y = Dory = $x 47. х + y=2o0ry=-x+2 49.2х -y — 3ory —2x — 3 51.х+2у = 5ory IE 
53.3x — у = —9 or y = 3x + 9 55.х— 2у = lory Ls - 57. х — 2y = —5 0r y TEE 59.3x + y = 3ory = —3x + 3 
6l.x - y = -Aory =x + 4 63.x = 2;noslope-intercept form 65.y = 2 67.2х – у =—4ory = 2х + 4 


69. x - 2y = богу= $x 71. х = 4;no slope-intercept form 73.2x + y = O ory = —2x 75.2x + y=4ory=-2x+4 77у=4 


Foe Їз 
79. $1оре = 2; y-intercept = 3 81. Slope = 2; y-intercept = —2 83. Slope = » y-intercept = 2 85. Slope = E: y-intercept = 2 


2b ч 
87. Slope = 3° y-intercept = —2 89. Slope = —1; y-intercept = 1 


З 
95.Slope = 1; y-intercept = 0 97. Slope = » y-intercept = 0 


y 
DS 


101. (a) x-intercept: — 10; 
y-intercept: 8 


(b) 


Section F.4 AN3 


103. (a) x-intercept: 3; 105. (a) x-intercept: 2; 107. (a) x-intercept: 5; 109. у = 0 
y-intercept: 21 y-intercept: 3 y-intercept: —2 111. Parallel 113. Neither 
2 b (b) lix-y2-2oy2x42 


(b)... 1 
STON Мае esce gd 


119. P, = (-2,5), Р, = (1, 3), m, = -2; P, = (1,3), Р, = (-1,0, m, = 3; because mm, = —1,the 


lines are perpendicular and the points (—2, 5), (1, 3), and (—1, 0) are the vertices of a right triangle. 

121. Р, = (1,0), Р, = (2,3),m = 1; Р, = (1, –2), P, = (4,1), т = 1; P, = (-1,0), P, = (1, —2), m = -5 Р, =(2, 3), Р, = (4, 1), m=- 1; 
opposite sides are parallel, and adjacent sides are perpendicular; the points are the vertices of a rectangle. 

123.C = 0.60x + 39; $105.00; $177.00 125.С = 0.16x + 4880 


127. (a) С = 0.11056x + 8.99,0 € x < 1000 129.°С = SCF — 32);approximately 21.1°C 131. (a) y = E 4-30 (b) x-intercept: 375; 


(b) EA (1000, $119.55) The ramp meets the floor 375 in. (31.25 ft) from the base of the platform. (c) The ramp does 


А not meet design requirements. It has a run of 31.25 ft. (d) The only slope possible for the 
g ramp to comply with the requirement is for it to drop 1 in. for every 12-in. run. 
5 133. (а) А = ix + 20,000 (b) $80,000 
kWh (c) Each additional box sold requires an additional $0.20 in advertising. 

(c) $3110 (d) $64.27 135. 2, 2, : 137. | er 2 3 139. b,c,e,g 141.с 147. №; по 

(e) Each additional KWh шеша 149. They аге the same line. 151. Yes, if the y-intercept is 0. 154.x4y! 155.17 
$0.11056 to the bill. 
= ——————— ++ _ ES _1 

156. {3 — 2V6,3 + 24/6} 157.{х11 < x < 4} or (1,4) 1 +P 158.(—00, 12] 159. e: 160. 1 


161.2х + 1 + 24x(x +1) 162.{4, 9} 


F4 Assess Your Understanding (page 40) 


3. (a) Center (0, 0); radius 1; х? + y? = 1 (b)x? у? = 9 (е) х? + y? = 25 (4) Center (2, 1); (x — Dye als (у— 1?21 
(e) Center ( —2, 1); (x + 2)? + (y- 1) =1 ($ Center (—2, —2); (x + 2)? + (y+ 2) 21 (g) Center (5, —7); radius 6 

4. (a) Center(4, 0); (x — 4)? + y? = 9; № y-intercepts; x-intercepts: 1,7 (b) Center (4, —3); (x — 4)? + ( yc 3)? = 9:;No y-intercepts; x-intercept: 4 
(о) (x — 4)? + (y + 4)? = 9; № y-intercepts; No x-intercepts (d) One x-intercept (e) Noy-intercepts 5.F 6.radius 7T 8.F 9.d 10.a 


d NETS 2 2 5 А NDS 7 5\2 2 9 
11. Center (2, 1);radius = 2; (х – 2) + (у -– 1) = 4 13. Center (7. 2} radius 2? (x 2) + (у = 2) = 4 
15.x2 + y? = 4; 17. x? + (y -2% = 4; 19. (x — 4)? + (y + 3)? = 25; 21. (x + 2)? + (y - 1) = 16; 
х2 +у2- 4 = 0 x? + у? – 4у = 0 х? + у? – 8х + бу = 0 x? + y? + 4х -2y - 11 = 0 
т 25. (x — 5 + (у +1)? = 13; 27. (a) (h, k) = (0, 0); г = 2 
x? + y? — 10x + 2у + 13 = 0 (Б) 24. 
CLIE 
(© (+2, 0); (0, +2) (©) (1, 0);(5, 0) 
1 
31. (а) (h, k) = (1,2); = 3 35. (a) Ch, k) = ( “jr =; SU LER ee ed 


Ф). 


) oy 


(с)(1 + V5, 0); (0,2 + 242) ()(—2 + V5, 0); (0, 2 + V5) (0(00-D — (o (3 + V21, 0); (0, —6), (0, 2) 


AN4 Answers: Chapter 1 


39. (a) (h, k) = (2, 0); = 2 4. х2 + у? = 13 43.(х +1) + (у -3? = 5 45.(х – 2) + (y - 4) = 64 
47. с 49.b 51.7х + 5у = 18 53. у = 2 55.18 units? 57. х2 + (y — 139)? = 15,625 
59. х2 + (у — 49.5? = 3660.25 61.(х — 2)? + (у -3? = 9 63.(х +1 + (у – 3)? = 1 


(c) (0, 0),(—4, 0) 


ЕЕ = 2 
65. (a) х2 + (mx + b) = r? (x = зт сс заре m = к. 
(1 + m?)x? + 2mbx + b? — r? = 0 Em : 
Th à Ке т?т r?m? —r?m? +b? rm 
e equation has one solution if and y=m b b b | Б b 


only if the discriminant — 0. 


2 
(2mb) — 4(1 + m?)(b? – r?) = 0 The slope of the line joining the center to the point of tangency = —7 = Я 
4b? + 4r? + Am?r? = 0 —г?т/Ь т 


т2(1+т?)=Ь? 


(c) The slope of the tangent line = m. 
р 8 ph b 1 


67. 2x + 4y = 942 


69. The center of the circle is 


(5275. nA) and the radius is kon = x3) + (y, = у,)?. Then the equation of the 


circle is | x 


atm) | yi + У 
2 TM 2 


2 2 
xy +x iS 1 
Cat my ya yy, ж) Qı = QUE — 2012 + x} + Yt - 201) + у] 


4x? — Axyx — 4хух + x? 2x,x, + x3 + 4y? — Ayyy — Aysy + y? + 2yiy + YZ = xp — 2х, + XZ + yt — 2ууу, + у? 
4x? — 4хух — Ax4x + 4x,x, + Ay? — 4yiy — 4у,у + 4уу = 0 


2 
1 ; ; 
| 4109 x2)? + (y, — y; |. Expanding gives 


x? — x(x4 + x4) + 


x? — xx х + XiX, + y? — yy — yay + ууу, = 0 
x(x—x,)— x(x —x,) + X(y- у) = y(y-y))-0 
(х= х1)(х- х5) + (yY — у)(у- у) = 0 


71. b,c, e, g 


CHAPTER 1 Functions and Their Graphs 


1.1 Assess Your Understanding (page 58) 


7. independent; dependent 8.a 9.c 10.F 11.F 12. verbally; numerically; graphically; algebraically 13.F 14. Е 
15. difference quotient 16. explicitly 
17. (a) Domain: { 0, 22, 40, 70, 100} in °C; 

Range: (1.031, 1.121, 1.229, 1.305, 1.411} in kg/ m? 


(b) Temperature, °С Density, kg/m 
0 — > 1411 
2 ——————- 1.305 
40 ————_ 1229 
70  ——————— 1121 


100 ——— 1.031 


(c) {(0, 1.411), (22, 1.305), (40, 1.229), (70, 1.121), (100, 1.031)} 
19. Domain: { Elvis, Colleen, Kaleigh, Marissa }; Range: { January 8, March 15, September 17}; Function 
21. Domain: (20, 30, 40}; Range: { 200, 300, 350, 425}; Not a function 23. Domain: ( —3, 2, 4}; Range: (6, 9, 10}; Not a function 
25. Domain: (1, 2, 3, 4}; Range: {3}; Function 27. Domain: { —4, 0, 3}; Range: (1, 3, 5, 6}; Not a function. 29. Domain: (—1, 0, 2, 4}; 
Range:(—1, 3, 8}; Function. 31. Function 33. Function 35. Not function 37. Not function 39. Function 41. Not a function 
43.(a)—4 (b)1 (09-3 (0) 3х2 – 2x —4 (ej-3x?-2x +4 (£) 3х? -8x +1 (g) 12x? + 4x – 4 (h) 3x? + 6xh + 3h? + 2x + 2h — 4 
45.(a)0 005 (0-2 @ sO 02-4 061: 92 ET „т 41604 ®5 (95 Mixi+4 
1 3 1 2x —1 —-2x —1 2€? 


5 069-5 © Os Cx-5 Зх —2 


51. All real numbers 53. All real numbers 55.{x|x = —4,x = 4} 57. {х|х = 0) 59.(x|x > 4} 


()-1x|i - 4 Olx+1 +4 (8) 21х1 +4 Wix+h +4 49. (а) 
4х +1 2х+2һ+1 
h 
Menos Partas 
61.{х|х = —2,-1} 63.{x|x > 4} 65.(t]t > 4,1 = 7} 67Allrealnumbers 69. {|  —2,t = 7} 
71. (a) (f + g)(x) = 5x + 1;All real numbers (b)(f — g)(x) = x + 7;All real numbers (c)(f · g)(x) = 6x? — x — 12; All real numbers 


«(7 — = $, fx xx >| (е) 16 (f11 (g)10 (h)—7 73.(a)(f + g)(x) = 2x? + x — 1; All real numbers 


2 


(b) (f — g)(x) = —2x? + x — 1; All real numbers (c)(f : g)(x) = 2x? — 2x?; All real numbers ө [2 = n 
g х 


(е) 20 (£—29 (6) 8 (0 75. (а) (7 + g)(x) = Ух + 3х – S {х|х > 0} (b)(f — g)(x) = Vx — 3x + 5 (xix > 0) 
Ух ILE 
Зх —5' 


jo = 


{x|x = 0} 


(Ot xao avs — SVI; {х|х > 0} «£o = 20x23) «4 (0-5 (0-7 w- 


g 


Section1.2 AN5 


тт. (а) (7 + gx) = 1+ S {ale = 0) OF- 00 = 1; {ale #0} (QU 00 = E + d (јх = 0} 


EET 5 3 _ 6x 4 3, 2 
ө [јо = х+ Ge = 0 e$ O1 ei m2 eo oc = 3 {х]х = 2] 
S | 0—2x +3, 2 | _ 8x? + 12x, 2 f | 2x 4-3, 2 
WF 0) = uA =} eco (32-2) {|x = 3} «£o acp rr 
M ү3З ER " 20 
(е) 3 0-7 (9; а 81.g2(x) = 5 2* 83.4 85.2x +h 81.2x + h—1 89. (x 4h 3Y4x 3) 


6 1 2x +h 97, 2x + h 


91. 93. 95. 
(х + 3)(x + А + 3) М + А-2 + Ух 2 x?(x + А)? V4—(x +h)? + V4—x2 
103.A = —4 105. A(x) = Ie 107.G(x) = 16x 109. (а) 15.1 m, 14.071 m, 12.944 m (b) 1.01 sec, 1.43 sec, 1.75 sec (е) 2.02 sec 


99.{-2,4} 101A = E 


111. (a) $222 (b)$225 (c)$220 (d)$230 113. R(x) = po 115. H(x) = Р(х): I(x) 117. (a) P(x) = —0.05x3 + 0.8x2 + 155x — 500 
Ed 


(b) P(15) = $1836.25 (е) When 15 hundred smartphones are sold, the profit is $1836.25. 119. (a) D(v) = 0.05v? + 2.6v — 15 
1 


b)321feet (c) The car will need 321 feet to stop once the impediment is observed. 121. 
T 9 Р И (x + hy? + хх + А)? + 2/5 


123. {x|-2 <x< 2] 125. H(x) — x 


1.2 Assess Your Understanding (page 66) 


3. vertical 4.5; -3 5.4 = —2 6.F 7.Е 8.Т 9.c 10.a 

11. (a) (0) = 3; f(-6) = -3 (b) f(6) = 6f(11) = 1 (е) Positive (d) Negative (e)—3,6,and10 (f)-3 < x < 6;10 < x < 11 
(g) {x|-6 <x <11} ()(yl-3€ y < 4} ()-3,610 G3 (k)3times (Once (m)0,4 (п)—5,8 (о) —3, 6, 10 

13. Not a function (a) Domain: (x|x < —1 or x > 1}; Range: all real numbers (b) (—1, 0), (1,0) (c) x-axis, y-axis, and origin symmetry 

15. Function (a) Domain: { х|-т € x € т}; Range:{y|-1 € y € 1} e»(-7 0). (= ,0), (0,1) (©) y-axis 

17. Not a function (a) Domain: { х|х < 0}; Range: all real numbers (Б) (0, 0) (c) x-axis 


19. Function (a) Domain: (x|0 < х < 3}; Range:{y|y < 2} () (1,0) (c) None 

21. Function (a) Domain: all real numbers; Range: { yy < 2} (b)(—3, 0), (3, 0), (0, 2) (c) y-axis 
23. Function (a) Domain: all real numbers; Range: { у|у > —3} () (1, 0), (3, 0), (0, 9) (c) None 
25.(a) Yes (Ы) f(-2) = 8 (-2,8) (0 or 5 (0, -2), (-4, 
27. (а) Мо (b) f(4) = —3; (4, -3) (0) 14;(14, 2) (d)ix|x 6} (e-2 (f) а (g) -2 
486. (s 486 v3 zd УЗ i E 


5 5 E E. 3’ g^ 


31. (а) 3 (b-2 (0) –1 (d (e2 0-1 


2) (d) All real numbers (е) 12 (0-2 (p 1,4 


29. (а) Yes (b) f(3) = 


1) (d) АП real numbers (е) 0 (00 (9) 0 


33. (а) Approximately 10.4 ft high 35. (a) About 81.07 ft (b) About 129.59 ft (c) About 26.63 ft; 
(b) Approximately 9.9 ft high The ball is about 26.63 feet high after it has traveled 500 feet. 
(0n _ (d) The ball will not go through (d) About 528.13 ft 
the hoop; (15) z 8.4 ft. If (е) BEIM (f)About115.07 ft and 413.05 ft 


y — 30 ft/sec, h(15) — 10 ft. (g) 275 ft; maximum height shown in 


the table is 131.8 ft (h) 264 ft 


39. (a) $50; It costs $50 if you use 0 gigabytes. (b) $50; It 
costs $50 if you use 5 gigabytes. (c) $150; It costs $150 
if you use 15 gigabytes. (d)(g|0 < g < 30}. There are 
at most 30 gigabytes used in a month. 


41.420 43. The x-intercepts can number anywhere from 0 to 


infinitely many. There is at most one y-intercept. 
| (e) 600 mi/h 45. (а) IH. (b) IV (œI (d)V (e)II 


47. 49. (a) 2 hr elapsed during which Kevin was between 0 and 3 mi from home (b) 0.5 hr elapsed during which Kevin 


was3 mifrom home (c) 0.3 hr elapsed during which Kevin was between 0 and 3 mi from home (d) 0.2 hr 
elapsed during which Kevin was 0 mi from home (e) 0.9 hr elapsed during which Kevin was between 0 and 
2.8mi from home (f) 0.3 hr elapsed during which Kevin was 2.8 mi from home  (g) 1.1 hr elapsed during which 
Kevin was between 0 and 2.8 mi from home  (h)3mi (i) Twice 51. No points whose x-coordinate is 5 or whose 
y-coordinate is 0 can be on the graph. 


Distance (blocks) 


Time (minutes) 


(6,0) 


AN6 Answers: Chapter 1 


1.3 Assess Your Understanding (page 80) 

6.increasing 7. суеп; ода 8.T 9.T 10.Е 11.с 12.d 13. Yes 15.No 17.[—8, —2]; 1 ; 15, 7] 19. Үеѕ;10 21.—2,2;6,10 

23. f(—8) = —4 25. (а) (—2, 0), (0, 3), (2,0) (b) Domain: (x|-4 < x < 4}ог[-4, 4]; gran < y € 31 0r[0,3] (c) Increasing 
on [—2, 0] and [2, 4]; Decreasing on [—4, —2]and [0,2] (d) Even 27. (а) (0, 1) (b) Domain: all real numbers; Range: ( y|y > 0} or (0, oo) 
(c) Increasing оп (—оо, оо) (d) Neither 29.(a)(—7,0), (0,0), (7, 0) (b) Domain: { х|-т € x € «jJ or[—m t]; 


Range:(y|-1 € y € 1) or[-1, 1] (c) Increasing on |-3, z; Decreasing on |- T, -7 апа (Z n] (d) Odd 
31. @ (0. i) (5. 0), (3. 0) (b) Domain: {x|—3 € х € 3} or [—3, 3]; Range: {y|—-1 € y € 2} or[-1, 2] (c) Increasing on [2, 3]; Decreasing 


on [-1, 1]; Constant on [—3, —1]and [1,2] (d) Neither 33. (а) 0;3 (b)—2,2;0,0 35. (a) gi 1 (b) E —] 37 Оаа 39.Even 41. Оаа 


43. Neither 45. Even. 47. Оаа 49. Absolute maximum: f(1) = 4; absolute minimum: f(5) = 1; local maximum: f(3) = 3; 
local minimum: f(2) = 2 51. Absolute maximum: f(3) = 4; absolute minimum: f(1) = 1; local maximum: f(3) = 4; local minimum: f(1) = 1 
53. Absolute maximum: none; absolute minimum: f (0) = 0; local maximum: f(2) = 3; local minima: f(0) = 0 and f(3) = 2 
55. Absolute maximum: none; absolute minimum: none; local maximum: none; local minimum: none 
[i] 61. VIELE 


Ry ABNORMAL FLOAT AUTO REAL RADIAN HF 63. NORMAL FLOAT AUTO REAL RADIAN MP 


[i 


ri] 59 NORMAL FLOAT AUTO REAL RADIAN HF 


| | i 
if £ 
| | 
| 
| 0 2 -05 —20 Е 0 2 
Increasing: [—2, —1], [1, 2] Increasing: [—2, —0.77], [0.77, 2] Increasing: | —3.77, 1.77] Increasing: [—1.87, 0], [0.97, 2] 
Decreasing: [—1, 1] Decreasing: ( —0.77, 0.77] Decreasing: | —6, —3.77], [1.77, 4] Decreasing: ( —3, —1.87], [0, 0.97] 
Local maximum: f(—1) = 4 Local maximum: f( —0.77) = 0.19 Local maximum: f (1.77) = —1.91 Local maximum: f(0) = 3 
Local minimum: f(1) — 0 Local minimum: f(0.77) — —0.19 Local minimum: f(—3.77) = —18.89 Local minima: f(—1.87) = 0.95, 
f(0.97) = 2.65 


65.(a)—4 (b)-8 (с)—10 67. (а) 15 (b-3 (99 69.(a)5 (Б) у = 5х – 2 7L.(3)-1 (by--x 73.(a)4 (Б) у = 4x – 8 
75. (а) Odd (b) Local maximum value is 54 atx = —3. 77. (а) Positive (b) Increasing (с) Positive (d) Negative 
(е) Decreasing (Ё) Negative (g)0 79. (а) Even (b) Local maximum value is 25 at x = —2. (с) 50.4 sq. units 


81. (а) aia)  83.(a) On average, the population 85. (a) 1 (b)OS (c)O.1 (d) 0.01 87. (a) 2 (Б) 2;2;2;2 
is increasing at a rate of (e) 0.001 (с) у = 2х + 5 
0.036 g/h from 0 to 2.5 h. EU 


(b) On average, from 4.5 to 6 h, 
the population is increasing 
at a rate of 0.1 g/h. 

(c) The average rate of change 


(b) 10 riding lawn mowers 


(c) $239/mower is increasing over time. 
(g) They are getting closer to the 
tangent line at (0, 0). 
(h) They are getting closer to 0. 
1 2 + V19 
89. (a)2x + h+ 2 91. (а) 4x + 2h — 3 (b) 2; 12; 1.02;1 93. (a) “Gt es an 
(b) 4.5; 4.1; 4.01; 4 (c) y = 1.02x — 1.02 b 10. 100, 4 
(c) y = 4.01x — 1.01 (d) NORMAL FLOAT a REAL RADIAN МР ñ ( 2; ETE 710r zs 
(d) NORHAL FLOAT AUTO REAL RADIAN MP ü (c уу = __ 100 . х + 201 
к ud 2 


101 101 
(d) Ы 


97. (а) R(0) = R(100) = $0. R(0) = $0 because if the tax rate is 0%, 
the federal revenue will be $0. R(100) = $0 because if the tax rate 
is 100%, then people are completely disincentivized to work. 

(b) Answers may vary (c) The Extreme Value Theorem. 


101. Yes; the function f(x) = 0 is both even and odd. 103. Not necessarily. It just means f(5) > f(2). 105. At most one 


1.4 Assess Your Understanding (page 92) 
4.(—оо, 0] S5.piecewise-defined. 6. T 7Е 8F 9.b 10.a ILC 13.E 15.В 1ЖЕ 


Section1.5 АМ7 


27. (a)—9 (b)4 (с)7 29.(a)0 (b)4 (с)6 (d) 26 


31. (a) All real numbers 33. (a) All real numbers 35. (a) (x|x > —2}; [-2, оо) 37. (a) АП real numbers 
(b) (0, 1) (b) (0, 3) (b) (0, 3), (2, 0) (b) (—1, 0), (0, 0) 
(c) (c) (c) 


(d) {у|у = 0}; (оо, 0) U (0, оо) (d) {y|y > 1}; (1, оо) (d) {уу < 4,y = 5}; (705 4) U {5} (d) All real numbers 


39. (а) {x|x > —2, x = 0}; [—2, 0) О (0, оо) 41. (a) Domain (0, со) 43. f(x) = 
(b) No intercepts (b) No intercepts 
(€) А. 


—x Ї—1<х<0 
ix if O<x<2 
—x ifx <0 


—x+2 if0<x<2 
47. (a)3 (b)5 (с)—8 


45. f(x) = | 


(d) Range:(0, 7] 


(b) [0, 6] 53. (a) $26.97 
(c) Absolute maximum: f(2) — 6; (b) $49.49 
absolute minimum: f(6) — —2 icit = | 0.24863x + 22.00 if0 € x < 50 
51. (a) $34.99 0.30123x + 19.37 ifx > 50 
(b) $64.99 
(c) $184.99 Usage (therms) 
0.10x if 0<x< 10275 57 LM зоо, 220 те РРА 
1027.5 + 0.12(х — 10,275) if 10,275 «x < 41,775 É a0 57 060,270) seach T Gn pue 
4807.5 + 0.22(x — 41,775) if 41775 «x € 89,075 £ 70400, 170) | iila 
55. f(x) = | 15,213.50 + 0.24(x — 89,075) if 89,075 < x < 170,050 RM i вәба) Сб) = | x к Б : , ue 
34,647.50 + 0.32(x — 170,050) if 170,050 « x € 215,950 (0, 0) — 1000 x 3550 Pos 2 И 2 n 
49,335.50 + 0.35(x — 215,950) if 215,950 < x < 539,900 Distance (miles) 1500. 4f 5 740 = 
162,718.00 + 0.37(x — 539,900) if x > 539,900 (b) C(x) = 10 + 0.4x = 
(с) C(x) = 70 + 0.25x (b) 82250 (c) $8250 
61. (а) 10°С (b) 4C (с)—3°С (d) —4°C 116 if O<x<1 
(e) The wind chill is equal to the air temperature. 136 if 1<x<2 
(f) At wind speed greater than 20 m/sec, the wind chill factor 156% 2ee<3 
depends only on the air temperature. 195 3<х<4 
—2x +4 if x <0 196 if 4<x<5 
65. f(x) + g(x) = Зх —4 if O<x<2 216 if 5<х5<6 
x? +6х-7 if x >2 63.C(x) = і 2.36 if 6<x<7 


2.56 if 7<х<8 
2.76 if 8<x<9 
2.96 if 9<x< 10 Weight (ounces) 
3.16 if 10<x<11 
3.36 if 11« x € 12 
3.56 if 12 « x «€ 13 


67. Each graph is that of y = х2, but shifted horizontally. If y = (x — k)?, k > 0, the shift is right k units;if y = (x + k)’, k > 0,the shift is left k units. 
69. The graph of y = —f(x)is the reflection about the x-axis of the graph of y = f(x). 71. Yes. The graph of y = (x — 1)? + 2 is the graph 
of y = х? shifted right 1 unit and up 2 units. 73. They all have the same general shape. All three go through the points (—1, —1), (0, 0), and (1, 1). 
As the exponent increases, the steepness of the curve increases (except near x — 0). 


1.5 Assess Your Understanding (page 106) 


5.horizontal;right 6.y ЖЕ 8.Т 9.d 10.b 1LB 13.Н 15.1 17.1. 19.F 21.6 23.у = (х- 4) 25.y =x +4 2у=—х? 
29.y = 5x3 ЗІ. y = (2x)? = 8x3 33.у = —(/—х +2) 3&y 34x + 5 + 4 37.с 39.c 


ANS Answers: Chapter 1 


Domain: (—oo, оо); Domain: [0, со); Domain: [—2, оо); Domain: (—oo, оо); Domain: [0, 00); 
Range: [—1, oo) Range: [0, оо) Range: [0, оо) Капре:(—оо, оо) Range: [0, оо) 


57. 


"m 


4,06 
LITT LS X 
CED 


Domain: (—co, ost: Domain: (—6бо, оо); Domain: [2, оо); Domain: (оо, О]; Domain: (—oo, оо); 
Range: (—oo, оо) Range: [—3, оо) Range: [1, oo) Range: [—2, oo) Range: (—оо, оо) 


65. (а) F(x) = f(x) + 3 (b) G(x) = f(x + 2) 


Domain: (—оо, оо); Domain: (—oo, 0) U (0, оо) 


Range: [0, оо) Range: (—oo, 0) U (0, оо) 
(c) Р(х) = —/(х) (d Н(х) = f(x+1)-2 (Q(x) = fon (f g(x) = f(-x) (в) A(x) = f(2x) 


67. (a) F(x) = f(x) +3 (b) G(x) = f(x + 2) (c) P(x) = —f(x) 


т. f(x) = (x = 4)? – 15 73. f(x) = 2(x — 3? +1 


75. f(x) = -3(x +2)? —5 77. (a) -2andl (b)—3 and5 
(c) -5and3 (d) -3 and 5 
79. (a) [-3, 3] (b) [4, 10] 
(c) Decreasing on [—1, 5] 
(d) Decreasing on [—5, 1] 


83. (a) (—2, 2) 
(b) (3, —5) 
(с) C-1, 3) 


Section1.7 AN9 


89. (a) 72°F; 65°F (c) The time at which the 
(b) The temperature decreases by 2° temperature adjusts 
to 70°F during the day and 63°F between the daytime 
overnight. and overnight settings 
" T is moved to 1 hr sooner. 
— 76 


It begins warming up 


pater — at 5:00 am instead of 
2 64 инин ин! 6:00 Ам, and it begins 
EE ар кви) cooling down at 8:00 pm 
"F 0 510152025 í instead of 9:00 рм. 
Time (hours after 
320 midnight) "s 
256 = 
| 197 гт 
| | 128 E coo 
elie ACTE s 68|- 
(0, 32) 273, 32) EET IR: 
0 2040 60 80 100 °C 0 280310 350 K EKO pe e e e e e 
0 510152025 7 
95. [4, 8] 97. The graph of y = 4 f(x) is a vertical stretch by a factor of 4. The graph of y = f(4x)is a horizontal add 
compression by a factor ott. 99, sq, units 101. The domain of g(x) = Vx is [0, oc). The graph of g(x — k)is 
the graph of g shifted k units to the right, so the domain of g(x — k) 15 [k, оо). 
1.6 Assess Your Understanding (page 113) 
1. (а) d(x) = Vx* — 15x? + 64 3. (a) d(x) = Vx? –- х +1 5. A(x) = Is 7. (a) A(x) = x(16 — x?) 
(b) d(0) = 8 (b) NORMAL FLOAT AUTO REAL RADIAN МР ñ (b) Domain: {х|0 eS 4} 
(с) d(1) = 450 ж 7.07 2 (c) The area is largest when x ~ 2.31. 


ыш RORMAL FLOAT AUTO REAL RADIAN HF ñ 
| 


(с) dis smallest when x = 0.5. 


v3 
(e) d is smallest when x ғ —2.74 or x = 2.74 @ 2 ш 


(4) The largest area is approximately 
24.63 square units. 


= 2 
9. (a) A(x) = Ax A — x O) р(х) = 4x + 4/4 x? maA =? + 04004 957 —— aC 
. . T 
(epus паа ~ 1.41. (d)pislargest when x ~ 1.41. (b) Domain: {x|0 < x < 2.5} (b) A(x) = x 


NORHAL FLOAT AUTO REAL RADIAN МР ñ 


4т 


(c) A is smallest when x ~ 1.40 m. 15. (a) A(r) = 27? 


i NORMAL FLOAT AUTO REAL RADIAN FP 
П. - (b) pr) = 6r 
f | 17. A(x) = G-$) 
| | [ 3 4 
0 : o 2 | 
f 
05 2 
— py = [2 
19. (a) dt) = 4250002 — 360г + 13 21.V(r) = чек тт 23. (a) T(x) I B m 7 4 25. (a) V(x) = x(24 — 2x)? 
(b) dis smallest when t ~ 0.07 hr. (b) (x|0 < x < 12} (b) 972 іп. (е) 160 in.’ 
OP FLOAT RUTO REAL RADIAN HP [у (с) 3.09 hr (d) V islargest when x — 4 in. 
| (d) 3.55 hr NORMAL FLOAT AUTO REAL RADIAN MP t 
| 9000 
н: 27. (a) C(x) = —— + 1.60x + 2910 
x 


(b) The retailer should order 75 drives per order for a 
minimum yearly cost of $3150. 


(e) The largest volume is 1024 in.? 
1.7 Assess Your Understanding (page 119) 


2 3 
Ly-kx AF 3b 4c Sy = is T.A = nx? or = 27 11: = то? + y2) 13. м = 20 15.7? = ŠE ту = r 


19. А = jh 21.F = 6.67 х 10-n (A) 23.p = 0.00649B; $941.05 25.144 ft:2 sec 27.225 29.R = 3.955; $41.48 


31. (a) D = 22 (b) 143 bags 33. 450 cm? 35.124761b 37.У = «r?h 39. 0.012 foot-candle 41. V6 ~ 1.82 in. 43. 2812.5 joules 45.384 psi 
P 


AN10 Answers: Chapter 1 


Review Exercises (page 124) 


1. (a) Domain: (8, 16, 20, 24}; range: ($6.30, $12.32, $13.99 } 2. Domain: {—1, 2, 4}; range: {0, 3}; function 

(b) {(8, $6.30), (16, $13.99), (20, $12.32), (24, $13.99) } 3. Domain: {2, 4}; range: {—1, 1, 2}; not a function 
4. Domain: [—1, 3] ; range: [—2, 2]; not a function 
5. Domain: all real numbers; range: [—3, oo); function 


(c) Batteries, x Price, y (d) » 
20 


8 —— — —po $630 géHE шул (-2 @- 2 @-—34 oft р. 6х 
10 EE Eae 232 x?-1 x?-1 x? — 4x +3 4x? — 1 
Ы $12.32 (6.630) S 70 (50 (© Vx2—4 (d-Jx?—4 (е) Ух? -4x (f) 2Vx? -1 
2 = 2 =, == 2 — 
20 wo DE &(0 wo (93—— 5 w- H (939 —9 H 
x2 x2 (x 2) x? 
24 > $13.99 9.{x|x = —3,x = 3} 10.{x|x € 2} IL {хх = 0} 
12. {x|x = -3,x #1} 13.[-1,2)U(2,c) 14.{x|x > —8} 
15.(f + g)(x) = 2x + 3; Domain: all real numbers 16. (f + g)(x) = 3x? + 4x + 1; Domain: all real numbers 
(f — gYx) = —4x + 1; Domain: all real numbers (f = g)(x) = 3x? — 2x + 1; Domain: all real numbers 
(f: &)(х) = —3x? + 5x + 2; Domain: all real numbers (f + g)(x) = 9x? + 3x? + 3x; Domain: all real numbers 
Li 2 
|2) utu ; Domain: {х|х = -1) ВЕ ШЕ 1. Domain: { x|x = 0} 
g 3x + 3 g 3x 
2 = 
17. (7 + 8)(х) = 320—1. Domain: (хіх = 0, х = 1} 18. 4х + 1 — 2h 
Mies da 19. (a) Domain:(x|-4 < x € 3}; Range: { у|-3 < y € 3} 
x? +1 . 8 y 
(2 = 8)(х) = sp, lomat = 0,x = 1} (6) (0, 0) (9-1 (d)—4 (е) {х0 < x < 3} 
(8) 
(f-g)(x) = Lp Domain: {xx = 0,x = 1} 


|2) = xG + D. Domain: (x|x = 0,x = 1} 
g x-1 


20. (a) Domain: { х|х € 4} or(—oo, 4] (d) Absolute maximum: f(4) = 3 21. Оаа 22.Even 23.Neither 24. Odd 
Range: { у|у € 3} ог(—оо, 3] Absolute minimum: none 
(b) Increasing on ( —oo, —2] and [2, 4]; Decreasing on [—2, 2] (e) No symmetry (£) Neither 
(c) Local maximum value is 1 and occurs at x — —2. (g) (—3, 0), (0, 0), (3, 0) 
Local minimum value is —1 and occurs at x = 2. (h) —3, 0, 3 


25. "т FLOAT AUTO FEAL RADIAN мр ri] рТ" FLOAT AUTO REAL RADIAN HP ñ 27. (a) 23 (b) 7 (с) 47 28.—5 29.—17 


T 30. у = —17х + 24 31.Мо 32. Yes 
34. 
-2 3 

—6 
Local maximum value: 4.04 at x = —0.91 Local maximum value: 1.53 atx = 0.41 
Local minimum value: —2.04 at x = 0.91 Local minimum values: 0.54 at x = —0.34 
Increasing: [—3, —0.91], [0.91, 3] and —3.56 at x — 1.80 
Decreasing: [—0.91, 0.91] Increasing: [ — 0.34, 0.41], [1.80, 3] 


Decreasing: [—2, —0.34], (0.41, 1.80] 


Intercept: (0, 0) Intercept: (1, 0) Intercepts: (0, 1), (1,0) 


Domain: all real numbers Domain: all real numbers Domain: {x|x > 1} or [1, оо) Domain: {x|x < 1} or (—oo, 1] 
Range:(y|y > —4} or [—4, оо) Range:{ y|y € 0} or (—oo, 0] Range: (y|y > 0} or [0, оо) Range: {y|y > 0} or [0, оо) 
41. (a) (xix > —2} or (—2,00) 42. (a) {x|x > —4} or [—4, oo) 
(b) (0, 0) (b) (0, 1) 
(с) (с) 


Intercept: (0, 3) Intercepts: (0, —24), (-2 - 3/4, 0) су + : 
Domain: all real numbers or about (—3.6, 0) (-2, -9 JE edm 
Range:(y|y > 2} or [2, oo) Domain: all real numbers (d) ( y|y > —6} or (—6, oo) (d) {y|-4 < y «0ory > 0} 


Range: all real numbers or [—4, 0) О (0, оо) 


Section 21 АМ11 


43. А = 11 44. (а) A(x) = 2х2 + 40 45. (a) A(x) = 10x — x? 
* (b) The largest area that can be enclosed by the 


2 2 
шуа (928 i rectangle is approximately 12.17 square units. 


NORMAL FLOAT AUTO REAL RADIAN МР ri 
" 


CALC HIMIMU 427 

t 46. p = ———B; $1083.92 
Wl P= 0008 

| 47.199.9 Ib 

| 48.189 BTU 

Н 

Х=2.1$ЧЧ352 Ү=27.949522 


А is smallest when х ~ 2.15 ft. 


Chapter Test (page 126) 
1. (a) Domain: (2, 4, 6, 8}; range: (5, 6, 7, 8}; function (b) Domain: {—3, 1, 4}; range: {—2, 3, 5, 7}; nota function (c) Domain: (x|x > —1}; 


range: all real numbers; not a function (d) Domain: all real numbers; range: { y|y > 2}; function 2. Domain: [xx < iy #1) = 3 


3. Domain: { х|х = —2}; g(-1) = 1 4. Оотаіп: { х|х = —9,x = 4}; h(-1) = S 5. (a) Domain: {x|—5 € x < 5}; range: { у|-3 < y € 3} 
(b) (0, 2),(—2, 0), and (2,0) (ce) f(1)=3 (d)x = —5andx = 3 (e){x|-5 < x < -20г2 < x < 5}or[-5, —2) U (2, 5] 


6. Local maximum values: f(—0.85) ~ —0.86; f (2.35) ~ 15.55; local minimum value: f(0) = —2; the function is increasing on the intervals 
[—5, —0.85] and [0, 2.35] and decreasing on the intervals ( —0.85, 0] and [2.35, 5]. 
(b) (0, —4), (4, 0) 8. (а) 18 (b)y = 18x —32 9. (а) (f – 2)(х) = 2х2 – 3x + 3 
(с)в(—5) = -9 (b) (F - g(x) = 6x3 — 4x? + 3x — 2 
(d) g(2) = -2 (c) f(x + h) — f(x) = 4xh + 2h? 
— x? 10x , «x? 3 
(b) y | 1.2х + h —3 12. (a)V(x) = aro + эд (b) 3460.29 ft 


13.Even 14.14.69 ohms 


(4,2) fone 10 © 


CHAPTER 2 Linear and Quadratic Functions 


2.1 Assess Your Understanding (page 137) 

7. slope; y-intercept 8. positive 9.T 10.F 11.а 12.4 

13. (а) т = 2;b = 3 15. (а) m = —3; b = 4 17. (a) m = 
©) + (b) 


8-х 8-х 
(c)2. (d) Increasing ()-3 (d) Decreasing 
(c) i (d) Increasing (c)0 (d) Constant 
23. (a) 2 25. (a) 8 27. Linear;—3 29. Nonlinear 37. (а) {40} (b){88} (0) {—40} (d)ix|x > 40} or(40, oo) 


(b) 31. Nonlinear 33. Linear; 0 (e) (x|x € 88} or(—oo, 88] 
35. (а) {+} {|х > Pafi х) (D (x|-40 < x < 88} or (—40, 88) 
39. (а) {—4} (b)íx|x < —4} or(—oo, —4) 

(ur (D {xx <1}or(—oo, 1] 41, (аус 6) (уг в < x < 5}ог[—6,5) 
(ө) 43. (а) $185 (b) 64 ті (е) 26 mi 
(d) {x|x > 0} or [0, оо) 

45. (a) 185.3 ст (Б) 33.6 cm 

47. (а) $24; 600 T-shirts (b) $0 < р < $24 
(c) The price will increase. 


49. (a) {x|10,275 < x < 41,775} or (10275, 41775] (b) $2194.50 51. (a) x = 5000 53. (a) V(x) = —1000x + 3000 
(c) The independent variable is adjusted gross income, x. (b) x > 5000 (b) {х0 € x < 3} or [0, 3] 
The dependent variable is the tax bill, 7: (c) 
(d т (e) $27450 " 
2 5000 E 
E sov : 
8 2,000 a 


0 16,000 32,000 * Age 


Adjusted Gross Income($) (d) $1000 (е) After 1 year 


AN12 Answers: Chapter 2 


55. (a) C(x) = 90x + 1800 


(b) со 59. (a) At 


Hot Dogs 


Cost (dollars) 
к P ww 
= 
= 
= 


0 4 8 12 ¥ 
Number of Bicycles 


(c) $3060 (d) 22 bicycles 


61.d,e 63.b = 0; yes, f(x) = b 
65. y | 66.6 67.7 68. 


2.2 Assess Your Understanding (page 145) 


57. (а) dw) = 5.5w (Б) 13.2 ст (е) 3.6 kg 


(b) Since each input (soda) (c) h(s) = —0.6s + 12 
corresponds to a single output — (d) {s|0 < s < 20} or [0, 20] 
(hot dogs), we know that (е) ^ (f) If the number of sodas 


purchased increases by 1, 

the number of hot dogs 

purchased decreases by 0.6. 
(g) h-intercept: If 0 sodas are 
pue purchased, then 12 hot 
dogs may be purchased. 
s-intercept: If 0 hot dogs 
are purchased, then 20 
sodas may be purchased. 


number of hot dogs purchased 
is a function of number of 
sodas purchased. Also, because 


Hot Dogs 


the average rate of change is a 
constant —0.6 hot dog per soda, 
the function is linear. 


69. f(x) = (x — 5)? — 18 
2 / 
70. g(x) = 3( x + 2) EE 


2 4 
2 Aeg 
71. x-intercepts: —3V2, 342; y-intercept: 8 n 
72.{x|x > —2, x # 4} / 


73. у =—2 9 
У x Local maximum: f(1) = 4 


Local minimum: f(4.33) — —14.52 
Increasing: [—2, 1], [4.33, 8] 
Decreasing: [1, 4.33] 


3. scatter plot 4.Т 5. Linear гејайоп, т > 0 7. Linear relation,m < 0 9. Nonlinear relation 


П. (а) » 


16 


4 8 x 


(b) Answers will vary. Using (4, 6) and (8, 14), y = 2x — 2. 


hie 


13. (a) 


(b) Answers will vary. Using (—2, —4) and (2, 5), у = ax + =. 


15. (a) .. e 


(b) Answers will vary. Using (—20, 100) and (—10, 140), y = 4x + 180. (d) y = 3.8613x + 180.2920 


(е) r ~ 0.996 


(f) NORMAL FEGAT AUTO REAL RRUIBN HP 


0 10 


1 
7 (d) y = 2.2x +12 


(е) r x 0.957 


(f) |NURMRL FLOAT AUTO REAL RRDIRM HP 


17. (а) g >. (с) Answers will vary. Using the (d) (e) 269 calories 
3 е c RE p points (39.52, 210 and (66.45, 280), | (f) If the weight of a candy bar 
зор у = 2.599х + 107.288. is increased by 1 gram, the 
i 2d ch Е coe number of calories will increase 
^ 13846546270 X by 2.599, on average. 


Weight (grams) 
(b) Linear with positive slope 


19. (a) The independent variable is the number 
of hours spent playing video games, and 
cumulative grade-point average is the 
dependent variable because we are using 
number of hours playing video games to 
predict (or explain) cumulative 
grade-point average. 


Weight (grams) 


(c) G(h) = —0.0942h + 3.2763 

(d) If the number of hours playing video games in a week 
increases by 1 hour, the cumulative grade-point average 
decreases by 0.09, on average. 

(e) 2.52 

(f) Approximately 9.3 hours 


Section 2.3 AN13 


21. y 23. (a) No (c) d = 3.36415 + 51.8233 25.y = 1.5x+3.5;r = 1 

E g m | (b) $ Ei ЫШ (d) If the speed off the bat increases by 27. No candy bar weighs 

2 PLE p 420 ткн 1 mile per hour, the home run distance 0 grams. 

it as E Em a ыр? сус increases by 3.3641 feet, оп average. 29.2х + y = 30ry = -2x +3 

35 40 a o жг (e) d(s) = 3.3641s + 51.8233 
Age of Mother & 380 |- oe Ыы i i (f) {s|s > О}ог (0, оо) 

No, the data do not follow а E ы низина (g) Approximately 398 feet 

: 100 104 108 5 

linear pattern. Speed off the Bat (mph) 
30. (а) MEIN NE 3L(g — f)(x) = x? - 8x +12 32.у = (x - 3 — 4 


33.{2 - V7, 2 + 47). 34. |-22, о) 35, Even 


: А 3 1 7 6 
36. x-intercept: 2; y-intercept: 37. 38._/* + 0 
р y P 4 6 + yx +1 (2+ х)? 


(b) Local maximum: f(4) = 7 


2.3 Assess Your Understanding (page 158) 


D 352 = 
7. repeated; multiplicity 2 8. discriminant; negative 9.0,1,2 10.x = a П.Е 12.6 13. Zeros:0, 9; x-intercepts: 0, 9 
a 


15. Zeros: —5, 5; x-intercepts: -5, 5 17. Zeros: —3, 2; x-intercepts: -3, 2 19. Zeros: 5. 3;x-intercepts: 7. 3 21.Zeros:—4, 4; x-intercepts: —4, 4 
23. Zeros: —6, —2; x-intercepts: —6, —2 25. Zero: >; x-intercept: 2 27. Zeros: —2V2, 2V2 ;x-intercepts: —2V2,2V2 29. Zeros: — 1, 3; x-intercepts: — 1, 3 


3 — 4/2. —3 + 442 3—442 —3+ 4/2 


31. Zeros: — 2 i 2 ;x-intercepts: — 2 " 2 33. Zeros: -2 — 243, 2 + 24/3; x-intercepts: —2 — 2453, —2 + 243 
35. Zeros:—+, =; x-interoepts:—4, i 37. Zeros: mid A y al = S intercepts: Z = y, =I P 7 39. Zeros:2 — V2, 2 + V2; 


x-intercepts: 2 — V2,2 + V2 41. Zeros:2 — V5, 2 + V5; x-intercepts: 2 — 45, 2 + V5 43. Zeros: 1, E x-intercepts: 1, 2 45. No real zeros; 
1-45 -14+ v5, 1-45 -14+ V5 2—410 -2 + 410, 


nox-intercepts 47. Zeros: — , ;x-intercepts: — à 49. Zeros: — 2 
4 4 4 4 2 2 
x-intercepts: = ~ = >70 51. Zero: $; x-intercept: + 53. {—6, 0}; (—6, 3), (0, 3) ss.[ 1, 2); (—1, | L, 7) 


57. {—3, 5}; (—3, 13), (5, 21) 59. Zeros: 242, 242; x-intercepts: —2V2, 242 61. Zeros: 2, —1, 1,2; x-intercepts: —2, —1, 1,2 
63. Zeros: —1, 1; x-intercepts: —1, 1 65. Zeros: —2, 1;x-intercepts:—2, 1 67. Zeros: —6, —5; x-intercepts: —6, —5 69. Zero: intercept 2 


71. Zeros: -3, 2; x-intercepts: -3, 2 73. Zeros: 0, 16;x-intercepts:0,16 75. Zero: 16; x-intercept: 16 77. Zeros: —5V2, 542; 


x-intercepts: —5V2, 542 79. Zero: 1. intercept: + 81. 7егов:—3, >. х-т{егсерїв: 3, 3 83. Feito. 2. xintercepts: 1, 2 
4 4 52 5 2 2 3 2 3 
85. Zeros: У7 E2 ENDED. intercepts: —У/? + 2 —/2—2 87. Zeros: == 17 = к 17. vintercepts: == EN E 
2 2 2 2 2 2 2 2 
(b —1, 3 91. (а) EN (b)—2, —6 93. (a) (b) 3 — 42,34 V2 


1 2 1 25\ (2 10 5\. (5 45 
%.{ 4" ap | 4" ve) (5 9 | 97-8); C8, 180) ».[5) 5 ES 
101. (а) -2 — 413, -2 + У13 (b) 5 (е) –7, —4, 1,2 103.11 ft by 13ft 105. 4 ft by 4 ft 
107. (a) The ball strikes the ground after 6s. (b) The ball passes the top of the building on its way down after 5 s. 
109. 20 consecutive integers 111. 29 hours 113. 23 years old 


= Jb? — —b— JP — = 
115. b Nb 4ac | b b 4ас 2b b пк ок 1 
2а 2а 2а а 2 2 
о Е БА, + ==] 2 = + ‘aie = ud = 
dons + bx +c = 0, x = —b + Vb? 4ас. амаа b + NC—b) 4ac _ b+ Nb? — 4ac b X Nb? — 4ac 
2a 2a 2a 2a 
121. (b) 122 »4 128. Domain: ( —3, —1, 1, 3}; Range: (2, 4}; Function 
rS 129.-4, 2) 
NNNM 2 


130. (1,4) 
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2.4 Assess Your Understanding (page 170) 
7. (a) g(x) = 2(x — 3)? — 4 (Ы) (1, –3) 
12.T 13.T 


14.Т 15.a 16.d 17.С 19.F 21.G 23.H 


25. (a) Vertex: (3, —2); Axis of symmetry: x = 3 
(b) Concave up 


(b) Concave down 


(c) .. 


ak 


5 


1 


31. (а) Vertex 7. -2) Axis of symmetry: х = j 33. xi 
(b) Concave down pc j 
(с) ә (4-2 


43. f(x) = ic oe = 


міо 


41. f(x) = —(х +1)? +1 


47. (a) Vertex: ( 3, 9); Axis of symmetry: х = —3; Concave down 
(b) y-intercept: 0; x-intercepts: —6, 0 


(d) Domain: (— оо, оо); Range: ( —oc, 9] 

(e) Increasing: (—oo, —3]; Decreasing: [—3, oo) 
(f) f(x) > Ооп (—6, 0) or for —6 < x < 0; 
f(x) < Ооп (—oo, —6) О (0, oo) or for 

х<—6,х > 0 


51. (a) Vertex:(—1, 0); Axis of symmetry: x = —1; Concave up 
(b) y-intercept: 1; x-intercept: —1 
(c) 


(d) Domain: (оо, oo); Range: [0, оо) 

(e) Decreasing: (—oo, —1]; Increasing: [—1, оо) 

(f) f(x) > 0 on (—, —1) U (-1, oo) or for x < —1, x > -1; 
f(x) is never negative. 


(c) Down (d) g(x) = —3(х — 1)? — 3 9.parabola 10. axis or axis of symmetry 11. E 


27. (a) Vertex: (3, 5); Axis of symmetry: x = 3 


45. 


49. 


53. 


a 


29. (a) Vertex: (6, 3); Axis of symmetry: х = 6 
(b) Concave up 


37. f(x) = (х +2)? -2 39.f(x) 22(x 1? —1 
>? y " e 


(a) Vertex: ( —1, —1); Axis of symmetry: x = —1; Concave up 
(b) y-intercept: 0; x-intercepts: —2, 0 


(d) Domain: (—co, oo) Range: [—1, оо) 

(e) Decreasing: (—oo, —1]; Increasing: [—1, оо) 

(f) f(x) > 0 on (—co, -22U (0, оо) or for x < —2, x > 0; 
f(x) < Оор (-2, 0) or for -2«x < 0 


(a) Vertex: (—1, —9); Axis of symmetry: х = —1; Concave up 
(b) y-intercept: —8; x-intercepts: —4, 2 
(c) 


(d) Domain: (—oo, оо); Range: [—9, оо) 
(e) Decreasing: (—oo, —1]; Increasing: [—1, оо) 
(f) f(x) > 0 on (—co, -4)U (2,00) or for x < —4, x > 2; 
f(x) < 0 on (—4, 2) or for -4«x «2 
1 15 
(a) Vertex (^. z 
(b) y-intercept: 2; x-intercept: None 
(с) 


J Axis of symmetry: x = D Concave up 


(d) Domain: (— оо, оо); Range: 2, о) 
(е) Decreasing: oc. т} Increasing: n со) 
4 4 


(f) f(x) > 0 on(—oo, oo) or for all real numbers; 
f (x) is never negative. 
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57. (a) Vertex: ( —1, —1); Axis of symmetry: х = —1; Concave up 


3—43 -34 V3 


55. (a) Vertex (7. -ij Axis of symmetry: x — p Concave down 
(b) y-intercept: 2; x-intercepts: — 3 А 3 


2 
(b) y-intercept: —3; x-intercept: None 


(d) Domain: ( —oo, оо); Range: [—1, оо) 
(d) Domain: (—оо, оо); Range: oc. Е (e) Decreasing: (—oo, —1]; Increasing: [—1, оо) 
(£ f(x) > 0 on| оо, Es " 3) U (= + Уз voor 


"- 1] credit 
(e) Increasing: 3 Decreasing: E оо) 3 
(f) f(x) is never positive; f(x) < О on(—oo, оо) or forro —3 — Уз x5 —3 + УЗ. 
for all real numbers 3 3 
f(x) < боп [= = “З EXE 5 Jor 
3 3 
or 3 = 3 <x< co 


59. (a) Vertex (5. 7), Axis of symmetry: х = -3; Concave down (d) Domain: ( —eo, oo); Range: (-о, | 


(b) y-intercept: 2; x-intercepts: m 3 y =3 EIU (e) Increasing: [ —оо, =: Decreasing: 1-3, o0) 
(f) f(x) > Ооп [= iu = ыр 
jor 37 <x< =3+ 417, 
f(x) < 0 on | оо, = — U [3 mE co} or 


forx < HE ыл” + э 


61. f(x) = (x +1)? =2=х?+2х—1 83. (a)a = 1: f(x) = (x + 3(x — 1) = x? + 2x - 3 

63. f(x) = (х + 3)? +5 = —x? — 6x — 4 a = 2: f(x) = 2(x + 3(x — 1) = 2x? + 4x — 6 

65. f(x) = 2(x —1)? — 3 = 2x2 — 4х — 1 а = —2: f(x) = -2(x + 3(x — 1) = -2x? — Ax + 6 

67. Minimum value;—48 69. Minimum value; —21 а = 5: f(x) = 5(х + 3)(x — 1) = 5x? + 10x — 15 

71. Maximum value;8 73. Maximum value;23 75.a = 6, Б = 0,c = 2 (b) The value of a does not affect the x-intercepts, but it changes the 


77. (a), (с), (d) 79. (a), (c), (d) 81. (a), (c), (d) y-intercept by a factor of a. 
у у у 


(c) The value of a does not affect the axis of symmetry. It is x = —1 


for all values of a. 
(d) The value of a does not affect the x-coordinate of the vertex. 


However, the y-coordinate of the vertex is multiplied by a. 
ea | a (e) The mean of the x-intercepts is the x-coordinate of the vertex. 

b) {—1, 3} b) {—1, 3} (b) {—1, 2} 85. (a) (—2, -25) (b)—7,3 (9 —4, 0; (—4, —21), (0, —21) 

(d) 


625 
87. (а) те e 39.1 ft ъ=” & 219.5 ft (c) About 170 ft 89. $500; $1,000,000 91. (a) 70,000 players (b) $2500 
93. (a) 187 or 188 watches; $7031.20 (b) P(x) = —0.2x? + 43x — 1750 


100 ft, the projectile is (c) 107 or 108 watches; $561.20 
about 135.7 ft from the cliff, 95. (a) 171 ft (b) 49 mph 97. x = 5 99.10 101. (2, 2) 


(d) NORMAL FEGAT AUTO REAL RRUIBN HP ñ (f) When the height is 


103. f is increasing on {—оо, -l [5, oo). f is decreasing on E 5| 


107. 


2 
118. Domain: (1, 2, 3, 4, 5}; Range: {—7, —6, —5, —4, —3}; Function 119.0 120. х шл 
х 


122.х+с+5 
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2.5 Assess Your Understanding (page 177) 


3. (a) {x|x < —2 or x > 2}; (оо, -22U (2, оо) (b) {x|-2 < x € 2}; [-2, 2] 
5. (a) {x|-2 < x < 1}; [-2,1] (b {x|x < —2 or x > 1}; (оо, —2) U (1, оо) 
T{x|-2 < x < 5}; (-2,5) 9. {|х < Oor x > 4}; (оо, 0) О (4,00) IL {x|-3 < x < 35 (-3, 3) 


13. {x|x < —4 or x > 3}; (оо, —4) U (3, оо) 15. (s|-1 LEZ з}; (-5, з) 17. No real solution 19. No real solution 


2 31, 2\ {3 _ _ Е Е TATE 
z.[x|x < зоне Д оо, Jafa) 23. (а) {—-1,1} (b){-1} (6) {-1,4) Ф) {xx < —1or x > 1}; (оо, —1)U (1, оо) 


(е) {x|x € —1}; (—00, -1]. (f (xix < —1 or x > 4}; (оо, —1) U (4, оо) (@){х|х < —V2 or x > V2}; (—оо, —v2] U[ V2, оо) 
1 1); 1 : 
25.0) (71.13. [71 2-99 2] 001-4 < x < 0}; 740. eo) 
27. (a) {—2, 2} (6) {—2, 2} (0(—2,2) (d) {x|x < —2 or x > 2}; (оо, -22U (2, оо) (e)fx|x € —2 or x > 2}; (оо, -2]U [2, оо) 
(f) (x|x < -2 or x > 2}; (оо, —2) U (2,00) (в) {xx < —V5 or x > V5}; (—оо, —\/5| U [V5, оо) 
29. (а){—1,2} (6) {2,1} (с){0} (4){х|х<—1огх>2};(—оо,—1)0(2,оо) (е){х|-2<х<1};[—2,1] (D (xIx < 0}; (~œ, 0) 
E B osse ERE ü LEES | 


} 91-40) @{х-1<х<1(—11) ө {|х < 


х < 1 31. (x|x < —4 or x > 4}; (—oo, —4] U [4, оо) 


К 2 
33. (а) 5 ѕес (b) The ball is more than 96 ft above the ground for time t between 2 and 3 sec,2 < t < 3. 
35. (а) $0, $1000 (b) The revenue is more than $800,000 for prices between $276.39 and $723.61,$276.39 < p < $723.61. 


37. (a) {с|0.112 < с < 81.907}; (0.112, 81.907) (b) It is possible to hit a target 75 km away ifc = 0.651 orc = 1.536. 44.{x|x < 5} 45. Оаа 


46. (а) (9, 0), (0, —6) 47.4 = 58: 48.{-3 — VIT, -3 + VIT} 49.0, 25), (-3, 0), (2.0) 50.—x? +x +3 51.313 + 2x? — 29x + 28 
(b) theres 


Ш 526, + 3h — 5 sa (2X + 35) or 237 + 35x* 


(2x + 7) (2x + 7) 
2.6 Assess Your Understanding (page 184) 
3. (a) R( p) = —6p? + 600p 5. (а) R(p) = —5p? + 100p 7. (а) A(w) = —w? + 200w 
(b) {p|O € p < 100} (b) {p|O € p < 20} (b) A is largest when w = 100 yd. 
(c) $50 (c) $10 (c) 10,000 yd2 
(d) $15,000 (d) $500 9. 2,000,000 m? 
(e) 300 (e) 50 11.18.75 m 
(f ок, MÀ (f) к 13. (а) 3in. (b) Between 2 in. and 4 in. 
16000 |: E0 150000- 15.750 м 238.73 m by 375 m 
12000 T 
8000 
4000 
% 50 100 P VD E 
(g) Between $30 and $70 (g) Between $8 and $12 
17. (a) (b) I(x) = —0.557x? + 57.221х — 300.993 р тат 


(с) About 51.4 years of age 
(d) Approximately $1169 


(e) MORHAL FLOAT AUTO REAL RADIAN HF ñ а 
а 00 = n 
$0 T "oo i 3 ү 

The data appear to follow а The data appear to be linearly 

quadratic relation witha < 0. 00 75 related with positive slope. 
(b) R(x) = 2.131x + 651.148 
(c) $2516 

21. (а) eee (b) В(а) = —0.514a? + 30.041а — 347.179 (c) 74.61 births per 1000 


00 
e^ 23.38 25.248 28.13 29x 46)? + у — 7 3e [74 УЗ1, =4 + У31 
: 3 3 5 5 

| ° 31. x-intercept: 28; y-intercept:20 32.[x|x < —3 or x > 4}; (—oo, —3) U (4, оо) 

E' „= 33. х? — 4х + 7;remainder6 34. { х|х = —4,x = 0, x = 4} 
—3 
35.y = 249 – (x +3)? —4 36. 

The data appear to follow a quadratic (x + h—-1)(x — 1) 


relation witha < 0. 37.(x + D'ix — 7)%(9х — 31) 
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2.7 Assess Your Understanding (page 190) 


7.243i &T 
9. 2i, 2i 13.3 — 2i, 3 + 2i 15.3-i3-4i 
E 
ME id 
(0, 4) 


4—34/2 4+ 342 


23 
2 2 


25. Two complex solutions that are conjugates of each other 27. Two unequal real solutions 29. A repeated real solution 31. —2, 2, —2i, 2i 


33. 2 2 i | i,—1 3i, —1 + v3i, 1,2 35.(g — f)(x) = xx py Domain: { х|х = —1, x = 0} 


36. (a) Domain: [—3, 3]; Range: [—2, 2] (b)(—3, 0), (0, 0),(3, 0) (c) Symmetric with respect to the origin (d) The relation is a function. 


_ 600 
= 


38. y 


Local maximum: f (0) = 0 

Local minima: f(—2.12) = —20.25 and f(2.12) = —20.25 
Increasing: [—2.12, 0], [2.12, 4] 

Decreasing: [—4, —2.12], [0, 2.12] 


2.8 Assess Your Understanding (page 193) 


14—5,5} &í(x|l-5«x«5) 9%T 10.Т 11.4 12.a 13.(а){—9,3} (Ф) {х|-9 < x < 3}; [-9,3] (Oíxlx < -9orx > 3}; 
(=œ, -9)U (3, оо) 15. (а) {—2, 3} (b) {х|х € —2 or x > 3}; (~œ, —2] U[3, оо) (Oíx|-2« x < 3}; (-2, 3) 


17.{-5, 5} 19.(—4, 1} a. [-1, 2) 23.(—4, 4} 25.(2) л.) a. a 28.{ 20, — 


35.{—3, 3} 321-13) 39.{—2, —1, 0,1} а. (17. 7] 4-7. o} 


| 31. No solution 33. Е i] 


2 2 
45.{x|-4 < x < 45 (24,4) dT(xix < —6 or x > 6}; (=œ, —6)U (6,00) 49. {х|1 < x < 3}; (1, 3) s. [1-5 <t< 2}; 1-2, 2] 
+ - —À————- —— —— 
E 4 -6 6 1 3 -2 2 
3 
1 5). 1 5 3). 3 57.{x|x < —1 or x > 6};(—оо, —1) U (6, oo) 
z > ЖЕЕ 21. (12 
5. (|92 э} œ 210129] 55. (5) 1«x«3k( 15) _ 
————— 3-7 -1 6 
1 -1 3 
2 3 2 
59. No SE : 6L { х|х < 5 or x > aal oo, >) u(3, о) 63. (x|-1 € x € 6}; [-1, 6] 
° — —- co — 
Н : -1 6 
B 2 
i з 9 3)./ 9 3 : 
65. No solution 67. All real numbers;(—oo, оо) 69. [x| 1 © X« ih | T =| 71. No solution 
} > x н - 
0 0 —————— 0 
-2 3 
4 4 
73.{2} 75.{х|х < E or x > 9}; (о, -HJ U (9, oo) 77. All real numbers; (оо, оо) 
+ > Å 0 
7 -13 9 
2 3 
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79. |x — 98.6] > 1.55 x € 97.1 orx > 100.1 81.|x — 64| < 3.9; 60.1 € x < 67.9, between 60.1% and 67.9%, inclusive. 
Blexel 85.|х+3| > 2;х < —50orx > —1 8a=2,b=8 89a = -—15,b = -7 9SLa--Lb- s 


93.(a + b)? = a? + 2ab + b? < |a? + 2I1allb| + |b|? = (al +16); so, |a + bl < Jal + Ibl. 


83. |x — 3| < 


95. a) {-2.1} ЕЕ €x ij (-z. 1) to {x]x < -1 orx > 1k (—%, -i ОП, оо) 


97. (a) {—2, 6} (Ы) {хіх < —2 or x > 6}; (оо, —2] U[6, оо) (е) {х|-2 < x < 6}; (2,6) 99.(—1, 5} 101.5 106. f(—4) = 15 


107. (0, оо) 108.17 + 7i 109. (а) (0, 0), (4, 0) 

(b) Domain: [—2, 5]; Range: [—2, 4] 

(c) Increasing: [3, 5}; Decreasing: [—2, 1]; Constant: [1, 3] 
(d) Neither 


-2-1012345 67 


Review Exercises (page 197) 


1. (а) т = 2; b = –5 3. (а) т = 0; b = 4 4. Zero: —7; y-intercept: 14 


i (c) Domain: (—co, oo) 
(c) Domain and Range: (оо, оо) Range:f y|y = 4} 
(d) 0 

(e) Constant 


(c) Domain and 


Range:(—oo, оо) d 4 
(d) 2 (d) 5 
(e) Increasing (e) Increasing 


5. Linear; y = 5x + 3 6.Nonlinear 7. Zeros: —9, 8; x-intercepts: -9, 8 8. Zeros: - Š; x-intercepts: E - 9. Zeros: 1,5; x-intercepts: 1,5 


10. Zero: 1; x-intercept: -1 11. Zeros: ac м6 a ER 2—Уб, 2+ V6 12. Vert. 1;x-intercepts: —., 1 
3 3 2 2 2 2 2 
13.1—1, 7} 14.(-2, 2} 15. Zeros: —2, —1, 1, 2; x-intercepts: -2, —1, 1, 2 


16. Zeros: —3, 11; x-intercepts: —3, 11 
17. Zero: 25; x-intercept: 25 


18. 7егоз:—1, Ši x-intercepts:—5, - 


(b) Domain: (—oo, оо) 

Range: [—16, oo) (b) Domain: (—оо, оо) (b) Domain: ( —oo, оо) 
(c) Decreasing: ( —cc, 0] Range: (—oo, 1] 
Increasing: [0, оо) 


(b) Domain: (—oo, оо) 
Range: [2, оо) 
(c) Decreasing: ( —co, 2] 


Range: B х) 
Increasing: [2, оо) 


. 1 
(c) Increasing: (— оо, 3 1 
1 2 (c) Decreasing:[ —ос, E 
Decreasing: E oo] 


: 1 
Increasing: | E o0) 


27. Minimum value;1 28. Maximum value; 12 29. Maximum value; 16 
30. f(x) = -3—27 - 4 = —3х? 12x – 16 31,/(х) = (x +1)? +2 =х?°+2х+3 


32.{x|-8 < x < 2}; (-8, 2) 33. [xs < d огх > s}; (-oe -i U [5,00) 


42 v2 


2. | 
34. —2V2i, 242i 35.—1 — 45, —1 + V5 36.1 — zb! ood 


(b) Domain: ( —oo, оо) 


Range: 1-2, о) 


(с) Decreasing: | —00, -i 


Increasing: Е х) 38. {—5, 2} 3. (-5. 3} 
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40.{ x| ; «xx zh | 5, z) чо =з 42.{ x|0 <x< +}; |o. i аз. | х|х «-lorx > i 
6 ; ? Ё с ——=— 1 (—oo, -1)u(Z, ә) 
2 6 -2 7 3 
-1 7 
3 


44. (а) S(x) = 0.01х + 25,000 (b)$35,000 (е) $7,500,000 (d) x > $12,500,000 45. (а) R(p) = —10p? + 1500р (b) {p|0 < p < 150} 


(c) $75 (d) $56,250 (е) 750 units 


48. 50 ft by 50 ft 49. 25 square units 50. 3.6 ft 
51.(a) = 4 (b) Since each input (price) corresponds to (e) 
1 Н | : а а single output (quantity demanded), we 
à pi * 4 ne know that quantity demanded is a function 
E i CC. V of price. Also, because the average rate of 
А BENEANNEREN change is a constant —0.8 24-in. OLED 
© о 50 100150 P monitor per dollar, the function is linear. 
Price (dollars) 


(c) q(p) = —0.8p + 160 
(d) { p|O < p < 200} or [0, 200] 


52. (a) 53. (a) Quadratic,a < 0 


R 


Total revenue 
(thousands of dollars) 


20 25 30 A 
Advertising 
(thousands of dollars) 


Humerus (mm) 
(b) Yes;the two variables appear to be 
linearly related. 


— 1.3902 1.114 (d)38.0 
©» ES @ nd (c) $6408 thousand 


Chapter Test (page 200) 


(f) Between $70 and $80 46. The width is 6 in. and the length is 8 іп. 47. (a) 63 clubs 


(b) $151.90 


y ар (f) If price increases by $1, quantity 

Н mM demanded of 24-in. OLED monitors 
E E decreases by 0.8 monitor. 

E (g) q-intercept: When the price is $0, 

E Ы | 160 24-іп. OLED monitors will be 
© e 50 100150 Р 


demanded. p-intercept: There will 
be 0 24-in. OLED monitors demanded 
when the price is $200. 


Price (dollars) 


n 


35 


(b) R(A) = —7.76А? + 411.88A + 942.72; $26.5 thousand 


2. Linear; y = f(x) = —5x + 2 


5,{—1, 3} 


1. (a) Slope: —4; y-intercept: 3 
(b) Decreasing 


8. (a) Concave up 
(b) (2, —8) 
(c)x = 2 


(d) x-intercepts: 6-26 6 + 2/6. 


3 
y-intercept: 4 


9. (a) Concave down (e) әр 
(b) (1, —3) NSRNNANRNNEN 
(0x = 1 FECE -3) 
(d) No x-intercepts: y-intercept: —5 “0, —5 : 


^ 
m. 


10. f(x) = 2x? — 4x — 30 11. Maximum value;21 12.{x|x € 4огх > 6}; (—oo, 4] U [6, оо) 


15. {x|-11 < x < 5};(-11,5) 16. {x|x € —5 or x > 2}; (—oo, —5]U (2, оо) 


=п 0 5 -5 0 2 


422 v6 2 + v6 
" ow 


, 


2 


(f) Domain: All real numbers; ( —oo, оо) 
Range: ( y|y > —8};[—8, оо) 
(g) Decreasing: ( —oo, 2]; Increasing: [2, оо) 


(f) Domain: All real numbers; ( —o, оо) 
Range: (y|y < —3}; (оо, —3] 
(g) Increasing: (—oo, 1]; Decreasing: [1, оо) 


13. 


17. (a) Сот) = 0.15m + 129.50 
(b) $258.50 (c) 562 miles 


18. (a) R(x) = te + 1000х (b) $384,000 (c) 5000 units; $2,500,000 (d) $500 
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19. (a) |NURMRL FEORT AUTO REAL REDIAN HP 


(b) у = —4.234x — 2.362 (c) у = 1.993x? + 0.289x + 2.503 


Linear with negative slope Quadratic that is concave up 


Cumulative Review (page 201) 
1.542; (1.5,0.5) 2.(—2, —1) and (2, 3) are on the graph. 


3.{x]x > -3} or |-3, о). 4. у = 2х + 2 
— e 
B DOKS 


7. Yes, a function 8.(a)-3 (b)x?—4x —2 (е) х? + 4x 


1 (д—х?+4х—1 (9x?—3 ®2x+A-4 ө. [s]: = 2) 


10. Yes, a function П. (а) Мо (b)—1; (—2, —1) is on the graph. (с)—8; (—8, 2)is on the graph. 12. Neither 
13. Local maximum is 5.30 and occurs at x = —1.29. 
Local minimum is —3.30 and occurs at x = 1.29. 
Increasing: [—4, —1.29], [1.29, 4] 
Decreasing: [—1.29, 1.29] 
14. (а) 4 (0) {x|x > —4} or (—4, oo) 15. (a) Domain: {x|—4 < x < 4}; Range:{y|-1 € y € 3} (b)(—1, 0), (0, –1), (1,0) (c) y-axis 
(d)1 (e-4and4 (f){x|-1 < x < 1} 


(j) Even (k) [0, 4] 


CHAPTER 3 Polynomial and Rational Functions 


3.1 Assess Your Understanding (page 216) 


6. (a)—1, З (b)touch;cross (c)F 7. (а) 2;1 (b)3;2 (с)4;3 (4)4;1 (е) 6;1 @Œ)n—1 (g)2 (ҺЕ 8.smooth;continuous 9. b 

10.(—1, 1); (0, 0); (1, 1) 11. risa real zero of f; r is an x-intercept of the graph of f, х — r is a factor of f. 12. turning points 13. y = 3x* 

14. оо; —оо 15.b 16.d 17. Polynomial function; degree 3; f(x) = x? + 4x; leading term: x; constant term:0 19. Polynomial function; degree 2; 
g(x) = Зу? + 2, leading term: 3 x2, constant term: 2 21. Not a polynomial function; х is raised to the —1 power. 23. Not a polynomial function; x is 


raised to non-integer powers. 25. Polynomial function; degree 4; F(x) = 5х* — пх? + E leading term: 5x ^; constant termi 


27. Polynomial function; degree 4; G(x) = 2x4 — 4x? + 4x? — 4x + 2; leading term: 2x^; constant term: 2 


43. f(x) = (x + D(x – D(x – 3) fora = 1 45. f(x) = x(x + 5)(x – 6)Їога = 1 

47. f(x) = (x + 5)(х + 2)(х — 3)(х — 5) ога = 1 49.f(x) = (x + D(x — 3)? fora = 1 
51. f(x) = 3(х + 2)(x —3)(x — 5) 53. f(x) = 16x(x + 2)(х — 1)(х — 3) 

55. f(x) = 3(x + 3(x – 1)(х — 4) 57. f(x) = 5(x 1 (x — 1)? 

59. f(x) = —2(x + 5)?(x — 2)(x — 4) 


61. (a) 7 multiplicity 1; —3, multiplicity 2 (b) Graph touches the x-axis at —3 and crossesat 7. (c)2 (d) у = 3x? 
63. (a) 5, multiplicity 3 (b) Graph crosses x-axis at 5. (c)6 (d)y = 7x7 


65. (a) E multiplicity 2; —4, multiplicity 3 (b) Graph touches the x-axis at 3 and crosses at—4. (c)4 (d)y = -2x? 


67. (a) 5, multiplicity 3; —4, multiplicity 2 (b) Graph touches the x-axis at —4 and crosses at 5. (с)4 (d) y = x? 
69. (a) No real zeros (b) Graph neither crosses nor touches the x-axis. (c) 5 (d) y = 2x6 
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71. (a) 0, multiplicity 2; 02, 42, multiplicity 1 (b) Graph touches the x-axis at 0 and crosses at —V2 and V2. (c)3 (d) у = —2x4 
73. Could be the graph of a polynomial; zeros: —1, 1, 2; Least degree is 3. 75. Cannot be the graph of a polynomial; gap atx = —1 


77. f(x) = x(x —1)(x- 2) 79. f(x) = 30 + 1)(х = 1)2(х — 2) 81. f(x) = 02(x + 4)(х + 1) (х — 3) 


83. f(x) = —х(х + 3 (x — 3)? 85. (а) -3,2 (b) -6, 1 

87. (а) 2 (b) LESER (c) y = 2x? (4) The end behavior of the graph resembles у = 2x? and two turning points are visible, 
à the maximum possible. (e)(—oo, 0] and [1, оо) (f) Increasing on (—оо, 0] and [1, оо) 

89. —3, multiplicity 2; — 1, multiplicity 3; 1, multiplicity 1 91. No, every polynomial function is 


defined at 0 so has a y-intercept; yes, the graph of a polynomial function can be completely above or 


below the x-axis (e.g, y = x? + 1) 93.a,b,c,d 99. у = -2x LH 100. {x|x = —5} 


5 
LEE j y? =2 + v7 102. { ы 2} 103. Decreasing 104.y = (x + 2)? + 5 


105.1 106. (8, —14) 107. Quotient: 4x — 7; remainder: 4х — 2 


101 


3.2 Assess Your Understanding (page 224) 


5. Step 1: у = x? 7. Step 1: y = —x3 
Step 2: x-intercepts: 0, 3; y-intercept: 0 Step 2: x-intercepts: —4, 1; y-intercept: 16 
Step 3: 0: multiplicity 2, touches; 3: multiplicity 1, crosses Step 3: —4: multiplicity 2, touches; 1: multiplicity 1, crosses 
Step 4: At most 2 turning points Step 4: At most 2 turning points 
Step 5: f(—1) = —4; f(2) = —4; f(4) = 16 Step 5: f(—5) = 6; f(-2) = 12; f(2) = —36 


9. Step 1: y = —2х* 11. Step 1: 
Step 2: x-intercepts: —2, 2; y-intercept: 32 Step 2: x-intercepts: —4, —1, 2; y-intercept:—8 
Step 3: —2: multiplicity 1, crosses; 2: multiplicity 3, crosses Step 3: —4, —1, 2: multiplicity 1, crosses 
Step 4: At most 3 turning points Step 4: At most 2 turning points 
Step 5: f(—3) = —250; f(-1) = 54; f(3) = —10 Step 5: f(—5) = —28; f(-2) = & f(1) = —10; f(3) = 28 


13. Step 1: y — x? 15. Step 1: 
Step 2: x-intercepts: 0, 1, 2; y-intercept: 0 Step 2: x-intercepts: —1, 2; y-intercept: 4 
Step 3: 0, 1,2: multiplicity 1, crosses Step 3: —1, 2: multiplicity 2, touches 
Step 4: At most 2 turning points Step 4: At most 3 turning points 
Я 1 15. „(5\15 Step 5: f(—2) = 16; f(1) = 4; fG) = 16 
Step 5: f| 2) 8:75) 8 


17. Step 1: у = —2х* 19. Step 1: у = 5х* 
Step 2: x-intercepts: —4, 1, 4; y-intercept: 32 Step 2: x-intercepts: —3, —2, 0,2; y-intercept: 0 
Step 3: —4, 4: multiplicity 1, crosses; 1: multiplicity 2, touches Step 3: —3, —2, 0,2: multiplicity 1, crosses 
Step 4: At most 3 turning points Step 4: At most 3 turning points 
Step 5: f(—3) = 224; f(-1) = 120; f(2) = 24 Step 5: f(—4) = 240; f(—2.5) ~ –14.1; 


f(-1) = 30; fA) = —60; f(3)- 450 
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21. Step 1: y = x? 
Step 2: x-intercepts: 0, 2; y-intercept: 0 
Step 3: 2: multiplicity 1, crosses; 
0: multiplicity 2, touches 
Step 4: At most 4 turning points 


Step 5: f(—1) = 


12; f) = 


23. Step 1: y = x? 
Step 2: @Ш 


| Step 4: 


NORHAL FLOAT AUTO REAL 
PRESS ENTER ТО EDI 


4; f(3) = 108 


Step 3: x-intercepts: — 1.26, —0.20, 1.26; 
y-intercept: 


—0.31752 


RADIAN HP 


-— v. BL 
49 E 


li 
75 


вхо. 2x21. 5876X-0. 31752] 2%2-1.5876Х-0.31752 


Step 5: (—0.80, 0.57); (0.66, —0.99) 


25. Step 1: у = x? 
Step 2: 


NORHAL FLOAT AUTO REAL RADIAN MF ñ 


Step 3: x-intercepts: —3.56, 0.50 
y-intercept: 0.89 


Step 5: (—2.21, 9.91); (0.50, 0) 
Step 6: 


Step 7: Range: (—оо, оо) 

Step 8: Increasing on (—oo, —2.21] 
and [0.50, со) 
Decreasing on [—2.21, 0.50] 


3l. f(x) = —х(х + 2)(х — 2) 
Step 1: y = —х? 
Step 2: x-intercepts: —2, 0, 2; y-intercept: 0 
Step 3: —2, 0, 2: multiplicity 1, crosses 
Step 4: At most 2 turning points 
Step 5: f(—3) = 15; f(-1) = -3 
РО) = 3; f(3) = -15 


27. Step 1: y = x* 


Step 2: 


NORMAL FLOAT AUTO REAL RADIAN МР ñ 


Step 3: x-intercepts: — 1.5, —0.5, 0.5, 1.5 
y- intercept 0.5625 
Step 4: [E 


Step 6: 


(-1, 094) d, —0.94) 


Step 7: Range: [—1, оо) 

Step 8: Increasing on [—1.12, 0] 
and [1.12, oo) 
Decreasing on (—oo, —1.12] 
and [0, 1.12] 


33. f(x) = x(x + 4)(x —3) 
Step 1: y = x3 
Step 2: x-intercepts: —4, 0, 3; y-intercept: 0 
Step 3: —4, 0,3: multiplicity 1, crosses 
Step 4: At most 2 turning points 
Step 5: f(—5) = —40; f(-2) = 20; 
f(2) = —12; f(4) = 32 


Step 6: y | 
(—0.5, 0.40) 2.5 (—0.20, 0) 
(—0.80, 0.57 (1.5, 1.13) 
(—1.26, 0) 
(-1.5, Pr: (1.26, 0) 


Step 7: Range: (— со, Rd 
Step 8: Increasing оп (—oo, —0.80] 
and [0.66, oo) 


Decreasing on [—0.80, 0.66] 


29. Step 1: y = 2x* 
Step 2: LIUIUS 


RERL RADIAN МР 


or x Соса. 


Step 3: а 1.62; 
а аА — 


Step 4: 


NORHAL FLO QAT AUTO REAL RADIAN Hh 
0 £0: 


EN и 


PRESS ІНТЕ 


URB 
mm 


182X" -xX* -[5X-4 


(—0.42, —4.64) 


Step 5: 
Step 6: 


Step 7: Range: [—4.64, oo) 
Step 8: Increasing on [—0.42, oo) 
Decreasing on (—oo, —0.42] 


35. f(x) = 2x(x + 6)(х — 2)(х 4-2) 

Step 1: y = 2x* 

Step 2: x-intercepts: —6, —2, 0, 2; 
y-intercept: 0 
—6, —2, 0, 2: multiplicity 1, crosses 
At most 3 turning points 


Step 3: 
Step 4: 
Step 5: 


f(—7) = 630; f(—4) = 
f(-1) = 30; fü) = —42 
fG) = 270 


192; 


37. f(x) = —х?(х + 1)%(х — 1) 

Step 1: y = — 

Step 2: x-intercepts: —1, 0, 1; y-intercept: 0 

Step 3: 1: multiplicity 1, crosses; 
—1, 0: multiplicity 2, touches 

Step 4: At most 4 turning points 

Step 5: f(—1.5) = 1.40625; f(—0.54) = 0.10; 
f(0.74) = 0.43; f(1.2) = —1.39392 


39. f(x) = 5x3(3x + 4)(x + 4) 
Step 1: у = 15x? 


Step 2: x-intercepts:—4, ——, 0; 


чог 


y-intercept: 0 


Step 3: —4, Е : multiplicity 1, crosses; 


0: multiplicity 3, crosses 
At most 4 turning points 
f(—4.2) = —637.157; f(—3) = 675 


Step 4: 
Step 5: 


Historical Problems AN23 


41. f(x) = Er + 5)(х — 4)(х — 5) 


Step 1: y = De 
Step 2: x-intercepts: —5, 4, 5; 
y-intercept: 20 
Step 3: —5, 4, 5: multiplicity 1, crosses 
Step 4: At most 2 turning points 
Step 5: f(—5.5) = —9.975; /(—3) = 22.4 


f(2) = 8.4; f(4.5) = —0.475; 


peu f(6) = 44 


—15; f(1) = 175 


: (4.5, —0.475) 
ја, ct 


0 246810 х i 
The relation appears to be cubic. 
(b) H(x) = 0.1933x? — 3.1929x? + 15.6896x + 2.4667 
(с) H(5) ze 25 


(а) WOKHAL FLOAT AUTO REAL RADIAN HP 


6 12 18 24° 
The relation appears to be cubic. 

(b) 0.7°/h (е) —0.65°/h 

(d) T(x) = —0.0079x? + 0.2930x? — 2.6481x + 47.6857; 
T(17) ~ 48.32°F 


NORMAL FLORT AUTO REAL каргам HP 
(e) П 


ORHAL Fl дат: мло REAL RADIAN НР ñ 


ги у: —— | || 
ї 


ЕН 


roat puro REAL RADIAN HP 


12499 
968 
912 

ч.6 


анаан __ “хб 


(с) NORHAL FLOAT RUTO REAL RADIAN HP NORHAL 
PRESS ENTER TO EDIT 


(d) As more terms are added, the values of the polynomial function get closer to 
the values of f. The approximations near 0 are better than those near —1 or 1. 


(b) (—c, 0) and (0,5) (е) —c and 0 so. [ | 2 or x > $] or( бо, 5) u ($ оо) 
(d)(b, оо) (е) (о, =b — 4) E 3 
(ї) Decreasing 51. у = P 52. e 2) 53.140 54.27 
55. [4, оо) 56.3 57. Center: (—2, Wc 
58. even 59. 6.25 years 
Historical Problems (page 238) 
3 2 
L (x-2) +e(x-2) +e[x-2)+a=0 2. (Н + KY + p(H + K)+q=0 
H? + 3H?K + 3HK? + K? + pH + pK +q=0 
2 3 2 3 
x? jas. BS b + bx? HEX LEE eue NP, 0 = 
3 27 3 9 3 Let 3HK = —p. 
x? + (c n (22 а) 0 H? — pH — pK + K? + pH + pK +q = 0, H? + К? = -q 
3 27 3 
3 
Letp=c апаа = = — + d. Then x? + px + д = 0. 
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3 3HK = -p 4 H? + K? = q 
_ p Ki = —q - H? 
3H = 2 3 
kic | q, [ур | 
ГЕ +( +) = 9 2 4°97 
2 3 
3 K^ —-4 . [4 о P. 
Н? — Xs 2 4° 27 
27H5 — p? = —27qH3 K 34 ja? т р? 
2 4 27 
27H5 + 27qH3 — p? = 0 
нэ 2279 + (274)? — 427)(—р?) Б х НАК 
E ` 27 2: 3 2 3 
нэ 29 4 PPE | ODP х= 99 (2 4 P4 a P 
2 * mm + 22079 2 4 27 2 4 27 


(Note that had we used the negative root in 3 the result would be the 


2 
$78 у |4 |Р? 
Н? = go 4 + 27 same.) 


6. х 3 Lx 2 8.x 2 


Choose the positive root for now. 


3.3 Assess Your Understanding (page 238) 
5.a 6.f(c) 7b 8.F 9.0 10.T П.К = f(2) = 8; no 13. К = f(2) = —82; no 15. А = f(—4) = 0; yes 
П.К = f(—4) = 1; no 19. К = (5) = 0; yes 21.7;3 or 1 positive; 2 or 0 negative 23. 6; 2 or 0 positive; 2 or 0 negative 


25. 3;2 or 0 positive; 1 negative 27. 4;2 or 0 positive; 2 or 0 negative 29. 5:0 positive;3 or 1 negative 31. 6; 1 positive; 1 negative 


1 1 1 Tl. 1 1 F L9 
‚+1 „+1, +5 37,41, +3, +=, 9, -E1, 553; :E9, =, E se ES 
33 “3 = | ч 9 3 a 2 3 6 2 2 
41. +1, #2, +3, 54 +6, +12, +1, 43 43.41, +2, £4, +5, +10, +20, +1, +2, 41,47 4 +45 410 199 41 45 
2 2 2 2 3 3 3 3 3 3 6 6 
45. —3, 1, 2; f(x) = (x + 3)(x + 1Y(x — 2) LL fx) = 2 x - joe H1) 49.2, V5, —/5; f(x) = 2(x — 2)(х — V5)(x + V5) 
51.—1, 2, V3, —/3; f(x) = 2(х + b(x = Jc = 43) xF 43) 53. 1, multiplicity 2; -2, —1; f(x) = (x + 2)(x + Dx — 1» 


85. —1, 1: f(x) = 4(х + Dx $ i 42) 57.{-1, 2} БАЕ E V REP ie } CEE J5, -/5 | 63.{—3,—2} 


6s. (1) вт. (2, 2; 5) 69.1В = —2; UB = 2 71.LB = —1; UB = 1 73.1В = –2; UB = 2 75.1В = —1; UB = 1 


77.LB = —2; UB = 3 79.f(0) = —1;/(1) = 10 81. f(—5) = —58 f(-4) = 2 83. f(1.4) = —0.17536; f(1.5) = 1.40625 
85.0.21 87.—4.04 89.115 91.2.53 


93. 


101. $ 


105. —8, —4, 107.k = 5 109.—7 


111. If f(x) = x" — c”, then f(c) = c" — c" = 0,so x — c is a factor of f. 

113.5 115.7 in. 

117. All the potential rational zeros are integers, so r either is an integer or is 
not a rational zero (and is therefore irrational). 119. b 


121. Define f(x) = (х?) — (1 — x?) = x? + x? — 1. Since f (0) = —1 and f(1) = 1, there is at least one point in the interval where the two 
functions have the same y-value, so there is at least one intersection point in the interval. 
123. No; by the Rational Zeros Theorem, £ is not a potential rational zero. 125. No; by the Rational Zeros Theorem, = is not a potential rational zero. 
3 


126. f(x) = —3(x — 5)2 +71 127.[3, 8) 128. у = 25 -3 129. No real solutions. The complex solutions are 3 + 3iv2. 


130. [—3, 2] and [5, оо) 131.(—oo, —3] and [2,5] 132.—5and-1 133.(—5, 0), (—1, 0), (0, 3) 134.(—3, —2), (2, 6), and(5, 1) 
135. Absolute minimum: f(—3) = —2; no absolute maximum 


3.4 Assess Your Understanding (page 246) 
5.опе 6.3— 4i 7T 8.Е 9%4+i IL-i,3-i 13.-i, —5i 15.-i 17.4 — 9, —7 + 2i. 19. f(x) = x^ — 14x? + 77x? — 200x + 208; а = 1 
21. f(x) = x? — 4x4 + 7x? — 8x? + 6x — Фа = 1 23. f(x) = x*—6x? + 10x? — 6x + 9; а = 1 25.34, 5 27.41, -2,1 


1 v3. 1,43, КЕЕ A 
2 3^ оо BI) (x —1)}x il} x i 


2 


29.2 + 5i, 3,6 31.2i, —V7, V7, 33.1, 
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35.2, 3 — 2i, 3 + 25 f(x) = (x - 20x —3 + 2x — 3 — 2i). 37.—i, i, —2i, 2i; f(x) = (x + D(H — (x + 2iX(x 20) 
39. —5i, 5i, —3, 1; f(x) = (x + 5i)X(x — Si(x + 3)(х—1) 4L. -4, $2 3i, 2 + 3 f(x) = Зх + D(x je 24 3x — 2 — 3i) 
V2 v2; V2 v2; v2 v2, У v2, 


2 2*3 272 2.572 2 
47. Zeros that are complex numbers must occur in conjugate pairs; or a polynomial with real coefficients of odd degree must have at least one real zero. 
49. If the remaining zero were a complex number, its conjugate would also be a zero, creating a polynomial of degree 5. 


51. 52.—22 53.6x? — 13x? — 13x + 20 54. A = 9m ft? (~ 28.274 ft?); C = 6m ft (~ 18.850 ft) 


ss [tco = HSE); Domain: x = —-landx = 0 56y = (x + 5)? —3 57, [0, оо) 
х 

58.(0, —2V3), (0,243), (4, 0) 592—9 _ 

( ^( ) (x + 7)(Vx + 3) 


43.130 45. (a) f(x) = (x? – V2x + 1)(x? + V2x +1) (b) 


60. 3х2 + 3xh + А? 


3.5 Assess Your Understanding (page 256) 


5. (а) х = —2;x = 1 (b)odd;even (c)odd;even 6.F 7.horizontal asymptote 8. vertical asymptote 9.Т 10.Е 1. у = 0 12.Т 13.d 14.a 
15. All real numbers except 7; (xix = 7} 17. All real numbers except —4 and 2; (x|x = —4, x = 2} 


19. All real numbers except —3 and 4; BE = -3, х = 4} 21. All real numbers except 4;{x|x = 4} 


23. All real numbers 25. All real numbers except —2 and 2; (x|x = —2, x = 2} 

27. (a) Domain: (x|x = 2}; range: (yy = 1} (b)(0,0) (9y =1 (d)x—2 (e)None 

29. (a) Domain: ( х|х = 0}; range: all real numbers (b)(—1, 0), (1, 0) (с) None (d)x = 0 (е) у = 2x 
31. (a) Domain: {x|x = —2, x = 2}; range: (yy < 0, y > 1} (b)(0,0) ()y=1 (d)x = —2,x = 2 (е) None 
33. (a) 35. (a) 37. (a) 


(b) Domain: (x|x = 0}; 


range: ( y|y = 2} (b) Domain: (x|x = 1}; (b) Domain: (xix = —1}; 
(c) Vertical asymptote: х = 0; range: {yly > 0} range: {y|y = 0} 
horizontal asymptote: y = 2 (c) Vertical asymptote: x = 1; (c) Vertical asymptote: x = —1, 
horizontal asymptote: y = 0 horizontal asymptote: y = 0 
41. (a) 


102% 
(b) Domain: { х|х = —2}; (b) Domain: (x|x = 3}; 


range:{y|y > 1} (b) Domain: {x|x = 0}; 


range: {y|y < 0} range:{y|y < 1} 
А : : Vertical asymptote: x — 3; 
(c) Vertical asymptote: x — —2; (с) > Г ix 
ч n p 2. horizontalasymptote:y —1 (с) Vertical asymptote:x = 0; 
orizontal asymptote: y = horizontal asymptote: y = 1 


45. Vertical asymptote: x = —4; horizontal asymptote: у = 3 47. Vertical asymptote: x = 3; oblique asymptote: y = х + 5 
49. Vertical asymptotes: x = 1, x = —1; horizontal asymptote: у = 0 51. Vertical asymptote: x = = 1: horizontal asymptote: у = 5 


53. Vertical asymptote: попе; no horizontal or oblique asymptote 55. Vertical asymptote: х = 0; по horizontal or oblique asymptote 
57. (a) 9.8208 m/s? (b) 9.8189 m/s? (е) 9.7936 m/s? (d) л-ахіѕ (е) 2 


59. (а) к P 3 | E х=5 68.14 
е “HEH КЕ кад шт 2—1) +2 orx 68.{ 8) 
ЕТТТ Rig = 10 (b) 69. x-axis symmetry 


A 7 70. (—3, 11), (2, —4) 
у=? sy =2 71.(6, 0), (0, —3) 72. f(—3) = 19 


0 5 10152025 R3 EB MEE 73.(~2, 3) 74. Оаа 75. i; =: 76.5 
(b) Horizontal: К, = 10; eee; нана pee 
as the resistance of А, (c) Vertical asymptote: x = 1; 
increases without bound, horizontal asymptote: y = 2 


the total resistance 
approaches 10 ohms, the 
resistance R,. 

(с) К, ғ 103.5 ohms 
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3.6 Assess Your Understanding (page 271) 


2F 3.c 4T 5.(a){x|x = 2} (b)0 6a 
7.1. Domain: {x|x = —4, x = 0} 2.Risinlowest terms 3. по y-intercept; x-intercept: — 1 


4. R is in lowest terms; vertical asymptotes:x = —4, x = 0 5. Horizontal asymptote: y = 0, intersected at (—1, 0) 
6. -4 -1 0 7. 
< M а а > 
Interval (— ә, —4) (-4,-1) (-1,0) (0, =) 
Number Chosen —5 =a = 1 1 
Value of R Rc-5--3 [|RC2-1 R(-3)=-2 |ка)={ 
Location of Graph | Below x-axis Above x-axis Below x-axis Above x-axis 
Point on Graph (- Ee H (-2, 3) = L - 2) (1, 2) 
3(x +1). НИ - 3 s 
9.1. R(x) = 2074725 Domain: { х|х = —2} 2. К isin lowest terms 3. y-intercept: a x-intercept: — 1 
xL 
4. R is in lowest terms; vertical asymptote:x = —2 5. Horizontal asymptote: y = >, not intersected 
6. -2 -1 7. 
< + +- =. 
Interval (—®,—2) (-2,-1) (71, х) 
Number Chosen |—3 - 3 0 
Value of R R(-3) =3 R(-3)=-3 [no-i 3 
Location of Graph | Above x-axis Below x-axis Above x-axis = , 
Point on Graph (73,3) = 3 -i (0,3 
11.1. R(x) = ===, Domain: { х|х = —2,x = 2} 2.Risinlowestterms 3. y-intercept: 3; по x-intercept 
(х + 2)(x — 2) 4 
4. К is in lowest terms; vertical asymptotes: х = —2, x = 2 5. Horizontal asymptote: у = 0, not intersected 
6. -2 2 
P > е > 
Interval (—®,—2) (—2,2) (2, ©) 
Number Chosen |—3 0 3 
Value of R R(-3) = $ RO) = -3 RG) = $ 
Location of Graph | Above x-axis Below x-axis Above x-axis 
Point on Graph (-3, j (0,- 3) (з, 


2 2 
13.1. P(x) — Cc Rd = D. Domain: {x|x = —1, х = 1) 2.Pisinlowestterms 3. y-intercept: — 1; no x-intercept 


(x + Do-1 
4. Р is in lowest terms; vertical asymptotes: x = —1, x = 1 5. No horizontal or oblique asymptote 
6. =i 1 7. 
* Ф. + > 
Interval (—®,—1) (-1,1) (1, =) 
Number Chosen | —2 0 2 
Value of P P(-2)=7 Р(0) = –1 PQ)=7 
Location of Graph | Above x-axis Below x-axis Above x-axis 
Point on Graph (72,7) (0, 1) (2,7) 
Е 2 
15.1. H(x) = up D A D Domain: (x|x = —3, x = 3} 2.Hisinlowestterms 3. y-intercept: 2; x-intercept: 1 
(x + 3)(x — 3) 9 
4. Н is in lowest terms; vertical asymptotes:x = —3, х = 3 5. Oblique asymptote: у = x, intersected а 5) 
6. -3 1 3 7. 
= - + + > 
Interval (-=, -3) (-3,1) (1,3) (3, =) 
Number Chosen | —4 0 2 4 
Value of H H(-4)=-93 |н) =$ HQ)--14 |на =9 
Location of Graph | Below x-axis Above x-axis Below x-axis Above x-axis 
Point on Graph — |(—4, —9.3) [p (2, -1.4) (4,9) 
2 
17.1. R(x) = ns Domain: (x = —3, x = 2} 2.Risinlowest terms 3. y-intercept: 0; x-intercept: 0 
(x + 3)(x — 2) 
4. R is in lowest terms; vertical asymptotes:x = —3, x = 2 5. Horizontal asymptote: у = 1, intersected at (6, 1) 
6. -3 0 2 
X + + + ай 
Interval (—®,—3) (—3, 0) (0, 2) (2, œ) 
Number Chosen | –6 -1 1 3 
Value of R R(-6) = 1.5 R(-)=-2 |А) = -0.25 RG) = 1.5 
Location of Graph | Above x-axis Below x-axis Below x-axis Above x-axis 
Point on Graph | (—6, 1.5) (-1,-3 а, —0.25) (3, 1.5) 
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19.1.G(x) = ——_*__; 
St) Oa 2) 


4. G is in lowest terms; vertical asymptotes: x = 


Domain: (x|x = —2, x = 2} 2.Gisin lowest terms 3. y-intercept: 0; x-intercept: 0 


—2,x = 2 5. Horizontal asymptote: у = 0, intersected at (0, 0) 


6. -2 0 2 7. 
Бы - - + » 
Interval (—®,—2) (—2,0) (0,2) (2, ©) 
Number Chosen |—3 -1 1 3 
Value of G G(-3) --i G(-1) =} са) = = G(3) -i 
Location of Graph | Below x-axis Above x-axis Below x-axis Above x-axis 
Point on Graph (-3,- 3) (a3 [n -1) (s. j 
21.1. R(x) = 3 ; Domain: {x|x = —2, x =1,x = 2} 2.Risinlowestterms 3. y-intercept: 2; no x-intercept 
(x — 1)(x + 2)(x — 2) 4 
4. R is in lowest terms; vertical asymptotes:x = —2, x = 1, x = 2 5. Horizontal asymptote: y = 0, not intersected 
6. -2 1 2 
+ + + + > 
Interval (—®,—2) (-2,1) (1, 2) (2, ©) 
Number Chosen | –3 0 E 3 
Value of R R(-3)=-3 |К) = n(i--23 |RO-; 
Location of Graph | Below x-axis Above x-axis Below x-axis Above x-axis 
Point on Graph (-3, -5) (o, 3) 3, = 2) (s. x) 
23.1. H(x) — DES IX) ; Domain: {x|x = —2,x = 2} 2. Hisinlowestterms 3. y-intercept: ——; x-intercepts: —1, 1 
(x? + 4)(x + 2)(x — 2) 16 


4. Н is in lowest terms; vertical asymptotes:x = —2, х = 2 5. Horizontal asymptote: y = 0, intersected at (—1, 0) and (1, 0) 


6. -2 =1 1 2 7. 
- + + + + э 
Interval (—®,—2) (-2, -1) (-1, 1) (1, 2) (2, œ) 
Number Chosen | —3 -1.5 0 1.5 3 
Value of H H(-3)=0.12 |H(-LS) = -0.11| HO) ^ 3c H(1.5) = —0.11 | H(3) = 0.12 
Location of Graph | Above x-axis Below x-axis Above x-axis Below x-axis Above x-axis 
Point оп Graph | (3, 0.12) (-1.5,-0.11) | (0, 5) (1.5, —0.11) (3, 0.12) 


25.1. F(x) = at- 4). Domain: {х|х = —2} 2.Fisinlowest terms 3. y-intercept:—2; x-intercept:—1, 4 


x+2 
4. F is in lowest terms; vertical asymptote: x = —2 5. Oblique asymptote: у = x — 5, not intersected 
5 Р = = ы E 7. 
Interval (—®,—2) (—2, -1) (-1, 4) (4, ©) c 
Number Chosen |—3 -15 0 5 
Value of F F(-3)=-14 | F(-1.5) =5.5 | F(0) = -2 F(5) = 0.86 
Location of Graph | Below x-axis Above x-axis Below x-axis Above x-axis 
Point on Graph (—3, —14) (—1.5, 5.5) (0, 2) (5, 0.86) 
27.1. R(x) = atM- 3). Domain: {х|х = 4} 2. Risinlowestterms 3. y-intercept: 3; x-intercepts: —4, 3 


х—4 


4. К is in lowest terms; vertical asymptote: x = 4 5. Oblique asymptote: у = x + 5, not intersected 


6. 


-4 3 4 
Interval (—®,—4) (-4, 3) (3, 4) (4, =) 
Number Chosen | –5 0 3.5 5 
Value of R R(-5)= -$ R0) =3 R(3.5) = —75 R(5) = 18 
Location of Graph | Below x-axis Above x-axis Below x-axis Above x-axis 


Point on Graph 


(5-9) 


(0, 3) 


(3.5, —7.5) 


(5,18) 


LAG, 18) 
Г бёу=х+5 
Le 


29.1. F(x) — LECTEURS Domain: {x|x = —2} 2.Fisinlowestterms 3. y-intercept: —6; x-intercepts: —4, 3 


x42 
4. F is in lowest terms; vertical asymptote: x = —2 5. Oblique asymptote: y = x — 1, not intersected 
6. -4 -2 3 
+ M е > > 

Interval (—®,—-4) (-4, -2) (72,3) (3, =) 

Number Chosen |—5 -3 0 4 

Value of F Е(—5) = —% F(-3)=6 F (0) = -6 F(4)=3 

Location of Graph | Below x-axis Above x-axis Below x-axis Above x-axis 

Point on Graph (^s. -i (—3, 6) (0, —6) (44 
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31.1. R(x) = ха п. Domain: { х|х = —3} 2. Risin lowest terms 3. y-intercept:0;x-intercepts:0,1 4. Vertical asymptote: x = —3 
5. Horizontal asymptote: у = 1, not intersected 
6. E 3 T l > 7. See enlarged 
Interval (==, -3) (-3,0) (0,1) (1, =) J4 view at right. 
Number Chosen | —4 =1 E 2 
Value of R RC-4-10 | R(-1) =-05 | R(4)~0.003 |RØ = 0.016 
Location of Graph | Above x-axis Below x-axis Above x-axis Above x-axis 
Point on Graph | (—4, 100) (71, -0.5) (1.0003) (2, 0.016) Enlarged view 


x+4 


did Re Да, 


Domain: {x|x = —2, x = 3} 2. In lowest terms, R(x) = ‚* #-2,x 3 3. y-intercept: 2; x-intercept: —4 


(x + 2)(х – 3) 479 
4. Vertical asymptote: x = —2; hole at (3, 2) 5. Horizontal asymptote: y = 1, not intersected 
6. -4 -2 3 
=< - - +- > 

Interval (79, —4) (7-4, -2) (72,3) (3, =) 

Number Chosen —5 -3 0 4 

Value of R R(-5) = 1 R(-3) = -1 К(0) = 2 R(4) = 5 

Location of Graph | Above x-axis Below x-axis Above x-axis Above x-axis 

Point on Graph (^s. 3) (-3, -1) (0, 2) (4, 4) 

_ (3x + 1)(2х — 


35.1. R(x) 


3). Domain: E Еа 3 х = 2} 2. In lowest terms, R(x) = 
(x — 2)(2x — 3) 2 


4. Vertical asymptote: x — 2; hole at (3, -11) 5. Horizontal asymptote: у = 3, not intersected 


6. -3 2 2 
+ + + + > 
Interval (- 2, 4) (-3 $ 3 6 d 2) @, ®) 
Number Chosen |—1 0 17 6 
Value of R R(-1) =3 RO) = -} К(17) = —20.3 | R(6) = 4.75 
Location of Graph | Above x-axis Below x-axis Below x-axis Above x-axis 
Point on Graph | |(-1.2) (o. -1) (1.7, -20.3) (6, 4.75) 


37.1. R(x) = Ge t3 +2). Domain: (x|x = —3} 2. In lowest terms, R(x) = x + 2, x = —3 3. y-intercept: 2; x-intercept: —2 


x4+3 
4. Vertical asymptote: none; hole at(—3, —1) 5. Oblique asymptote: у = x + 2 intersected at all points except x = —3 
6. -3 -2 
Interval (—9, –3) (73, -2) (72, =) 
Number Chosen |—4 -i 0 
Value of R R(-4=-2 [R(-§)=-1 [Ro =2 Р 
Location of Graph | Below x-axis Below x-axis Above x-axis E 
Point on Graph (—4, -2) [a 5, -J (0,2) 
39.1. H(x) — ENS i NE Domain:(x|x = —2, x = 2} 2.Inlowest terms, H( x) = =. Xx —2,x-2 3, y-intercept:—>: no x-intercept 
(x — 2)(x + 2) +2 2 


4. Vertical asymptote: x = —2; hole at (2, -3) 5. Horizontal asymptote: y = 0; not intersected 


6. -2 2 
E РЧ * > 
Interval (—®,—2) (—2,2) (2, х) 
Number Chosen |—3 0 3 
Value of H H(-3) =3 н) = -3 нЗ) =-2 
Location of Graph | Above x-axis Below x-axis Below x-axis 
Point on Graph (—3, 3) (о, = 3) (3, = 3) 

41.1. F(x) = Gers Domain: { х|х = 1} 2. In lowest terms, F(x) = : — s, x = 1 3.y-intercept: 4; x-intercept: 4 
4. Vertical asymptote:x = 1 5. Horizontal asymptote: y = 1; not intersected 
6. р : : Н 

Interval (-~,1) (1,4) (4, =) 
Number Chosen |0 2 5 
Value of F F(0) =4 FQ) = -2 FG) = 1 


Location of Graph | Above x-axis Below x-axis Above x-axis 


Point on Graph (0, 4) (2, –2) (5, 1) 
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43.1.G(x) = ccn Domain:(x|x = —2) 2.Gisinlowest terms 3. y-intercept: 0; x-intercept: 0 
4. Vertical asymptote:x = —2 5. Horizontal asymptote: y = 0; intersected at (0,0) 
6. -2 0 
E * е - 
Interval (79,—2) (—2, 0) (0, =) 
Number Chosen |—3 -1 1 
Value of G 60-3) =-3 |G-0)--1 |60 =5 
Location of Graph | Below x-axis Below x-axis Above x-axis 
Point on Graph — | (—3, -3) (-1,-1) (3 


2 
45.1. f(x) = Bm 1, Domain: {х|х = 0} 2.fisin lowest terms 3. по y-intercept; no x-intercepts 
X 


4. f is in lowest terms; vertical asymptote:x = 0 5. Oblique asymptote: y = x, not intersected 


6. 0 7. 


ee 


Interval (72,0) (0, =) 
Number Chosen |-1 1 

Value of f f1) = -2 fa) =2 
Location of Graph | Below x-axis Above x-axis 
Point on Graph (-1,—2) (1,2) 


1). Domain: (x|x = 0} 2.fisinlowestterms 3. по y-intercept; x-intercept: —1 


3 2.— 
47.1. f(x) = le BE —х + 
х х 
4. fis in lowest terms; vertical asymptote: x = 0 5. No horizontal or oblique asymptote 


6. -1 0 
E É а > 
Interval (72, —1) (71,0) (0, ©) 
Number Chosen | —2 = 1 1 
Value of f f(-2) =3 fC) =-2 [rm =2 
Location of Graph | Above x-axis Below x-axis Above x-axis 
Point on Graph 2 2; 1 = » = 7) (1,2) 


4 
49.1. f(x) = Е + 1. Domain: (x|x = 0} 2. іѕ іп lowest terms 3. по y-intercept; no x-intercepts 
x: 


4. f is in lowest terms; vertical asymptote: x = 0 5. Oblique asymptote: у = х, not intersected 


6. 0 7. 
Number Chosen |—1 1 
Value of f С) = -2 Ра) = 2 
Location of Graph | Below x-axis Above x-axis 
Point on Graph |(—1,—2) (1,2) 
" (x — 1)(х 3)( x? | 4 


53. One possibility: R(x) = 


51. One possibility: R(x) = — — 55. P(x) The likelihood of your 
x . 


— 2 зү? 
$ (k D kee) 1 ball not being chosen 
/ increases very quickly and 
approaches 1 as the number 
EEBSNEENNE, of attendees, x, increases. 
0 102030405060 x 
57. (a) t-axis;C(t) —^ 0 59. (a) C(x) — 16x + 2000 + 100 61. (a) S(x) = 2x? E 
(b) NORMAL FLOAT AUTO REAL RADIAN МР ñ (b) х > 0 


> 


NORMAL FLOAT AUTO REAL RADIAN MF ñ 


| [ 
0 $ I 
0 12 Pa 0; 60 


(c) 0.71 h after injection Q 300 (c) 2784.95 in.? 


(d) Approximately 177 ft by 56.6 ft (d) 21.54 in. x 21.54 in. x 21.54 in. 
(longer side parallel to river) 


(e) To minimize the cost of materials 
needed for construction 


AN30 Answers: Chapter 3 


63. (а) Cr) = 12ar2? + 2990 65. (a) 0.8126 arei . 
(b) 0.7759; a player serving, with probability POA if xæ3 
ү б 67. (а) К(х) = 
0.62 winning a point оп a serve, has 7 if 3 
probability 0.7759 of winning the game. 5 x 
(c) x z 0.7 6x? 7х — 3 3 
(d) = if х= = 
(b) R(x) = 7x + 6 : 
—11 if = 2 
The cost is smallest when r = 3.76 cm. 
69. No. Each function is a quotient of polynomials, but it is not written in lowest 76.4x? — 5x? + 2x —2 TI. { a} 78. 79.(2, —5) 


terms. Each function is undefined for x — 1;each graph has a holeat x — 1. 
75. If there is a common factor between the numerator and the denominator, then 
the graph will have a hole. 


80.y = |х - 4 8L.g(3 = 6 82. х2 – х – 4 
83. perpendicular 84. {9} 85. {—/2, J2 } 


3.7 Assess Your Understanding (page 279) 


3.c 4.F 5.(a){x|0 < x < 1огх > 2}; (0,1) О (2, оо) (bx|x € Oorl € x € 2}; (-oo 01011, 2] 
7. (a) {x|-1 < x < Oorx > 1}; (-1,0) U(1, оо) (bíxx < —1or0 < x < 1}; (—oo, —1) U [0, 1) 
9.{x|x < 0or0 < x < 3}; (~œ, 0) U (0,3) 11.{х|х € 1}; (—оо,1] 13. {x|x € —2 or x > 2}; (—оо, —2] U [2, оо) 
15.{x|-4 < x < -1orx > 05 (—4, -1) U (0, оо) 17 {x|-2 < x < -1}; (—2,—1] 19. (x|x < —6}; (—oo, —6) 
21. {x|x > 4}; (4,00) 23.{x|-4 < x < Оох > 0}; (—4, 0) О (0, оо) 25.(xix < -2014 € x € 6}; (~œ, -2]U 4, 6] 
27. {x|-2 < x < Oorx > 6}; (—2, 0) U (6, оо) 29. {х|х < —1 orx > 1}; (—oo, –1) U (1, оо) 
31.{х|х < —1 or x > 1}; (оо, –1) U (1, оо) 33. { х|х < 2}; (оо, 2) 35. {х|х < —1 orx > 1}; (—oo, —1) U (1, со) 
37. {х|х € —2 or 0 < x € 2}; (оо, —2] U (0, 2] 39. {х|х < —2 or x > 2}; (оо, —2) U (2, оо) 41. (x|x < 2}; (709, 2) 
43.{х|-2 < х < 95 (2, 9] 45. {х|х < 3 0rx > 7}; (~œ, 3) О [7, оо) 47. {хх < 2013 < x < 5}; (=œ, 2) U (3, 5) 
49. {x|x < —5 or —4 < x < -3orx = O or x > 1}; (-оо, -5)U[-4, —3] U {0} U (1, Р 
3 
°(%2) 


ы > 4}; (4, оо) 
< 
< 


51. x d «x«lorx » 3}; (-3.1) U 3, ә) 53. х|х < -Z or 0 <x< - Al oo, 


55. (a) STE d 
INNEN 61. (x|x € —2 or x > 2}; (—oo, 2] U [2, оо) 


63. {x|x < —4 or x > 2}; (—oo, -4) U [2, оо) 


(b) [-4, —2) U [—1, 3) U (3, оо) 


69. (оо, —3) U (—2, 2) U (3, оо) 
71. Produce at least 250 bicycles 
73. (a) The stretch is less than 39 ft. 
(b) The ledge should be at least 84 ft above the ground for a 
150-Ib jumper. 


79. (2, o0) 80. 3x2y4(x + 2у)(2х — 3y) Shy = x 


^ 
к 

^ 
N 


f(x) < g(x)if-l1<x<1 f(x) < g(x) if -2 < 


82.(f - g)(x) = V9x? — 1; Domain: B х) 83. х 84.C 


88. Quotient: 2x — > Remainder: -— 


—1_ 85.x-axis 86.00, 4), (1.33, 2.81) sz [-5. 4} 


Review Exercises (page 283) 
1. Polynomial of degree 5 2. Rational 3. Neither 4. Polynomial of degree 0 


АМЗ1 


Review Exercises 


8.1.y = x? 
2. x-intercepts: —4, —2, 0; y-intercept: 0 
3. —4, —2, 0 (all multiplicity 1), crosses 


9.1. = x? 
2. x-intercepts: —4, 2; y-intercept: 16 
3. —4, multiplicity 1, crosses; 


10.1. y = -2x? 
2. f(x) = -2x?(x — 2) 
x-intercepts: 0, 2; y-intercept: 0 


4.2 2, multiplicity 2, touches 3. 0, multiplicity 2, touches; 
5.f(-5) = —15; f(—3) = 3; 4.2 2, multiplicity 1, crosses 
f(-1) = -3; fd) = 15 5. f(—5) = —49; f(-2) = 32; f(3) = 7 4.2 
5.f(-1) = 6; fA) = 2; f(3) 18 


12. R = 10;gisnota factor of f. 13. А = 0;g isa factor of f. 

2. x-intercepts: —3, —1, 1; y-intercept: 3 14. f(4) = 47,105 15. 4,2, or 0 positive; 2 or 0 negative 

3.—3, —1 (both multiplicity 1), crosses; 1, multiplicity 2, touches 16, 1 positive; 2 ог 0 negative 17.41, +3 143,12 ,1 43 1 ‚1 
4.3 : UCO2 2 з 4 4 6€ 12 
5.f( 4) — 75; ӯ 2) = —9; f(2) = 15 18. —2, 1, 4; f(x) = (x + 2)(х — 10) (х — 4) 


1L1.y- x4 


1 — 1 
19. =, multiplicity 2; —2; f(x) = 4х | (x 2) 

2 2 
20. 2, multiplicity 2; f(x) = (x — 2)? (x? + 5) 21.(-3,2) 
22. {—3, =f, - 1} 23.LB: —2; UB: 3 24. LB: —3; UB: 5 


25. f(0) = -5 f(1) 21 26.700) = —1; f(1) 21 21152 28.093 


29.4— i; f(x) = x - 14x? + 65x — 102 30.—,1— i; f(x) = xt — 2x? + 3x? — 2x + 2. 31.2, 1, 4; f(x) = (x + 2)(х — 1Y(x — 4) 
2 
32. —2, i (multiplicity 2); f(x) = 4(x + 2)(x — >) 33. 2 (multiplicity 2), — 5i, 5i; Tex) (x - V5i)(x V5i)(x 23? 
34. —3, 2, № М ух) = 205 + 3Xx E } Bills 2 
2 2 2 2 
35. Domain: ( х|х = —3, х = 3}; horizontal asymptote: y = 0; vertical asymptotes:x = —3, x = 3 


36. Domain: ( x|x = 2}; oblique asymptote: y = x + 2; vertical asymptote: x = 2 
37. Domain: (x|x = —2}; horizontal asymptote: у = 1; vertical asymptote: x = —2 


2(x — 
X 


38.1.R(x) — 3). domain: { х|х = 0} 2.Risinlowest terms 3. по y-intercept; x-intercept: 3 


4. R 15 in lowest terms; vertical asymptote: x = 0 5. Horizontal asymptote: у = 2; not intersected 


6. 0 3 

< + + a 

Interval (-~,0) (0, 3) (3, ©) 

Number Chosen -2 1 4 

Value of R R(-2) = 5 К(1) = -4 R) =} 

Location of Graph | Above x-axis Below x-axis Above x-axis 

Point on Graph (72,5) (1, –4) (4. 1) 

39.1. H(x) — Fe Domain: (x|x = 0,x = 2) 2.Hisinlowestterms 3. по y-intercept; x-intercept: —2 
XxX — 


4. H is in lowest terms; vertical asymptotes: x = 0, x = 2 5. Horizontal asymptote: у = 0; intersected at (—2, 0) 


6. -2 0 2 
s * + + ай 
Interval (72,0) (0,2) (2, ©) 
Number Chosen -1 1 3 
Value of Н A(-1) =1 H() = -3 HQ») =$ 
Location of Graph | Below x-axis Above x-axis Below x-axis Above x-axis 
Point on Graph (^ 1) (1, 23) (s. 5) 


40.1. R(x) = S 


— 2). 


(x — 3x -2) 


domain: {x|x = —2,x = 3} 2.Risinlowest terms 3. y-intercept: 1; x-intercepts: —3, 2 


4. R is in lowest terms; vertical asymptotes: х = —2,x = 3 5. Horizontal asymptote: у = 1; intersected at (0, 1) 
6. -3 -2 2 3 
= + + - + > 

Interval (—=,—-3) (-3, -2) (-2, 2) (2,3) (3, ©) 

Number Chosen -4 -3 0 3 4 

Value of R RC-4-4 n(-)s-à  |R@=1 n() =--" R(4) =} 

Location of Graph | Above x-axis Below x-axis Above x-axis Below x-axis Above x-axis 

Point on Graph (^4 i) (- 5, -4) (0, 1) ( Б -") (4. 1) 
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41.1. F(x) = M EE domain:(x|x = —2,x = 2) 2.Fisinlowestterms 3. y-intercept: 0; x-intercept: 0 
(x + 2Xx — 2) 

4. Е is in lowest terms; vertical asymptotes:x = —2, x = 2 5. Oblique asymptote: у = x; intersected at (0, 0) 

% Р тт 4 : 2 
Interval (72, –2) (-2,0) (0,2) (2, =) 
Number Chosen =3 -1 1 3 
Value of F F(-3)=-2 |ЕС1) =} ка) = -} FQ) -Z 
Location of Graph | Below x-axis Above x-axis Below x-axis Above x-axis 
Point on Graph (^s. -72) (-1, E (. -}) (s. 2) 

42.1. R(x) = 25 Domain: { х|х = 1} 2.Risinlowest terms 3. y-intercept: 0; x-intercept: 0 
4. К is іп lowest terms; vertical asymptote:x = 1 5. No oblique or horizontal asymptote 
6. Р н ; " 

Interval (79,0) (0, 1) (1, =) 
Number Chosen -2 i 2 

Value of R R(-2) -€ n(1)-1 RQ) = 32 
Location of Graph | Above x-axis Above x-axis Above x-axis 
Point on Graph | (-2, 2) (3.1) (2,32) 

43.1.G(x) = ee domain: { х|х = —1,x = 2} 2.In lowest terms,G(x) = D x # —l,x #2 3y-ntercept:2; x-intercept: -2 
4. Vertical asymptote: x = —1; hole at (2. $) 5. Horizontal asymptote: y = 1, not intersected 
6 8 а = 

Interval (72, —2) (7-2, 71) (-1,2) (2, ©) 
Number Chosen -3 = 3 0 3 

Value of G Gi-3=1  |б6(—%)=-1 |em=2 GG =} 
Location of Graph | Above x-axis Below x-axis Above x-axis Above x-axis 
Point on Graph (7*1) (- 3, -1) (0, 2) (з, i) 

44. {x|x < —2 or -1 < x < 2}; 45.{x|-4 < x < —1l orx > 1) 46. (xix < lorx > 2}; (—o0, 1) U (2, оо) 
(—оо, -2) U (-1, 2) [-4, -1] U [1, oo) — e — —— —t— 
= ——————— | : 

-2-1 2 -4 -1 1 
47.{x|1 < x < 2orx > 3}; [1,2] U (3, o0) 48. {x|x < -4or2« x < 4orx > 6}; (—co, —4) U (2, 4) U (6, оо) 
1 2 3 -4 2 46 
49. Step 1: y = x° 50. (a) A(r) = 2zr? + 500 51. (а) ae ТИТ AUTO RCAC ERINN НЕ 
Be Nt ME | (b) 223.22 cm? И : 
(c) 257.08 cm? А 
i 0 9 
280 
| The relation appears to be cubic. 
Step 3: x-intercepts: —1.93, 1.14, 3.16 | (b) P(t) = 1.04923 — 11.8201? + 45.817 + 258.714; 
y-intercept: 6.93 ERES 34 P(10) z $584,000 


Step 4: A is smallest when r z 3.41 cm. (СУ нен. гозат арто WERL кистин нр n 


Step 5: 
Step 6: 


Step 7: Range: (—oo, оо) 
Step 8: Increasing on ( —oo, —0.69] and [2.27, оо); 
Decreasing on [—0.69, 2.27] 


Section 41 AN33 


Chapter Test (page 285) 
2. (a) 3 (e) Crosses at —5, E 3 (g) ч | 
1 3 15 = 2x3 (72,49 y4 V2" 
() 7:5, £1, 55,45, £3, £5, £7. £15 Oy= dx сз 
(c) —5, "ies 3 g(x) = (х + 5)(2x + (x — 3) (-5,0)| F fos. 
2 -rH v Hix 
(2, —35) 


(d) y-intercept: —15; x-intercepts: —5, — Z, 3 


5 —\/61 5+ \/61 
6 ^7 6 
6. Domain: (x|x = —1}; asymptotes:x = –1, y = х + 1 
8. Answers may vary. One possibility is f(x) = x^ — 4x? — 2x? + 20x. 
2(x — 9)(x — 1) 
(x — 4)(х — 9) 


(0,-18) d, ^36) - 


3. 4, —5i, 5i afi | 5. Domain: { х|х = —10,x = 4};asymptotes:x = —10, y = 2 


9. Answers may vary. One possibility is r(x) = 


10. f(0) = 8; f(4) = —36 
Since f(0) = 8 > 0 and f(4) = —36 < 0, the Intermediate Value Theorem guarantees that there is 
at least one real zero between 0 and 4. 

11. {x|x < 3 orx > 8}; (—00, 3) U (8, оо) 

12. {x|x € —3 or -2 € x € 0}; (—co, -3]U [-2, 0] 


Cumulative Review (page 285) 


1.426 2.{x|x < 0orx > 1}; 3. {x|-1 < x < 4}; (-1, 4) 
(—oo, 0] or [1, oo) ——M———- 
I ———— zu 4 
0 1 


7. Not a function; 3 has two images. 8. {0, 2, 4} 9. х|х > 2}: [> o0) 


10. Center: ( —2, 1); radius: 3 11. x-intercepts: —3, 0, 3; y-intercept: 0; symmetric with respect to the origin 
12. y = ES + = 13. Not a function; it fails the vertical-line test. 


14. (а) 22 (b)x?—5x-2 (е) х2 – 5х +2 (0) 9х2 + 15x -2 (e)2x +h+5 
15. (а) {x|x = 1} (b) №; (2, 7) is оп (ће graph. (е) 4;(3, 4) 1 оп the graph. (d) Z, (2, 9) is on the graph. 


(e) Rational 


18.6; у = 6x — 1 
19. (a) x-intercepts: —5, —1, 5; y-intercept: —3 


(b) No symmetry 
(c) Neither 
(d) Increasing: (—oo, —3] and [2, оо); decreasing: [ —3, 2] 
(e) A local maximum value of 5 occurs at x — —3. 
(f) A local minimum value of —6 occurs at x — 2. 
20. Odd 
21. (a) Domain: ( x|x > —3} or (—3, oo) 22. у 23. (a) (f + g)(x) = x? — 9x — 6; domain: all real numbers 
(b) x-intercept: o s y-intercept: 1 e| f jo | х2—5х+ L domain: f x| x = -1) 
g —4х—7 4 
24. (а) К(х) = -12 + 150x 
(b) $14,000 
(с) 750; $56,250 
(d) $75 


(d) Range: {y|y < 5} or (—oo, 5) 


CHAPTER 4 Exponential and Logarithmic Functions 


4.1 Assess Your Understanding (page 293) 
4. composite function; f(g(x)) 5.F 6c 7.a 8.Е 9.(a-1 (b)-1 (с)8 (d)0 (e)8 (f-7 11.(а)4 (b5 (0-1 (d-2 


13. (a) 98 (b)49 (c)4 (d)4 15. (а) 197 (b) = (c) 197 (d) E 17. (а) 2/5 (b)572 (c1 (d)O 19.(a) э (b) T (с) 1 


(d) Sh (b) 1 (02 (4) 0 23.(a)(f o g)(x) = 8x + 3;allrealnumbers (b)(g o f)(x) = 8x + 12; all real numbers 


3 
21. (a) ———_ 
730 Oa 
(Cf o f)(x) = 4x + 9; all real numbers (d)(g o g)(x) = 16x;allreal numbers 25. (a) (f o g)(x) = 3x? — 1; all real numbers 
(b)(g o f)(x) = 9x? — бх + 1; аЙ real numbers (е) (Хо f)(x) = 9x — 4; all real numbers (d)(g o g)(x) = x^; all real numbers 
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27. (a) f o g)(x) = xt + 8x? + 16; all real numbers (b)(g o f)(x) = x* + 4; all real numbers (е) (7 o f)(x) = xt; all real numbers 


(d)(g o g)(x) = x* + 8x? + 20; all real numbers 29. (a) (f o g)(x) = xS 5 {x|x 0, x 2} Ф) (во f)(x) = AN B. {x|x 1} 
=% 

(с)(/ o /)(х) зз. (хіх 1х4) (@(вов)(х) = x {xix = 0} ЗІ. (а) (Ро 8) (0) = 7 : FACIL 4, x = 0} 

(b)(g o f)(x) = —— (xix 0, х 1р (@(fof)(x) = x; {хіх = 1р (d(gog)(x) = x; {хіх = 0) 


33. (a) (f o g)(x) = V2x + 5; b > -2| (b)(g o f)(x) = 2/x + 5; {xix > 0} (о) (Го f)(x) = Vx; {јх > 0} 
(d) (g o g)(x) = 4x + 15; all real numbers 35. (a) (£f. o g)(x) = x; {х|х > 7} (b)(g o f)(x) = |x|; all real numbers 
(c) (fof )(x)=x4 +14x? + 56; all real numbers (d)(g o g)(x) = J4x-7—7; {x|x > 56} 37. (a)(fog)(x) —- P ЕБ 3; х i) 


3x — 3, . 2x5. . 3àx-4. 11, 
O) (go f=- Z; bre ha -1) (Qf of)G)- -A {xrar (Ф) (вов) = Mm (охе) 
39.(f о g(x) = fo = (2х) = 2: $x = x (o Doo = gf = gQo = 1-2 = x 


41.(/ o &)(х) = f(g(x)) = /(Ух) = (Nx)! = x (g o /)(х) = (0х) = g0) = VO = x 
.(fog)(x) = figo = f[E(x+6)) = 9 у(х+6) 6 =x+6-6=x; (g o fXx)=g(f(x))=g(9x — 6) EE 6+6) = 5-95 = х 


45.07 о g)(x) = fw) = fE - b) = af cx b)| +b = xi(g o 00 = g( f(x) = glax +b) = tax eb - by = x 

47. f(x) = xt; g(x) = 2x + 3 (Other answers are possible.) 49. f(x) = Vx; g(x) = x? + 1 (Other answers are possible.) 

51. f(x) = |x|; g(x) = 2x + 1 (Other answers are possible) 53.(f о g)(x) = 11; (go f)(x) = 2 55.—3,3 57.(a)(fog)(x) = acx + ad + b 
(b)(g o f)(x) = acx + be + d (c) The domains of both f o g and g o f аге all real numbers. (d) f og = go f whenad + b = bc + d 


59. S(t) = Las 61.C(£) = 15,000 + 800,000: — 40,0002? 63.С(р) = ae + 600,0 < p < 100. 65.V(r) = 27r? 


67. (a) f(x) = 0.9101x (b)g(x) = 128.4337x (е) g(f(x)) = 116.8875104x (d) 116,887.5104 yen 69. (a) f(p) = p — 200 
(b) g(p) = 0.8р (о) (ғо 2)(р) = 0.8p — 200; (g o f)(p) = 0.8p — 160; The 20% discount followed by the $200 rebate is the better deal. 


71. 4/2, —V3, 0, V3, 2V2 73.15 
75. f is an odd function, so f(—x) = —f (x). g is an even function, so g(—x) = g(x). Then(f o g)(—x) = f(g(—x)) = f(g(x)) = (f o g)(x). 
So f o g is even. Also,(g o f)(—x) = g(f(—x)) = g(—f(x)) = gCf x0) = (g o f)(x),sog o f is even. 77.—5 


79. (f + g)(x) = 4x + 3; Domain: all real numbers; (f — g)(x) = 2x + 13; Domain: all real numbers; 


(f: g)(x) = 3x? — 7x — 40; Domain: all real numbers ^ Jc) E 35 3. Domain: (|х z5 
8 х= 
80.1. 4 81. Domain: { х|х = 3}; Vertical asymptote: x = 3; Oblique asymptote: y = x + 9 82. Vertex:(3, 8); Axis of symmetry: х = 3; Concave down 
83.-1<x<7 84b = V3 85.(-4,11),(-1, 5) 865/10 87. : 88. (—6, 0, V6} 


(x +1)(e + 1) 


4.2 Assess Your Understanding (page 306) 


5. f(x,) = f(x,) 6.one-to-one 7.3 8.y = x 9.[4, оо) 10.T 11.а 12.4 13. one-to-one 15. not one-to-one 
17. not one-to-one 19. one-to-one 21. one-to-one 23. not one-to-one 25. one-to-one 


27. Annual 29. Annual Cost of 
Rainfall Life Insurance Age 
(inches) Location $213 30 
— 
49.7 — —, Atlanta, Georgia $328 40 
43.8 |—— —,| Boston, Massachusetts $532 50 
42  L—— Las Vegas, Nevada 
619 |———. Miami, Florida Domain: ($213, $328, $532) 
128 |— —, Los Angeles, California Range: (30, 40, 50} 


Domain: (49.7, 43.8, 4.2, 61.9, 12.8} 
Range: (Atlanta, Boston, Las Vegas, Miami, Los Angeles; 


31. ((5, —3), (9, -2), (2, 21), (11, 0), (-5, D) 33. ((1, 2), (2, —3), (0, 10), (9, 1), (4, 2] 
Domain: { 5, 9, 2, 11, —5) Domain: £1, 2, 0, 9, 4} 
Range: (—3, —2, —1, 0, 1} Range: {—2, —3, —10, 1, 2} 


= 1 _ cem» u X E E- _ | _ 
afew) = 100-49) =3-у(х-Фф+4=х-4+4=х  43/( О) /(& +2) = 4(2 +2)-8=x+8-8=% 
ВОГО) = gx + 4) = Зх + 4) c 4) = 2-30 = x ga) = g4x—8) = 028 2 = д 2+2 = х 
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45. f(g(x)) = f(3x +8) = (Nx +8) 8=x+8-8=x 47. figo» = f(2) = F = х 0, (Р) = a(t) =F =%х 0 
х x 
g(f(x)) = g(x? – 8) = 3-882 V = x x x 
Ax = 3 3 
4x —3 2—x 2(4x —3) + 3(2 — x) ЭХ 
Ш = = = = = 2 
9. fD) До) [CIE m 4x 3 A(2 х) сан 
2—х 
2X X3 4 
2х +З) x+4 4(2x + 3) – 3(x + 4) 5x 
«qon = «(A 5 2s Swed етк s. $97 
x+4 
51. (a) £^! (x) = 1, 53. (a) f(x) = Ë — 1 
3 4 2 
E 1 E! zd x. .1 4(Х _1 2 242 
fU Hy) f(5x) 3-a3x =x fo» ur 2) s zh е 
© = 1 = ый 4х+2 1_ 1-1 
1 — ofa up = П 
(0х) =f (3х) = у-3х=х ffo) = f (4x + 2) 1 ы лала: 
(b) Domain of f = Range of f~! = All real numbers (b) Domain of = Range of f~! = All real numbers 
Range of f = Domain of f^! = All real numbers Range of f = Domain of f^! = All real numbers 
55. (a) f (x) = Ve +1 57. (a) f'(x) = Vx —4,x > 4 
fü o» = f(Sx FT) = (x FI) -1 =x FET) = f(Yx 4) = (Vx -4) +4 =х 
ff) = fe 1) = у(х? —1)+1=х ЎРО) = ft? + 4) = VG? + 4у—4 = Vx? —xx20 
(b) Domain of = Range of f~! = All real numbers (b) Domain of = Range of f^! = {хіх > 0} 
Range of f = Domain of f^! = All real numbers Range of f = Domain of f^! = {x|x > 4} 
(c) уу у=х (с) fy =x +4, 
54 xz 
fe = АЩ: К 
ДЮ =з2°—1 
59. (a) f! (x) = 4 (b) Domain of = Range of f^! = {x|x = 0} 
p Range of f = Domain of f -? = {x|x = 0} 
d о 4 _ 
уулоо = ==» (с) КЕЕ 
* COE fe =p 9-1 
4 4 5 
fo» (5) = f= х iE 
E EN 
= _ 2х +1 ; = ex cl 
61. (a) f1 (x) = ——— (b) Domain of = Range of f! = {x|x = 2} 
Ñ Range of f = Domain of f^! = {x|x = 0} 
feo = HAH) = 4 = 4 = 
x 2x t1 5 2х+1—2х (c) 
х 
1 
2%———+ 1 
2 B 1 x-2 2+х—2 
1 — ofa — Е = 
fF) = f^ (—) i =: 
х—2 
63. (а) f! (x) = Bro (b) Domain of = Range of f^! = {x|x = —3} 
x Range of f = Domain of f^? = {хіх = 0} 
fea) = 228) = 2 с 2х WD. NE 
x 34 273% 3x +2 – Зх 2 
х 
2 жыт 2(3+х)—3.2 2х 
E — fA — = ee _ = 
= с 2 2 gt 
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- _ —2х 
65. (а) f G0 = —75 
3. 22x 
| —2x х—3 3(—2х) = Ox _ 
РОР ni Е =. 2х+дх-3) 6 * 
x3 
. 3x 
" = (5) E NN _ бух _ 
оса ae a ш 


x+2 Е 
(b) Domain of = Range of f^! = {x|x = —2}; Range of f = Domain of f^! = {хіх = 3} 


E 59 
67. (а) 7-10) = 32 
х 
-1 = x = 3х—2_ _ 2х _ X. 
fü o» = 005) UE IU c = = 
3x —2 
2X 
-1 — faf 2x = 3x —1 = 2x E E 
(е) = у бүк. 4 25-7 бх—2(3х-) 2 ^^ 
3x —1 
x x Ht Range of = Domain of f^! = {х|х = Al 


(b) Domain of f = Range of f! = {x 


= 3x + 4 
9. 1 = 
69. (а) 710) = 3523 


з.3х+4 14 
(0х) = (2+3) _ 2х—3 _ 3(3x + 4) + A(2x — 3) _ 17x EE 
2x 3 2.3X *4 _ 2(3x + 4) — 3(2x — 3) 17 
2х — 3 
gx ug 
f^Go»- £2 (2835) 2x З _ 3(3x +4) + 4(2x — 3) _ 17x — x 
2x —3 2.3X *4 4 2(3х + 4) – 3(2x — 3) 17 
2x — 3 
(b) Domain of f = Range of f^! = E = >}; Range off = Domain of f^! = Е = 2) 
= —2x + 3 
71. = —————- 
(а) 7100) = + 
—2х + 3 
2.—————+3 
E —2x +3 х—2 ..2(-2x +3) -3x-2) _ х _ 
уулоо) = Л =)= —2х+3 |5 —2х+3+2(х-2) c bo ^ 
х—2 
E 2x €34,48 
f^ (o) = fo (223) = x+2 _ —2(2x +3) -3(x +2) _ —x = 
x+2 2х+3_, 2x +3 – 2(х + 2) —1 
х+2 


(b) Domain of = Range of f^! = {x|x = —2}; Range of f = Domain of f^! = {хіх = 2} 


2 
73. a m 
(a) f 00 = Fe 
4 4-40 eh 8x — 
x 
4 2.4 8 


Ооо) = (ze 
228 = Vx? = x, sincex > 0 


_ |o py {x2 = 4) _ 2 
f fO) Ded 2x | n 7 4 
2x? x? 


(b) Domain of f = Range of f^! = {хіх > 0}; Range of f = Domain of f^! = E < 1) 


75. (а) f-1(x) = (x + 4)3, x > —4 
3 з 
РОР 0(х)) = /(сх + 492) = (œ+ 2) —4—x44-—4 


FAG) = FUGA — 4) = (a6 — 4) + 4yi = (хуз 
(b) Domain of = Range of f^! = {x|x > 0}; Domain of f^! = Range of f = (x|x > —4} 


=x 


= x, sincex > 0 


Section 4.3 AN37 


77. (а) f ^ (x) = Mx? +2 (b) Domain of f = Range of f^! = All Real Numbers; 
fif?» = fh +2 (Уз 32 = = = Domain of f! = Range of f = All Real Numbers 
#—1(ў(х)) = ae , = = = р2 = 4х5 2 +2 = 4х5 =x 

79. (а) f(x) = 32x -2 +1 x 22 
PPG) = (32 +1) = (Nx 72 + 1) -1P +2 = 0342] +2 5-90 2)+2=х-2+2 = х 


РРО) = (к= - 0? +2) = 310-1? +2 2+1=зх 1)? +1 3.1 dade es 


(b) Domain of = Range of f^! = {x|x > 1}; Domain of ft = Range pd = {x|x > 21 
81.(a)0 (b)2 (c)0 (0) 1 83.7 85. Domain of f -!: [—2, оо); range of f-t: [5, оо) 87. Domain of g-!: [0, оо); range of g-!:(—oo, 0] 


89. Increasing on the interval|f (0), f (5)] 91. f! (x) = X = Б), т = 0 93. Quadrant I 
т 


95. Possible answer: f(x) = |x|, x > 0,15 one-to-one; f! (х) = x, x > 0 
97. (a) r(d) = a 99. (a) 77.6 kg 
: W — 50 W 4 88 
(b) r(d(r)) = 6:977 = 90.39 + 90.39 _ 697r, b) AW) = 00а s 
6.97 6.97 БГ 50 + 2.3(h — 60) + 88 _ 2.3h _ , 
d + 90.39 (©) h(W(h)) = 23 25 
d(r(d)) = 6.97 - 697 90.39 — d 4- 90.39 — 90.39 — d W +88 | 
СОРУР WP) = 50 + 2.3 5 60) = 50 + W + 88—138 = W 
(d) 73 inches 
101. (a) (8|4,,775 < g < 89,075} 103. (a) t represents time,sot > 0. 
: < А = = 
(b) {T| 4807 ; « p ~ 53 (b)i(H) = [£x 100 . — 5 A 
(© 807) = 0.22 = + 41,775 (c) 2.02 seconds 
Domain: {T| 4807.5 < T < 15,213.5} 105. f-1(x) = ZEE Fb. е pita = d 
Range: {g|41,775 < g < 89,075} 
107. (a) Domain: (оо, 00); Range:(—oo, 3) U[4, оо) 111. Мо 115. 6xh + 3h? — 7h 
rcg 116. Zeros: 5- V53, SRB, 
(b) f(x) ЕЕ 6 6 
Eng 24 x-intercepts: 25 -v13 -5+ MB, Vertex (-5 -2); 
3 ZEE UL 6 ^7 " 56^ B 
(c) Domain: (—oo, 3) U [4, oo); Range: (—oo, оо) minimum; concave up 
HN. —— _ 118. Domain: {x| x = -3, х = 2}; Vertical asymptote: х = —3, Horizontal asymptote: y = 3 
119.(x +3)? +(y—5)? = 49 120.y = —2х—7 121. Буеп 122.D = = = 
2 
123.—16 124. 
V2x + 2h +3 + V2x4+3 
4.3 Assess Your Understanding (page 321) 
8. (a) (i) 1; L2 (ii) 5 L3 (b) @ 2; Li (ii) 3; Li (c) y-axis (d) decreasing; increasing (e) Horizontal line 


9. (a) horizontally; right (b) (i) f(x) = 2*+3 (ii) horizontally; left (с) vertically; up 
(4) (0) f(x) = 2* —3 Gi) у = —3 (iii) vertically;down (е) stretched; 1;2;4 (f) decreasing 


10. exponential function; growth factor; initial value 1. а 12.T 13.T 14. i l;a 15.4 16.F 17.b 18.c 

a 
19. (а) 8.815 (b)8.821 (с) 8.824 (d)8.825 21. (а) 21.217 (b)22.217 (c)22.440 (d)22.459 23.1265 25.0.347 27.3.320 29. 149.952 
31. Neither 33. Exponential; Н(х) = 5-4* 35. Exponential; f(x) = 18 - (3) 37. Linear; Н(х) = 2x +4 39.B 41.D 43.А 45.E 


47. 49. 


Domain: All real numbers Domain: All real numbers Domain: All real numbers ; 

В. | 1 1 R. | 0 0 R | 0 0 Domain: All real numbers 
ange: { yl у > 1} or(1, оо) апре:{у|у > } or (0, со) ange: { у|у > 0}ог(0, оо) Range: (yl y > —2}ог(—2, oo) 

Horizontal asymptote: y — 1 Horizontal asymptote: y — 0 Horizontal asymptote: y — 0 


Horizontal asymptote: y — —2 


-1 T 1 1 -i : 
y-intercept: 2 учшесер с y-intercept: 3 y-intercept: — 
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55. 


Domain: All real numbers Domain: All real numbers Domain: All real numbers 


R : 2 2 R 2 2 2 R | 0 0 Domain: All real numbers 
ange: { yl у > 2}or(2, oo) ange: { yl у > 2}or(2, oo) ange: (yl у > 0} or (0, со) Range tyy > Tor (0, oo) 
Horizontal asymptote: y — 2 Horizontal asymptote: y — 2 Horizontal asymptote: y — 0 


Horizontal asymptote: y — 0 


-intercept: 3 -intercept: 1 p 
y P * P y-intercept: e? 


9 
y-intercept: 7 
67.45} 69.(-4) 71.02) 73.{Z} 78 (72, 0, V2} 

77.3) 79.{-1, 7} 81.{—4, 2} 83.{—4} 85.(0,2) 87. 


49 
89.4 91.5 93. f(x) = 3* 95. f(x) = -6* 97. f(x) = 3" +2 


соот 1 9 9 
к 99. (а) 16:(4, 16) (b) —4: (-4 ij 101. (a) ?: (i 2) b) 3:(3, 66 
Domain: All real numbers Domain: All real numbers MN a 16 ‹ ?4 4 Wes ; 
Капре:{у|у < 5}ог(—оо, 5) Капре:{у|у < 2}ог(—оо, 2) 103. (a) 60; (—6, 60) (b) 5 (—4, 12) (с)—2 
Horizontal asymptote: у = 5 Horizontal asymptote: y = 2 
y-intercept: 4 y-intercept: 1 
105. 109. (а) 74% (b) 47% (с) Each pane allows only 97% of light to pass through. 


111. (a) $18,586 (b) $9877 (с) As each year passes, the sedan is worth 90% of its value 
the previous year. 113. (а) 30% (Б) 9% (с) Each year only 30% of the 


LL Li П] (e)About 7 min 
Domain: (оо, оо) 
Range: [1, оо) 
Intercept: (0, 1) 


Domain: (— оо, оо) 
Range: [—1, 0) 
Intercept: (0, —1) 


ps (a) ‚з d E E кү e 70.95 : ul 72.6296 (е) 100% 127. Final Value of Compare Value 
ООР тев ар (D) amp Denominator Expression toe ~ 2.718281828 
(d) 3.34 amp, 5.31 amp, 9.44 amp 
(e) 24 amp 1+ 1 2.5 25<e 
(с), (Оол 2+2 2.8 28 > е 
30|--i = _ 9-056 
Eu mt 343 27 27 <е 
ee 4+4 2.721649485 2.721649485 > е 
HHHHPR 5+5 2.717770035 2.717770035 < е 
125. 36 6+6 2.718348855 2.718348855 > е 
129. f(A + B) = a4+8 = a4. q® = f(A)- f(B) 131. f(ax) = a% = (а*)° = [f(x)]° 
133. (а) f(-x) = jc Te») (b) (c) (cosh x)? — (sinh x)? 
=, 1 X | р-х i E 1 х. p=x е 
= Ice T e*) = ate e | BG em) 
= je 4e) = ie +2+e?* — e% £2 — ex] 
_ So 
= f(x) = 4=1 


135. {1, 2) 137. 59 minutes 141.а—* = (a-1)* = BI 142.(—oo, -5] U [-2, 2]. 143.(2, оо) 144. f(x) = —2x? + 12x — 13 
а 
145. (а) (b) Domain: (—oc, оо); Range: [—4, оо) 146. [2] 147.3? + y? = 1 148. (16, 144) 


с) Decreasing: (—oo, —1]; Increasing: [—1, оо) 
© те 5 149. $1050 150-3 < х <3 151.4х + 2h- 7 


4.4 Assess Your Understanding (page 336) 


3. (a) decreasing; increasing (b)—1;0;1 (е) –1; 0;1 (d)1; 0; -1 
4. (a) horizontally; right (b) horizontally; left (с) х = 5 (0) vertically;up (е) у = —2 (f) increasing (9) (5, оо); (5, оо) 


5.{x|x > O}or(0, со) 6. La 7.1 8.F 9.T 10.а 11.с 12b 13.2 = log,9 15.2 = log,1.6 17.x = log, 7.2 


Section 4.4 AN39 


19.x = In8 21.23 = 8 23.46 — 3 25.3* —2 27.е* —4 29.0 31.2 33.3 35.5 37.4 39.5 41. (хіх > 3}; (3, оо) 


43. All real numbers except 0;{x|x = 0}; (—оо, 0) О (0, оо) 
49.(x|x < —lorx > 0}; (-оо, –1) О (0, оо) 51. {хіх > 1}; [1, оо) 


(b) 4. 


TU 
(c) Range: (—oo, оо) 
Vertical asymptote: x — —4 
(d) fix) = ех - 4 
(e) Domain of f~t: (—oo, оо) 
Range of f~t: (—4, оо) 


O 


81. (a) Domain: (4, oo) 


(b) эу x= 
Hs 


(c) Range: (—oo, оо) 
Vertical asymptote: x — 4 
(d) f(x) = 107? + 4 
(e) Domain of /-!: (—oo, оо) 
Range of f~t: (4, oo) 


3 


87. (a) Domain: (—oo, оо) 


(b) 


(с) Range: (—3, оо) 
Horizontal asymptote: y — —3 
(d) f-'(x) = (х + 33-2 
(e) Domain of f-!: (—3, оо) 
Range of f -!: (—oo, оо) 


P 
ONCE 100) = 1орурх 
2, -1) 


(c) Range: (—оо, оо) 
Vertical asymptote: x = 0 
(d) f-1(x) = ex? 
(e) Domain of f -!: (—oo, оо) 
Range of f~t: (0, оо) 


(c) Range: (—oo, оо) 
Vertical asymptote: x — 0 


() f-1(x) = 5-10 


(e) Domain of f~': (—оо, оо) 
Range of f -!: (0, оо) 


(f) 


89. (a) Domain: (—oo, оо) 


(b) 


(c) Range: (4, оо) 

Horizontal asymptote: y — 4 
(d) f^! (x) = 3 log,(x — 4) 
(e) Domain of f~t: (4, оо) 

Range of f-!: (—oo, оо) 


t 67.В 69.D 7LA 73.E 
2 m 
у=х 


45.{х|х > 10}; (10, оо) 47.{х|х > —1}; (—1, oo) 
53. 0.511 55.30.099 57.2.303 59.—53.991 61.V2 


79. (a) Domain: (0, оо) 


x=0 
(с) Range: (—oo, оо) 
Vertical asymptote: x = 0 
(d) f (x) = i ех+3 


(e) Domain of /-!: (—oo, оо) 
Range of f~t: (0, oo) 


(c) Range: (оо, оо) 
Vertical asymptote:x — —2 
(d) f(x) = 3553 – 2 
(e) Domain of f 71: (—oo, oo) 
Range of f~t: (—2, оо) 


91. (9) ss. 25] 95.(4) 97.(5) 


In 10 
99.(3} 101.12) өз. [277] 
105.195) 107, (7545, 345) 


109. {2} ш. (5187) из. [2 —1ов2} 


115. (а) E > EI (-4. оо) 


(b) 2; (40,2) (е) 121; (121,3) (d)4 


AN40 Answers: Chapter 4 


121. (a)1 (b)2 (03 129. 0.2695 sec 
(d) It increases. (e) 0.000316 0.8959 sec 
(f) 3.981 x 10-8 

123. (а) 5.97 km (b) 0.90 km 

125. (a) 6.93 min (b) 16.09 min 


117. .. 


Amperes 


vg 


127. h ~ 2.29, so the time between aa D: 
Domain: {x|x = 0} Domain: {x|x > 0} injections is about 2 h 17 min. 7 0-0:2695, 0.5); 
0 04 12 20 х 
Range:(—oo, оо) Range:(y|y > 0} Secondi 
Intercepts: (—1, 0), (1, 0) Intercept: (1, 0) 
131.50dB 133.90dB 135.8. 137.(a)k ~ 11.216 (b) 6.73 (е) 0.41% (d) 0.14% 139. {64} 141.{—1,5} 
143. Because y = log, x теапѕ 17 = 1 = x, which cannot be true for x = 1 145. Zeros: —3, -1, 1, 3; x-intercepts: —3, -2, L, 3 
146.12 147. f(1) = —5; f(2) = 17 148.3 + 5 f(x) = xt — 7х5 + 14x? + 2x – 20; а = 1 we. тел —— 


150.5x + 8y = 8 151.(—31, 14} 152. 1511 cm 153.x2 + 2x +4 154. (x + 5) (x — 3)°(11х + 23) 


4.5 Assess Your Understanding (page 348) 


10 2M 3r 4log,M + log, N S5.log,M —log,N 6rlog,M 7.7 8.F 9.F 10.F 11.Ы 12.b 13.29 15.—4 17.13 19.1 21.1 


23.3 25.2 27.4 a+b 31Ь—а 333a 35.1(а + b) 37.2 + logex 39.6 10в;у 41.1 + х 43.1пх—х 45.2 10р,и + 3 log,v 


47.21nx +2101 x) 49.3 log, x — log, (x —3) 51.1ор x + log(x + 2) – 2 log(x +3) 53. XE 2)4 Lin(x +1) 210+ 4) 


55.ln 5 + In x + 1101 + 3х) – 3 а(х — 4) 57.100;и?уї 59. log;[ 61. log, == 63.—21п(х — 1) 65.log,[x(3x — 2)*] 


67. log, (=) 69.log,| —2+)* _] 7.2771 73.—3880 78.5615. 77.0874 
V2x +3 (x -3)x—1) 
log x log(x + 2) log(x + 1) 
79. = 1. = n с = рх 
4 1ор 4 у log 2 Б log(x — 1) 


MORAL FLOAT AUTO REAL RADIAN HP ñ INGRHAL FLOAT AUTO REAL RADIAN HP ñ MORHAL FLOAT AUTO REAL RADIAN HP ü 


E» 5 
= 
85. o o n =x no apie АШ оо) 87.у = Сх 89.у = Cx(x +1) 9Ly = Сез 93.y = Се“ +3 
go ])(х) = x; {хіх > 0}ог(0, оо) (c 3 1/6 
(d) (f o h)(x) = In x?; {x|x = 0} or (Coo, 0) О (0, со) (2 95. y — co 97.3 99.1 


101. log, (x TNx?- 1) + log, (x — Ух? — 1) = log, [(х b Mx? 1)(x Vx? 1)] — log 
103. In(1 + e?*) = In[e?*(e?* + 1)] = In e?* + In(e?* + 1) = 2x  In(1 + e?) 


[x2 — (x? -1)] = log, 1 = 0 


105. у = f(x) = log, x; а? = x implies а» = (i = x, so —y = log,,,x = —f(x). 


107. f(x) = log, x; (+) = log,~ = log, 1 — log,x = —f(x) 109. log, 4 = log,(M- N^!) = log, M + log, N^! = log, M — log, №. 


diti p LE 13-5 apes „br = 08b" _ mlog,b 
loga  log,a E log, a" n 


m 
= —1 
n og, b 


1 —5—/21 -5+ [21 
"5 2 А 2 
123. —оо, 2 124. (x| -9 < x < 7) or(—9, 7) 125. Vertex: (4, 13); concave down 


119. ( —1.78, 1.29, 3.49} 120. A repeated real solution (double root) 121. —2. 


126. Center:(5, —2);radius:8 127.7 128. Оаа 


Domain: {x|x < 2} or (—oo, 2] 
Range: { y| y > 0} or [0, оо) 


4.6 Assess Your Understanding (page 355) 
5. {16} ДЕ 9.(—5) 1L(—64, 64} 13.(—6, 7} 15.(64) п.) 19.(-3) 21.15} 23.15) 25.(-6) 27.{-2} 


29.{-1+ v1 et) s, {=H + 5У1З) 33. {2} ss. [7] 37.7) 39.(-2 + 442). AL (—/3, 43) 


Section 4.8 AN41 


In = 


1 NES Е 112 i. вр (a) 
43.{ =. 243} 45. (8) 47. 010,10) = [1] 49. (—log, 1.2} { d s1.{ = log, =} zm Somos qud 


In7 } In 1n3 = V7 lós.4 . 
Se 57.10} зо. (r) e. {=I 63.10} 65.{log,(—2 + /7)) 67. 1108,4} 69. No real solution 


71. {log,5} 73.{0} 75.{In(2 + V5)} 77.{2.79} 79.{—0.57} 81.{—0.70} 83.{0.57} 85.{0.39, 1.00} 87.{1.32} 89.{1.31} 
91. (a) {5}; (5,3) (){5}; (5, 4) (є) {1}; yes,at(1, 2) (d) {5} et 


93. (a), (b) 0 yfwr 95. (a), (b). (c) 97. (a), (b). (c) 99, (a) 


HA go = rU "EDAD МЗ) 
Н (00.710, 6.541) LL ps 
259 ЈО З t 


(b)2 (ce) {хіх < 2} or (оо, 2) 


101. (а) 2052 (b)2070 103. (a) After2.4 yr (b) After3.8yr (c) After9.4yr 105. (а) 224 (b)2.15 (с) $887.93 (d) $0.03 (е) $25.70; 2.18 
(f) For experts, as the price increases, the wine rating also increases. For nonexperts, as the price increases, the wine rating decreases. 


(c) {x|x > 0.710} or (0.710, оо) 


107. [-1, 2) 109. (1, е2} 111. (4-3, 45} 13. (3, І. 2} 114. one-to-one 115.(f o g)(x) = —— С eee 
TE 
2 7x — 10 1 1 
116.(x|x > 1) or [1, оо) 117.(9) 118.6 119.2 t 7х — 10. 499.470 121,1 122. 
Сх 2 T} or| ) P (x — 2)(х + 2) 6 Vx +6 + Vx 


4.7 Assess Your Understanding (page 364) 


3. principal 4. I; Prt; simple interest 5. effective rate of interest 6.a 7. $108.29 9. $969.56 11. $1394.19 13. $1246.08 15. $88.72 17. $1444.79 
19. $713.53 21. $102.00 23. 5.095% 25. 4.081% 27.6 1% compounded annually 29. 9% compounded monthly 31. 25.992% 33. 24.573% 


35. (a) About 8.69 уг (b) About 8.66 уг 37. 6.823% 39. 10.15 yr; 10.14 уг 41. 15.27 угог 15 yr3 то 43. $104,335 45. $12,910.62 

47. About $30.17 per share ог $3017 49. Not quite. Jim will have $1057.60. The second bank gives a better deal, since Jim will have $1060.62 after 1 yr. 
51. Will has $11,632.73; Henry has $10,947.89. 53. (а) $57690 (b) $40,249 55. 64.9 уг 57. $940.90 59.2.5396 

61. 34.31 yr 63. (а) $3686.45 (b) $3678.79 65. $6439.28 


nt 
67. (а) 11.90 уг (b) 2211 уг (е) mP = P(t + z) 69. (а) 1.51% (b) In 2030 or after 17 уг 71. 22.7 уг 76. R = 0; yes 
m= (1 + ry 77. f'(x) = oS 78.2, 5; f(x) = (x + 2)?(x—5)(x2 +1) 79.(6) 
п 80.2x(x + 3)(x — 5)(x + 5) 81.(f og)(x) = 45x? – 18x — 7 


Їй э щ(1 + zy — nt In(1 4 а 82. Domain: (— оо, 00); Range: (— оо, 9] 
n п! 83. Vertical: x = 7; horizontal: none; oblique: y = 2x + 9 
= ат 84. у = 4х — 18 85.3 


4.8 Assess Your Understanding (page 376) 


1. (а) 500 insects (b) 0.02 = 2% per day (c) About 611 insects (d) After about 23.5 days (e) After about 34.7 days 

3. (а) —0.0244 = —2.44% per year (b) About 391.7g (c) After about 9.1 yr (d) 28.4 уг 5. (а) N(t) = Noe (b) 5832 (е) 3.9 days 

7. (a) N(t) = Ме“ (Ы) 25,198 9.9.797g 11. 9953 угаро 13. (а) 5:18PM (b) About 14.3 min (c) The temperature of the pizza approaches 70°F. 
15.18.63?C; 25.1°C 17.1.7 ppm; 7.17 days, ог 172 hr 19. 0.26 М; 6.58 hr, or 395 min 21. 26.6 days 


23. (a) P(0) = 3.2; In 2010, about 3.2% of US. 25. (а) iT 27. (a) P(0) = 48; In 1900, about 48 invasive 
households owned a tablet computer. species were present in the Great Lakes. 
(b) 1.7% 


(b) 


n 


NORMAL FLORT AUTO REAL REDIAM HF 
(с) 


(b) 0.78, or 78% 


Oto egit (c) 50 people 
(c) 50.7% (d) During 2015 (d) As n increases, the probability decreases. 0 12) 
(4) About 176 (е) During 1999 


40x + 45 


29. (a) P(t) = 50(3)'/2° (b) 661 In 48 d d) P(t) = 50e9055r 9. M23 
(a) P(t) (3) (b) (с) In 48 days (d) P(t) e 3 3(2x + 3^ 


31. f(x) = - +7 32. Neither 33.21n x + jm» - Inz 


IDE EE н [ 
4. -4 2 .(g = — ucro Red od 
did MM KE C I m 
36. x-intercept: =M, 5 +57, intercept: 1 37.{-22, 2) -10 


Local minima: f(—1.37) = —5.85 and f (1) = —1 
Local maximum: f (0.37) = —0.65 

Increasing: [—1.37, 0.37] U [1, 3] 

Decreasing: [—3, —1.37] U (0.37, 1] 


38. y = —1.0714x + 3.9048; r = —0.985 
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4.9 Assess Your Understanding (page 383) 


СЕНА AUTO REAL KADI F 
1. (a) = HAL FLOAT AUTO KEAL RADIAN HP 
2007000 


ü (d) WOKHAL FLOAT AUTO REAL KADIAN HF ü 


200000 


FLOAT BUTO REAL RADIAN HP ñ 


0; 45 — 4 Ор 4 
(b) у = 11.1287(1.2794)* (е) 727,328 (b) у = 118.7226(0.7013)* (е) 28.7% 
(c) N(t) = 11.1287e° 2464 (f) April 6 (c) A(t) = 118.7226e 93548r (f) k = —0.3548 = —35.48% is the 


exponential growth rate. It represents 
the rate at which the percentage of 
patients surviving advanced-stage 
breast cancer is decreasing. 


5. (a) n (c) 


HMOKHAL FLOAT AUTO REAL RADIAN HF 
(c) й 


oh 9 435 | Ü 13 
(b) y = 371.7593 — 42.2140 Inx (d) 194 billion pounds у= 656.6308 (а) 656.6 million 
(e) Over by 4 billion pounds aa + 7.4868e-90171x (e) Approximately 340 million 
(f) 2026 
9. (a) (d) 11. (a) НОАНА! FLOAT AUTO REAL RADIAN HP ñ (d) NORMAL FEOAT AUTO REAL REDISN HP ri 
110, 
Ex б 13 00 30 
(b) Cubic (e) About $186.4 billion (b) Exponential (e) 5.1% 
(c) y = 0.0607x? — 0.5530x? + 4.1380x + 13.1566 (c) у = 115.5779(0.9012)* 


12. f(x) = F(x 306 Do —2) B.V3 м. _ - 


15.(—3,—2) 16./(х) = —x —4 п.|2—1° 2+3) 


cheer E 18.{x| —5 < x € -lorx > 5} or(—5, —1] U (5, oo) 

B USE EJ | 19.R = f(—3) = 0; уеѕ 20.6 

ср 21. The function f is a polynomial so it is a continuous function, апа 
f(—2) = —21; f(—1) = 3; zero: —1.32 


Review Exercises (page 388) 
1. (а) 26 (b)—241 (c)16 (d)-1 2. (а) ЛІ (b)1 (е) 5/6 +2 (4)19 3.(ae^ (b)3e-2 —2 (cec (d)—17 
4.( о g)(x) = 1 — 3x, all real numbers;(g o f)(x) = 7 — Зх, all real numbers;(f o f)(x) = x,allreal numbers; (g o g)(x) = 9x + 4, all real numbers 
5.( fo g)(x) = V3 + 3x + 3х2, all real numbers;(g o f)(x) = 1+ Ух + 3x, {x|x > 0}; (f o f(x) = V3V3x, {хіх > 0}; 
(go g)(x) = 3 + 3x + Ax? + 2x3 + х“, all real numbers 


6.(f o g)a) = I5 


7. (а) one-to-one (b) ((2, 1), (5, 3), (8, 5), (10, 6)} 8. 


t (xix 0,x = 1}; (go f(x) = IIb = —1,х = 1}; (f o fx) = х, {хіх = 1}; (g o 8)(х) = х, {хіх = 0} 
X Ж 

1 
5) 

g(f(x)) = g(5x – 10) ios 10) +2=х-2 +2 = х 


9.706000) = fl x +2) = s(x +2) 10=x+10-10 =x 


4 
кна 
_ 4 _1-x _4—4(1—х) 4-444" _ 4x _ 
10. f(g(x)) A) n 4 n 4 х,х = 1 
1-х 
_ (х—4\_ 4 _ 4х _ Ax _ 
g (f Go) a = | (2-4 аа) 74 x,x #0 


П. f(x) = = 12. fx) = *®1 
2x+3 —1 = 1 
E Кос +3 | FEO) = ұт 
FIFE) 2x+3 * x 
(245) -2 1 
2x +3 ae 
02233) 43 ў (РО) = x 
FOGO) = c xc 
с=т, 


Domain of f = range of f^! = all real numbers except 2 


Range of = domain of f^! = all real numbers except ; 


13. f-'(x) = x? +2,x > 0 
РО) = Ve +2—2 =|хр=х,х>0 
i ie Ree) ү жж (Vx 2) +2 =х 
Domain of f = range of f~! = [2, оо) 
Range of = domain of f^! = [0, оо) 


14. f(x) = (x — 1); 
РО) = (x 12) +1 = x 
FO) = (3 41-1) ex 
Domain of = range of f^! = (—оо, оо) 
Range of = domain of f^! = (—оо, оо) 


15.(a) 81 (b)2 © (d) -3 


25.2 log x + llog(r +1) 26.2 1 (2x 4 


32. (a) Domain of f: (—оо, оо) 


31. IMGRHAL FLOAT AUTO REAL RADIAN HP 


(c) Range of f: (0, oo) 


(d) f(x) = 3 + log,x 
(e) Domain of f~t: (0, oo) 
Range of f~!: (—оо, оо) 


(b) СІТІ 


(b) 


(c) Range of f: (1, oo) 
Horizontal asymptote: у = 1 

(d) f^! (x) = -log4(x — 1) 

(e) Domain of f~t: (1, oo) 
Range of f~t: (—oo, оо) 


O 


(с) Range of f: (0, co) 
Horizontal asymptote: y = 0 
T = X 
(d) f(x) = 2+ (3) 
(e) Domain of f -!: (0, оо) 


Range of f~t: (—oo, оо) 


O 


3) —2In(x — 1) – 2ln(x — 2) 27.22 log, x 28.—2 In (x +1) 29.In 


Horizontal asymptote: y = 0 


(b) 4.27 yr 
52. $41,668.97 53. 24,765 yr ago 54. 55.22 min, or 55 min 13 sec 
55. 8,148,316,539 56. 7.204 g; 0.519 g 


Review Exercises 


Domain of f = range of f^! = all real numbers except 1 
Range of f — domain of f^! — all real numbers except 0 


16.10g8;2 = 2 17.58 =u 
21. (2 
18. [xs > =|; (5 х) 
19.{х|х < lor x > 2}; (—оо, 1) U (2, оо) 
20.3 21.02 22.04 
23. log;u + 2log,v — log;w 
24.8 log,a + 2 log;b 


DONE t — 30. 2.124 


Vx(x = 4) 


35. (a) Domain of f: (—3, oo) 
(b) 2. 
cs 


tH 


201 END 


(c) Range of f: (—оо, 00) 
Vertical asymptote: x — —3 

(d) f^ (x) = e% – 3 

(e) Domain of f -!: (—oo, оо) 
Range of f-!: (—3, оо) 


Oo 


48. (a)37.3W (b) 69dB 49.(a) 11.77 (b) 9.56 in. 


51. $20,398.87; 4.04%; 17.5 yr 


16 -1-73 -14 43 1 21n3 1 
s 5] А 2 ' 3 | зв. (2) Ss Бы. af, -3} 
In(—2 + V7 ) 
43.{1} 44.{-1} 45.(1— In5). 46. {log,(—2 + V7 )}= T 
47. (a), (e) yif Ma) = 2" 442 (b) 3: (6, 3) 
(БЕ: еам es ui е 50. (а) 9.85 уг 
‚ЕЕЕ ЛЕС, 3) 2 2? 
EPR d (е) f^ G) = 2771 42 


AN43 
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57. (a) 0.3 (b) 0.8 58. (a) HORHAL FLOAT AUTO REAL RADIAN HP 


(c) NORMAL FLORT AUTO REAL RRDIAN MF 


n 59. (a) 60. (a) Ree 
10 


0 eos MD 
—10 : 
% 25 (b) y = 0.0903(1.3384)* (b) y = 18.921 — 7.096 In x b)C = 46.9292 
(d) In 2026 (с) N(t) = 0.0903е02915 (с) 
(а) NORMAL FLOAT AUTO REAL RADIAN HP n 10 
0 
—10 
(d) Approximately —3°F 
(e) 0.69 (d) About 47 people; 50 people 
(f) After about 7.26 hr (e) 2.4 days; during the tenth 
hour of day 3 
Chapter Test (page 391) (f) 9.5 days 
La fog = 27, дота: (јх = -3) Ф) (во 2-5 (©(7/о&)(—2) = -3 
2. (a) The function is not one-to-one. (b) The function is one-to-one. 
3. f(x) = 2+ Эх. domain of f E БЕ = 2), range of f = {y|y = 0}; domain of f^! = {x|x = 0}; range of f^! = bb = 2} 


4. The point (—5, 3) must be on the graph of f~t. 5.х = 5 6.b—4 7. х = 625 8.—2 9.4 10.125 11.7 


12. (a) Domain of f: (x| —co < х < оо} ог(—оо, oo) 


(c) Range of f:(y|-oo < y < oo) or 
(—oo, oo) Vertical asymptote: x — 2 

(d) f(x) = 517 42 

(e) Domain of ft: {x| —co < x < oo) 


(b) 


SUELE! or (—oo, oo) Range of 
(c) Range of f:(y| y > —2}or(—2, oo) f {уу > 2} or (2, oo) 
Horizontal asymptote: y = —2 


(d) £^ (x) = logy (x +2) -1 
(e) Domain of f-!:(x|x > —2} or(—2, oo) 
Range of f !:(y| — oo < y < оо} or(—oo, оо) 


14.{1} 15.091) 16. (—1n2) п.|+ = — 18.{ uu 


2 " 2 1—1n7 
19. {25/6 } 20.2 + 3 log,x — log,(x — 6) — log,(x + 3) 21. About 250.39 days 22. (a) $1033.82 (b) $963.42 (с)11.9уг 
23. (a) About 83 dB (b) The pain threshold will be exceeded if 31,623 people shout at the same time. 


Cumulative Review (page 392) 


1. Үеѕ;по 2.(a)10 (b)2x? + 3х +1 (с)2х° + 4xh + 2h? — 3x – ЗА + 1 shi УЗ 


P 2] is on the graph. 4.{—26} 
4 


7. f(x) = 2(x — 4)? — 8 = 2x? —16x +24 9. f(g(x)) = бз” 
rap 


6. (a) + 2; domain: (x| x = 3}; 3 


(b)íx|l-oo < x < оо} 


10. (a) y — 3x* п. (@а), ©) 12.{-Ż} 13.02) 14.6901) 
(b) x-intercepts: —2, 0, 2, 5; y-intercept: 0 TN 2 
(c) —2, 0, 2, 5: multiplicity 1, crosses (b) {хіх > —1}ог(—1, оо) (9025) 
(d) At most 3 turning points 15. (а) ie 


(e) 


Domain of g = range of g^! = (—oo, оо) 
Range of g = domain of g^! = (2, оо) 
= E a 
b) g'(x) = log; (x — 2) (b) Logarithmic; у = 49.293 — 10.563 In x 
(с) Highest value of |r| 


Section 5.2 AN45 


CHAPTER 5 Trigonometric Functions 


5.1 Assess Your Understanding (page 403) 
3. standard position 4.centralangle 5.d 6.7r6; Ine Tb 8.2: zx 9.T 10.F 


11. 13. 15. 17. 19. = 21. 16r 
\ < ° 6 3 
30° 135 = 6 


450° 


23.1 25,177 22-2 29.37 3-57 33.—7 35.60" 37—390° 39.810° 4L27^ 43.-90* 45.-204* 41.030 49.-0.70 81.218 


53.179.91° 55. 401.07° 57. 531.70° 59.40.17? 61.50.24? 63.9.15? 65.40°19/12” 67.18°15/18” 69.19°59/24" 71.5m 73.12 ft 


755. 0.9 radian T. ~ 1.047 іп. 79.25 m? 81.243 ~ 3.464 ft 83. 0.24 radian 85.7 ғ 1.047 in.2 87.5 = 2.094 ft; A = 2.094 ft? 


—- 10757 
3 


89.5 = 14.661 yd; А = 87.965 yd? 91.37 ~ 9.42 in; 5x ~ 15.71 in. 93.27 ~ 6.28 m? 95. —=— ғ 1060.29 ft? 97 —=— ғ 1125.74 in.? 


99.0 = эр radian/s; v= poms 101. 2223.2 mi/h 103.2:585.8 km/h 105. 5452.5 rpm 107. а ft 109. 22898 mi/h 111. 52292 mi/h 


113. Зтрт 115. 222.86 mi/h 117. 531.47 rpm 119. 1037 mi/h 121. Radius ~ 3979 mi; circumference ~ 25,000 ті 123. 637 ft? 


125.~2.2 теу 133. х = d 134. (5, ij 135.y = -|x + 3|- 4 136. HA: y 


139. {x|x 2 —3, x 23) 140.6x? + 6xh + 2h? 141.27x? — 54x? + 36x – 8 
142. (a) (—3, 395.65); (1, —39.55); (4, 69.8); (7, —104.35) (b) -3 1,4,7 

NORMAL FLOAT AUTO REAL RADIAN МР f] (c) The values are the same. 
(d) (—оо, —3], [1, 4], (7, оо) 
(е)(—оо, —3], [1, 4],[7, оо) 
(f) The intervals are the same. 


3VA:ix = 7 Bhe = 3 15s. [71] 


—300 


5.2 Assess Your Understanding (page 416) 


5.complementary 6. соѕіпе 7.62? 8.c 9.T 10.a 11.T 12.F 13.sin0 = Š: cos = £, tan = 2; csch = 2; secü — - coth = i 
15.sin0ü = 2413. cosÜ = 3/13. tanü = Е csch = м3. secü = vI3. cotü = 3 17. sinf = УЗ. cos = L tanü = V3; cscó = 243. 
13 13 3 2 3 2 2 2 3 
sech = 2; cot = x 19. sinf = s cos = 5. tanü = V2; cscü = x, secü = V3; cotü = 2 
21.5100 = з, cos? = 25. {апд = T сзс@ = V5; sech = A cot = 2 
23. tan = E csch = 2; sech = 25. соі = 4/3 25. (ап = 25. csc? = x sech = a cotü = ~ 
27. соѕ0 = х2, tan = 1; сѕс0 = V2; secü = V2; cot? = 1 29. ѕіпб = 202, {ап@ = 242; cscü = 22, sech = 3; cot? = 2 
31. sinf = х5, cosh = 22 сзс@ = V5; sech = У, cot? = 2 33.sin0 = 22 cos = 7 tanü = 2V2; cscü = 50. сої = 2 
35. sinf = A cos = Е csch = 6, secü = V3; соб = a 37. 5110 = Е cos = Е {апд = 5. sech = эз, cotü = У3 39.1 


41.1 43.0 450 471 49.0 51.0 53.1 55.1 57 w ъз ()2 (d)2 59.(а)50 DE (07 o2 61. wi (Ы) 15 (94 «910 
63. (а) 0.78 (b) 0.79 (c) 127 (d) 128 (е) 1.61 (0078 (g) 0.62 (h) 127 65.0.6 67.20° 69.5cosó 71.75ес0 73.6 tand 


75. 4.64 тт 77. (а) Z = 200 V13 ~ 721.1ohms (b) {апф = 2, sing = m cos¢ = SB. cotó = > сѕсф = MIS. ѕесф = ЫЕ 
79. (а) 10 тіп (b) 20 min (c)7(0) sa 3 i 0 + a =) (d) Approximately 15.8 тіп (e) Approximately 10.4 тіп (f) 70.5*; m ft; 9. / min 
an sin _ = 


81. At the 10-yard line E 
83. (a) ОА| = |ОС| = 1; angle OAC = angle OCA; angle OAC + angle OAC + 180° — 0 = 180°; angleOAC = - -— 


A ICD| IOD] 0 ICD| sind sind 
0 = —— = |CD]; 0 = —— = |OD t = = = 
piss = по С cost = се. =|ОР| © taz = лт, = т-ту = Тг cos 
85. h = xtan0 апал = (1 — x)tan(n0); $о,х1ап@ = (1 — x) tan(n0). Then x = ___Лап(иб) — 0 90 
tanÓ + tan( n0) 0 
87. (а) Area AOAC = FIACIIOC| = i s Lc 109 = Isina соза 


1 1 2|BC| |OC| 
Area AOCB = -|B = B . = 
(b) Area AOC. "1 СОС | 210 | [OB] ` JOB] 


ТОВ |? sin d соз 
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(с) Area AOAB = 1 BDIIOA| = 1|ов|!8®1! _ ТӨВ + 8) 89. sina = tana соза = cos cosa = соѕ 8 tan = sin 5; 
2 2 ІОВ | 2 sin?a + coa = 1 
ОСІ ѕіп2 а + tan28 = 1 
1 іп2 
(d) 8089 = = |OB| 5 sin^g _ 
cos 8 o5 ишби cos? 8 
E 
(e) Area AOAB = area AOAC + area AOCB sin? a + Ts BT =1 
SIOB|sin(a + 8) = Ssina cosa + ZIOB хпв cos 3 sin?a — sinta + sin?a = 1 — sin? a 
sinta —3sin?a 4-1— 0 
dota c sina cosa + ІОВ |? sin 8 cos 8 КЕ 
IOB] sin? a = ig 5 
sina ((OB|cos8) + |OB|* sin 8 (ssa) 
; _ [OB] : 3145, . | 
sin(a + 8) ОВ | sina = 2 (а is acute, so sina > 0) 


sin(a + 8) = sinacosZ + cosa sin 8 Sinice А 5/5 eee [з — V5 = sin8 
2 2 


91.4 93.Since a? + b? = c?, a > 0, b > 0,then0 < a? < c? or0 < a < c.Then0 < 7 <1and0 < cos@ < 1sosecó > 1. 


c 
95 {x| - 2) or (-2, o) 96.4- 31-5 9LR = 134 98,817 ft? 9.72007 У157 100, f(x) = 3: 101. [—3, 2] 
х 
х+ +4 
102. [—5, —4) 103. (06, 2) 104. 
4х2 
5.3 Assess Your Understanding (page 427) 
1. elevation 2.depression 3.T 4.F 5.6 б.с 7 sin45° = >, соѕ45° = 2, tan45° = 1; csc45? = V2; sec45? = V2; cot45° = 1 
9.8 1.7 1.2 15. /3 15 19.45 21.2 23, 23 +22 28,2 22 29.0 31.047 33.0.73 35.166 37.0.43 39.—9.51 
P 14 43 1 У V2 22, (= | E z) (2 
41. 1.02 43. 0.76 45. 0.07 47.126 49. 3 51.5 53. 2 55. 1 57. (a) Flat a (b) ЭКД (с) T 2) 
59. 4.59 in.;6.55in. 61. (a) 5.52 in. or 11.83 іп. 63. R ғ 310.56 ft; Н ~ 77.64 ft 65.R ~ 19,541.95 m; H ~ 2278.14m 67. (а) 1.205 


(b) 1.12s (с)1205 69.70.02 ft 71. 984.02 ft 73. 5072 я 28.87 m 75. 1978.09 ft 77.60.27 ft 79.190-/2 ~ 268.70 ft 81. 3.83 mi 


83. (a) T0) = 1+ — l 85. The white ball should hit the top cushion 87. (a) L(0) = — + 5440 — 36tand + 9tan20 


Ие 3.34 ft from the upper-left corner. 


(b) 1.9 h; 0.57 h (b) L(45°) = 15V2 + 5413 ft ~ 39.2 ft; 15 ft 


H 0 = 50.2? 


(c) 1.69 h; 0.75 h (c) NORMAL FLURT AUTO REAL DEGREE МР 
(d) 1.63 h; 0.86 h 
(е) 1.67 h 
(f) 2.75 h 


4 
аа (d) Lain = 39.05 ft; ~ 18 ft from the 15-ft pole 


67.98°; 1.62 h; 0.9 h 


d 0 0.5 04 02 0.1 0.01 0.001 | 0.0001 | 0.00001 Sin? approaches 1а80 > 0. 


#00) = ч" 0.9589 0.9735 0.9933 0.9983 1.0000 1.0000 1.0000 1.0000 


91. = 93.1 97.Allrealnumbers 98. Vertex: (3,5); axis of symmetry:x = 3 99.{In6+ 4} 100.9 101. {=} 102.—8 and — 3 


103.(21) 104.c = 35 105.(0, 3), (—5, 0) 106.3x — 5 + Sh 


5.4 Assess Your Understanding (page 440) 


1. tangent; cotangent 2.coterminal 3.x-axis 4.F 5.T 6.T 7.360°; 27 8.b 9. — 10.d 11. sinf = $, cos = -3; 
tano ы csch = 5, sec) = E" cotü = E 13. sind 313. cos = 2413. їапб csc М3. sech = 13. cotü = — 
3 4 3 4 13 13 2 3 
15. 5100 = cosé с їап@ = 1; csc? = —V2; secó = —V2; соїӨ = 1 17sinü = 5: cos = 5. tan? = 5. cscO = 2; 
secü = 28, cotü = У3 19. sin х2, cos = A tanü = —1; cscü = —V2; secü = V2; cotü = —1 1.2 
2.73 25.4.2 27.1 29.3 31.0 33.П 35.IV 37. ГУ 39. Ш 41. 30° 43.60? 45. 40° 47,22 49.7 51.15° 
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53.2" 55.80° 57 sol cnl 63.22 65-2 61-43 62 1.22 7. 75 J/3 TLO 79.0 81.—1 
7 4 2 2 2 2 2 2 
83. соѕ0 5, tang E. csch = ix ѕесб 13. cot? = — 3 85. sind 3. tan = 2; csc 5, sech = e cotü = ш 
13 5 12 5 12 5 4 3 4 3 
87. cos0 I. tang 5 ; сѕс0 = 13. ѕесб 13, cot = a 89. 5100 = -232. tanü = 242; csc) = _3\/2. sech = —3; cot? = v2 
13 12 5 12 3 4 4 
91. cos NS. tan 2x75, csch = 3. вес@ 345. cotü = _NS 93. sind УЗ. cos = 1, tanü = —V3; 
3 5 2 5 2 2 2 
csc 243, cotü = _УЗ 95. sind 3. соѕ0 = csc 5, sech = m cotü = а 97. sind = м0. cos = 3910. 
3 3 5 5 3 4 3 10 10 
сзс@ = V10; зес@ = -3m. cot? = —3 99,sin@ 7 соѕб УЗ, tanü = 5, secü = -25. cotü = V3 
101. (a) 2, [sis - (b) V2; (315°, 42) (c) —1; (315°, -1) 103. (a) э, (z, 3 (b) —2; (Z, 2) (c) 1; (—315°, 1) 
105.—0.2 107.3 109.—5 111.0 113.0 115. (a) Approximately 16.6 ft (b) 
455 90 
117. (а) 80° (b)45? (c) The knee cannot bend 180? due to skin and muscle tissue. 19.7 121. 4 125.{—10} 126. 2,476,000 units 
127. f(12) = 5 128. g(x) = х – 4 129.{х|х = —1, 1,2). 130. odd 131. {0, —5, -1, V5, 5} 132.(—оо, оо) 133. y = 6x7 
134, {—2 — 43, -2 + V3} 
5.5 Assess Your Understanding (page 452) 
4.27; п 5.Ь;а 6 2 7.—0.2;0.2 8.T 9.b 10.a 11.sint 5 cost = x tant — m csct = —2; sect = m cott — —/3 
ror 
13. sint 2, cost v2. tant = 1; сѕсі = —V2; sect = —V2; cott = 1 15.sint = 2, cost = 3. tant 25. eset = 5: 
sect = 845. cott = v5 17. sind = 27 cos = 3. tang = 4. esei = 3. secü = 3. cotü = E 19.sinü = 413. 
5 2 5 5 3 4 3 4 13 
соѕб 2413. tan 3. сѕс0 = м3. ѕесб Мз. бої@ = 4 21. sind v2, соѕб v2. tanü = 1; csc@ = —V2; 
13 2 3 2 3 2 2 
sec? = —V2; соїӨ = 1 23,12 25.1 27.2 29.43 s 3 33.0 35.—/2 37453 30,8 41.—/3 43.42 45.-1 47-1 


49,2 51.0 53.—/2 55. 23 


69. [—1, 1] 71. (оо, оо) 73. (оо, -1] U [1, оо) 75. Odd; yes; origin 77. Odd; yes; origin 79. Even; yes; y-axis 81.0.9 83. 9 
85. (а) Е (b) 1 87. (а) 2 (6) 6 89. (а) 4 (b)-12 


57.1 59.1 61. 


2 y 63.(—oo, oc) 65. At odd multiples of 5 67. At odd multiples of 


91. (a) Using graph: sinl ~ 0.8, соѕ1 ғ 0.5, tanl = 1.6, cscl ~ 1.3, secl ғ 2, cotl ғ 0.6; 
Using calculator: sinl ~ 0.8, соѕ1 z 0.5, tanl = 1.6, cscl ~ 1.2, secl = 1.9, cotl = 0.6 
(b) Using graph: sin5.1 ~ —0.9, cos5.1 z 0.4, tan5.1 ~ —2.3, сѕс5.1 ~ —1.1, sec5.1 ~ 2.5, cot5.1 ~ —0.4; 
Using calculator: sin5.1 ~ —0.9, cos5.1 = 0.4, tan5.1 ~ —2.4, сѕс5.1 ~ —1.1, sec5.1 ~ 2.6, cot5.1 ~ —0.4 
93. Suppose that there is a number p, 0 < p < 27, for which sin(0 + p) = sinô for all 0. If 0 = 0, then sin(0 + p) = sinp = sin0 = 0, so p = m. 


If@ = 2 then sin(7 + Р) = sin(2 But p = т. So sin[ Эл) ==ї= sin() = 1.This is impossible. Therefore, the smallest positive number p 


for which sin(@ + р) = sin@ for all@ is p = 2. 


95.зес@ = l 9 since cosÜ has period 27, so does sec. 
cos 


97. If P = (a, b) is the point on the unit circle corresponding to 0, then О = (—a, —b)is the point on the unit circle corresponding to 0 + т. 
= = b = tanð. If there exists a number p, 0 < р < s, for which tan(0 + р) = tané for all 6, then if 0 = 0, 
—a а 
tan(p) = tan0 = 0. But this means that p is a multiple of т. Since no multiple of 7 exists in the interval (0, л), this is impossible. Therefore, the 
fundamental period of f(0) = tan is л. 
y 


99. Let P = (x, y) be the point on the unit circle that corresponds to г. Consider the equation tant = = = a. Then у = ax. But x? + y? = 1,so 
x 


Sotan(0 + 7) = 


x? + а?х? 1.Sox 1 and y = d = that is, for any real number a, there is a point P = (x, y) on the unit circle for which 


a 
У + а? Л жа 
tant = а. In other words,—oo < tant < оо, and the range of the tangent function is the set of all real numbers. 
АУЗ 497-7 4p, 5= 10 5 + V10 
7 13 3 3 


113. y = ix + a 114. 6.12% 


Him = PO 5б _ tang тоз 130;90;70 105. y 
cos — 0 cosĝ 


115. Vertical: х = —3; horizontal у = 5 116.{39} 117.—30 118.(—7, 3) 119. (0,1) 120.—7x3 + 4x? — x +8 121. log,(x4Jy) 
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5.6 Assess Your Understanding (page 465) 
3.(a)1 (b)O (с)—1 (d)O (е) [—1, 1) (f) origin;odd (g) 


1.42. 


25 


—1 4.(a3-1 (b)0;1 (co[-1 1) (d) y-axis; even 


(98.2. 2 6.3; т 133 8.T 9.F 10.T 11.4 12.4 13. (а)0 (b) -7 <x< о (01 (d)0, т, 27 

(е) f(x) 1 for x T. 95700) 1 for x pi эл (f) » e 7 Us (g) (x|x = Кт, k an integer} 
15. Amplitude = 5; period = 2» 17. Amplitude = 3; period = 3 19. Amplitude = 6; period = 2 21. Amplitude = 1; регіоа = — 
23. Amplitude = 5 period = 5 25.F 27А 29.H 31.С 33.J 
35. 


Domain: (—oo, оо) 


Range: [—4, 4 
ge: [ | Domain: (— оо, оо) 


Range: [—4, 4] 


Domain: (—oo, оо) 
Range: [—2, 2] 


Domain: (—oo, оо) 


Domain: (—oo, co) 


39. C 37 


Е) G.-1) 
Domain: (—оо, оо) 
Range: [—1, 1] 


Range: [—1, 1] 


49. 


Domain: (—оо, оо) 
Range: [1, 5 


Domain: (—оо, оо) 
Range: [—8, 2] 


Domain: (—оо, оо) 
Капре: [—1, 2] 


Range: [—2, 10] Range: [2, 8] 
59. у = +3 sin(2x) 6l.y = +3 ѕіп(лх) 63. у = 5 cos( Fax) 65. y = —3 cos( 2x) 67. у = З5іп(2лх) 69. у = -sin( 3.x) 
My = (= | =, О; u 2 v2 
.y = -cos|—x)+1 73. у = 3 sin( х) 75. у = —4 соѕ(3х) 77. = 79. — 
3 2 т T 
81. (f o g)(x) = sin(4x) 83. (f o g)(x) = —2 cosx 85. 


„УА. 
HE 


uA Vr 
7,9) 425 23D 
d) (8 


(7,2) 


ОЕП ie 2 Cr, -2 
(go f)(x) = 4 sinx (g o f)(x) = cos(—2x) 


7.4 Eme 
2 -—-125 


(7,1) 


y 
FILE 


89. Period — A sec 
30 
Amplitude — 220 amp 
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91. (a) P(t) 


: 2 2 2 
= anf) = z sin?(27ft) (b) Since the graph of P has amplitude ын and period 2s and is of the form у = A cos(wt) + B, 


2 2 2 2 2 
then A ae and B = Yo”, Since 5: = 27 then w = 4rf. Therefore, P(t) = — 42 cos (47/0) + ын = wi — cos (4r ft)]. 


93. (а) 120 (b) 80 (c) 70 beats per minute 95. (а) 75.4°F (b)28.1°F (c)6months 97.(a)205ft (b)5ft (c)3 (0) 4.3 mi/h 


99, (a) Physical potential: w = 2. emotional potential: w = 1? intellectual potential: о = = 
(b) тїнт ашта кєнї кезтан не (c) Мо (d) Physical potential peaks at 15 days after 20th birthday. Emotional potential 
100 is 50% at 17 days, with a maximum at 10 days and a minimum at 24 days. 


Intellectual potential starts fairly high, drops to a minimum at 13 days, and 
rises to a maximum at 29 days. 


% 36 
101.(0, A cos(—BC) + A), (2 - Dr ке, 0), kisan integer 1012х+й—5 108.2, 5) 109.00, 5),(-3, о), (-2, 0) 119.(-8) 


11.174 years 12.[ 57 ~ 0.649} n3, = 2x+7 14. |-H, œ) nos 210 ($, oo) n1. (1 VIO} 


Wl 


5.7 Assess Your Understanding (page 477) 
3. (а) (—o0, оо) (b)odd;origin (с) п (d) odd; 5 (e) 1,—1, 0 4. y-axis; odd multiples of 5 5.b 6.T 70 9.1 


Зп т т Зп 15 3v т т 3л 
a vUa T WM rra 
21. 


11. ѕесх = 1forx = —27, 0, 27; secx = -1forx = -r,r 13. 


Domain: (x|x = Кт, k is an integer) 


Domain: {Х| х = а k is an odd integer } 
2 Range: (—oo, оо) 


Domain: (x|x does not equal an odd integer ) 
Range: (—oo, оо) 
Range: (—oo, оо) 


23. 


25. YA 


(ЖИ ЗИ И И э КШ 


dq de» AME, 
N га т 
ON 1 i (0,2). ras Qm. 2) 
| еи EE A 
T \ NSPEREPEAUN 
| E ст 270 Гл, -2) 
НЕК i 


xz kn k is an odd integer} Domain: {x|x = Кт, К is an integer) 
z Range: (y|y € —3 or y > 3} 


ui 


(77, -1) fc 
LE 
|ы. 


mE 


Domain: (x|x = 4Кт, k is an integer } 
Range: (—oo, оо) 


Bi 
EPI 
(2л, cl 


Domain: (x|x = Кт, k is an odd integer) Domains telz doesnot edial aninteter} Domain: {x|x # 27k, k is an odd integer } 
Range: < —Aory > 4 д А 
ge: {у|у < у2 4} Range: {yly < -2 or y > 2} Range: (—оо, co) 


Domain: {x 


Range: {y|y € —2 ory > 2} 
29. 


(т, 2) 


Sax 


'Gz,0) 


39,520 у 


ЛА 


(-1,-3) (3, –3) 


Domain: {х|х = 3k, k is an odd integer | Domain: (x|x = 4k, k is an odd integer} | : | 
4 4 Domain: (x|x = k, k is an even integer } 
Range: (y|y € lory > 3} Range: (—оо, 00) Range: (yly € —3 ory > 1} 
41,273 аз, $3 45.(f o g)(x) = tan(4x) (go f)(x) = 41апх 47.(f o g)(x) = —2 cotx (g o f)(x) = cot(-2x) 
т т 
М a as 
HT (ж!) | T 


Y 
i 
L 
L 
HT 
et 
1 
1 
T 


AN50 Answers: Chapter 5 


51. (a) L(0) = 3 = (b) ES 
cos sing 25 
= 3 sec + 4 csc "EF. 
(с) 0.83 (d) ~9.86 ft 
05 z = tan x 


55. Vertical Asymptotes:x = Кт, k an integer 56.(5p — 2q?)(25p? + 10pq? + 44*) 57. Hazel: 4 hours; Gwyneth: 6 hours 58. (—1, 3} 
Domain: {x|x = Кт, k an integer} 
Range: {y|y < 0} or (—oo, 0] 


60.(—оо,0)0(4,оо) 61.5 62.х+с—3 8x0, -2), (5,0), (—2,0) 6A. x +1)? + 52 65. |Z, o0) 


5.8 Assess Your Understanding (page 488) 


1. phase shift 2. False 5. Amplitude = 2 7. Amplitude = 3 9. Amplitude = 4 
3. a =4 Period = 7 Period = 5 
= Phase shift = —7 Т 
Phase shift = 5 4 Phase shift — E 


11. Amplitude = 4 13. Amplitude = 3 15. Amplitude = 3 
Period = 2 Period = 2 Period = «x 
Phase shift = -2 Phase shift = 2 Phase shift = P 

т T 


21. Amplitude — 2 23.y — 2 sin 2(х — 1) огу = 2 sin(2x — 1) 


Period = Z 
2 


TAE: 25.y — 3 sin F(x  i)]or» = 3 si(2 x | 
4 


27. Period = E sec (d) y = 9.52 sin(1.229x + 2.976) + 24.230 


T б REAL RADIAN HF 
(e) HOKHAL FLOAT AUTO NEAL RADIAN HF ü 


Amplitude — 120 amp 


Phase shift — a sec 
1 90 


Review Exercises AN51 


(b) y = 23.65 sin| T(x = 4) + 51.75 огу = 23.65 sin(Zx e 2) + 51.75 


(d) у = 24.25 sin(0.493x — 1.927) + 51.61 (0 ЫЫ 


33. (а) 1:35pm Ф) у = 2.94 sin (x + 1.934)] + 2.79 or y = 2.94 sin M + 0.979] + 2.79 (е) 2.33 ft 


35. (a) y — 1.615 sin( 2s — 1.39) + 12.135 (b)1242h (с) y (d) The actual hours of sunlight on April 1, 2022 were 
3 xt HE 12.43 hours. This is very close to the predicted amount of 
NNNNNNNERNN 12.42 hours. 


10r — 


37. (a) y — 6.96 sin 27. = 1.39) + 12.41 (b)13.63h (©) y 


365 (d) The actual hours of sunlight on April 1, 2022 were 


13.37 hours. This is close to the predicted amount of 
13.63 hours. 


20|- 


10}; 


Ж ий E oix 
150 280 420 


39. у = 51 sint + 09) + 55 огу = 51 sin| Sr 


т 4 z) 55 42. f(x) = Е 43.{7} 44. 64х? + 240ху + 225у2 45.2413 


3- 1 


46.{=, >} 47. y = и3/? — 411/2 ory = (и — 4)Vu 48. La? —x? 49.8ft x 19 50.x = —3 51.3 + 2log,x + 5log,y 
a 


Review Exercises (page 494) 


1.37 2.7. $120 4,—450° 5.1 6. 2 e 7-—342 243 8.3 9.0 10.0 1L1 12.1 13.1 14-1 15.1 16.53 17.3 
18.—5 19.2 20.cos0 = 3. tanü = а, сѕс0 = 5, sech = 5, cot? = 3 21. sin 12. соѕб 5 ; сѕсб 13. sec = _13. cot? = 5 
5 3 4 3 4 13 13 12 5 12 
22.sind = 3. cosé = tan 3. csch = 5, cot = = 23. sind 4. tanü = Я, csc 5, sec 5, coth = 3 
5 5 4 3 3 5 3 4 3 4 
24. соѕ0 = 12. tang 5 ; cscd 13: secü = 13. coth = - 25. sind v10, соѕӣ = 310. cscü = —\/10; 
13 12 5 12 5 10 10 
secü = _У10. cot? = 3 26.sin0 1. cosÜ м5. tan = MER secü — AVIS, со = v15 
3 4 4 15 15 
27. 5110 = S cosé 25. tang = -1; сзс@ = V5; sech = m 


29. O 


i 
1 
1 
1 
1 
[ 
1 


1 
i 
a 
i2 
W 
1 
i 


Domain: (—oo, оо) 


Domain: БЕ = s, k is an odd integer } 


Domain: (—оо, оо) Range: [—3, 3] | 
Капре: [—2, 2] Капре: (—оо, оо) 
am зз. у 
| Ж 
| m 
T EREE 
i D 
Lii 


| | Кт у. Р 
tk: T kisan integer] Domain: {х|х = E^ + km,kisan integer} Domain: БЕ TUE k is an odd integer} 


Range: (—оо, оо) Range: (y|y € —4 ory > 4} 


Н. 
ї 
T 
Н 
1 
1 ы i 
PE m : : Domain: (—оо, оо) р 
Domain: ү xw n + Кт, kisan integer} Range: [—6, 2] Domain: БЕ = = + k - 37, К is an integer 


Range: (y|y € —lory > 1} Range: (—оо, оо) 


| 


AN52 Answers: Chapter 5 


37.1; 38.2; : 39. Amplitude — 4 40. Amplitude — 1 41. Amplitude — ; 42. Amplitude — 
Period = 4r An А = 
Period = 2 


Phase shift = —7 Period = ES 
Phase shift — 


Phase shift — = 


2V10 3V10 7 7410 2410 


43. y = 5 соз 44.y = -7sin( Zx) 45. sinf = 5; cos = 7 ; tanü = 20 ; cscÓ = 3 secü = 20 ; cot? = 3 
46. 0.38; 1.02 47. Sine, cosine, cosecant and secant: negative; tangent and cotangent: positive 48. 30° 
49. sinf = 22 cos = -1; tanü = —2V2; csc = 22. secü = —3; cotü = 22 50. sint = 2 cost 2029. tant = E 


51. Domain:}x|x = odd multiple of ©}; ran е:{ < —lory > 1}; period = 27 52. (a) 32.34° (b) 63?10'48" 53.2 ~ 1.05 ft; Z я 1.05 ft? 
р 2 ge:iyly У р 3 3 


54.87 ~ 25.13 in.; — ғ 16.76 іп. 55. Approximately 114.59 revolutions/h 56. 0.1 revolution/sec = S radian /sec 57. 839.10 ft 


; 1 1 
.23.32 ft 59, 2.15 . (a) — 220 -— 
58. 23 5 mi 60. (a) 15 (b) (с) 180 (d) 


— 2.296) 4- 75.66 


(b) у = 20 sin| Ex — 4)| + 75 or 


75 


y= 20 sin[ x 27) 


3 
Chapter Test (page 497) 


– 42 
1.137 2,207 4197 4 js» ssi» 6135 11 &0 9-1 1€— 3 112 1,30 7^2) 15,0595 14.0309 
9 9 180 2 2 3 2 
15.—1.524 16.2.747 17. sing соѕӨ tang sec csc соі 
0 in OI | + + + 
0 in ОП + — 
0 in OIII + 
0 in ОГУ | E — = 
18.—2 19. соѕ0 246. tan 56. сѕс0 = 7. вес@ 746. со! = _2У6 20. sind NS. tang У5. сѕс0 = _3М5. 
5 7 12 5 2 5 3 2 5 
sëch = 3. cotü = _2М5 21.sinü = i, cosé 3 ; сѕс0 = 3. secü 13, cot 5 22. 7453 23. 5x146 24. 1 
2 5 13 13 12. 5 12 53 146 2 


27. у = -3sin(3x T т) 


28. 78.93 ft? 

29. 143.5 rpm 

30. The ship is about 838 ft from the statue. 
31. The building is 122.4 ft tall. 


Cumulative Review (page 497) 


1.{ 1,5} 2.y—5 = –3(х + 2)ory = 3x - 1. 3.х2 + (у + 2)? = 16 


Section6.2 AN53 


(b) 


14. (a) f(x) = —3x - 3; (b) f(x) = (x — 1)* — 6; (0,—5), (c) We have that y = 3 when x = —2 and y = —6 when x = 1. Both 
m = —3; (—1, 0), (0, —3) (-V6 + 1, 0), (V6 + 1, 0) points satisfy y = ae*. Therefore, for (—2, 3) we have 3 = ae~?, which 
implies that a = 3e?. But for (1, —6) we have —6 = ae!, which implies 
that a = —6e-!. Therefore, there is no exponential function у = ae* 


that contains both (—2, 3) and (1, —6). 


(x + 2)(x — 3)(x — 5) 
3(x — 2) 


15. (a) f(x) = E + 2)(х — 3(х— 5) Ф) Кх) 


CHAPTER 6 Analytic Trigonometry 
6.1 Assess Your Understanding (page 511) 


5.x = siny 6.0 <х < т 7.T 8T 9.T 10.4 11.0 13.—5 15.0 11.7 19.7 21. x 23.7 25. ^ 27.0.10 29.137 31.0.51 
33.—0.38 35.—0.12 37.1.08 39. — 41. E 43. а 45.7 47. 8 49.7 51.7 53. Not defined 55.1 57.4 59.Notdefined 61. т 
63. f- (x) = sin 1 2 65. 7100) = соз (х) 67. f(x) = tan (x + 3) -1 
5 3 2 Range of f = Domain of f^! = (—oo, оо) 
Range of f = Domain of f^! = [-3, 7] Range of = Domain of f^! = [-2, 2] 
тот m Range of f~! =(-1-4, 2-1) 
Range of f! = 1-2, z| Range of f! = |0, 7] 2 2 
2 2 3 
If x 
69. f- = | іп) – 1 
улоо = g[sin (5) - 1] n.[2] 7[-1| 78.0435) mon 
Range of f = Domain of f^! = [—3, 3] 2 4 
1 dom 79. (a) 13.92 h or 13h 55 min (b) 12h (е) 13.85 h or 13h 51 min 
Range of f! | 2. 81. (а) 13.3h or 13h 18 тіп (b) 12һ (c) 13.26 h or 13 h 15 min 
83. (а) 12h (b)12h (c)12h (d)Itis12h. 85. 3.35 min 
87. ба) = square units (27 square units 89.4250 mi of e У) 93. | z, 2] 94. The graph passes the horizontal-line test. 


95. f-'(x) = log;(x —1) 96.(2x + 1)72(х? + 3y3 (gi —x-3) 


In 3 “З 
әт. 3} 98.20mph 99,2 
100. 5100 = 7 , tanü = 7 psech = 25 csch = 25 cotü = 24 
25 24 24 T 


101. Quadrant 102,12 = 43 
T 


6.2 Assess Your Understanding (page 518) 


4.х = ѕесу; >1;0;т &coie 6Е TT &T 9.7 IL-7 13.7 15 = 1.37 19.-7 21132 23.046 25.-034 27.272 
29.—0.73. 31.2.55 33, 2 as 37.2 39.42 41. 2 43. 23 45. > 4n-L 49, 2 51. > 53. >м 


ss, 3410 87.45 59.7 61 63.0 65,7921 бу, хи -1 


1. Ў . З А ; 
4 V1 +u? У = и? [ul [ші и 13 4 4 13 


AN54 Answers: Chapter 6 


79. — 81.—V15 83. (a) @ = 31.89° (b) 54.64 ftin diameter (c) 3796 ft high 85. (а) 0 = 22.3° (b)v, = 2940.23 ft/sec 87. /2 — x? 
90.—5i, 5i, —2, 2 91. Neither 92. — 93,22 x= 7.85 in. 94. a)(-3, 2) (b) Concave down (с) Increasing: —oc. 2} decreasing: IH: оо) 
95.{—3, 3} 96.{x|x > 3, х = 4, х = 7) or(-3, 4) U(4, 7) U(7, оо) 97. y = 4sin[6(x — 1)] or y = 4sin(6x — 6) 
98 х+с 99 343 + 6 

Jost + сс? m 


6.3 Assess Your Understanding (page 526) 
T.F &T 9T 10.Е 1Ld 12a 15.77. ил) 15. [77 url 1. [27, m) 19. (27, т) n. (37, эт} 2.{7, zm 4r эт} 


6 67 6 4’ 4 3 4 ga? 4 
Зп 5m Tr т Tn llr т 2r 4m 5r 4v 8т 167 Зп Tr 117 
2s [7, 25, Эл 77] m. ; 2.[2, 7, 77, 77] зу іт =, 
Sia 4° 47 4 124 =} 29 тузы у mcs зы к, зве”) 
5т т 5r 130 17r 25r 297 5т Sr llr 17« 2307 29r 35r 
(00 = Z + 2k 8 = 37 4 2k } ‚ Эт 13m 17т 25m ө. [o|o H kr); HO poo E к 
у 6 ^n 6 Te 6 e 67 я ИЫ 6 6° 6” 6” 6' 6° 6 
3т т 3n 5m Tn On 110 т т Tn 137 19r 25r 31m 
41.1010 = Z + окт, 0 a lr ST OT ONT Jm. 43.1010 T + kn}; fZ, селя з } 
ul 2 í "ULbT3 [| "pce ae qe E 
As.lolo =T +kr 0 — kal X 2m 4- 5- 7m 8л ду ө = 57 Aken. 6 107 4 agg |. ST 107 207 22m 32m 34r 
5. (0 aes 3 tme 3'3'3'3'3 g тч 3 T Ur зз > 
49.(0.41, 2.73} 51.(1.37, 4.51} 53.(2.69, 3.59} 55.(1.82, 4.46} 57.{2.08, 5.22} 59.(0.73, 2.41} в1.[ л, 2 =, эт} 
Tn llr т 50 т 2m Ат 30 т 5r т 5т т 5т 30 т 
63.1 Z im 40 \ } alt еш Dm 9 71.{5, A) 73.{0, aes } 7s.| E } т. 
«m da 4' 4 i u$ eu 4 gu Piee 2 15! 
79. {0} вт. (2, =| 83. No real solution 85. {—1.31, 1.98, 3.84} 87 {0.52} 89. {1.26} 91. {—1.02, 1.02} 
2т 4r 5т 
93.{0, 2.15} 95. {0.76, 1.35} 972, <2, 27 от 
3. (0, } 95.10.76, } ИЗ 
99, (а) 27, —7, 0, т, 27, 3л, 4v b { lim Im m 5т 13m х) 
(а) (b) (с) 6° 6° 6 6? Е? 6 
li. Tr т 5т 137 177 
117 3 EN 
(m a [| -— х < Tor сх < Bort < g< HE) 
Tr 3 
өм 
105. (а), (4) I4 аб) =2eosx +3 t» [27 т} 
IAN uc 
Sa п Sr (к (жэ) с Zü. мыл an 
sat el A S wmm е ei E 2) 
| | Е =) 
HTA or[ 27, 47 
Дх) = —4 cos x 3 3 


Со = 3 sin@x) +2 


107. (a) 0 sec, 0.43 sec, 0.86 sec, (b) 0.21 sec (с)[0, 0.03] U[0.39, 0.43] U[0.86, 0.89] 
109. (a) 150 mi (b) 6.06, 8.44, 15.72, 18.11 min (с) Before 6.06 min, between 8.44 and 15.72 min, and after 18.11 min (d) No 111. 2.03, 4.91 
113. (а) 30°, 60° (b)123.6m 115. 28.90° 117. Yes; it varies from 1.25 to 1.34. 119. 1.47 121.0, = 48.8? 


(c) IMGRHAL FLOAT AUTO REAL DEGREE НР ñ 123. folo - — + km, where k is any integer} 127. x= = log, y 128.2 p 9 oa NIT 
1 
129. tané = EIL = —\/10;зес@ = AO, cota = —3 130. Amplitude: 2 
Period: т 
Phase shift: Z 
2 
5 21 2m 
131.{х|х > 3} or (3, оо) 132.3« cm ~ 9.425 ст 133.4 = 6 134. оаа 135. y a + 2 136. 3 
6.4 Assess Your Understanding (page 536) 
3. identity; conditional 4—1 5.0 6T 2 8T 9с 10.Ь iL 13.14588 15 1 0 445 3492990 *1 
cosÜ cosé sin соѕ0 sind +1 
21. сѕс0 - соѕ0 = 1 - cos? = созӣ = cotü 23.1 + tan?(—0) = 1 + (—tan0)? = 1 + tan?0 = ѕес20 
sind sind 
i in?0 + cos?0 1 1 
25. cosó( tang t0) = 0 sind | соѕ0 д" |= | = _ ө 
SCOS PETAT ы к 0 Е со$0 sin@ one cosé sin@ sind к 


27. tanu cotu — cos?u = tanu · : 1 соѕ2и = 1 — cos?u = sin?u 29.(sec0 — 1)(5ес0 + 1) = sec?0 — 1 = їап?@ 
anu 


Section6.4 АМ55 


31.(вес@ + їап0)(ѕесб — tan0) = ѕес20 — tan?0 = 1 33.cos?0(1 + tan?0) = cos?0sec?0 = сов?@. 


cos?0 — 
35. (sind + cos0)? + (sin@ — cos0)? = sin?0 + 2sin0 соѕ0 + соѕ20 + sin?0 — 2sinf cos0 + cos?0 
= sin?0 + cos?0 + sin?0 + соѕ20 = 1+1 = 2 
37. sect — ѕес20 = sec?0(sec?0 — 1) = (1 + tan?0)tan?0 = tan^0 + tan?0 
1 sinu 1—sinu 1 + sinu 1 — sin? u cos? u cosu 
39. secu — tanu = . = = = = = = = 
cosu cosu cosu 1+ sinu соѕи(1 + sinu) cosu(1 + sinu) 1+ sinu 
41.3sin?0 + 4cos?0 = 3sin?0 + 3cos?0 + cos?0 = 3(sin?0 + cos?0) + cos?0 = 3 + cos?0 
29 1— 51020 (1 + sin0)(1 — sin0) А ; 
43.1 — _©95 1 = 1-(1—sin@) = sing 
1+ sind 1+ sind 1+ sind SS ay с: 
1+ 1 cotv+1 1 
1+ tanv cotv cotv cotv+1 ѕесб sind cosé sind 
45. = = = 47. | = + tan = tan = tan0 + tan = 2tan60 
1 — tanv des 1 cotv — 1 cotv — 1 cscÜ cosd i cosÜ ап алкап 9 
cotv cotv sind 
14 1 csc + 1 
1+ 5100 _ cscÜ _  cscü _ csc + 1 
'1— sino 1- csch — 1 csc — 1 
csc csc 
51 1—sinv, cosv _ (1l-sinv) + cov _ 1—2sinv + sin?v + cos?v _ 2-—2sinv _ 2(0-sinv) _ 2 _ бес 
' cosv ' 1— sinv cosv(1 — sinv) cosv(1 — sinv) cosv(1 — sinv) cosv(1 — sinv) cosv 
53 sind _ 1 = 1 = 1 
“sind — cosð 5100 — cosü ~ 4, _ cos? ^ 1 – coté 
sind sind 
1 2sinÜ | sin26 1— 2sinf + sin?0  (1— sin)? (1— sinb)? 
d 0 — tanb)? = sec?0 — 2sec0 tan0 + іап20 | = = 
аам ап) iba! ud a SN E cos?0 соѕ20 соѕ20 cos26 1—sin?0 (1—sin@)(1+ sin0) 
ais sind 
1+ sind 
57, cos sinÜü |  cosÓ0 , sind _ cosé sind _ соѕ20 sin?0 
l—tanü 1—сої@ sind cosÜ соѕ0 — sinÜ ^ sinÜ — cosÜ — cos0 — sin@ sin — соѕб 
cosÜ sind cos@ sind 
ce) =< TNT 
_ cos 6 sin 0 = (cosé sin )(cos0 sind) sino een 
cos@ — sin соѕ0 — sin 
59. tand cosÜü _ sind , _cosð  _ sin@(1 + sin@) + cos?0 _ sinf + sin?0 + соѕ20 _ sind + 1 Pee MEE secó 
` ' 1 4 sind cosÜ 1+ sinô соѕ0(1 + sin) соѕ0(1 + 5110) соѕ0(1 + 5100) cosÜ 
61. tan + secó — 1  tanó + (secó — 1) tan + (secü — 1) _ tan?0 + 2tan0(sec0 — 1) + sec?0 — 2sec0 +1 
tan —secO+1 tanü — (sec — 1) tanÓ + (sec0 — 1) tan?0 — (sec?0 — 2sec0 + 1) 
_ sec?0 — 1 + 2 (апӣ(ѕесӣ — 1) + sec?0 — 25ес0 +1 _ 2sec?0 — 2sec0 + 2tan0(sec0 — 1) 
ѕес20 — 1 — ѕес20 + 2secó — 1 —2 + 25ес0 
. 2sec@(secO — 1) + 2tan0(secü — 1) 2(5ес0 — 1)(ѕес0 + tan0) _ uo week 
2(secd — 1) 2(sec@ — 1) 
sinÜ cos@ sin?0 — cos?0 
Я {ап@ — cotÜ _ cos ^ sinÜ . | cos#sin@d _  sin?0 — cos?0 _ "m 
{ап@ + cotó sind , соѕӣ sin? 6 + cos?0 1 
cosÜ ^ sind cosé sin@ 
sinu cosu sin?u — cos?u 
Lan =сош = cosu sinu = — сЕ + 1 = sin?u — cos?u + 1 = sin?u + (1 — cos?u) = 2sin?u 
{апи + cotu sinu , cosu sin?u 4- cos?u 
cosu sinu cosu sinu 
1 sin 1 + sin 
67. sec? + tanf _ со$0 соѕ0 _ cosÜ — _ 1+ sinf . sind _ sind 1 — fang seed 
cot? + cosÜ COSA. , cogg 050 + cosésind cosÜ соѕ0(1 + sinĝ) соѕ0 cosé 
sind sind 
1 — tan?0 | 1— (ап20 + 1 + їап20 _ 2 ux = 2cos?0 
“1+ tan?8 1 + tan?0 1 + tan?0 ѕес2 0 
sec —cscO  secÜ escO _ 1 1 sind cos 
sec csc ѕесӨсѕс0 | secOcscO cscO | sec 
E 2 i2 : 
73.secÓ — cos? = ЕЕ cos@ ICON. sin? _ 0 - sin? _ 51п 0їап 0 
cosÜ cosé cos@ 
1 І 1 _ 1+ 5100 + 1 — sinf _ 2 2 = 2sec?8 


78, | = 
1—sind 1+ sin (1 + sin@)(1 — sin0) 1-— sin?0 cos? 0 


AN56 Answers: Chapter 6 


Tl secü _  secÜü 1+sin@ _ sec#(1+sin@) _ secO(1+sin@) _ 1 + ѕіп0 
“1 = sinf 1— 5100 14 sind 1 = sin?0 cos? 0 cos?0 
2 2sinv 
79. (secv — tanv)? +1 _ sec?v — 2secv tanv + tan?v + 1. 2sec?v — 2secv tanv _ cosy соѕ2у 2 — 2sinv . sinv cosv 
Cscv(secv — tanv) 1 | E, Уту 1 (+ = siny | 1 — siny cos?v 1-— sinv 
sinvicosv cosy sinv\ cosv sinv cosv 
_ 2(1— 8іпу). siny _ 2sinv _ айу 
cosv 1 — sinv cosy 
sin? + cos@ sinf — cos sind соѕб sin? 0 + cos?0 1 
= 1-14 = = = Өсѕсб 
81. со$@ sind cos@ ` ' sin cos@ sin@ соѕ0 sind aie 
ЧЕРИ Я : 20 o8 2 
83. sin 0 + cos3@ _ (sin + совй)( він 0 — sin@cos@ + соѕ20) _ Е Езсов2@-—їйййсовё-—= 2 Еве 
sind + cosé sinf + cosé 
85 cos?0 — sin? _ cos?6@—sin?@ _ cos*@—sin?0 _ cos? 6 
1 — tan?0 1 sin? 0 соѕ20 — sin?0 
cos? 0 cos? 0 
2cos20 — 1)? [2cos?0 — (sin?0 + cos?6)]° (cos? 0 — sin20)? А А Е | 
87. ( = = 20 — sin?0 = (1 — sin20 20 = 1 — 2 sin26 
cos^0 — sin^0 (соѕ20 — sin?0)(cos? 0 + sin?0) cos? 0 — sin?0 "S п ( ee чп 
89 1 + sin + cos _ (1 + ѕіп0) + соѕ0 (1 + sin) + cos _ 1 + 25іп0 + ѕіп20 + 2(1 + sin0)cos0 + соѕ20 
1+ sinf — cos (1+ ѕіп0) — соѕ0 (1 + 5100) + cos 1 + 25100 + sin?0 — соѕ20 
_ 1-4 25100 + 51020 + 2(1 + 5100)соѕ0 + (1 — sin?@) 2 + 2sin0 + 2(1 + sin0)cos0 
1 + 25100 + sin?0 — (1 — sin?0) 2sin@ + 2sin?0 
_ 2(1 + sin@) + 2(1 + 5іп0)соѕ0 _ 2(1 + sin@)(1+ cos) _ 1+ соѕ0 
2sin@(1 + sin) 2sin0(1 + sind) sind 


91. (asin@ + bcos0)? + (acosé — bsin0)? = a?sin?0 + 2ab sin@cos@ + b?cos?0 + a?cos?0 — 2ab sinf cosé + b?sin?0 
= a?(sin?0 + cos?0) + b?(cos?0 + sin?0) = a? + b? 


tana + tan 8 tana + tan 8 tana + tang tana tan 8 
93. = = = (tana + tang) - ————— = tana tan 
cota + сод dco ud tan B + tana p tana + tan B 
tana — tang tano tan 8 


95. (sina + cos)? + (cos + sina)( cos? — sina) = (sin?a + 2sina cosÓ + cos? 8) + (cos? 8 — sin?) 
= 2cos? 3 + 2sinacos3 = 2cos (cos + sina) = 2cos (sina + cos) 
97. In|sec@| = In|cos60|-!— —In|cos6| 


99, In|1 + соѕ0| + In|1 — cos0| = In(|1 + cos6||1 — cos@|) = In|1 — cos?0| = In|sin?6| = 215 |51п0| 


2 _ 2 Нер) i 
101. g(x) = secx — cosx 1 соѕ2х _ 1—соз?х _ sin’x _ gi УХ L sinx- tanx = f) 
cosx cosx cosx cosx 
103. #00) = 1 — sind cosó _ 1-sinf 1+ sind cosü cos? _  1-sin?8 cos? 0 
: соѕб 1+ sin cosÜ 1+ sin? 1+sin@ cos соѕ0(1 + 5100) соѕ0(1 + sin0) 
2 2 
_ cos? cos? 0 0 = g(6) 


соѕ0(1 + 5100) соѕ0(1 + sin0) ~ 


105. 4/16 + 16їап20 = V16V1 + tan?0 = 4Vsec?@ = 4sec6, since sec > 0 for ES «0«t 


2 
2 е? Е 

107. 1200вес0(28ес20 — 1) = 1200 — | А 1) 1200 —[. 2... 60978] _ 1200— (2 соз £) = 1200(1 + 1—соз°д) 

cos \соѕ20 cosĝ\ cos?  cos?0 со$0\ соѕ20 cos? 0 

_ 1200(1 + ѕіп20) 

cos?0 

109. Let 0 = sin-!(—x). Then — = sinf. So, x = —sin@ = sin(—0) because the sine function is odd. This means —0 = sin-!x, and 0 = —sin-!x. 
So, sin-!(—x) = —sin-!x. 
115. Maximum, 1250 116.(f o g)(x) = — 117. sin@ = Dcos ап Б, = 3; sec 3: сод = ES 
2 J89 


123.(х — 6)? +(y +2)? = 9 124.(x16 < x € 9} or (6, 9] 


118.-= 119.4413 120.22 т m? ~ 30.159 m? 121. 18 miles 122. -~— 
T 


6.5 Assess Your Understanding (page 548) 


7()- b- &F 9F IT П.а 12d 13.1042 + 46) 182—3 111046 +2) 19.1(42 — 46) 


1 1 1 245 11/5 245 
21. —( V6 + v2) 23.46 — 42 25. 27.0 29.1 31.—1 33. Я 35. (а) 2 (b) zs (c) E (d) 2 
4 — 343 —3 — 443 4 + 343 25-3 + 48 5 + 1243 12 — 543 —5 + 123 —240 + 1694/3 
37. (a) 10 (b) 10 (c) 10 (d) 39 39. (a) 26 (b) 36 (c) 26 (4) 69 
41. (a) 20 (b) 22+ 43 © A: V3 (а) 9 02 45.1 246 45. УЗ = 242 "S 8V2 = 94/3 


49. sin(7 + в) = sin cosó - cos sind = 1.с050 + 0 · sin = cosh Sl.sin(« — 0) = ѕіптсоѕ0 — соѕтѕіпӣ = 0 · cos — (—1)sin = sin 


Section 6.5 


{апт — tanf _ 0 -— tano 
1 + tanztano 1+ 0 · гап 


53. ѕіп(л + 0) = sinzcosÓ + coszsinÜ = 0 · соѕ0 + (—1)51п@ = —sinÜ 55. іап(п — 0) = = —tand 


(27 + в) = зїп 37.со50 | cos sind = —1:с050 + 0 · 5100 = —cos0 


57. sin 


59. sin(a + 3) + sin(a — 8) = sinacosÜ + соѕаѕіп 8 + sina соѕ 3 — соѕоѕіп 8 = 25іп о cos 


і + sina cos £ cosa sin sina cos cosa sin 
61. s B). dins Be - B + = = 1 + cota tan 8 
sina cos 2 sina cos 3 sinacosZ sina cosĝ8 


63 cos(a + 8) _ cosacosĝ — sinasinB _ cosacos? sinasin д 


= 1 — tana tan 8 


cosa cos 2 cosa cos 3 cosacosÜ | созо соѕ 8 
sina cos + cosa sin B sinoacosB | соѕаѕіп 3 
sin(a + 8)  sinacos --cososing _ cosa cos 8 _ cosa cos B ' cosa cos 8 _ tana 4 tan 
'sin(a — 8) sina cos — cosa sin B sina cos — cosa sing sina cos B cosa sin д tana — tan 8 
cosa cos 8 cosacosÜ cosacos 
cosa соѕ З — sina sin 8 cosacosZ sina sin 
6T.cot(a + 8) = cos(a + 3) _ cosacos@ — sinasinB _ sino sin 8 _ sinasin sinasin _ cotacot@—1 
7 sin(a + B) ѕіпосоѕ 8 + cosoasing sinacosÓ + cosasinð  sinacoső , cosa sin 8 cot + cota 
. " . Fy T " " 
sino sin 8 sinasinG sinasin 8 
— 1 DL 4 
sina sin i i esca csc f 
69. ѕес(а + 8) = 1 = 1 - - Шш 8 - = sina sin 8 | _ B 
cos(a + 8) соѕа соѕ З — sina sin cosa cos — sina sin p cosacos _ sinasin д cotacot3 — 1 
sina sin З sinasin? sina sin б 


71. sin(a — B)sin(a + 8) = (5іпосоѕ 8 — соза ѕіп 8)(ѕіпа соѕ 8 + созо вїп 8) = sin? acos? 8 — cos? asin? B 


= sin?a(1 — sin? 8) — (1 — sin? a) sin? 8 = sin*a — sin? 8 


73. sin(@ + Кт) = sinf соѕКт + соѕ0 ѕіпкт = (sin@)(—1)* + (соѕ0)(0) = (—1)* sind, k any integer 


753 qu 24 79,33 gi 63 83 4825/3. 54 gp Tov? -vI :-1<u<1-1<v<1 
2 25 65 65 39 3 
N1—-v2-—v uv —N1— u?N1— v? т Tr т 11x 
89. —" —". oo <и < ос -1<у<1 9L :1<и<1-1<у<1 93.42, 95, 97. 
NEN куха эй raters aag) [2 -[ 
99, sin(sin-!v + cos-!v) = sin(sin^!v) cos(cos^!v) + cos(sin-!v) sin(cos-!v) = (v)(v) + V1 — v? VI — v? = v? 4 y= 1 
101 sin(x + А) — sinx _ sinx cosh + cosx sinh — sinx _ cosx sinh — sinx(1 — cosh) _ сб: sinh Sage 1 — cosh 
: h h h h h 


tan(tan-!1 + tan-! 2) + tan(tan-!3) 
1 — tan(tan-!1 + tan-!2) tan(tan-!3) 


103. (a) tan(tan-!1 + tan-!2 + tan^!3) = tan((tan-!1 + tan-!2) + tan-!3) = 


tan(tan-!1) + tan(tan-!2) 142 3 
ааа Dtantan 2) — pg. t9 ре. Вай 
1 tan(tan-! 1) + tan(tan-!2) 1 1+2 3 1 3. 3 149 10 


1 — tan(tan-!1)tan(tan-!2) Тео = 


(b) From the definition of the inverse tangent function, 0 < tan-!1 < = 0 < tan-!2 < 2 and0 < tan-!3 < P 


so0 < tan-!1 + tan-!2 + tan-!3 < 3. 


On the interval (0, эт), tan@ = 0 if and only if@ = s. Therefore, from part (a),tan^! 1 + їап-12 + tan-!3 = т. 


tan, —tan@é,; _ m,—m, 


105. (a) 2400 — 1200V3 in.? 1350 + 67543 cm? 107. tanó = tan(6, — 6,) = 
05. (a) 3 іп.2 (b) 1350 + 67 cm 07. tan an(0, |) аз tantt [Ee 


: А i : т т 
109. Leta = sin-!v and 8 = соѕ-! у. Теп sina = соѕ 8 = у, and since sina = cos 37 a), cos(7 — a) = 6088; 


Ifv > 0,then0 < a < 2 (7 — a) and 8 both lie in |o. z]. Ifv < 0, then -5 € a < 0, so(£ -— a) and 8 both lie in (7. т), 


N 


Either way, cos( Z — a) = cos implies 7 – а = В, ога + 8 = a That is, sin! v + cos*! v = $ 


111. Leta = tan-id and 8 = tan-!v. Because v = 0, a, 8 = 0. Тер tana = La : " = cot B, and since 
y v an 
tana = cot( Z — a), cot( Z — a) = cot 8. Because v > 0,0 < a < 5 and so(2 — a) and 3 both lie in(0, z). 
Then со — a) = cot implies 7 а = В, ога 5 B. That is, tan (7] = > —tan-!v. 
= Ra 2 
113.2cot(a — 8) = 2 о. апа бапӣ _ 4, 1+(х+1(х Da, l+x 1. - 2x 2g 


tan(a — B) tana — tang (х+1)—(х—1) х+1—-х+1 2 


0 


AN57 


AN58 Answers: Chapter 6 


т т sin( 5 Е o) соѕ0 
115. ќар — is not defined; tan| — в) = = = = cot. 
2 2 соз 7 = в) sind 
2 


245 
5 


ue. [-4. -2), (—5, 1) 117.510? пв, 57 m? z 14.14m? 119. sind ;cos = 5 esed = DB sect = V5;coté = d 


14x + 24 


Gg guai e 


3,2 
120. f(x) = n -2) 3 121.6} 122.log, 2- 123.144х!%у!4 124.(2,6) 125. 
£ 


6.6 Assess Your Understanding (page 559) 


"P ONE Д , 24 7 4/10 3410 24 1 
1. sin? 0;2cos? 0; 2sin? 0 2.5 3.5110 4.T 5.F 6.F 7b 8.с 9. (а) 25 (b) 25 (c) 10 (d) 10 (e) 7 0 5 
24 7 245 V5 24 242 1 | 46 18 + 6V6 
11. (a) 25 (b) 25 (c) 5 (d) 5 (e) 7 (f)—2 13. (a) 3 (b) 3 (c) g 1 6 
(d) i = V6 ,,VI8-6V6 (еу 24/7 (9.3-— 6 осуз +26 15 52 7 (93. wm (9g 42 (у>? 
6 6 3 - V6 9 9 3 3 7 2 
4 m3 = + 245 „„У50 + 2045 = = 245 „„У50 — 20/5 4 Ба 245 ae 
1. (а) = = (9 i (d) m (0-5 (5 ye 0139 + 445 
3 4 1 ро ло || v50 — 5/10 1 NT 4-410 50 + 5/10 3 T —У10 , V11 — 2410 
Ph 001-5 405 i 5. w 19 (0-5 go 10 iur O -Vio T0 ° 3 
232-2 531.47 25.-У2+%УЗ 35 2 (2 J2 42 42 
2 2 V2 + V2 
NEZ 4 10(5 — V5) 4 7 4/10 4/15 
29. = 31.-5 33. T 35.3 Shy 39 aL 
А | 1 — соѕ(20)\2 _ 1 1 1 1 
43. sin^0 = (sin20)? = = 2 = =- 5 —с052 
3. sin^0 = (sin?0) | 2 | 411 2с05(20) + cos?(20)] 4 7 008(28) + 1°°5 (20) 
1 ‚ 11+ с08(40) 1] 1| 1 4 3 1] at 
2С05(20) ЕД 2 4 2 008(28) + gt g C08 (40) 8 200820) i ae 
45.sin29cos29 = 1 — 009020) 1+ cos(20) _ 11 cos? 20) i 1+ eos (00) 11 1-с05(40) ШЕ 20540) 
2 2 4 4 412 


47. cos( 30) = 4cos?0 — 3соѕ9 49. 51п(50) = 16sin?0 — 20sin?0 + 5sinf 51. соѕ*0 — sin^0 = MM + moon — sin?0) = cos(20) 


1 1 cot?0 — 1 
1 1 — tan?6 cot? 0 cot? 0 cot?0 —1 coté cot?0 — 1 
.cot(20) — E E = = Я = 
Seca om) tan(20) 2{ап@ 2. 1 2 cot? 0 2 2cotd 
cot cot 
_ 1 _ 1 u 1 u 1 | | sec? 2 E" u : u 
55. sec(20) Sos 28) Рт eae 3 Я 556029 2 said 57. cos? (2u) — sin?(2u) = cos(2 - 2и) = cos(4u) 
sec? 0 sec?0 
59 cos(20) _ соѕ20 — 51020 _ (с050 — sin0)(cos0 + sin@) _ (cos0 — ѕіп0)(соѕ0 + sin@) _ cos0 — sin0 
1 + sin(20) 1+ 25іп0 cos 51020 + соѕ20 + 2sin0 cos (51п@ + cos@)(sin@ + соѕ0) cos + sind 
cosÜ — sin@ cos@ sinf 
ѕіп Ө _ sind  sinü _ cot@—1 
cos + sind cos , sinÜ cotó + 1 
: c ps 
sind sind sind 
0 1 1 2 
>@ = = 
= cos2? Lt 2088 1 + cos0 
2 2 
1+ 1 ѕесу + 1 
63. cot?” = 1 _ 1 |. 1+cosv _ secv  secv. _ Secv c1. secv _ secv +1 
` tan? V. 1 — cosv 1—-cosv 4. 1 secv — 1 secv secv — 1  secv- 1 
2 1 + cosv ѕесу ѕесу 
1—1ап2® 1 1 — со$@ 1 + cos — (1 — cos0) 
65 2 _ 1 + соѕ0 _ 1 + cosé ...2cos0 1+ cos — ЛУР, 
EE tana 14 1 — cos 1 + cosü + 1 — cosé 1 + cosó 2 
2 ' 14 cos 1 + cosé 
67 sin(30)  cos(30)  sin(30)cos0 — cos(30)sinÜ  sin(30— 0) _ 2sin(20) _ 2 
"sind cos sinÓ соѕ0 1(2sin6 cos) sin( 20) 
tang + 2{ап@ . : 
їап@ + tan(20) 1 — tan28 tan — tan?0 + 21ап@ 3tan0 — tan?0 
69. tan(30) = tan(0 + 20) = E E = 
ant) алго ee) 1 — tanó tan(20) 1- tan@(2tan@) 1 — tan?0 — 21ап20 1 — 3tan20 


1 — tan?0 


Section 6.7 AN59 


1 = [1 — cos(20)| ^? їп2 0112 = і {= 2m 4т эт} 2n Ат 
71.5 nil cos(26)| In2) = In 2 | = |n|sin?0|V? = In|sin6| 73. бу gt a? 3 75. (0, 3^ zt 


2m An 3m 5m . T 5n 43 7 24 24 1 25 т 5r 
77.{0, T т Am An Эт } 79. No real solut 81.{0, T } 83.Y3 85,7 9724 89.24 91,1 93,2 95.0, 7 п, 
ДОР IAE RE EUN TUE qeu 2 25 7 25 775 7 ак» з 


917. 2 99.7. m, — -— 101. (a) (1152/2 — 1152)in.2 ог 1152/3 — 2/2 in.? (b) (16245 + 162) cm? ог 16243 + 242 cm? 


103. (a) W = 2D(cscó — cotd) = 2D( 1 cost) 2p 1-908? _ 2Dtan? ($0 = 24.45° 
sinf sin@ sind 2 
2 
105. (a) R= Und cosé (sind = cos@) (b) - or 67.5? (d) NORMAL FLOAT AUTO REAL DEGREE HP ñ 0 = 67.5° 
= VAN? боз sing — 2соз?б) (o) 32(2 — 42) = 18.75 ft (© radians) makes R largest. 
+ R = 18.75 ft 
= #0 | sin(26) — cos(20) — 1] 
32 
1 E u : _ 2 ; = 
107. А z% Pase) h{ Баве) s COSL - 5 sin s?sinO 109. sin(20) = 
25їп © 
2. 
2 2{ап © 2{ап© cos 
113. z j^ 2 2 E 2sin€ cos? = sin(2 . 2) = sina 115. у 
1+2 1 + tan? sec? © 2 2 2 125ГЕ 
2 2 cos? € rH 
2 


117. sin v2 д V6 2:cos= ME JE + V6 + V2 
24 4 24 4 
119. sin?0 + sin3(@ + 120?) + sin?(0 + 240?) = sin?0 + (sinf cos120? + cos sin120?)? + (sinf cos240? + cosé sin240?)? 
3 3 
= sin3@ | 1 іп | УЗ cosa] | | 1 ind УЗ cosa] 
2 2 2 2 
= sin?0 + 10373 сов? — 9cos? 0 sind + 3V3cosé ѕіп20 — sin?6) 1 (sin + 3V3 sin? 0 cos + 9вїп@ cos? 0 + 3/3 соз? 4) 


= 35120 — соз? 0 sing = 2151120 — 3sin@(1 — ѕіп20)] = (Asin? 0 3sin@) = Asin (30) (from Example 2) 
1 | 1 u = _ 5x4+3 
121.—= 123. y = = x — 4 124. 127. f(x) = x? + 5х? — 4х – 20 D8.f(x)- 
2 2 2x +1 
21n3-71n2]|] [29-1 128) _ 
19 { 2-3 } { In 2 — In 3 } = (6548) 
1 бх —5y +3 
130.13 131.— 132.р = ——-—— 
is 3 6 ? 5x —4y+4 


6.7 Assess Your Understanding (page 565) 


1( v3 1( V3 v2 „1 П. : 1 
Li 2 H 2 +1) a 7 1с08(20) — cos(60)] 9. P|sin(68) + sin(20)] 11. 5[с08(20) + cos(80)] 


1) 3. 
13. [соб — cos(30)] 15. 3 sin (20) + sind] 17.2sin0 cos(30) 19.2cos(30)cos0 21.2sin(20)cos0 23. 2sind sin 


sing + sin(30)  2sin(20)cos0 _ cosü 27 sin(40) + sin(20)  2sin(30)cos0  sin(30) 

2sin(20) 2sin( 20) ' cos( 40) + cos( 20) 2cos(30)cos0 cos(30) 
29. cos — cos(30)  2sin(20)sinÜ _ sind 
` sin + sin(30) 2sin(20)cos0 соѕб 


25. 


= tan(30) 


= tan 


31.51п0[51п@ + sin(30)] = sin0[2sin(20)cos0] = cos0[2sin(20)sin0] = cos0|2 - 31с050 — cos(30)]| = соѕ0[соѕ0 — cos(30)] 


33 sin(40) + sin(8@)  2sin(60)cos(20) _ sin(60) 


А = tan(60 
cos(40) + cos(80) 2с05(60)соѕ(20) соѕ(60) и 
sin(40) + sin(8@) _ 25і0(60)соѕ(—20) _ 5іп(60) соѕ(20) tan(60) 
. = = : = tan(60 ї(20)] = 
9s sin(40) — sin(80) — 2sin(—20)cos(60) соѕ(60) + —sin(20) л tan(20) 
_at PB. a—f at д о – В 
37 sina + sing _ BS дво . UR MS jan Ê uud 2 
"sina sin озна Вона RES REESE 2 2 


2 2 2 


АМ60 Answers: Chapter 6 


.qc-0. а 8 а + B 
sina + sing _ 2sin 2 cos 2 _ sin 2 Е NES. 
“cosa + cosB 2с02 1 Bogg*@—= Ё  cos2 +8 2 
2 2 
41. 1 + cos(20) + cos(40) + cos(60) = [1 + cos(60)] + [cos( 20) + cos(40)] = 2cos?(30) + 2cos(30)cos( —0) 


= 2с05(30)[с05(30) + соѕ0] = 2cos(30)[|2cos( 20)cos0] = 4с050 cos(20)cos(30) 


2 
l= —— Qi —— = zd cos(20)]?[1 + cos(20)] 


= iu — с05(20)][1 — cos?(26)] = 11 — сов(20)1|1 


43. sin*0 cos? = (sin?0)?cos?0 = 


1 + соѕ(40)] _ 1 
2 16 


[1 — cos(20)][2 — (1 + cos(40))] 
= ail — cos(20)][1 — соѕ(40)] = ail — cos(20) — cos(40) + cos(40)cos(20)] 


= E — cos(20) — cos(40) + 31005020) + cos(60)]} = 212 — 2cos(20) — 2cos(40) + cos(20) + cos(60)] 


dl». _ 
EL cos(20) — 2cos(40) + cos(60)] 16 3 


1 1 


2 ©05(20) 1 1 


169840) + 3290960) 


з 
1 = с08(20) |. ln _ соу 
2 8 


45. зїп®@ = (sin20)? = | 


= al — 2cos(20) + cos?(20)][1 — cos(20)] = i 1 — 2cos(20) + ast 


[1 — cos(20)] 


= D — 4cos(20) + 1 + cos(40)][1 — соѕ(20)] = i — 4cos(20) + cos(40)][1 — cos(20)] 
= ig? — 3cos(20) — 4cos(20) + 4cos?(20) + cos(40) — cos(40)cos(20)] 
== E = 7cos(26) + 4 - ———— + cos(40) — S(c0s(26) + cos(60)]} 


= 356 — 14cos(20) + 4 + 4Acos( 40) + 2cos(40) — cos(20) — cos(60)] 


—-lnuo. = 25 15 3 d 
= 32110 15cos(20) + 6cos(40) — cos(60)] = 16 32 ©0820) + 1620840) 32 098060) 


2т 4r Зп 5r т 2m 30 4r бт Tm 8m- Ir 
а.о, Z, T, £7, 4, 32, Эл, Ot} дуото 2m, Эл m, , Өл тт бт 
c A ae ee (кл тс 27 | 
51. (a) у = 2sin(2061 nt) cos(357zt) 53. І, = I,cos?0 + I,sin?0 — 2I,,sin0 соѕ0 = I, cos*@ + I,sin?0 — I,,sin20 


= 1, (2927 + £) + 1,(! — cos 26) Isin 20 


2 2 
1 I 
= Ге сов 20+}. ds um 7 cos 20 — Isin 20 
2 2 2 2 е 
0 0.01 I, +1 Гу. = : 
B > 4 cos 20 — I,,sin 20 
2 2 2 


I, = I,sin?0 + I,cos?0 + 2/,, sin соѕ0 = INE = 2°) + INE саж 


2 2 | + I,,sin 20 


aio Ad yoga + Ї*соз20 + 2 +1 sin 20 
E 2 2 2 ху 
1 


ч 


zT I. = 1 A 
lc 2 cos 20 + Isin 20 
2 2 d 


55. sin(a — 3) = sina cos ĝ — cosa sin 8 


sin(a + 8) = sina со$ 8 + cosa sin 8 


sin(a — 8) + sin(a + 8) = 2sina cos 8 


sina cos = упа + 8) + sin(a — 8)] 


57.2030 tÉ cos P = 2. Heos 222 + v | cos £2 22 = соз + созу = cosa + cos 


59. sin(2a) + sin(28) + sin(25) = 2sin(a + 8)cos(a — 8) + sin(2y) = 2sin(a + B)cos(a — B) + 2siny cosy 


= 2sin(m — y)cos(a — 8) + 2siny cosy = 2sinycos(a — 8) + 2sinycosy = 2siny[cos(a — 3) + cosy] 


[xy i cH = 28 60520 = 7 
2 2 2 2 
= 4sinysin@ sina = 45іпа sin 8 sin» 


= 2siny(2cos 2) = 4siny соз = = 4siny сов Z — 8 Jeos{ a — z) 


24/6 


61.{13} 62. Amplitude: 5; Period: F Phase shift: * 63. M 


64. f(x) = sin (£73) Range of f — 


24 


67. 4800 грт 68. л = 


Review Exercises AN61 


Domain of f^! = [-8, —2]; Range of f^! = E 66. f(x) — i — 3)? – 5 


| 


z] 65. 


69. (5, 8 70. 


Review Exercises (page 568) 


1. Domain: (x| -1 € x € 1}; Range: |-7 <y< 2} 2. Domain: {x| -1 < x < 1}; Range:{y|0 € y € п} 


3. Domain: {x| ^oo < х < оо}; Range: {у -7 <y< z} 4. Domain: (|x|| xi > 1}; Range: { y|0 = у < т, у = z} 
5. Domain: {|x||x| > 1}; Range: {y| ES <y< 2 = o} 6. Domain: {x| —oo < x < œ}; Range: (yl0 < y < т} 

T T T T 5v T T 3x 3v 3v T T т Я 
7. 2 8. 2 9. 1 10. 6 11. 6 12. 3 13. 4 14. 4 15. 3 16. 4 17. 3 18. 7 19. 9 20.0.9 21.0.6 22.5 23. Not defined 
a 25.0 26.-V3 27. ыз 28.5 29. E 30. fix) = sin? (2); Range of f = Domain of f-! —[—2, 2]; Range of f! = E т 

1(х) = cos-!(3 — x); Range of Domain of f~! = [2, 4; Range of f~! = [0, т] 32./J/1— u? 33. |u| 
Lf geoff — ут }; Range of f^" = [0, т] 32.У ae 
34. tan@ cot@ — sin?0 = 1 — sin?0 = cos?0 35. ѕ5іп20(1 + cot?0) = sin?0csc?0 = 1 
36. 5cos? 0 + 3sin?0 = 2cos?0 + 3(cos?0 + sin?0) = 3 + 2cos?0 
31 1 — cosé snü (1- соѕ0)2 + sin?0 _ 1—2cosé + cos?0 + sin?6  2(1— cos0) _ Desc) 
“sind 1 — cosé $1п0(1 — cos@) 5100(1 — cos0) 5100(1 — cos0) 
cosÜ 1 
38. cos@ cosé | _ 1 _ 1 р csc sind 1 ИШЕ 1 .l-sinü _ 1—sin@  1-sin0 
соѕ0 — sin cos@ — 5100 sin 1 — tan 1+ csc 14 1 1+sinf 1+sin@? 1—sin@ 1-sin?6 cos? 0 
cos@ cos@ sind 
40. csc — sind = d. sind 1 — зіп?0 = cos? 0 = gosh созӣ = cos cot 
sind sind sind sind 
1 — sind Е 1 + sind соѕ0(1 — sin?0) cos?0 cosÜ sind cos?0 — sin? 8 1—2sin?0 
41. — = 0(1 0)- E = 42. cot — tan = = 
secd соз os 1+ sind 1+ sin 1+ sind = е sinf  cosÜ sin cos@ sin cos@ 
43. cos(a + В) _ созо со$3 — sina віп 8 | cosa cos sino'sing — nn 
cosa sin 8 cosa sin 8 cosasinG соѕозѕіп 8 
A4. cos(a — 8) = cosa cos B + sina sin 3 _ cosa cos B sina sin 2 = {i tangtang 
cosa cos 3 cosa cos 2 cosacos cosa со 
0 sind ; 
45. = } . = 0 
5.1 + cos#)tan, (1 + соѕ0) Т oat sin 
20 — sin2 ер: 
46. 2cotÓ cot20 = 2. cosó ; соѕ20 _ 2со5@(сов 0 — sin?) _ Cos 9 sin? 0 = cot?8 —1 
sinf sin20 2sin? 0 cos sin?0 
47.1 — 8sin?0cos?0 = 1 — 2(2sin0 cos0)? = 1 — 2sin?(20) = cos(40) 
48. sin(30)cos0 — sinf соѕ(30)  sin(20) _ sin(20) + sin(40)  2sin(30)cos(—-0) _ tan(30) 
` sin(20) sin(20) ' cos( 20) + cos( 40) 2cos(30)cos( —0) 
cos(20) — cos(40) —2sin(30)sin(—0) 
Д tan@tan(3@) = tan@tan(3@) = t 0)tan0 — tan0tan(30) = 0 
cos( 20) + cos(40) ane tantae) 2cos(30)cos( —0) аптап 39) аи а, 
1.1076 – V2) s-2-43 85106 – 42) 5042 - 46) ssl sel 8142-1 гт 59. (a) -33 w- 
63 33 24 119 5V26 245 16 63 56 16 24 119 V26 4/10 
h E h 
(c) 65 (d) 56 (e) 25 (f) 169 (2) 26 (h) 5 60. (а) 65 (b) 65 (с) 65 (4) 6З (е) 25 (f) 169 (2) 26 (h) 10 
63 16 33 63 24 119 2413 4/10 —V3 — 242 1 - 2X6 —V3 + 242 
1. h 2. 
61. (a) 65 (b) 65 (с) 65 (d) 16 (e) 25 (f) 169 (g) 13 (h) To 62. (a) 6 (b) 6 (c) 6 
8V2 + 943 43 43 43 1 А 45 1 430 
(d 5У? + эчэ ae) (0-2 (g^? mS 6x(91 0 (9-l (a Notdefined (973 (9-l (д) 
23 2 9 3 2 9 9 9 6 
У6У3 — V5 4 + 343 33 48 + 25/3 v2 24 7 т 5r Qn 5m Зп Tr 
h 4. А ; 7. А i 7 is } 71. {= } т. 
h) 6 6 10 65 65 % 39 a 10 % 25 ш 25 o 3 3 | 1j 
3v т 2n 4n 5m Am т 5л т п Sr т 5л 
73.{0, €. т, м. (5. EE. )7 0.25, 2.89} 76.40, 27, п, 27 77.{0, SES | | 79.12, } 

3.{0 5л 7] ge ge gy Т 9) 76.{0, 3, =, 7] 6 6] "iss. 3 

во. [7. 2 r, a) вт. [7. т} 82.0.78 83.—1.11 84.177 85.123 86.290 87(1.11) 88.40.87} 89.(222) ».[-53) 91. (0) 


AN62 Answers: Chapter 6 


1-35 , 
92. sin 15° = [= £0830" _ 2 _ [2—43 _ 2—8. 


sin15? = sin(45° — 30°) = sin45° cos30° — cos45° sin30° = 


/2 V3 _ V2 1_ V6 _ V2 _ V6 — V2. 


2 2 2. 2 4 4 4 j 
2 
= |.2-43 4(2-43) 8-4/3 6-242242 E 
2 4 4-4 16 16 4 
93. cos(20) = 2с0520 — 1 
Chapter Test (page 570) 
7 4 
15 2-5 3-5 4,7 5,7 6-2 722 8= 9,3 10-2 11.039 12.078 13.125 14.020 
6 4 3 2 4 6 5 3 3 
15 csch + cot? _ cscÓ + cot@ csc —cotd _ csc? — cot?0 Е 1 
“secO + tanÜ ѕес0 + tanÜ сѕс0 — cotd (sec + їап0)(сѕс0 — coté) (sec + tan@)(cscé — cot0) 
E 1 .secü — їапӣ _ sec — tan | sec — їапб 
(sec + tan@)(csc@ — cot@) sec — tan0 (ѕес20 — tan?0)(csc0 — cot0) csc — coté 
А n2 2 i3 2 
16. sin0 tan0 + cos = sin6 - sind + cos Sine, ОВО = ыл" озб 1. secd 
cos cosé cos@ cos cos@ 
i in?0 cos? 0 sin?0 + cos?0 1 2 2 
V. tano T sind | cosÜ _ sin u u u u ED 20 
иды соѕб sind sin соѕб 5100 cos 5100 cos 5100 cos 2510 0 cos sin(20) oe 
18 sin(a + 8) | sinacosĝ + cosasinð _ sinacosG+cosasin? _ sinacosÜ + cosa sin 8 
` tana + tang sina , sinp sinacosZ , cosasin 8 sinacos + cosa sin 8 
cosa cos cosacosÜ соѕасоѕ б cosa cos 3 
_ Sina cos) + cosasin {3 cosa cos 3 


= cosa cos 8 


1 І sina cos + созо їп 8 
19. sin(30) = sin(0 + 20) = sin cos(20) + cos0 510 (20) = sin0 - (соѕ20 — sin?0) + соѕ0 - 2sin0 соѕ0 = sinf соѕ20 — ѕіп?0 + 2sin0 cos? @ 


= 35100 cos? ð — sin?0 = 3sin@(1 — sin?0) — sin?0 = 35100 — 3sin?0 — sin?0 = 3sin0 — 4sin?0 


sin cos sin?0 — cos? 0 
tan — cot cosÜ ѕіпӣ sin соѕб sin? @ — cos? 0 (1 — cos? 0) — cos? 0 A 1. 
“ап + cot? sind , cos@ ^ sin?0 + cos?0 ^ sin?0 + cos?0 — 1 RN d зе $5) 
cos) ' sind sinÓ cosé 
2V13(V5 – 3 
2.24.43 23:0. 94, 12V85 95, 2413 ) 4253 зуб ay 2 29.{7, er эт} 30. (0, 1.911, т, 4.373} 
5 49 39 4 2 2 3.3 3' 3 
n. (7. 7. пя, бт) 32. (0.285, 3.427} 33. (0.253, 2.889} 


Cumulative Review (page 571) 
1 {= = 413 -14 X13 


6 3 6 | 2.у+1=—1(х—4),огх+ у= 3; 6V2:(1, 2) 3. x-axis symmetry; (0, —3), (0, 3),(3, 0) 


A @ n 
| 1, «АР 
DN 
(0, 1) T 
ыйга нея 
Aiia GE 


Fani “(a E 


242 V2 4/2 7 = ‚= 45 242 242 7 4/2 ~ 
8. (а) 3 (b) 4 (с) 9 (9 9 (е) 6 (f) 6 9. 5 10. (a) 3 (b) 3 (05 (d) 9 (e) 3 


Section 7.3 AN63 


11. (a) f(x) = (2x — D(x — 1)2(x + 1): (e)(—1, 0), (—0.29, —1.33), 12. (а) [-1 4] 
+ multiplicity 1; 1 and —1 multiplicity 2 Ga О (10) i115 


(с)(—оо, A30 (-5, х) 
(d) (оо, —1] U [1, оо) 


(b)(0, —1); (2, 0}—1, 0:0, 0) 


(c) y = 2x5 


(а) IMSKHAL FLOAT AUTO REAL RADIAN НР 


n 


(-039, 71.33) І 
(g) Increasing: (—oo, —1], [—0.29, 0.69], [1, оо) 
Decreasing: [—1, —0.29], [0.69, 1] 


CHAPTER 7 Applications of Trigonometric Functions 


7.1 Assess Your Understanding (page 577) 


7.b 8.direction; bearing 9.T 10.F 1.а ~ 13.74, c ~ 14.62, A = 70° 13.b ~ 5.03, c ~ 7.83, A = 50° 15.a ~ 1.75, c ~ 7.21, В = 76° 
17.5 ~ 10.72, c ~ 11.83, В = 65° 19.b ~ 3.08, а ~ 8.46, A = 70° 21.c ~ 5.83, A z 59.0°, В ~ 31.0° 23.b ~ 10.58, A ~ 15.8°, B я 74.2? 
25. 23.6° and 66.4? 27. 4.59 in.;6.55 in. 29.80.5? 31. (a) 111.96 ft/sec or 76.3 mi/h (b) 82.42 ft/sec or 56.2 mi/h (с) Under 18.8° 

33. (а) 0, = 16.7? (b) 144 ft 35. (а) 2.4898 x 10? miles (b)0.000214? 37.876.6?E 39. The embankment is 30.5 m high. 

41. The buildings are 7984 ft apart. 43. 69.0° 45. 38.9° 47.76.94in. 50.Yes 51. v6 Л 2 „020,3 
т, — Hr) 54. i = 525 55,3 + 45 56.1 5165 S&(x- 4) 4y?— 5 59.(—oo, oo) 
7.2 Assess Your Understanding (page 587) 


5.a 6. End 8 zi = RE 7d 8.F 9.F 10.ambiguouscase 11.а ~ 3.23, b ~ 3.55, A = 40° 13.a ~ 3.25, c ~ 4.23, В = 45° 
а с 


15. С = 95°, с ~ 9.86, а ~ 6.36 17. A = 40°, а = 2, с = 3.06 19.C = 100°, b ~ 2.06, с ~ 4.81 21. A = 69°, а & 6.23, с ~ 4.88 
23. B = 40°, а ~ 5.64, b ~ 3.86 25.C = 100°, а ~ 1.31, b ~ 1.31 27. One triangle; В ~ 30.7°, С ~ 99.3°, c ~ 3.86 

29. One triangle; С ~ 23.8°, А ~ 41.2°,a ~ 6.55 31. One right triangle; В = 90°, С = 60°, с ғ 12.12 

33. Two triangles;C, œ~ 30.9°, A, zz 129.17, a, љ 9.07 or C, ~ 149.17, A, ғ 10.97, a, ~ 2.20 35. No triangle 

37. Two triangles; A, ~ 29°, B, ғ 139°, b, ғ 9.47 or A, ~ 151°, В, ~ 17°, b, ~ 4.22 

39. 1490.48 ft 41. 335.16 ft 43. 153.42 ft; 136.59 ft 45. The tree is 39.39 ft high. 47. Adam receives 100.6 more frequent flyer miles. 

49. (a) Station Able is about 143.33 mi from the ship: Station Baker is about 135.58 mi from the ship. (b) Approximately 41 min 

51.84.77; 183.72 ft 53.2.64 mi 55. 38.5 іп. 57.449.36 ft 59. 187,600,000 km or 101,440,000 km 61. The diameter is 252 ft. 


1) 52. 0.236, 0.243, 0.248 


53. { 


(А — В А + В . [A-B т C . [A-B 
J Eu a 
63.4 — b a b snA sinB snA — sinB _ sin 2 Jeos( 2 | sin 2 Jeos( 5 A sin 2 | 
E ИЛЕ SAC Re 2 sinCcosC sin © соз © сав 
2 2 2 2 2 
sin| 5 (А— B)| 
a—b C 1 1 1 
— =. tan|- — tan| = — {аап (А – B 
ЕТЕ. Е соз _ an^ (A B) _ ап[5 (А B) Е ап[5 ( | 
a+b a+b 1 C mr C 1 
A-B = = = 
c cos| 5 ( | cot, tan[7 3 tan| 5 (A + B) 
sin€ 
2 
7.[-s -$, 3} 72.345 x 6.71 7 p 75.1og,100 = 0.2x 76.199.668 Thy = i 78. у = Sx -2 


79. Neither 80. (&. оо) 


7.3 Assess Your Understanding (page 594) 


3. Cosines 4а 5.6 6.Е 7Е 8.Т 9.b x 2.95, A x~ 28.7°, С ~ 106.3° 11.c ~ 3.75, A ~ 32.1°, В ~ 52.9? 

13. A ~ 48.5° B £2 38.00, С = 92.9° 15. ~ 127.22, B 2 32.1°, С ~ 20.7° 17.с ~ 2.57, A ~ 48.6°, B = 91.4? 

19.a 3.98, B = 29°, С ~ 76° 21.b ~ 6.46, A ғ 48.4, С ғ 26.69. 23.c 2.98, A — 39.1?, B — 70.9? 

25. А ~ 43.00, B = 90, С = 464° 27. А 60°, B 60°, С 60° 29.A 29.8°, В = 65.8°, C ғ 84.3? 

31. А ~ 127.1°, В = 43.8, C £29.22 33. А = 85°, a = 14.56, с = 14.12 35. А = 40.8 B = 60.6°, С = 78.6° 37. А = 80°, b = 8.74, с = 13.80 
39.C = 90°, а = 4.93,b = 6.30 41. Two triangles: В, = 35.4^, C, = 134.6°, c, = 12.29; B, = 144.6°, С, = 25.45, с, = 7.40 

43. В = 24.5?, С = 95.5°, а = 10.44 

45.165 yd 47. (a) 26.4° (b)30.8h 49. (а) 63.7 ft (b) 66.8 ft (с) 92.8° 51. (а) 492.58 ft (b) 269.26 ft 53. (а) 59.2 mm (b) male 

55. (a) а z 9.9°, 8 ~ 8.3° (b) 21.73 уа (ce) 0.36 yd or 13 іп. 57. 342.33 ft 59. The footings should be 765 ft apart. 


2 & y 


ES 
2 
ES 
2 


AN64 Answers: Chapter 7 


61. Suppose 0 < 0 < s. Then, by the Law of Cosines,d* = r? + r? — 2r? cos = (1 — d = DAL —— = 2r sin? 


Since, for any angle in (0, т), d is strictly less than the length of the arc subtended by 0, that 15,4 < r0, then 2r sin? « r0, or2 sin? < 0. 


Ѕіпсе Bop. < 1, then,for0 < 0 < т, sinf = 2sinf cos? z 2sinf 


2 2 
1 a? + Ь? = с? 
63.sin€ = ү} =©%С _ 2аЬ = abo Rie c -(- by күттү: 
“е? 2 2 4аЬ 4аЬ 4аЬ 


< 6.Thus sin? < @for0 < 0 < m. 


_ {(2s — 2b)(2s — 2a) | (= — а)(5 — Б) 
4ab ab 
[288] 72. 5110 = 246. csch = 746. sec ; соїб 5/6 73. y — —3sin(4x) 
In4 — In3 1 12 
А — 2x 2 4.3% i 2 4 8x 
=i = : ius 
M f(x) = SE 7&I Tet v (x.m3-2) -o lu |S оо) 78.72 


79. Quadrant П; 2 x-intercepts 


7.4 Assess Your Understanding (page 601) 
3. ab sinC 4. s(s — а)(з — b)(s — с); ja +b+c) 5.6 6.T 7c 8.c 9.2.83 11.1746 13.13.42 15.9.56 17.4.60 19.3.86 21.2.72 


| Ре 
lapsnC = Лайс. 2088 _ 2 7smBsinC 4000, 33.2.27 35.544 31.9035 39.$544,638 


23.210 25. 6.93 27. 74.15 29. К = 55 2 ЫА Fan A 


41.18.18 m? 43. The area of home plate is about 216.5 in.? 45. К = 27266 + sin) 47. Тһе ground area is 7517.4 ft?. 


49. Letting d = 0 gives 


K = Vis = а)(ѕ — Ь)(5 — с)(5 — 0) — abc - 0+ соѕ20 = Vs(s — a)(s — b)(s — c) where s = ya + bbe + 0) Ka +b+c) 


51. (а) Area AOAC = 1 oc Ac) = 1.19€10 IACI _ 1 gina cosa 
2 2 1 1 2 
1 1 2 |BC| [OC] 1 2 
(b) Area AOC 2 ІВСПОС| 2 IOB] [OB] TOB] 2 |OB|* sin 8 cos 
_ 1 1 IBD] _1 ; 
(c) Area AOAB — 2 | BD||OA| 2 (OBI O5] 2 |OB|sin(a + 8) 
[OC] 
а) 95% _ 1 —|ОВ 
( ) oid IOC] | | 
|OB| 


(e) Area AOAB = Area AOAC + Area AOCB 
- |OB|sin(a + 8) = Zsina cosa + i [ОВ]? sin 8 соѕ 8 


1 


sin(a + 8) = sina cosa + |OB|sin B cos 8 
|OB| 

sin(a + 8) = £088 по cosa + C080 sin 8 cos 3 
cosa cos 8 

sin(a + 8) = sina cosf + cosa sin 8 


53.31,145 ft? 55. (a) The perimeter and area are both 36. (b) The perimeter and area are both 60. 


Elgin ha bine e UNE 
2 2 sin А ‚А. B . A.B 
a. “Б i " С è с їп sinz свіп sin 
59. /РОО = 180° | гв | 180° (180° — С) = 90° 4 , and sin( 90° | = сов ©. So, г m= c 
2 2 2 2 2 2 sin( 90° + £) cos= 
2 2 
61. cot + ote + cote SE Uye b кле. БЕЕ 3з -(а+Ь+с)_ 35—25 _5 66. Maximum value;17 67,(—оо, —3) U [-1, 3) 
2 2 2 r r r 4 r r 
68. sint = SF agi ST ам SER cu = 342 сес 3V7 сон = _У14 
3 7 2 7 2 
— sin? 2 
69. csc — sin? = 1 sin? = l SH P = Sos 8 = соѕ0 · соб = cos cot 
sind sind sind sind 
70.(—00, —5) U (5,00) TL P(w) = 2w+2V144—w? 72. > 5, 1, +2, +3, L6 73.12.39, 2.41] 74(-2,9) 75.у = —2х 


7.5 Assess Your Understanding (page 610) 


4. simple harmonic; amplitude 5. simple harmonic; damped 6.Т 7.4(1) = —Scos(at) 9.d(t) = —7 cos( Zr) 


11.d(t) = —5sin(zt) 13.d(t) = —7 sin(2r] 15. (a) Simple harmonic (b)5m (с) “sec (d) i oscillation/sec 
т 


17. (a) Simple harmonic 
21. (a) Simple harmonic (b)7m (с) Esec (d) з oscillations/sec 


27. УА. 


33. 


m 
ME Aux "Ny = sin2x) 


39. (a) H(x) = sin(4x) + sin(2x) 


(b) 
10 
0 25 
10 
| 
= шн | 47. (a) The motion is damped. The bob has 
mass т = 20 kg with a damping 
factor of 0.7 kg/sec. 
(b) 20 m leftward 


ТАН HP ñ 


(d) 18.33 m leftward (e)d— 0 


51. (a) The motion is damped. The bob has 
mass m = 15 kg with a damping 
factor of 0.9 kg/sec. 

(b) 15 m leftward 


л 
bad 
| 


ш = 10407; d(t) = 0.80 cos(10407t) 
55.0 = 880m; d(t) = 0.01 sin( 880zt ) 


(c) HORHAL FLOAT AUTO REAL RADIAN HP ñ 


(b) Att 0, t 2; att 1,4 3 
(c) During the approximate intervals 


41. (a) d(t) = —10e-97/50 cos Se 


0.35 < t < 0.67, 1.29 < t < 1.75, 


(b)8m (е) 1 ѕес (d)loscillation/sec 19. (a) Simple harmonic (b) 9m (c)8z sec 


Section 7.5 AN65 


(d) E oscillation/sec 
8T 


37. (a) G(x) = Ficos(6x) + cos(2x)] 


(b) y y= Zeos(2x) 


y= ще. 


2 


о 
W 
lon 


43. (а) d(t) = —18e- 961/60 cos{ 87 


ie 


49. (a) The motion is damped. The bob has 
mass m = 40 kg with a damping 


factor of 0.6 kg/sec. 
(b) 30 m leftward 


(с) НОРМА FLOAT AUTO REAL RADIAN HP ñ 


ИЛ 
-30 


(d) 28.47 m leftward (e)d— 0 


59. 


(d) 12.53 m leftward (e)d—0 and2.19 «1: € 3 
65. : 67. у = Isins y- J sinx 
0.1 
0 5 
-0.3 | 0 7 
| 0 5 
—03 | —0.06 
| | 
Ax —3 xy? БШ 4/10 1 А 
69. £-1(x) - 1 Е n ; 71.14} 72. (а) (b) 10 (о = 73. g( f (x)) = 10 — 5x; Domain: — 
7. y = Зх + = 76. (612 } 71.15, 8] 78.|-2, 2| 


АМ66 Answers: Chapter 7 


Review Exercises (page 614) 


1.A = 70°, b x 3.42, a я 9.40 2.a ~ 4.58, А ~ 66.4°, В = 23.6° 3.C = 100°, b ~ 0.65, с ~ 1.29 4. В ~ 56.85, C ~ 23222, b & 4.25 
5. А ~ 18.9*, В = 90°, C ғ 711° 6.b ~ 3.32, А ~ 62.8, C ~ 17.2° "LA ~ 36.22, С ғ 63.87, с ~ 4.55 8. No triangle 

9. А = 81335, B = 44.0, С = 52.0 10.0 = 2.32, A = 16.17, В ғ 123.9? 11. В = 36.2°, С œ~ 63.8°, с ~ 4.55 

12. A ғ 39.67, В = 18.6, С ~ 121.9? 13. Two triangles: B, ~ 13.4°, C, ғ 156.67, c, œ 6.86 or B, = 166.67, С, ғ 3.47, c, ғ 1.02 

14. b = 11.52, c ~ 10.13, С ~ 60° 15. a ~ 5.23, В ~ 46.07, С ~ 64.0° 16. A = 90°, B ~ 75.7, C ~ 14.3° 17. No triangle 

18.1.93 19.18.79 20.6 21.3.80 22.0.32 23.12.7° 24.29.97ft 25.622mi 


26. (а) 131.8 mi (b)23.1? (c)0.21 hr = 12.6 тіп 27.8798.67 ft? 28. $222,983.51 29.1.92 іп.2 30.S4.0°E 31.d(t) = —3 cos{ 51] 
32. (a) simple harmonic (b)6ft (с)тзес (d) 1 oscillation /ѕес 33. (a) simple harmonic (b)2ft (c)2sec (d) joscillation /sec 
T 


ESI 
2 
ды 
2 


= 4r? 0.5625 
4. (а) d(t) = —15е-—075%1/80 i 
34. (a) d(t) Se cos ee EUR | 


35. (a) The motion is damped. The bob has mass 36. _ 
m = 20 kg with a damping factor of 0.6 kg/sec 2 
(b) 15 m leftward 


| y = cos(2x) 


(d) 13.92 m leftward (e)d —^0 


Chapter Test (page 616) 


1.61.00 2.1.3? 3.a = 15.88, B ~ 57.5?, C ~ 70.5° 4b ~ 6.85, C = 117°, c ~ 16.30 5. A ~ 52.4, B ~ 297°, С ғ 97.9? 
6. b ғ 4.72, c ғ 1.67, В = 105° 7. Notriangle 8.с ~ 7.62, A ғ 80.5°, В ~ 29.5? 9. 15.04 square units 10. 19.81 square units 


11. The area of the shaded region is 9.26 cm?. 12.54.15 square units 13. Madison will have to swim about 2.23 miles. 14. 12.63 square units 


15. The lengths of the sides аге 15, 18, апа 21. 16.d(t) = 5(sin42°)sin( =} ord(t) = 3.346 sin( =) 


Cumulative Review (page 617) 


{1} 2.(x +5) +(y-1)? =9 3.{x|x € -lorx > 4} 


2. 
(-85 010 


245 V5 4 3 @ = © EEE 


6a) ———— b- 


ШИН 


(B 2h (h) 24 (i). 


9. Two triangles: А, ~ 59.0°, B, ~ 81.0°, b, = 23.05 
isp 1.25 


or A, © 121.0°, В, = 19.0°, b, e 7.59 
10. {-2i, 2i, d 1, 2} 


+ 
t 
t 
t 
T 
[ 
1 
| 
A 


11. R(x) = C da s) domain: (xj z—5,.X 3.3) 


1 4 
Intercepts:(—3., 0), (4, 0), (о, =| 
No symmetry 
Vertical asymptotes: x = —5, x = 3 
Horizontal asymptote: y = 2 


Intersects the horizontal asymptote, y = 2, at the point | 26, 2) 


Section 8.2 AN67 


12.{2.26} 13.{1} м. a {-3} (b) (23 of= 513 Ка. + avis | «9 {х|х > -3 } o({-3 х) 


(е) {x|-8 € x € 3} or[-8, 3] (f) (g) 


CHAPTER 8 Polar Coordinates; Vectors 


8.1 Assess Your Understanding (page 628) 
7. pole; polar axis 8.rcos@;rsiné 9.6 10.d 11.Т 12.F 13.А 15.С 17B 19.A 


21. 23. 25. 


т 
) (-2, 0) о (« d 


29. 


33. 35. (a) [ 5, - 37. A 


EOE Qa (72,32) 
EUM 63) œ) [-5, 57 Я 
эт jr (a) (2, —2л) 
d (© (5, =) (b) (—2, т) 
o (с) (2, 27) 
39. а. 43.00, 3) 45.(—2, 0) 47.(—3V3, 3) 49.(42, -V2) s.[-355. 2) 
(+3) т (3-3) 53.(2, 0) 55.(—2.57, 7.05) 
2 57.(—4.98, —3.85) 59.(3,0) 61.(1, 7) 
о 
ук (v2, —®) 6s.(10, Z) 61247, -1. 
-z 63. 2, z) 65. (10, =) 67.(2.47, —1.02) 
3 V6 Е А 
69. (9.30, 0.47) 71.1? = > orr = — 73.r?cos?0 — Arsinó = 0 75. г251іп20 = 1 
ТЕ peo лы 
(1 m w(-3 ‹ 77.1с050 = 4 79. х? + y? - x = бог (x ;] H y? 1 81.(х2 + y)" —x =0 
2 4 83.x2 + y2 = 4 85.y? = 8(x + 2) 
o (1, 27) to (3, Чт) 
2 4 
87. (a) (—10, 36) (b) (24/349, 180° + tant (253) & (37.36, 105.5?) (c)(—3, —35) (a) ( 1234, 180° + tant (22) e (35.13, 265.1?) 


19 


15 
96.(—2 2) 97.(0, —11) 98.13 — 18i 9.[7. z, =, т) 100.C = 78°, а ~ 9.27, b ~ 6.15 101. 


89. (a) (80, 25°); (110, —5°) (Ь) (72.50, 33.81); (109.58, —9.59) (е) 342.5 mph 94.{ } 95. 2 or 0 positive real zeros; 1 negative real zero 


6 + УЗ „У?2(1 + УЗ) 
4 4 


3x(3x — 2) 
402, £2 (3x = 2) 
o 5x? 


А E А 2 " 2 Р z Я А 
103. sin? х = sinx(sin?x)' = sinx(1 — cos? х) = sinx(1 — 2cos?x + cos^x) = sinx — 2cos* xsinx + cos‘ x sinx 


8.2 Assess Your Understanding (page 643) 
7. polar equation 8 F 9.—0 10.7 – 0 11.|2п|;|п| 12.T 13.c 14.b 


15. x? + y? = 16; circle, radius 4, center at pole 17. у = УЗ х; line through pole, making an 19. y = 4; horizontal line 4 units above the pole 


yA angle of з with polar axis m 


AN68 Answers: Chapter 8 


21. x = —2; vertical line 2 units to the left of 23.(x — 1)? + y? = 1; circle, radius 1, 25.x? + (y + 2)? = 4; circle, radius 2, 
the pole center (1, 0) in rectangular coordinates center (0, —2) in rectangular coordinates 


Vx —25 4 y? = 4, x = 0; circle, radius 2, 29.x? + (у + 1?21 y = 0; circle, radius 1, 31. Е 33.F 35.H 37.D 
center (2, 0) in rectangular coordinates, hole center (0, —1) in rectangular coordinates, 39. Cardioid 
at(0, 0) hole at (0, 0) 


41. Cardioid 


51. Rose 


53. Козе 55. Lemniscate 


59. Cardioid 


67. 


73. 


69. 


75. 


Section 8.2 AN69 


57. Spiral 


63.r = 3 + 3cos0 
65.r = 4+ sind 


71. 
^» (rae z) 
=7 d 
ө 2 2 4 
0-2 
CN = 
Ө = п AUN 0-20 
УӘ 
J i» 
Tr 
ө= 57 у 
‘4 2 Sa Ө = 
2 a 
77. 


AN70 Answers: Chapter 8 


79. 81. 83.r sind = a 85. г = 2asin@ 
yh yh y=a г? = 2ar sin 0 
x? 4 y? — 2ay 
x? + y? —2ay = 0 
х2 + (у= а) = а? 
Circle, radius а, center 
(0, a) in rectangular 
coordinates 
87. г = 2асоѕ б 89. (а) 5 knots (b) 6 Кпоїѕ (е) 10 knots (0) approximately 80° to 150° (е) «9 knots; approximately 90° to 100° 


$ = 
= 91.(x24 y) = x? — y? 95.{x|3 < x < 8}, or (3, 8] 96.420° 97. Amplitude = 2; period = ET 
x? + y? = 2ax 5 


x? 2ax + у? = 0 98. Horizontal asymptote: у = 0; Vertical asymptote:x = 4 99.3 100.64/30 ~ 32.86 square units 
(х— а)? + у? = а? 101. {>} 1. [-5. $) 103. у = —4x — 5 

Circle, radius a, center 
(a, 0) in rectangular 
coordinates 


104. cos? x = cosxcos?x = cosx(1 — sin?x) = cosx — sin? x cos x 


Historical Problems (page 653) 
1(31--44,1-i (b-L2-i 


8.3 Assess Your Understanding (page 653) 


5. real; imaginary 6. magnitude; modulus; argument 7.7, ме +0) 8.Е 9.three 10.T 11.с 12.a 


13. Imaginary 15. 4 Imaginary 
i axis 
It 
Real 
1 2 axis 
—1F 
“(совт + їзїп 7); “еі 2( соз LE + isin+); 2eilln/6 3( соз Эт + isin7 ); Зеѓ37/2 
4 4 6 6 2 2 
19. Imaginary 
å axis 


4V/2{ cos + isin); 42e! 77/4 5(cos 5.356 + isin5.356); 5ei5556 V13(cos 2.159 + isin 2.159); /13е!2159 


25.1 + V3i 27.2V2 —2V2i 29.—3i 31.—7 33.—0.035 + 0.1971 35.1.970 + 0.3471 

zo- 1 

w al 

39.zw = 12( cos + isin) or 12ei2s/9. 4 = 
9 9 w 


ses ; x ie 

37.zw = 8| cos isin?) or 8еѓт/3; cos isinz) or =еѓт/9 
н gone gg 

3 


4 


lir + isin К) or Jeitisf9 
9 9 4 


(cos 


41. zw = 4( cosa | їзїп) or 4e! 97/40- " E cose + isind or e@ 7/40 

43.zw = 4V2 (cos + isin) or 4 /2eisi2; Z = V2 (cos — + isin i) or V2e! 57/12 45, 32 + 325/31, 64e!27/3 47, 32i; 32е!" 
w 

49.27 ге 23, Tein s, 22502 + 250. 25ei37 53,4 + 4i; 4 /2ei?n^ 55,23 + 14.1421; 27е12:590 


57, Gf pi-z2 PA ei-3n/4 $/2еї17т/\2. 59. 4/деї5лї2_4/$деї11т12__4/д„г17т12_ I/Rpi-23n/12 


61. 2137/8, 2е17=/8 26111718 2611578 63, ei7/10, оіт/2, gi-97/0. „ї13л10 gi17z/10 


Historical Problem АМ71 


67. Look at formula (7). |z,| = Ут for all К. 
69. Look at formula ( 7). The z, are spaced apart by an angle of rus 
n 


71. Since the sine and cosine functions each has period 27, 
cosÜ = cos(@ + 2Кт) and sin 0 = sin(@ + 2k), К an integer. Then, 
re? = r(cos0 + isin@) = r[(cos(0 + 2Кт) + isin(0 + 2Кт)] = re'?*?*7. k an integer. 


73. Assume the theorem is true forn > 1. For negative integers: 
Form= n т" = (у! = [rrei] = (r"[cos(n0) + isin(n0)]) ! with n > 1 
z? = r9 ei09 = rOtcos(0-0) + isin(0-0)] ©. 
1 = 1-[cos0 + 751п0] = 1 — = 1 — Сов АИЛ асн 
r"[cos( n0) + isin(n@)] r"[cos(n0) + isin(n0)] соѕ(п0) — isin( n0) 
1= 1:1 +0] 
1 = 1 True cos( n0) — i sin (n) cos( n0) — isin( n0) _ E. 
ЕЕ = = n 8 EN 0 
r"(cos?(n0) + sin?(n0)) r” [вов Nl 
= r^"[cos(—n0) + 151п(—п@)] = к" en? 


Thus, De Moivre’s Theorem is true for all integers. 


75.x + iy = In7 + i(2kz), К an integer 77. 2240.50 78. x 79.2yi/3x?y? 80. Minimum: f(£) = E 

3,2 
81. A = 264^, B ~ 36.3°, С ғ 117.3° 82.10g,— 83.1621} S4. (fog)x) = 75x6 — 20x3 85. y = -2x +8 

Z 
86. /16 sec? x — 16 = J16(sec?x — 1) = Jl6tan?x = 4tanx 
8.4 Assess Your Understanding (page 665) 
1. vector 2.0 3.unit 4.position 5. horizontal; vertical 6. resultant 7T 8.F 9a 10.b 
11. 13. 15. 17. 

3v Y 3v u 
vtw 
w тр =w Зу + u — 2w —2w 
v 


as. V59 41434 —5Л3 49.1 51.314) 53.221 226 55.14 sav = 8, 4У5 jory- 855; 45, 
5 5 2° 2 5 5 5 5 
59.{—2 + VJT, —2 — 21} stv = Ši ЭЗ 63.v = -7i + 3j s.v = 2553, 25) 67.45° 69.150° 71.333.4° 


73.258.7° 75.F = 20V3i + 20j TLF = (2043 + 30V2)i + (20 — 30V2)j 
79. (а) ү, = 550}; v, = 50/24 + 50/2] (b)v, = 5072 i + (550 + 50V2)j (© ||v, || = 624.7 mph; N6.5°E 
81. v = (250/2 — 30)i + (2504/2 + 30V3)j 518.8 km/h; N38.6°E 83. Approximately 4031 Ib 


85. 8.6° left of direct heading across the river; 1.52 min 87. (a) N7.05°E (b)12 min 89. Tension in right cable: 1000 Ib; tension in left cable: 845.2 Ib 
91. Tension in right part: 1088.4 Ib; tension in left part: 1089.1 lb 93. џ = 0.36 95.13.68 lb 97. The truck must pull with a force of 4635.2 Ib. 


99. (a) (—1, 4) 101. 103. About 8.2? north of east. 10. Amplitude = 3: period = 3 Y 
b) cLa 107. {29} | К 
CASAS 108. —3x(x + 2)(x — 6) Phase shift = — 
109. V3 


Н In 5- x 
EG, —1) 


111.15 112.(x — 10)? + (y+ 2)? = 49 113. x-intercepts: —3, —2, 3; y-intercept: —18 114. {5 —4^11,524 M11) 
115. (x + 3(x? + 9) or x? + 3x? + 9x + 27 116. (fog)(0) = 425 — (5sin 0)? = 425 — 25sin?0 = 4/25(1 — ѕіп20) = 425 cos? 0 = 5cos@ 


Historical Problem (page 675) 
(ai + bj) - (ci + dj) = ac + bd 


Real part (а + bi)(c + di)| = real part((a — bi)(c + di)] = real part[ac + adi — bci — Баі?) = ac + bd 


AN72 Answers: Chapter 8 


8.5 Assess Your Understanding (page 675) 
2. dot product 3.orthogonal 4. parallel 5.T 6.Е 7d 8.b 9.(a)0 (b)90° (с) orthogonal 11.(a)0 (Ь) 90° (с) orthogonal 


13. (а) V3 — 1 (b)75? (е) neither 15. (а) 50 (6) 180° (с) parallel 17. (а) 0 (Ь) 90° (с) orthogonal 19.2 


21. v, Ši эрү ji +i 23. v, Li Zjv Si =i 25.у, = 121+ Livy, = ti 2 j 27,121 — 9j or —12i + 9j 
29.9 ft-lb 31. (a) | ~ 0.022; the intensity of the sun’s rays is approximately 0.022 W/cm?. |А || = 500; the area of the solar panel is 500 cm?. 

(b) W = 10; ten watts of energy is collected. (c) Vectors I and A should be parallel with the solar panels facing the sun. 
33. Force required to keep the Explorer from rolling down the hill: 7376 Ib; force perpendicular to the hill: 5248.4 1b 35. Timmy must exert 85.5 Ib. 
37.60? 39.Letv = ai + bj. Then 0. v = 0a + 0b = 0. 
4l.v = cosai + sinaj, 0 € a € п; w = cos Bi + sin 8j, 0 < 8 < т. If0 is the angle between v and w, then v -w = cos, since ||v|| = 1 and ||w|| = 1. 


Now 0 = a — B or 6 = B — a. Since the cosine function is even, v -w = cos(a — 0). Also, у-уу = cosa cos 8 + sin asin f. 
So соѕ(а — B) = cosa cos 8 + sina sin f. 
2 2 2 2 2s 2 
43. CLwIIv. + ШУУ) СУУ — Шуи) = lwil v v — wi ПУПУ -w + ППУ wiw - v — ПУП w-w = [| vv = lvi w-w = iwl lvi — ПУМ = 


а, + 29907 У507 151.353. 47—243, 2/3 
49. (a) Ifu = аі + b,j and v = a,i + b,j, then, since ||ul| = 11У11, a? + b? = llul? = |IvIP = a2 + 53, 


(п +v) (u У) = (а t а, )(а; а,) t (b, t b, )(b, b,) = (a2 + b?) — (a2 + b2) = 0. 
(b) The legs of the angle can be made to correspond to vectors и + v andu — v. 


52.12 53.2 54. (1 — sin?0)(1 + tan? 0) = (cos?0)(sec?0) = cos? 0- 


cos? 0 


55.V (x) = x(19 — 2х)(13 — 2x), or V(x) = 4x? — 64x? + 247x s [e 57. f(x) = Ух+4+9 


In 7 — In2 
58. Vertical asymptotes: х = —3, x = 5; Horizontal asymptote: y = 2 59. 8 60. Vertex: (9, —44); concave up 
1 1 1 1 1 
61.(fog)(x) = = = = = 
(fog) [(3tanx) +979? — (9tan?x +9)” — [9(tan?x +1)" — (9sec2x)? — 27|sec? x| 


8.6 Assess Your Understanding (page 685) 


2.components 3.1 4.F 5.T б.а 7. All points of the form (x, 0, z) 9. All points of the form (x, у, 2) 11. All points of the form (—4, y, z) 
13. All points of the form (1, 2, z) 15. У21 17.V33 19.726 21.02, 0, 0); (2, 1, 0); (0, 1, 0); (2, 0, 3); (0, 1, 3); (0,0, 3) 

23.(1,4,3); (3,2,3); (3,4,3); (3,2,5); (1,4,5); (1,2,5) 25.(—1,2,2); (4,0,2); (4,2,2); (—1,2,5); (4,0,5); (-1,0,5) 22v = 3i + 4j – k 
Mv = 2i +4) + к 31.у = 8i — ј 33.7 35.43 37.422 39.—j —2k 41.4105 43.438 — V17 45.1 41.51 Бор =k 


7 
д. УЗ + Bj + Bx 5l.v-w = 0; 0 = 90° 53.v-w = —2, 0 = 100.3° 55.v-w = 0; 0 = 90° 57.v-w = 52; 0 = 0° 


59. а z "- В = NR y = 106.6*; v = 7(с0564.6°1 + cos149.0°j + cos106.6?k ) 

6l.a = B = y z 54.7% у = V3(cos 54.75% + cos 54.7°j + cos 54.7°k) 63.a = B = 45°; y = 90°; у = V2(cos 45° + cos 45°j + cos 90°k) 
65.a z 60.9% 8 ~ 144.2% y z 71.15 у = V38(cos 60.9% + cos 144.2°j + cos 71.1°k) 67. (а)а =a+b+e=<7,1,5> (b)8.66 ft 
69.(x -3? + (у - 1? +(z-—1)* =1 7I. Radius = 2, center (—1, 1, 0) 73. Radius = 3, center (2, —2, —1) 


75. Radius = Ex center (2, 0, —1) 77.2newton-meters = 2 јошеѕ 79.9 newton-meters = 9 joules 80. {x |2 = OE e 12) or (2, 2 


81.2х2 + 2x — 5 82.4 83.c = 345 ~ 6.71; А œ 26.6% В ~ 63.4° 84. 5`/5 85. Р(х) = x^ — 2x3 + 11x? — 2x + 10 


86. f'(x) = 8x +5 5724 88.97 — 18 square units 
x т 


8.7 Assess Your Understanding (page 691) 


LT 2T 3T 4F 5.F 6T 7.2 9.4 11.-11A + 2B + 5С 13.—-6A + 23B — 15C 

15. (а) 51 + 5j + 5k (b) 5i — 5j – 5k (00 (0) 0 17(39i—j—k (b)-i+j+k (00 (40 

19.(a) -i + 2j -2k (bi-2j—-2k (0) 0 (d)0 21. (а) 3і — j+ 4k (b) -3i - j- 4k. (с)0 (4) 0 23.—9i — 7j — 3k 

25.91 + 7j + 3k 2270 29. 271 —21j -9k 31.—18i — 14j — 6k 33.0 35.—25 37.25 39.0 

41. Any vector of the form c(—9i — 7j — 3k), where c is a nonzero scalar 43. Any vector of the form c(—i + j + 5k), where c is a nonzero scalar 


1119: „ У19 7419 114/19 v19 7419 


45.4166 47.4555 49.434 51.4998 53. 57 57 1+ 57 k or 37 i 2.1 57 k 55. 98 cubic units 
i jk 
570 ху= |а b, с | = (bc, — Бс, )і — (ac, — a50,)j + (a,b, — a,b, )k 
а, b, с, 
2 
lu x vi = (va, €, — Бос)? + (aye, — азс)? + (ab, — а)? ) 


= þe? — + b2c2 2602 _ 262 252 — 2р2 
= bic? — 2bjb,c,c, + Б2с? + а?с2 — 2a,a,c,c, + a2c2 + ajb? — 2a,a,b\b, + аЬ? 
2 2 
lult = аў + Be + ef, ПМ = аў + bz + с} 


Review Exercises 


чу? = (a? + b? + с )(a} + bi + с3) = apa} + ajbi + afc} + bfa? + bb? + bic} + азс? + bei + cfc} 
(uv)? = (аа, + bib, + сүс)” = (аа, + bib, + сүс,)(аа, + bib, + сіс) 

= aĝa? + аа, + аас + МБС + Баа + Ь{Ь2 + ЬЬ›сус, + ayaycycy + сс? 

= ajay + bib + с?с2 + 2ayaxb,b, + 2bjb,c,c; + 2a4a5c,6; 


иу — (u-v)? = a?b? + a2c2 + b2a2 + a3c? + b3c? + bic — 2a,ayb,\by — 2b,b,c,c; — 2ауа›сус;,‚ which equals ||u x у|2. 
59. By Problem 58, since u and v are orthogonal, ||u x у|| = llul] ||vi]. If, in addition, u and v are unit vectors, ||u x v|| = 1-1 = 1. 
61. Assume thatu = ai + bj + ck, v = di + ej + fk, апау = й + mj + nk. Thenu x v = (bf — ec)i — (af — dc)j + (ae — ар, 
u x w = (bn — mc)i — (an — Ic)j + (am — Ib)k, and v + w = (d+ Di + (e+ т)) + (f + n)k. 
Therefore, (u x v) + (u x w) = (bf — ec + bn — mc)i — (af — dc + an — Ic)j + (ae — db + am — Ib)k and 
u x (v -- w) = [b(f n) — (e+ m)c]i — [aCf + n) – (d  Dc]j € [ale +m) — (d + ОЬ 
= (bf — ec + bn — mc)i — (af — dc + an — Ic)j + (ae — db + am — Ib)k, which equals (u x v) + (u x w). 
63. Let v = уі + v;j + v3kandw = wji + и] + w3k. 


Then 2v x 3w = 6(v x w) = 6[(v;w4 — vaw5)i — (Уз — vaw4)j + (уи — Vow, )k]. 
v: (2v x 3w) = 6[(vw4 — vaw5)v-d — (vqw4 — vaw4)v : j + (vqw5 — v9w4)v- k] 
= 6[(vjw4 — v4w5)v4 — (Уз — изи) + (vw; — v9w,)v4] = 0 
Since v «(2v х 3w) = 0, vis orthogonal to 2v х 3w. 
Similarly, w (2v x 3w) = 0, so wis also orthogonal to 2v х 3w. 


66. 7 67.(17, 4.22), (-17, 1.08) 68. f) (x) = log;(x —5) +1 69. log, x 3log,z 70.2 71.{х|х = —4x = 4} n. 
: — 16 T 
73.1843 ts 74. 0-0 35 7 
square units xx n 4) 3 
Review Exercises (page 694) 
343 3 Js 3*| (ад т 
|52, 3 4.(3V2, 77) (-92. -1) 
T T 
(2) s(2 -5) (-2 2) 
6.(5, 0.93), (—5, 4.07) 
6 
о 
7.(а) х2 + (у = 1)? = 1 8. (а) x? + y? = 25 9. (а)х- у= 0 
(b) circle, radius 1, center (0, 1) in (b) circle, radius 5, center at pole (b) line though pole, making an angle 


rectangular coordinates of a with polar axis 


YA 


AN73 


10. (а) (x — 4? + (y + 2)? = 25 11. Circle; radius 2, center (2, 0) in rectangular 12. Cardioid; symmetric with respect to the line 


(b) circle, radius 5, center (4, —2) in coordinates; symmetric with respect to the Bum 


rectangular coordinates polar axis 
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13. Limacon without inner loop; symmetric with 14. ЕД| созт +i sin"); М2е! 57/4 15. 5(cos 5.640 + isin 5.640); 5e/5-40 
respect to the polar axis 


m (4 з) 16.—/3 + i 
ө=7 3 

0=37 : ө=® 

— 4 CL 7 ш 


S 
E 
2 


i 
N 


SH 
SK 
RW 
IR 
SS. 
ES 


Ж 
KK 
S. 


Tr 
07 S i 
o=% (4 =) 
18. 0.10 — 0.027 19. zw cos T isin or ef 157/18: - = созе + ising or е? 
Imaginary А 
ахіѕ 20. zw = 6 or 6°""; © 2 (созат | їзїп 5) ог З еївл5 
0.06 w 2 5 5 2 
10 21. ги = (cos + {зїп ®) or 5е? 7/36; * = (cos } їзїп.) ог $e!/"/2 22. = + ыз, 27е! 3 
23.4 = дея? 24.64; 6de 25,—527 — 336i; 6256/3279 26,3, Зе!2я9, deii o 3, 3 + 3V3; _3 _ ЭУЗ, 
2 2 2 2 
—0.06 
27. " 28. 29.v = 2i — 4j; [vl] = 2V5 30. v = —i + 3j; Ivi = У10 31.21 — 2j 32.—20i + 13j 
u 
3148 34.45 +5 я 724 35.24 + j ag v = 314 333 37120° 38. 43 = 6.56 
2u v 5 5 2 2 
чу 39.v = 3i — Sj + 3k 40. 21i — 2j — 5k 41.438 42.0 43.3i + 9j + 9k 440 
419. 3419. 3/19 419. 3419. 3419 
45. H | k k 46.v-w = —11; 0 ~ 169.7? 
2u + 3v Зоо! К лу dot ag gg тә! g E ЧҮ” | 
47.v-w = —4; 0 = 153.4° 48.v-w = 1; 0 ~ 70.5? 49.v-w = 0; 0 = 90° 50. Parallel 51. Neither 
4. 34 6. 8. О кзз š Ta 214 © Е б 
52. Orthogonal 53. у zÍ 5 У = zÍ + 51 54.v, = 100! + js у = METTE + To! 55.a ~ 56.1°% В ғ 138°; y ғ 68.2 


56.2483 57.—2i-- 3j – К 58.0 59.V29 ғ 5.39 mph;2.5 mi 60. Left cable: 1843.21 Ib; right cable: 1630.41 Ib 61. 50 ft-Ib 
62. A force of 697.2 Ib is needed to keep the van from rolling down the hill. The magnitude of the force on the hill is 7969.6 Ib. 


Chapter Test (page 696) 


1-3. 4. (4. z) 6. 


[г< 


= 30ry = 3x 


8.r?cos0 = 5 is symmetric about the pole, the polar axis, and the line 0 = 3 


9.r = 5 ѕір 8 cos? 0 is symmetric about the line 0 = 2 The tests for symmetry about the pole and the polar 


axis fail, so the graph of r = 5 sin@ cos? may or may not be symmetric about the pole or polar axis. 


10.z-w = 6(cos 1077 | isin); беі1077/180 11, — 2 (eos 777 } ізіп 337. 3 ог33100 
180 180 F4 2 20 20 2 
12. w5 = 243 [cos | іза); 243еі117/8 


13.2, = 2$УЭЗе!2л®, 2, = Be", z, = 2де a0 


а= wre? 


Imaginary axis 


iaso 
2,7 We 


Cumulative Review (page 697) 


1.{-3,3} 2y = B, 3. х2 
9,7 
7. 8. 6 


CHAPTER 9 Analytic Geometry 
9.2 Assess Your Understanding (page 706) 


Section 9.2 AN75 


14.v = (542, -54/2) 15.1% = 10 16.u = [1 = ( 
у 


42. v2 ) 
2° 2 

17.315? off the positive x-axis 18.v = 5V2i — 5V2j 19.v, + 2v, — v, = 6i — 10j 
20. Vectors v, and v, are parallel. 21. Vectors у, and v; are orthogonal. 

22.172.87° 23.—9i — 5} + 3k 24.a ~ 57.7°, 8 ғ 143.3°, y ғ 74.5° 25.V115 
26. The cable must be able to endure a tension of approximately 670.82 Ib. 


11. 
y 
ө= 37. A | m = 
“4 
X he r=2 
0-27 = 


s 
X е 


7. parabola; axis of symmetry 8.latusrectum 9. (а) 6 (b)right (с) 3;3 (0) (1, 2) (е) (у 2» = 12(х—1) (f)(—3, 2) (g) 10 (h) left 
(i) (у — 2)! = —20(x + 3) 10. (а) (0, 0); (0, —2); 2 (b) Down. (е) (0, 0); (0, 2); 2 (@) Ор (е)2; (1, 3); (x – 1)? = 8(у – 3); у = 1 


П.с 12.(3, 2) 13.4 14F 15.B 17E 19.H 


23. у? = 16х 


33.(х — 2)? = 


—8(y + 3) 


41. Vertex:(0, 0); focus:(0, 1); 
directrix: y = —1 


43. Vertex: (0, 0); focus: ( —4, 0); 
directrix: x — 4 


45. Vertex: (—1, 2); focus: (1, 2); 
directrix: x — —3 


AN76 Answers: Chapter 9 


47. Vertex: (3, —1); focus: 49. Vertex: (2, —3); focus:(4, —3); 51. Vertex: (0, 2); focus: ( - 1, 2); 53. Vertex: ( —4, —2); focus: 


E _ > | directrix: y = — 3 directrix: x = 0 directrix: x = 1 (—4, —1); directrix: y = —3 


Агу = (3, -D 


55. Vertex: ( —1, —1); focus: [-5. Aj 57. Vertex: (2, —8); 59.(у – 1) =x 61. (у — 1)? = -(x — 2) 
directrix: x = Е focus: (2. -21); 63. x? = 4(y -1) 65.y? = Io +2) 
directrix: y = -22 67.20 ft 69. 24.31 ft, 18.75 ft, 764 ft 


4 71. 1.5625 ft from the base of the dish, along the axis of symmetry 


73. 1 in. from the vertex, along the axis of symmetry 
75. 0.78125 ft 


77. 4.17 in. from the base, along the axis of symmetry 


79. (a) y = 520° + 630 


(b) 567 ft: 119.7 ft; 478 ft: 2673 ft; 308 ft: 479.4 ft (c) No 


81.Cy? + Dx = 0,C = 0, р = 0 This is the equation of a parabola with vertex at (0, 0) and axis of symmetry the x-axis. 
Су? = —Dx The focus is (- D. о); the directrix is the line х = B The parabola opens to the 
А р 4С 4С 
= о ——х 
7 C right i£ — D. > 0 and to the left it -2 < 0. 
С C 
83. Cy? + Dx + Еу - F=0,C = 0 (а) If Р = 0, then the equation тау be written as 
Су? + Ey = -Dx — Е | | Plax EA) 
yia E , D. F У + ос С 4CD 
T 2 — 
C C C This is the equation of a parabola with vertex at I vA - 
| yc E | D. F | Е? and axis of symmetry parallel to the x-axis. 
2С C C 4C (b)-(d) If D = 0, the graph of the equation contains no points if E? — 4CF < 0, 
| у Е | D x 4 E? — 4CF is a single horizontalline if E? — 4CF — 0, and is two horizontal lines if 
2C C 4C? E? — 4CF > 0. 


85. (0, 2), (0, —2), (—36, 0); symmetric with respect to the x-axis. 86. {5} 87.sin0 = 589 cos 8/89. csc 0 = У89 sec 0 = У89. 


89 89 5 ВЕ 
8 24/10 89 11V13 


In 2 
to 88. 
9 5 3 6 


90.(x 4-12)? + (у - 7? = 6 91. $6600 92. 93. cos 17° 94. {—1, 2, 3, 6) 


9.3 Assess Your Understanding (page 7/6) 


2 2 
7. ellipse 8.b 9. (а) (2, 3) (b)10 (с)5 (d4 (е)з (0а2 — c? = b? (р) 5;3;4 ате + Js = 1;The denominator of the x?-term is b? and 


2 p 
the denominator of the y?-term is a?. 10. (a) 5;3;parallel to x-axis (b) 5; 4; parallel to y-axis (с) (x= h) + O- = 1 11.(0, —5); (0, 5) 


a? b? 
12. 5;3;x 13.(-2, —3); (6, -3) 14a 15.C 17B 
A > x2 y? x2 у? 
19. Vertices:(—5, 0), (0, 5) 21. Vertices:(0, —5), (0, 5) 23.7 + Ta 1 25. — E z 1 
Fond sat 0 ыш. коа уса et) Vertices:(0, —4), (0, 4) Vertices:(—2V2, 0), (2V2, 0) 


Foci: (0, —2V3), (0, 2V3) Foci: (—V6, 0), (v6, 0) 


Section 9.3 АМ77 


х? у? 
Qv bec 

16 Щщ 16 

Vertices: ( —4, 0), (4, 0), 

(0, —4), (0, 4); Focus: (0, 0) 


27 


2 
gi EED py out 


4 
43.(х = 12 +% =1 
i dap er 
2 2 2 
45. Center: (3, —1); vertices: (3, —4), (3, 2); 47. G ue } (y "n = 1 49, Le + (у= 1)? =1 
foci:(3, —1 — V5), (3, -1 + v5) Center: (—5, 4); vertices:(—9, 4), (—1, 4); Center: (—2, 1); vertices:(—4, 1), (0, 1); 
foci:(—5 — 2V3, 4), (—5 + 2V3, 4) foci:(—2 — V3, 1), (—2 + V3, 1) 


(х—2)” ‚ (у+1)* _ (х—1)* | (у+2) _ 2, O42 

eg H e 1 ae a ет 1 55.х? + Áo. = 1 
Center:(2, —1); vertices:(2 — V3, —1); Center: (1, —2); vertices:(1, —5), (1, 1); Center: (0, —2); vertices:(0, —4), (0, 0); 
(2 + V3, —1); foci:(1, —1), (3, —1) foci:(1, —2 — V5), (1, -2 + V5) foci:(0, —2 — V3), (0, —2 + V3) 


(x— 2)? | (y +2)? (х= 4)? ,(y- 6)? x -2Y , (у= 1)? 
7. | >j Е B 1. gd 
ИЕТ. 21 ЕЕ 9 Sx UU 3 


esse (4.9) 


LI ә ҮҮ 4,8) 
р (4 + 5,6) 
( (4, 6) 


a 


(х= 1)2 (у= 2)? 
А | = 1 
6s. — 5 
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2 2 
71. on + A = 1 73.43.3ft 75.24.65 ft, 21.65 ft, 13.82 ft 77.30 ft 79. The elliptical hole will have a major axis of length 2V41 in. and 
2 


2 
Ta + MISTS = 1 83. Perihelion: 460.6 million mi; mean distance: 483.8 million mi; 


a minor axis of length 8 іп. 81. 91.5 million mi; 
2 2 
x zd y 
(483.8) 233,524.2 
91. (a) Ax? + C? + Е=0 If A апа С are of the same sign and F is of opposite sign, then the equation takes the form 


Ax? + Су = -Е ж у? Е Е е - ; : ; 
+ —— = 1, where -q and al are positive. This is the equation of an ellipse with center at (0, 0). 


= 1 85.35 million ті 87. 8/14 cm ~ 29.93cm | 89.5/5 — 4 


(b) А = C, the equation may be written as x? + y? = L This is the equation of a circle with center at (0, 0) and radius equal to , |-&. 


94. Zeros:5 — 24/3, 5 + 24/3; x-intercepts:5 — 24/3, 5 + 2V3 95. Domain: (x|x = 5}; Horizontal asymptote: у = 2; Vertical asymptote: х = 5 


т Tr Br) 


10 
99. 100. {—0.5397} 101. 4x — 102. (164 
30' 30' 30 0. { 97} х= 7 102. {164} 


7 


96. 6171 ft-lb 97. ~ 10.94, с ~ 17.77, В = 38° 98. { 
103. (-3 — 245, —3 + 2V5} 


9.4 Assess Your Understanding (page 729) 
7.hyperbola 8. transverse axis 9.b 10.(2, 4); (2, —2) 11.(2 6); (2, —4) 12. (a) (L, -1) (b)4 (с) Asa changes, the distance between the 


2 

vertices changes. The value of a represents the distance from the center to the vertices. (d)4 (е) T — = =1 @)5 (g) = — - =1 (hx? 
_ _ (у-К)* _(х-һ)? _ x-h? (y-k). Jae _ 4, y-4 

13.(a)x =2 (b)c =1 (0 P bi 1 (d) 8 bi 1 14c 15.2;3;x 16.у = g” y= 9х 17. В 19.A 


Y = (1, 0) V V2 = 0,0 


Е, = (-3,0).X F, = (3, 0) 
5-х 

H 0, -2V2) 

у = 2%2х у= -2V2x 


2 2 2 
Я 9.27 = 1 3L% У = 
8 8 25 9 
(0, 2/2) Сепїег:(0, 0) 
yo-x у=х , А 
DIM Transverse axis: x-axis 
V, = (C2V2,0 NTC V, = QV2,0) Vertices: ( —5, 0), (5, 0) 
| БЕЗ Foci: (—V34, 0), (4/34, 0) 
Еу = (—4, 0) VP, = (4, 0) 
ACCES Asymptotes: y = +32 
F, = 0, 3V5) (0, -2V2) 
2 2 2 2 2 
333-3. =1 35.7 — x2 =1 32-3 =1 39. х2 — у? = 1 
4 16 9 7 25 25 dn 
Center: (0, 0) Center: (0, 0) Center: (0, 0) 41. A Е E = 1 
Transverse axis: x-axis Transverse axis: y-axis Transverse axis: y-axis 
Vertices:(—2, 0), (2, 0) Vertices:(0, —3), (0, 3) Vertices:(0, —5), (0, 5) 
Foci: (—2V5, 0), (2V5, 0) Foci:(0, —V10), (0, v10) Foci:(0, —5V2), (0, 5/2) 
Asymptotes: у = +2x Asymptotes: y = +3x Asymptotes: y = +x 
yc-Ax J4 у=3х = (0,5) № = (0,5V2) 
pan =F, = (0, VIO) т 


JV. = (0,3) 


V; = (0,—5) Еу = (0,-5V2) 


(х= 4)? (у +1)? 
43. ES 45. 
4 5 
4,-1 
d ; PETERET 
F =, -) Nka, -1) 
=) 
у= (2-1) NUS = (т, -1) 
1. “Уз = (6, -1) 
ПАСЕ ув _ 
ав-1-му) ?*127 672 
2 2 
ZD UOCE iq 51. 
4 9 


у+1= je-n 


3 
+1= -36-1 
M 20-D »4a,5, 
Н `4 me 


а, =i). 

F,-0-Vis,- De 

v= c1, 16] 
(0,74 
(у 2) 

4 
Center: (—2, 2) 
Transverse axis: parallel to y-axis 
Vertices:(—2, 0), (—2, 4) 
Foci:(—2, 2 — V5), (—2, 2 + V5) 
Asymptotes: y — 2 = +2(x + 2) 


53. —(x+2)? =1 


у-2= –2(х + 2) уду 2=2(х+ 2) 
Е, = (2,2 + V5) Ӯ, = (2, 4) 


(2,2-0 
CS 298-1, 2) 
= (2,0 2 + 


Fy = (-2,2-V5) 


2 
59,0 2) (кът) =1 


Center:(—1, 2) 

Transverse axis: parallel to y-axis 
Vertices:(—1, 0), (—1, 4) 
Foci:(-1, 2 — V5), (-1, 2 + V5) 
Asymptotes: y — 2 = +2(x + 1) 


y-2-2-2(x*41) y у—2= 2(х + 1) 
fF = (1,2 +75) 
EV = (—1,4) 


5-х 


71. Vertex: (0, 3); focus:(0, 7); 73. 
directrix: y = —1 
Е= (0,7), 


55. 


61. 


Section 9.4 
2 2 032 
(y + 4) (w+ 3)" _, 47.(х — 5)? ай О 24 
4 12 3 
F, = (-3,0 
ake : . В peas (з) у ТУЗ стеу 
V: = (-3, -2) | 3 E , 
mo La у= 4 Y; = (6,7) 
Pp TB x = 
(73 - 2V3, -4) 17250 (—-3 + 2V3, -4) Е, = (7,7) 


r1 E 


y, = (-3, -6) 
F, = (-3, -8 ee 
uh | (6,7-МЗ) © у-7=-МЗ3(х-5) 
о _(у+3) a 
4 9 


Сепѓег: (2, —3) 

Transverse axis: parallel to x-axis 
Vertices:(0, —3), (4, —3) 

Foci:(2 — v13, —3), (2 + “ЛЗ, -3) 


Asymptotes: y 4- 3 — tio — 2) 


x1 O+? 
4 4 
Сепїег:(—1, —2) 
Transverse axis: parallel to x-axis 
Vertices:(—3, —2), (1, —2) 
Foci:(—1 — 2V2, —2), (—1 + 242, 
Asymptotes: y + 2 = +(x + 1) 


1 57.(х – 1)? -(y +1)? =1 
Center:(1, —1) 

Transverse axis: parallel to x-axis 
Vertices:(0, —1), (2, —1) 

Foci:(1— v2, —1), (1 + V2, -1) 
Asymptotes: у + 1 = +(x — 1) 


2) 


(71,0), 74... 
КУРААН у 2 2+1 


Ae x 
SSF, = (-1 + 2V2, -2) 
У = (1, -2) 
Му+2=-—-(х+1) 


Т. КМ, 


CLD CL 


ix—3^ (QA _ 
4 16 

Center:(3, —2) 

Transverse axis: parallel to x-axis 

Vertices:(1, —2), (5, —2) 

Foci:(3 — 2V5, —2), (3 + 2V5, —2) 

Asymptotes: y + 2 = +2(х — 3) 


(у= 1)? 
1 63.7 


Center: (—2, 1) 

Transverse axis: parallel to y-axis 
Vertices:(—2, —1), (—2, 3) 
Foci:(—2, 1 — V5), (-2, 1 + V5) 
Asymptotes: y — 1 = +2(x + 2) 


у+2 = –2(х – 3) 


у +2 = 2(х – 3) 


Е, = (2,1 + V5) 
УА у —1=2@ +2) 


у-1= -20х +29076 
CREATA Ch» 
сз Cl D 
- pede 


V, =(-2, -1) 0? 


ri ARR 


F, = (721 - V8) 
69. Center: (3, 0) 
Transverse axis: parallel to x-axis 
Vertices:(1, 0), (5, 0) 
Foci:(3 — V29, 0), (3 + v29, 0) 


Asymptotes: y = EE — 3) 


(х—5)° |» 
КӘ en 
9 7 25 
Center:(5, 0); vertices:(5, 5), (5, —5); 
foci:(5, —4), (5, 4) 


75.(x — 3? = 8(y + 5) 
Vertex: (3, —5); focus:(3, —3); 
directrix: y — —7 


У = (5,—5) 
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2 2 
77. The fireworks display is 50,138 ft north of the person at point A. 79. The tower is 592.4 ft tall. 81. (а) y = +x (b) ы M Lx20 


100 100 "^^ 
2 2 
83. га — т = 1 85. If the eccentricity is close to 1, the “opening” of the hyperbola is very small. As e increases, the opening gets bigger. 
x? NN el 
87. — у? = 1; asymptotes у = 4 


2 _ pasymptotes y = +1 
у 4 ; asymptotes у = +2 


2 
89. Ax? + Cy + F =0 - =й 
Ax? + Cy? = —F -£) 


where E and -£ are opposite in sign. This is the equation of a hyperbola with center at (0, 0). The transverse 


axis is the x-axis if -E > 0; the transverse axis is the y-axis if -£ < 0. 


91. Amplitude = y Period = 21, Phase shift = E 94. x? + (у — 3)? = 9; circle, radius 3, 


. | center at (0, 3) in rectangular coordinates 
Vertical shift = 5 


92.c = 13.16, A ~ 31.6°, В = 48.4° 93.(6, —6V3) 


95. f(x) = n(* 54) +1 96.97 — 2 ~ 2.57 sq units 
97. {—4} °в.[1. 3) 99, ¥16 — x? T 
2 2 4 


9.5 Assess Your Understanding (page 739) 


5.cot(20) = ^ = C 6d 7.B?—4AC <0 8c 9.T 10.F 11.Parabola 13. ЕШрѕе 15. Hyperbola 
17. Hyperbola 19. Circle 21. х xh yy), y= Xe E y) 23.x xh y)y xh + y) 
25.x — 10 Е V3y'), y= 13x! + у!) M.x = М v 2у'), у = Box Ty) 2.x = MEIN 2у!'), у = М3 5v + 3y’) 
2 2 5 5 13 13 
31.0 = 45° (see Problem 21) 33.0 = 45° (see Problem 23) 35.0 = 60° (see Problem 25) 
y у? _ 1 х2 + у? . 1 x? + y2 = 
$7 4 а ТУ 5 
Hyperbola Ellipse Ellipse 
Center at origin Center at (0, 0) Center at (0, 0) 
Transverse axis is the x/-axis. Major axis is the y'-axis. Major axis is the x/-axis. 
Vertices at (+1, 0) Vertices at (0, +2) Vertices at (+2, 0) 


37.0 ~ 63? (see Problem 27) 39. 0 ~ 34? (see Problem 29) 41. cot(20) = ES 
y? = 8х! (x= 2у° 12 2 
———ry?z1 3 š 
Parabola 4 0 — sin (3) а 37 
Vertex at (0, 0) Ellipse à 1 
Focus at (2, 0) Center at (2, 0) (x – 1) = -e[v - е) 


Major axis is the x"-axis. 
Vertices at (4, 0) and (0, 0) 


Parabola 


Vertex at | ГА Hd 


Focus at (1 -i) 
3 


Section9.6 АМ81 


43. Hyperbola 45. Hyperbola 47. Parabola 49.Ellipse 51. Ellipse 53.23.6° 
55. Refer to equation (6): A’ = А соѕ20 + Bsin@cos@ + C sin?0 
В! = B(cos?0 — sin?) + 2(C — A)(sin@ cos0) 
C’ = Asin?0 — B sinf cos0 + C cos?0 
D' = Dcos + Esin 
Е! = —Dsin@é + Ecosé 
Е! = Е 
57. Use Problem 55 to find В”? — 4A'C'. After much cancellation, B’? — 4A'C' = B? — 4AC. 


59. The distance between P, and P, in the x'y'-plane equals V(x," — x)», + (yy! = у). 

Assuming that x' = xcos@ — ysin@ and у = xsin@ + y cos6, then 

(x! = x)? = (x, соѕ0 — y, sinf — x, cos@ + y, sinb)? 

= cos?0(x, — x)? — 2 sinf cos(x, — х,)(у»› — yı) + sin? 0( y, — yı)”, and 
(y3! = y) = (x, sind + y,cos@ — xsin — y,cos@)? = sin? 0(x, — xi)? + 2 sinócosü(x, — xi)(y; — у) + cos? 0(у — у). 
Therefore, (х! — x1’)? + (yj! — yi)! = cos?0(x; — xi) + sin?0(x, — х1)? + sin?6(y, — y,)? + cos?O(y, — y) 
= (х, — xı) (cos? + sin?0) + (y, — yı) (sin20 + cos?@) = (x, — x,» + (y2 = y». 

63. A ғ 39.4, В = 54.7°, С л: 85.9° 64. 38.5 65.r2cos@sind = 1 66. /29(cos 291.8? + i sin 291.8?) 


2(2x + 3) (52x? + 96x + 3) 


67. 5 
(4x? — 1) 


68. у = —5 69. {5} 70.833 71.8 72.y = —5 


9.6 Assess Your Understanding (page 746) 
3. conic; focus; directrix 4. parabola; hyperbola; ellipse 5.b 6.Т 7. Parabola; directrix is perpendicular to the polar axis, 1 unit to the right of the pole. 
9. Hyperbola; directrix is parallel to the polar axis, $ units below the pole. 


11. Ellipse; directrix is perpendicular to the polar axis, з units to the left of the pole. 


13. Parabola; directrix is perpendicular to the 15. Ellipse; directrix is parallel to the polar axis, 17. Hyperbola; directrix is perpendicular to the 


polar axis, 1 unit to the right of the pole; Š units above the pole; vertices are at polar axis, > units to the left of the pole; 
vertex is at (5, 0). 


vertices are at (—3, 0) and(1, 7). 


Directrix 4Y 
i т 
"i 5 (s z) 


У Directrix 


(. | G o) 
d Polar 
3 2-- х axis 
a» 
19. Ellipse; directrix is parallel to the polar 21. Ellipse; directrix is parallel to the polar 23. Ellipse; directrix is perpendicular to the 
axis, 8 units below the pole; vertices are at axis, 3 units below the pole; vertices are at polar axis, 6 units to the left of the pole; 
T 8 3« т 6 3л vertices are at (6, 0) and (2, 7). 
= 2 6, = d{=, |. > > 
(8 5) ana (5. a (5, 5) an E 2) 


(3 У) 
*: Directrix: 32 


25. у? + 2x - 1 = 0 27.16x? + 7y? + 48у — 64 = 0 29.33? — y? + 12x + 9 = 0 31.4x? + 3y? – 16у 64 = 0 


1 12 12 


„9х? + 5у? = 24y — 36 = 0 35.3x2 + 4y2 — 12x —36 = 0 34r = eis T 
ROUES y Sus e 5 Meer ny ЭЖ = леси eee 


43. Use d( D, P) = p — r cos іп the derivation of equation (6). 
45. Use d(D, Р) = p + r sinô in the derivation of equation (6). 
47. Aphelion: 35 AU; perihelion: 0.587 AU 


NORMAL FLOAT AUTO REAL RROIRM МР 


2GM 


49. 0.0125 т 5Lw,-— 
To 


< 52.2781 53. Amplitude = 4; Period = 107 


54. {, т, эт) 55,26 56. = 24 57. 19.83 years 
Т 


58. Decreasing: [—1, 0]; Increasing:[—2, —1]and[0, оо) 59. к = Е 60. f(x) = -io +3) +8 61.40 sq units 
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9.7 Assess Your Understanding (page 757) 
2. plane curve; parameter 3.b 4a 5.Е 6T 


x+y=1 


к= a И Pup 
47 9 ? 
Wx(t)=t or х) = t+1 OWxt)=t or x(t)= 83 31.x() 2f or x(t) = t 33.x(t) = 1 or x(t) = б 
4 yA) =t +1 ут) = 16 +1 y(t) = 13 yt) = 1 у) = 28,120 у) = 2,12 0 


yt)24t—1 y(t)=t 
35.x(t) = 1+ 2, yt) = 1,0 << 5 37. х(1) = 3 cost, y(t) = 2 sint, 0 € t < 2r 
39. x(t) = 2соз(тї), y(t) = —35іп(пі), 0 € t <2 41. x(t) = 2sin(2at), y(t) = 3cos(2z21), 0 € t <1 
y 
20| G, 16) 


43 


[] 


M 
* (4,161204, 16) 


49. (a) x(t) = 3 (or any number except 0) 51. (a) Train: x, (t) = 12, y(t) = 1; 53. (a) x(t) = (145 cos20°)t 

y(t) = —16t? + 50t + 6 Bill: x,(t) = 5(t — 5), y,(t) = 3 y(t) = —16t? + (145 sin20°)t + 5 
(b) 3.24 sec (b) Bill won't catch the train. (b) 3.20 sec 
(c) 1.56 Sec; 45.06 ft (c) NORMAL FLOAT AUTO REAL RACIAN HP ñ (с) 435.65 ft 

(d) 1.55 sec; 43.43 ft 
Bill (e) 
Train 
0 
0 100 
% 5 t=8 
55. (a) x(t) = (40 cos45?)t 57. (a) Camry: x(t) = 40t — 5, y(t) = 0; Impala: x(t) = 0, y(t) = 30t — 4 

y(t) = —4.9t? + (40 sin45°)t + 300 (bd = (400 — 5) (30: 4)2 (d)02 mi; 768 min 
(b) 11.23 sec | кее | o 
(с) 31752 m (C) pS (е) тшшш 
(d) 2.89 sec; 340.82 m 
(e) NORMAL FLOAT BUTO REAL 6 A 6 

400] - = | 
} x 
| X 
—160 0 320 


59. (a) x(t) = Bay, y(t) = —16t? + т + 3  (b) Maximum height is 139.1 ft. (c) The ball is 272.25 ft from home plate. (d) Yes, the ball will 


ey: 
clear the wall by about 99.5 ft. 61. The orientation is from (xj, yı) to(x5, у). 63.x(m) = хо. = J, y(m) = ru oo « m « oo 
68. 2x 69. Approximately 2733 miles 
Ja 
cM 70. (a) Simple harmonic (b)2m (с) 2 sec (d) _ oscillations/sec 
т 
a — 11 1 v6 = v2 7 2v3 
H Ty = 2 т. 73. 74. (1) 78e = 
4 TUM US (x 4 3»! 4 3 B d 


y =2 cos(2x) 


Review Exercises (page 762) 


Review Exercises AN83 


1. Parabola; vertex (0, 0), focus (—4, 0), directrix x = 4 2. Hyperbola; center (0, 0), vertices (5, 0) and (—5, 0), foci (4/26, 0) and (—V26, 0), 


asymptotes y = ix and y = -ix 3. Ellipse; center (0, 0), vertices (0, 5) and (0, —5), foci (0, 3) and (0, —3) 


2 2 
4.x? = —4( y — 1): Parabola; vertex (0, 1), focus (0, 0), directrix y = 2 NE = Hn = 1: Hyperbola; center (0, 0), vertices (4/2, 0) and(—V2, 0), 


foci( v10, 0) and(—V10, 0), asymptotes у = 2x andy = —2x 6.(x — 2) = 2(y + 2): Parabola; vertex (2, —2), focus (2. -$], directrix y = E 


(y -2» 
4 

(x 2) 
8.2 


7. 


9„(х— 2) = —4(y + 1): Parabola; vertex (2, —1), focus (2, —2), directrix у = 0 


(х — 1)? = 1: Hyperbola; center (1, 2), vertices (1, 4) and (1, 0), foci (1, 2+ V5) and (1, 2 – V5), asymptotes y — 2 = +2(x — 1) 


2 
+ (у 4^ = 1: Ellipse; center (2, 1), vertices (5, 1) and ( —11, 1), foci (2 + X5, 1)and(2 — V5, 1) 


2 2 
10. * c + (у 5 n us 1: Ellipse; center (1, —1), vertices (1, 2) and (1, —4), foci (1, -1 + v5) and (1, -1 — v5) 


4 


2 EE 
17. 0+1 (у—2) _, 


9 7 
у-2=-У (+1 у (-1,2+У7) 
3 pA 
Vi = (—4, INS V = (2,2) 
F, = (—5,2) = (3, 2) 


fais 
y-2= YI D (21,2 — VT) 


12 
24.х'? — T =1 


Hyperbola 

Center at the origin 
Transverse axis the x'-axis 
Vertices at (+1, 0) 


27. Parabola; directrix is perpendicular to the 
polar axis 4 units to the left of the pole; 
vertex is (2, т). 


Directrix y 


yt+3=-V3 (x +2) y, у+3 = М3 (х + 2) 
oN 2022, -3 + V3) 


x20 y? 
25. T + =—— = 1 

Ellipse 

Center at the origin 

Major axis the y'-axis 

Vertices at (0, +2) 


28. Ellipse; directrix is parallel to the polar 
axis 6 units below the pole; vertices are 


(s z) and (2, эл), 


Directrix 


(x +4)? | (y—-5) _ 
16 0 0 + H 1 


19. Parabola 20. Ellipse 
21.Parabola 22. Hyperbola 


23. Ellipse 
4V13 
26.,2 = — 1 
6. y E E x 
Parabola 
Vertex at the origin 
Focus on the x'-axis at ES J 


29. Hyperbola; directrix is perpendicular to the 
polar axis 1 unit to the right of the pole; 


vertices are (2, 0) апа(—2, 7). 


AN84 Answers: Chapter 9 
30. y? — 8х – 16 = 0 3L3x?— у? – 8х +4 = 0 


33. 


х + 4у = 2 


= 1 


у? x? 


16 


2 2 
35. x(t) = t, y(t) = —2t + 4, оо < t < оо 36.x(t) = 4cos| Zr), y(t) = 3sin( Zt), 0 <£ < 4 aS +221 
t—4 


== оъ eh —oo < t < oo 


= 1 38. Тһе ellipse 


39.4 ftor3in. 40. 19.72 ft, 18.86 ft, 14.91 ft 41. 450 ft 


42. (a) Train: x(t) = 2n, 2 = 1 (c) NORMAL FLORT AUTO REAL RADIAN NP n 43. (a) x(t) = (80 cos35?)t (e) 
| y(t) = —16t? + (80sin35?)t + 6 
ч Мы dn е С ae (b) 2.9932 sec 
(b) Mary won't catch the train. (c) 1.4339 sec; 38.9 ft 
Train (d) 196.15 ft 


Chapter Test (page 763) 
1. Hyperbola; center: ( —1, 0); vertices: ( —3, 0) and (1, 0); foci: (—1 — V13, 0) and(—1 + V13, 0); asymptotes: y = -у« + 1)and y = 2G +1) 


2. Parabola; vertex: (1, -i) focus: (1, 2 J; directrix: у = d 


3. Ellipse; center: ( —1, 1); foci: (—1 — 43, 1) and(—1 + V3, 1); vertices: ( —4, 1) and (2, 1) 


4.(x 4-1? = 6(y - 3) sx, 4 (у—-2)* (x-2Y. 
7 + 16 6. 1 8 1 
y y 
S.V, = (0, 4) са = (2,4) 
(М7, 0) (М7, 0) hii LE ha шз) 
- HER @-2\у2,2)% + 2V2,2) 
V; = (0, —4) ae | 


7.Hyperbola 8. Ellipse 9. Parabola 

2 
10. x’? + 2y? = 1. This is the equation 11. Hyperbola;(x + 2)? — ES =1 12.y-1- 
of an ellipse with center at (0, 0) in the 
x' y'-plane. The vertices are at (—1, 0) 
and (1, 0) in the x’y’-plane. 


13. The microphone should be located i ft from the base of the reflector, along its axis of symmetry. 


Cumulative Review (page 764) 
1.—6x + 5 — 3h 2. { 5, L, 2} З.{х|—3 € x € 2}or [-3, 2] 
4. (a) Domain:(—oo, оо); range:(2, оо) (b) y = log4(x — 2); domain:(2, oo); range:(—oo, оо) 5.(a) {18} (b) (2, 18] 


2 X^ y? 2 х2 
6. (а) у = 2x -2 (ЬЫ) (х – 2)? + у? = 4 © шл = 1 (фу = 2(х—1) iy - od (f) y = 4* 
7.0 = 75+ rk, k is any integer;9 = 27 + wk, k is any integer 8.0 = = 9.r = 85110 


2 
10. {x |x = E + wk, k is an integer } 11.{22.5°} 12. y = = +5 


Section10.2 AN85 


CHAPTER 10 Systems of Equations and Inequalities 


10.1 Assess Your Understanding (page 777) 1 
2.2— (—1)=5 и єй 
3.F 4.consistent;independent 5.(3, —2) 6.consistent;dependent 7b 8.a a. 5.24201) = 8 11. 1 N 1 _ E 
2 2 2 
4-1=3 3-14 3(-1)4+2-2=4 3-24 3(-2)4+2-2= 4 

13. 15. — (y= = 17. 2—-3(—2)+2 = 10 

1 441=3 1 (—1) 2=0 (—2) 

2 2(-10—-3.22-8 5.2—2(-2)-3.2 8 

21.x = 3, y = —6; (3, —6) 
1 1./[1 1 
dg у els 3 
2х-у=0 
4x + 2y = 12 
А 4-х. : 3 .[3 
31. {(x, y)|x = 4 — 2y, y is any real number), or {(x, y) y = , x is any real number} 33.х -Ly = E (1,1) 35.х = a Eq E " 
2 5.12. 5 1 1. {Л Л 

тх = 4,y = 3; (4,3) 39. | 2. аху i (ii) 4% 6,y = 3, 1; (6, 3, —1 
37. x J — SS Авео "IE >) FE BVH Giles 3. x y Zz (6, 3, —1) 
45.x = 2, y = —1,z = 1; (2, -L 1) 47. Inconsistent 49. {(x, y, z)|x = 5z — 2, у = 4z — 3; zis any real number} 51. Inconsistent 
53.x = 1, y = 3,z = —2; (1, 3, -2) 55. х 3,y > 2 T; | 3; - 1) 57. Length 30 ft; width 15 ft 59. Commercial: 292; noncommercial: 177 
61. 22.5 1b 63. Smartphone: $775; tablet: $890 65. Average wind speed 25 mph; average airspeed 175 mph 67. 80 $25 sets and 120 $45 sets 
69. $9.96 71. Mix 50 mg of first compound with 75 mg of second. 73.a = 4, b= É с= 1 75.Ү = 9000, г = 0.06 77.1, = 10, 1, s, 1, — 


79. 100 orchestra, 210 main, апа 190 balcony seats 


Z,y 41 
7 = 60 | 


then x = 2.75 


There is not sufficient information: 


85. It will take Beth 30 h, Solana 24 h, and Edie 40h. 87.x = € „у= 
а 


Ez, $0.60 < z < $0.90. 


81. 1.5 chicken, 1 corn, 2 milk 
83. If x = price of hamburgers, у = price of fries, and z = price of colas, 


5 


2 
95. (6, 12, 18, 24,30} 96. 2 + 


x | $2.13 $2.01 $1.86 
$0.89 $0.93 $0.98 
$0.62 $0.74 $0.89 

a |. Б. [са b 
bo ee (5 b! d 


y? 


92. (a) 2 (2x — 3 (x? + 5) (10x3 — 9x? + 20) (b) 7(3x — 5) (x + 3)? 93.5 


5n oin DT | — 2ọi57/6 P T 
94. 2( cos 6 + isin 6 | = 2e 100 + 56^ 1 
= Tm pe Im) ї7тї2. Z _ | Пт у. Пт 1117/2 
97. zw 12(соѕт? + isin =| 12e 22 3| cos 12 + isin 12 | = 3e 
98. $4709.29 Wes 100. 31.5 square units 
10.2 Assess Your Understanding (page 792) 
L matrix 2.augmented 3.third;fifth 4b 5T 6c 1 ^3|?| 9/2 3 jq, 001 =0.03 | 0.06 
4 3:6 4 —6|-2 0.13 0.10 | 0.20 
1 -1 -1|10 
1 -1 1/|10 1 1 -1/!2 
— 3y = 1 у 
1&3 3 9 | s|d&ls -2 ора. 2 1 2-1 5» x rli da: 
1 1 2/2 —3 4 0|. 5 2x — 5y = (2) [0 1| 9 
3 -1}1 
4 -5 1| 0 
x—-3yr4z—3 (1) [1 -3 4] 3 x — 3y + 2z = —6 (1) -3 2| -6 
21.; 3x – 5у + б: = 6 (2);|0 4 —6|—3| 23.14 2x — 5y + 3z = —4 (2); 1 -1 8 
—5х + 3y+4z=6 (3) |0 -12 24|21 -3x — 6y +47 = 6 (3) -15 10| –12 


AN86 Answers: Chapter 10 


5х-Зу+ z=-2 (1) [1 7 -11| 2 х= 1 
= 
25.4 2x 5y + 6z = -2 (2);|2 -5  6|-2 л| Е 29.1y = 2 


= –1 
= + 4: = 0 -9 16| 2 y 0-3 
SR yaiz 6 (3) Consistent;x = 5, у = —1ог(5,—1) 


Inconsistent 
Хх + x4,2-2 
x+2z=-1 x,=1 xı + 4x, = 2 
х +2x,= 2 
31.5 у — 4z = —2 33.4 x, + х; = 2 35.) x, + х; + 3x, = 3 37. * 0 
X = 
0= 0 x, + 2x, = 3 0= : к 
: : З 0= 0 
Consistent: Consistent: Consistent: i 
Consistent: 
x =-1-2z ži = L = Z= x, = 2 – 4х, x з cux. 
у=-2+4% x, = 3 — 2x, Kj = 3 — x3 — 3x, х, =2—2х 
z is any real number ог x4, is any real number or X4, X, are any real number or E v g 
=-1-2 X1, X2, Хз, x = 1, =2- S 
Un» 2x А ^ Uns хо, xs ха) а {Oi X2; X3, X4 ptg = 2 — 4л, x, is any real number or 
у = —2 + 4z, zis any real х = 2 — X4, X3 = 3 — 2X4, х. = 3— x4 — 3x4, X4, x, are EPA "—- 
А D Xz X3 X471X4 = 72 — X4, 
number } x, is any real number } any real numbers } x, = 2 — 2x, X, = x4, x, is any 
real number } 
39.x = 6,y = 2; (6,2) 41x = Lo = : (3. >) 43. x = 4 — 2y, y is any real number; {( x, y)|x = 4 — 2y, y is any real number} 
3 3 4 1./4 1 
45.х = >, = (51) ах = у = 2 А | 49.х = 8,у = 2,2 = 0; (8,2,0) 51.х=1,у=2,@=—1;(1,2,—1 
х 2 y 2 x 3 y 5° 35 x y 2 ( ) x y z ( ) 
53. Inconsistent 55. x = 5z — 2, y = 4z — 3, where z is any real number; ((x, y, z) x = 5z — 2, y = 4z — 3, z is any real number} 
: 1 1 1 2 1. 2 
57.1 tent 59x = 1,у = 3,z = —2; (1,3, —2) 61. 3, А 1 ( 3, z G.x=+,y = 2, = 1 { i z 
nconsisten х y € ( ) x y 2 2 2 x 3 y 3 < 3° 3 
65. x ly 2:2 = 0,w = E (1,2,0,1) 67%y = 0,z = 1 — x,x is any real number; {(x, y, z) y = 0, z = 1 — х, x is any real number} 
, : 13 7 19/13 7 19 
69. = 2,у = z- 3, | Бег; .», =2,¥ = z= 3, | b 71.x = ‚у = ‚21 = ( > > | 
x y Zz z is any real number; ((x, y, z)|x y 2 z is any real number} x 9 y 18 Ра 18 V9" 18° 18 
73. х : 2: zw, y - | Zz | | - w, where z and w аге any real numbers; 
lo» z,w)|x : 3 E - + la+ Tw, z and w are any real numbers} 


75. y = —2x? +x +3 77. f(x) = 3x? — 4x? + 5 79.1.5 salmon steak, 2 baked eggs, 1 acorn squash 
81. $4000 in Treasury bills, $4000 in Treasury bonds, $2000 in corporate bonds 83. 8 Deltas, 5 Betas, 10 Sigmas 85. 7, lIs 3, I4 8, I, 4 


87. (а) Amount Invested At (b) Amount Invested At КОШ о одвоена а 
7% provides $2100, more 
7% 9% 11% 7% 9% 11% than what is required. 
0 10,000 10,000 12,500 12,500 0 
1000 8000 11,000 14,500 8500 2000 
2000 6000 12,000 16,500 4500 4000 
3000 4000 13,000 18,750 0 6250 
4000 2000 14,000 
5000 0 15,000 
idi First Supplement Second Supplement Third Supplement Э os us Uere ond 
50 mg 75 mg 0 mg 
36 mg 76 mg 8 mg 
22 mg 77 mg 16 mg 
8 mg 78 mg 24 mg 


5 EV _ 4x2 
96. {x|x is any real number }, or(—oo, oo) 97.2.42 98. 2s 99. (у та (х 3 = 1 


2х +h 
x2(x + А)? 


100.18 — 18 V3i; 36e/57^ 101. $3007.44 102.7 103. 


Section 10.3 AN87 


10.3 Assess Your Understanding (page 804) 
5 3 


1.аа — bc 2. 3 E 3.F 4.F 5.F б.а 7.22 9.—2 11.10 13.—26 15.x = 6, y = 2; (6,2) 17.х = 3,y = 2; (3,2) 
T Ez > ZEE T . —1..- 3.f1 3 m E 
19.x = 8, y = 4; (8, —4) 21.x = -3y = 5; (—3, 5) 23.Notapplicable 25. х p г? (5 =| 27, х Ly 53 (4. 4 
EE EO ES 4  1.[(4 1 . 1 . 1 
29.х = Ż,y = 1; (5,1) з1.х = зу = (4° 5) 33.х = Ly = 3: = —2(1,3,—2) Зх =-2%у= з, ut 2,3 1) 
37. Not applicable 39. х = 0, у = 0,z = 0; (0, 0, 0) 41. Not applicable 43.—4 45.12 478 49.8 51.—5 3.5 55. 0 or —9 
ST(y, — y3)x — Qu — x3)y + (ху, — хуу) = 0 
(x — У)х + (x4 — X))y = хуу, — у, 
(x = х1)у — (х — x1)X1 = (Y2 — Y) + Ху у — (X3 — X) 
(х = х1) (у — у) = (ya у) — (у, — yix 
c ECCO. _ 
ууу y це x) 


59. The triangle has an area of 5 square units. 61. 50.5 square units 63.(x — 3? + (y + 2)? 


65. If a — 0, we have Ifb — 0, we have 


Ifc — 0, we have 


Ifd — 0, we have 


Бу = $ ах = s ах + Бу = 5 ах + Бу = 5 
сх + dy = t сх + ау = 1 ау = t cx — t 
Thus, у = Ж and Since D = ad = 0, then Since D = ad = 0,thena 0 Since D = —bc = 0,then 
b a = Oandd = 0. andd = 0. b = Oandc = 0. 
t—d tb — ds 
x= 4 Thus, х = $ and Thus, y = © апа Thus, х = Е апа 
[oi bc а а с 
Using Cramer’s Rule, we get у= t—cx _ ta — cs fa ы by _ sd — bt ye S—ax — sc— at 
| sd —tb _ tb — sd d ad а аа Ь be 
—be be Using Cramer’s Rule, we get Using Cramer’s Rule, we get Using Cramer’s Rule, we get 
C _ S ya 4 _S y = 3d — bt ya Ф 1 
—bc b ad a ad —bc c 
у= 126 у=. t у= 9—8 _ 3с — а 
аа аа 4 —bc bc 
ау а, а, 
67. | kay, Каз Ка, | = —kaj (араз — 432413) + Ка (411433 — 431413) — Каз(ацаз — азар) 
ау ару аз 
ар ар а} 
= k[—45, (442433 — 432413) + а (апаз — 431413) — аз(ацау — ауар) = k| an а» 45 
азу ау аз 
а + kay, ар kay ag kay 
69. ay, an 443 = (ау + Каз )(азазз — 432433) — (а + Каз )(амазз — 451055) + (ау; + Kay; )(Ay1432 — ауаз) 
аз аз 433 
= 44,0503, — 1,055055 + `Кйзүё за зу. E `Кйзүёзәа. у. — 44505,0535 + 412431423 
— Казув лазу + азва зу + 131343 — 4343449) + Kyu) = Казва) 
= 411433033 — 411432423 — 412131033 + 413431093 + 01303143) — 13031055 
ау ар а, 
= a (4433 — 435053) — Gy2( 71433 — 431453) + 443(21432 — 431422) = | Ay, а» аз 
азр а) 035 
; 4. 97 1,5 
70.v = 93i — Aj; v97 71. ty 1, +2, +5, +10 


73.0 74. 5/2 (cos? + isin); 5V2e0374 75, f(x) = 5*3 +1 76. 45 


x — 93 5 
79. у = =x — 22 
х(Ух + 7 + 10) d 


TL.8x? — 60x? + 150x — 125 78. 2 


AN88 Answers: Chapter 10 


Historical Problems (page 819) 


; 2 —5 ; 1 3 2 —5 1.3 17 1 ; ; 
1.(а)2—5 1+3 = 1 1 
(a) ie | Е | |2 | | 17 17 (с) 17 +i (8) 17 +1 
Zod ha 
2| ^ Ep. =b zu b M ; the product is a real number. 
—b allb а 0 b?4+ a? 
ka 4 lc kb+ ld 
3. (а) x = k(ar + bs) + l(cr + ds) = r(ka + Ic) + s(kb + ld) (b) A = 
та + пс mb + nd 
у = m(ar + bs) + n(cr + ds) = (та + пс) + s(mb + nd) 
10.4 Assess Your Understanding (page 820) 
1. ѕдџаге 2.T 3.F 4.inverse 5.Т 6.A'B 7a 8.а 9. Ter 11. 0-12 =20 13. p e. 15. 
-1 5 4 4 8 24 7 0 22 
1 14 -14 15 21 -16 —13 7 —12 
Я 25 —9 -2 42 8 
17.2 22 —18 | 19.Notdefined 21. 22 34 -22| 23. x Эб 25. 18 10 —14| 27. 2 1 4-6 29 
3 0 28 -11 7 22 17 -7 34 
-3 1 3 
9 2 E NE ї. 3-3 1 -E 
31. Not defined 33.| 34 13 8. i Ң 37. 2 | 39 5 41.| —2 2 —1| 43 7 7; 73 
47 20 = —1 = = = 
1 3 a 4 5 2 3 2 1 
7 7 7 
45.x = —4,y = 7; (-4,7) 41x = —5, y = 10; (—5, 10) 49x = 2, y = –[ (2,—1) S5Lx = =,y = 2; (5 
2 .. 3. (2 3 : 1 Ll. xd... 4 
55.х = 2,у =; (2, =) Shx = 5,y = —2,: = —3; (5, -2,-3) 80, = 5,7 = —2,2 ШЕ 5.1) 
34 85 12 34 85 12 1 2-11 5-2 4 2/1 0 р 
Еее 7 | о, еи te= gilas] SIN ils i] Р т 
2 10 1 
| 1 
1 =|= 0 
15 3/1 0 1 nee 0 5 15 
67. | na? 5 |15 — 2 
0-2 10 2| 0 1 0 0 -3 1 
—3 1 -1}1 0 0 1 2 5|0 0 1 1 2 5|0 0 1 
69. 1 —4 —7|0 101-11 -4 70 101-10 -6 -12|0 1 -1 
1 2 50. 02.1 -3 1 -1/1 00 0 7 14|1 0 3 
12 5/0 0 1 12 50 0 1 " " " 
P а ош чш. ш “oat ont во 
О ера 1 2/0 -z Es 0.02 —0.57| 73. 7 i о а 
0.02 0.01 0.04 0.00 
1 3 1 111 016 012 —2.05 
0 12/1 о 3 oo oli LL —0.02 0.06 0.07 0.06 
7 7 7 6 42 
75.х = 4.54, у = —6.42, z = —24.08; (4.54, —6.42, —24.08) T. x = —1.10, у = 2.54, z = 8.30; (—1.10, 2.54, 8.30) 
= _ 7. Ds 5 : . 
79.x = —5,у = 7; (-5,7) 81.x 4,y=2,z 2 | 4,2, 2) 83. Inconsistent; Ø 
1 it 1 6 ; | Td 1 6 . 
85. x 54 | s s^ z Where z is any real number; [o у, ©)|х 52 | s 54 Š, z is any real number } 
4553.70 
87. (а) A = | Р Es | B= | А | (b) AB = [551 so | Nikki's total tuition is $4553.70, and Joe's total tuition is $5331.60. 
500 700 15 
S00 350 400 11,500 
89. ; | 350 500 b)| 8 d)[0.10 0.05 2002.50 
BA a А (b) @| 17950 | I | (9$ 
400 850 
1 0 — 13 1 20 ла - 2 
91. (а) K=! = | -1 1 1| ФМ = | 8 9 19| (о Mathisfun. 93. X = | 6 m | 
A 1 6 21 14 ee Е 


о NIe 


2) Sig). dep 


Historical Problem 


2452 3 
53254 
95. (а) B, = A+ A? + A? = | 4 2 2 4 2 |; Yes, all pages can reach every other page within 3 clicks. (b) Page 3 
22 523 
13212 
1 53 0 
2 2 
97. (а) (3 — 243, 343 + 2) (b) R-! — 3 - 0 |; This is the rotation matrix needed to get the translated coordinates back to the 
original coordinates. 
0 0 1 
1 15 1 1. : 6 5 4 3 
99. а b 5a „Б sä 0, b 0;a 1,b = 0 104.x5 — 4x? — 3x4 + 18x? 
2 2 2 2 
lu? — 2 = = 
105.v -w = —5; 0 = 180° 106.{0,3} 192 7 —* 3984 aay 109.02 +8*—9 or GE 9X — D 
|u| x? —9 (x — 3)(х + 3) 
110. {хх € 5, х = —3} 111.3x(x + 4)(х + 6)(х — 6) 112.27 + 4 ~ 10.28 square units 
25(2 sex) 4 
2x — QI 2 i 
асраб 5 _ аы х-4 _ a x-1) _ Г x mE _ 2sinx 5cosx = ng 
550 Sec х 5506 х 5 secx Esecx COR 2 
10.5 Assess Your Understanding (page 831) 
5. Proper 7.Improper;l + - 9. Improper; x — 1 + a n : 15 11. Proper 13. Improper; 5х + — — 
1 3 1 
| —2(х — 6) —4 4 1 —х = 2 4 4 2 
15.1 51 17. 19. 21. 23. 
mproper + taa- 3) x Ww "ENTE zo] ожсо xq gad mi 
1 1 1 1 1 1 1 1 
E A 4 = = — £ 2 = 4 
25, 12 qur ud qo 45. 14 4. 4. og 4$ 1 St, pd ye А 
x—2 х?+2х+4 x—-1 (x—-1) x-c1 (х+1) x42 x41 (x41) чх x? +4 
2 1 2 1 3 1 
= a(x +1) = Е = T 
3 3 7 7 4 4 1 2x —1 —1 2 —1 
33. + 35. 37. 39. 41. | 
xt1 х2 +2х+4 Зх—2 2x41 x+3 x-1 x? +4 (x2 44)? x x-3 х+1 
8 4 2 1 1 1 
4 —3 —1 x —16x 7 7 9 3 6 18 
43. t 45. 47. 49. | 
x-2 x-1 (x-1) (х2 +16) (x? +16) Atl x-3 » Т? x3 x+3 
51 1 a Ж 
10x — 11 5 ^5 5 5 xX 
1. 24 ; | ; 24 . 
es x? + 3x-4 х +4 жел” x+4 x-1 Бе x? +1 
—11x — 32 —11 —10 11 10 
55. х2 — 4x - 7 + Я + x? — Ax +7 
х2 4x +4 x42 5 (x +2)’ х+2 (х+2) 
1 3 1 3 
2x? + x^— YT 1 4 1 4 1 4 Í 4 
57.x+14 3 + + + }х+1+ + + + 
x^—2x? 41 x1 «x1? x—1 (x-1y xd 1l (x^ x—1l Ge = 1 
59. I + =] 61.385 years 62-2 63.1 DIES 2), C^ T) eos 66. f-1(x) = log + 4) +3 
2 P 6 6 2x — 4у 1 TH 
enr. =1 68fx|x > 2} or|2, оо) 69.0 = 0.у = 
25 144 ff 2 EIE х) 4х-2у+1 `7 2 2 


Historical Problem (page 837) 


x = 6 units, y = 8 units 


AN89 
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10.6 Assess Your Understanding (page 838) 


y4 4-V2,4 + V2) 
\ [107° (4 + V2, 4 — V2) 


4x = 2V2,y = V2; x 242, y = —V2 or (1, 4), (-1, —4), (242, 42), (-242, -42) 


NascApsacxchyecie25(-14-0 eS hg е Ор Soe, р, (ё, >) 
2 2 ou. D 
1 9. 1 19 1 
Mig уч ор = ыў Е 3) (3 l 
33. x 3,y 2X 3, у 2x 3, у dx 3,y 2 or (3, 2), (3, —2), (C3, 2), (-3, -2) 
35.x L 3 al a Ly З, 1 3 (1 3) (i 3), ( 1 T 1 3) 
И 2' 2' 2 2* 2" 2* 2 BONO? DINO? DEN OP 9SPX 2^ 2 
31x = V2,y = 242; x V2,y 242 or(42, 24/2), (C42, —242) 39. No real solution exists. 
8 2410. 8 2410. 8 2410, 8 2/410 (8 2410 8 2/410) (8 2410 
41.х=с—,у= x = yS х= у = х= -=,у = or| =, , , "Uu Я 
3 3 3 3 3 3 3 3 3 8 3 3 3 3 
8 2410 1. 1. ПЯ 1 1 1 1 1 
| 3” 3 | 43. x Ly 3 * ыў 75% Ly 75 х ly 291,2), ( 1, 5), (1 ;) | 1, 5) 


45. No real solution exists. 
47. x МЗ, y МЗ; x V3, y V3; x 2;y i ee a 2,y 1 or (V3, V3), (V3, —V3), (2, 1), (-2, -1) 
49.x = 0, y 2;X OUy-2Lbx-2y 1 or (0, —2), (0,1), (2, C1) 51.x = 2,y = 8 ог (2,8) 53.x = 81, y = Зог (81, 3) 


55. 57. х = 0.48, у = 0.62 59x = —1.65, у = —0.89 
61. x 0.58, y — 1.86; x 1.81, y = 1.05; x 0.58, y 1.86; x = 1.81, y = —1.05 
63. x = 2.35, y = 0.85 


2 2 У 
wtxty’ – 3у +2 = 0 371 


(-L1) 


67. "t 


ied 5-х 
Pry- С) Се -10 (o2? =4 


71.3 апа 1; 1 апа —3 73. 2 and 2; 2 апа -2 75.5 and i 77.5 79.5in.by3in. 81.2cm and4cm 83. tortoise: 7 m/h, hare: 77 m/h 
85. 12 ст by 18 ст 87.x = 60 ft; y = 30ft 89. у = 4x – 4 91.y = 2x +1 93.y ii 95. у = 2x — 3 
917, = Hb Nb oe. 5 МЬ? —4a ggj Р + VP? —16А.,_ P – УР? — 16А 103, {=3—V65, —э + 85] 
2а 2а 4 4 7 a 
104. y = -2x —3 105. sin0 э cos 0 22. tan = — csc 0 zs sec = E 106. х —15.8? 107. (х + 3? + (y — 4)? = 100 


24 | 48x + 15 
(x — 8)(х + h – 8) '* (2x — 5)? 


108. {x| -3 < x < 7} or (-3,7) 109. у = —25 — (x — 4)? 110.2x? — 20x + 49 111. 
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10.7 Assess Your Understanding (page 847) 
7. dashes; solid 8.half-planes 9.F 10.6 


п. 13. 


x < 20 
x<4 
<6 y215 
51. Bounded 53] +Y S 55. x 4 y <50 
x20 
х-у< 0 
у> 0 
x + 2y x20 
x20 3x + 2y < 160 
у2 0 2х + Зу < 150 
57. 59. 1. Е 
(а) (a) 2y < 300 пш) x>0 
3x + 2y < 480 у> 0 
(b) (b) 2, 


40,000 NN, — 

(35,000, 10,000) —À NL /- — = 10,000 
—20,000. 7 v — 
(35,000,0) x + у = 50,000 


63. (—1 — 2i, —1 + 2i) 65. f(—1) = —5; f(2) = 28; So, there is a value x between —1 
2 E үү : - 2m 4r 
64x? e (v - 1) 1. ont a and 2 for which f(x) = 0. 66.{0, 27, =} 


6 
67.{х|—3 < x < 1} or [—3,1] 68. $8823.30 


1) o=a 
) 69. 18.75 horsepower 70.5» = x 71. {хіх > —2, x = 23} 


circle with radius н апа сепїег | 0, 6 


72. Increasing: — оо, A TE оо); Decreasing:|-4, 5| 
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10.8 Assess Your Understanding (page 854) 


1. objective function 2. T 3. Maximum value is 11; minimum value is 3. 5. Maximum value is 65; minimum value is 4. 

7. Maximum value is 67; minimum value is 20. 9. The maximum value of z is 12, and it occurs at the point (6, 0). 

11. The minimum value of z is 4, and it occurs at the point (2, 0). 13. The maximum value of z is 20, and it occurs at the point (0, 4). 

15. The minimum value of z is 8, and it occurs at the point (0, 2). 17. The maximum value of z is 50, and it occurs at the point (10, 0). 

19. Produce 8 downhill and 24 cross-country; $1760; $1920 which is the profit when producing 16 downhill and 16 cross-country. 

21. Rent 15 rectangular tables and 16 round tables for a minimum cost of $1252. 23. (a) $10,000 in a junk bond and $10,000 in Treasury bills 
(b) $12,000 in a junk bond and $8000 in Treasury bills 25. 120 Ib of ground beef should be mixed with 60 Ib of pork. 

27. Manufacture 10 racing skates and 15 figure skates. 29. Order 2 metal samples and 4 plastic samples; $34 1 


31. (a) Configure with 10 first class seats and 120 coach seats. (b) Configure with 15 first class seats and 120 coach seats. 34. {== 1} 


TR 36. 89.1 years 37. у = 3x + 7 38.5and11 39. $13,303.89 


2 2 
4.3.4.3 —1 ab faa) = —2 4 42,15х2(х — 7)? (3x — 14 
16 7 25 Ж og с. 


43. Concave up: (3, оо); concave down: (оо, 3) 


1 
1 
ji 
I 
pum 
ava 
Í 
1 


I 
Mee 
Domain: (x|x = Кт, К is an integer}; range: ( —oo, оо) 
Review Exercises (page 858) 


Lx =2,y = —1 or (2, —1) 2x=2,y 5 or(2. >) 3.x 2, y lor(2, C1) 4.x Hy : 


or | HM ; 3) 5. Inconsistent 
5 5 


6. x 


2,y = Зог (2,3) Ly = ES + 2, where x is any real number, or [o у)|у = -25 + 2, х is апу real number } 


8.x = —1,у = 2,z = —3or(-1, 2, —3) 


9. x ty | 39 y = Lee 69 where ів any real number, or (x. » D te | 33 y = 3rd 69 zis any real number | 10. Inconsistent 
4 4 8 8 4 4 8 8 
x+2y + 5z = -2 4 —4 6 0 4 -3 0 
п. +2у= 8 у], _3z= 8 1313 9| 1. 12 24] 15. 12 -2 -8 16. : E 
x+4y = -1 т = 10 4 4 -6 12 -2 5 -4 p 
5 9 3 
1 E 7 7 7 
2 1 1 2 : 2 1 21 13 13 13 13 
17. 18.| = = = | 19.5 1 20.х = =, у = 3 21.х = 9, y = =, z= 9, =, 
12 qp. 7 7 ingular Wx = Sy = 17915-10) Bx = ®у= у, = -у ог(9, у, у) 
6 3 з 4 1 
7 7 7 
2 1 2 3 I 2 39 
22.I tent 23. 
nconsisten X gy 372 д9 | 7 73 z) 
24.2 = —1,x = у + 1, where y is any real number, or {(x, y, z)|x = y + 1,z = —1,y is апу real number } 
25. x 4, у = 2, 2 3,1 20г(4, 2, 3, -2) 26.5 27.108 28.100 29. х = 2, у = –10ог (2, -1) 30. х = 2, у = Зог (2, 3) 
_3 3 н, ch op et 
$e = jy = Ore = Ser 2, 23; 3216 34-5 342 6 2- 4€ 9 4345 gg 10 „10-10 
x x—4 x-1 x x? Х +1 х?+9 
1 1 1 
—4x 2 4 4 2 11 2 11 
ao 38. 39. : ; 2,у=1 | , C1 
Pa "qms Usa azod rl 795—397 з” pata бал) 


40.х = 2V2,y = J2; х 242, y = —V2 or (2V2, v2), (-2V2, -42) 
41. x 0, у= 0; х 3, у 3; x = 3, у = Зог (0, 0), (—3, 3), (3, 3) 


4. х = V2,y = 0; х = -V2,y = V2; x 22. y DE ENZ, у 22 or(V2, -V2), (-42, v2), (542, 542), 


- M2, 242) 43.x =1,у = —1 or (1, —1) 


46. Unbounded 47. Bounded 
3x + dy x12 


48. Bounded 
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51. The maximum value is 32 when x = 0 and у = 8. 52. The minimum value is 3 when x = 1 апау = 0. 53.10 54. А is any real number, A = 10. 


55. у = 1 x: 2% +1 56. Mix 70 lb of $6.00 coffee and 30 Ib of $9.00 coffee. 57. Buy 1 small, 5 medium, and 2 large. 


3 
xc 0 
> 
58. (a) y20 59. Speedboat: 36.67 km/h; Aguarico River: 3.33 km/h 
pay 80 60. Bruce: 4 h; Bryce: 2 h; Marty: 8 h 
2x + Зу < 576 61. Produce 35 gasoline engines апа 15 diesel engines; the factory is producing an 
excess of 15 gasoline engines and 0 diesel engines. 
Chapter Test (page 860) 
1.х = 3,y = –10г(3, -1) 2. Inconsistent 
3.x 24 2. yor п. where z is any real number, ог [o У, 2) х 24 B, y Sz = z is any real number } 
4 —5 1 0 3x + 2y + 4z = -6 3x + 2y + 4z = -6 
4.x = Sy =-22=00r(5, 2, 0) 5,1-2 -1 0|-25] 6.4 lx - 0y + 82 = 2 Or x+8z=2 
3 3 1 5 -5| 10 2x + ly + 3z = —11 2x + y +3z = —11 
6 4 -11 -19 4 10 26 16 1 2 =] 3 3 —4 
A а 9p 9] 1-1 2 10 : A uj s s 1-2 -2 а 
5 12 6 —22 -1 26 3 Е 2 2 -4 -5 7 
B.x = = 1 m! ; um! ; 
„х= uc 3 or(7. з) 14. х = 2 + 7, where y is any real number, or {(x, y)|x = c + 7, y is any real number } 


15.x = Ly = —2,4 = Oor(1, -2,0) 16.Inconsistent 17.—29 18.—12 
19.х = —2, y = —5ог(—2,—5) 20.х = y —-Lz-—4or(1, 1,14) 21.(1, -3)and(1,3) 22.(3, 4) and (1, 2) 


T 8 26. Unbounded 
х+3 (x + 3) 
_1 UM 

DX o 


x ' (x? 4 3) ! (х2 + 3y 


х+2у = 8 


27. The maximum value of z is 64, and it occurs at the point (0, 8). 28. Jeans cost $24.50, camisoles cost $8.50, and T-shirts cost $6.00. 


Cumulative Review (page 861) 


1 1 5 al . TEM - 

1. fo, 5) 2.45} 3, [a -7 3} 4.(—2) 5. {>} 6. | in ] 7. Odd; symmetric with respect to the origin 

8. Center: (1, 22); radius = 4 9. Domain: all real numbers 10. f-'(x) = а 2 
Range: (y| y > 1} т 
Horizontal asymptote: у = 1 


Domain of f :{x|x = —2} 
Range of f :{y|y = 0} 

Domain of f~!: (x|x = 0} 
Range of f~t: {y|y = —2} 


(d) 


12. (а) ШШШ —2.25 (b) Local maximum of 7 at x = —1; 
local minimum of 3at x — 1 
(c) (—oo, —1], [1, со) 


1D e o 99710 
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CHAPTER 11 Sequences; Induction; the Binomial Theorem 


11.1 Assess Your Understanding (page 870) 
3.sequence 4T 5.T 6.6 7 summation 8.6 9. 3,628,800 11. 504 13. 190,080 15.5, ls, 2,85 3, s, 4, 5; 5 


17. а, E, ay T аз 3, а Z, as : 19.с, = 1, с, 4, сз = 9, cy 16, с; = 25 
3 9 27 81 243 1 1 1 1 1 
21. Я j У А 23.1 re "Y: hy = ,ts = – 
3 ИИТ шг Е 9 39M — ug 657-34 
1 2. 3 4 5 n 1 n4 п+1 
25. b, " b, "I 5 gp er bs 25 27.4, = Y 29.4, = gei 3La, = (-1)""' 3Xa, = (-1)""'n 


35.a; = 2, a, = 5, а; = 8, ац = 11, а; = 14 37a, 2,а, = 0, аз = 3, а, = 1, а; = 12 


39.a, = 4, a, = 12, а, = 36, а, = 108, a; = 324 4l.a, = 3, a, = Ž, a, = Ł, a, = Ł, a; 3 43.a, = 1, a, = 2,ау = 2, a, = 4, a; 
3d, a; = A + 4d 


2 
47. а, = 7, a, = V2 + V2, a, = V2 + V2 +42, AS PAA + 0+2) LS +242 40-45 зак 
a, = М2 + N2 + N2 + V2, 


45.4, = А, а = А + d, аз = А + 24, а = A 


20 
Slot а 5102-Шш3+104—-+(—1)"1пп 59.) К 
k=1 
"T TE 2 + V2 + V2 
13 k 6 "EI ni 3k n nil 
6Ly^—  exy bL) es. 7. kd к —1)d] 69.200 71.820 73.1110 75.1560 77.3570 
241 5 * (az) вур OLY + когу la + (E — Dd] 6 3 5 5 


79.44,000 81. $2930 83. $18,058.03 85. 21 pairs 87. Fibonacci sequence 89. (а) 3.630170833  (b)3.669060828 (е) 3.669296668 (d) 12 
91. (а) a, 0.4; a, 0.7; а, 15:25 1.6; а; 2.8; а, 52:0. 10; ag 19.6 
(b) Except for term 5, which has no match, Bode's formula provides excellent approximations for the mean distances of the planets from the Sun. 
(c) The mean distance of Ceres from the Sun is approximated by а; = 2.8, and that of Uranus is ag = 19.6. 
(d)a, = 38.8; a, = 77.2 (e) Pluto's distance is approximated by ax, but no term approximates Neptune's mean distance from the Sun. 
(f) According to Bode's Law, the mean orbital distance of Eris will be 154 AU from the Sun. 
93. (а) а, = 0.95" . Ij (b) 77 95.a, = 2; а; = 2.236067977; 2.236067977 97.а„ = 4; а; = 4.582575695; 4.582575695 


99. 1,3,6,10,15,21,28 101.4, 142-34 n2 У\к zur 1) and from Problem 100, u,., = ———— 
К=1 
ий, = (п + ЕЕ +2) + "© + 1) _ (m+ D 2)4n] _ (n +1) 
105. $2654.39 106. V2(cos225° + i sin 225?) 107.0 108.(y— 4)? = 16(x +3) 109.у = 0 
110. А = 23°, В = 42°, C = 115° 111. эло 112. —2, : 113.2, 6 


11.2 Assess Your Understanding (page 878) 


1. arithmetic 2.F 3.17 4T 5d 6c 7.5, – 5,1 =(n+4)-[m—-1)+ 4] =n+4-(n+3)=n+4-—n-—3 = 1, aconstant; 
d = 135, = 5,59, б„% — 7,9, = 8 
9.a, — а, у = (2n — 5) —[2(n - 1) – 5] = 2n – 5 – (2n – 2 – 5) = 2n — 5 – (2n — 7) = 2n — 5 — 2n + 7 = 2, a constant; 
d = 2 а 3, а 1, аз = 1, а = 3 
П.с, — с, у = (6 – 2n) — [6 — 2(n – 1)] = 6 – 2n — (6 — 2n + 2) = 6 — 2n – (8 – 2n) = 6 — 2n — 8 + 2n = —2,aconstant; 
а 2,¢, = 4, с = 2, с = 0, с; 2 
13.5, — 1,1 Е zn) [5 ja 1) — (i ju + 3 = (2 En) Latya + iu = — 5, a constant; 
(nan bn nbn dene d 
15.5, = 5,1 = ln 3" — ln 3" = nln 3 – (n—1)In3 = n in 3 — (n ln 3 — ln 3) = n ln 3 — n In 3 + In 3 = In 3, a constant; 
d = ln 3; 5 = ln 3, s, = 2 ln 3, s, = 3 ln 3, 5, = 4 In 3 
I.a, = Зп — hag = 152 19a, = 15 — 7m a4 = —342 2La, = jo = 1); а = 25 23.a, = Vim a4 = 51/2 25.200 27—531 29,53 


31. a, 13; d = 3а, = an1 + 3; a, = —16 + Зп 33. а; 53; d = 6,4, = а, + 6a, = —59 + 6n 
35.a, = 28; d 234, = 4,4 — 2; а, = 30—2n 31a, = 25; d 2а, = а —2;a, —27 —2n 39.п? 41. 50 + 5n) 43.1260 


n 


45. 195 47.—9312 49. 10,036 51. 12,240 53.—1925 55. 15,960 57. Е 59. 24 terms 61. 1185 seats 63. 2160 seats 65. 8 yr 
67. 210 beige апа 190 blue 69. (T, = (—5.5n + 67}; Т; = 39.5°F 71.14 75. 16.42% 76.у = 4i — 6j 


77. Ellipse: Center: (0, 0); Vertices:(0, — 5), (0, 5); Foci: (0, —V21),(0, V21), í 


| — NU 
E x—1 x*T-x-1 2 


78. 


NIY юке 


82.0, V1 + 42, -V1 + У2 83. Hyperbola ва [- 7) 
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Historical Problems (page 888) 
1.12 loaves, 102 loaves, 20 loaves, 294 loaves, 381 loaves 2. (а) 1 person (b) 2401 kittens (е) 2800 
11.3 Assess Your Understanding (page 889) 


3. Geometric 4. i= 5.b 6.T 7.Е 8.Т 9r = 45, = 4,5, = 16, s, = 64, s, = 256 
= ғ 
1. 3 3 3 3 


1Lr 


13.7 = 2;c ез = 1,с, = 2 Wor = 74; e; = 744, e, = T e, = 77/4, e, 


7 


16 
19.4, = 162; а, = 2-3"! 2La, =5;a, =5-(-1)""! 23.a; = 0; а, = 


17. ғ it 


0 
п-1 
25.a; = 9V3; а, =(V3)" 27.a, = — 29.4, = 1 3La, = 0.00000004 33.a, = 6- 3"-1 ora, = 2. 3^ 35.a, = —3 ( | 1 


= 7 1 2\" 
Ta = 39" 39.a, = 26154 = 7152 41,—1(1—2") 4&21—]|4| | 45.1- 2» 
3 а, ( ) 3 a, 15 7 4 ) 3 | (2) | 5 
47. HEE 


49. EEE 51. Eee 


сат 15.18 uml seal (2/3)”.л.1.15,1) 


"1sum( sea( 277! 5,1, 15,1) 
woh 999432683. 7327 


УЕНЧА ЕТ 84767. 


53. Converges: 3 55. Converges;16 57. Converges: Š 59. Diverges 61. Converges; 2 63. Diverges 65. Converges; 5 67. Converges; 6 


50 
69. Arithmetic;d = 1; 1375 71. Neither 73. Arithmetic;d = -2; —700 75. Neither 77. Geometric;r = 2. 2|1— (2) | 
79. Geometric;r = —2; -41 = (-2)?] 81. Geometric;r = 31/2; Ba + 43) — 325) 83.—4 85, $47271.37 


87. (а) 0.775 ft. (b) 8 (c) 15.88 ft (d) 20 89. $149,035.94 91. $68,059.40 93. $348.60 95. 1.845 x 1019 97.10 99. $72.67 per share 


101. December 20; $9999.92 103. 18 105. Option A results іп а higher salary іп 5 years ($50,499 versus $49,522); option В results in a higher 5-year total 


($225,484 versus $233,602). 107. Option 2 results in the most: $16,038,304; option 1 results in the least: $14,700,000. 


109. Yes. A constant sequence is both arithmetic and geometric. For example, 3, 3, 3, . . . is an arithmetic sequence witha, = 3 апаа = 0 апа is а geometric 
2 2 
sequence witha = 3andr = 1. 113.221 114. Ži Э; пх 5 1 116.54 117.73 feet 118. f(x) = -lo +2у(х —1)(х — 


119.-16t — 13 120.y = Ух —5 121.g(x) = Wx+5 122.(х — 5)(х + 5)(х — 2)(х + 2) 


11.4 Assess Your Understanding (page 895) 


1. (0 п = 1:2-1 = 2and1(14+1)=2 
(D)If2+44+6+---4+2k =k(k + 1), then2+4+6+---4+2kK -2(k +1) =(24+44+64---4+ 2k) + 2(k +1) 
=k(k+1)4+ 2(k +1) =k? 3k - 2 = (k 4+1)(K 4-2) = (k + DK +1) 4 1). 


3. (Dn = 1+2 = Запі5 1.1 | $-3:6-3 


(ID If3-4 + 5 ck (k +2) = ТЕЕ + 5), then3 e 4 5e e (ke + 2) E +1) 2] 

=[3+4+5 + (k EI Ck + 3) = TRO +5) +k +3 = (k? + Th 6) = Sk DO + 6) = Sk + DICK + 51, 
5. (9л = 130) -1 = 2ап42.1.13-1+1)=2:4= 2 
(ID £2 - 5 4 8 +... + (3k 1) = kk + 1), then2 + 5+ 8 GE - D € IE D - 1] 


= (2494 84e ОЗЕ ТАЕ RS 2) = Fk 3k Edd (3k + 2) = 303K? + Tk 4) = 10k + Dk + 4) 


Id + DISQc 1) + 1) 

Ъ(п = 1: 21-1 = 1and2!-1=1 

(ID If1 + 2 + 22 +--+ + 24-1 = 2* — 1 thenl + 2 + 22 +--+ 4 24-1 4 Q(k+bD-1 = (1+2 +22 4. 2*1) 4 2k 
= 2k —-1+4+2 —2.2k —1 = 241 — 1. 


9. (0 п = 1:41 = Land 41 1) -i3 =] 


(I) If1 + 4 + 42 +--+ 4k-1 = Qa — 1), then1 E44 42 4 p 4k-1 4 4(*+1)-1 = (14-4442 qo 481) + 4k 
1 1 1 1 
= i(4* —1) + 4 = [4*—1+3-4*] = —[4-4* —1] = Z(41 1), 
3 )+ 3l + ] з! ] 3 ) 
11. (D n = 1: 1 = 1 and 1 .1 
4.2 739 ЖЕЛ: 
1 1 1 1 k 1 1 1 1 1 
II) If | ee = „th | Bed 
ЕГЕ 54 "U"RERED ORIpÜU 2353 КЕ+  &+ Dk DSI 
zd 4%, 1 ree 1 1 к, 1 _ k(k £2) 41 
1-2. 23 BA Ckk-Di| (К+1(К+2) К+1 (К+1(К+2) (k+1Xk+2) 
_ k?+2k+1 ~ (kx1? _k+1_ k+l 
(k+1Xk+2) (k+1Xk+2) k+2 (К+1)+1 


4» 
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1.0)n = 1:12 = Land -1-2-3=1 
1 


QD 101? +2? +32 +--+ +k? = К DOk + 1), then? + 2? + 3? E k? + (ke + 1)” 
= (1? +22 +32 ok?) Ce +D? = „МЕ DOK 1) (k +1? = (2k? + 9k? + 13k + 6) 
= КЕ + DUC 202k + 3) = E(k + DIC D 1206 1) + 1) 

15.@л = 05-1 = 4and -1-09 )-5:8-4 

(IDIE4 4-32 + (5 k) = 169 авиа рае SE 
аа dcs 2009 к) +4 Lk к2 48 2k) = M k? + 7k + 8) 
Rok + 008 =k) = ЖК DI9 — (k + DJ. 


Win = E101 = 2and3:1:2:3-2 


(WIL 242-343-4400 + K(k + D = Fk DUC 2), ten1:2 2:3 3-4 c ktk +1) 


+ (АОК +1)4+1)=[1-242-343-44---+ kCk E 1)] Ck 4+ 1)(k 4 2) 
= КК + 1k +2) + 5+ 3k + DO + 2) = BU + DO 206 3) = Fk DIG + D+ TIG D + 21 
19. (I) п = 1:1? + 1 = 2, which is divisible by 2. 
(II) If k? + k is divisible by 2, then (k + 1) +(k+1)=k?+2k+1+k+1 (k? + k) + 2k + 2. Since k? + k is divisible by 2 and 
2k + 2 is divisible by 2, (k + 1)? + (k + 1)is divisible by 2. 
21. (D n = 1: 1? — 1 + 2 = 2, which is divisible by 2. 
(II) If k? — k + 2is divisible by 2, then (k + 1) — (k +1) +2 =k? +2k4+1—k—-14+2=(k? — k +2)+ 2k.Since k? — k + 2is 
divisible by 2 and 2k is divisible by 2,(k + 1)? — (k + 1) + 215 divisible by 2. 
23.(Dn = 1:Ifx > 1, thenx! = x > 1. 
(II) Assume, for an arbitrary natural number k, that if x > 1 then x* > 1. Multiply both sides of the inequality x^ > 1 by x. Ех > 1, 
then x**! » x > 1. 
25. @)п = 1:а — bisa factor ofa! — b! = a — b. 
(II) If a — bisa factor of ak — b*, епа! — b**! = a(a* — b*) + b*(a — b). 
Since а — bisa factor of a^ — b* anda — bisa factor of a — b, thena — bisa factor of a^^! — b**!. 
27.(а)п = 1:(1+а)!=1+а>»1+1.а 
(b) Assume that there is an integer k for which the inequality holds. So (1 + a)* > 1 + ka. We need to show that (1 + a)! » 1 4 (k + 1a. 


(1+ а) = (0 aX 4 a) > (1+ Ка)(1+а) = 1 + ka? +а + ka = 1+ Ck + Da + ka? >14+(k + 10a. 
29.112 4+6 c -- +26 = k? c k + 2, thn2 4-4 4-6 2k 2(k -1) = (2 4 6 9 2k) + 2k + 2. 
= k? +k+2+2k+2 = k? +3К-+ 4 —(k? -2k -1) - (k 1) -2 2 (k 1 4 (k 1) + 2. 
But2 -1 = 2and1? + 1 + 2 = 4. The fact is that2 + 4 + 6 + ··· + 2n = n? + п, not n? + п + 2 (Problem 1). 
3L (Da = 1:124 1 = Dd] = aand1-a 4 dl (0 — D — 
(WD) Ifa + (a + d) + (a + 2d) +++ la + (k — Dd] = ka + АЁ then 
a+ (at d) + (at 2d) +55 51а + Gc — Dd] + [a Ck +1) = Dd] = ka + АКО 0 a + ka 


= (k Da АККОЗУ (к + pa + TEED (куа „ДЕ Ж ЮЕ DAT 
33. (I) n = 3: The sum of the angles of a triangle is (3 — 2) - 180° = 180°. 
(II) Assume that for some k > 3, the sum of the angles of a convex polygon of k sides is (k — 2) - 180°. A convex polygon of k + 1 sides consists of 
a convex polygon of К sides plus a triangle (see the illustration). The sum of the angles is 
(k — 2)-180° + 180° = (k — 1) · 180° = (Е + 1) — 2] - 180°. 
k sides 


k + 1sides 


— 


35. (а) 7;15 (b)c, = 2" — 1 (с) (D л = 1: опе fold results in 1 crease and c} = 2! —1 = 1. 
(П) Ifc, = 2* – 1,then cp = 2c, +1 = 2(2* — 1) +1 2 2*1 24:12 2*1 —1 
(d) Each fold doubles the thickness so the stack thickness will be 225 - 0.02 mm = 671,088.64 mm (or about 671 meters). 


T 1 А 7 —3 2 1 
37. {251 s Я 9. Left: 448.3 Ко; right: 366.0 kg 40. 41. ——— 42.61.4° 
{251} 38. х gi з; (5, 3) 39. Le 3 kg; right: 3 g ol 7 J amd I 
In4+7)_ V39 
a. [7 } = {2.795} 4475” 48.x = 1 


11.5 Assess Your Understanding (page 902) 


1. Pascal triangle 2.1;n 3.F 4.Binomial Theorem 5.10 7.21 9.50 11.1 13.21.8664 x 10% 15.~1.4834 x 10% 
17. x5 + 5x4 + 10x? + 10x? + 5x +1 19. x5 — 12x? + 60х* — 160x? + 240x? — 192x + 64 21.81х* + 108х° + 54x? + 12x + 1 
23. x19 + Sx8y? + 10x6y^ + 10x^y$ + 5x2y8 + yl0 25. x? + 6V2x5/2 + 30x? + 40V2x3/2 + 60x + 24V2x1/2 + 8 
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27. ах? + Sa*bx*^y + 10a3b?x?y? + 10a?b?x?y? + Sab?xy* + Ьу 29. 17010 31.—101,376 33. 41,472 35.2835x? 37.314,928x7 
39.495 41. 3360 43. 1.00501 

п п! п! _оп.(п-—1)!__ |n 
n-i | | | n 


n! n! n! 
= = = = 1 


45. 
n! (n — п)! n!0! n! 


а sS: G1 


47.2" = (141^ = | 45 4|" 
а+1 H +" 


DFA) +- ИНАН 49.1 51.165 
п 0 1 п 


5.105) ~ {8.827} 54. (а) 0 (0) 90° (с) Orthogonal 55. х = 1, у = 3, z = —2;(1, 3, —2) 
56. Bounded 57. g(f(x)) = Nx? — 4; Domain: (оо, -2) U 12, оо] 58.С = —46 


1 – 8x? 
3x2/3(x3 + 1)? 


59, 51020 + sin?0 tan?0 = ѕіп20(1 + tan?) 60. 
= sin? f ѕес20 


3, х 1 62./(—2) = 5; (—2, 5) 


sin?0 . 


cos? 0 
= tan? 
Review Exercises (page 905) 
4 5 6 7 8 8 32 4 8 16 
la, 39° 92 = д: 93 5: 04 = с, 05 7 20 — 2,65 — 1,6; g ^ Í, cs 25 3.0 = 3,4; = 2, d; 3° 94 = ду 5 = 5л 
13 
4.a, = 2, а, = 0, аз = 2,a, = 0, а; = 2 5.6 + 10 + 14 + 18 = 48 é5 cbe 7. Arithmetic;d — 1; $, — ja +11) 8.Neither 
k=1 


9. Geometric;r = 8; $, = Segn — 1) 10.Arithmetic;d = 4; S, = 2n(n — 1) П. Geometric; r >; 5, sji (3) | 12. Neither 


13.9515 14.—1320 15.7 ~ 0.49977 16.682 17.35 18.17 19.942. 20. {а,} = {5п – 4} 21. {а,} = (n — 10} 22 Converges;2 


23. Converges: $ 24. Diverges 25. Converges; 8 


26.(0n =1:3-1= запа ta +1)=3 


(D I3 - 6-9 e 36 = SEG 1), then3 +64+9+---4+3kK + ЗА +1) = (30-679 o + ЗК) + (3k + 3) 
3k 3k? 3k | 6k | 6 3 3 3(k + 1) 
= Ld К H k? k+2 k+1Xk+2 К+1)+1]. 
2“ ) + Gk +3) 2 ато 2 z. +3 ) za X ) 2 [¢ ) ] 
27.(Dn = 1:2 -3!-! = 2and3! – 1 = 2 
(1D 1f2+64+18+---+ 2-341 = 3k —1,then2 +6418 4+---+2-34142.-34+D-1 = (246418 4+---+2-341)42.3% 
= 3k —-142-34 23.3* —1 = 3k+1 — 1. 


28. n = 1: (3-1-2)? = Land 2 -1:[6:12 3:17 1] 2 1 


(ID I£12 + 42 + 72 +--+ (3k — 2)? = joe — 3k — 1), then 
124 4? 7? (Gk — 2)? + [3k +1) - 27 
= [12 +42 +72 +... + (3k – 2)°] + Gk +19 = 


k(6k2 — 3k — 1) + (3k + 1» тб 3k? — k) + (9k? + 6k +1) 


С + 1)[6(k + 1)? — 3(k + 1) – 1]. 


1 
2 
= je FISK? 4 Iik +2) = 50 + DX6k? + 9k + 2) 


29.10 30. х> + 10x4 + 40x? + 80x? + 80x + 32 31.81х* — 432х° + 864x? — 768x + 256 32. 144 33. 84 


3 п 
34. (а) 8 bricks (b) 1100 bricks 35.360 36. (a) 20(3) = Эң (b) 20(3) ft (0) 13 times (d) 140 ft 37. $171,64733 38. $58,492.93 
Chapter Test (page 906) 
3 8 5 24 3,4 6 1 14 73 308 680 «5 | ке А 
1.0, 2, 2,2, 22 2,4,14,44,134,404 3.2 4. ; 1 . Neith 
"ag ait a? 1g 450544. Be о ag е 277 gr 81 $24 rm Neher 


7. Geometric;r = 4; 5, = 21 — 4") §8.Arithmetic:d = —8; S, = n(2 – 4n) 9. Arithmetic; d » Sn nd n) 
г. 2. 125 2)" А .1024 5 4 3 2 
10. Geometric; г 5? Sa 3 1 (5) 1. Neither 12. Converges; 13.243m? + 810т* + 1080m? + 720m? + 240m + 32 


14. First we show that the statement holds for n = 1. (1 + 1 = 1+1 = 2. The equality is true for n = 1, so Condition I holds. Next we assume 


that (1 + ii + ila + 5) tee (1 + +) = k + 1 is true for some k, and we determine whether the formula then holds for k + 1. 


(eee se e ae Re x36 e zu) 


L 1 = * i a жа 
=(k+b(1+ 17) (e+ 11+ +0 peg = +0 +1 


Condition II also holds. So, the statement holds true for all natural numbers. 
15. After 10 years, the car will be worth $6103.11. 16. The weightlifter will have lifted a total of 8000 pounds after 5 sets. 
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Cumulative Review (page 906) 


1.{—3, 3, —3i, 3i} 2. (a) 


(b) —1 + 43601 —1 + У3601 —1 + У3601 —1 + 43601 
18 | 6 | 18 | 6 


(c) The circle and the parabola intersect at 


| 1 + 43601 =i + set | —14 436001 —1+ eh 


18 | 6 18 | 6 


3.{In(2)} 4y-5x-10 S(x+1)? +(у – 2)? = 25 6.(а)5 (b)13 (43 @ feje = 1) T 


2 1 (f) txix = 2} 


7x — 2 
x—2 


zi EN " E 2. 2x , x? у? m EN 
(ggox)- 26 — 1); all real numbers (h) £^! (x) 3; {x|x 3) 7. 7 + 16 1 8.(х +1) = 4(y - 2) 
FE 
5 
Зт 27 JI5 5 J5 „Т 1+- Wd ae 5 
„т = 8sin6; x? —4? 216 10.427} 1.2" 12, = 
9.r = Вїпё; x? + (y — 4) (F) WS аза)? e)-XT (- Ws (® 2n 


Chapter 12 Counting and Probability 


12.1 Assess Your Understanding (page 913) 

5.subset;C 6.finite 7. T 8.b 

9. 2, {a}, (by, (c). {d}, {a, b}, (a, с}, {a, а}, {b, c}, {b, d}, {c, d {a, b, c (o, c, d}, (a, c, а}, (а, b, а}, (a, b, c, а} 
11.25 13.40 15.25 17.37 19.18 21.5 23. 15 different arrangements 25. 9000 numbers 27. 175; 125 

29. (а) 15 (Ь) 15 (с)15 (d)25 (е) 40 31. (а) 15.7 million (b) 78.9 million 33. 480 portfolios 


36. › 37. A z 41.4°, B = 41.4°, С = 97.2° 38.2, 5, —2 3.) 40. {—6V2, 0, 6/2) 


(-2) + (941729. 41x = 3, у 2; х = 8, у = Зог (3, —2), (8, 3) 42.6х° — 31x? + 43x — 28 


43. Converges;10 44. (а) х = — (Б) ах = 2 45. 5 E 7 
x 


x4 I 


12.2 Assess Your Understanding (page 921) 
n! n! 
(п = к) '(n—r)r! 
23. { abc, abd, abe, acb, acd, ace, adb, adc, ade, aeb, aec, aed, bac, bad, Бае, bca, bcd, bce, bda, bdc, Бае, bea, Бес, Беа, cab, cad, cae, cba, cbd, 
cbe, cda, cdb, cde, cea, ceb, ced, dab, dac, dae, dba, dbc, dbe, dca, dcb, dce, dea, deb, dec, eab, eac, ead, eba, ebc, ebd, еса, ech, ecd, 
eda, edb, edc}; 60 
25. (123, 124, 132, 134, 142, 143, 213, 214, 231, 234, 241, 243, 312, 314, 321, 324, 341, 342, 412, 413, 421, 423, 431, 432}; 24 
27. (abc, abd, abe, acd, ace, ade, bcd, bce, Бае, cde};10 29. {123, 124, 134, 234};4 31.16 33.8 35.24 37.60 39. 18,278 41.35 43.1024 
45.120 47. 132,860 49. 336 51. 90,720 53. (а) 63 (b)35 (с)1 55.1.157 х 107 57. 362,880 59.660 61. 15 
63. (a) 125,000; 117600 (b) A better name for a combination lock would be a permutation lock because the order of the numbers matters. 


3. permutation 4.combination 5. 7.30 9.24 11.1 13.1680 15.28 17.35 19.1 21. 10,400,600 


68. 10 sq.ft 69.(g o f)(x) = 4x? – 2x —2 70.sin 75° = EK cos15? — 15р + V3 ог соѕ15° = № + vé 71.a; = 80 
5 4 3y2 23 4 5 6 —6 ST , ign ST). 2oi5«/6 
72. х5 + 10x4y + 40x3y? + 80х2у° + 80ху* + 32у5 73.x = 3,y = —1ог(3,-1) 4,0 72 75. 2( совэт +i sin22), 2е?5т/ 


76, 5 _ 4 3x +4 Q4 16x — 30 


x!42 (x2 427 "(x 3)25 


Historical Problem (page 930) 


1. (a) { AAAA, AAAB, AABA, AABB, ABAA, ABAB, ABBA, ABBB, BAAA, BAAB, BABA, BABB, BBAA, BBAB, BBBA, BBBB} 


C(4, 2) + C(4, 3) + C(4,4) _6+4+1_ 11, >  C(4,3)+C(4,4) 4-41 5 
24 16 jo ^ HE wins) 2i 16 15 


(b) P( A wins) — 


12.3 Assess Your Understanding (page 930) 


1. equally likely 2.complement 3.F 4.Т 5.0,0.01,0.35,1 7. Probability model 9. Not a probability model 


11. (а) S = (HH, HT, TH, TT} (b) Р(НН) = І, P(HT) = i P(TH) = i, Р(ТТ) = I 
13. (а) S = {HH1, HH2, HH3, HH4, HHS, HH6, НТІ, HT2, HT3, HT4, HTS, HT6, TH1, TH2, TH3, ТНА, TH5, TH6, ТТІ, TT2, TT3, 
TT4, TTS, TT6) 
1 


(b) Each outcome has the probability of 24 
15. (a) 5 = {HHH, HHT, HTH, HTT, THH, THT, ТТН, TTT} (b) Each outcome has the probability of d 
17.5 = {1 Yellow, 1 Red, 1 Green, 2 Yellow, 2 Red, 2 Green, 3 Yellow, 3 Red, 3 Green, 4 Yellow, 4 Red, 4 Green}; each outcome has the 


probability огт thus, P(2Red ) + P(4Red) = ES + ES = 1 


Section13.1 AN99 


19.5 = {1 Yellow Forward, 1 Yellow Backward, 1 Red Forward, 1 Red Backward, 1 Green Forward, 1 Green Backward, 2 Yellow Forward, 2 Yellow 
Backward, 2 Red Forward, 2 Red Backward, 2 Green Forward, 2 Green Backward, 3 Yellow Forward, 3 Yellow Backward, 3 Red Forward, 3 Red 


Backward, 3 Green Forward, 3 Green Backward, 4 Yellow Forward, 4 Yellow Backward, 4 Red Forward, 4 Red Backward, 4 Green Forward, 
4 Green Backward }; each outcome has the probability of AD thus, P(1 Red Backward) + P(1 Green Backward) = i + = = = 

21.5 = {11 Red, 11 Yellow, 11 Green, 12 Red, 12 Yellow, 12 Green, 13 Red, 13 Yellow, 13 Green, 14 Red, 14 Yellow, 14 Green, 21 Red, 21 Yellow, 
21 Green, 22 Red, 22 Yellow, 22 Green, 23 Red, 23 Yellow, 23 Green, 24 Red, 24 Yellow, 24 Green, 31 Red, 31 Yellow, 31 Green, 32 Red, 32 Yellow, 


32 Green, 33 Red, 33 Yellow, 33 Green, 34 Red, 34 Yellow, 34 Green, 41 Red, 41 Yellow, 41 Green, 42 Red, 42 Yellow, 42 Green, 43 Red, 


43 Yellow, 43 Green, 44 Red, 44 Yellow, 44 Green }; each outcome has the probability of = thus, E = (22 Red, 22 Green, 24 Red, 24 Green}; 
n(E) 4 1 


Р(Е) = ==. 
x n(S) 48 12 
4 1 2 1 3 1 1 1 1 
23.A,B,C,F 25.В 27.Р(Н) = =; P(T) = = 29.Р(1) = P(3) = Р(5) = =; Р(2) = Р(4) = P(6) = 31. 33.— 35 37.— 39. 
5 5 9 9 10 2 4 
1 1 17 11 1 19 9 
41.— 43.— 45.0.55 47.0.70 49.0.30 51.0.255 . 0.1 .0.21 57. 9. 1. 3. . 
6 3. 18 5 5 53.0.19 55 5 20 5 20 6 2 6 Em 65 20 


67. (a) 0.57 (b) 0.95 (е) 0.83 (d)0.38 (е) 0.29 (0) 0.05 (g078 (h) 0.71 


1 


———— a 0.0000000385 75. 2; left; 3; down 76. (—3, 343) 77.122} 78.(2, —3, -1) 79.—40 
25,989,600 


69. (а) 25 (0929 71.0167 73. 
33 "^33 


4 3x —7 


80.10V3 81. 48 mph 82. 593 83. 8л + 12 ѕдџаге units 84. zz И 4 


Review Exercises (page 934) 


1. 2, {Dave}, {Joanne}, { Erica },{ Dave, Joanne}, { Dave, Erica }, { Joanne, Erica},{Dave, Joanne, Erica} 2.17 3.24 4.29 5.34 6.7 
7.45 8.25 9.7 10.336 11.56 12.60 13.128 14. 3024 15.1680 16.91 17. 1,600,000 18. 216,000 
19. 256 (allowing numbers with initial zeros, such as 011) 20. 12,600 21. (a) 381,024 (Ь) 1260 22. (a) 8.634628387 x 109 (b) 0.6531 (е) 0.3469 


23. (a) 0.038 (b) 0.962 24.5 25. 0.2;0.26 26. (а) 0.68 (Ь) 0.58 (c) 0.32 


Chapter Test (page 935) 


1.22 2.3 3.8 4.45 5.5040 6.151,200 7.462 8. There are 54,264 ways to choose 6 different colors from the 21 available colors. 

9. There are 840 distinct arrangements of the letters in the word REDEEMED. 10. There are 56 different exacta bets for an 8-horse race. 

11. There are 155,480,000 possible license plates using the new format. 12. (а) 0.95 (b)0.30 13. (а) 0.25 (b)0.55 14. 0.19 15. 0.000033069 
625 


16. P tly 2f = — д 0.1608 
6. P(exactly 2 fours) 3888 


Cumulative Review (page 936) 


1.{5 = Bi, 1 + 2 2, 4.(x|3.99 < х < 4.01} or 13.99, 4.01] 
5. 1,47. 1 4^7. 1 | 
P i 1; y 3 

2 2*5 


Domain: all real numbers 
Range:{y|y > 5} 
Horizontal asymptote: y = 5 


12.a ~ 6.09, В = 31.9°, С ~ 108.15 
area z 14.46 square units 


CHAPTER 13 A Preview of Calculus: The Limit, Derivative, and Integral of a Function 
13.1 Assess Your Understanding (page 942) 
3.lim f(x) 4.doesnotexist 5.T 6.F 7.32 9.1 11.4 13.2 15.0 17.3 19.4 21. Does not exist 


27. 29. 


lim f(x) = 13 lim f(x) = —3 lim f(x) —6 lim f(x) = 1 lim f(x) = 1 
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3. 0 


lim f(x) = =1 lim f(x) = 0 lim f(x) does not exist. lim f(x) =0 


43.0.67 45.16 470 


13.2 Assess Your Understanding (page 949) 
3.product 4. А 5.c 6.T 7.Е 8.Е 9.5 11.4 13.—10 15.8 178 19.—-1 21.8 23.3 25.-1 27.32 29.2 317 33.3 35.0 37.8 


39.0 41. Е 


43.5 45.6 47.0 49.0 SL-1 53.1 55,2 
13.3 Assess Your Understanding (page 955) 
7. one-sided 8. lim f(x) = К 9. сопіпиоиѕ;с 10.Е П.Т 12.T 13.{5|-8 < х < —-60r-6«x «4or4«x € 6} 15.—8, —5, —3 


17. f(-8) = 0; f(—4) = 2 19.00 21.2 23.1 25.Limit exists;0 27. Мо 29.Yes 31. Мо 33.5 35.7 37.1 39.4 а. 2 43.3 


45. Continuous 47. Continuous 49. Not continuous 51. Not continuous 53. Not continuous 55. Continuous 57. Not continuous 

59. Continuous 61. Continuous for all real numbers 63. Continuous for all real numbers 65. Continuous for all real numbers 

67. Continuous for all real numbers except x = Ал, where К is an odd integer 69. Continuous for all real numbers except x = —2 and x = 2 
71. Continuous for all positive real numbers except x = 1 

73. Discontinuous at x = —1andx = 1; 75. Discontinuous at x = —1andx = 1; 


| 2d. 1 _1. YE 
lim R(x) =: hole at (1, 5) lim R(x) = hole at ( T; 5) 


lim R(x) = =0; lim, R(x) = бо; lim R(x) = —o6; lim R(x) = oo 
vertical asymptote at x = —1 vertical asymptote at x = 1 
77. х = —\2: asymptote; x = 1: hole 79. x = —3:asymptote;x = 2: hole 


NORMAL FLORT AUTO REAL REDIAN МР ч FLORT AUTO REAL RRBIAM МР 
83. DRHAL FE IL REDIS 85. NORMAL FEORT AUTO REAL REDIS ñ 


13.4 Assess Your Understanding (page 963) 


3. tangent line 4. derivative 5. velocity 6T 7T 8.T 
9. Mian = 3 П.т. = –2 


21.—4 23.0 25.7 27.7 29.3 31.1 33.60 35. —0.8587776956 
37. 1.389623659 39. 2.362110222 41. 3.643914112 43.187 ft?/ft 
45.167 ft?/ft 
47. (а) б sec (b) 64 ft/sec (c) (—32t + 96) ft/sec 

(d) 32 ft/sec (е) 3sec (f) 144 ft (g) —96 ft/sec 


49. (a) ES ft/sec (b) —21 ft/sec (е) —18 ft/sec 


Јо) = х + х 


(d) s(t) = —2.631t? — 10.2691 + 999.933 
(е) Approximately — 15.531 ft/sec 


13.5 Assess Your Understanding (page 970) 
b b 
3. f f(x)dx 4. f f(x)dx 5.3 7.56 


а) а. 


He 
(b)36 (0) 72 (6) 18 (0)9 
(9) 45 (е) 63 (f) 54 


63 45 27 
(d) Zu (e) A (f) 3 


19. (a) EV 


i Ld LAE 4-х 
25 4609 (b) 11.475 (с) 15.197 
On © 5520 


3 
« f la (e) 1.609 «pf ede (e) 19718 


25. (a) Area under the graph of f(x) = x? — 1 27. (a) Area under the graph of f(x) = sinx 
from 0 to 2 


from 2 to 5 
o), 


(c) 36 


31. Using left endpoints:n = 2: 0 + 0.5 = 0.5; 
п = 4:0 + 0.125 + 0.25 + 0.375 = 0.75; 


n = 10: 0 + 0.02 + 0.04 + 0.06 + ---+ 0.18 = 20 + 0.18) = 0.9; 


n = 100: 0 + 0.0002 + 0.0004 + 0.0006 + --- + 0.0198 


= Mo + 0.0198) = 0.99 


Review Exercises (page 972) 
1 


Review Exercises AN101 


15. (а) y 


(b) 22 (c) — (b) 36 (с) 49 


4 
e fio ih a (o8 @ f. хз ах (e)64 


23. (a) Area under the graph of 
f(x) = 3x + 1 from 0 to 4 


(b) 1.896 (c) 1.974 


(d) Í “sinxdx (e)2 (су 28 


29. (a) Area under the graph of f(x) = e* from 
0102 
(b) 


(с) 6.389 


Using right endpoints: 
п = 2:0.5+ 1 = 1.5; n = 4: 0.125 + 0.25 + 0.375 + 0.5 = 1.25; 


n = 10: 0.02 + 0.04 + 0.06 +... + 0.20 = 0.02 + 0.20) = 1.1; 


п = 100: 0.0002 + 0.0004 + 0.0006 + ... + 0.02 


2 10.0002 + 0.02) = 1.01 


1.9 2.25 3.4 4.0 5.64 6 d T= 8.2 9.0 10. i 11. — 12. Continuous 13. Not continuous 14. Not continuous 15. Continuous 


3 


16.{х|—6 <x < 2012 <x <5o0r5 <x < 6} 17 All real numbers 


24. оо 25. Does not exist 26. Мо 27. Yes 
28. R is discontinuous at x = —4 and x = 4. 


lim R(x) L: hole at[ 4, :) 
x34 8 8 


lim R(x) = —бо; lim R(x) = бо: 


The graph of R has a vertical 
asymptote atx = 4. 


30.m,,, = 12 


Јо) = 2x? + IM $ 


у=12х-2 


33.—24 34.—3 35.7 36.—158 37. 0.6662517653 


18.1,6 19.4 20. f(-6) = 22f(-4) = 1 21.4 22.—2 23.—со 


29. Undefined at x = 2 and x = 9; 


R has а hole at x = 2 and a vertical asymptote at x = 9. 


32.m,, = 16 


Јо) 2x3 €x 


38. (а) 7 ѕес (b)6sec (c)64ft/sec (d)(—32t + 96) ft/sec (е) 32 ft/sec (f) Att = 3sec (9) —96 ft/sec (h) —128 ft/sec 
39. (a) $61.29/watch (Б) $71.31/watch (c) $81.40/watch (d) R(x) = —0.25x? + 100.01x — 1.24 (e) Approximately $8751/watch 


AN102 Answers: Appendix А 


43. (a) Area under the graph of 
f(x) = 9 — x?from-1 to3 
(b) 


5-х 


(b) 24 (932. 77 49 
(d)26 (e)30 (028 (b) 10 (Qu (b); & 136 (910 


| - 
(4) Ја — x?)dx (е)9 (à) fa (е) 0.75 (o 80 


(c) 2.35 


44. (a) Area under the graph of f(x) = e* from-1to1 (b) | 


Chapter Test (page 974) 

L-5 21 35 4-2 5.135 6.2 7-1 8-3 9.5 10.2 11. Limit exists;2 
12. (а) Yes (b) No; lim f(x) = fd) (o) No;lim f(x) does not exist. (d) Yes 

13.x = —7: asymptote;x = 2: hole 


4 
14. (a) 5 15. (a) 16. f (х2 + 5x + 3)ах 17, T вес 
(Б) у = 5x — 19 
(с) уу f(x) = 4x? - Пх-3 


30. 
c HE cw Hu 
(b) 13.359 

(c) 4. я 12.566 


APPENDIX A Review 


A.1 Assess Your Understanding (page A10) 


1. variable 2.origin 3. ѕігісі 4.base;exponentorpower 5.d 6b 7T 8.Т 9.F 10.F 11. {1, 2, 3, 4, 5, 6, 7, 8, 9} 13.{4} 
15.11, 3, 4, 6} 17.{0, 2, 6, 7, 8} 19.10, 1, 2, 3, 5, 6, 7, 8,9} 21.0, 1, 2, 3, 5, 6, 7, 8, 9} 


23. <@—+_++_o+ WC > 25. > 27. > 29.» 31= 33. < 35.x > 0 37. х < 2 39.х <1 
-2.5 -1 o 3 5 
025 4 1 2 
41, — p 4. әәә 45.1 47.2 49.6 51.4 53. —28 55.2 57.0 59.1 61.5 63.1 65.22 
-2 -1 


67.2 69. = 0 71. х = 3 73.None 75.x = 0, x = 1,x =—1 77.{х|х = 5} 79.(xix = —4} 81.0°С 83.25?C 85.16 в. 89. 


4 3 2 
91.9 93.5 95.4 9764x° 99.1. 101 103.82 195797. 107-4 109.5 11.4 113.2 115.45 I2 119.100 121.81 
y y 


y 9y 
123.304,006.671 125. 0.004 127. 481.890 129.0.000 131. А = Iw 133.C = sd 135.A = xy 137.V = frr 139. V = x? 


141. (a) $6000 (b)$8000 143. x — 4| > 6 145. (a)2 < 5 (b)6>5 147. (a) Yes (b) Мо 149. №; is larger; 0.000333... 151. No 


A.2 Assess Your Understanding (page A20) 

1. right; hypotenuse 2. А = jh З.С = 2ar 4.similar 5.c 6b 7.Т 8.Т 9.F 10.T 1LT 12.F 13.13 15.26 17.25 

19. Right triangle;5 21.Notarighttriangle 23. Righttriangle;25 25. Not a right triangle 27.8 іп.2 29.4in? 31.A = 25r m?; C = 107m 
33.V = 224 f; S = 232 ft? 35.V = 26. cm?; 5 = 64r cm? 37. И = 6487 in; S = 3067 in.? 39. л square units 41. 27 square units 
43. х = 4 units; A = 90°; В = 60°; С = 30° 45. х = 67.5 units; А = 60°; В = 95°; С = 25° 47. About 16.8 ft 49. 64 ft? 

51.24 + 27 ~ 30.28 2; 16 + 27 ~ 22.28 ft 53. 160 paces 55. About 5.477 ті 57. From 100 ft: 12.2 mi; From 150 ft: 15.0 mi 


A.3 Assess Your Understanding (page A32) 


1.43 2.x4-16 3.х%—8 4а 5.c 6F 7T 8.Е 9. Monomial; variable: x; coefficient: 2; їергее: 3 11. Not a monomial; the exponent of 
the variable is not a nonnegative integer 13. Monomial; variables: х, y; coefficient: —2; degree:3 15. Not a monomial; the exponent of one of the 
variables is not a nonnegative integer 17. Not a monomial; it has more than one term 19. Yes;2 21. Yes;0 23. No; the exponent of the variable of 
one of the terms is not a nonnegative integer 25. Yes;3 27. No; the polynomial of the denominator has a degree greater than0 29. x? + 7x + 2 
31.x? — 4x? + 9x + 7 33.6x? + 5x4 + 3x? +x 35.7х2 – х – 7 3L—2x? + 18x? — 18 39.2х2 —4x +6 41.15y? — 27у + 30 

43.x? + x? —4x 45.—8x2 — 10x? 47x34 3х2 – 2х – 4 49.x? + 6x4 8 5L2x? + 9х +10 53.х°—2х—8 55. х2 – 5x +6 

57.2x? — x — 6 59.—2x? + 11x – 12 61.2х? + 8x + 8 63. х2 — xy — 2y? 65.—6x? — 13xy — бу? 67x27 – 49 69.4x? — 9 

71.x? + 8x + 16 73. x2 — 8x +16 75.9x? — 16 77.4x? —12x +9 79.x? — у? 81.9х2 — y? 83.x? + 2xy + y? 85.х? — 4xy + Ay? 
87.x3 — 6x2 + 12x — 8 89.8x? + 12x? + 6x +1 91.4x? — 11x + 23; remainder —45 93.4x — 3; remainder x + 1 
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95. 5х2 — 13; remainder х + 27 97.2x?; remainder —x? + x +1 99,x2 — 2x + y remainder x - : 101. 4x? — 3x — 3; remainder —7 


103. х2 — x — 1; remainder 2x + 2 105. x? + ax + a?; remainder 0 


A.4 Assess Your Understanding (page A41) 


1.3x(x —2)(x +2) 2.prime 3.c 4b 5d 6c 7T 8.Е 9.3(x 42) 1П.а(х? +1) 13.х(х2 + x 1) 15.2x(x — 1) 
17.3xy(x — 2y + 4) 19.(х + 1)(х —1) 2L(2x + 1)(2х – 1) 23.(х + 4)(x — 4) 25.(5х + 2)(5х — 2) 27.(х +1)? 29.(x + 2»? 
31.(х — 5)2 33.(2х +1)? 35.(4х +1) 3%(x — 3)(х2 + 3x + 9) 39.(x + 3)(х2 — 3x + 9) 41.(2x + 3)(4х2 — 6x + 9) 

43.(x + 2)(х + 3) 45.(х + 6)(х +1) 47.(% + 5)(х + 2) 49.(x — 8(x – 2) S5L(x —8)(x +1) 53.(х + 8)(х – 1) 

55.(х + 2)(2x + 3) 57.(х— 2)(2х +1) 59.3(2x + 3)(3х + 2) 61.(3х + 1)(х +1) 63. (2 + 1)(25 + 3) 65.(x + 2)(3x — 4) 


2 
67.(х — 2)(3х + 4) 69.4x2(x + 4)(3х +2) 71.(х + 4)(3x — 2) 73.25;(х + 5)? 75.9;(у -3. Th: (x = =) 79.(x + 6)(x — 6) 


81.2(1 + 2x)1 — 2x) 83.8(x + 1)(х + 10) 885.(x – 7)(х —3) 87.4(х2 — 2x + 8) 89.Prime 91.—(x — 5)(x + 3) 

93.3(x + 2)(x — 6) 95. y? (y + 5)(y - 6) 97.2x?(2x + 3)? 99.2(8x + 1)(х +1) 101. (x — 3)(х + 3)(х2 + 9) 

103.(x — 1)?(x2 + х + 1)? 105. х5(х — 1)(х +1) 107.(4x + 3)? 109.—(4x — 5)(4x +1) 111.(2y — 5)(2y — 3) 

113. —(3х — 1)(3х + D(x? +1) 115.(х + 3)(x — 6) 117.(х + 2)(х – 3) 119. (3х — 5)(9x? — 3x + 7) 121.(x + 5)(3х + 11) 

123.(х – 1)(х + 1)(х +2) 125.(х – 1)(х + 1)(х2 – х +1) 127.2(3х + 4)(9х + 13) 129.2x(3x + 5) 131.5(x + 3)(х — 2)2(х + 1) 
133.3(4х — 3)(4х — 1) 135.6(3х — 5)(2х + 1) (5x — 4) 137. The possibilities аге (х + 1)(х + 4) = x? + 5х + 4ог 

(x + 2)(x + 2) = x? + 4x + 4, none of which equals x? + 4. 


A.5 Assess Your Understanding (page A46) 


1. quotient; divisor; remainder 2.—3)2 0—51 3.d 4.а 5.T 6.T 7х? + x + 4; remainder 12. 9. 3x? + 11x + 32; remainder 99 
11.x^ — 3x? + 5x? — 15x + 46; remainder 138 13. 4x? + 4x4 + x? + x? + 2x + 2;remainder7 15.0.1х2 — 0.11x + 0.321; remainder —0.3531 
17.х* + x? + x? + x + 1; remainderO 19. Мо 21. Үеѕ 23.Yes 25.No 27.Yes 29.—9 


А.б Assess Your Understanding (page А55) 


1. lowest terms 2.leastcommon multiple 3.1 4а 5.T 6.F 7. 3 9.* п. 4х 13. s 15. * +5 17.—(х + 7) 
x —3 3 2x – 1 20у + 1) х—1 
2 = ИА 2 2 

НЕ 21,250 + 4x +16) 44, 8 252-3 3; E 9.4 op De qp ru 

5x(x — 2) x44 3x x+7 (x — 2)(x — 3) 5(x — 1) 4x (x — 3) 

(x — 4)(х + 3) 31,15 39, CC = 2)(х + 2) 41.3% = 2 43 x+9 4—x 41 2(x +5) 49 347 —2x 3 
“(x -DOx +1) ^" 2 i 2x 3 '"x-3 `2х—1 “x-2 "(x -1)(x +2)  (xc1Xx-1) 

—(11x + 2) 2(x? — 2) 


Я А ‚ 2 + 2 +1) 57 —1)(x +1) 59.x3(2x — 1) 
(a4 2-2 Me — (х2) 55.(х )(х )(х ) STx(x Xx ) 89.x?(2x ) 


5x 2(2x? + 5x — 2) 5x +1 
65. 67. 2 2 
(x = 6)(x — 1)(х + 4) (x — 2)(х + 2)(х +3) (x —1)°(x +1) 


61. x(x — 1)? (x + 1)(x2? +x +1) 63. 


—х? + 3x + 13 х? —2x2+ 4х + 3 =] x 3-1 (x —1Xx-E1) 2(5x — 1) 
М р 73. 75. т. 79. 5 
(x — 2)(х + 1)(х + 4) х2(х + 1)(х — 1) x(x + h) %=1 2x(2x + 1) (x —2)(x +1) 
| —2х(х? — 2) 83. —1 . Зх – 1 7. 19 И 89, & + 1)(х Е 1) 91, (3х + 2 93. (x + 3)(3x Е 1) 
(x + 2)(х2 — x — 3) х—1 2х +1 (3x — 5) (x? +1) (3x + 1) (x? +1) 

В, . К, 79 

; om 

(n —1)(R,; + R,) 15 


95. f = 


A.7 Assess Your Understanding (page A63) 


3.index 4.cuberoot 5.b 6d 7c 8.с 9.T 10.Е 11.3 13.—2 15.242 17.1047 19.244 21.-2х4х 23.343 25. х?у2 27. х?у 
29.6Vx 31.3x2y?Y2x 33.6хУх 35.153 371243 39.742 41.42 43.243 45.42 47x —2Vx +1 49.(2x — D 2x 


15 5 + J2)43 = 3 
51.(2х —15)V2x 53.—(x + Sy) ху s 57. 2 EX A p o De 19 63,545 +5 65.252 
2x + h — 24x? + xh 5 3 1 1 1 2742 
67. 69. т. 73. 75. 7.4 79.3 81.64 83.1 85,2772 
h sd M045 Cuore CET 1 27 32 
27,3 1 25 85/4 3x +2 х(3х? +2) 22х +5 
87. 89. 91.25 93,72 95, ху2 97x25y 99, А 103. 105. 
32 pg gg 05^ у СЕЛ СУ ur c er (х2 4 1)? 104 — 5)(4x + 3) 
107—2 *^ [99 m. 1 113.1 327 115,1(5, +2у(х+1)!# 117.2x12(3x — Xx +1) 
2(1+х)?? (x + 4)? х2(х2 —1)^ 2Vx(1 + x2)? 2 


3(x + 2) 


125.141 127.159 129. 4.89 131.215 
2x12 


119. (x2 + 4) P (11x? + 12) 121. (3x + 5)! (2x + 3) ^ (17x + 27) 123. 
133. (a) 15,660.4 gal (b) 390.7 gal 135.2/2т ~ 8.89 sec 


A.8 Assess Your Understanding (page A73) 


5. equivalent equations 6. identity ЖЕ 8T 9a 10.с 11.(4) зз.{ 2} 15.{-1} 17.{-18} 19.{-3} 21.{—16} 23.(0.5) 
25.{2} 2742} 29.(3) 31(0,9) 33.{—3, 0,3} 35.{21} 37{6} 39%@or{} 41.{—5,0,4} 43.{—1,1} 4s. {—2, D 2) 
11 


47.{1} 49.Norealsolution 51.{—13} 53.{3} 55.{8} 57. {—1, 3} 59.{1,5} 61.15} 63.12) 5.1) 67.{—6} 


AN104 Answers: Appendix А 


КІР, 
К; + К, 
83. When multiplying both sides by x + 3, ме are actually multiplying both sides by 0 when x = —3. This violates the Multiplication Property of 

Equality. 


$—a 


2 
69.R — 7L. R = "> 73.7 = 5 75. The distance is 121 ft. 77. Approx.221ft 81. Тһе apparent solution —1 is extraneous. 


A.9 Assess Your Understanding (page А81) 


1. mathematical modeling 2.interest 3. uniform motion 4.F 5.T 6a 7b 8c 9A = sr?;r = radius, A = area 11. A = s?; A = area, 
s = length of a side 13.F = та; F = force,m = mass,a = acceleration 15.W = Fd;W = work,F = force,d = distance 17.C = 150x; 
C = total variable cost,x = number of dishwashers 19. Invest $31,250 in bonds and $18,750 in CDs. 21. $11,600 was loaned out at 8%. 

23. Mix 75 Ib of Earl Grey tea with 25 lb of Orange Pekoe tea. 25. Mix 156 Ib of cashews with the almonds. 27. The speed of the current is 2.286 mi/h. 
29. The speed of the current is 5 mi/h. 31. Karen walked at a rate of 3.75 ft/sec. 33. A doubles tennis court is 78 feet long and 36 feet wide. 

35. Working together, it takes 12 min. 37. (a) The dimensions are 10 ft by 5 ft. (b) The area is 50 sq ft. (c) The dimensions will be 75 ft by 75 ft. 


(d) The area will be 56.25 sq ft. 39. The defensive back catches ир to the tight end at the tight end's 45-yd line. 41. Adds gal of water. 
43. Evaporate 102 oz of water. 45. 40 g of 12-karat gold should be mixed with 20 g of pure gold. 47. Mike passes Dan - mile from the start, 2 min 


from the time Mike started to race. 49. The latest the auxiliary pump can be started is 9:45 am. 51. The tub will fill іп 1 hr. 53. Run: 12 miles; 
bicycle: 75 miles 55. Bolt would beat Burke by 18.25 т. 57. Set the original price at $40. At 50% off, there will be no profit. 61. The tail wind was 
91.47 knots. 


A.10 Assess Your Understanding (page A89) 

3. negative 4.closedinterval 5. Multiplication Property 6.a 7с 8.T 9.T 10.T LF 12.T 13.[0 250€ х <2 15.[2,005;x 22 
17.10, 3); 0 < x «3 19.(96«8 (b-2-«0 (с)9<15 (d)-6»-10 21.(a)7>0 (b)-1»2»-8 (0) 12 > –9 (0-8 < 6 

23. (а) 2х - 4 < 5 (Б) 22-4 < -3 (е) бх +3 < 6 (0) 4х - 2 > —4 


25.10, 4] 27.[4, 6) 29. [4, оо) 31. (оо, —4) 
33.2 < x € 5 35.-3 < х < —2 37. х > 4 39.x < —3 


4L- 43.5 45» 47< 49.< SL» 53.> 5.0 <i <t st <4 <0 


5 —5 
59.(x|x < 4} or (—oo, 4) 61. {x|x > —1} or [-1, оо) 63. (x| x > 3} or (3, оо) 65. (x|x > 2} or [2, оо) 
4 -1 3 2 
67. {хіх > —7} or (—7, оо) e. [x < ©} or (oc 2 71.(x|x < —20} or (—oo, —20) 73 b >} or [$ со) 
<3 3 3 , 
-7 4 -20 Fe 
2 4 
3 3 
75.{x|3 < x € 5} or [3, 5] т.{+|2 <x < 3} or [2, 3] 79.{ H € Xx 3 or ( 1, i 81.(x|-6 < x < 0} or (—6, 0) 
—— > Е i —————À—— 
5 : 2 3 n 1 d ° 
3 72 2 
83.(x| x < —5} or (—oo, —5) 85.(x| x > —1} or [—1, оо) вт. [x7 S Xm | or L >) 89.{x|x < 2} or [оо -i) 
Y = ; 2.7 4 2.4 2 > 2 
Е e — 
= = 1 5 1 
2 4 72 
ә. | 10) Е 
XX E Or EE o0) 93. {хіх > 3} or (3, oo) 95.(x|x > —2} 97.21 < Age < 30 99. (a) Male > 81.7 years 
— a (b) Female > 85.5 years (c) A female can expect to live 3.8 years longer. 
————— 3 
10 
3 


101. The agent's commission ranges from $45,000 to $95,000, inclusive. As a percent of selling price, the commission ranges from 5% to 8.6%, inclusive. 
103. The amount withheld varies from $150.82 to $198.82, inclusive. 105. The usage varies from 1100 kWh to 1940 kWh, inclusive. 107. The dealer's 
cost varies from $15,254.24 to $16,071.43, inclusive. 109. (a) You need at least a 74 on the fifth test. (b) You need at least a 77 on the fifth test. 
45,455. 4 В b—4a. b-a- 0; therefore,a ИР p a+b 2b-a—-b_b-a a+b 

2 2 2 2 2 2 2 2 
113. (vab) a? = ab = а? = alb =a) > 0; thus (Маб) > a? and Vab > a. 


> 0; therefore,b > 


b? — (Vab)? = b? — ab = b(b — a) > 0; thus b? > (Vab)? andb > vab. 

— q2 = 2 _ = 

(Si а SF age AR. es) уры ны eS ан Se 
a+b a+b a+b a+b a+b a+b 


117. x? + 1 > 1 for all real numbers x. 


> 0; thus л < b. 


Section В.5 AN105 


А.11 Assess Your Understanding (page А97) 


4. real; imaginary; imaginary unit 5.—1; -i;1 6.F 7T 8.T 9.b 10.a 11.8 + 5i 13.—7 + 6i 15.—6 — 11 176 — 18i 19.6 + 4i 
21.10 — 5i 23.37 25.5 + $; 27.1 — 2i 29.2 ti 31. TE 33.21 35.—i 37.i 39.—6 41.—10i 43.—2 + 2i 45.0 47.0 49.2i 


51.51 53.243i 55.10V2i 57.51 59.6 61.25 63.2 + 31 65.2: +2 = (a + bi) + (a — bi) = 2а; z — E = (a + bi) — (a — bi) = 2bi 
67.z + w = (a + bi) + (с + di) = (a + c)+ (b + d)i = (a + c) — (b + а)і = (a — bi) + (c — di) = zZz +w 
73. Va - Jb = аЬ only when Va and Vb are real numbers. 


APPENDIX B Graphing Utilities 


B.1 Exercises (page B2) 


1.(-1, 4);П 3. (3,1);І 5. Хтіп = —6, Xmax = 6, Xscl = 2, Ymin = —4, Ymax = 4, Yscl = 2 

7. Xmin = —6, Xmax = 6, Xscl = 2, Ymin = —1, Ymax = 3, Yscl = 1 9. Хтіп = 3, Xmax = 9, Xscl = 1, Ymin = 2, Ymax = 10, Yscl = 2 
11. Xmin = —11, Xmax = 5, Xscl = 1, Ymin = —3, Ymax = 6, Yscl = 1 

13. Xmin = —30, Xmax = 50, Xscl = 10, Ymin = —90, Ymax = 50, Yscl = 10 

15. Xmin = —10, Xmax = 110, Xscl = 10, Ymin = —10, Ymax = 160, Yscl = 10 


B.2 Exercises (page B4) 


NORMAL FLORT AUTO REAL REDIAN H 
1. (a) 


(b) NORMAL FLERT AUTO REAL кавхан MP 3. (a) NORMAL FLURT AUTO REAL REDIAN МР 
e 


NORMAL FEOAT AUTO REAL REDIN HP 


5. (a) (b) 


-10— D san —-——4& 


9. (а) Б b) MA = кант [у иии: 
-Bo ——5 I 
=A o 
13. (a) 0) RE 
-10 ——— No 10 
-8 


NORMAL FLOAT AUTO REAL RADIAN МР ri] 
PRESS ENTER TO EDIT 


Lx MEE | — 1| — 1| 


17. 
LX | 


NORMAL FLOAT RU 


TO REAL RADIAN МР 
NTER TO EDIT 


б TO EDIT 


PRESS ENTER 
LS ВАШ | | || 


18( 372) X*3 


NORMAL FLOAT AUTO REAL RADIAN MP ri] 


18 -(372)X*3 


B.3 Exercises (page Вб) 


1.—3.41 3.—1.71 5.—0.28 7.3.00 9. 4.50 11.1.00,23.00 


B.5 Exercises (page B8) 


1.No 3.Yes S.Answers may vary. A possible answer is Ymin — 0, Ymax — 10, and Yscl — 1. 
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Challenge Problem Solutions 


CHAPTER F 
Section Е1 
72. Let P, = (0,0), Р, = (a, 0), and P, = (s. S | men d(P,, Р) = va — 0)? + (0 — 0)? = Ja? = |а; 


anro = fia of 8] = fa) oY HERR mee 


d(P, P) = пет +( ol TO | E a? | 3a? Tem 


2 2 2 4 4 
Since the lengths of the three sides are all equal, the triangle is equilateral. 
a УЗа 
а+= 0+—— 
The midpoints of the sides are Mp p, = (23-5, 93-9) = (2,0); Py, = 2 2, 2 2 = (3, 22); 
3a 
O42 942% 
and Mp p, = 2. 2 a УЗа . Then, 
Vs 2 2 4 4 


За ay 3a 8 aV , (“За 7 = ү За? _ Jt . fal, 
d( Mpp,» Mp p, ) Е 5) +| 4 o) Me) | | 4 | ia 16 4 2? 
3a\? 3a V3a)” 

d( Mp, p. Mp, p.) |“ z) +Í ie a 


йм» Man) = 08—27 E] = 1-4) + ER) - + Ae = 


Since the lengths of the sides of the triangle formed by the midpoints are all equal, the triangle is equilateral. 
73. Let P, = (0, 0), Р, = (0, s), P = (s, 0), and P, = (s, s) be the vertices of the square. Then P, and Р, are the endpoints of one diagonal, and P; 


and P, are the endpoints of the other diagonal. Now, Mp, p, = (2 5 Е 0 p 3 = (5. z), and Mp p, = (° 5 29 2 5 £) = E z). 


The midpoints of the diagonals are the same. So, the diagonals of a square intersect at the midpoints. 
74. Let P = (a, 2a). Then (а + 5)? + (2a — 1)? = Via 4) + (2a + 4)? > (a + 5)? + (2а — 1)? = (a — 4)? + (2a + 4)? 
=> 5a? + ба + 26 = 5а? + 8a + 32 6a + 26 = 8a + 32 2a 6 a 3. Then, Р = (—3, —6). 


75. Arrange the parallelogram on the coordinate plane so that the vertices are P, = (0, 0), P, = (a, 0), P = (a + b, c), and P, = (b, c). Then the 
lengths of the sides are d( P,, Р,) = “а 0)? + (0 —0)? = Va = lal, 4(Р,, P) = Viva +Ь)— а] + (с — 0)? = Vb? + c, 
d(B,, P,) = vib — (a + D) + (c — с)? = Ja? = Jal, andd(P,, P,) = Vib — 0)? + (c — 0)? = Jb? + ct. 


Р, апа Р, are the endpoints of one diagonal, апа Р, апа Р, are the endpoints of the other diagonal. 


The lengths of the diagonals are d( Pj, P4) = Jta + b) — 0]? + (c — 0)? = Ja? + 2ab + b? + c? and 


d(P,, P,) = Vib = ay + (c — 0) = Va? — 2аЬ + b? 4 ct. 
Sum of the squares of the sides: a? + (Vb? + e + а? + (Vb? + e = 2a? + 2b? + 2c? 
Sum of the squares of the diagonals: ( Va? + 2ab + b? + e + (Va? = 2ab + b? + с? y = 2a? + 2b? + 2c? 


Section Е2 


97. Let y = 0: (x? 02)? = a2(x2 — 02) x^ — а?х? = 0 х?(х+а)(х-а)=0 x= 0,x a,x =a 


Let x = 0: (02 + y2)? = а2(02 — у?) = y! + ay? = 0 = у?(у? + а?) = 0 = у = 0 80, the intercepts are (0, 0), (а, 0), (a, 0). 


Test for x-axis symmetry; replace y by —y : [x? + ( al = а?[х? — (-y)’] (x? + y2)? = a2(x? — у?) Equivalent 
Test for y-axis symmetry; replace x by —x : [(—x)? + »[ = a? cx» - y?] (x? + y2)? = a?(x? — у?) Equivalent 
Test for origin symmetry; replace x by —x and y by —y : [(—x)? + ( у)? = a?[(-x)* – (-у)?] (х2 + y2)! = a?(x? — y?) Equivalent 
The graph is symmetric with respect to the x-axis, the y-axis, and the origin. 
98. Let y = 0: (x? + 0? ax) = Ь?(х? + 02) x^ — 2ax? + а?х? — b?x? = 0 x?[(x? — 2ax + a?) — b?] = 0 
=> x?(x—a)-b](x—a)c-5bj20 = x?[x-— (a + dD) ][x-(a-b)]=0 > x=0,x=a+b),x=a-—b 
Letx = 0: (0? + y?— a- 0) = b2(02 + у?) y*— ?у* = 0 = у(у+Ь)у(у-Ь)=0 у= 0, у by =b 
So, the intercepts are (0, 0), (a + b, 0), (a — b, 0), (0, —b), (0, b). 
Test for x-axis symmetry; replace y by —y : [х2 + (y)? — ах] = px + (—у)*] (x? + y? — ах)? = b?(x? + y?) Equivalent 


(continued) 


CP1 


CP2 Challenge Problem Solutions: Chapter F 


Test for y-axis symmetry; replace x by —x : [(—x)* + y? — а(—х)] -p oOx + y?] > (х?+у? + ax) = b?(x? + у?) Not equivalent 


Test for origin symmetry; replace x by —x and y by у: [К x)? + ( у)? а( x = b?lc xy + у)?] 
=> (x? + y? + ax)? = b?(x? + y?) Not equivalent 


The graph is symmetric with respect to the x-axis only. 


Section ЕЗ 
d 5s 2,4 4. 
135.х + 2у = 5 у ae tS: 2x – 3у +4 = 0 у сш ах+у=0 y — —ax 
If the slope of y — —ax equals the slope of either of the other two lines, then no triangle is formed. So, —a - а - and —a - 
> а= -Ż. Also, if all three lines intersect at a single point, then no triangle is formed. 
So, find where y Ls 1 > and y = 2х + 5 intersect: Ls H 2-iei > Zx - M y= ly 1+ =2. 
The two lines intersect at (1, 2). If y = —ax also contains the point (1, 2),then2 = —a-1 a = —2. The three numbers are 1, -2, апа —2. 
а—Ь 


136. The slope of the line containing (а, b) and (b, a) is = —]. The slope of the line у = xis 1. The two lines are perpendicular. 


b—a 


The midpoint of (a, b) and (b, a)is M = Е ; b b 2), Since the x- and y-coordinates of M are equal, M lies on the line y = x. 
137. The three midpoints are © + а 0+ 2 = (5, о), Е + b 0+ £) = Е + b £), ana (2 + b OF £) = (2, с). 
2 2 2 2 2 2 2, 2 2, 2.2 
E 

. bc 2. с с с 
Line 1 from (0, 0) t (= , ) = = ; 0 = 

ine 1 from ( ) to 2 2 m EN Р ЖЬ y C d ) y CERA 

2 
с 
be 2. 0 c с с 
Line 2 from (a, 0) to[2, £); uei mi RT y-0 baa a) y Aon a) 
2 

— 0 2с 2с а 26 а 
Line 3 f (S.0}t b, с): iud = ; | | | | 

ани a then Б. ob-a 2 тет 3 

2 

Find where line 1 and line 2 intersect: 

с с b — 2a b — 2a — a — b —3a a+b 

= == DUE 5 m m і 
PESCA b-a" a) arb” dai а+Ь " Ы üd b" * i: 3 
substitute into line 1: y — c „a+b =, So, line 1 and line 2 intersect at (4 + b £). 
a+b 3 3 3 
Show that line 3 also contains the point (4 a b 3 у= — "s s ° 2) z a ar = 3 
So, the three lines intersect ЧЕ i b 3! 
138. Refer to Figure 47. Assume тут, = —1. 

Then[d( A, B) = (1 — 1)? + (m, — m,)} = (m, — m, = m? — 2mm, + т? = m? — 2(-1) + m2 = m? + m2 +2. 


Now,[d(O, B)? = (1 — 0)? + (m, – 0 = 1 + mọ, and[d(O, AJ? = (1 — 0)? + (m, – 0)? = 1+ m3, 
so[d(O, A)’ + [d(O, B)? 214 m? + 1+ m; = m? + m? +2 = [d(A, В)]?.Ву the converse of the Pythagorean Theorem, triangle АОВ 
is a right triangle with the right angle at vertex O. So, lines OA and OB are perpendicular. 


Section Е4 
65. (a) Substitute у = mx + b into x? + y? = г?: x? + (mx + b =r? x? + т?х? + 2bmx + b? = Р? 
(1 + m?)x? + 2bmx + b? — т? = 0.This equation has one solution if and only if the discriminant is zero. 
(2bm)* — 4(1 + m2)(b? —r?) = 0 = Ab?m? — 4b? + 4r? — Ab?m? + Am?r? = 0 = —4b2 + 4r? + Am?r? = 0 
=> r? + т?т? = b? r?(1+ m?) = b? 
(b) From part (a), we know (1 + m?)x? + 2bmx + b? — r? = 0. 


= + = ii 2 2 
Using the quadratic formula, since the discriminant is zero, we get x — xe = = 1 on р a bm - Р = S Я 
72 
2 =й? 2 mêr? 2 2,2 2 2 y? 
Finally, у Д Е E p2cm T B a m — anii АИВ Z. The point of tangency is ("7 а, 
(c) Тһе slope of the tangent line is т. The slope of the line containing the center of the circle (0, 0) and the point of tangency is 

p 

P i) 5 

b 5 r | B | T . The two lines are perpendicular. 
.mr^ | b\ mr? 


Challenge Problem Solutions: Сһарїег1 СРЗ 


66. Let (h, k) be the center of the circle. The slope of the tangent line x — 2y + 4 = 0 | y х | 2) is 2 so the slope of the line containing (h, К) 
апа (0, 2) is 22. This means - — - 2 2h 2 — k. The slope of the tangent line у = 2x — 7 is 2,50 the slope of the line containing (Л, К) 
and (3, —1) is —1. This means x Ru NN 3-h=2+2k А = 1— 2К. 

2 3-—h 2 

Substitute h = 1 — 2k into 2h = 2 – k: 2(1 — 26) = 2 – k 2 — 4k 2—k 3k 0 k 0.Thenh = 1 2.0 = 1. 

So, the center of the circle is (1, 0). 
67. The slope of the line containing the center of the circle (0, 0) and (1, 2V2) is 220 = 240. 

Then the slope of the tangent line is -5 = = So, the equation of the tangent line is 

yW = -Ža = y- 2d = Be 4 2 > дув = Ov V2 > Vix + 4у = 94. 
68.x? + y? – 4х + 6y+4=0 x? —4x+4+y?+6y+9=9 = (x 2)? + (y + 3)? = 9; center: (2, —3) 

. Е | ‚ 2V2 — 3 — (-3) _ 

The slope of the line containing the center of the circle and (3, 2/2 3) is 3—7 242. 

Then the slope of the tangent line is EX E E So, the equation of the tangent line is 

›у-(2МЗ%-зу=-У(х-3у уго зА 92 4 Oe ay +347 


4 4 


Эх + 4y = 11V2 — 12. 


69. The center of the circle is —— — and the radius is zo X3) ye y) 


2 2 
Then the equation of the circle is(x - —— + (y n 5 — ES x2)? + (y, = у)? |. Expanding gives 


(xı + x2) 


2 2 
+ 1 
n ty? = у(у 4 y) + © э)... 


4 4 
Ax? — 4хух — 4xyx + xP + 2xQx; + x3 + 4y? — Ауу — 4уу + yt + 2у1у + уў = xt — 2xix4 + x$ + у{ — 2yya + YF 
4x? — 4хух — 4x,x + 4хух + Ay? — 4уџу — 4у,у + 4уу, = 0 


x? — x(x, + x5) 4 [x? = 2хүх; + x3 + y? — 2yyyo + уў] 


x? — XX — X4x + XX3 + y? — yy — yay + ууу; = 0 
x(x — Xy) — xo(x - xy) + Xy - X) - (y у) = 0 
(х= x)(x = x2) + (y — у)(у— у) = 0 


2 2 2 г 
70. Complete the square to get s + а) | | yd £) gs 4f . The slope of the line between the center (-5. -£) and the point of 


2 2 4 
e d 
. Yor 2 2. Xo t 2 
tangency ( xy, Yo) is Mm = T So, the slope of the tangent line is mangent "E 
х0 t» Yor 5 
жу ый 
0 
Therefore, the equation of the tangent line is y — yọ = 2(x хе), which is equivalent to 
Yor 2 
d 
(x xx H 5) +0 yo» + 5) = 0 
а а е е 
Xox + 2* xj 2*0 F Yoy 4 27 уб 27% 0 
а е а е 
хох + yoy + Sx + Sy - (x8 + уф + хо + 25] = 0 
Because ( xy, Yo ) is оп the circle, хд + уф + dxy + еу, + f = 0, and xj + yg + xo + 590 = -2x 590 f. 
So, 
d e d e 
XoX + Yoy 2* 2^ | 2*0 270 f) 0 
хох + Yoy a=] + 2%) 4 f= 0 
2 2 
CHAPTER 1 
Section 1.1 
pi Рх + А) – бх) SMxcth-3x _ (x А) —xwV3. (x + A? — xis Med nye? + xU3(x + A? + x2/5 
j h h h h (x + hy? + xex + А) H x2/5 
x+h-x h 
A(x + h)? + х!/%(х+ h) x) hf + А) + xta + А) + x?) 
1 


(ху + Ba + h) + х? 


CP4 Challenge Problem Solutions: Chapter 1 


122. f х +4 = 3x2 2; solve E +4 Lp ES 1=>х+4 5x — 4 x 2. Therefore f(1) = 3(2)? — 2 = 10. 
5x — 4 5x — 4 5x —4 


x? +1 
7 —|3x — 1| 
7—|3x —1| » 0 |I3àx—-1| « 7 7«3x—1«7 2 < x < 5. The domain of f is [4| 2 «x < Shor 2, 


interval notation. 


123. We need > 0.Since x? + 1 > 0 for all real numbers x, we need 7 — |3x — Ц > 0. 


5) 
in 
3 


Section 1.2 
40. g( 2252/02 4. Since f(-2) = ( 2 — 4(-2) + c = 12 + c, we have 
— 4-8 —— 9 > 12 +c = 27 > с = 15. f(3) = 32? — 4 -3 +15 = 12. 


41. g(5) = 5 + n = 25 + n, f(g(5)) = f(25 + п) = v25 + n + 2 = 4,s0 425+ n = 2 = 25 + n4 n = —21. 
g(n) = n? + п = (—21)} + (—21) = 420. 


Section 1.3 


_ ау f(2)-— f(-1) 12 _ 
95, f(2) = 20 and f(-1) 8, so 2р) 3 


Р(х) = 4 = 3х2 + 4х — 1 = 4 = 3х? + 4х – 5 = 0 
4 + V4? — 4(3)(—5) 4+ У76  -442V19 _ -2 + v19 
3 


4 


un 2269 6 6 
2-м9 & —2.12 is outside the interval; 2-39 c 0.79 is іп the interval. The only such number is = 


96. g(—x) 2f( = 2| J. Since f is odd, f| 4 f(£).« x) 22) 2/( z) g(x) so gis odd. 


97. (a) R(0) = R(100) = $0. R(0) = $0 because if the tax rate is 0%, the federal revenue will be $0. R(100) = $0 because if the tax rate is 100%, 
then people are completely disincentivized to work. (b) Answers may vary, but in all graphs, the maximum tax revenue must occur at some tax 
rate less than 70%. Draw a continuous function that is skewed right with the maximum value of А being at some tax rate t less than 7096. The 
function should have intercepts at (0, 0) and (100, 0). (е) The Extreme Value Theorem. 


Section 1.4 


64. Use intervals (0, 8), (8, 16), [16, 32), [32, 38) (exclude 0 and 38 since those would be the walls). Depth for the intervals [8, 16) and (32, 38) are 
constant (8 ft and 3 ft, respectively). The other two are linear functions. On (0, 8) the endpoint coordinates can be thought of as (0, 3) and (8, 8) 


[treating depth as a positive distance from the surface]. m - — - 2. y > x +3 
On [16, 32) the endpoint coordinates can be thought of as (16, 8) and (32, 3). m = о erro d 5 (16) +b; y= 5 x +13 
? i й 32—16 16° 16 16 
8=-5+b 

Therefore, 13 = Б 

$t +3 if0<x<8 

if8 < 16 

dili | if8<x< 

—16* + 13 116 < х < 32 

3 if32 € x < 38 


65. The function f changes definition at 2 and the function g changes definition at 0. Combining these, the sum function will change 
definitions at 0 and 2. 
On the interval (Coo, 0]:(} + g)(x) = f(x) + g(x) = (2x + 3) + (-4x + 1) = -2x + 4 
On the interval (0, 2):(f + g)(x) = f(x) + g(x) = (2x +3) + (x — 7) = 3x — 4 
On the interval [2, оо): (f. + g)(x) = f(x) + g(x) = (x? + 5x) +(x — 7) = x? + 6x — 7 
So, 


—2х +4 ifx <0 
(f + &)(х)= 1 3x-4 if0<x<2 
х2 65-7 ifx >2 


Section 1.5 


95. f(x — 5) isa shift right 5 units: increasing on [2, 8] and [16, 24], decreasing on [8, 16]; f(2x — 5) compresses horizontally by a factor огу: 


increasing оп [1, 4] and [8, 12], decreasing on [4, 8]; — f(2x — 5) reflects about x-axis: increasing оп [4, 8], decreasing on [1, 4] and [8, 12]; 
—3f (2x — 5) stretches vertically by factor of 3 but does not affect increasing/decreasing. Therefore, —3f (2x — 5) is increasing on [4, 8]. 


Challenge Problem Solutions: Chapter 2 


2 
a] 
2 
96. Write the general normal density as f(x) = - . Jue z . Starting with the standard normal density, f(x) = ej 
VEHI 1 
stretch/compress horizontally by a factor of ø to get y = oz exp E | multiply all the x-coordinates by — |, then shift the graph 
т c 
ara 
horizontally | ш| units (left if. < 0 and right if > 0) to get y = = exp E ‚ then stretch/compress vertically by a factor of 1 to 
т c 
EU 
get f(x) = - . Jue > | multiply all the y-coordinates by | 


1. Stretch/compress horizontally by a factor of o(stretch if o > 1) 
2. Shift horizontally | | units (left ifj < 0 and right if jj > 0) 


3. Stretch/compress vertically by a factor of 1 (compress if c > 1) 
c 


Section 1.6 


26. Use the diagram below: There is a pair of similar triangles in the diagram. This allows us to write 
h 16 h 4 4 


| Substituting this result into the volume formula gives 


- 
16 Vy ull «(4 pote 
3 3 "4 


27. (a) The total cost is the sum of the shipment cost, storage cost, and (b) [ee 
product cost. Since each shipment will contain x units, there are 


ely shipments per year, each costing $15. So, the shipment cost 
x 


is 15( sce) = aug The storage cost for the year is given as 
T И Ва. — vus 
1.60x. The product cost is 600(4.85) — 2910. So, the total cost is 
9000 The retailer should order 75 drives per order for a 
C(x) — ЕЭ 1.60х + 2910. minimum yearly cost of $3150. 


CHAPTER 2 


Section 2.1 
60. Solving F = 2c + 32 for C givesC = SC — 32), and solving А = F + 459.67 for F gives F = К — 459.67. 
Then C m 32) SR 459.67) — 32] = SR 491.67) — 2R — 273.15.80C(R) = SR — 273.15. 
Section 2.3 
КЕ Т A T АБ 2 hf ob. 
119. For ax? + bx + c = 0, х = bak - dac Forax? be ee ay BE ( — 4ас b - 4ac 
a a а 
EM р? = E Jn2 _ 
120. For ax? + bx + с = 0, x, = b > aac andx, = b + 2 fac 
a a 
Fora B due doe b — Vb? — 4ac _ —b — Nb? – 4ac -b + Nb? — 4ac 
d 2c 2c —b + Nb? — 4ac 
_ b? — (b? — 4ac) _ 4ac = 2a d 
2c(—b + Vp2 — 4ac ) 2с(—Ь + vb? — 4ac ) —b + Nb? — Дас Xa 
аййх®ч= —b + Vb? —4ac _ —b + Vb? —4ас —Ь—МЬ? — 4ac _ 2a ai 
2 2c 2c b — Jb? — 4ac b — Vb? — 4ac XQ 
Section 2.4 


CP5 


100. If x is even, then ax? and bx are even, and ax? + bx is even, which means that ax? + bx + c is odd. If x is odd, then ax? and bx are odd, and 


ax? + bx is even, which means that ax? + bx + c is odd. In either case, f (x) is odd. 


CP6 Challenge Problem Solutions: Chapter 2 


101. Let (x, y) be a point on the line у = x. Then the distance from (x, y) to(3, 1)isd = NE 3)? 4 (y 1)’. Since у = x, 
d(x) = Vx = 3) +(x — 1) = Ve? — 6x + 9 + x? — 2x + 1 = V2x? — 8x + 10, and [d(x)]? = 2x? — 8x + 10. Becausea = 2 > 0, 
it has a minimum. The x-coordinate of the minimum point of [d (x)]? also provides the x-coordinate of the minimum point of d( x): 
2 zb -C8 
2a 2.2 
also 2. So, the point (2, 2) is the point on the line y = x that is closest to (3, 1). 
102. Let (x, y) bea point on the line y — x 4- 1. Then the distance from (x, y) to(4, 1) isd — Vx 4)? 4 (y 1)’. Since y = x + 1, 
d(x) = vx —4 +[(x +1) —1? = Vx? — 8x + 16 + x? = J2x? — 8x + 16,and [d( x)? = 2x? — 8x + 16.Becausea = 2 > 0, 


р> 


= 2. So, 2 is the x-coordinate of the point on the line у = х that is closest to the point (3, 1). Since у = x, the y-coordinate is 


it has a minimum. The x-coordinate of the minimum point of [d(x)]° also provides the x-coordinate of the minimum point of d(x): 


x= x = Š = 2. So, 2 is the x-coordinate of the point on the line у = x + 1 that is closest to the point (4, 1). Since у = x + 1, the 
a ; 
y-coordinate is у = 2 + 1 = 3. So, the point (2, 3) is the point on the line y = x + 1 that is closest to (4, 1). 


103. The derivative f'(x) = 3x? — 14x — 5 is a quadratic function, so its graph is a parabola. Note thata = 3, b = —14,andc = —5. 


Because a = 3 > 0, the parabola is concave up. The x-coordinate of the vertex ish = -5 = i The y-coordinate is 
А ; 
к= ў | z) 3( z) 14( 7) 5 z So, the vertex is (5, -& which lies below the x-axis. So, the graph of f’ is below the x-axis when 


х is between the x-intercepts, and the graph of f" is above the x-axis when x is outside the x-intercepts. To find the x-intercepts, solve f'(x) = 0: 


3x?—14x —5— 0 = (3x+1)(x —5) 0 x : or x = 5. The x-intercepts аге - and 5. So, f'(x) < Ооп the interval (—3, 5), 
апа f'(x) > Ооп the intervals —o0, -3) and (5, oo). Then f(x) = x? — 7x? — 5x + 35 is increasing on (oc, -3) and on (5, oo), and f is 
decreasing on(-1. 5). 


104. The second derivative f"(x) = 36x? — 48x is a quadratic function, so its graph is a parabola. Note thata = 36, b = —48,andc = 0. 


Because a = 36 > 0, the parabola is concave up. The x-coordinate of the vertex ish = = = 2, The y-coordinate is 
„(2 2V 2 me -— А T ' 
к= | =) 36 =) 48( =) 16. So, the vertex is (5. -16), which lies below the x-axis. So, the graph of f” is below the x-axis when 


x is between the x-intercepts, and the graph of f” is above the x-axis when x is outside the x-intercepts. To find the x-intercepts, solve f"(x) = 0: 


36x? — 48x = 0 = 12x(3x —4) = 0 x = Оогх +. The x-intercepts are 0 and t, So, f"(x) < 0 on the interval on (0, $) and 
f"(x) > 0 on the intervals ( oo, 0)and (5, o0). Then f(x) = 3x4 — 8x? + бх + 11 concave up on (—oo, 0) and on (5. оо), 
and f is concave down on(0, $) 
Section 2.5 
E _ 100 T5 us Wa Е Е 110, 
38. Note thatv = 25 mph = EE ft/sec. We solve a > oe" for x when k = 9450, g = 32.2,andv = Ex 
8 


1 
= · 9450 . x? > 
2 х 


= 
——— = 4725x2 > 83505.86611 = x? > 17.67319918 = x > 4.204 since x > 0. 


3 
To the nearest tenth, the spring must be able to compress at least 4.3 feet. 


Section 2.6 
22. Substitute each point into the equation: уу = a(—A)? + b(-h) + c = ah? — bh + c; y, = а: 02 c b-0? Ec = c y, = ah? + bh + c. 


Then yy + 4y, + y; = ah? — bh + c + 4c + ah? + bh + c = 2ah? + 6c.So,area = A (дат F6c) — Ay, + 4y, + yo). 


23. Note that h = 1.Then уу = —5(-1? + 8 = 3, y, = 5.0? + 8 = 8,andy, = -5-124+ 8 = 3. 


h 1 i 38 
So, = Жу, + 4y, + y)oi3-44.843)2 2.38 = 79, 
o, area 3o yı + y2) ar Msg ere 3 
24. Note that Л = 2. Then yy = 2( 23? 3 8 = 1б,у, = 2.0? + 8 = 8,and y, = 2-2? + 8 = 16. 
h 2 2 128 
So, = Lly, +4y, + y2) = $06 44-84 16) = 2-64 = =, 
о,атеа co nc so ya) = ise: +16) = 5 3 
25. Note that h = 4.Тһеп у, = (4)? + 34-4) + 5 = 9, уу = 02 3.0-5— 5,and y, = 4243-445 = 33. 
һ 4 4 248 
So, = (yo + 4у + = -(9+ 4-54 33) ==-62 = =. 
о,агеа = 09 Fs Ast pem 3 
26. Note thath = 1. Then y = —(-1)? + (-1) + 4 = 2, y, = —0? + 0 + 4 = 4,and y, = —1? +1 +4 = 4. 
h 1 1 22 
So, = L(y, + 4y, + 2d hd Hid) = 299 =o, 
oarea = (уу + 4у + y2) = 4 )-3 = 
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Section 2.8 
99. |3х —|2x + 1] = 4 = 3x — |2x + 1| = 4or3x —|2x + 11 = 4. 100.|x -13x – 2| = 2 x + |3х — 2| 220r x + |3x - 21] = –2 
3x -|2x + 1| = 4 х +13х = 2] 22 
2х + 1 = 3x — 4 l3x -2| = 2 – х 
2х +1 = 3х – 4 ог 2x +1 = —(3x — 4) a8 Fa oy or 3x —2 = (2 — x) 
xc Or х= { х= 1 ог x= 
Or x + /|3x —2| = -2 
Or 3x -I2x +1 = —4 |3x-2|]2-2-x 
I2x + 11 = 3x +4 3x—2——-2—-x or 3x —2 = -(-2-— x) 
2x+1=3x+4 or 2x +1 = —(3x + 4) x=0 or x22 
x=-3 or x = —1 


The value 2 is extraneous. The solution set is {0, 1}. 


The values 2 and —3 are extraneous. The solution set is {—1, 5}. 


101.|2х — 5| = x + 13 102. Since | x| > 0 for all real numbers, then 2! — = аваа 
2x—5=x+13 or 2x 5 = —(x + 13) 1+1х| lc ixl 
8 This means 
x= 18 or lie 
|x| 3 1+ 1х1 -1 1 —1 1 
pm = < - < 0 < < 1 < < 
б н ^ "1-72 ^ 14d ^72 ^I4xp^ 2 
4—3y = 2 ог 4—3y 2-2 1 1 
2 1> > 1<1 +ix|<2 > OxIx| x1 
== ог y — 1+ |x| 2 


Therefore,—1 < x < 1.The solution set in interval notation is [—1, 1]. 


The value of Jis largest using x — 18 and y — 2, so = E А 
х x 18 9 


CHAPTER 3 


Section 3.1 


89. f(x) = 3(х — DG + D[G + 3)(х + DP = 3( — DG DG + 3) (х + 1)? = 3(x - DOG + 1)°(х + 3» 
The zeros are 1 with multiplicity 1, —1 with multiplicity 3, and —3 with multiplicity 2. 
90. The power function is found by multiplying the leading terms from all the factors. 


g(x) = —4x?(4 — 5x)! (2x 3(5x | 1) д —4x2( sx)?(2x)(4x), = -Ax (25x? )(2x)( рх?) = —25x8 
2 2 8 


The power function is у = —25x$. 


Section 3.2 


47. See Additional Instructor Answers 48. See Additional Instructor Answers 

49. Since b and c are positive, the zeros аге 0, b, and —c. The x-intercepts are 0, b, and —c. 
The y-intercept is 0. The leading term will be y = —ax? - x - x? = —ax?. The value of a is positive, so the leading coefficient will be negative. Since 
the degree is odd, this means as х — —oo the graph will increase without bound ( f(x) — oo as x — —oo) and as x — оо, the graph will decrease 
without bound (f(x) — —ocasx — oo). The multiplicity of —c and 0 is 2 (even), so the graph will touch the x-axis at —c and 0. The multiplicity of b 


is 1 (odd), so the graph will cross the x-axis at b. There are at most 4 turning points, but the actual turning points cannot be determined exactly. 
(a) See Additional Instructor Answers for the graph 


(b) There is a local maximum on the intervals (—c, 0) and (0, b). 

(c) Both —c and 0 yield a local minimum value of 0. 

(d) f(x) < 0 on the interval (b, оо) [where the graph is below the x-axis] 

(e) f(—x — 4)isa transformation of f that is shifted right 4 units and then reflected about the y-axis. Starting with (b, oo), going right 4 units 
gives (b 4- 4, оо), and then reflecting about the y-axis gives f(—x — 4) « 0 on(—oo, —b — 4). 

(f) The graph of fis decreasing on (—оо, —c]. 


Section 3.3 


119. The answer is (b) because f is a polynomial function with —2 < c < 6. Because f(6) = —1 and f(2) = 7, f (c) must take on every y-coordinate 
on the interval (—1, 7). Therefore, f (c) = 3 for at least one value of c in the interval ( —2, 6). 


CP8 Challenge Problem Solutions: Chapter 3 


120. Let 2 be a rational zero of the polynomial f(x) = a,x" + a, х" +--+ a,x + ay) where a,, a, 4, ---, ау, and aj are integers. Suppose also 
that p and q have no common factors other than 1 and —1. Then 
Ae] «IT eee] e nda] 
q q q q 
0 


gs tsp" ta, ap" iq + а, op" ?q? ee + ар"! + ад") 


anp" + a, 4D" 'G + а, 3p" ?q?. «t ара" + ад" = 0 
ap" + a, 4D" Iq + а, 3p" 7q? +-+ + аура" = ад" 


Because p is a factor of the left side of the equation, it must also be a factor of аа”. Since p is not a factor of q, p must be a factor of ay. Similarly, q 
must be a factor of a,,. 
121.Lety, = х?, y, = 1 — x?, and f(x) = y, — у, = x? — (1 — x?) = x? + x? — 1. Note that f(x) = 0 where y, = y,, that is, where y, 
and y, intersect. Since fis a polynomial function, and f(0) = —1 and f (1) = 1 are of opposite sign, the Intermediate Value Theorem guarantees 
there is at least one real number c in the interval (0, 1) where f(c) — 0. That is, there is at least one real number c in the interval where the 


graphs of y, = x?and y, = 1 — x? intersect. 


Section 3.4 
43. f(x) = 2x? — 14x? + bx — 3 g(x) = x? + cx? — 8x + 30 
022.23—14.22 c b.2-3 0=(3- i)? + с(3 – i) – 8(3 – i) + 30 
0 — 2b — 43 р 43 0 = (18 — 26i) + c(8 — 6i) — (24 — 8i) + 30 
2 0 = 24 — 18i + 8c — 6ic 
so f(x) = 2x? — 14x2 + 2. 3. d di S. Pe Aud 3 


so g(x) = x? — 3x? — 8x + 30. 


fa)=2-14+ T 3 B, g0) 1-3-8 +30 = 20; (f 3309 = fA): g) = 12.20 = 130 

44. f(x) = (x — (3 + 1))(х — (3 — ix — 2)(х + 2) &(х) = а(х — 1)(х + i)(x — 21)(х + 2i) 
= (х-3 – 1)(х-3 + і)(х — 2)(х + 2) g(x) = a(x? + 1)(х? + 4) 

= x^ — 6x? + 6x? + 24x — 40 —4 = а(02 +1)(02 +4) > а= -~1 


so g(x) = —(x? + 1)(x? + 4) = —x* — 5x? — 4. 


f(1) = -15 and g(1) = -10so(f + g)(1) = f(1) + g(1) = —15 + (-10) = –25 
45. (а) f(x) = x +1 = x4 + 202  1— 202 = (x? + 1)? (V2x)’ = (x? — Ух + 1)(x? + V2x + 1) 


(—v2) + \(-V2)' -4.1.1. W24v—2 WEES -4-1-1 EXC 
2.1 2 


= а == 
(b) x and x 2-1 2 
The zeros are v2 _ v2 i, v2 v2 1: м2 _ м2 і, апа v2 + v2 i. 
2 2 2 2.2 2 2 2 


Section 3.5 


60. (a) p(3) = 33 — 7-3 – 40 = —34; p(5) = 53 – 7-5 — 40 = 50 
(b) p is continuous and p(3) < 0 < p(5), so there must be at least one real zero in the interval (3, 5). 
(c) p'(x) = 3x? — 7; Start with xy = 4. 


p(4.097560976) 


p(4) | 
zd ~ 4.097560976; x, = 4.097560976 — 
" E p'(4.097560976) 


; ~ 4.094906; 
p'(4) 


p (4.094906) 


DU) 2; 4.094904 
p' (4.094906) 


x4 — 4.094906 — 


Since x, and x, are the same to 4 decimal places, the zero is approximately x = 4.0949. 


2 
ER Э 
61. (a) Dividing: x — 1) 2х + 3; so R(x) = 2 + Par i 
2%=2 
5 
(b) See Additional Instructor Answers for the graph 
(c) The only real zero of the denominator is 1, so the line x = 1 is a vertical asymptote. 


Asx + oo, a -— ee 2 so the line у = 2 is a horizontal asymptote. 
х = 
ЕС 5 
62. (a) Dividing: 2x — 7)—6x + 16; so R(x) = -3 + NET 
—6x + 21 


—5 
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(b) See Additional Instructor Answers for the graph 
(c) The only real zero of the denominator is EA so the line x — 7 is a vertical asymptote. 


—6x +16 _ —6x 


Asx — too, экс өү С —3 so the line у = —3 is a horizontal asymptote. 
63. Answers will vary. We want a rational function so that R(x) = 2x + 1+ 2 z where n and d are polynomial functions and the degree of n(x) 
x 
2 
is less than the degree of d(x). One possibility is to let n(x) = 1 andd(x) = x + 1 which gives R(x) = 2x + 1 + - 1 = 2% E E 
x x 
Section 3.6 
67. (a) Since R( x) is undefined and has a hole at | 3. 2), ме сап гетоуе (b) Since R(x) is undefined and has a hole at (5, -11), we can remove 
the discontinuity by defining the discontinuity by defining 
2 
учы = ify 23 PEE ifx «23 
R(x) =] * R(x) = | 27 - 7х + 2 
E ifx = 3 zji х = 3 
5 2 
68. (a) Since R(x) is undefined and has a hole at [-5 ), we can remove (b) Since R(x) is undefined and has a hole at (-5. 14), уе сап гетоуе 
the discontinuity by defining 2 the discontinuity by defining 2 11 
х2 + 3х – 10 . 2 
Piet "^7? — oa — if x E 
R(x) = 7 Rœ) = х?—х— 
L ifx = —5 14 «Roc 
2 11 2 
Section 3.7 
73. (a) K > 16 74. Letr = the distance between Earth and the object in kilometers. 
2 -150(S + 42) > 16 Then 384,400 — r = the distance between the object and the 
S? T moon. We want 
3005 + 12,600 
E E 2 16 M moon Mobj S Сеат Mobj 
=, 2 2 
3005 + 12,600 — 1652. ( (384,400 =r) n 
S? = M moon Mearth 
2 (384,400 — ry? г? 
Solve —16S2 + 3005 + 12,600 = 0 and S? = 0 to divide the и m 
S-axis into intervals. The zeros of the numerator are 5 ~ 39 ao cath > 0 


: . . (384,400 — г)” r2 
апа 5 ~ —20. The zero of the denominator is $ = 0. Since the 


stretch cannot be negative, only consider cases where S > 0. F?M noon — (384,400 — r} «m 


- earth > 0 
r? (384,400 — г) 


Interval (0, 39) (39, oc) The zeros and values where the left-hand side is undefined are 
Test value 1 40 r = 0,r & 432,353, r ~ 346,022, andr = 384,400. Since the 
Left side 12.884 —0.625 distance from Earth to the object will be greater than 0 but less than 
: T. Я the distance to the moon, we can exclude some of these values. 

Conclusion Positive Negative 

The cord will stretch less than 39 feet. nee (0, 346022) (246022, 384400) 

Test value 100,000 350,000 
(b) The safe height is determined by the minimum clearance 14 13 
(3 ft), the free length of the cord (42 ft), and the maximum Left side -6 x 10 1.3 x 10 
stretch in the cord (39 ft). The platform must be at least Result Negative Positive 


3 + 42 + 39 = 84 feet above the ground for a 150-Ib jumper. 2. . . 
The gravitational force on the object due to the moon will be 


greater than the force due to the Earth when the object is more 
than 346,022 kilometers from Earth. 


CHAPTER 4 


Section 4.1 


74. Since f and g are odd functions, f(—x) = —f(x) and g(—x) = —g (x). Then 
(f o g)(—x) = f(g(—x)) = f(-8600) = —f(g(x)) = —(/ о g)(. So, f o gis odd. 
75. Since f is an odd function, f(—x) = —f(x). Since g is an even function, g( —x) = g(x). 
Then (f o g)(—x) = f(g(—x)) = f(g(x)) = Cf о g)(). So. f o gis even. 
Also, (g o f)(—x) = g(f(—x)) = g(-f(x)) = gCOf G0) = (g о f)(x). So.(g o f)(x)is even. 
76.(f o gY(x) = f(g(x)) = flax + b) = (ax + by) + 5(ax + b) + c = a?x? + 2abx + b? + Ѕах + 5b + с 
= a?x? + (2ab + 5a)x + (b? + 5b + c) 
We know (f o g)(x) = 4x? + 22x + 31,50 a? = 4, 2ab + 5a = 22,and b? + 5b + с = 31. 
Now,a? = 4 а = —2ora = 2. Ifa = 2,then2-2-b+5-2 = 22 = 4b+10 = 22 = b = 3, and then 
32 +5.-3+c 31 24 + с 31 с 7.Ifa 2,then2(—2)b + 5(-2) = 22 4b — 10 = 22 b = —8, and then 
(—8)? + 5(-8) +c = 31 24-+ с 31 с 7. So,a 2,6 3, с 7ога 2, b 8, с Ts 


CP10 Challenge Problem Solutions: Chapter 4 


TI A(2) = VIFT = 49 = Sg» = 803) = fach» = (| = 6-3-7 = 2-7 = -5; (f o got) = —5. 


78. From h(x) = Vx + 3,x > —3. 
ктот(е о h)a) = 2s ee И 413922 5x 2924-314 


4x +3 —2’ 
1 Nx +3 
Е һ)(х) = , 4+0=5 У +3 +4 (М 3 2) 40> 5Vx +348 
rom(f o g o h)(x) REESE zi a 5 x+3 +4 (Ух + ) = Х+3 = 
vx+3-2 
= 25(x +3) = 64 > 25x + 75 = 64 > 25x = -lloxe E: 
So, the domain of (f о g о h)(x) is {x]x > 3, x Hx 1} or | 3; H)u( 1L 1) U (1, о) 
Section 4.2 
105. f(x) = = — > у = ах + © Interchange x and y, and then solve for y:x = a + сху + dx = ay + b 
cxy — ay = —dx + b = (cx — a)y = —dx +b y = E tD so, eap = + 
сх-а cx —a 


Now, f = f- ax+b _ -dx +b 


(ах + b)(cx — а) = (—ах + b)(cx + d) > 
cx+d cx—a 


acx? — a?x + bcx — ab = —сах? — d?x + bcx + bd = acx? + (—a? + bc)x — ab = —cdx? + (—d? + bc)x + bd. 
So,ac = —cd; —a? + bc = —d? + bc; —ab = bd,which meansa = —d. 
106. h(x) = (f o g)(x) = f(g(x)) = y = f(g(x)). Interchange x and y, and then solve for y: x = f(g(y)) > 
f'O)-g(y)-—g'(f!o)-ySoh'(x)eg (f G) = (671 o fax). 
107. (а) The domain of f is ( —oo, оо). From у = 2x + 3, x < O,then y < 3;fromy = 3x + 4, x > 0, ћепу > 4. 
The range of f 15 (—oo, 3) U [4, oo). 
(b) Consider the piece f(x) = 2x + 3, x < 0 = y = 2x + 3, x < 0. Interchange x and y: x = 2y + 3, y < 0. 
x—3 


Мое, y < 0,thenx < 3,50х = 2y + 3x < 3 > x—-3—2yx«32oy- 0.3; 
So, f-'(x) = к= ay < 3. Now consider the piece f(x) = 3x + 4,x > 0 = y = 3х + 4, x > 0. 
Interchange x and y: x = 3y + 4, y > 0. Note,if y > 0, ћепх > 4,sox =3y+4,x > 4 > х—4=3Зу,х > 4 > у= 
So, #-1(х) = E 3 = x SA 
*—3,у<3 
Putting the pieces together, we have f-!(x) = 4 
з ,x>4 


(c) The domain of f^! is (—oo, 3) U [4, оо), the range of f. The range of f~! is (—оо, оо), the domain of f. 


Section 4.3 


135.3271 —4.3* +9 = 0 3(325-1 — 4.3" +9) = 3.0 32х — 12 . 3* + 27 = 0.Letu = 3*. Then we have 
и? – 12и + 27 = 0 (и — 3)(и — 9) 0 u 3oru 9. Then, 3* 3ot3* 9 X lorx 2. 
136.235! 3.255 — 20 = 0 = 2.29 23.25 — 20 = 0.Letu = 2%. 


Then 2u? — 3u — 20 = 0 = (2u + Su-4) 20 и Žoru 4.Then 2} = -уог2% = 4. 
Now, 23* = -šis not possible. So, 23* 4 27 22 is 2 X = 6. 


Section 4.4 


139. log,(log,x) = 1 = log;x = 6! = 6 = x = 2° = 64 
140. log, [log,(log,;x)] = 0 = log,(log,x) = 2° = 1 = log;x = 4! = 4 > x = 34 = 81 


141. log, 92*+3 = x? + 1 = log,(32)" 5 = x2 +1 = log,3496 = x? +1 > 4x46 = 2027415 x? - 4x —5— 0 
= (х+1)(х—5)=0 x =-lorx=5 


Section 4.5 
log,b 1 log,m log,m log,m 
111. log,b = b- = 112.1 = f= £ = а = 21 = 1 2 
Әв loga 1овьа Eya ™ Іов, Ма 1ор„а!? 1, TUIS cA 
2 


log,b™ | mlog,b 
log, a^ n 


113.log,, b" = = “log,b 
n 


х = 
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иЗ Ја4 eS In(nc1) _ 


In(n + 1) — 10 


114. log,3 - log,4 -log,5 --- ·1 +1) = 10 . 10 
келш ы. орек d In2 ЈаЗ Jaf Јай In2 
log,(n+1)=10 >n4+1 210 — n--1 1024 n 1023 
Section 4.6 
106. The domain of the variable is x > 0. 
log;(x + 1) — log,x = 1 = log; (x + 1) 08| log (x + 1) log Жү 2log,(x + 1) – log,x = 2 
log,4 2 
2 2 
= log,(x + 1)* — log,x = 2 log, D =2 (жч у C (x +1) = 4х > х2 + 2х +1 = 4х 
х х 
x?—2x +1 = 0 (жел? 0 x1 0 x 1. The solution set is {1 }. 
197.(32) * = 202 s (213) 2228 2902922 iQ х) = х2 292- x = 3x? 2 33? - x -2— 0 
(3x — 2Xx 4- 1) 0 X 2 ors 1. The solution set is {—1, 2}. 
108. The domain of the variable is х > 0. 
log,x!2* = 4 > log,x -log,x = 4 = (log,x)* = 4 = log,x = +2 к=? - or x = 2? = 4.The solution set БЕ а}. 
109. The domain of the variable is х > 0. 
lnx? dnx)? 21пх = (lnx)? dnx)? — 2Inx = 0 Inx(Inx — 2) = 0 > lnx = бог1пх 2 = х= е! Lori = g7; 
The solution set is {1, e? }. 
110. The domain of the variable is x > 0. 
VJlogx = 2logv3 = Jlogx = log3 = log x = (log3)? = x = 100o23? = (1(1ов3)!%®3 — 31083. 
Since we squared both sides of the equation, we must check. 
Since {Лор 3193 = log 3 · log3 = log3 = log( V3)” = 2 logV3, the solution set is ( 3193 }. 
111. The domain of the variable is х > 0. Note that х!овах = 4198405794")  qilogyx\(logax) — 401084)? Then, 
A(logax)” 4 xlogax — 128 = 0 — 400845)? 4 qilogax)” — 128 = 0 > 2. 400847 _ 128 = 0 = 2. 40g? = 128 
=> 40940)? = 64 = 4090)? = 43 > (dog, x)? 3 log, x +V3 x = 443 


The solution set is (4, 4+ }. 


CHAPTER 5 


Section 5.1 


123. Large area: A = mr? = m : 9? = 817 124. ZB AE is a right angle, so arc BE = 2т is one-fourth of the 


We need 3 ofthisarea — 3, 81т = 243 т circumference С of the circle,soC = 87. 
4 4 First find the radius of the circle:C = 2rr,so п = 2rr > r=4 
Small area: A = ar? = m : 3? = 9л The area of the circle is A = nr? = m - 4? = 167.The area of 
We need lofthisarea. — 1.9” = 94 sector ВАЕ is 47. 
4 4 4 The area of the rectangle is/w = 4(4 + 7) = 44. 
The total area is 243 т + ат = 637 square feet. So the area of the rectangle that is outside the circle is 44 — 47 


square units. 


125. Since 50 feet — 600 inches, moving 600 inches equates to an arc length of 600 inches for a circle with radius 15 inches (the radius 
of the wheel). 600 = 15 - 0,500, = 40 radians. The wheel and rear cog have the same angle of rotation 


sos, — r, 


: 0,, = 1.8(40) = 72 inches for the chain on the cog wheel. The chain needs to have the same arc length on the 


pedal drive wheel, so 72 = (5.2)0, ог 0, я 13.84615 radians = 13.84615/(2т) ~ 2.2 revolutions. 


Section 5.2 


88. Let x be the distance from O to the first 
circle. From the diagram, we have 


sinü — and sin@ = -— БЕШИМ 
х+а x+2a+b 
Therefore, 
a _ Ь 
х+а x+2a+b 
xb + ab = xa + 2a? + ab 


xb — xa = 2a? 

x(b — a) = 2a? 
2а? 
b—a 


We can then write 


sinf =—© = g = 2 = а 
х+а 2а? um 2a? + ab — a? a? + ab 
b-a b-a b-a 
= a р-а 
a(atb) b+a 
b—a 
а b—aV b? — 2ab + a? 
0 — М sin? = |J | | 
cd S ba b? + 2ab + а? 
= 4ab _ 2/аЬ _ Маһ 
(a+by a+b a+b 
2 


CP12 Challenge Problem Solutions: Chapter 5 


А sina А Я ; : 
89. sina = cur Se = tana - cosa = cos - tan = sin Using the quadratic formula (о acute) gives 
a 


sin?a + соѕ2а = 1 sin?a = E S sina == v5 
2 2 


sina + tan? 8 = 1 
sin?o + sin? _ Since 3 + V5 > 1 discard this solution and get 
cos? 8 
їп? ө + Lsin?a _ —1 sina = sing = 3 = 
1 — sin?a 
sin?a — sinta + sin?a = 1 — sin? a 
sinta — 3sinta +1=0 
(sin2a)? — 3(sin?a) +1= 0 
90. (a) cos? A = соѕ20 sin? C (b) sin? A — sin? B 4 sin?C 
cos? В = sin?0 sin? C = 1 — cos? А + 1 — cos? B + 1 — cos? C 
cos? A + cos? В + cos? C = 3 — (cos? А + cos? B + cos? C) 
= cos?@sin?C + sin20sin?C + cos? C =з 
= sin?C(cos?6 + sin?0) + cos?C =2 
= sin? C + cos?C = 1 


91. соѕ210° + cos?20? + соѕ230° + cos? 40? + cos? 50? + соѕ260 + cos? 70? + cos? 80? 
cos? 10? + cos? 80? + cos? 20? + cos? 70? + cos? 30? + cos? 60? + cos? 40 + cos? 50° 
= sin?80° + cos? 80? + sin?70? + cos? 70? + sin? 60° + cos?60? + sin?50? + соѕ2 50° = 4 


1 1 1 1 
Section 5.3 
90. sin1? - sin2°-...-sin45° - sec46°-...- sec89° = (sin1° - sec89°) - (sin2? - sec88°) -...-(sin44° - sec46°) - sin45° 
= (sinl° - csc1?) - (sin2? - csc2°)-... + (sin44? - сѕс44°) - sin 45° 
—1.1.....1.У72 —7 
2 2 
91. cos1? - cos2°-...-cos45° - с<с46°....-с$с89° = (сов1°. сѕс89°) - (cos2? - сѕс88°) -...- (cos44° - csc46°) - cos45? 
= (cos1? - ѕес1°) - (cos2° - ѕес2°) .... · (cos44? - sec 44°) - cos45° 
—1.1.....1.У2—У7 
2 2 
92. cot1? - cot2? - сої3° .... · cot89? = (cot1? - cot89°) - (cot2° - cot88°) -...- (cot44? - cot46°) - cot45? 
= (cot1? - tan1?) - (cot2? - tan2?) .... · (cot44? - tan44°) - cot45? 
а letn 
93. tan1? - tan2° - tan3°-...-tan89° = (tan1° - tan89°) - (tan2? - tan88?) -...-(tan44° - tan46°) · tan45° 
= (tan1? - cot1?) - (tan2° - cot2?) .... · ({ап44° - cot44°) - tan45? 
=1-1-...-1-l1=1 
Section 5.4 
119. (tan0)? = (3 — ѕес0)? А А 
2sin?0 + 3cos*@  3sin@cos? + 1 
Хап20 = 9 — бѕес0 + sec?0 120. : = : 
s А sin? 0 sin? 0 
бѕесӣ = 9 + ѕес?0 — tan?0 2 + 3cot?0 = 3cot + csc?0 
6secü = 9 + 1 1+ 2cot?0 = 3cot0 
ѕесб Hes l cosé 3 2cot?0 — 3cot@+1=0 
6 3 соѕ0 5 


4 7 (2 cot@ — 1)(cotd — 1) = 0 
This means sinf = =, so $100 + cos@ = =. 1 
5 5 cot = 2 cotü — 1 


121. The point (a, b) = (5n, —12n) is in quadrant IV. 
—12п —12п —12п 12п 12 


sind = = = 


b = E 2s = 
ма? +b? 9 (Sn)? + (12n)  N25n? + 144n? — N169n? 13n 13 


Challenge Problem Solutions: Chapter 5 CP13 


Section 5.5 
104. cos? 0 — sind = -$ cos?0 + ѕіп20 = 1 105. cos0 4- sin20 — A соѕ20 + sin? = 1 
Substitute x = со$@; у = sin and solve these Substitute x = соѕ0; у = sin@ and solve 
simultaneous equations for y. these simultaneous equations for x. 
1. +y = 41. 2 2 = 1 
= y= x+y 49 * + у 
1 у 41 
NE з к кв = +(1— =e 
(1—у?)-у= 9 x +( х?) 49 
10 8 . 
c c =e d$ kie) 
9y? + 9у – 10 = 0 49x? — 49x – 8 = 0 
|1294497-4-9- 30 2921 ү 249) + VE 49)? = 4-49. (-8) _ 49 + 63 
y 2.9 18 | mE 2.49 98 
Since the point is in quadrant II, Since the point is in quadrant III, 
49 — 63 1 
29421 2 х = = —— and 
= 271722 — £ and 
y 18 з 4n 98 7 
22 s 5 NG 221 1? 48 48 443 
x =1- (5) x= petens eu 49 7 
3 9 9 3 
106. Since sin(40) = cos(20) and0 < 40 < 2 we know 40 + 20 = 7 Sod = D 
sin(80) + cot(40) — 2 = sin(^7.) + cot( ®) 2 5 } 5 2 _ = 12 
107. соѕ0 = 7 + 85іп0 : sing = —17 апасозб = =e 
соѕ20 = 49 + 112sin0 + 64sin?0 13 13 
1 — sin? = 49 + 112sin0 + 64sin?0 e sind = -i and cos = : (extraneous) 
65sin?0 + 112sin0 + 48 = 0 
sinÜ — cos0 12 | : | t 
(13sin0 + 12)(5sinü + 4) = 0 13 13 13 


Section 5.6 


100. The graph of у = A sin( Bx — С) + D oscillates between —|A| + D and |A| + D. So to lie below the x-axis completely, 
|A| + D<0 or D < УА. 


101. y-intercept: A cos( CBC) + A ees (2k + 1)т 
x-intercepts: B 
0 = А соѕ[В(х — C)+ A х= Е+ т e 
TATA CoB = Gl The intercepts are (0, A cos(—BC) + A) 
—1 = cos[B(x — C)] and (PA DT FG о)кап integer. 


So, B(x — С) = (2k + 1) · s, kan integer. 


Section 5.7 


54. We need tan x > 0,so the angle x needs to be in quadrant I or quadrant III. The domain is {>| Кт < х < 


2k ; 1 т, k an integer }. The range is 


the set of all real numbers. The graph of у = tanx has vertical asymptotes when cosx = 0,so f(x) = log(tanx) will have these asymptotes 


plus asymptotes where tanx = 0, which is where sinx = 0.So, f(x) = log(tanx) will have vertical asymptotes at every integer multiple of 5 


That is, at x = E. where К is an integer. 


55. We need sinx = Оогх = Кт, ѕо the domain is (x|x = Кт, k an integer }. Since 0 < |sinx| < 1, we have In|sinx| < 0,sotherangeis(y|y < 0} 
or (—oo, 0]. The function f(x) = In|sinx| will have vertical asymptotes where sinx = 0.Thatis atx = kr,where k is an integer. 


Section 5.8 
39. The coaster car travels from a high of 106 ft to a low of 4 ft, so the amplitude is A = 51 and the vertical shift is B = 55. The car moves from a high 
point to a low point (1/2 period) in 1.8 seconds, so the period T = 3.6 seconds. T 22 w — >т. Assuming the car starts at the top of 
a hill, there is a phase shift to the left of 0.9 seconds. ў 
у = 51 ЕЗ | 0.9)) L55 or у=51 Е | т) - 55 


CP14 Challenge Problem Solutions: Chapter 6 


CHAPTER 6 


Section 6.1 
91. Let, = ѕіп-! х. Thensinó, = x and cosh, = +У1 – x?. Let 0, = cos- $, Then соѕ0, = і, 0 < 0, < т. 


Since cos, > 0, 0, isin quadrant I and tané, = 5, This gives 


соѕ(ѕіп-! х) = tan(cos-12) tV1—x2 = 3 1-x?- 2 Xu n 
5 4 16 4 
Мк? — x? : u 
92. Let 0, = cos-!  Thencos0, = ~ and tand + .Let@, = tan-!u. Thentan0, = и andsin0, = +————.. 
1 y 1 Р 1 2 2 2 VEG 
| az) mE" E Nr? — x? и г? — x? и? г? — x? 
{ап| соѕ 1 | = sin(tan^!u) + и + 
r x Ju? +1 x? u? +1 2х2 — r? 
Section 6.2 
86. cot[sec-! [sin + ап © )| = cot (2 + Ji = cot{see1 58) 
Let 6 = seo V3. Then secü = 55. Because 0 <dAd<7,0F 7 and because sec@ > 0, @ is in quadrant I. 
eT = É = 6439 2439 


V39 39 13 ` 


87. Let 0, = cos-!|x|. Then cos0, = |x|. Because 0 < 0, < s and because соѕӣ, > 0, 6, isin quadrant I апа ѕіпӣ = V1 — х2. 


Let 6, = tan-! 1 — x?.Thentan@, = V1 — x? > 0, soð, isin quadrant I. $0, ѕес0, = 4/1 + tan?0, = V2 — x?. 


Section 6.3 

sind 

sing 

is also ¢, and the index of refraction is EM So, 0 is the angle of refraction of the emerging beam. The two beams are parallel since the original 
n, 

angle of incidence and the angle of refraction of the emerging beam are equal. 


122. If 0 is the original angle of incidence and ó is the angle of refraction, then 


= n,. The angle of incidence of the emerging beam 


123. Divide both sides of 3 sind + V3 cos = 0 by cos to get 3 tan@ + V3 = 0.So,tan@ = 8 and0 = x + km where К is any integer. 


124. Substitute x = 2 — V3 to get: 8 — 443 + 2tan0 + 2cotó — V3 їапе — V3 cot@ = 0 (1) 


Substitute x = 2 + V3 to get: 8 + 4V3 + 2 tan0 + 2cot0 + V3 (апе + V3cotü = 0 (2) 
Subtract equation (1) from equation (2) to get 84/3 + 243 їап + 243 coté = 0. 


So, їапб + cotü = —4 sind + созӣ 4 => 51020 + cos?0 = —4 sinf соѕ0 > 1 = —4 ѕіпб соѕ0 => sinf cosh = al 
cosÜ sind 4 


Section 6.4 
109. Let 0 = sin-!(—x). Then —x = sin6. So, x = —sin@ = sin(—0) because the sine function is odd. 
This means —Ó = sin-!x and = —sin-!x.So,sin-!(—x) = —sin-!x. 
110. Let 0 — tan (1). Then 1 = (апд. So, х = Е Е cot@. This means 0 = соі-! х. So,cot^! x = tani(1) 
x Я їапб х 


Section 6.5 
108. Let 6 = tan-!e-". Then tan@ = ет”, socot@ = е". Ѕіпсе0 < 0 < 5 (because e^" > 0), cot-!e" = cott (coth) = 0 = tan-le-*. 


109. Leta = sin^!vand 8 = cos! v. Then sina = cos = v, andsince sina = cos(7 — a). cos(7 — а) = соз. 


Ifv > 0,then0 < о € 77805 — a and 8 both lie in [0, zat» < 0, then -5 <a< 0,805 Е a and 3 both lie in 7. т) 


Either way.cos[7 — а) = cos implies 7 – а = В, ота + 8 = 5 That is, sin-lv + cos-!v = = 


110. Leta = tan-!vand 8 = соі! у. Then tana = cot@ = v, апа since tana cot(7 a), cot( 5 J cot f. 


Ifv > 0,then0 < о < T8995 — a and 8 both lie in (0, tl itv а 0, then -5 <a< 0,507 — a and 8 both lie in (7. т). 


Either way,cot Z — a) = cot implies 7 а = 8, отга + 8 = 3 That is, tan-!v + соі! у = F 


Challenge Problem Solutions: Chapter6 CP15 


111. Leta = tan^! 1 and 8 = tan-!v. Because v = 0, а, 8 = 0. Thentana = 1 = "BRE = cot f, and since tana = cot( Z — a), 
v v an 


сот — a) = cot. Because v > 0,0 < а < 3:805 — a and 8 both lie in (0, Z). Then cot( Z — a) = cot 
implies 7 а = 8, ога : B. That is, tan (7] = 5 — tan-ly. 


112. sin(a — 0) = sina cos — cosa sinf = sin@(sina cot — cosa) = sinf sina(cot@ — cota) 


= sinÜsina(cotÜ + coty) = sinf Е ез| = sinô sina - siny cos + cosy sing 
sin 


siny sin B siny 
= sinf sina - siny + 8) = sinf sina · sino _ _ sin8sin^a 
sin B sin y sin В sin y sin B siny 
: AEn А е 
Similarly, sin(@ — 0) = sind sin’ б апа sin(y — 0) = Sind sint y. 
sina siny sina sin 8 
: T : d : ij 
Баба ВУ — бувїп(у — 0y = $PP sinta sind sin? sinf sey ag 
ѕіп Й siny sinasiny sina sinf 
2 2 2(1 + tana tan 8) 2[1 +(x + 1)(x – 1)] 2x2 
113. 2cot(a — = = = = = = хх? 
corla д) tan(a — 8) tana — tan@ tana — tan x+1-(x-1) 2 " 


1 + tana tan 8 


Section 6.6 
119. sin?0 + sin?(0 + 120°) + sin?(0 + 240°) = sin?0 + (sinf cos120? + cos sin120?)? + (sin@ cos240° + cos sin240?)? 
3 3 
= sin? 0 + -jsinó + eose] + Е — Bose 
343 


= sin?0 1 in?6 | ыз sin?0 cos0 — 2510 cos?0 + ЭЗ cost — „зө — DA sin? 8 созё — 2810 cos? @ — E RS 


= 5520 — 4c05! 0 sind = 2151120 — 3(1 — sin?0)sin0] = S (4sin?ó 35110) = 2511030) (from Example 2) 


0 


запо — tan? 
à 3 (from Problem 69) 


1 —3tan?- 
ап? л 


120.їап@ = tan(3 : 3 = 


0 


Olaz 28) 
tan (3 tan ‚8 ‚8 ‚8 А 
а E {апл a—3 залап tan 


0 


a tan? tan a tan ó 
3 1- 3tan?7 


0 0 a—3 0 а—3 
3 = (За — 1)їап2®Ё = tan? t al 
Я Gamitan E d eg За —1 


121. cos(2x) + (2m —1)sinx + m — 1 = 0 = (1—2sin?x) + (2m — 1)sinx + m — 1 = 0 > —2sin?x + (2m —1)sinx + m = 0 


= 2sin?x + (—2m + 1) sinx — m = 0, which is quadratic in form. For this equation to have exactly one real solution, 


(2m +1)? = 4:2: (=m) = 0 > 4m? + 4m +1 = 0 > m+ D! = 0 > m= -1 


Section 6.7 
59. sin(2a) + sin(28) + sin(25) = 2sin(a + 8) cos(a — 8) + sin(2y) = 2sin(a + 8) cos(a — 8) + 2siny cosy 
= 2sin(m — y) cos(a — B) + 2siny cosy = 2siny cos(a — 3) + 2siny cosy = 2siny[cos(a — 8) + cosy] 


= 2siny(2 cos 4 — i ET gpg = - — 1) = 4siny cos ES cos 28 — T = 45іпу cos| 7 — 8) cos(a - z) 


= 4sinysin@ sina = 4sina sin f siny 


sina sin sin sina cos B cosy + sin 8 cosa cosy + siny cosa cos 
60. tana + tang + tany | B | Y B cosi B Y Y B 
cosa cos cosy cosa cos B cosy 


cosy sin(a + B) + siny cosa cos siny(cosy + cosa cos f) siny[—cos(a + 8) + cosa cos] 
cosa cos 2 cosy cosa cos f cosy cosa cos B cosy 


_ siny(sina sing) _ 
cosa cos f cosy 


tana tan B tan y 


Note thata + 8 = т — y, sin(a + 8) = siny, cosy = cosir — (a + 8)] = —cos(a + 8). 


CP16 Challenge Problem Solutions: Chapter 7 


CHAPTER 7 


Section 7.1 

47. Extend the tangent line until it meets a line extended through the centers of 
the pulleys at P. Let x = d(P, B), y= the distance from P to the center of the 

24 + y _ 6.5 
у 2.5 

which yields y = 15. Use the Pythagorean Theorem twice to find x and z. 


smaller circle, and z = d( A, B). Using similar triangles gives 


x?4-2.52 = 15? — xm 14.79; (z + 14.79)? + 6.52 = (24415)? = z ~ 23.66 


cosa — — soa = cos (25) œ~ 1.4033 rad and @ ~ п — 1.4033 = 1.7383 rad. 


The arc length s, where the belt touches the top half of the larger pulley is s, = r8 = 6.5(1.7383) ~ 11.30 in. 
The arc length s, where the belt touches the top half of the smaller pulley is s, = ra = 2.5(1.4033) ~ 3.51 in. 
The length of the belt is about 2s; + 2z + 2s, = 2(11.30 + 23.66 + 3.51) = 76.94 in. 

48. Let x — the hypotenuse of the larger right triangle and z — length of its third side. Then 24 — x 
is the hypotenuse of the smaller triangle and let y be its third side. The triangles are similar so 
2 E a = which yields x == 22 and 24 -x= 2. 


6.5 


a = cos-1— 
x 


$5 A 


= cos~!(3) z 1.1864 rad; 8 ~ п — 1.1864 = 1.9552 rad; z = 6.5tana ~ 16.07 in.; 


y = 2.5tan a z 6.18 in.; distance between points of tangency = z + у = 22.25 in. 

The arc length s, where the belt touches the top half of the larger pulley iss, = r8 = 6.5(1.9552) ~ 12.71 in. 
The arc length s, where the belt touches the bottom half of the smaller pulley is 5; = r8 = 2.5(1.9552) ~ 4.89 in. 
The length of the belt is about 2s, + 2(z + y) + 2s, = 2(12.71 + 22.25 + 4.89) = 79.7 in. 


Section 7.2 
62.4 + b a,b sinA,siB  sinA-sinB _ 2sin( 4 _ Z Jeos| “ 2 в) 
с c c sinC  sinC sinC 2sin(S Jeos( C.) 
_ sin( 5 = C Jeos(4 2 B) _ соз( cos(4 F B) E cos| (A B) 
sin(£ cos(C) sin(£ cos(C (>С) 
63.4225 a b sinA  sinB sinA — sinB _ 2sin( 4 2 Jeos( 4 = в) 
с C Е sinC sinC sinC 2sin( © }сов( ©) 
_ sin( 4 = E совт = c) _ sin( 4 3 B Jsi(£) _ sin] ус А B)| 
sin( C cos(C) sin( C )сов[ С) cos{ 7С) 
64.a = bsinA _ bsin[180° - (B + C)] bsin(B + С) _ b(sinBcosC + cosBsinC) 
` sinB sinB sinB sinB 
= bcosC + bsinC og B = bcosC + ccosB 
sin В 
gob sin[4(A — B)] 
——— 1 
65.4 E = 2р = 6 = tan| >A в) ап(2С) = tan| (A - B). - (4 E E) 
c ^o sin(1C) - 
| bone mp mien] 
= tan| (A = B) : cot| ZCA + B) == |а + в) 


66. Since ZPOR and ZPP’R are inscribed angles intersecting the same arc, they are congruent. Therefore, 


sinB = sin(ZPQR) = sin(ZPP/R) = 2, SinB _ 1 _ sinA _ sinC 
2r b 2r а с 


(from the Law of Sines). 


Section 7.3 


61.4° = r? +r? – 2. ғ: ғ: соѕ0 d = 2,1 = fest = 2rsin| 


d<s=r0 so 2rsin( 4) < r0, or 2sin( £) < 0. Since sind = 2sin| 


| 


Jeos($) and cos( $) < 1, then sinf < 2sin( 2) < 0. 


NID NIS 


Therefore,sinü < 0 for0 < 0 < m. 


Challenge Problem Solutions: Chapter 8 


„ЕЕ 
62. сов © |» fl+cosC _ 2ab _ (a+b? -ce? 
2 2 2 y 4ab 
| | KacTrb-c-cy(actb-c) | as(2s e e), GO 
4ab 4ab ab 


үа +Ь—с? 
63. sin _ Re —cosC _ 2ab | [c? — (a — by? 
2 2 2 4ab 


= [c= due +a—b) = 222000520) _ fis — ads — b) 


4ab 4ab ab 
64,€09A , cosB , cosC — b? ъс? — a^ , a? * c? — b? , a? * b? — c? _ a? b? +e? 
a b ^ c 2bca 2acb 2abc 2abc 


Section 7.4 


58. C is on the unit circle so the distance from C to the origin is 1. Therefore, 


_ 2+ Ne L2 + V3) 


К = i ABI | ACisinü = 1 -1-1 sin105° = sin45*cos60* + cos45?sin 60°) 


8 8 
_ А. В 
csin—sin=— 
59. Using the formula from Problem 57 with AOPQ gives r = и? 
А B 1 с C C csin sin В 
ZPOQ = 180° | + | 180° — 2(180° — С) = 90° + € and sin( 90° + | = cos©. $o,r = 2 2. 
2 2 2 2 2 2 Hose 
2 
csin sin Ё 
оС 2 2 ef Ь)(5 ar a)s — c) 
60. cot — = 2 E bc пе 
C 


sin& — [s-aXs-b) y, Kis аж — b) 
2 ab ab 

E AL bys 21g ays о | ab с [ес _ s-c 
r bc ac (s—aXs-b) r c? r 


6L. cot + cot + сос = $ а |$ bs c. 3s—(a+tb+c) 3s-2s s 
2 2 2 r r r r r r 


62. К = area APOQ + area APOR + area AQOR Ire H jn + уга = уга +b+c)=rs 


Vs(s = а)(з = Ь)(5— с) _ [($— а)(з— Ь)(з— с) 


Now, К = Vs(s — a)(s — b)(s — с), sors = Vs(s — a)(s — b)(s — c).So,r = 


5 5 

Section 7.5 
64. (а) y = y, + y, = 3cos(w,t) + 3cos(w,t) = 3[cos(w,t) + cos(ust)] 

= 3. 2cos| Bc 22 r)eos[ ** - =) E бсо; ш 221 |cos[ шы: | 

2 2 2 2 
y, = Oift = т ort = T Since m уз first equals 0 at t = — EL _ seconds. 
Wy + Wy wW — Wy wtw Wy ~ Ww, 7” Wy + Wy 
| 2r 2m 2r _ 2m T. T = 1 £ 190°. 
(b) w Т, 19° “2 Т, 20 ^ 19 t= 9 "E 20 4 19 39 ^ 4.87 seconds 
19 10 190 


(c) No, the waves are not in tune since there is an interference pattern present. See Additional Instructor Answers for graph. 


CHAPTER 8 


Section 8.1 


89. (a) At 10:15 AM, (80, 25°). At 10:25 am, (110, —5°). 
(b) At 10:15 AM, x = 80с0525° z 72.50; у = 80sin25° ~ 33.81, so (72.50, 33.81). 
At 10:25 AM, x = 110 cos(—5?) ~ 109.58; y = 110 sin(—5?) ~ —9.59, so (109.58, —9.59). 


distance _ (109.58 — 72.50)? + (—9.59 — 33.81)? mi 
time lg 
6 
90. See the figure. 0, = 180? — 24? = 156°, so radar station A is located at (150, 156?) on the second system. 


Using the Law of Cosines,r, = 4/1002 + 150? — 2 - 100 - 150 cos56° = 125.4. 
Use the Law of Sines to find the measure of angle B in triangle ABC: 
sinB _ sin56° 100 sin 56° 


=> sinB = В = sin [29 sin56 


(c) rate — z 342.5 mph 


= я 41.4? 
100 125.4 125.4 125.4 | 


Then 0, = 0, — B ғ 156? — 41.4? = 114.6°, so radar station С is located at (125.4, 114.6°) on the second system. 


CP17 


CP18 Challenge Problem Solutions: Chapter 8 


Section 8.2 


90.r = acos0 + bsinü > г? = а · rcos + b.rsinü > x? + y? = ax + by > x? – ах + у? – Бу = 0 


2 2 2 2 2 2 /a? zy 
x d ax + “|+ [v by] RE Tep 3 [P 
24 p2 
So, the equation is a circle with center at | A 2) in rectangular coordinates and radius BE PME 
2 2 2.-- 2 2. y2 
91.r? = cos(20) => r? = cos?0 — sin?0 = r? (=| (2) = г? Lex + у? = о => (х2 + yY = x? — y2 


92. The area of triangle ABC is K = jab sinC. Let A = (r,, 02), B = (rj, 0), and C = (0, 0). 


Thena = nr, b = r;, and the measure of angle С = 6, — 0j. So К = Inn sin(@, — 0,). 


Section 8.3 
75.е*+! = 7 => e*. ey = 7 => e*(cosy + isiny) = 7 => e*cosy + ie*siny = 7 = e*cosy = 7 апіехѕіпу = 0. 
By the Zero-Product Property,e* = 0 orsiny = 0.e* = 0 => Ø; siny = 0 => у = km, k an integer. 
If y = kz, then we have e* cos(kz) = 7. If k is even, then cos(k7) = 1, апа we havee* -1 = 7 > x = In7. 
If k is odd, then соѕ(Ат) = —1, апа we have e* -(—1) = 7 => ех = —7, which is impossible. 
So,x + yi = In7 + ікт, К an even integer, or equivalently, x + yi = 1n 7 + i(2k7), К an integer. 


76.e%+)' = бї => e* . eX = 6i = e*(cosy + i siny) = 6i => e*cosy + ie*siny = 6i > e*cosy = Oande*siny = 6 
By the Zero-Product Property,e* = 0 orcosy = 0. е" = 0 is impossible; cosy = 0 > y = (2k + Dk an integer. 


If y = (2k + 07. then we have e* sin|2k + 02 = 6.Ifk is even, then sin| (2k + 2 = Lande*.1— 6 — х = In6. 


If k is odd, then sin| (2k + 2) = —lLande*.(—1) = 6 = е* = —6, which is impossible. 


So,x + yi = In6 + i(2k + D$. k an even integer, or equivalently х + yi = In 6 + i(4k + Dk an integer. 


Section 8.4 


102. Let x = Bill's force. We have Fg; = хі, Fryrone = 240 cos30°% + 240 sin30^j ~ 207.8461i + 120j, and 
Fonuck = 110 cos(—25°)i + 110 sin(—25?)j ғ 99.6939i — 46.4880]. 


Then F = Fpi + Erone + Ес © (x + 307.5400)і + 73.5120]. 


yrone 


ПЕ = v(x + 307.5400)? + 73.51202 > 500 = (x + 307.5400)? + 73.51202 > 5002 = x > 187.03 Ib 


103. Let 0 = direction angle of the boulder from due east. 
We have Ез = 200i, Fryrone = 240 cos30°% + 240 sin30^j ~ 207.8461i + 120j, and 
Fonuck = 110 cos(—25°)i + 110 sin(—25°)j ~ 99.6939i — 46.4880]. 


А > _,{ 73.5120 o 
Then F = Fg, + Fryrone + Ёсе © (507.5400)i + 73.5120}. 50,0 = tan (B) ~ 8.24? north of east. 
Section 8.5 
49. (а) Ifu = ai + b,j and v = a,i + b,j, then since [|ul| = |||, a} + b? = lul? = цу? = aj + bj,and 


(u + v)- Cu — v) = (a, + a5)(a, — a5) + (b, + b3)(b, — by) = (aj + bz) — (az + 03) = 0 
(b) The legs of the angle can be made to correspond to vectors п + v andu — v. 
1? 


50. и + vl? — lu — vl? = (u + v):(u- v) —(u—v)-(u—v) = (u-ut+u-v+v-ud+yv-v)—(u-u—u-v—v-ud¢yv-y) 


= 2(u-v)+ 2(v-u) = 4u. v) 


Section 8.7 


63. Let v = vi + v j + v,kandw = wj + w,j + wk. 
Then 2v x Зу = 6(v x w) = 6[(у,и; — vaw5)i — (vqw4 — v3w4)j + (уи: — vawı)k]. 


У: (2v х Зуу) = 6[(v;w4 — vaw5)v -i — (vqwa4 — vawi)v С j + (уи — v5w,)v - К] 
= 6[ (v W3 — v4w4)v4 — (vqw4 — Узи) + (viw, — v9w,)v4] = 0 
Since v · (2v x Зу) = 0, vis orthogonal to 2v x Зу. 
Similarly, w · (2v x Зу) = 0, so wis also orthogonal to 2v x 3w. 
64. Since a is orthogonal to both w and u, it is parallel to w x u, so it is a scalar multiple of that vector, 
saya = k,(w x и). Similarly b = k„(u x v) ande = k,(v x w). Then 


a-v=k,(wxu)-v = 1sothatk, = Ll. andüefehwes Ee. 
У: (ухи) У: (Wx wu) 

_ _ u 1 = uxv 
b-w=k,(u x v)-w = 1sothatk, = —————— and therefore b = — ———— 
w-(uxv) w-(uxv) 

c-u—k,(vxw)-:u- Isothatk, = —— l and therefore e =Y 
u-(v xw) u. (v xw) 
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CHAPTER 9 
Section 9.2 
82. (a) If E = 0, then (b) If E = 0, then Ax? + Dx + F-09 x = D ux EAE, 


Ах? + Dx = -Ey — F If D? — 4AF = 0, thenx = AA is a single vertical line. 


A(x? | D. 22) = Еу в + Р? IDT IAT 
2 — + m 
Ar c 4A (EE = 0, then Ax? + Dx + F = 0 > x = P E — зе 
ж = al A JAAT 
x+ Ey = Е 4 
ur EM 2 _ 
е ук If D? — 4AF > 0,thenx = PYP? — 4AF and 
(х + р. AI BAT] 2A 
2A AV AAE -D + УБ? — 4AF о, 
x= are two vertical lines. 
This is th ion of a parabola with DAAR i wea 
is is the equation of a parabola with vertex а, —————— | Nc 7E 
2A' 4AE (a) If E = 0, then Ax? + Dx + F = 0 > x = P EYDI 4АЕ 
and whose axis of symmetry is parallel to the y-axis. 2A 
If D? — 4AF < 0, then there is no real solution. The graph contains 
no points. 
PES + с are, 
83, (a) IF D = 0, then (b) If D = 0,thenCy? + Ey + F = 0 > y = СЕ M m 
Су? + Ey = -Dx — F If E? — АСЕ = 0, theny = Ea a single horizontal line. 
c(y? | E, E | Dx Е + Е? = 
T = TF ДЕЕ 
С 4c? 4С (Р = 0, then Cy? + Ey + F = у= Se 
(y+ ze) = 26-е ie) BAKE oy 
Е Ta 
2C с 4C If E? — АСЕ > 0, ћепу = E b АСЕ апа 
| Е | р Е? – a 2C 
rEg C 4CD —E + УЕ? — АСЕ ; А 
= аге two horizontal lines. 
This is the equation of a parabola with vertex at I =: А us 
, EN E 2 o 
isi 2C/ (аур = 0, then Cy? + Ey + F = 0 > y = E EYE? —4CF 
and whose axis of symmetry is parallel to the x-axis. 2C 


If E? — АСЕ < 0, then there is no real solution. The graph 
contains no points. 


84. y? – 2y - 8x +1 = 0 
у? — 2y +1 = 8х 
(у = 1)? = 8x 


The equation is in the form (у — k)? = 4a(x — А) where 4a = 8.Soa = 2, h = 0,andk = 1.The vertex is(0, 1) and the focus is (2, 1). 
Letting х = 2 gives (y – 1? = 8-2 > y —1— +4 > y = Sory = -3. 
The latus rectum endpoints are (2, 5) and (2, —3). The distance between the vertex and one of the endpoints is 


dedu — ху)? + (у, — у)? = М2 — 0)° + (5 — 1)? = 220 = 2v5 


Section 9.3 
89. The ellipse x? + 5y? = 20 can be written as + У. = 1, so the vertices are 

at (—2V5, 0) and (2V5, 0). The endpoints of the minor axis are d(M, V) = d(M, B) 

at (0, —2) and (0, 2). V = (—2V5, 0), В = (0, 2), and М = (—5, у). N 245 —( 5) E-(0— у)? = Jo (-3)) 4(2 — y? 

20 — 2045 + 25 + у? = 25 + 4 — 4y + y? 
16 — 20/5 = —4y 
55 – 4 = у 

90. The center of the ellipse is (4, 0), the midpoint of the vertices. So h = 4, k = 0, апаа = 2. One focus іѕаї4 + c = 4 + 43, soc = V3.Then 


2 
+ y? = 1. The points of intersection satisfy. 


b? = a? — c? = 4—3 = 1 => b = 1.Theequation of the ellipse iE 


(x — 4» 
4 


у? = (х- 2) + у? 


(x — 4)? = 4(x – 2)? 
х2 — 8x + 16 = 4x? — 16x + 16 


3x? — 8х = 0 

x(3x — 8) 0 = x Оогх - 
Substitute each x into either equation to solve for у. 
x = 0: (0 — 2) + у? = 1 = y? = —3 (no real solution) 
ETE 
The points of intersection are (s. E | апа (s. E | 
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91. Ax? + Су + Е = 0 
Ах? | Cy? 21 
—F -Е 
х? у? 


(-F/A) * (—F/C) - 


where A = 0, С = 0, F = 0,and—F/A and —F/C are positive. 


(a) If A = C, then 


center at (0, 0). 


: So, this is the equation of an ellipse with 


(b) If A = С, the equation becomes Ax? + Ay? = -F > x? + у? = = 


This is the equation of a circle with center at (0, 0) and radius , | -5- 


92. Ax? + C? + Dx + Ey+ Е=0,А = 0, С = 0 (a) If U is of the same sign as A (and C), then 
D E DX EX 
A x? | | ? 4 | F | | 
(n + Gx) + ei + Gy (x+ 54) | (+36) a 
Dy EV _ р? E E B 
a(z + PY +с(у- „E_p 
Б u ^ e 
T : : А р Е 
D gp This is the equation of an ellipse whose center is (-- =). 
wher +С >0.Let e ae E 2A 2С 
А : à D E 
IU = 0, the graph is the single point (^. —75.. 
(b) IfU e graph is the single point |—~ 7 2C 
(c) If U is of the opposite sign as A (and C), the graph contains no points 
since the left side always has the opposite sign of the right side. 
Section 9.4 
89. Ах? + Су +Е = 0 A-C<0,F = 0 
Ax? | Cy? _ 1 
-F -F 
2 2 
x SERES. = 
(-F/A) (-Е/С) 


Since —F/ A and —F /C have opposite signs, this is a hyperbola with center at (0, 0). The transverse axis is the x-axis if —7/ A > 0 and the y-axis 
if-F/A < 0. 


| DY EY 
+74) +С U nal 
90. Ax? + C? + Dx + Ey+F=0,A-C <0. (a) IfU = 0, then U + 0 = 1 with А апа С having opposite signs. 
A(x? + 2x) + C(y? + Ëy) = -F A С 
A(x D | | сіу | Е | р? | E р This is the equation of a hyperbola whose center is(—, -) 
2A 2C 4A 4C DX Е \? Е А D 
b) IfU = 0, then A = C| y d 0 | + | 
fig DP EE . b) еп Ах 4) +c + зе) yt = #®-С\* + 34) 
мы which is the graph of two intersecting lines, containing the poin(——., -£), 
2A 2С 
> А 
th sl 26 EI 
with slopes C 
Section 9.5 
59.d? = (y, = y) + (x, = x,)? = (x',sinü + y/,cos0 — x',sinü — у'соѕ0)? + (x'5cos0 — y',sinü — x/,cosÓ + у! sing)? 
= ((x', — x',)sinó + (y; — y’,)cos0)” + ((x'5 = x',)cos0 — (y^; — y’,)sin)” 
= (x'j — x',)? sin?0 + 2(x', — x'j(y'; — y’,)sin@ cos + (y’, — yj)! cos? 
+ (075 = x)! cos?0 — 2(x', — x' (oy! — ylj)sin0 cos0 + (у — уу) sin?0 
= (x', — x4)! (sin20 + cos20) + (y’, — y)! (cos20 + sin20) = (х, — x, + (у = у)? 
60. x12 + yl = а12 = yU2 = д1? — х1? > у = (ql2 x12)! = y = а — 2а1°у1? + x = 2а!?°х1!? = (а + x)— у 


=> 4ax = Ка + x) — ур = 4ax = a? + 2ax + x? — 2ay — 2xy + y? = 0 = x? — 2xy + y? — 2ax — 2ау + a? 
B? — ДАС = (-2)* — 4-1-1 = 0; the graph of the equation is part of a parabola. 


Section 9.6 
0.8 


1+ sinZ 
DEL 


= — = 0.4, so the vertex (peak) is 0.4 inches above the focus. 


48. Letting 0 = 5 givesr = 
Since the focus is at the pole (0, 0), the vertex is (0, а) = (0, 0.4). The parabola is concave down so (х — hy = —4a(y – К). 

Ѕо, х? = —1.6(y — 0.4). The water hits the ground when х = 4, 504? = —1.6(y – 0.4) > —10 = y — 0.4 > –9.6 = y 
The water hits the ground 9.6 inches below the focus. That is, the base of the tank is 9.6 inches below the focus. 
The puncture is at the vertex, so the puncture is 9.6 + 0.4 = 10 inches above the base of the tank. 

250 

: т 
T= sin(-7) 


49. Letting 0 = 125 so the vertex is 125 meters below the focus. 


T givesr = 
2 


Since the focus is at the pole (0, 0), the vertex is (0, —а) = (0, —125). The parabola is concave up, so we have (x — hy) = 4а(у— К). 
So, x? = 500( y + 125). The right end of the board is located at x = 2.5, so (2.5) = 500(y + 125) = 0.0125 = y + 125 = у = —124.9875 
The vertex is at (0, —125) and the right end of the board is at (0, —124.9875), so the displacement at the center is 0.0125 meters. 
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50.M = Ф sop = MN = ©). m =? вор = mir) 
1 e 1+е е 
MID LUE м Ме = т + те > М ir cont qnt sce t т 
е е M+m 
м(1 _М- т) 
p= M+m! = М\М+т-М-+ т) M(2m) _ 2mM 
M-m M-m M-m M-m 
M+m 
jm E CM. Е H CM. Using r = ——©Р___ and the fact thate = 1 if the graph is a parabola,r = ——?— 
t h уд гуд 1 + ecosé 1 + соѕ0 
ог 1 = Ога " = E Comparing to the given trajectory equation, it must be that L і E ; and = EM ;.Equating the 
r р P р To Tj Và р Tj Và 
two expressions gives i 2M 2 = и =. So ре 2GM, and v = 26M ising the positive solution, the escape velocity is vọ = SOME 
To уб TOV To Tj Và To To 
Section 9.7 
63. The line connecting ( —A, 0) and (x, y) has slope т = y-9 у soy = m(x + К). 


x — (—R) x+R 
The line intersects the circle, so substitute this expression for y in the equation for the circle x? + у? = А2: 
x? +[m(x + R)? = К? > x? + m?(x + Ry = R? => x? + m?(x? + 2xR + R2) = R? => x? + т?х? + 2т?Ёх + m?R? = R? 
=> (1+ m?)x? + 2m?Rx + R?(m? —1) = 0 
Using the quadratic formula gives 


_ —2m?R + V(2m2RY = 4(1 + m?)R? (m2 — 1) _ —2m?R + JAm*R? — 4R2(m* — 1) 
2(1 + m?) 2(1 + m?) 
_ —2m?R + УАК? _ —2m?R € 2R  —m?R + К 
2(1 + m?) 2(1 + m?) 1+ т? 
?R— R Rm? + 1) —m?R + R R(1 — m?) 
S _ m T = р E — 3 
а 1+ т? 1+ m? эг 1+ m? 1+ m? 
m 
The first value is for the fixed point, so the second value is for the other point. x(m) = ка, Using this for хіп y = m(x + К) gives 
m 
R — Rm? | ЕЕЗ | 2R | 2mR 
=, R — жє ые 
Е 1+ т? » n 1+ m? EET 1+ т? 
zo 
Thus, x(m) = КО – т ) убт) = 208 ‚ =оо < m < oc. 
1+ т? 1+ m? 


64. The slope of the line containing (1, 1) апа (х, у)іѕ т = y= pom 1) = у-1огу = mx — m + 1. 
х = 


Substitute this expression for yin y = х2, so mx 
Using the quadratic formula gives 


T (—m) + vc т)? 4.1-(т—1) _ m+vVm? —4m+4 m+Ëvx4(m-2?} _ т+(т-2) 


mtis => х2 – mx + (m 1) = 0. 


201) 2 Е 2 2 
Sox = "+21 Or х= BEM? _ mim 1. 


The first value is from the fixed point, so the second value is from the other point. Thus, x( m) = m — 1. 


Substituting this expression for x in у = x? gives y = (m — 1)?.Thus,x(m) = m — 1, ут) = (m — 1), —оо < m < о. 
CHAPTER 10 
Section 10.1 


ax+by=a+b  (1)Multiply by b. | abx + b?y = ab + b? 
`| abx — b?y = b? — ab (2) abx — Ь?у = b? — ab Add. 


2abx =2b>>x= b 
a 
: b. : ‚„ Ь а ba 
Substitute x = — in equation (1):a -  -- by = a + b = b + by = a + b > by =a > y .50, : |. 
а а Ь a b 
ах + Бу + с =a+b+c (1) Multiply by —c. acx — bey — c?z = —ac — be — c? 
87.) a?x + b2y + c?z = ac + ар + be (2) а?х + b?y + c?z = ac + ab + bc Add 
abx + bcy = be + ac (3) а(а — c)x + b(b — с)у = ab — с? (2) 
a(a—c)x + b(b – с)у = ар — c? (2) Multiply by b. ab(a — c)x + b2(b — с)у = ab? — bc? 
abx + bey  —bc- ac (3) Multiply by —(a — c). ab(a — c)x — bc(a — c)y = —abe — a?c + bc? + ас2 Add. 


b(b? — bc — ac + c?)y = a(b? — bc — ac 4 су»у= 


(continued) 
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Substitute y = zin equation (3): abx + bc - E = be + ас = abx + ac = bc + ас = abx = bc х = €. 
а 
Substitute x = £ y= Z in equation (1):a - Ê + b - + cz = а+Ь+с=с-+а+с=а+Ь+ с=с = Ь =» 2 = 2 [6,4 5 
а b a b с abe 
Section 10.3 
аз ар ау 
66. а а) an | = аз (ауаз — ауаз) — di5 (453031 — 4353051) + а (423435 — аза) 
азз 1% аз 
ар ар 413 
= —[d11(455433 — 435453) — (ааз — 431055) + аз (ауаз — d31455)] = —|а а) аз 
аз 035 033 
ау ау а, 
67. kay, kay kay, | = —Ка›у(аууазз — 459413) + Ка (411433 — 451043) — Каз (апаз — 431412) 
ау 2 аз 
а а, а, 
= k[ ay, (412433 — 432413) + аз) (441433 — 431413) — d53(d11035 — азар) = k| dy, а» ayy 
азр 32 033 
ау а ay 
68. а an ау = а (аа — аа) — di5 (45183, — 4491) + d (42143) — аза») 
аз 43 аз 
= dud, — йаза; — ар ` Ü + ааа) — йаза» = 0 
ар + Казр ар + kan аз + kag, 
69. ay, an а = (ау + Kay, )( 42433 — 432433) — (ар + Кау,)(а›уазз — 431493) + (ау; + kaz; (451435 — ауаз) 
аз аз 433 
= 411453433 — 411432423 + Kaz say = Казва зу — 4415051053 + 015031055 
— Razed + Riso + 41303105) — 4303,05, + Rtl = Rzy 
= 41132433 — 411432423 — 445051033 + 412431423 + 443471432 — 413431422 
а а а, 
= Ay, (2433 — йу;4›,) — di; (491433 — 431053) + dia (45,45 — 431422) = | ај а) а» 
аз а аз 
Section 10.4 
а-Б=а+с (1) b+c=0 (1) 
а- Б a+b a+c b+d +b=b+d 2 -а= 0 (2 
98. ДВ = ВА = = So, | © ae (2) баа = dandb = с. 
c=-d cd -а+с -béd с- а= -а+с (3) а—а4 = 0 (3) 
c+d=-b+d (4) b+c=0 (4) 
2 4 b? 2ab a b 0 0 а +а +2 2аЬ+Ь 0 0 2 ar 
9.4:A-202|^ * a | 2 о, [42 tate =0 0) 
2аЬ a? + b? b a 0 0 2ab + b a? + a + b? 0 0 2ab -b = 0 (2) 
Solve equation (2):2ab + b = 0 = (2a + Db = 0 = а [ or b=0 
: T : 1 1 1 1 
Substitute a = —= int t Tj: = +22 = 0 b? = = Б = + 
ubstitute a z into equation (1):2 2* = 1^ 2 
Substitute b = 0 into equation (1):a? + a = 0 = а(а +1) = 0 = а = бога 1 
So, a I4 ls l à r3 0,b = 0; а 1,.b = 0. 
2 2 2 2 
Section 10.5 
3e* 3u 3u A B 
59. Letu — e*. Then = => = = Зи = А(и – 1 В(и + 2). 
‘ e? + ex —2 и? +и- 2 (и + 2)(и — 1) и+2 ug ( ЕЕ #) 


Ifu = 1,then B = 1;ifu = —2,then A = 2. 


3u 


2 


1 


u 


3e* 


T Back substitute e* = u to get 


е?х + ех — 2 


Challenge Problem Solutions: Chapter10 CP23 


2 2 2 A B C 
= == 2= А(и-1 1)+ B 1) + + 1). 
x — Ax uc ” uulu- Шш ойы си ч Wed К у= Gutu ) 


Ши = 0,then A = —2;ifu = 1,thenC = L;ifu = —1, then B = 1. 


60. Letu = Vx. Then 


2 —2 1 1 А 3 2 —2 1 1 
| | . Back substitute Vx = u to get = í 
595 m o PET ack substitute Vx 0690 аа ат uc Ed uc 
Section 10.6 
x? y? а? b2 
bs we b2 alb? (1) Multiply by a? b?. Ь?х? + а?у? = а? b (1) 
ху” =£ —- (2) Multiply by ab. bx + ay=a+b (2) 


Square both sides of equation (2), and subtract equation (1) from the result: 
b?x? + 2abxy + а?у? = a? + 2ab + b? 


b?x? + а?у? =a? + b? Subtract. 


2abxy = Ib > xy isa y=} 
x 


Substitute y = 1 into equation (2): bx +a. Lm a + b = bx? +a = (а + b)x = bx? -(a+b)x+a=0 
х х 


(а+ Б) + (а + 6) –- 4.Б-:а a E b + Va? — 2ab + b? _atb+tvV(a—by _а+Ь+|а—Ь| 
2Ь 2Ь 2Ь 2Ь 

а+Ь+(а-Ь)_2а_а —8tb-(a-b) 2b _ 1 

2b 2b b 2b 2b : 

a+b+(b—a) 2b a+b—-(b—a) _ 2а а 


Use the quadratic formula: х = 


Ifa > b,then|a — Б | = a — b and x 


Ifa < Б, ћеп |а — b| = b—aandx 2b apo Per 2b зет 
Ifx = 1, ћепу = 1 = 1.5 = 5 then y = 1 = b go, we have (1, 1), (5. 2), Because we squared equation (2) at the start, we need to check. 
$ ad a 
Л? 1* - 1 1 bea" at+b?, 1,1 b a a+b 
Check (1, 1:77 + Do ai + Do ai gii р 5 2 + b ab ab ab , SO (1, 1) checks. 
Ш 0 Ж. A 
a Б\ Ww, Ma Pw 1,1 a? +b? > a 1,1 a+b a b 
Cee cae tae ete oe eo tam i. y. a е 


99 | 214+ 2w=P (1) Perimeter 
м = A (2) Area 


Solve equation (1) for /:/ = 2 — w. Substitute into equation (2): (4 w)w = А = 2w? — Pw + 2A = 0. 


Pt+vP?—4-2:2A P t WP? – 164 


Use the quadratic formula: w = 


2.2 4 
ғ» P + NP? – 16А then! Р Р+УР? – 16А P — УР? – 16А 
Е 4 ; 2 4 B 4 ` 
Hw = E- YP? 16А then / P Р—УР?—16А Р+ УР? – 16А 
4 : 2 4 4 : 
— JP? — JP? _ 
Assuming / > w, the solution is = E И 16A andl = B 2- IA 


Note: To show that the solutions are real, we can verify P? — 16A > 0 as follows: 
P? — 16A = (21 + 2w)? — 16lw = 42 + 8lw + 4w? — 16lw = 4D? — 8lw + 4w? = 4(1—w)? > 0 


100. 2l --b — P (1) Perimeter A+b= P (1) 


2 =, 
| I h2? + (2) = 12 (2) Pythagorean Theorem 4h? + b? = 42 (2) 


Solve equation (1) for b:b = P — 21. Substitute into equation (2):4h? + (P — 21? = 42 


b 


ah? + P? 
4P 


Solve for 4h? + P? — 4РІ + A? = 42 => 4h? + Р? – 4РІ = 0 > 4Pl = 4h? + P? > 1 = 


4h? + P? _ 2P? AB. P? _ P?-4h? 
4P 2P 2P 2P ` 


Thenb = P=2 


Section 10.7 


62.|х| + [yl < 4 = |у| < -ixl + 4 = y 2 |x| — Aand y < -|x| +4 
Graph y = |x| — 4 and shade above; graph y = —|x| + 4 and shade below. 
Iyl < |x? - 3| > y > -|x? — 3| and y < |x? — 3| lx] +y 245 
Graph y = —|x? — 3| and shade above; graph y = | x? — 3| and shade below. | 
The intersection is the solution to the system as shown in the figure. 
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Section 10.8 - 
Corner Point z = 10x + 4y 
32. The figure shows the graph of the constraints with the 
corner points labeled. The table shows the value of the (0, 0) ыш TI eod den 
objective function at each corner point. The maximum is (0, 9) Z=10-0+4-9 = 36 
124 when x = 8 and y = 11. (1, 13) 2 = 10-1+ 4-13 = 62 
(3, 14) z=10-3+4-14 = 86 
(7, 12) z=10-7+4-12 = 118 
(8, 11) z=10-8+4-11= 124 
(9, 7) z =10.9+4.7 = 118 
(8, 2) z—10.84 4.2 = 88 
(4, 0) z=10-4+4-0= 40 
CHAPTER 11 
Section 11.1 
100.u,,, =u, -(n-1) 1-2 3-4 (n = 1) 9 n + (n + 1); Reverse the order and add: 
Ui = 1 F 2 + 3 e (n—1) n + (n+1) 
Uns = (n+1) T n (n 1) 2s 3 4 2 д. 1 
2(и„) = (M+2) + (n-2) (n + 2) + + (N+ 2) + (NF 2) (n + 2) 
200,41) = (n+ Din -2)s0u,,, = — 
2 
101. u, = ptr Dor 2) апаи, as D sou, +u, = (п + in +2) jg for D сш: n?+2n+1=(n+1)’. 
2 2 2 2 2 
: а, а, äni а, 
102. Let r = the common ratio so ee r.Then— = randa, = ғ: a. 
а) аз а, 2 
а" AP M E _ ш! 
а)" аз" аз" п factors 9 ГА ГА алт алъ 
Section 11.2 


71.4, = 2 -(n— 1) :7 = 7n – 5 аір, = 5 + (п – 1) :6 = 6n — 1. Solving 7n — 5 = 6n — 1 ріуеѕ п = 4, so the fourth term in each sequence 
is the same. Subsequent pairs occur every 6 terms for (a, }, the sequence with d = 7, and every 7 terms for (5, }, the sequence with d = 6. Thus, 


the number of pairs is limited by (5, } and the restriction of 100 terms. After the fourth term, there are int | %) = 13 terms that appear in both 


sequences for a total of 14 terms in common. 


72.5, = Ma, +a,)anda,, = a, + (2n — 1)d = a, + nd,soS,, = a, + а,,) = a, +a, + пі) = 2- F(a +а,) + па = 28, + n?d 
+ 72 2 
Son — M Wd 4 = = C (a constant). 


n n n 


Rearranging gives n?d = (C — 2)S, = (C 2)5(24, + (n —1)d), from which 2nd = (C — 2)(nd + 2a, — d). Because this equation is an 


identityinn,2 = (C22) > С = 4and2a,-d=0 > а = foa, = a + (n - Dd = Ê + (n Dd = (291) а, 


Section 11.3 
103. у= x.rz-—x.r 
xX+yt+z7=x4¢x-rtx-r? = 103 > x(1+r4+r?) = 103 
x? + y? + z? = x? + x27? + x?rt = 6901 = x?(1 +r? 4+ r^) = 6901 
(x(1 +r + r2)? = (103)? = x2(1 4+ 2r + 3r2 + 273 + Р) = 10,609 = x?(0 4 r? +) + x2(2r + 2r2 + 273) = 10,609 = 
x2(1 4 r? +74) + 2xr-x(1+7r+4+r?) = 10,609 
6901 + 2xr - 103 = 10,609 206xr 3708 xr = 18 y 
104. (a) The total area is the sum of the areas from each iteration: A = A, + A, + A, +--- 


A, = 2 [1 triangle]; A, = IE . 2) -3=2-.- x) [3 triangles]; Now each additional iteration adds four times as many triangles as the previous 


2 3 
iteration, each of which has an area 5 the area of a triangle in the previous iteration. So, A; = 2. 12( 5) [12 triangles], A, = 2 - 48( 5) 


2 3 
[48 triangles], and so on. The total area of the Koch snowflake, іп m?, is given by A = 2 + 2- 3(3) +2: 122) H2: 481) Eee 


9 9 9 
- : А А 1,3.,3/4|, 3/4)? зуду? 
(b) Splitting up the first term and regrouping factors, the series can be rewritten as А 2 + 2 + jl 9) + jl 9) + jl S) Б... . The terms 
3 
after - form an infinite geometric series with first term a, = i and common ratio r — H which sums to § = ^ 2 т = 27, Therefore, the 
—% 
total areais A = 1. + 27 32 3.2 m?. 


2 10 10 


Challenge Problem Solutions: Сһарїег12 CP25 


Section 11.4 
1 
ай (улл: | e 4. = шә [Condition I holds] 
2 -3 241 $41 2 
k 
QD If 5 -8| _|4k+1 -8k Жей 
2 -3 2k 1-4k 
5s da la al |5 в е. ese [5 -8 
2 -3 2 -3 2 -3] | 2k 1 — 4k —3 
o | 5(4k +1) 4+ 2(-8k) -8(4k +1) – 30-80) | [4k 5 —8К—8 
~ | 5(2k) + 2(1 — 4k) —8(2k) —-3(1—4k)| | 26 +2 -4k-3 
[4k +441  -8k-8 | [4k +141 -8k +1) 
T SESS 1-4k—4| | 2(ke-1) 1-4(k +1) 
[Condition II holds] 


35. (а) с; = 2(3) +1 = 7; c, = 2(7) +1 = 15 
(e, = 1 = 2! - 1; cœ = 3 = 2? — 1; c = 7 = 23 — 1; c, = 15 = 24 — 1, ѕос, = 2" – 1 
(c) (I) 1 = 1: one fold results in 1 crease and c} = 2! — 1 = 1. [Condition I holds] 
(D Ifc, = 2^ — Lthenc,,, = 2c, +1 = 22 — 1) +1 = 2**! — 2 + 1 = 2**! — 1 [Condition II holds] 
(d) Each fold doubles the thickness so the stack thickness will be 2% - 0.02 mm = 671,088.64 mm (or about 671 meters). 


| |же 


п | Я 1"—п > (—1)" 
n 


Section 11.5 


"o п {А | an 410 N | 4a-1,11 П | 4a-2.12 m N | qn-n.qn — | P 
47. 2 NM wafe) ЧЕ 124 ("а 1 | 


48.0 = 0" = (1-1 zd 1^ (7D? + ЗЕЕ «(2 de? (73) eee 


ай ' кеен 
#2) (8) GG COGI «GO GG = (23) = = 


50. (a) The number of hexagons that can be formed using 8 points is the third entry in the row for n = 8 of the Pascal Triangle, 28. 

(b) The number of triangles that can be formed using 10 points is the fourth entry in the row for n — 10 of the Pascal Triangle, 120. 

(c) The number of dodecagons that can be formed using 20 points is the ninth entry in the row for n — 20 of the Pascal Triangle, 125970. 
5L f(x) = (1— x2) + (1— x2)? +... (1 — x2)? 


(rx) ]. _(1—?у)у—-(1—х?)! 
T eu x? ` 


Since the denominator is x?, the coefficient of x^ in f (x) will be the coefficient of x^ in the numerator, which is the coefficient of x in the 


This is a geometric series witha, = 1 — x?, r = 1 — x?, and n = 10. Therefore, f(x) = 


11 


expansion of —(1 — x?) = —[1 + ( х?)]!!. In general, the terms of this expansion are given by - п k | 11-6. (—x2)* To obtain the term 


11 


= 165. 
11-3 


with x^ we need k = 3 which gives | 


| 1153 .(-х2) = | E jme coefficient | 11 |- — 


8 8131 


52. Using formula (2), the general coefficients of the expansion of [a + (b + с)? ii are given by 


| jte +c) М; . To obtain the term containing 
a?b*c?, we need j = 5, which ses à ШТ + gr = | ; joe + c)5. The terms in the expansion of (b 4- с)° аге given o| | 
To obtain the term containing b^c?, we need k = 4, which gives | у Combining these results, the term containing a?b*c? in the expansion 


28 sf 8] „5.|6 |, paez =| 8| 6 | зраз icient is| 8 || € | = 8L. 6L 
of [a + (b + с)?] в[5 | а | btc ср abc The сосать $ | $ | 3131 2102] 
CHAPTER 12 

Section 12.2 


64. For each possible number of characters for the password, 8 through 12, find the total number of arrangements of the 36 letters and digits, and then 
subtract both the number of arrangements consisting only of the 26 letters (because the password must have at least one digit) and the number 
of arrangements consisting only of the 10 digits (because the password must have at least one letter). Finally, add the results to obtain the total 
number of passwords: 


(368 — 268 — 108) + (36? — 269 — 10?) + (361? — 2610 — 1010) + (361! — 261 — 101) + (3622 — 2612 — 1012) = 4.774516364 x 108 


8-character passwords 9-character passwords 10-сһагасіег passwords 11-сһагасіег passwords 12-сһагасіег passwords 


CP26 Challenge Problem Solutions: Chapter 12 


Section 12.3 


74. The outcome “exactly two dice have the same reading” can happen 6 ways: exactly two 1’s, or exactly two 2’s, or exactly two 3’s, or exactly two 4’s, 
or exactly two 5's, or exactly two 6’s. So, we find the probability of each of these six outcomes and combine their results. Now, when three dice are 


ü s А = UM 1) 5. 1, 5 5 
tossed, “exactly two T's" can occur in C(3, 2) = 3 ways. So, P(exactly two 15) = C(3, 2)- (s) '$ 3. (s) i 7X 


Similarly, P(exactly two 2%) = 2: P(exactly two 3’s) = ЕЯ P(exactly two 4%) = 2. P(exactly two 55) = ЕА апа Р(ехасіу two 6’s) = 2 


2’ 72 72 
So, P(exactly two dice have the same reading) = 6 - 2, = 5. 


Subject Index 


Abel, Niels, 902 
Abscissa, 2 
Absolute maximum value and absolute minimum 
value, of a function, 76-77 
Absolute value, A5-A6 
defined, A5 
of z, 647 
Absolute value equations, 191-192 
Absolute value function, 88-89 
graphing, 86-87 
properties of, 87 
Absolute value inequalities, 192-193 
Accumulated value, 360 
Acute angles, 408—409 
complementary, 414—416 
trigonometric functions of, 408-409 
finding values of. See Trigonometric functions, 
of acute angles, finding values of 
Addition. See also Sum(s) 
addition principle of counting and, 910 
of functions, 56 
general addition principle of counting and, 911 
of matrices 
associative property of, 809 
commutative property of, 809, 810 
polynomials, A25 
rational expressions, A49-A50 
least common multiple method for, A50-A52 
triangular, 901 
of vectors, 680 
algebraic, 660 
associative property of, 656 
commutative property of, 656 
geometric, 656 
Addition principle of counting, 910 
Addition property of inequalities, A86 
Airfoils, 620 
Algebra 
expressing relations algebraically and, 47 
Fundamental Theorem of, 242 
linear, 807 See also Matrix/matrices 
matrix, 807—824. See also Matrix/matrices 
simplifying trigonometric expressions using, 
532-533 
solving equations using, А66-А67 
solving geometry problems using, 5 
techniques for finding limits and, 944—950 
vector addition and, 660 
Algebra essentials, А1-А13 
calculators, A10 
domain of a variable, A7 
evaluating algebraic expressions, A6-A7 
evaluating exponents, A10 
evaluating square roots, A9 
real number line, A4-A6 
real numbers, A3-A4 
sets, А1-А4 
Algebraic expressions 
evaluating, A6-A7 


оо 


writing trigonometric expressions as, 518, 545-546 


Algebraic functions, 288. See also Polynomial 
functions; Rational functions 
Algebraic vectors, 658-659 
Algorithms 
defined, 228n 
division, for polynomials, 228 
Amount of an annuity, 887 888 
Amplitude 
of an object in simple harmonic motion, 605 
of a sinusoidal function, 459—461, 481—483 
Analytic geometry, 698-732. See also Circles; Conics; 
Ellipses; Hyperbolas; Parabolas 


Analytic trigonometry, 500—572 


double-angle formulas and, 552-556 
establishing identities using, 553-556 
finding exact values using, 553 

half-angle formulas and, finding exact values 

using, 556-558 

inverse trigonometric functions and. See Inverse 

trigonometric functions 

Product-to-Sum Formulas and, 563—564 

Sum and Difference Formulas and, 539-552 
establishing identities using, 541—545 
finding exact values using, 540—541 
involving inverse trigonometric functions, 

545-546 
solving trigonometric equations linear in sine 
and cosine and, 546-548 

Sum-to-Product Formulas and, 564—565 

trigonometric equations and, 521—531 
calculator for solving, 524 
fundamental identities for solving, 525—526 
graphing utility for solving, 526 
inverse, 510-511 
involving a double angle, 523 
involving a single trigonometric function, 

521-524 
linear, 522 
linear in sine and cosine, 546—548 
quadratic in form, 524-525 
solutions of, 521 
trigonometric identities and, 531—539 


Angles, 395-408 


acute. See Acute angles 
area of a sector of a circle and, 401—402 
central, 397-398 
converting between decimal and degree, minute, 
second measures for, 397 
converting between radians and degrees and, 
399-401 
coterminal, finding exact values of trigonometric 
functions using, 434—435 
degree measure and, 395-396 
denoting, 395 
direction, of a vector, 662, 683-685 
drawing, 396 
length of an arc of a circle and, 398-399 
negative, 395 
positive, 395 
quadrantal, 396 
finding exact values of trigonometric functions 
of, 433-434 
radian measure for, 397-398 
reference, 436—438 
of an angle, finding, 436-437 
right, 396, A14 
in standard position, 395—396 
straight, 396 
transformation, 736 
trignonometric functions for. See Trigonometric 
functions 
between two vectors, 682 
dot product and, 671 


Angular speed, 402 

Annuities, 887-888 
Apollonius, 698 

Araybhata the Elder, 416 

Arc length, of a circle, 398-399 
Area 


of a circle, formula for, A16 

defined, 969 

under the graph, 965—969 

approximating, 966—969 

of a parallelogram, cross product and, 690—691 


of a rectangle, 112 
formula for, A15 
of a sector of a circle, 401—402 
of a triangle, 598-604 
formula for, A15 
SAS, 598—599 
SSS, 599-600 
Area problem, 965-966 
Argument 
of a function, 51 
of z, 647 
Arithmetic calculators, A10 
Arithmetic progressions, 874n. See also Arithmetic 
sequences 
Arithmetic sequences, 874-880 
defined, 874 
formulas for, 875-876 
identifying, 874-875 
nth term of, 876 
sum of, 877-878 
Ars Conjectandi (Bernoulli), 930 
Associative property 
of matrix addition, 809 
of matrix multiplication, 814 
of vector addition, 656 
Asymptotes 
of a hyperbola, 724-726 
of a rational function, 250-256 
horizontal, 251, 253-256 
oblique (slant), 252, 253-254, 255-256 
vertical, 251-253 
Augmented matrices 
row operations on, 784 
writing a system of linear equations from, 782—783 
Average rate of change, 22 
of a function, 78-80 
limits of, 949 
of a linear function, 130-133 
Axes 
conjugate, of a hyperbola, 720 
imaginary, 646 
major, of an ellipse, 742 
rotation of, 734—738 
analyzing equations using, 737-738 
formulas for, 735 
transformation angle and, 736 
of symmetry. See Axis of symmetry 
transverse 
of an ellipse, 742 
of a hyperbola, 720 
Axis of symmetry 
of a cone, 699 
of a parabola, 162, 700 
graphing a quadratic function using, 164—167 
identifying, 164 
Azimuth, 576n 


Back-substitution, 770 
Basic trigonometric identities, 532 
Bearing, 576 
Bernoulli, Jakob, 643, 930 
Bernoulli, Johann, 757 
Bézout, Étienne, 833-834 
Binomial(s), A24 
cubes of, A28 
squares of, A27 
Binomial coefficients, 899 
Binomial Theorem, 897—903 
Boole, George, 930 
Bound(s), on zeros of polynomial functions, 235-236 
Bounded graphs of linear inequalities, 846 
Bounding curves, 608 


11 
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Brachistochrones, 756—757 
Branches, of a hyperbola, 720 
Briggs, Henry, 348 

Biirgi, Joost, 348 


Calculators 
arithmetic, A10 
graphing. See Graphing calculators; Graphing 
utilities 
scientific, A10 
Calculus 
composite functions in, 293 
of variations, 757 
Carbon dating, 370-371 
Cardano, Girolamo, 238, 653, 930 
Cardioids, 635-636 
defined, 636 
Carrying capacity, 373 
Cartesian (rectangular) coordinates, 2-3 
vectors and, 678 
Cartesian (rectangular) coordinate system, 2 


Cartesian (rectangular) form, converting a complex 
number between polar or exponential form 


and, 647-649 
Cayley, Arthur, 819 
Ceilometers, 426 
Center 
of a circle, 37 
of a hyperbola, 720 
Central angles, 397-398 
Change-of-Base Formula, 347-348 
Chu Shih-chieh, 902 
Circles, 36-40, 699 
arc length of, 398-399 
area of, formula for, A16 
area of a sector of, 401—402 
center of, 37 
circumference of, A7 
equation of 
general form of, 39 
standard form of, 36-37 
graphing, 38, 39-40 
intercepts of, 38 
radius of, 37 
Circular functions, 444 


Circular motion, linear speed of an object traveling 


in, 402-403 

Circumference, of a circle, A7 
Closed intervals, A84 
Codomain, of a function, 48 
Coefficient(s) 

binomial, 899 

correlation, 145 

damping, 607 

leading, 242 

of a polynomial, A24 
of a polynomial function, 204 

of a monomial, A23 

of a polynomial, A24 

of polynomial functions, 204 
Coefficient matrix, 783 
Cofactors, 800-801 
Cofunctions, 415 

historical background of terms for, 416 
Coincident systems of linear equations, 769 
Column index, of a matrix, 782, 807 
Column vectors, product of a row vector and, 811 
Combinations, 917-919 

defined, 918 

of n distinct objects taken r at a time, 918-919 

of n nondistinct objects, 920 
Combinatorics, 909 
Combined inequalities, А88-А89 
Combined variation, model construction using, 

118-119 

Common logarithm function, 333 
Common ratio, 881 


Commutative property 
of dot product, 670, 682 
of matrix addition, 809, 810 
of vector addition, 656 
Complementary angles, 414—416 
Complementary Angle Theorem, 415 
Complement of a set, A2 
Complement rule, finding probabilities using, 
928-929 
Complete graphs, 12 
Completing the square, A40-A41 
finding zeros of a quadratic function using, 
152-153 
Complex cube roots, 651 
Complex numbers, A92-A98 
conjugates of, A94-A96 
converting between rectangular form and polar or 
exponential form, 647—649 
De Moivre's Theorem and, 650-651 
difference of, A93 
equality of, A93 
imaginary part of, A93 
multiplying, A94 
polar form of, 647 
powers of, A96 
products of, 649-650, A94 
pure, A93 
quotients of, 649-650, A95 
real part of, A93 
reciprocal of, A95 
standard form of, A93, A95 
sum of, A93 
Complex number system, A92-A93 
Complex plane, plotting points in, 646-647 
Complex polynomial functions, 242 
Complex rational expressions, simplifying, A52-A54 
Complex roots, 651-652 
Complex variables, 242 
Complex zeros 
of polynomial functions, 241-248 
Conjugate Pairs Theorem and, 243-244 
defined, 242 
finding, 245-246 
Fundamental Theorem of Algebra and, 242 
given, finding a polynomial function with, 
244-245 
of quadratic functions, 187—190 
Composite functions, 289-296 
calculus application of, 293 
components of, finding, 293 
defined, 289 
domain of, finding, 290-293 
equal, 292-293 
evaluating, 290 
finding value of, using inverse trigonometric 
functions, 508-509, 517—518 
forming, 289-290 
Compounding, 359-361 
continuous, 361 
Compound interest, 359—361 
Compound interest formula, 360 
Compound probabilities, 926—927 
Compressions, graphing functions using, 101-103 
Concave down parabolas, 162 
Concave up parabolas, 162 
Conditional equations, 531, 532 
Cone(s), 699 
Congruent triangles, A16-A 17 
Conics (conic sections), 699-732 
circles as, 36—40, 699 
arc length of, 398-399 
area of, formula for, А16 
area of a sector of, 401-402 
center of, 37 
circumference of, A7 
general form of equation of, 39 
graphing, 38, 39-40 


intercepts of, 38 
radius of, 37 
standard form of equation of, 36—37 
defined, 742 
degenerate, 699 
ellipses as, 699, 709-720 
applied problems involving, 715—716 
with center at (h, k), 713-715 
with center at the origin, 710-713 
defined, 709-710, 742 
equation of, 711—713 
hyperbolas as, 699, 720—732 
applied problems involving, 728-729 
asymptotes of, 724—726 
with center at (Л, К), 726-727 
with center at the origin, 720-724 
defined, 720, 742 
equation of, 721—724, 726-727 
identifying without completing the squares, 
733—734 
parabolas as, 162, 699, 700—709 
applied problems involving, 705—706 
concave down, 162 
concave up, 162 
defined, 700, 742 
equation of, 701—703, 704 
graphing, 701—703 
with vertex at (h, К), 703-704 
with vertex at the origin, 700—703 
vertex of, 162 
polar equations of, 741-747 
analyzing, 741—745 
converting to rectangular equations, 745 
graphing, 741—745 
rotation of axes and, 734—741 
analyzing equations using, 737—739 
Conjugate(s), 647 
Conjugate axis of a hyperbola, 720 
Conjugate Pairs Theorem, 243-244 
Consistent systems of linear equations, 769 
Constant(s) 
defined, A6 
limits of, 944 
of proportionality, 116 
Constant functions, 87 
identifying using a graph, 73-75 
linear, 133 
Constant rate job problems, A80 
Constant terms of a polynomial function, 204 
Constraints, 852 
Continuous compounding, 361 
Continuous functions, 89, 953-955 
Convergence of a geometric series, 885 
Cooling, Newton's Law of, 371-373 
Coordinate(s), 2 
of a point shown on a graphing utility screen, 
finding, B2 
polar. See Polar coordinates 
rectangular (Cartesian), 2-3 
vectors and, 678 
Coordinate(s) (real numbers), A4 
Coordinate axes, 2 
Copernicus, 403 
Corner points of graphs of linear inequalities, 
846-847 
Correlation coefficient, 145 
Correspondence between two sets, relation as, 46 
Cosecant function 
graphs of, 476-477 
of a real number, 444, 449 
Cosine(s) 
direction, 683-684 
writing a vector in terms of magnitude and, 
684—685 
law of. See Law of Cosines 
Cosine function 
amplitude and period of, 459-461 


graphs of, 458—459, 460—465 
finding an equation for, 465 
key points and, 461-464 
using transformations, 459 
inverse 
defined, 504—505 
finding value of, 505—506 
properties of, 459 
of a real number, 444, 449 
Sum and Difference Formulas for, 539 
Cotangent function 
graphs of, 474-476 
of a real number, 444, 449 
Coterminal angles, finding exact values of 
trigonometric functions using, 434—435 
Counting, 909-914 
addition principle of, 910 
combinations and, 917-919 
defined, 918 
general addition principle of, 911 
multiplication principle for solving counting 
problems and, 911-912 
of number of elements in a set, 909-911 
permutations and 
computing, 917 
defined, 915 
distinct objects without repetition and, 
915-917 
distinct objects with repetition and, 915 
involving п distinct objects, 915-917 
involving п nondistinct objects, 920 
subsets of a set and, 909 
Counting formula, 910 
Counting numbers, A3 
Cramer's Rule, 796 
to solve a system of three equations containing 
three variables, 801—802 
to solve a system of two equations containing two 
variables, 797—799 
Cross product, 687—693 
algebraic properties of, 688-689 
area of a parallelogram and, 690-691 
defined, 687 
geometric properties of, 689-690 
vectors orthogonal to two given vectors 
and, 690 
Cube(s) 
of binomials, A28 
difference of, A28 
factoring, A34, A35 
perfect, A28 
sum of, A28 
factoring, A34, A35 
Cube function, 88 
Cube root(s), A58 
complex, 651 
Cube root function, 88 
graphing, 85-86 
Cubic models, from data, 223-224 
Curve fitting, 776—777 
Cycloids, 756 
parametric equations of, 756 


Damped motion, 607-609 
analyzing, 607—609 
Damping coefficient, 607 
Damping factor, 607 
Dantzig, George, 852n 
Decay 
exponential, 311-314, 368-371 
Law of Uninhibited Growth or Decay and, 
368-371 
uninhibited, 370-371 
Decimals, A3 
repeating, 885-886, АЗ 
for subdivisions of a degree, 397 
terminating, A3 


Decomposition of vectors, 672-674 
Decreasing functions 
identifying using a graph, 73-75 
linear, 133 
Degenerate conics, 699 
Degree(s), 396-397 
converting between decimal and degree, minute, 
second form and, 397 
converting between radians and, 399-401 
Degree Minutes Seconds form, 397 
Degree of a monomial, A23, A31 
Degree of a polynomial, A24, A31 
Degree of polynomial functions, 204 
Demand equations, 179-181 
De Moivre, Abraham, 650 
De Moivre's Theorem, 650-651 
Denominator of a rational expression, A47 
Dependence in a relation, 46 
Dependent systems of linear equations 
containing three variables, 775—776 
containing two variables, 772-773 
Dependent variable, 51 
Depressed equations, 232-234 
Derivatives of a function, 959-960 
Descartes, René, 1,2n 
Determinants 
cross product and, 687—688 
systems of linear equations and, 796—807 
Cramer's Rule to solve a system of three 
equations containing three variables using, 
801-802 
Cramer’s Rule to solve a system of two 
equations containing two variables using, 
797—199 
minors of, 799-800 
properties of, 803-804 
3 by 3, 799-801 
2 by 2,796 
Diagonal entries, 814 
Difference(s). See also Subtraction 
expressing as products, 564—565 
limits of, 945 
of logarithms, writing logarithmic expressions as, 
344-345 
of two cubes, A28 
factoring, A34, A35 
of two matrices, 808-810 
of two squares, A27 
factoring, A34-A35 
Difference Formula, 539-552 
establishing identities using, 541—545 
finding exact values using, 540—541 
involving inverse trigonometric functions, 545-546 
solving trigonometric equations linear in sine and 
cosine and, 546-548 
of two vectors, 656 
Difference function, 56 
Difference quotient of a function, 53-54 
Differentiable functions, 960 
Diophantus, 888 
Directed line segments, 655 
Direction, 576 
Direction angles, of a vector, 662, 663, 683-685 
Direction cosines, 683-684 
writing a vector in terms of magnitude and, 
684—685 
Direction of a vector, 655 
finding vectors from, 662—663 
Directrix of a conic, 742 
Direct variation, model construction using, 116-117 
Dirichlet, Lejeune, 45 
Discontinuous functions, 89, 953 
Disjoint sets, A3 
Distance 
on real number line, finding, A5-A6 
between two points, 678-679 
defined, A6 
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Distance Formula, 3—5 
proof of, 3-4 
in space, 678-679 
vectors and, 678-679 
Distributive Property 
of dot product, 670, 682 
of matrix multiplication, 814 
of real numbers, A4 
Divergent geometric series, 885 
Dividend, 228, A29 
Division. See also Quotient(s) 
of functions, 57 
of polynomials 
using long division, A28-A31 
using synthetic division, A43-A46 
of rational expressions, A48 
synthetic, 236, A43-A46 
finding quotient and remainder using, 
A44-A45 
verifying a factor using, A45 
Division algorithm for polynomials, 228 
Divisor, 228, A29 
Domain, 50 
of a composite function, 290-293 
of a function, 48 
defined by an equation, 54—56 
of a logarithmic function, 329-330 
of a rational function, 249-252 
of a trigonometric function, 447-449 
of a variable, A7 
Dot product (scalar product), 670-677, 680 
angle between two vectors and, 671 
decomposing a vector into two orthogonal vectors 
and, 672-674 
defined, 681 
determining whether two vectors are orthogonal 
and, 672 
determining whether two vectors are parallel 
and, 672 
properties of, 670—671, 682 
of two vectors, finding, 670-671 
vectors and, 681—682 
Double-angle formulas, 552-556 
establishing identities using, 553-556 
finding exact values using, 553 
Double roots, 151 
Drag, 620 


Eccentricity of a conic, 742 
Eddin, Nasir, 403, 594 
Effective rate of interest, 362 
Effective rates of return, 361—362 
Efficiency, 620 
Elements (Euclid), 594, 888 
Elements of a set, Al 
Elimination, Gauss-Jordan, 788 
Elimination method 
for solving systems of linear equations, 
770-772 
for solving systems of nonlinear equations, 
834-837 
Ellipses, 699, 709-720 
applied problems involving, 715—716 
with center at (h, К), 713-715 
with center at the origin, 710-713 
defined, 709—710, 742 
equation of, 711—713 
Empty set, A1 
End behavior 
horizontal asymptote as, 251 
of polynomial functions, 206, 213-215 
Endpoints of intervals, A84 
Entries of a matrix, 782, 807 
Equality of vectors, 658 
Equally likely outcomes, 926 
Equal sets, A2 
Equal vectors, 656 
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Equations 
absolute value, 191-192 
analyzing using a rotation of axes, 737—738 
of an ellipse, 711-713 
of a circle 
general form of, 39 
standard form of, 36—37 
conditional, 531, 532 
demand, 179-181 
depressed, 232-234 
domain of a function defined by, 54-56 
equivalent, procedures resulting in, A67 
exponential, solving, 319-321 
finding intercepts from, 13 
first-degree (linear), 29 
in one variable, defined, A67 
solving, А67-А69 
systems of. See Systems of linear equations 
as functions, 50 
functions as, 50 
functions defined by 
domain of, 54-56 
finding inverse of, 303-305 
verifying as inverse function, 302-303 
graphing. See Graphs and graphing, of equations; 
Graphs and graphing, of equations in two 
variables 
of a horizontal line, finding, 26 
of a hyperbola, 721—724, 726—727 
identifying even and odd functions from, 73-75 
leading to a linear equation, solving, A68-A69 
of a line, finding given two points, 28 
linear (first-degree), 29 
in one variable, defined, A67 
solving, А67-А69 
systems of. See Systems of linear equations 
of a line perpendicular to another line, finding, 
31-32 
logarithmic, 351-353 
solving, 334—335, 351—353, 354-355 
nonlinear, systems of, 833-841 
elimination method for solving, 834—837 
substitution method for solving, 833-834 
in one variable, A66 
of a parabola, 701—703, 704 
graphing, 701—703 
for parallel lines, finding, 29-30 
parametric. See Parametric equations 
for perpendicular lines, finding, 30-32 
polar, 630-646 
classification of, 641—642 
of conics, 741—747 
converting to rectangular equations, 
identifying and graphing polar equations 
by, 631-634 
defined, 631 
graphing, 631—634, 635-641, B11 
graphing by plotting points, 635-641 
graphing using a graphing utility, B11 
sketching quickly, 642-643 
testing for symmetry, 634—635 
quadratic 
character of solutions of, 189 
defined, 150 
discriminant of, 154 
in standard form, 150 
quadratic in form (of the quadratic type), solving, 
156-158 
radical, solving, A71-A72 
with a graphing utility, B8 
rational 
with no solution, A70 
solving, A69-A70 
rectangular 
converting polar equations of conics to, 745 
parametric equations for plane curves defined 
by, 754—756 
for a plane curve defined parametrically, 
749-751, 754—155 


satisfying, 9, A66 
second-degree, 150. See also Quadratic equations 
sides of, 9, A66 
for a sinusoidal graph, 465 
solution set of, A66 
solutions (roots) of, A66 
solving, A66-A74 
algebraically, A66-A67 
by factoring, A70-A71 
linear equations and, A67—A69 
radical equations and, A71-A72 
rational equations and, A69-A70 
using a graphing utility, B6-B8 
systems of. See Systems of equations; Systems 
of linear equations; Systems of nonlinear 
equations 
of the tangent line to the graph of a function, 
958-959 
testing for symmetry, 13-16 
transforming using rotation of axes, 734-738 
analyzing equations and, 737—738 
formulas for, 735 
transformation angle and, 736 
trigonometric, 521—531 
calculator for solving, 524 
fundamental identities for solving, 525-526 
graphing utility for solving, 526 
inverse, 510-511 
involving a double angle, 523 
involving a single trigonometric function, 
521-524 
linear, 522 
linear in sine and cosine, 546—548 
quadratic in form, 524-525 
solutions of, 521 
of a vertical line, finding, 25 
Equilibrium, static, 664—665 
Equilibrium point, 136 
Equilibrium position, 605 
Equilibrium price, 136 
Equilibrium quantity, 136 
Equivalent equations, procedures resulting in, A67 
An Essay on the Principle of Population as It Affects 
the Future Improvement of Society, with 
Remarks on the Speculations of Mr. Godwin, 
M. Condorcet, and Other Writers (Malthus), 
938 
Euclid, 888, 902 
Euclidean geometry, 698 
Euler, Leonhard, 318, 403, 648, 930 
Euler's Formula, 648 
eVALUEate feature, of a graphing utility, B5 
Even functions 
identifying from a graph, 72-73 
identifying from an equation, 73 
Even-odd identities, 532 
Even-odd properties, finding exact values of 
trigonometric functions using, 450—452 
Events 
complementary, computing probabilities of, 
928-929 
mutually exclusive, 928 
probability and, 925 
union of, computing probability of, 927-928 
Expanding across a row or column, 800 
Expanding binomials, 897-903 
Explicit form of a function, 53 
Exponent(s). See also Power(s) 
fractional, as radicals, A61 
on a graphing calculator, A10 
Laws of, 311, A7-A9 
negative, A8 
rational, simplifying expressions with, A61—A63 
relating to logarithms, 328 
Exponential equations 
quadratic in form, solving, 354 
solving, 319-321, 353-355 
Exponential form, writing complex numbers 
in, 648 


Exponential functions, 310—327 
changing between exponential and logarithmic 
statements and, 328-329 
defined, 312 
evaluating, 310-314 
graphing, 314-318 
using transformations, 317-318, 319 
growth factor of, 312 
identifying, 313-314 
initial value of, 312 
number e and, 318-319 
properties of, 316, 317 321 
Exponential growth and decay, 311—314, 
368-371 
Law of Uninhibited Growth or Decay and, 
368-371 
Exponential Law, 368-371 
Exponential models, building from data, 379-380 
Exponential probability, 320—321 
Extreme value theorem, 77 


Factor(s) 
monomial, A34 
polynomial, A33 
verifying using synthetic division, A45 
Factorial symbol, 866-867 
Factoring 
expressions containing rational exponents, 
A62-A63 
finding zeros of a quadratic function by, 150-151 
over the integers, A34 
of polynomials, A33-A42 
completely, A34 
completing the square and, A40-A41 
of difference of two squares and the sum and 
difference of two cubes, A34-A35 
by grouping, A38 
over the integers, A34 
of perfect squares, A35-A36 
of a prime polynomial, A37 
of a second-degree polynomial: 
Ax? + Bx + C, A38-A39 
of a second-degree polynomial: x? + Bx + C, 
A36-A37 
of a trinomial, A36-A37 
solving equations by, A70-A71 
of trinomials, A36-A37 A39 
Factor Theorem, 229-230 
Feasible points, 851 
Fermat, Pierre de, 1, 929 
Fibonacci, 888 
Financial models, 358-368 
effective rates of return, 361—362 
future value of a lump sum, 358-361 
present value of a lump sum, 362-363 
rate of interest or time required to double a lump 
sum, 363-364 
Finck, Thomas, 403, 416 
Finite sets, 909 
First-degree equations, 29 
in one variable, defined, A67 
solving, A67-A69 
systems of. See Systems of linear equations 
Focus/foci 
of a conic, 742 
of a hyperbola, 720 
FOIL method, A27-A28 
Force, resultant, 663 
Force diagrams, 664 
Force vectors, 662 
Formulas 
for arithmetic sequences, 875-876 
Change-of-Base, 347-348 
compound interest, 360 
counting, 910 
Distance, 3-5 
proof of, 3-4 
in space, 678-679 
vectors and, 678-679 


double-angle, 552—556 
establishing identities using, 553—556 
finding exact values using, 553 
Euler’s, 648 
for geometric sequences, 882-883 
in geometry, А15-А16 
half-angle, finding exact values using, 556—558 
midpoint, 5-6 
present value, 363 
Product-to-Sum, 563—564 
quadratic, 188 
finding zeros of a quadratic function using, 
153-155 
recursive, sequences defined by, terms of, 867-868 
rotation, 735 
simple interest, 358, A76 
special product, A27-A28, A31 
Sum and Difference, 539-552 
establishing identities using, 541—545 
finding exact values using, 540-541 
involving inverse trigonometric functions, 
545-546 
solving trigonometric equations linear in sine 
and cosine and, 546-548 
Sum-to-Product, 564—565 
uniform motion, A78 
Fractions, partial 
decomposition of, 824—832 
defined, 825 
identifying, 825-826 
Frequency of an object in simple harmonic motion, 
606 
Frobenius, Georg, 819 
Function(s), 45-128 
absolute value, 88—89 
graphing, 86-87 
properties of, 87 
algebraic, 288. See also Polynomial functions; 
Rational functions 
area under the graph of, 965—969 
approximating, 966—969 
argument of, 51 
average rate of change of, 78-80 
codomain of, 48 
common logarithm, 333 
composite, 289-296 
calculus application of, 293 
components of, finding, 293 
defined, 289 
domain of, finding, 290-293 
equal, 292—293 
evaluating, 290 
finding value of, using inverse trigonometric 
functions, 508-509, 517—518 
forming, 289-290 
constant, 87 
identifying using a graph, 73-75 
continuous, 89, 953-955 
cosecant, graphs of, 476-477 
cosine 
amplitude and period of, 459-461 
graphs of, 458-459, 460-465 
inverse, 504—506 
properties of, 459 
Sum and Difference Formulas for, 539 
cotangent, graphs of, 474-476 
cube, 88 
cube root, 88 
graphing, 85-86 
decreasing 
identifying using a graph, 73—75 
linear, 133 
defined, 48 
defined by an equation, domain of, 54—56 
derivative of, 959-960 
difference, 56 
difference quotient of, 53—54 
differentiable, 960 
discontinuous, 89, 953 


domain of, 48 
finding, 54-56 
even 
identifying from a graph, 72-73 
identifying from an equation, 73 
explicit form of, 53 
exponential, 310-327 
changing between exponential and logarithmic 
statements and, 328-329 
defined, 312 
evaluating, 310-314 
graphing, 314—318 
growth factor of, 312 
identifying, 313-314 
initial value of, 312 
number e and, 318-319 
properties of, 316, 317 321 
graphs and graphing of, 62—71 
of absolute value functions, 86-87 
compressions and stretches and, 101—103 
of cube root functions, 85-86 
finding maxima and minima using, 75-78 
identifying, 62-63 
identifying even and odd functions from, 72-73 
identifying graphs and, 62-63 
identifying increasing, decreasing, and constant 
functions from, 73-75 
of library of functions, 85-89 
of linear functions, 130 
obtaining information from or about, 63-66 
obtaining information from or about graphs 
and, 63-66 
reflections about x- and y-axis and, 103-104 
of square root functions, 85 
transformations and, 96-111 
vertical and horizontal shifts and, 97-100 
greatest integer, 89 
identically equal, 531 
identity, 87 
limits of, 944 
implicit form of, 53 
increasing 
identifying using a graph, 73-75 
linear, 133 
inverse. See Inverse functions; Inverse 
trigonometric functions 
library of, graphing, 85-89 
linear, 130-141 
average rate of change of, 130-133 
building models from verbal descriptions and, 
134-137 
determining if function is increasing, 
decreasing, or constant, 133 
graphing, 130 
identifying, 313-314 
identifying using average rate of change, 
130-133 
zero of, 134 
logarithmic, 328-341 
with base a, 328 
changing between exponential and logarithmic 
statements and, 328-329 
defined, 328 
domain of, 329-330 
evaluating, 329 
graphing, 330-334 
inverse of, graphing, 330-334 
properties of, 336 
mathematical models involving, 111-121 
building from verbal description, 111-116 
building using variation, 116-121 
maxima of, finding using a graph, 75—78 
minima of, finding using a graph, 75—78 
natural logarithm, 331 
objective, 852 
odd 
identifying from a graph, 72-73 
identifying from an equation, 73 
one-to-one, 297—299 
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operations on, 57-58 
piecewise-defined, 90—92. 
continuous, 955 
polynomial. See Polynomial functions 
power, 205-208 
product, 56 
of matrices, 812 
properties of, 71-85 
quadratic. See Quadratic functions 
quotient, 57 228, A29 
range of, 48 
rational. See Rational functions 
reciprocal, 88 
relations and, 46—50 
secant, graphs of, 476-477 
sine 
amplitude and period of, 459-461 
graphs of, 456-458, 460-465 
inverse, 501-504 
properties of, 457 
Sum and Difference Formulas for, 542 
sinusoidal. See also Cosine function; Sine function 
amplitude of, 481—483 
graphs of. See Sinusoidal graphs 
period of, 481—483 
square, 88 
square root, 88 
graphing, 85 
step, 89 
sum, 56 
tangent line to the graph of, equation of, 958-959 
transcendental, 288. See also Exponential 
functions; Logarithmic functions 
trigonometric. See Inverse trigonometric 
functions; Trigonometric functions 
value (image) of, 48, 50—52 
zeros of, 64 
Function keys on scientific calculators, A10 
Function notation, 50-53 
Fundamental Identities, 410-412 
solving trigonometric equations using, 525-526 
Fundamental period of trigonometric functions, 449 
Fundamental Theorem of Algebra, 242 
Future value of a lump sum, 358-361 


Gauss, Karl Friedrich, 653 
Gauss-Jordan elimination, 788 
General addition principle of counting, 911 
Generators, of a cone, 699 
Geometric progressions, 881n. See also Geometric 
sequences 
Geometric sequences, 881-884 
formulas for, 882-883 
identifying, 881-882 
sum of, 883-884 
terms of, nth, 882-883 
Geometric series, 884-886 
convergence of, 885 
divergent, 885 
infinite, 884-885 
Geometric vectors, 655-656 
Geometry 
analytic, 698—732. See also Conics 
Euclidean, 698 
solving problems using algebra, 5 
vector addition and, 656 
Geometry essentials, А14-А22 
congruent triangles and similar triangles, A16-A 19 
formulas, A15-A16 
Pythagorean Theorem and its converse, A14-A15 
Gibbs, Josiah Willard, 665 
Graphing calculators 
approximating roots using, A58 
approximating values of trigonometric functions 
of acute angles using, 423-424 
exponents on, A10 
finding values of a function on, 52 
solving trigonometric equations using, 524 
viewing rectangle on, 3 
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Graphing utilities, А10, В1-В12 


approximate integrals using, 970 

approximating local maxima and minima using, 78 

checking for symmetry using, B5-B6 

creating tables using, B4 

determining where functions are increasing or 
decreasing using, 78 

eVALUEate feature of, B5 

finding derivatives of a function using, 960 

finding intercepts using, B5 

finding line of best fit using, 144—145 

finding sum of a geometric sequence using, 884 

graphing circles using, 40 

graphing equations using, B3-B5 

graphing inequalities using, B9 

graphing parametric equations using, B11-B12 

graphing polar equations using, B11 

INTERSECT feature of, B7 

PARAMETRIC mode on, B12 

POLAR mode on, B11 

polynomial functions and, 222-223 

ref and rref commands on, B10 

ROOT feature of, B5, B6 

solving equations using, B6-B8 

solving logarithmic and exponential equations 

using, 354-355 

solving systems of linear equations using, 

B9-B10 

solving trigonometric equations using, 526 

square screens and, B8-B9 

viewing rectangle of, BI-B3 

ZERO feature of, B5, B6 


Graphs and graphing 


of absolute value functions, 86-87 
area under the graph and, 965-969 
approximating, 966—969 
of circles, 38, 39-40 
complete graphs and, 12 
of cosecant function, 476-477 
of cosine function, 458-459, 460—465 
finding an equation for, 465 
key points and, 461-464 
using transformations, 459 
of cotangent function, 474-476 
of cube root functions, 85-86 
equation of the tangent line to the graph of a 
function and, 958-959 
of equations 
with a graphing utility, B3-B5 
by plotting points, 9-12 
of equations in two variables 
finding intercepts from a graph and, 12—13 
by plotting points, 9-12 
symmetry and, 13-16 
ofx = y?, 16-17 
of y = x3, 16 
of y = 1/x, 17 
of exponential functions, 314-318 
using transformations, 317—318, 319 
finding distance from origin to a point on, 
111-112 
finding intercepts from a graph and, 12-13 
of functions, 62-71 
compressions and stretches and, 101-103 
finding maxima and minima using, 75-78 
identifying, 62-63 
identifying even and odd functions from, 72-73 
identifying graphs and, 62-63 
identifying increasing, decreasing, and constant 
functions from, 73-75 
of library of functions, 85-89 
obtaining information from or about, 63-66 
reflections about x- and y-axis and, 103-104 
transformations and, 96-111 
vertical and horizontal shifts and, 97-100 
with graphing utilities. See Graphing calculators; 
Graphing utilities 
identifying even functions from, 72-73 


of inequalities, A5 
in two variables, 842-843 
intercepts of a graph and, 12 
investigating limits using, 941—942 
of linear functions, 130 
of lines, given a point and a slope, 24 
of lines written in general form using intercepts, 
28-29 
of plane curves, 749 
of polar equations, 631-634 
by plotting points, 635-641 
of polar equations of conics, 741-745 
of polynomial functions, 220-223 
transformations and, 208-209 
of quadratic functions. See also Parabolas 
using its vertex, axis, and intercepts, 164—167 
using transformations, 162-164 
of rational functions, using transformations, 250 
of reciprocal functions, 476-477 
of relations, 46 
of secant function, 476-477 
of sine functions, using transformations, 
457-458 
sinusoidal, 460-465, 480-479 
building sinusoidal models from data and, 
484—488 
finding an equation for, 465 
phase shift of, 480-484 
using key points, 461-464 
solving polynomial inequalities using, 275-276 
solving rational inequalities using, 277-278 
of square root functions, 85 
of sum of two functions, 609-610 
of systems of inequalities, 844—847 
bounded and unbounded, 846 
systems of linear equations, 769 
of tangent function, 472-473, 474—475 
of vectors, 657-658 
Grassmann, Hermann, 665 
Greatest integer function, 89 
Grouping, factoring by, A38 
Growth 
exponential, 311—314, 368-371 
Law of Uninhibited Growth or Decay and, 
368-371 
uninhibited, 369-370 
Growth factor, 312 


Half-angle formulas, finding exact values using, 
556-558 
Half-closed intervals, A84 
Half-life, 370-371 
Half-lines, 395 
Half-open intervals, A84 
Half-planes, 843 
Hamilton, William Rowan, 665 
Harmonic motion, simple, 604—607 
analyzing, 606—607 
building a model for an object in, 604—606 
Heron of Alexandria, 599, 600, 888 
Heron's Formula (Hero's Formula), 599-600 
Holes, rational functions with, graphing, 267—269 
Horizontal asymptotes, 251 
Horizontal component of a vector, 658 
Horizontal compressions and stretches, graphing 
functions using, 102-103 
Horizontal line(s), finding equation of, 26 
Horizontal-line test, 298-299 
Horizontal shifts, graphing functions using, 97-100 
Huygens, Christiaan, 757 929 
Hyperbolas, 699, 720—732 
applied problems involving, 728-729 
asymptotes of, 724—726 
with center at (Л, К), 726-727 
with center at the origin, 720-724 
defined, 720, 742 
equation of, 721—724, 726—727 
Hypotenuse, 408, A14 


Identically equal functions, 531 
Identities, A66 
Fundamental, 410—412 


solving trigonometric equations using, 525—526 


trigonometric, 531—539 
basic, 532 
defined, 531 
establishing, 533-536 
simplifying using algebra, 532—533 
Sum and Difference Formulas to establish, 
541-545 
Identity function, 87 
limits of, 944 
Identity matrix, 814-815 
Identity property, 815 
Image of a function, 48, 50—52 
Imaginary axis, 646 
Imaginary unit, A92 
Implicit form of a function, 53 
Improper rational expressions, 825-826 
Improper rational functions, 254 
Inconsistent systems of linear equations, 769 
containing three variables, 775 
containing two variables, 772 
Increasing functions 
identifying using a graph, 73-75 
linear, 133 
Independent variable, 51 
Index, of nth root, А58 
Induction, mathematical, 893-897 
principle of, 893 
proving statements using, 893—895 
Inequalities 
absolute value, 192-193 
defined, A5 
graphing, A5 
using a graphing utility, B9 
interval notation for writing, A85 
involving quadratic functions, 175—178 
linear, 843-844 
nonstrict, A5 
in one variable, A87 
polynomial, 275-276 
properties of, A85-A86 
rational, 277-279 
multiplicity and, 278-279 
solutions of, A87 
solving, A87-A89 
combined inequalities and, А88-А89 
strict, A5 
systems of, graphing, 844—847 
in two variables, graphing, 842-843 
Inequality notation, writing intervals using, A85 
Inequality symbols, A5 
Infinite geometric series, 884—885 
Infinite sets, 909 
Inflection point, 373 
Initial point of directed line segment, 655 
Initial side of an angle, 395 
Initial value of an exponential function, 312 
Instantaneous rates of change, 960—961 
Instantaneous velocity, 961—963 
Integers 
factoring over, A34 
positive, 893n 
Integrals, approximate, 970 
Intercepts 
finding from a graph, 12-13 
finding from an equation, 13 
of a graph, 12 
graphing lines written in general form using, 
28-29 
locating using a graphing utility, BS 


of a parabola, graphing a quadratic function using, 


164-167 
Interest 
compound, 359-361 
compounding, 359-361 


continuous compounding of, 361 
problems involving, A76-A77 
simple, A76 
Interest rates, A76 
effective, 362 
required to double a lump sum, 363-364 
Intermediate Value Theorem, 236-238 
INTERSECT feature, of a graphing utility, B7 
Intersection of sets, A2 
Interval(s) 
closed, A84 
endpoints of, A84 
half-closed, A84 
half-open, A84 
open, A84 
writing using inequality notation, A85 
Interval notation, A84—A85 
Inverse functions 
defined, 299 
defined by a mapping, finding, 300 
defined by an equation 
finding, 303-305 
verifying that function is inverse, 302-303 
defined by a set or ordered pair, finding, 300 
of domain-restricted functions, 305 
graphing, from graph of a one-to-one function, 
301 
logarithmic, graphing, 331-334 
trigonometric. See Inverse trigonometric functions 
Inverses of matrices, 815-819 
multiplication of matrices by, 815-816 
Inverse trigonometric equations, 510-511 
Inverse trigonometric functions, 501—520 
cosecant 
defined, 515 
finding value of, 515-517 
cosine 
defined, 504—505 
finding value of, 505-506 
cotangent 
defined, 515 
finding value of, 515-517 
equations involving, 510-511 
finding, 510 
finding value of composite functions using, 509, 
517-518 
finding value of expressions involving, 545—546 
secant 
defined, 515 
finding value of, 515-517 
sine 
defined, 501—502 
finding value of, 502-504 
tangent 
defined, 506-507 
finding value of, 507 
Inverse variation, model construction using, 
117-118 
Irrational numbers, A3 
Irreducible quadratic factors, 234—235 


Johnson, Katherine, 169 
Joint variation, model construction using, 118-119 


Karmarkar, Narendra, 852n 
Khayyám, Omar, 902 


Law of Cosines, 591—598 
solving applied problems using, 593-594 
solving SAS triangles and, 592 
solving SSS triangles and, 592-593 
Law of Demand, 179 
Law of Sines, 580—590, 594 
proof of, 586 
solving applied problems and, 584-586 
solving SAA or ASA triangles and, 
581—582 
solving SSA triangles and, 582-584 


Law of Tangents, 594 
Law of Uninhibited Growth or Decay, 368-371 
Laws of Exponents, 311, A7-A9 
Leading coefficients, 242 
of a polynomial, A24 
of a polynomial function, 204 
Leading terms 
of a polynomial, A24 
of a polynomial function, 204 
Least common multiple (LCM) method, A50-A52 
Left endpoint, of an interval, A84 
Left-hand limits, 951, 952 
Legs. of a right triangle, 408 
Legs of a triangle, A14 
Lemniscates, 640 
defined, 640 
Lift, 620 
Light detectors, 426 
Light projectors, 426 
Like terms, A24 
Limagons 
with an inner loop, 637-638 
defined, 638 
without an inner loop, 636-637 
defined, 637 
Limits, 214, 939-957 
algebraic techniques for finding, 944—950 
of an average rate of change, 949 
concept of, 939 
f a constant, 944 
f a difference, 945 
graphs for investigating, 941—942 
of the identity function, 944 
left-hand, 951,952 
f a monomial, 946 
ne-sided, 951—952 
a polynomial, 946-947 
f a power, 947 
f a product, 945—946 
a quotient, 948-949 
right-hand, 951—952 
of a root, 947 
of a sum, 945 
tables for investigating, 939-941 
Line(s), 21-36 
equations of, finding given two points, 28 
graphing. See Graphs and graphing 
horizontal, finding equation of, 26 
parallel 
criteria for, 29 
finding equations for, 29-30 
perpendicular 
criterion for, 30 
finding equations for, 30-32 
point-slope form of, 25-26 
rays (half-lines) of, 395 
slope-intercept form of, 26—27 
slope of 
calculating and interpreting, 21-24 
finding, 27 
undefined, 22 
tangent 
defined, 958-959 
to the graph of a function, equation of, 
958-959 
vertical, 22 
finding equation of, 25 
y-intercept of, finding, 27 
Linear algebra, matrix, 807-824. See also Matrix 
algebra 
Linear equations, 29 
in one variable, defined, A67 
solving, A67—A69 
systems of. See Systems of linear equations 
Linear functions, 130-141 
average rate of change of, 130-133 
building models from verbal descriptions and, 
134-137 


(6) 
(0) 


сооооо 
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determining if function is increasing, decreasing, 
or constant, 133 
graphing, 130 
identifying, 313-314 
using average rate of change, 130-133 
zero of, 134 
Linear inequalities, 843-844 
Linear programming, 850-857 
analyzing, 851 
defined, 851 
setting up problems in, 850-851 
solutions to, 852 
solving problems in, 851-854 
Linear relations, nonlinear relations distinguished 
from, 142-144 
Linear speed of an object traveling in circular 
motion, 402-403 
Line of best fit, finding, 144-145 
Line segments, 655 
directed, 655 
finding midpoint of, 5-6 
Local maximum and minimum of a function, 75—76 
polynomial, 212 
Logarithm(s) 
with bases other than 10 ore 
approximating, 346-347 
Change-of-Base Formula and, 347-348 
graphing, 347-350 
properties of, 342-350 
relating to exponents, 328 
single, writing logarithmic expressions as, 345-346 
solving exponential equations using, 334 
writing logarithmic expressions as sum or 
difference of, 344—345 
Logarithmic equations, 351—353 
solving, 334—335, 351-353, 354-355 
Logarithmic expressions 
writing as a single logarithm, 345-346 
writing as sum or difference of logarithms, 
344-345 
Logarithmic functions, 328-341 
with base a, 328 
changing between exponential and logarithmic 
statements and, 328-329 
defined, 328 
domain of, 329-330 
evaluating, 329 
graphing, 330-334 
inverse of, graphing, 330-334 
properties of, 336 
Logarithmic models, building from data, 381 
Logistic models, 373-375 
building from data, 381—382 
properties of, 373 
Lower bound on zeros of polynomial functions, 
235-236 
Lowest terms 
rational functions in, 249 
reducing rational expressions to, A47-A48 


Magnitude (modulus), 647 
Magnitude of a vector, 655, 658, 680 
finding a vector from, 662-663 
writing a vector in terms of direction cosines and, 
684—685 
Main diagonal, 814 
Major axis of an ellipse, 742 
Malthus, Thomas, 938 
Mapping 
inverse of a function defined by, 300 
of a relation, 46-47 
Mathematical expressions, translating verbal 
descriptions into, A75-A76 
Mathematical induction, 893-897 
principle of, 893 
proving statements using, 893—895 
Mathematical modeling, A75. See also Model(s) 
Matrix algebra, 807-824. See also Matrix/matrices 
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Matrix/matrices, 807-824 
arranging data in, 807-808 
coefficient, 783 
defined, 782, 807 
entries of, 782, 807 
equal, 808 
examples of, 808 
identity, 814-815 
indexes of, 782, 807 
inverses of, 815-819 
finding, 817 
lack of, demonstrating, 818 
multiplication of matrices by, 815-816 
solving systems of linear equations using, 
818-819 
m by n, 808 
multiplication of, 811-815 
defined, 812 
by its inverse, 815-816 
nonsingular, 815 
in row echelon form, 785-791 
dependent systems of linear equations and, 
788-789 
inconsistent systems of linear equations and, 
789—790 
scalar multiples of, 810-815 
singular, 815 
square, 808 
sum and difference of, 808-810 
of systems of linear equations, 781—795 
augmented, writing, 782—783 
defined, 782 
row operations and, 783-784 
solving systems using, 785—791 
writing system from, 783 
Maximum value (maxima) of functions 
finding using a graph, 75—78 
of a quadratic function, finding, 168-169 
m by n matrices, 808 
Metrica (Heron of Alexandria), 600 
Midpoint formula, 5-6 
Minimum value (minima) of functions 
finding using a graph, 75-78 
of a quadratic function, finding, 168-169 
Minors of a determinant, 799-800 
Mixture problems, A77-A78 
Model(s), 223-224, А75-А76 
building from verbal descriptions, 111-116 
building using variation, 116-121 
cubic, building from data, 223-224 
exponential, building from data, 379-380 
financial, 358-368 
effective rates of return, 361—362 
future value of a lump sum, 358-361 
present value of a lump sum, 362-363 
rate of interest or time required to double a 
lump sum, 363-364 
linear 
building from data, 141-149 
building from verbal descriptions, 134-137 
logarithmic, building from data, 381 
logistic, 373-375 
building from data, 381-382 
properties of, 373 
probability, 923-925 
quadratic, 179—187 
building from data, 182-183 
building from verbal descriptions, 179-182 
sinusoidal, building from data, 484—488 
with vectors, 663—665 
Modeling process, A75 
Modulus, 647 
Monomial(s) 
coefficient of, A23 
degree of, A23, A31 
limits of, 946 
recognizing, A23 
in two variables, A31 


Monomial factors, A34 
Motion 
damped, 607—609 
harmonic, simple, 604—607 
Multiple(s), scalar, 657 
Multiple roots, 210n 
Multiplication. See also Product(s) 
of functions, 56 
of matrices, 811-815 
defined, 812 
by its inverse, 815-816 
of polynomials, A26-A28 
of rational expressions, A48 
scalar, 810-811 
of vectors, by numbers, geometrically, 657 
Multiplication principle, solving counting problems 
using, 911-912 
Multiplication properties, for inequalities, A86-A87 
Multiplicity 
rational inequalities and, 278-279 
of real zeros of polynomial functions, 210-211 
solving polynomial inequalities and, 276 
solving rational inequalities and, 278 
vertical asymptotes and, 253 
Mutually exclusive events, 928 


Napier, John, 348 
Nappes of a cone, 699 
Natural logarithm function, 331 
Natural numbers, 893n, A3 
Negative angles, 395 
Negative exponents, A8 
Negative real numbers, A4 
Newton, Isaac, 371n 
Newton's Law of Cooling, 371-373 
Niccolo of Brescia, 238 
Nonlinear equations, systems of, 833-841 
elimination method for solving, 834—837 
substitution method for solving, 833-834 
Nonlinear relations, linear relations distinguished 
from, 142-144 
Nonnegative property of inequalities, A85 
Nonsingular matrices, 815 
Nonstrict inequalities, A5 
nth roots, A57-A58 
Null set, A1 
Number(s) 
complex, A92-A98 
counting (natural), A3 
irrational, A3 
natural, 893n 
rational, A3 
real, A3-A4 
trigonometric functions of, 444 
Number of Real Zeros Theorem, 230, 231 
Numerator of a rational expression, A47 


Objective function, 852 
Oblique asymptote, 252, 253-254, 255-256 
Oblique triangles 
definition of, 580 
solving, 581-586 
ASA triangles, 581—582 
SAA triangles, 581-582 
SSA triangles, 582-584 
Odd functions 
identifying from a graph, 72-73 
identifying from an equation, 73 
One-sided limits, 951—952 
One-to-one functions, 297—310 
defined, 297 


graph of, obtaining graph of inverse function from, 


301 
horizontal-line test for, 298-299 
inverse of, 299-305 
defined, 299 
Open intervals, A84 
Optimization, 179 


Ordered pairs, 2 
inverse of a function defined by a set of, 300 
sets of, relations expressed by, 46 
Ordinary annuities, 887 
Ordinate, 2 
Orientation along a plane curve, 748 
Origin, 2, 678 
finding distance to point from, 111-112 
on real number line, A4 
symmetry with respect to, 14—15 
Orthogonal vectors, 672 
Outcomes, 924 
equally likely, 926 


Parabolas, 162, 699, 700—709 
applied problems involving, 705-706 
concave down, 162 
concave up, 162 
defined, 700, 742 
equation of, 701—703, 704 
graphing, 701—703 
with vertex at (h, К), 703-704 
with vertex at the origin, 700—703 
vertex of, 162 
Paraboloid of revolution, 705 
Parallel lines 
criteria for, 29 
finding equations for, 29-30 
Parallelograms, area of, cross product and, 690-691 
Parallel vectors, 672 
Parameters, 748 
Parametric equations 
conics and, 748—760 
applications to mechanics, 756—757 
graphing, 748—749 
for plane curves defined by rectangular 
equations, 754—756 
rectangular equation for a plane curve defined 
parametrically and, 749—751 
time as parameter in, 751—754 
of a cycloid, 756 
defined, 748 
graphing using a graphing utility, B11-B12 
for plane curves, 748-760 
applications to mechanics, 756—757 
defined by rectangular equations, 754—756 
graphing, 748—749 
rectangular equation for a plane curve defined 
parametrically and, 749—751, 754—755 
time as parameter in, 751—754 
PARAMETRIC mode on a graphing utility, B12 
Partial fractions 
decomposition of, 824-832 
with nonrepeated irreducible quadratic factor 
in denominator, 829-830 
with only nonrepeated linear factors in 
denominator, 826-827 
with repeated irreducible quadratic factor in 
denominator, 830—831 
with repeated linear factors in denominator, 
827-829 
defined, 825 
identifying, 825-826 
Pascal, Blaise, 757, 899, 929 
Pascal triangle, 899 
Payment period, 358 
Peano, Giuseppe, 930 
Perfect cubes, A28 
Perfect roots, A58 
Perfect squares, A27 A34 
factoring, A35-A36 
Period 
of object in simple harmonic motion, 605 
of a sinusoidal function, 459—461, 481—483 
Permutations 
computing, 917 
defined, 915 
distinct objects without repetition and, 915-917 


distinct objects with repetition and, 915 
involving п distinct objects, 915—917 
involving n nondistinct objects, 920 
Perpendicular lines 
criterion for, 30 
finding equations for, 30-32 
Phase shift 
of a sinusoidal function, 481—483 
of sinusoidal graphs, 480—484 
Piecewise-defined functions, 90-92 
continuous, 955 
Pixels, B1 
Plane curves 
defined, 748 
defined parametrically, rectangular equations for, 
749-751, 754—155 
graphing, 749 
orientation along, 748 
parametric equations for, 748—760 
applications to mechanics, 756—757 
graphing, 748—749 
for plane curves defined by rectangular 
equations, 754—756 
rectangular equation for a plane curve defined 
parametrically and, 749—751, 754—755 
time as parameter in, 751—754 
Plotting, 2 
Plotting points 
in a complex plane, 646-647 
graphing equations by, 9-12 
polar equations and, 635-641 
using polar coordinates, 621—623 
Points 
coordinates of, shown on a graphing utility screen, 
finding, B2 
corner, of graphs of linear inequalities, 846-847 
defined, A6 
distance between, 678-679 
end, of intervals, A84 
equilibrium, 136 
feasible, 851 
finding a quadratic function given its vertex and 
one other point and, 167-168 
finding distance from origin to, 111-112 
finding equation of a line given two points and, 28 
graphing a line given a point and slope and, 24 
inflection, 373 
initial, of directed line segment, 655 
of intersection of two functions, 156 
key, sinusoidal graphs using, 461—464 
plotting 
in a complex plane, 646—647 
graphing equations by, 9-12, 635-641 
using polar coordinates, 621—623 
shown on a graphing utility screen, finding 
coordinates of, B2 
terminal, of directed line segment, 655 
turning, of polynomial functions, 212-213 
Point-slope form of a line, 25-26 
Polar coordinates, 621—655 
converting from rectangular coordinates to, 
625-627 
converting to rectangular coordinates from, 
623-624 
equations whose variables are, 630-646 
classification of, 641—642 
converting to rectangular equations, identifying 
and graphing polar equations by, 631-634 
defined, 631 
graphing, 631-634 
graphing by plotting points, 635—641 
sketching quickly, 642-643 
testing for symmetry, 634—635 
plotting points using, 621-623 
transforming equations between polar and 
rectangular forms and, 627-628 
Polar equations, 630-646 
classification of, 641—642 


of conics, 741—747 
analyzing, 741—745 
converting to rectangular equations, 745 
graphing, 741—745 
converting to rectangular equations, 
identifying and graphing polar equations 
by, 631-634 
defined, 631 
graphing, 631—634, 741—745 
by plotting points, 635-641 
using a graphing utility, B11 
sketching quickly, 642-643 
testing for symmetry, 634-635 
Polar form, writing complex numbers in, 648 
Polar grids, 631 
POLAR mode on a graphing utility, B11 
Polynomial(s), A23-A33 
adding, A25 
coefficient of, A24 
defined, A24 
degree of, A31 
dividing using long division, A28-A31 
division algorithm for, 228 
examples of, A24 
factoring, A33-A42 
completely, A34 
completing the square and, A40-A41 
of difference of two squares and the sum and 
difference of two cubes, A34-A35 
by grouping, A38 
over the integers, A34 
of perfect squares, A35-A36 
of a prime polynomial, A37 
of a second-degree polynomial: 
Ax? + Bx + C, A38-A39 
of a second-degree polynomial: x? + Bx + C, 
A36-A37 
of a trinomial, A36-A37 
factors of, A33 
limits of, 946-947 
multiplying, A26-A28 
prime, A34 
identifying, A37 
rational expressions and. See Rational expressions 
recognizing, А24-А25 
second-degree, factoring, A36-A37 A38-A39 
special product formulas and, A27-A28 
standard form of, A24 
subtracting, A25-A26 
in two variables, A31 
zero, A24 
Polynomial functions, 204—241 
coefficients of, 204 
complex, 242 
complex zeros of, 241—248 
Conjugate Pairs Theorem and, 243-244 
defined, 242 
finding, 245-246 
Fundamental Theorem of Algebra and, 242 
given, finding a polynomial function with, 
244-245 
cubic models and, from data, 223-224 
defined, 204 
degree of, 204 
end behavior of, 206, 213-215 
graphing, 220-223 
transformations and, 208-209 
identifying, 204-205 
local maximum or minimum of, 212 
as power functions, 205-208 
rational functions and. See Rational functions 
real zeros of, 209-211, 227-241 
approximating, 237-238 
bounds on, 235-236 
Descartes’ Rule of Signs and, 230-231 
factor theorem and, 229-230 
finding, 232-234 
Intermediate Value Theorem and, 236—238 
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listing using the Rational Zeros Theorem, 
231-232 
multiplicities of, 210-211 
number of, 230-231 
positive and negative, determining number of, 
230-231 
remainder theorem and, 228-229 
repeated, 210-211 
solving, 234—235 
standard form of, 204 
terms of, 204 
turning points of, 212-213 
Polynomial inequalities, 275-276 
Position vectors, 658-659 
in space, 679-680 
Positive angles, 395 
Positive integers, 893n 
Positive real numbers, A4 
Power(s). See also Exponent(s) 
of i, A96 
limits of, 947 
Power functions, 205-208 
polynomial functions as, 205-208 
Present value, 360 
of a lump sum, 362—363 
Present value formulas, 363 
Prime polynomials, A34 
identifying, A37 
Principal (amount borrowed), A76 
Principal square root, A9 
of -N, A97 
Probability, 923-933 
of an event, 925 
complement rule to find, 928-929 
compound, 926—927 
defined, 924 
of equally likely outcomes, 926-927 
exponential, 320-321 
probability models and, 923-925 
of the union of two events, 927-928 
Probability models, 923-925 
Product(s). See also Multiplication 
of complex numbers, 649-650 
expressing as sums, 563—564 
expressing differences as, 564—565 
expressing sums as, 564—565 
limits of, 945-946 
Product functions, 56 
of matrices, 812 
Product-to-Sum Formulas, 563—564 
Projection of Р, 605 
Proper rational expressions, 825-826 
Proper rational functions, 254 
Proportionality 
constant of, 116 
direct, 116-117 
inverse, 117-118 
Ptolemy, 594 
Pythagorean identities, 411-412, 532 
Pythagorean Theorem, 574, 591, A14-A15 
applying, A15 
converse of, А14 
proof of, A19 
defined, A14 
proof of, А19 


Quadrant(s), 2 
Quadrantal angles, 396 
finding exact values of trigonometric functions of, 
433-434 
Quadratic equations 
character of solutions of, 189 
defined, 150 
discriminant of, 154 
in standard form, 150 
Quadratic factors, irreducible, 234—235 
Quadratic formula, 188 
finding zeros of a quadratic function using, 153-155 
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Quadratic functions, 149-190 
complex zeros of, 187-190 
defined, 149 
finding given vertex and one other point, 167-168 
graphing. See also Parabolas 
using transformations, 162-164 
using vertex, axis, and intercepts, 164—167 
inequalities involving, 175-178 
maximum or minimum value of, 168-169 
point of intersection of, 156 
properties of, 161-174 
vertex form of, 163 
x-intercepts of, 165 
zeros of, 150-160 
finding by completing the square, 152-153 
finding by factoring, 150-151 
finding using square root method, 151-152 
finding using the quadratic formula, 153-155 
Quadratic models, 179-187 
building from data, 182—183 
building from verbal descriptions, 179-182 
Quantity demanded, 136 
Quantity supplied, 136 
Quotient(s). See also Division 
of complex numbers, 649-650 
limits of, 948-949 
single, writing an expression as, A62 
synthetic division to find, A44-A45 
Quotient function, 57, 228, A29 
Quotient identities, 410—411, 532 


Radians, 397-398 
converting between degrees and, 399-401 
Radical(s), A58 
fractional exponents as, A61 
properties of, A58 
simplifying, A58-A59 
Radical equations, solving, A71-A72 
with a graphing utility, B8 
Radical sign, A9 
Radicand, A58 
Radius of a circle, 37 
Range 
of a function, 48 
of trigonometric functions, 447-449 
Rates of change 
average 
of a function, 78-80 
limits of, 949 
of a linear function, 130-133 
instantaneous, 960—961 
Ratio, common, 881 
Rational equations 
with no solution, A70 
solving, A69-A70 
Rational exponents 
factoring expressions containing, A62-A63 
simplifying expressions with, A61—A63 
Rational expressions, A47-A57 
adding, A49-A50 
least common multiple method for, A50-A52 
complex, simplifying, A52-A54 
dividing, A48 
multiplying, A48 
proper and improper, 825-826 
reducing to lowest terms, A47-A48 
simplifying, A47-A48 
subtracting, A49-A50 
least common multiple method for, A50-A51, 
A52 
Rational functions, 248-274 
constructing from its graph, 269-270 
continuous, 954 
defined, 248 
domain of, 249—250 
graphing, 260-274 
constructing a rational function from its graph 
and, 269-270 
with a hole, 267—269 


steps for, 262 
transformations and, 250 
horizontal asymptotes of, 253-256 
improper, 254 
in lowest terms, 249 
oblique asymptotes of, 253-254, 255-256 
proper, 254 
properties of, 248-259 
vertical asymptotes of, 252-253 
multiplicity and, 253 
Rational inequalities, 277-279 
multiplicity and, 278-279 
Rationalizing the denominator, A59-A60 
Rationalizing the numerator, A60-A61 
Rational numbers, A3 
Rational Zeros Theorem, 231 
Rays, 395 
Real axis, 646 
Real number(s), A3-A4 
trigonometric functions of, 444 
Real number line, A4 
finding distance on, A5-A6 


Real zeros of polynomial functions, 209—211, 227-241 


approximating, 237-238 

bounds on, 235-236 

Descartes' Rule of Signs and, 230—231 
factor theorem and, 229-230 

finding, 232-234 

Intermediate Value Theorem and, 236-238 


listing using the Rational Zeros Theorem, 231—232 


multiplicities of, 210-211 
number of, 230 
positive and negative, determining number of, 
230-231 
remainder theorem and, 228-229 
Reciprocal functions, 88 
graphs of, 476-477 
Reciprocal identities, 410-411, 532 
Reciprocal properties for inequalities, A86-A87, 
A89 
Rectangles, area of, 112 
formula for, A15 
Rectangular box, volume of, formula for, A16 
Rectangular (Cartesian) coordinates, 2-3 
vectors and, 678 
Rectangular (Cartesian) coordinate system, 2 
Rectangular equations 
converting polar equations of conics to, 745 
parametric equations for plane curves defined by, 
754—156 
for a plane curve defined parametrically, 749—751, 
754-155 
Rectangular (Cartesian) form, 647 
converting a complex number between polar or 
exponential form and, 647-649 
Recursive formulas, sequences defined by, terms of, 
867-868 
Reduced row echelon form, 788 
Reduction property, A47 
ref command on a graphing utility, B10 
Reference angles, 436—438 
of an angle, finding, 436—437 
using to find exact values of trignonmetric 
functions, 437—438 
Reflections about x- and y-axes, graphing functions 
using, 103-104 
Regiomontanus, 403 
Relations, 46-50 
as correspondence between two sets, 46 
defined, 46 
expressing algebraically, 47 
as functions, 48-50 
graphing, 46 
linear and nonlinear, distinguishing, 142-144 
mapping, 46-47 
numerical expression of, 46 
verbal expression of, 46 
Remainder, 228, A29 
synthetic division to find, A44-A45 


Remainder Theorem, 228-229 
Repeated solutions, 151 
Repeating decimals, 885-886, A3 
Resonance, 609 
Rest position, 605 
Resultant force, 663 
Rhaeticus, 403 
Rhind papyrus, 888 
Right angles, 396, A14 
Right circular cones, 699 
Right cylinders, volume of, formula for, A16 
Right endpoint of an interval, A84 
Right-hand limits, 951-952 
Right-hand rule, 678 
Right triangle(s), 408, A14 
applications of trigonometric functions involving, 
574—580 
applied problems involving, modeling and solving, 
424-427 
hypotenuse of, 408, A14 
legs of, 408 
properties of, 574 
solving, 574-575 
verifying, А14-А 15 
Right triangle approach, finding values of 
trigonometric functions for any angle 
using, 432-442 
coterminal angles and, 434—435 
exact, given information about the functions, 438 
quadrantal angles and, 433-434 
reference angles of an angle and, 436—438 
signs of an angle in a given quadrant and, 436 
signs of functions of an angle in a given quadrant 
and, 436 
Root(s). See also Solutions (roots); Zero(s) 
complex, 651—652 
cube, A58 
complex, 651 
limits of, 947 
nth, A57-A58 
perfect, A58 
square, A58 
complex, 651 
evaluating, A9 
of a negative number, A97 
principal, A9, A97 
ROOT feature of a graphing utility, B5, B6 
Roses, 639 
Roster method, A1 
Rotation of axes, 734—738 
analyzing equations using, 737—738 
formulas for, 735 
transformation angle and, 736 
Row echelon form, 785-791 
dependent systems of linear equations and, 
788-789 
inconsistent systems of linear equations and, 
789—790 
reduced, 788 
Row index of a matrix, 782, 807 
Row operations, 783—784 
Row vectors, product of a column vector and, 811 
rref command on a graphing utility, B10 
Rudolff, Christoff, A63 


Sample space, 923-924 
Satisfying an inequality, 842 
Satisfying equations, A66 
Scalar(s), 657 810 
Scalar multiples, 657 
of a matrix, 810-811 
Scalar product. See Dot product (scalar product) 
Scale of real number line, A4 
Scatter plots, drawing and interpreting, 141-142 
Schroeder, E., 930 
Scientific calculators, А10 
Secant function 
graphs of, 476-477 
of a real number, 444, 449 


Secant line, 79 
finding equation of, 80 
slope of, 79 
Second-degree equations, 150. See also Quadratic 
equations 
Second-degree polynomials, factoring, A36-A37, 
A38-A39 
Sequences, 864-886 
arithmetic, 874—880 
defined, 874 
formulas for, 875-876 
identifying, 874-875 
nth term of, 876 
sum of, 877-878 
defined, 864 
defined by a recursive formula, terms 
of, 867-868 
factorial symbol and, 866-867 
geometric, 881-884 
finding a particular term of, 882-883 
formulas for, 882-883 
identifying, 881—882 
sum of, 883-884 
summation notation and, 868-869 
sum of, 869-870 
terms of 
first, 864-866 
of sequence defined by a recursive formula, 
867-868 
Series, geometric, 884-886 
convergence of, 885 
divergent, 885 
infinite, 884-885 
Set(s), Al 
complement of, A2 
counting number of elements in, 909-911 
disjoint, A3 
empty (null), A1 
equal, A2 
finite, 909 
infinite, 909 
intersection of, A2 
subsets of, 909 
union of, A2 
universal, A2 
Set-builder notation, A1 
Setting the viewing rectangle (window), B1 
Shifts, vertical and horizontal, graphing functions 
using, 97-100 
Sides of an equation, 9, A66 
Similar triangles, А17-А19 
Simple harmonic motion, 604—607 
analyzing, 606—607 
building a model for an oblect in, 604—606 
Simple interest formula, 358, A76 
Simplex method, 852n 
Simplifying 
expressions with rational exponents, 
A61-A63 
radicals, A58-A59 
rational expressions, A47-A48 
complex, A52-A54 
trigonometric expressions using algebra, 
532-533 
Sine(s) 
historical background of term, 416 
law of. See Law of Sines 
Sine function 
amplitude and period of, 459-461 
graphs of, 456—458, 460-465 
finding an equation for, 465 
using key points, 461—464 
using transformations, 457-458 
inverse 
defined, 501—502 
finding value of, 502-504 
properties of, 457 
of a real number, 444, 449 
Sum and Difference Formulas for, 542 


Singular matrices, 815 
Sinusoidal functions. See also Cosine function; Sine 
function 
amplitude of, 481—483 
graphs of. See Sinusoidal graphs 
period of, 481—483 
Sinusoidal graphs, 460—465, 480—488 
building sinusoidal models from data and, 484—488 
finding an equation for, 465 
phase shift of, 480-484 
using key points, 461—464 
Sinusoidal models, building from data, 484—488 
Slant asymptote, 252, 253-254, 255-256 
Slope 
calculating and interpreting, 21—24 
finding, 27 
graphing a line given a point and, 24 
of a line perpendicular to another line, finding, 31 
of a secant line, 79 
undefined, 22 
Slope-intercept form of a line, 26—27 
Solutions (roots). See also Zero(s) 
double, 151 
of equations, A66 
to linear programming, 852 
location of, 852 
multiple, 210n 
of multiplicity m, 210n 
of multiplicity 2 (double), 151 
repeated, 151 
of systems of equations, 768 
of systems of linear equations, 774 
dependent, containing two variables, 772-773 
Solution set of an equation, A66 
Special product formulas, А27-А28, A31 
Speed 
angular, 402 
linear, of an object traveling in circular motion, 
402—403 
Spheres, volume of, formula for, A16 
Spirals, 640-641 
Square(s) 
of binomials, A27 
completing, A40-A41 
finding zeros of a quadratic function using, 
152-153 
difference of, A27 
factoring, A34-A35 
perfect, A27, A34 
factoring, A35-A36 
Square function, 88 
Square matrices, 808 
Square root(s), A58 
complex, 651 
evaluating, A9 
of a negative number, A97 
principal, A9, A97 
Square root function, 88 
graphing, 85 
Square root method, finding zeros of a quadratic 
function using, 151-152 
Square screens, B8 
Standard form 
of complex numbers, A93, A95 
of equation of circles, 36—37 
of polynomial functions, 204 
of polynomials, A24 
of quadratic equations, 150 
Standard position, angles in, 395-396 
Static equilibrium, 664—665 
Step functions, 89 
Straight angles, 396 
Stretches, graphing functions using, 101—103 
Strict inequalities, A5 
Subscripts, A24n 
Subsets, 909, A2 
Substitution method 
for solving systems of linear equations, 770 
for solving systems of nonlinear equations, 833-834 
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Subtraction. See also Difference(s) 


of functions, 56 
of polynomials, A25-A26 
of rational expressions, A49-A50 
least common multiple method for, A50-A51, 
А52 
of vectors, 680 
algebraic, 660 


Sum(s). See also Addition 


© 


f arithmetic sequences, 877—878 
expressing as products, 564—565 
expressing products as, 563-564 
of geometric sequences, 883-884 
limits of, 945 

of logarithms, writing logarithmic expressions as, 
344-345 

of sequences, 869-870 

of two cubes, A28 

factoring, A34, A35 

of two matrices, 808-810 

of vectors, 656 


Sum and Difference Formulas, 539-552 


establishing identities using, 541—545 

finding exact values using, 540—541 

involving inverse trigonometric functions, 545-546 

solving trigonometric equations linear in sine and 
cosine and, 546—548 


Sum function, 56 

Summation notation, 868-869 
Sum-to-Product Formulas, 564—565 
Sylvester, James J., 819 

Symmetry 


axis of 
of a cone, 699 
of a parabola, 162, 164—167, 700 
checking for, using a graphing utility, B5-B6 
with respect to the line 0 = 7/2 (y-axis), 634 
with respect to the origin, 14-15 
with respect to the polar axis, 634 
with respect to the pole, 634 
with respect to the x-axis, 14, 15 
with respect to the y-axis, 14, 15 
testing for, 13-16 
polar equations and, 634-635 


Synthetic division, 236, A43-A46 


finding quotient and remainder using, A44-A45 
verifying a factor using, A45 


Systems of equations, 767-841 


consistent, 768 
defined, 767 
examples of, 767—768 
inconsistent, 768 
linear, 769. See also Systems of linear equations 
nonlinear, 833-841 
elimination method for solving, 834—837 
substitution method for solving, 833-834 
solutions of, 768 
solving, 768 


Systems of inequalities, 842-849 


graphing, 844-847 


Systems of linear equations, 767-807 


coincident, 769 
consistent, 769 
containing three variables, 773-776 
dependent, 775-776 
inconsistent, 775 
containing two variables 
dependent, 772-773 
inconsistent, 772 
dependent 
containing three variables, 775-776 
containing two variables, 772-773 
determinants and, 796-807 
Cramer's Rule to solve a system of three 
equations containing three variables using, 
801-802 
Cramer's Rule to solve a system of two 
equations containing two variables using, 
797—199 
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Systems of linear equations (Continued) 

properties of, 803-804 

3 by 3, 799-801 

2 by 2,796 
elimination method for solving, 770—772 
graphing, 769 
inconsistent, 769 

containing three variables, 775 

containing two variables, identifying, 772 
inverse matrix for solving, 818-819 
matrices of, 781—795 

augmented, 782-784 

coefficient, 783 

defined, 782 

in row echelon form, 785-791 

row operations and, 783—784 

solving systems using, 785—791 

writing system from, 783 
solving using a graphing utility, В9-В10 
substitution method for solving, 770 

Systems of nonlinear equations, 833-841 

elimination method for solving, 834-837 
substitution method for solving, 833-834 


Tables 
creating using a graphing utility, B4 
for investigating limits, 939-941 
of numbers, relations expressed by, 46 
Tangent, historical background of term, 416 
Tangent function 
graphs of, 472-473, 474-475 
inverse 
defined, 506—507 
finding value of, 507 
of a real number, 444, 449 
Sum and Difference Formulas for, 544—545 
Tangent line 
defined, 958-959 
to the graph of a function, equation of, 958-959 
Tangent problem, 958 
Tangents, Law of, 594 
Tartaglia, 238, 653 
Tautochrones, 757 
Term(s) 
of arithmetic sequences, 876 
in binomial expansions, finding, 901 
constant, of a polynomial function, 204 
of geometric sequences, finding a particular term 
and, 882-883 
leading 
of a polynomial, A24 
of a polynomial function, 204 
like, A24 
of a polynomial, A24 
lowest 
rational functions in, 249 
reducing rational expressions to, A47-A48 
nth, of arithmetic sequences, 876 
of a polynomial, A24 
of polynomial functions, 204 
of sequences 
first, 864—866 
of sequence defined by a recursive formula, 
867-868 
Terminal point of directed line segment, 655 
"Terminal side of an angle, 395 
Terminating decimals, A3 
З by З determinants, 687, 799-801 
Cramer's Rule to solve a system of two equations 
containing two variables using, 801—802 
Thrust, 620 
Time 
as parameter in parametric equations, 751—754 
required to double a lump sum, 363-364 
Transcendental functions, 288. See also Exponential 
functions; Logarithmic functions 
Transformation(s) 


determining function obtained from a series of, 105 


graphing functions using, 96-111 
of cosine functions, 459 
of exponential functions, 317-318, 319 
of polynomial functions, 208-209 
of quadratic functions, 162-164 
of rational functions, 250 
of sine functions, 457-458 


Transformation angle, 736 
Transverse axis 


of an ellipse, 742 
of a hyperbola, 720 


Triangles 


area of, 598-604 
formula for, A15 
of SAS triangles, 598—599 
of SSS triangles, 599-600 
congruent, AI6-A17 
oblique. See Oblique triangles 
right. See Right triangle(s) 
similar, A17-A19 


Triangular addition, 901 
Trigonometric equations, 521-531 


calculator for solving, 524 

fundamental identities for solving, 525—526 
graphing utility for solving, 526 

inverse, 510-511 

involving a double angle, 523 

involving a single trigonometric function, 521—524 
linear, 522 

linear in sine and cosine, 546—548 

quadratic in form, 524-525 

solutions of, 521 


Trigonometric expressions, writing as an algebraic 


expression, 518, 545-546 


Trigonometric functions, 408-482 


of acute angles, finding values of, 408-431 
approximate, using a calculator, 423-424 
using Fundamental Identities, 410-412 
of «/4 = 45°, 421-422 
оїт/6 = 30° and 4/3 = 60°, 422-423 

of an angle 0, 445-447 

for any angle, finding values of 
exact, given information about the functions, 

443-447 
exact, using even-odd properties, 450-452 
exact, using periodic properties, 449-450 
unit circle approach to, 445-477 

applications of, 573-619 
area of a triangle and, 598-604 
damped motion and, 607—609 
graphing the sum of two functions and, 609-610 
involving right triangles, 574—580 
law of cosines and, 591—598 
law of sines and, 580—590 
simple harmonic motion and, 604—607 

circular, 444 

as cofunctions, 415 

complementary angle theorem and, 414-416 

domain and range of, 447-449 

equations involving a single function, solving, 

521-524 

finding values of 
of acute angles, 408-431 
of functions of acute angles, 408-410 
given the value of one of them, 412-414 

fundamental identities of, 410—412 

fundamental period of, 449 

graphing sum of, 609-610 

inverse. See Inverse trigonometric functions 

periodic, 449-450 

of a real number, 444 

right triangle approach to, 408-420 

unit circle approach to, 443-455 


Trigonometric identities, 531—539 


basic, 532 

defined, 531 

establishing, 533-536 

simplifying using algebra, 532-533 


Sum and Difference Formulas to establish, 
541-545 
Trigonometry, analytic. See Analytic trigonometry 
Trinomials, A24 
factoring, A36-A37 A39 
Turning points, of polynomial functions, 212-213 
2 by 2 determinants, 687, 796 
Cramer's Rule to solve a system of two equations 
containing two variables using, 797—799 


nbounded graphs of linear inequalities, 846 
ndefined slope, 22 
niform motion formulas, A78 
niform motion problems, A78-A80 
ninhibited decay, 370-371 
ninhibited growth, 369-370 
nion of events, computing probability of, 927—928 
nion of sets, A2 
nit circle approach, 443-455 
finding exact values of trigonometric functions 
using, 443-447 
domain and range of functions and, 447-449 
periodic properties and, 449-450 
Unit vectors, 661—662, 681 
defined, 658 
Universal set, A2 
Upper bound on zeros of polynomial functions, 
235-236 
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Value of a function, 48, 50—52 
Variables 
complex, 242 
defined, A6 
dependent, 51 
domain of, A7 
independent, 51 
Variation, building mathematical models using, 
116-121 
Variations, calculus of, 757 
Vector(s), 655-693 
adding algebraically, 660 
adding geometrically, 656 
algebraic, 658-659 
defined, 658 
angles between, 682 
components of, 658, 679 
cross product and, 687—693 
algebraic properties of, 688-689 
area of a parallelogram and, 690-691 
defined, 687 
determinants and, 687-688 
geometric properties of, 689-690 
vectors orthogonal to two given vectors and, 
690 
decomposing, 672-674 
defined, 655 
direction and magnitude of, finding vectors from, 
662—663 
direction angles of, 663 
direction of, 655 
dot product and, 670-677 
angle between two vectors and, 671 
decomposing a vector into two orthogonal 
vectors and, 672-674 
defined, 681 
determining whether two vectors are 
orthogonal, 672 
determining whether two vectors are parallel 
and, 672 
properties of, 670—671, 682 
of two vectors, finding, 670-671 
work computations and, 674—675 
equal, 656 
equality of, 658 
finding from vector's direction and magnitude, 
662-663 
finding scalar multiples and magnitude of, 660-661 
force, 662 


geometric, 655—656 
graphing, 657-658 
horizontal component of, 658 
magnitude of, 655, 658, 660-661 
models with, 663—665 
multiplying by numbers geometrically, 657 
orthogonal, 672 
orthogonal to two given vectors, cross product 
and, 690 
parallel, 672 
position, 658-659 
in space, 679-680 
scalar multiples of, 660-661 
in space, 677—686 
angle between two vectors and, 682 
direction angles of a vector and, 683-685 
Distance Formula and, 678-679 
dot product and, 681-682 
operations on vectors and, 680-681 
position vectors and, 679-680 
rectangular coordinates in space and, 678 
subtracting algebraically, 660 
unit, 661-662, 681 
defined, 658 
velocity, 662 
vertical component of, 658 
zero, 656 
Vector product, 687 
Vector projection, 673 
Velocity, instantaneous, 961—963 
Velocity vectors, 662 
Venn diagrams, A2-A3 
Vertex form of a quadratic function, 163 
Vertex/vertices 
of a cone, 699 
of graphs of linear inequalities, 846 


of a hyperbola, 720 
of a parabola, 162, 700 
at (Л, К), 703-704 
finding a quadratic function given its vertex 
and one other point and, 167-168 
graphing a quadratic function using, 164—167 
identifying, 164 
at the origin, 700—703 
of a ray, 395 
Vertical asymptotes, 251—253 
multiplicity and, 253 
Vertical component of a vector, 658 
Vertical compressions and stretches, graphing 
functions using, 101-102 
Vertical lines, 22 
finding equation of, 25 
Vertical -line test, 63 
Vertical shifts, graphing functions using, 97-100 
Viète, François, 594 
Viewing rectangle (window) 
of a graphing calculator, 3 
of a graphing utility, B1-B3 
resulting in a square screen, B8 
Vinculum, A63 
Volume 
of a closed rectangular box, formula for, A16 
of a right cylinder, formula for, A16 
of a sphere, formula for, A16 


Weight, 620 
Work computations, dot product and, 674—675 


x-axis, 2 
reflections about, graphing functions using, 
103-104 
symmetry with respect to, 14, 15 
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x-coordinate, 2 

x-intercept, 12 
graphing polynomial functions using, 211 
of quadratic functions, 165 

xy-plane, 2, 678 

xz-plane, 678 


Yang Hui, 902 
y-axis, 2 
reflections about, graphing functions using, 
103-104 
symmetry with respect to, 14, 15 
y-coordinate, 2 
y-intercept, 12 
yz-plane, 678 


Zero(s) 
complex, of quadratic functions, 187—190 
of a function, 64 
linear, 134 
quadratic in form, finding, 157-158 
of quadratic functions, 150—160 
finding by completing the square, 152-153 
finding by factoring, 150-151 
finding using square root method, 
151-152 
finding using the quadratic formula, 
153-155 
real, of polynomial functions. See Polynomial 
functions, real zeros of 
ZERO feature of a graphing utility, B5, B6 
Zero polynomial, 204, A24 
Zero-Product Property of real numbers, A4 
Zero vector, 656 
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Prepare for Class: “Read the Book” 


Feature 
Every Chapter begins with . . . 


Chapter-Opening 
Topic & Project 


M 


Internet-Based 


Projects 


Description 


Each chapter begins with a discussion of 
a topic of current interest and ends with a 
related project. 


These projects allow for the integration of 
spreadsheet technology that you will need 


to be a productive member of the workforce. 


Every Section begins with . . . 


LEARNING OBJECTIVES 


Sections contain... 


e 


PREPARING FOR 
THIS SECTION 


Му, Now Work the 


‘Are You Prepared?’ 


Problems 


Му. Now Work 
PROBLEMS 


Z\ CAUTION 


Explorations and 


Seeing the Concept 


In Words У 


^ 


SHOWCASE EXAMPLES 


Model It! Examples 


and 


Calculus 


Problems 


NEW! 


_ Need to Review? 


Each section begins with a list of objectives. 


Individual objectives also appear in the text 
where they are covered. 


Most sections begin with a list of key 
concepts to review, with page numbers. 


These problems assess whether you 
have the prerequisite knowledge for the 
upcoming section. 


These follow most examples and direct 
you to a related exercise. 


Words of caution are provided in the text. 


These graphing utility activities 
foreshadow a concept or reinforce a 
concept just presented. 


This feature provides alternative 
descriptions of select definitions and 
theorems. 


This symbol appears next to information 
essential for the study of calculus. 


These examples provide “how to” 
instruction by offering a guided, step-by- 
step approach to solving a problem. 


These examples and problems require 
you to build a mathematical model from 
either a verbal description or data. The 
homework Model It! problems are marked 
by purple problem numbers. 


These margin notes provide a just-in- 
time reminder of a concept needed now, 
but covered in an earlier section of the 
book. Each note is back-referenced to 
the chapter, section and page where the 
concept was originally discussed. 


Benefit 


In the concluding project, you will apply what 
you have learned to solve a problem related to 
the topic. 


The projects give you an opportunity to 
collaborate and use mathematics to deal with 
issues of current interest. 


These objectives focus your studying by 
emphasizing what's most important and where 
to find it. 


Ever forget what you've learned? This feature 
highlights previously learned material to be 
used in this section. Review it, and you'll always 
be prepared to move forward. 


Work the 'Are You Prepared?' problems. If you 
get one wrong, you'll know exactly what you 
need to review and where to review it! 


We learn best by doing. You'll solidify your 
understanding of examples if you try a 
similar problem right away, to be sure you 
understand what you've just read. 


These point out common mistakes and help 
you avoid them. 


You will obtain a deeper and more intuitive 
understanding of theorems and definitions. 


Why didn't you say that in the first place? This 
feature translates math into plain English. 


Foreshadowing calculus now will make the 
material easier later. 


With each step presented on the left and the 
mathematics displayed on the right, you can 
immediately see how each step is employed. 


It is rare for a problem to come in the form 
"Solve the following equation" Rather, the 
equation must be developed based on an 
explanation of the problem. These problems 
require you to develop models that will enable 
you to describe the problem mathematically 
and suggest a solution to the problem. 


Sometimes as you read, you encounter a word 
or concept you know you've seen before, 

but don't remember exactly what it means. 
This feature will point you to where you first 
learned the word or concept. A quick review 
now will help you see the connection to what 
you are learning for the first time and make 
remembering easier the next time. 


Page(s) 


288, 393 


393 


310 


310 


310, 321 


318, 323 


345 


305, 316 


328 


53, 293, 
318 


222-223 


335, 366 


316 


Practice: “Work the Problems” 


Feature 


‘Are You Prepared?’ 
Problems 


Concepts and 
Vocabulary 


Skill Building 


Mixed Practice 


Applications and 
Extensions 


NEW! 
Challenge Problems 


Explaining Concepts: 


Discussion and 
Writing 


Retain Your 
Knowledge 


Now Work 
PROBLEMS 


NEW! 
Interactive Figure 
Exercises 


Review Exercises 


Description 


These problems assess your retention of 
the prerequisite material. Answers are 
given at the end of the section exercises. 
This feature is related to the Preparing for 
This Section feature. 


These short-answer questions, mainly 
fill-in-the-blank, multiple-choice, and true/ 
false items, assess your understanding of 
key definitions and concepts in the current 
section. 


Correlated with section examples, these 
problems provide straightforward practice. 


These problems offer comprehensive 
assessment of the skills learned in the 
section by asking problems related to 
more than one concept or objective. These 
problems may also require you to utilize 
skills learned in previous sections. 


These problems allow you to apply your 
skills to real-world problems. They also 
enable you to extend concepts learned in 
the section. 


These problems have been added in most 
sections and appear at the end of the 
Application and Extensions exercises. They 
are intended to be thought-provoking, 
requiring some ingenuity to solve. 


“Discussion and Writing" problem 
numbers are colored red. They support 
class discussion, verbalization of 
mathematical ideas, and writing and 
research projects. 


These problems allow you to practice 
content learned earlier in the course. 


Many examples refer you to a related 
homework problem. These related 
problems are marked by М. апа огапде 
problem numbers. 


Exercises that require you manipulate an 
interactive figure to solve. These exercises 
are labeled with the icon ==. 


Every chapter concludes with a 
comprehensive list of exercises to practice. 
Use the list of objectives to determine what 
objective and examples correspond to each 
problem. 


Benefit 


Do you always remember what you've 
learned? Working these problems is the best 
way to find out. If you get one wrong, you'll 
know exactly what you need to review and 
where to review it! 


It is difficult to learn math without knowing 
the language of mathematics. These 
problems test your understanding of the 
formulas and vocabulary. 


These problems give you ample opportunity 
to dig in and develop your skills. 


Learning mathematics is a building process. 
Many concepts build on each other and are 
related. These problems help you see how 
mathematics builds on itself and how the 
concepts are linked together. 


You will see that the material learned within 
the section has many uses in everyday life. 


Challenge problems can be used for 
group work or to challenge your students. 
Solutions to Challenge Problems are in 
the Annotated Instructor's Edition or in the 
Instructor's Solution Manual (online). 


To verbalize an idea, or to describe it clearly 
in writing, shows real understanding. These 
problems nurture that understanding. Many 
are challenging, but you'll get out what you 
put in. 


Remembering how to solve all the different 
kinds of problems that you encounter 
throughout the course is difficult. This 
practice helps you remember previously 
learned skills. 


If you get stuck while working problems, 
look for the closest Now Work problem, and 
refer to the related example to see if it helps. 


These exercises help you visualize important 
concepts and develop a "feel" for them. 

The figures are housed at bit.ly/2MibgaO 
and were developed in GeoGebra by author 
Michael Sullivan Ill. 


Work these problems to ensure that you 
understand all the skills and concepts 
employed in the chapter. Think of it as a 
comprehensive review of the chapter. All 
answers to Chapter Review problems appear 
in the back of the text. 


Page(s) 


310, 321 


321-322 


322-324 


324 


324-327 


327 


327 


327 


318, 320, 
321 


170, 216, 
321, 322 


388-391 


Review: “Study for Quizzes and Tests” 


Feature 


Description 


Most Sections Contain... . 


Retain Your 
Knowledge 


Keeps what you have learned at the 
forefront and see how topics are 
connected. 


The Chapter Review at the end of each chapter contains... 


Things to Know 


You Should Be 
Able to... 


Review Exercises 


Chapter Test 


Cumulative Review 


A detailed list of important theorems, 
formulas, and definitions from the chapter. 


А complete list of objectives by section, 
examples that illustrate the objective, 
and practice exercises that test your 
understanding of the objective. 


These provide comprehensive review 
and practice of key skills, matched to the 
Learning Objectives for each section. 


About 15-20 problems that can be taken 
as a Chapter Test. Be sure to take the 
Chapter Test under test conditions — no 
notes! 


These problem sets appear at the end of 
each chapter, beginning with Chapter 2. 
They combine problems from previous 
chapters, providing an ongoing cumulative 
review. When you use them in conjunction 
with the Retain Your Knowledge problems, 
you will be ready for the final exam. 


Benefit 


These problems allow content to remain 
fresh so you are more prepared for the 
final exam. 


Review these and you'll know the most 
important material in the chapter! 


Do the recommended exercises and 
you'll have mastered the key material. If 
you get something wrong, go back and 
review the example listed, and try again. 


Practice makes perfect. These problems 
combine exercises from all sections, 
giving you a comprehensive review in 
one place. 


Be prepared. Take the sample practice 
test under test conditions. This will get 
you ready for your instructor's test. If you 
get a problem wrong, you can watch the 
Chapter Test Prep Video. 


These problem sets are really important. 
Completing them will ensure that you are 
not forgetting anything as you go. This 
will go a long way toward keeping you 
primed for the final exam. 
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LIBRARY OF FUNCTIONS 


Identity Function 
f(x) = х 


Square Root Function 
fœ) = Ух 


у 


A 
Th) 


-1 | (0,0) 5X 


Absolute Value Function 


f(x) = |х| 
Y4 
ЗЕ 
(-2, 2) Г (2,2) 
Eu P | m 1) 
-3 (0,0) 3x 


Sine Function 


f(x) = sinx 


Cosecant Function 


f(x) = сѕсх 


Square Function 
f(x) = x? 


Reciprocal Function 
fix) = E 
X 


N 
xd. d 
es 

AU. 
М № 

mis 

арн 


Exponential Function 


f(x) = e* 


Cosine Function 


f(x) = cosx 


Secant Function 


f(x) = secx 


Cube Function 
f(x) = x3 


fx) = Ух 


Natural Logarithm Function 
f(x) = Inx 


Tangent Function 
f(x) = tanx 


Cotangent Function 
f(x) = cotx 


ANNO 


FORMULAS/EQUATIONS 
Distance Formula If P, = (xi, yj) and P, = (x, у), the distance from P, to Р, is 


d(P,, Р,) = Vy Y (y у)? 


Standard Equation The standard equation of a circle of radius r with center at (Л, k) is 


of a Circle 
(x= h) + (y-k? =r 


Slope Formula The slope m of the line containing the points Р, = (x4, yı )and P, = (x, y,) is 
т = 32 ifx, = x, 
X3 = Xi 


m is undefined ifx, = x, 


Point-Slope The equation of a line with slope m containing the point (x4, y, ) is 


Equation of a Line 
у— у = т(х— x) 


Slope-Intercept The equation of a line with slope m and y-intercept b is 


Equation of a Line 
y= тх + Б 


Quadratic Formula The solutions of the equation ax? + bx + c = 0, a = 0, аге 


eos —b+ Nb? — 4ac 
2a 


If b? — 4ac > 0, there are two unequal real solutions. 
If b? — 4ac = 0, there is a repeated real solution. 
If b? — 4ac < 0, there are two complex solutions that are not real. 


GEOMETRY FORMULAS 


Circle r — Radius, A — Area, C — Circumference 


A = nr? С = 2тг 


Triangle a> b = Base, h = Altitude (Height), A = area 


b A = ibh 
Rectangle | h 1 = Length, w = Width, А = area, Р = perimeter 
п А = Iw P = 2l + 2w 
Rectangular Вох h 1 = Length, w = Width, Л = Height, V = Volume, $ = Surface area 
ри у= Iwh 5 = 2lw + 2Ih + 2wh 
Sphere re г = Radius, V = Volume, 5 = Surface area 
М V = inr? S = 4rr2 
Right Circular Cylinder am г = Radius, Л = Height, V = Volume, 5 = Surface area 


|| : V —arh § = 2тк? + 2rrh 


CONICS 


Parabola 
2 = dax у? = —4ax 
Ellipse 
2 
к э = 1, a> bc? = а? -b 
Hyperbola y 
V; = (a, 0) V; (a, 0) 
bd “% > 
Е; = (-с, 0) Fy = (c, 0) X 
9 2 
А . |. b NEL; ] а || a 
symptotes: y X, y ——X Asymptotes: y Dus y gs 
a a 
PROPERTIES OF LOGARITHMS BINOMIAL THEOREM 
1 MN) = 1 M+1 N 
og, CMN) = log, Og, (gi By = gts | бий +.| 7 |p2qn2 
log, [A] = log, M — log, № 
N п Ьп-1 b" 
log, M' — rlog, M тк п—1 Шш 
_ logM_ InM 
log, M loga Ina ARITHMETIC SEQUENCE 
ах = exlna а, + (а, + d) + (a, + 2d) Tec [a + (n == 1)d] 
= 524, + (п - 04] = [а + а„] 
PERMUTATIONS/COMBINATIONS GEOMETRIC SEQUENCE 
0! = 1! = а + ar + ар? +. + ar”! = а, I r” 
—r 
n! = n(n—1)-...-(3)(2)(1) 
GEOMETRIC SERIES 
Р(п, ғ) = п! оо 
i (n — r)! Ш <1, a + ar t ar? e у art 
k=1 
n n! 
с Е (n — r)!r! = 


1-r 


TRIGONOMETRIC FUNCTIONS 


Of an Acute Angle 
sn = b _ Opposite coso = 4 Adjacent no = b Opposite ТРЕТИРА | 
Hypotenuse C Hypotenuse Adjacent C Opposite Ө 
b 
ie с Е Hypotenuse "e = © = Hypotenuse coto = £ = Adjacent А 
Opposite a Adjacent Opposite - 
Adjacent to Ө 
Of an Acute Angle 
5100 = b соѕ = © tanl = b а= 0 
r r a 
csch =, b= 0 sec0 = Č, wg cot = 2, b+ 0 
b a b 
TRIGONOMETRIC IDENTITIES 
Fundamental Identities Half-Angle Formulas Double-Angle Formulas 
аи sin 0 ii cosó sin? um Il соѕ0 sin(20) = 2sin60cos0 
cosó зїп 0 2 — 2 cos(20) = соѕ20 — sin? 0 
csch = d. sech = 1 cotü = 1 0. , 1+ cos cos(20) = 2cos?0 — 1 
sind cos ап Ө MORS = 2 . 
- cos(20) — 1 — 2sin?0 
sin?0 + cos?0 = 1 
2 2 бал = 608и tan(29) = 2 апд 
tan?^0 + 1 = sec?0 2 sin б an(20) = 1-— tan?8 
cot? 0 + 1 = csc?6 
Even-Odd Identities Product-to-Sum Formulas 
sin(—0) = —sin csc(—0) = —csc 0 sinasinZ = 1[соѕ(а — B) — cos(a + 6)] 
cos(—0) = соѕб sec(—0) = $ес@ соѕ0с05 8 = i[cos(a — 8) + cos(a + 8)] 
tan(—0) = —tanÜ . cot(—0) = —cot0 sinacos = }[sin(a + 8) + sin(a — 8)] 
Sum and Difference Formulas Sum-to-Product Formulas 
sin(a + 8) = sinacos B + cosasin 8 sina + sing = ая B cos € = В 
sin(a — 3) = sinacos — cosasin 8 2 
cos(a + 8) = cosa cos B — sinasin 8 sina — sing = 2 sin2 т B сов t B 
cos(a — B) = cosacos + sinasin 8 
tana + tan d cosa + cos = dpi E.P совой 
tan(a + 8) = 2 
1 — tana tan б 
maa= mip cosa — cos = zein Linee 
tan(a — 8) = а 2 
1 + tana ќар 8 
SOLVING TRIANGLES Law of Sines Law of Cosines 
snA _ sinB  sinC а? = b? + c? — 2bc cos A 
C a a b 4 b? = а? + c? — 2ac cos В 
c? = a? + b? — 2ab cosC 


